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HIGHER BIFURCATIONS FOR POLYNOMIAL SKEW PRODUCTS

MATTHIEU ASTORG AND FABRIZIO BIANCHI

We continue our investigation of the parameter space of families of polynomial skew-products.
We study the self-intersections of the bifurcation current, and in particular the bifurcation
measure, through the simultaneous bifurcations of multiple critical points. Our main result is
the equality of the supports of the bifurcation current and the bifurcation measure for families
of polynomial skew-products over a fixed base. This is a striking difference with respect to the
one-dimensional case.

Combined with results by Dujardin and Taflin, this also implies that the support of the
bifurcation measure in these families has non-empty interior. It also provides a new proof of
the existence of holomorphic families of arbitrarily large dimension whose bifurcation locus
has non empty interior. Finally, it shows that the Hausdorff dimension of the support of the
bifurcation measure is maximal at any point of its support.

Our proof is based on an analytical criterion for the non-vanishing of the bifurcation currents
and on a geometric method to create multiple bifurcations at a common parameter. The latter
is a variant of the inclination lemma, applied to the postcritical set at a Misiurewicz parameter.

1. INTRODUCTION

Polynomial skew products are regular polynomial endomorphisms of C? of the form
f(z,w) = (p(2),q(z,w)), for p and g polynomials of a given degree d > 2. Regular here
means that the coefficient of w? in ¢ is non zero, which is equivalent to the extendibility
of these maps as holomorphic self maps of P2. Despite their specific forms, these maps
already provided examples of new phenomena with respect to the established theory
of one-variable polynomials or rational maps, see for instance [ABD™ 16, [Duj16], [Taf17].
We started in [AB18| a detailed study of the parameter space of such maps.

We will denote in what follows by Sk(p, d) the family of all polynomial skew products
of a given degree d over a fixed base polynomial p up to affine conjugacy, and denote by
Dy its dimension. Following [BBD18] it is possible to divide the parameter space of the
family Sk(p,d) (identified with CP?) into two dynamically defined subsets: the stability
locus and the bifurcation locus. The bifurcation locus coincides with the support of
dd®L,, where L,(f) denotes the vertical Lyapunov function of f, see [Jon99, [AB18].
We gave in [AB18| a description of the bifurcation locus and current in terms of natural
bifurcation loci and currents associated to the vertical fibres, and a classification of
unbounded hyperbolic components in the quadratic case.

For families of rational maps, the study of the powers of the bifurcation current
(which are meaningful because of the continuity of its potential) was started in [BB0OT],
see also [DF08| [DujI1]. A geometric interpretation of the support of these currents is the
following: the support of T{fif is the locus where k critical points bifurcate independently.
They also detect the distribution of certain dynamically defined parameters, for instance
the loci of rational maps with &k periodic cycles with prescribed multipliers. This gives
rise to a natural stratification of the bifurcation locus as

Supp Trir 2 Supp Tgiff D -+ D Supp T}f{f"’““
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where k4. 18 the dimension of the parameter space. The inclusions above are not
equalities in general, and are for instance strict when considering the family of all
polynomial or rational maps of a given degree (where k,q4 is equal to d — 1 and 2d — 2,
respectively). It is worth pointing out that this stratification has often been compared
with an analogous stratification for the Julia set of endomorphisms of P¥ (given by the
support of the self-intersections of the Green current, see for instance [DS10]). We refer
to [Dujll] for a more detailed exposition.

The goal of this paper is to show that the situation in families of higher dimensional
dynamical systems is completely different. Namely, we establish the following result.
A moderately repelling cycle for a polynomial p of degree d > 2 is a repelling cycle of
period ng and multiplier strictly smaller than d™, see Definition [2.8

Theorem 1.1. Let Sk(p,d) denote the family of polynomial skew products of degree
d > 2 up to affine conjugacy, let Dy be its dimension and assume that p has a moderately
repelling cycle. Then the associated bifurcation current Ty satisfies

D
Supp Thit = Supp Ty = -+ - = Supp T} 1.

The assumption that p has a moderately repelling cycle is relatively mild: we prove
that it is satisfied whenever the Julia set of p is not totally disconnected and p is neither
a power map nor a Chebyshev polynomial, see Proposition [2.10}

The proof of Theorem [I.1] essentially consists of two ingredients, respectively of
analytical and geometrical flavours.

The first is an analytical sufficient condition for a parameter to be in the support of
T,. This is inspired by analogous results by Buff-Epstein [BE09] and Gauthier [Gaul2]
in the context of rational maps, and is based on the notion of large scale condition
introduced in [AGMV19]. It is a way to give a quantified meaning to the simultaneous
independent bifurcation of multiple critical points, and to exploit this condition to prove
the non-vanishing of T; l]fif. This part does not require essentially new arguments.

The second ingredient is a procedure to build these multiple independent bifurcations
at a common parameter starting from a simple one. The idea is to start with a parameter
with a Misiurewicz bifurcation, i.e., a non-persistent collision between a critical orbit and
a repelling point, and to construct a new parameter nearby where two (and actually, any
arbitrary large number of ) Misiurewicz bifurcations occur. This geometrical construction
is our main technical result, and the main contribution of this paper.

Our main theorem and the method developed for its proof have a number of conse-
quences and corollaries. First of all, results analogous to Theorem (in fact, stronger)
hold for many algebraic hypersurfaces of the family Sk(p,d). More precisely, as a
by-product of the proof of Theorem [1.1] we obtain the following.

Corollary 1.2. Assume that p has a moderately repelling cycle. Near any bifurcating
parameter in Sk(p, d), there exist algebraic subfamilies M* of Sk(p, d) of any dimension
k < Dy such that the support of the bifurcation measure of M* has non-empty interior
in MF.

These families are given by the maps satisfying a given critical relation. Notice that d
(and thus Dy) can be taken arbitrarily large. This result is for instance an improvement
of the main result in [BT17], where 1-parameter families with the same property are
constructed.
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More strikingly, in [Duj17, [Taf17], Dujardin and Taflin construct open sets in the
bifurcation locus in the family Hq(P*) of all endomorphisms of P* of a given degree
d > 2 (see also [Biel9)| for further examples). Their strategy also works when considering
the subfamily of polynomial skew products (and actually these open sets are built close
to this family). Combining Theorem with their result we thus get the following
consequence.

Corollary 1.3. Assume that p has a moderately repelling cycle. The support of the
bifurcation measure in Sk(p, d) has non empty interior.

Notice that it is not known whether the bifurcation locus is the closure of its interior
(see the last paragraph in [Dujl17]). Hence, a priori, the open sets as above could exist
only in some regions of the parameter space. The last consequence of our main Theorem
1.1} is a uniform and optimal bound for the Hausdorff dimension of the support of
the bifurcation measure, which is a generalization to this setting of the main result in
[Gaul2].

Corollary 1.4. Assume that p has a moderately repelling cycle. The Hausdorff dimen-
sion of the support of the bifurcation measure in Sk(p,d) is maximal at all points of its
support.

Notice that, in the family of all endomorphisms of a given degree, such a uniform
estimate is not known even for the bifurcation locus, see [BB18| for some local estimates.

The paper is organized as follows. In Section [2] we set the notations and prove some
preliminary general results that will needed in the sequel. In Section [3] we give the
analytical criterion for the non-vanishing of Tfif, and in Section {4 we develop our main
construction to build multiple bifurcations starting from a simple one. As a by-product
of our procedure, we deduce Corollary [I.2} The proof of Theorem [I.1]is then concluded
in Section [B
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CNRS through the program PEPS JCJC 2019, and from the Louis D. Foundation
through the project "Jeunes Géométres".

2. NOTATIONS AND PRELIMINARY RESULTS

2.1. Notations. We collect here the main notations that we will use through all the
paper. We refer to [ABI8| and [Jon99| for more details.

Given a polynomial skew product of degree d > 2 of the form f(z, w) = (p(2), q(z, w)) =:
(p(2), q.(w)), we will write the n-th iterate as

(2, w) = (pn(z)v Qpn—1(z) © " © qz(w)> =: (pn(z)7 Q?(w))
In particular, if 2¢ is a ng-periodic point for p, the map Q7? is the return map to the
vertical fibre {2} x C and is a polynomial of degree d"™.

Let us now denote by (fx)xear a holomorphic family of polynomial skew products of a
given degree d > 2, that is a holomorphic map F': M x C? — C2 such that fy := F()\,")
is a polynomial skew product of degree d for all A € M. We will denote by Sk(d) the
family of all polynomial skew products of degree d, and by Sk(p,d) the subfamily of
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those with the given polynomial p as first component, both up to affine conjugacy. An
explicit description of these families in the case d = 2 is given in [ABI8, Lemma 2.9|,
the general case can be treated similarly.

We are interested in bifurcations within families of polynomial skew products. Follow-
ing [BBD18)|, the bifurcation locus Bif is defined as the support of the (1,1)—positive
closed current Ti := dd§L(\) on M, where L(\) is the Lyapunov function associated
to fy with respect to its measure of maximal entropy. In the case of polynomial skew
products, the function L has a quite explicit description. Indeed, by [Jon99| we have
L(\) = Ly(A) + Ly(N), where

(1) Lp(X) =logd+ Z Gp,(z) and L,(\) = logd+/( Z GA(z,w)),upA(z).

2€Cp, wigy, ,(w)=0

Here pip,, Gp,,Cp, are the measure of maximal entropy, the Green function and the
critical set (whose points are counted with multiplicity) of fy and p) respectively, and
G (z,w) is the non-autonomous Green function for the family {Q7},en. The current
T, := dd§Ly(\) is positive and closed. We proved in [ABIS, Proposition 3.1| that
T, = ddS L, = Ty — T} is also positive and closed. This allowed us to define the
vertical bifurcation in any family of polynomial skew products. This was generalized in
[DT18] to cover families of endomorphisms of P*(C) preserving a fibration. Of course,
when p is constant we have Ty = Ty.

2.2. The unicritical subfamily U; C Sk(p,d). We consider here the unicritical
subfamily Uy C Sk(p, d) given by

(2) Usi= {F(zw) = (p(z), 0 +a(2))},  a(z) € Calz] ~ T,

Thus, Uy has dimension d + 1. We parametrize it with A := (ao, ..., aq), where the a;
are the coefficients of a(z). We can compactify this parameter space to P! and we
denote by P the hyperplane at infinity. Given zq € Jp, we set

(3) B, :={ A€ Ug: {f(20,0)} is bounded } .

Notice that (zp,0) is the only critical point for fy in the fibre {z = 2z} (this justifies the
name chosen for this family, coherently with the name of the one dimensional family
fr(z) = 2%+ \). The following results are proved in [ABIS] for the case d = 2. The
proofs in the general case are similar, we include a sketch for Theorem for the
reader’s convenience.

Theorem 2.1. The accumulation on PL of B, is precisely equal to E,, = {[\] :
a(zp) = 0}.

Proof. Denote A(\) := SUp.e J, la(z)|. We prove that, for A sufficiently large and any
20 € Jp,

(4) Gy, (20,0) = 0 = |a(z)] < 2A(N) V4

This implies that the accumulation on P4, of B, is included in E,,. Indeed, take a
sequence A,y — oo with [A,)] — [A] and associated polynomials a(,). If [A] ¢ E,,
both [a(,(20)| and A(A(,)) grow linearly with |A(,)[. This proves the inclusion.
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In order to prove (), set (zn,wn) := f¥(20,0) = (p"(20), Q% (0)) and py, = a(zy).
Notice that wp+1 = wl + p,. Since G, (20,0) = 0 we have |w,,| < 24(\)1/? for all n.
We deduce taking n = 0.

For the opposite inclusion, we can restrict ourselves to generic 2-dimensional sub-
families L of Uy, with the property that the intersection of their closure in P4*! with
the hyperplane E,, is one point. It is then enough to prove that the restriction of B,,
to L is not compact. This can be seen explicitly when zg is periodic, and follows from
the density of the periodic points and the continuity of the Green function for all other
20 € Jp. O

The following is a consequence of Theorem see [AB18] Corollary 4.3] for a proof.

Corollary 2.2. Let zp,...,29 € Jp be d + 1 distinct points. Then B,, N...B., is
compact.

2.3. Families defined by Misiurewicz relations. By [BBDIS, Bial9] the bifurca-
tion locus of a family (fx)aeas coincides with the closure of the set of Misiurewicz
parameters, i.e., parameters for which we have a non-persistent intersection between
some component of the post critical set and the motion of some repelling point. More
precisely, in our setting take \g € Sk(p,d) and let M be an algebraic subfamily of
Sk(p,d) such that \g € M. A Misiurewicz relation for fy, is an equation of the form
f;\l(‘)) (20,c0) = (21, w1) where (z1,w1) is a repelling periodic point of period m for fy,,
and ¢, (co) = 0.

Assume that ¢g is a simple root of qgo’ o (this assumption could be removed, but we
keep it here for the sake of simplicity). Then there is a unique holomorphic map A +— ¢(\)
defined on a neighbourhood of A\g in Sk(p,d) such that ¢(\g) = ¢o. Similarly, it is
possible to locally follow holomorphically the repelling point (z1,w1) as A — (21, w1 (N)).

The Misiurewicz relation f\’(z,co) = (21, w1) is said to be locally persistent in
M if f{°(z20,c¢(N)) = (21,wi(A)) for all X in a neighbourhood of Xg in M. If this
is not the case, the equation f{"°(z0,c(\)) = (21, w1())) defines a germ of analytic
hypersurface in M at Ag, which is open inside the algebraic hypersurface of M given by
{\ € M : Resy(d, »» QU™ — Q™ ) = 0}. Here, Res, (P, Q) denotes the resultant of

20, 20,
two polynomials P, Q EOA[w], Whgre A := C[\]; it is therefore an element of A. Notice
that this algebraic hypersurface consists of all A € M such that some critical point in
the fibre at zg lands after ng iterations on some periodic point of period dividing m.
We also say in this case that A\g is a Misiurewicz parameter in M.

If the Misiurewicz relation is non-persistent in M, we denote by M. o) (21 wi)no
(or by M 2.c0),(z1,01 (Mo))sno 1f We Wish to emphasize the starting parameter Ao) this
irreducible component and we call it the locus where the relation is locally preserved.
We may avoid mentioning the periodic point if this does not create confusion.

The following lemma, although quite elementary, provides a property of the families
M. ) n that will be of crucial use in this paper.

Lemma 2.3. Let Ao € Sk(p,d) be a Misiurewicz parameter: (z1,w1(Xo)) = fx, (20, o),
where q»/ZO,)\O(CO) =0 and (z1,w1(Xo)) is a repelling point of period m for fy,. Assume
that zo & {p¥(21) : 0 < k < m—1}. Then the vertical multiplier of the cycle of (21, w1 (\))
is non-constant on the algebraic hypersurface M := M, ) n-
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Proof. Let Uy be the unicritical subfamily of Sk(p,d) as defined in and denote by
L the algebraic hypersurface in Uy given by L := M NUy. It is enough to prove the
statement in restriction to L. We compactify Uy to P4 = C?UPY as in Section
and L to L, respectively. Since L C B., (where B, is defined as in (3)), we have
LNPL C {[\ : a(z) = 0}. Since L NPZL is an algebraic hypersurface of PL, the
inclusion is actually an equality.

Pick any [5\] eln P4 such that zq is the only (simple) root in .J, of the associated
polynomial a(z), and consider a sequence of points A; € L, for j € N, such that
I\j]| = oo and [A;] — [A] as j — oo. In order to prove the statement, it is enough to
prove that the vertical eigenvalue of (z1,w1()\;)) diverges as j — oo.

Fix a,f such that 0 < a < % < B < 1. First note that for j large enough,
R; == ||A\j]|P is an escape radius for fx; over Jp, meaning that K, C D(0, R;) for all
z € Jp. Indeed, if |w| > R; then |g.(w)| < |w|¢ > R;?, hence the orbit of (z,w) (for
z € Jp) is unbounded. Similarly, set r; := ||A;]|%; we claim that, for any z € J, distinct
from zy, K, ND(0,r;) = O for j large enough. Indeed, we have |a;(z)| =< ||| and
80 |qzx,; (w)| < [[Aj]l > R; for any w € D(0,7;). The claim follows from the previous
statement for R;.

In particular, since we assumed zg # 21, we have that wy, ; := QZ, Y (wi(A})) satisfies

|q]/J k (Zl)(wk,j)| e r](-d_l). This means that the vertical eigenvalue for fy; is larger than

pmld=1)

J , 80 in particular cannot be constant in A. The assertion follows. U

By another intersection argument with the well-understood unicritical family Uy as
in we also obtain the following Lemma.

Lemma 2.4. For every (n,m) € N x N* the set
Apm = { X €Sk(p,d): f\ has a critical component of preperiod n and period m }
is contained in an algebraic set of codimension at least 2 of Sk(p,d).

Proof. For any given (n,m), the set Ay, ,,, is algebraic. Let A be a component. In order

to prove the statement, it is enough to show that the intersection AN U, is bounded
(recall that dim Uy = d 4+ 1). This is a consequence of Corollary [2.2] O

Note that the argument above actually proves that A, ,, has codimension at least
d+ 1 in Sk(p,d), and in fact this is likely still not sharp. However, for our purposes it
will be enough that the codimension is at least 2.

Lemma 2.5. Let \g € Sk(p,d) and assume that f\, has a Misiurewicz relation
I3, (20,c0) = (21,w1). Then the set of X € Mz co)n for which gz, \ has only sim-
ple critical points is Zariski open in M o) n-

Proof. Again, it is enough to check the property on the intersection between M., .o) n
and any algebraic subfamily of Sk(p,d). This time we can take the subfamily given
by the product maps, of the form {(z,w) — (p(z),q(w))} for ¢: C — C of degree
d. The assertion then follows from the corresponding property for the family P; of
one-dimensional polynomials of degree d. O
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2.4. Higher bifurcations currents and loci. Higher bifurcation currents for families
of polynomials (or rational maps) in one variable were introduced in [BB07| with the
aim of understanding the loci where simultaneous and independent bifurcations happen,
from an analytical point of view. Since the Lyapunov function is continuous with respect
to the parameters [DS10], it is indeed meaningful to consider the self-intersections Tlfif
of the bifurcation current, for every k up to the dimension of the parameter space. The
measure obtained by taking the maximal power is usually referred to as the bifurcation
measure. We denote by Bify the support of Tk'fif.

While in dimension one it is quite natural to associate a geometric meaning to Bify,
(as, for instance, the points where k independent Misiurewicz relations happens, in a
quite precise sense, see, e.g., [Dujl1]), in higher dimensions the critical set is of positive
dimension and thus this interpretation is far less clear.

The following result gives a first step in the interpretation of the higher bifurcations
as average of non-autonomous counterparts of the classical one-dimensional objects,
valid in any family of polynomial skew products over a fixed base p. An interpretation of
the non-autonomous factors will be the object of the next Section. The case of general
polynomial skew products is completely analogous, and the following should be read
as a decomposition for the vertical bifurcation T = (dd°L,)*, see Section . Given
z:=(z1,...,2) € Jg, we denote by T, the current T, = Thif,, A< A Thitz, -

Proposition 2.6. Let (f))xenm be a family of polynomial skew products over a fixed
base p. Then

Tk, = /k T.u®*  and  Bify = Supp(T,) = U, Supp 1.
JP

Proof. The case k =1 (which is a consequence of the explicit formula for L, in ) is

proved in [ABI18, Theorem 3.3]. The first formula in the statement is a consequence

of the continuity of the potentials of the bifurcation currents Ty .. The continuity

of the potentials (in both z and the parameter) also implies that the currents T, are

continuous in z € J]f . We can thus apply the general Lemma below to the family of

currents R, =T, and a =z € J;“ = A. This concludes the proof. O

Lemma 2.7. Let A be a compact metric space, v a positive measure on A and R,
a family of positive closed currents on CN depending continuously on a € A. Set
R:= [, Rqv(a). Then
(1) the support of R, depends lower semicontinuously from a (in the Hausdorff
topology);
(2) the support of R is included in U, Supp Rg;
(3) for every a € Supp v, we have Supp R, C Supp R.

Recall that the current R = [, Rqv(a) is defined by the identity (R, ¢) = [, (Ra, ¢)v(a),
for ¢ test form of the right degree.

Proof. The first property is classical and the second is a direct consequence. Let us
prove the last item. Fix a € A and take p € Supp R,. There exists an (arbitrarily small)
ball B centred at p such that the mass of R, on B is larger than some 1 > 0. By the
continuity of R,, the mass of Ry on B is larger that n/2 for every o’ sufficiently close
to a. In particular, this is true for all @’ in a ball B’ centred at a. Since a € Suppv, we
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have v(B’) > 1 for some positive 1. Thus, R has mass > nn//2 on B, which in turn
gives p € Supp R. O

2.5. Moderate and vertical-like repelling points. Our method of proof of Theorem
[I.1) requires that the base polynomial p admits a repelling cycle satisfying the following
technical assumption.

Definition 2.8. Let p be a polynomial of degree d and let zy be a ng-periodic point for
p. We say that zy is moderately repelling if [(p") (z0)| < d".

Although the two next results are not necessary for the proof of our main theorem,
they illustrate the existence of many polynomials satisfying this condition.

Lemma 2.9. The set of degree d polynomials p € Py with a moderately repelling periodic
point is an open set whose closure contains Bif(Py).

Proof. The openness is clear. For the second part of the assertion, note that arbitrarily
close to any pg € Bif(P,) one can find some polynomial with a neutral cycle. A suitable
perturbation makes that cycle become moderately repelling. O

More interestingly, we also have the following result.

Proposition 2.10. Let p be a polynomial with Julia set not totally disconnected, which
is neither conjugated to z — 2% nor to a Chebyshev polynomial. Then p has a moderately
repelling cycle.

Proof. By a result of Przytycki and Zdunik [PZ20] (see also [Prz85l [Zdu90] for previous
results in the connected case), since p is neither conjugated to z + 2% nor to a
Chebyshev polynomial, there exists a compact hyperbolic invariant set K C J(p),
with § := dimy K > 1. By the general theory of the thermodynamical formalism,
there exists a unique ergodic invariant probability measure v supported on K that is
absolutely continuous with respect to the d-dimensional Hausdorff measure (see for
instance [PU10, [Prz18]). By Manning’s formula, x, = %, where x, is the Lyapunov
exponent of v, and h,, is its metric entropy. Since § > 1 and h, < logd, we deduce that
xv < logd.

We will now approximate v by a sequence of discrete invariant measures supported
by periodic cycles, in the following way. Fix € > 0 and let §; > 0 be small enough so
that for all z,y € J,, |z — y| < 01 implies [log |f'(x)| — log |f'(y)|| < e (the existence of
such 07 follows from the uniform continuity of log | f’| on K, since p has no critical point
on K). Chose z € K generic for v, in the sense that its forward orbit equidistributes on
K according to v. In particular, there exists N € N such that for all n > N:

n—1
9 (3 b log 1) — G log 1) <.
k=0

where 0, is the Dirac mass at y € C. Since p : K — K is hyperbolic, as a consequence
of the Shadowing Lemma (see, e.g., [Jon97], Theorem 2.4) there exists d2 > 0 such that
any da-pseudo-orbit can be §;-shadowed by an actual orbit. Since z is recurrent, we
may chose n > N such that |f"~!(z) — 2| < &o; then the Shadowing Lemma gives the
existence of a cycle yo, . .., yn—1 such that for all 0 < j <n —1, |f(z) —y;| < 6. With
our choice of §; and , this means that

| (v, log | ') — x| < 2e,
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where v, 1= 1 ZZ;& dy,.- In particular, if £ is small enough, we have (v,,log |f'|) < logd,
which exactly means that the cycle yqg, ..., yn—1 is moderately repelling.

Definition 2.11. Let f(z) = (p(2),q(z,w)) be a polynomial skew product of degree > 2
and let (z1,w1) be a ny-periodic point for f. Let A := (p™)'(21) and B := (Q2}) (w1)
be the two eigenvalues of Df(n1 ) We say that (z1,w1) is vertical-like if |B| > |A|.

Z1,w1

Lemma 2.12. Let f(z,w) = (p(2),q(z,w)) be a polynomial skew product. Let z, be
moderately repelling ni-periodic point for p. Then (z1,w;) is a vertical-like repelling
periodic point for f for asymptotically all wy € C that are periodic for Q7.

The above means that if P, := {w; € C: Q" (w) = w} and V,, := {w; € P, :

21
cardV,, __ 1
card P, ~—

(z1,w1) is vertical-like}, then lim,,

Proof. Since by assumption z; is moderately repelling for p, there exists € > 0 such
that |(p™)"(21)] < (d —¢)™. The return map @ := Q7! associated to the vertical
fibre of z; is a polynomial of degree d"!, thus its Lyapunov exponent is larger than or
equal to log(d™). By [BDMO0S8, Lemma 4.5] for any n > 0, asymptotically all of the
d™ repelling periodic points of period dividing n for () have multiplier larger than
(d™ —n)™. Choosing n > 0 small enough that d™ —n > (d — &)™, this proves that
for asymptotically all periodic point w; for @, the point (z1,w;) is vertical-like, as
desired. ([

3. HIGHER BIFURCATIONS: AN ANALYTIC CRITERION

In this section we establish the following technical result, which gives an analytic
sufficient condition for a point to lie in the support of the higher bifurcation currents.
Recall that, given a simple critical point ¢()) for ¢, » and a repelling point () for fy, we
denote by M ) rn, the analytic subset of M given by the equation fy°(c())) = r(A).

Proposition 3.1. Let (f\)aenm be a holomorphic family of polynomial skew products
over a given base p. Let \g € M and z1, ...,z € Jp satisfy the following properties:
(1) there exist simple critical points ¢; for qs, \, such that r; = f;é(zi,ci) s a
repelling periodic point for fy,;
(2) codim m?:lM(Zi,Ci),Ti,ni =k.
Then \g € Bifk(M).

In the case of families of rational maps, this result is due to Buff-Epstein [BE09]
when the hypersurfaces defined by the critical relations are transversal, and to Gauthier
[Gaul2] when the intersections are just proper, as is the case above. A more general
condition (called the generalized large scale condition) was introduced in [AGMV19] as
a sufficient condition for a point to lie in the support of Tl]fif (for a family of rational
maps). We give an adapted version of this notion in our non-autonomous setting, and
deduce that a parameter \g as in the statement satisfies such condition. This will prove
Proposition [3.1

In the following we assume that z1, ..., z; € J, and that ¢;(\) are holomorphic maps
such that c;()) is a critical point for g, x for all A € M. We denote by ¢ : M — C* the
map c¢(A) = (e1(A),...,ck(N)). For a k—uple n := (n1,...,ng), we define

2, () = QY (¢(V)  and E5(N) = (&, (V). &, (V)
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Notice that = : M — C*. Denote by V,, the graph of =5 in M x CF.

Definition 3.2 (Fibred large scale condition). We say that \g € M satisfies the
fibred large scale condition for the critical points (z1,c1),. .., (zk,ck) if there exist
2, ...2;, € Jp, disks Dy, ..., Dy C C with D; N S # 0, a sequence ny = (ng1,...,nk)
of k—uples with n;; — 0o and a nested sequence of open subsets §}; such that

° ﬁlﬁl = {)\0}, and

° Eil: Q — D1 X --- X Dy is a proper surjective map.

Proposition 3.3. Let \g satisfy the fibred large scale condition for some (z1,¢1), ..., (2k, Ck),
with q;j (¢j) = 0 for every j and such that the z; are preperiodic for p. Then Ao €
Supp Thiez, A -+ A Thifs, -

Proof. The proof is a direct consequence of the analogous result [AGMV19, Theorem
3.2]. Notice that the first step in the proof of that result actually consists in building a
new product dynamical space. In our case, we just directly consider the return maps on
the periodic fibres, near the repelling periodic points. The fact that the critical points
may lie in some pre-periodic fibre can be addressed by considering the orbit of their
first image on a periodic fibre. O

We can now prove Proposition |3.1

Proof of Proposition[3.1 By Propositionit is enough to prove that A9 € Supp Thjf,, A
Thif, - It is thus enough to prove that any Ag as in the statement satisfies the fibred
large scale condition above.
Fix n > 0 and an open neighbourhood €2y of Ag such that the following holds:
(1) for all r; as in the statement, r;(\) € D(r;,n/2) for all A € Qo;
(2) for every i and every A € Qq, the map fy is uniformly expanding on D; :=
D(ri,n).

To verify the fibred large scale condition it is enough that every ball centred at Ay has
open image for the map

A= (fyH (2 e () = i (N), - [y (2 er(A) = T(N)).
But this is implied by the second assumption in the statement. Indeed, if this were not
the case, the image would be contained in an analytic set of dimension < k — 1, and the
preimage of any point would be (empty or of) codimension < k — 1. Since the origin is
in the image, and is equal to the image of ﬂleM(thi)’mm, this would contradict the
second assumption. The proof is complete. O

Remark 3.4. As is the case in [AGMV19], it is enough to make a weaker assumption
wn Proposition namely that the critical orbits fall in the motion of some hyperbolic
set. The proof is slightly more involved in that situation (as is the case in [AGMV19]).
We prefer to state only the simple criterion based on repelling periodic orbits since this
simpler version will be enough to deduce our main result.

4. CREATING MULTIPLE BIFURCATIONS: A GEOMETRIC METHOD

In this section we develop our method to construct multiple bifurcations (in the form
of Misiurewicz parameters) starting from a simple one. In the next section we will
ensure the applicability of this method. First, let us introduce the following definition.
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Definition 4.1. Let (f))xem be a holomorphic family of polynomial skew-products. We
say that M is a good Misiurewicz family, or that M has a persistently good Misiurewicz
relation f1°(z,c(N)) = (z1,wi(N)) if the Misiurewicz relation f{°(z,c(N)) = (21, w1(X))
is persistent in M, and if moreover

(G1) the vertical eigenvalue B(X) := (Q7)'(w1(A)) is non-constant on M;

(G2) (z1,w1(N)) is vertical-like for all X € M;

(G3) for all X in a residual subset of M, at least one component of f{(Crit(f)))

passing through (z,wy) is not preperiodic;

(G4) c¢(N) is a simple root of q;’A for a generic A € M.
A parameter A\g € M satisfying all the conditions above will be called a good Misiurewicz
parameter.

The next Proposition is the key technical result of our argument:

Proposition 4.2. Let (fy)aem be a holomorphic family of polynomial skew products
with a persistently good Misiurewicz relation (z1,w1(N\)) := fi' (20, co(N)). There exists
a dense subset S C M such that for all A\oo € S, for any non-exceptional graph
A= (z,w(N)) defined in some neighbourhood of Ao, there exists a sequence Ay, — Ao
such that (z,w(\y,)) is non-persistently in the forward orbit of a critical point (zp, cn(An)),
with (zn, cn(An)) = (20, c0(Aso))-

We call exceptional graph a holomorphic map A — (z,w(\)) such that (z,w(X))
belongs to the exceptional set of f) for some A. The following is a simple consequence
of Proposition Together with Proposition [5.1], it will give Corollary

Corollary 4.3. If (fx)xem has a persistently good Misiurewicz relation, then Bif (M) =
M.

Proof. Let S be given by Proposition[£.2] take A € S and let Qo be any neighbourhood
of Aso. All possible motions on €2 of repelling points for fy_ are of the form (z,w(\)).
Since the exceptional set has zero mass for the equilibrium measure, there is at least one
among these graphs (and actually, many of them) which is not persistently contained in
the exceptional set. Let v(A) be one such graph. If 7y is exceptional, since the exceptional
set is contained in the postcritical set, we get a Misiurewicz parameter at a parameter
A € Qo such that v()\) is an exceptional point for fy. If v is not exceptional, we apply
Proposition [4.2 and still get a Misiurewicz parameters A € Q0o . The assertion follows
since Misiurewicz parameters belong to the bifurcation locus, see [BBD18| Bial9]. O

The remaining part of this section is devoted to proving Proposition [£.2l We state
and prove the following lemma before defining the subset S.

Lemma 4.4. Let a(z) = ap2P + O(2PY) be a holomorphic germ of (C,0), with a, # 0
and p > 0. Let |A|,|B| > 1 be such that log A,log B and 2im are rationally independent,
and fix zo € C*. Then {a(z0A™™)B™ : m,n € N} is dense in C.

Proof. We first prove that X := {A7"B™ : m,n € N} is dense in C. This corresponds
to the case a(z) = z and zp = 1.

Working in logarithmic coordinates, we define Y := exp !} ({A™B™ : m € N, n € Z}).
Notice that Y is invariant under the translations by integer multiples of the vectors 2i7w
and log A, and positive integer multiples of log B (we can choose any branch of log here).
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Therefore, the set Y is dense in C if and only if orbits under translations by positive
integer multiples of the vector log B are dense in the complex torus C/(2im,log A).
Since we assumed that log A, log B and 2i7 are rationally independent, this follows from
Kronecker’s Theorem. This implies that X := {A™"B™ :m € N,n € Z} is dense in C.

Take now any w € C. By the above, there exist ny € Z and my € N such that
limy oo A7 B™k = w. We may assume without loss of generality that lim mj = +o0.
Since |B| > 1, this implies that limny = +o0o, and in particular that n; € N for k large
enough. So X is indeed dense in C. Note that since plog A,log B and 2iw are also
rationally independent, we may replace log A by plog A in the argument above.

Let us now treat the general case, with a(z) = a,2? + O(2P11) and 2y € C* as in the
statement. Take w € C. By the density X proved above, there exist sequences ny and
my, of integers, with limy ng = limg mg = 400, such that lim; A7P" B"* = wg. This

apZ,
implies that ay, - (20A7")PB™ = w 4 0p—100(1), and thus that

<a(zoA*”k) v O(Zg“A*(P“)"k) B™ = 1w+ 0ps-400(1).

Since A7P" B™k = O(1) by construction and |A| > 1 by assumption, we have
a(z0 A7 )B™F + O(A™™) = w + 0g—100(1).
We deduce that limy o(29 A~ )B"* = w. The lemma is proved. O

Definition 4.5. Let M be a good Misiurewicz family, and let f{°(z,c(N)) = (21, w1 (X))
be a persistent Misiurewicz relation satisfying the requirements of Definition [4.1]

We define the set S C M to be the set of \ooc € M for which each of the following
properties holds:

(S1) log A,log B(A) and 2im are rationally independent over Q;
(52) drB(\s) £ 0;

(S3) log B(Ax) ¢ Rlog A;

(S4) fa.. has no preperiodic critical component;

(S5) c(Ax) is a simple root of g _ .

Note that S is indeed dense (in fact, residual) in M. Indeed, since by the assumption

(G1)|in Definition [£.1] the map A + B()) is non-constant on M, conditions [(ST)] [(S2)]

and |(S3)| are satisfied in a residual subset of M. The same also holds for condition

(S4)| by the assumption |(G3)| Condition |(S5)|is also a Zariski dense condition once
(G4)| holds, as observed after Definition

From now on, we fix an arbitrary Ao € S, and we choose a one-dimensional disk in
local coordinates in M in which Ao, = 0 (hence B’(0) # 0). The proof of Proposition
will mostly use local arguments in phase space. Therefore, we will work in local
linearizing coordinates near (z1, w1 ); in particular, in the rest of this section we will take
(z1,w1) = (0,0), and we will treat it as a fixed point (which we can do up to passing to
an iterate).

By item of the definition of S, there are no resonances between eigenvalues of
this fixed point (0,0) for A close to Aoc = 0. We may therefore assume that the fixed
point (0, 0) is linearizable for fy; moreover the linearizing map can be chosen to depend
holomorphically on the parameter. More precisely, we can fix a neighbourhood U of
(0,0) such that such linearising coordinates are defined for (z,w) € U for all fy with ||
small enough. So f) acts in those coordinates as the linear map (z,w) — (Az, B(A)w).
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Since the graph v(\) = (2, w(\)) is not exceptional, by the equidistribution of preimages
we can also assume that y(\) € U for all A\ with |\| small enough.

Let Ly be a non-periodic postcritical component of fy passing through (0,0) (as in
the assumption in Definition . It follows from the Implicit Function Theorem
and that Lg is locally a smooth graph over z, and that there exists a local
holomorphic function § such that for all (A, z) small enough, the graph w = (A, 2) is a
local parametrization of a non-periodic component L) of f/l\“(Crit( fx))- The assumption
that Lo is not invariant implies that the holomorphic map z — (2, ) is non-constantly
equal to 0.

Lemma 4.6. Let K C C* be compact and such that {0} x K C U, let z € J,
and (ng), (my) be sequences such that S(zA~™ 0)B(0)™ € K. Define () :=
B(zA™™ XN)B(A)™. Then limy, ¢}, (0)| = oco.

Proof. We have

0(0) = %(A‘”%,O)B(O)m’“ + B(A™™ 2, 0)my By B(0)™

where B; := d%\A:oB()‘) # 0 by assumption. Set «a(z) := ((z,0). Writing a(z) as
a(z) = apz? + O(2PT1), we see that the assumption a(2A~")B(0)™ € K implies that

(6) A™ =< B(0)™*/.
Moreover, since S(A™™2,0)B(0)™ € K, and By # 0, we have
(7) B(A™™ 2, 0)my, B1B(0)™ 1 < my,.

Finally, since the Misiurewicz relation at (0,0) is preserved for all A € M, we have
B(0,A) = 0 for all A\, and thus %(0, 0) = 0. Hence, we can write %(z, 0) = cpz'+0 (21
with ¢y # 0, for some £ > 1. This implies that

98
O\

We now have two possibilities:

(A2, 0)B(0)™ = A= B(0)™*.

Case 1: £ > p. In this case, 95 A7z 0)B™ = O(1) (in fact, it tends to zero if
o\

¢ > p). Together with (7)), this gives ¢}, (0) =< my,.
Case 2: £ < p. In this case, by @ we have %(A*”kz,O)Bmk = Bm(1=t/p) By
this gives ¢, (0) < B™+(1=¢/P) {00,

In either case, we have limy, ¢} (0) = 400, and the lemma is proved. O

Proof of Proposition[{.9. We work in the setting described before Lemma [4.6] Let
z € Jo be small enough so that (0,z) € U. By Lemma [4.4] applied to a := 3(-,0), there
exist sequences ng, my — +0o such that 5(A™"z,0)B(0)" — x. Let z5 := zA™+ ",
since limg ny — mj = +0o, we have that limy, 2z, = 0. Observe that

(8) ;\nk(A_nkz’B(A_nkz7)‘)) = (zk7§0k()\))7
i.e., (zx, pr(A)) is in the postcritical set of fy.
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Step 1. For k large enough, there exist two distinct points yi;, i = 1,2, such that
(2 Yk,i) €U and fo* ™™ (2x, yri) = (2, w).

(Note that the orbits {f&(zk, yxi) : 1 < £ < ny —my} will not a priori remain in
U.) Consider sg such that ¢_;°, ({w(0)}) contains at least 3 points y;. By the lower
semicontinuity of z — J, we have D(x,0) N J;, # 0 for k large enough, so the family
{QZ:XSSOO : D(z,0) — C} is not normal. Indeed, for all k large enough we can find
wy, € D(z,0) such that G, (wg) > ¢ > 0, for some constant ¢ independent from k. By

Montel’s theorem, this sequence then has to take at least two of the values y..

Step 2. We can assume that, for any € > 0 and k € N large enough, there exist
holomorphic maps X\ — yii(\) defined on D(0,e) such that f\* ™" (2, ypi(N) =
(2, w(A)).

Indeed, if there are A € D(0,¢) and k € N* such that {f§(zx,yk:(N)) : 0 < € <
ng —my } meets (non persistently) the critical set of fy, then (z,w(\)) is a non-persistent
intersection with the postcritical set of f) and Proposition is proved. Otherwise,
Step [2| follows from the Implicit Function Theorem and analytic continuation.

Step 3. There exists A € D(0,¢), i € {1,2} and k € N* such that ¢i(\) = yx.i(\) and
the intersection is not persistent in .

This follows from Montel Theorem applied to {¢x : D(0,e) — C}: indeed, by Lemma
[4:6] this sequence is not normal, so it cannot avoid both of the two moving points
A = ygi(A). For the same reason, the intersection cannot be persistent, since this would
also contradict the non-normality.

In conclusion, by the steps above and there is a parameter A € D(0, ¢) such that
;\nk (ZA_nk ) 5(ZA_nk7 )‘)) = (zkv yk,i()‘))y
so by definition of y ;(\), we have
V(AT B(2zAT™ X)) = (2, w(N)).

By the definition of g, the point (zA~" 3(zA~"™ \) belongs to the postcritical set
of f). By construction the intersection above is not persistent. Moreover, we have
zA™™ — 0 and B(zA7™ \) = B(0,\) = a(\) as k — oo. The last assertion in the
statement follows by considering a suitable preimage. The proof is complete. O

5. PROOF OF THE MAIN RESULTS

5.1. Finding a first good Misiurewicz parameter. In this subsection, we prove that
there exists a good Misiurewicz parameter arbitrarily close to any Ao € Bif(Sk(p, d))
(under the assumption that p admits a moderately repelling periodic point). This
provides the first step in the proof of Theorem [I.1] that will be concluded in the next
subsection. Combined with Corollary [£.3] this fact already gives Corollary

Proposition 5.1. Let \g € Bif(Sk(p, d)) for some polynomial p admitting a moderately
repelling point z1. For all e > 0, there exists \y € B(Ao,€) with a Misiurewicz relation
f;flo (2,¢) = (21, w1) such that M, ¢y, s a good Misiurewicz family.
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We emphasize here that we only prove the existence of a good Misiurewicz family in
Sk(p,d); we do not claim that the arguments used here work in arbitrary subfamilies
of Sk(p,d). In order to prove Proposition we need to find A; satisfying all the
requirements (G1-4) of Definition We will need the following elementary lemma.

Lemma 5.2. Let (f\)aem be a holomorphic family of skew-products, and take Ao €
Bif(M). Let (z1,w1) be any repelling periodic point of fx,, which we locally follow
as (z1,w1(N)). Then, arbitrarily close to Ao, there exists A\1 € M such that fy, has a
Misiurewicz relation of the form f3 (z,¢) = (21, w1(A1)) with z # 2.

Proof. By [AB18|, Proposition 3.5|, we may find \; arbitrarily close to Ag for which a
critical point of the form (y, ¢) is active, where y is in the strict backward orbit of z; by
p. By Montel Theorem, we can further slightly perturb \j, to a A; with the property that
some iterate of (y,c) by fi, coincides with (z,w1(A1)). This completes the proof. [

Proof of Proposition[5.1 We will replace A\ by a a finite sequence of arbitrarily small
perturbations, making sure that at every step we stay inside Bif(Sk(p, d)).

By assumption, p has a moderately repelling periodic point z;. Lemma [2.12] gives a
vertical-like repelling point (that we can follow holomorphically in a neighbourhood of
Ao) and Lemma a Misiurewicz relation satisfying item

Consider now the algebraic hypersurface M of Sk(p, d) where the Misiurewicz relation
constructed above is preserved. By Lemma 2.3 the map A — B()) is non-constant on
M. This takes care of item Moreover, by Lemma , we can perturb Ag inside
M to ensure that holds, too.

Finally, Lemma [2.4] implies that the set of A € M for which f) has a periodic critical
component is meager in the sense of Baire. This ensures that holds, and completes
the proof. O

5.2. Conclusion. We can now conclude the proof of Theorem We will need two
further lemmas. The first is an improvement of Lemma

Lemma 5.3. Let (f))\cps be an algebraic family of polynomial skew products over
a fixed base p with a moderately repelling periodic point z1, and let \g € M. Then
there exists w1 € C such that (z1,w1) is a vertical-like repelling periodic point for
fro- Moreover, if dim M > 2 and F is a given algebraic holomorphic codimension 1
foliation of M, we may chose wy such that F and the foliation given by the level sets of

(Q2, ) (wi1(A) do not have common leaves near A;.

Proof. Lemma [2.12] gives the first part of the statement. More precisely, for asymptoti-
cally all periodic point wy for Q) := QZ,Ao’ the point (z1,w;) is vertical-like. We need
to prove the second assertion.

First, assume for the sake of contradiction that each of the vertical-like repelling
periodic points constructed above have vertical multipliers that are constant on the
leaf L of F passing through Ag. Then, by [BDMOS|, the Lyapunov exponent of the
first return maps @7, , is constant for A € L. In particular, the family (QZ, \J)AeL is a
non-isotrivial stable algebraic family of polynomials. This is impossible by [McM87].

Therefore, we may chose w; so that (z1,w;) is vertical-like and its vertical multiplier
is non-constant on L. In other words, the leaves passing through A\g of F and of
the foliation induced by this vertical multiplier are different; so in a small enough
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neighbourhood of Ay, these two foliations cannot have common leaves. The proof is
complete. O

Lemma 5.4. Let (f))ycps be a holomorphic family of polynomial skew-product over
a fired base p and assume that there exists \g € M and ¢ € C such that ¢ is an
escaping simple critical point for qy, ., for some ng-periodic repelling point zo for p.
Then there exist an open neighbourhood €2 of Ao, a positive €, and a holomorphic map
¢:QxD(z,e) = C such that

(1) c(Xo, 20) = ¢;

(2) for all X € Q and z € D(z0,¢), q) ,(c(A,2)) = 0;

(3) for all X € Q, the critical component of fy containing all c(X, z) (z € D(zg,¢))

18 not preperiodic.

Proof. The existence of ¢ satisfying the first two properties follows from the Implicit
Function Theorem. Let us prove the last item. Denote by 5>\ the critical component for
fa containing all ¢(A, z). By the continuity of the Green function G, we may assume
that for all A € , ¢(A, 2p) is also escaping. Assume for the purpose of a contradiction
that there is A € Q such that ff+k(6>\) = ff\“(éA) for some (n,k) € N x N*. Then
the projection m. : J;5g ff\(é)\) — C on the first coordinate has finite degree. In

particular, the sequence ( ff\m o(A, Zo))j>0 is finite. This contradicts the fact that

c(A, zp) is escaping. O

Proof of Theorem[I.1 Fix \g € Bif(Sk(p,d)) and £ > 0. Set M := Sk(p,d). We will
prove by induction on 1 < k < dim V' that there exists a family M* which is e-close to
Ao and satisfies the following properties:

(I11) M+ = Mi<j<k M(y;.c:)m; 18 the intersection of k distinct Misiurewicz loci

(I2) M* has codimension k in Sk(p,d)
(I3) if k < dim Sk(p, d), among the k persistent Misiurewicz relations defining M*,
at least one is good in the sense of Definition [4.1]

The case k = 1 is exactly the content of Proposition

Before going into the argument of the induction, we start by choosing \; € M*
(e-close to Ag) such that for all A in a neighbourhood of Ay in M!, all maps f have at
least one non-periodic post-critical component passing through the repelling cycle. To
find such A1, we choose a point (z,w), where z is a periodic repelling point of p and such
that G, »,(w) > 0. Applying Proposition [4.2f to the constant graph A — (z,w), we find
A1 € B(M\o,e) N M! such that (z,w) is still escaping for fy,, and is also a postcritical
point. Then Lemma [5.4] gives the desired result.

Now assume that MPF is constructed, and let A\ € M* be ke close to \g. Let
2z, ¢(N) = (21, wi(\)) be the persistently good Misiurewicz relation on M*. By
Lemma there exists a vertical-like repelling periodic point (21, wg1) for fy,, which
we may locally follow as (zxt1, wk+1(N)). Moreover, we choose it so that the foliations
given by the level sets of the vertical multipliers of (zj,wg(A)) and (241, wrr+1(A)) do
not share leaves near \;. By Proposition there exists Ap11 € B(Ag,€) such that
fres, has a Misiurewicz relation of the form f;::ll(yk+1,Ck+1) = (Zks1, Wer1(Akt+1))

that is not persistent on M*. We let M**+! .= MF N My, i1 cor)inns, - Moreover, we
may assume that zj,1 is close enough to z;, (and hence zg) that g, x, ., still has only
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simple critical points. By construction codim M*+1 = k + 1. Thus the requirements
(I1)| and are satisfied. We need to check

If ¥ = dimSk(p,d) — 1 the condition is empty. Otherwise, it only remains to
prove that M**1 has at least one locally good persistent Misiurewicz relation at A\ 1.
Items [(G2)| |(G3)|and [(G4)| of Definition |4.1| hold on M**! for both (z,wx()\)) and
(2k+1, Wk+1(N)), provided ¢ is small enough (this is clear for |(G2)|and [(G4)| and it
was proved above for item . The difficulty here is that it may be the case that the
vertical eigenvalue of either (zj,wr(A)) or (2511, wry1(A)) is constant on M*+1. But
we will prove that our choice of (zg+1,wy+1) implies that it cannot be the case for both.
This will complete the induction step.

If we denote by Ly and Ly41 the level sets passing through A;4; of the vertical
multipliers of (zj,wg(A\)) and (zg+1, wr+1(N)) respectively, then we know that Ly and
Ly intersect properly at A\yp;. Therefore, M* cannot be contained in Ly N Ly 1, since
codim(Lg N Ly41 N M*) = k+2 and codim(M**!) = k4 1. In other words, at least one
of the two repelling cycles has non-constant vertical eigenvalue on M*+1. This ensures
that in Definition holds. The induction is complete.

Finally, once M Pa=dim Sk(p.d) ig constructed, we can apply Proposition The proof
is complete. O

Proof of Corollary[1.j]. By Theorem it is enough to check that the same property is
true for the bifurcation locus. By [AB18|, the bifurcation loci associated to periodic
fibres are dense in the bifurcation locus. By [McMO00] all these loci have full Hausdorff
dimensions. The assertion follows. U
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