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Abstract

Practical reasonindPR), which is concerned with the generic
guestion of what to do, is generally seen as a two steps pro-
cess: (1)deliberation in which an agent decides what state
of affairs it wants to reach —that is, ittesires and (2)means-
ends reasoningn which the agent looks for plans for achiev-
ing these desires. A desire is justified if it holds in the eatr
state of the world, and feasible if there is a plan for achiev-
ing it. The agent'dntentionsare thus a consistent subset of
desires that are both justified and feasible. This paper pro-
poses the first argumentation system for PR that computes in
one step the intentions of an agent. We show that the system
satisfies the rationality postulates identified in arguragomn
literature.
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1 Introduction

Practical reasonindPR) [17], is concerned with the generic question “what ésrtght
thing to do for an agent in a given situation”. In [22], it haseln argued that PR is a
two steps process. The first step, often catletiberation consists of identifying the
desires of an agent. In the second step, catledns-end reasoningne looks for ways
for achieving those desirese. for actions or plans. A desire jastifiedif it holds in
the current state of the world, andié&asiblef it has a plan for achieving it. The agent’s
intentions,i.e. what an agent decides to do, is a consistent subset of désakare
both justified and feasible.

What is worth noticing in most works on practical reasonisghie use of argu-
ment for providing reasons for choosing or discarding ardess an intention. In-
deed, several argumentation-based systems for PR havepbgewsed in the litera-
ture [3, 14, 16]. However, in most of these works, the probt#?R is modeled in
terms of at least two separate systems, each of them captummstep of the process.
Such an approach may suffer from a serious drawback. Indante desires that are
not feasible may be accepted at the deliberation step toetnigrgbnt of other justified
and feasible desires. Another limitation of those systentisat their properties are not
investigated.

This paper proposes the first argumentation system thata@s the intentions of
an agentin one step. The system is grounded on a recent wodngstrainedargumen-
tation systems [10]. These last extend the well-known garsgstem of Dung [11] by
adding constraints on arguments that need to be satisfidtblgxtensions returned by
the system. Our system takes then as input i) three catsgufre&gumentsepistemic
arguments that support belietplanatoryarguments that show that a desire holds in
the current state of the world, aimstrumentabrguments that show that a desire is fea-
sible, ii) different conflicts among those arguments, andiparticular constraint on
arguments that captures the idea that for a desire to bequlitsshould be both feasible
and justified. This is translated by the fact that in a giveteesion each instrumental
argument for a desire should be accompanied by at least danexpry argument in
favor of that desire. The output of our system is differets$ & intentions. We show
that the results of such a system are safe, and satisfy thaakty postulates identified
in [6].

The paper is organized as follows: Section 2 recalls thecbaxfian argumenta-
tion system. Section 3 presents the logical language. @edtistudies the different
types of arguments involved in a practical reasoning prabkend Section 5 investi-
gates the conflicts that may exist between them. Section €epte the constrained
argumentation system for PR, and its properties are giveSeittion 7. The system
is then illustrated through some examples in Section 8. bdifroofs are given in an
appendix.

2 Basics of argumentation

Argumentation is an established approach for reasoninginitonsistent knowledge,
based on the construction and the comparison of argumeiatsy rgumentation for-



malisms are built around an underlying logical language @ma@ssociated notion of
logical consequence, defining the notion of argument. Tharaent construction is
a monotonic process: new knowledge cannot rule out an angiong only gives rise
to new arguments which may interact with the first argumeirtc&Sknowledge bases
may give rise to inconsistent conclusions, the argumenyshaaonflicting too. Con-
sequently, it is important to determine among all the atddlaarguments, the ones
that are ultimately “acceptable”. In [11], an abstract angatation system has been
proposed, and different acceptability semantics have deéned.

Definition 1 (Basic argumentation systempAnargumentation systera a pairAF =
(A, R) with A is a set of arguments, arfd is an attack relationR C A x A).

Before recalling the acceptability semantics of Dung [14f,us first introduce some
useful concepts.

Definition 2 (Conflict-free, Defence)LetE C A.

= £ is conflict-freeiff # o, 8 € £ such thain R 5.

» £ defendsan argumentiff V 5 € A, if 3 R «, thend § € £ such thab R S.
Dung’s semantics are all based on a notion of admissibility.
Definition 3 (Acceptability semantics) Let € be a conflict-free set of arguments.

» £ is anadmissibleset iff it is conflict-free and defends every elemerd.in

» & is apreferred extensioiff it is a maximal (w.r.t. set-inclusion) admissible set.

» £ is astable extensioiff it is a preferred extension that attacks all arguments in
A\E.

Note that every stable extension is also a preferred onghbuteverse is not always
true.

The above argumentation system has been generalized in [0t basic idea
is to explicit constraintson arguments that should be satisfied by the above Dung’s
extensions. For instance, one may want that the two arguwmaeand 5 belong to
the same stable extension. These constraints are genexaltgssed in terms of a
propositional formula built from a language usidgas an alphabet.

Definition 4 ([10] — Constraints on arguments, Completion ofa set of arguments)
Let.A be a set of arguments anti, be the propositional language defined usiAgs
the set of propositional variables.

» C'is aconstrainion arguments ofd iff C'is a formula ofL 4.
» Thecompletionofasete C Ais: € = {a|acElU{-a|ac A\E}.
» Aset€ C A satisfieC iff € is a model ol” (fl— ).

A constrained argumentation system is defined as follows:



Definition 5 (Constrained argumentation system)A constrained argumentation sys-
temis a triple CAF = (4, R, C)) with C'is a constraint on arguments of.

Let us now recall how Dung’s extensions are extended to tee oha constrained
argumentation system. As said before, the basic idea istpuate Dung’s extensions,
and then to keep among those extensions the ones that shésfgnstrainC.

Definition 6 (C-admissible set)LetE C A. £ is C-admissibldff
1. £ is admissible,
2. & satisfies the constrairgt.

Note that the empty set is admissible, however, it is not gdw&admissible since
@ does not always implg'.

Definition 7 (C-preferred extension,C-stable extension)LetE C A.

» £ is a C-preferred extensioiff £ is maximal for set-inclusion among the-
admissible sets.

» £ is aC-stable extensioiff £ is a C-preferred extension that attacks all argu-
ments inA\E&.

Now that the acceptability semantics are defined, we areyreadefine the status of
any argument.

Definition 8 (Argument status) LetCAF be a constrained argumentation system, and
&1, ..., &, its extensions under a given semantics. d.et A.

1. aisacceptedff a € &;,VE; withi =1,...,z.
2. «is rejectedff A€; such that € &;.

3. «a is undecidedff « is neither accepted nor rejected. This means thas in
some extensions and not in others.

One can easily check that if an argument is rejected in thie begumentation system
AF, then it will also be rejected iIGAF.

Property 1 Leta € A. If «is rejected inAF, thena is also rejected irCAF.

3 Logical language

In this section we start by presenting the logical language will be used through-
out the paper. Let be apropositional languageand= be the classical equivalence
relation.

From £, a subseD is distinguished and is used for encodiwgires By desire we
mean a state of affairs that an agent wants to reach. EleroEBtareliterals. We will
write dy, . .., d, to denote desires and the lowercase letters will denoteuflasrof L.



From the above setslesire-generatiomules can be defined. A desire-generation
rule expresses under which conditions an agent may adoptea giesire. A desire
may come from beliefs. For instance, “if the weather is sutimgn | desire to go to
the park”. In this case, the desire of going to the park depemdmy belief about
the weather. A desire may also come from other desires. Fanple, if there is a
conference in India, and | have the desire to attend, thersirelalso to attend the
tutorials. In this example, the desire of attending thertate depends on my beliefs
about the existence of a conference in India, and on my deesattend that conference.
Finally, a desire may be unconditional, this means that #sird depends on neither
beliefs nor desires. These three sources of desires angrediity the following desire-
generation rules.

Definition 9 (Desire-Generation Rules)A desire-generation rul@r a desire rulgis
an expression of the form

bAdLA ... Ndpm—1 —Yd,,

whereb is a propositional formula of, and eachi; is an element of the s@&. More-
over,fid;, d; with i, j < m such thatl; = d;. bAdy A ... Ad,,—1 is called thebodyof
the rule (this body may be empty; this is the case of an untiondi desire), andi,,
its consequent

The meaning of the rule is “if the agebtlievesh anddesiresds, ..., d,_1, then
the agent willdesired,,, as well’. Note that the same desifie may appear in the
consequent of several rules. This means that the same desjrdepend on different
beliefs or desires. In what follows, a desire rule is comsisif it depends on consistent
beliefs and on non contradictory desires.

Definition 10 (Consistent Desire RuleA desireruleb A dy A ... Adpy—1 < dp, IS
consistentff

=K1,

s Vi=1...m,b¥ —d; and

= d;,d; with 4,5 < m such thatd; = —d,.
Otherwise, the rule is saithconsistent

We assume also that an agent is equipped with diffepéans provided by a given
planning system. The generation of such plans is beyondcthgesof this paper. A
plan is a way of achieving a desire. It is defined as a triple: gt of pre-conditions
that should be satisfied before executing the plan, ii) afsgbst-conditions that hold
after executing the plan, and iii) the desire that is readheithe plan. Formally:

Definition 11 (Plan)A plan is a triple(S, T, z) such that

» S andT are consistensets of propositional formulas df,

1The symbok— is not the material implication.



m x €D,

» THzandS .

Of course, there exists a link betwegSrand7". But this link is not explicitly defined
here because we are not interested by this aspect of thesgrddfe just consider that
the plan is given by a correct and sound planning systemr{ftance [12, 18]).

In the remaining of the paper, we suppose that an agent ipgegiwith thredinite
bases

1. a baseC containing itsbasic beliefsabout the environment (elements/ofare
propositional formulas of the languag®. The baseC is supposed to be non-
empty, and does not contain i.e.  # @ andC # {1},

2. a basds; containing its “consistent” desire rules,
3. a baséP containing its plans.
UsingB,, we can characterize thpotential desire®f an agent as follows:

Definition 12 (Potential Desires)The set ofpotential desiresf an agent isPD =
{dm|3b/\ d1 A A dm,1 — dm S Bd}

These are “potential” desires because, when the body ofiteésrnot empty, the agent
does not know yet whether the antecedens odies) of the corresponding rules are
true or not.

4 Typology of arguments

The aim of this section is to present the different kinds glianents involved in prac-
tical reasoning. As we will show, there are mainly three gatis of arguments: one
category for supporting/attacking beliefs, and two catiggdor justifying the adoption
of desires. Note that the arguments will be denoted with toage greek letters.

4.1 Justifying beliefs

The first category of arguments is that studied in argumiemtditerature, especially
for handling inconsistency in knowledge bases. Indeedjraemts are built from a
knowledge base in order to support or to attack potentiatlosions or inferences.
These arguments are callegistemidn [13]. In our application, such arguments may
be built from the bas&. In what follows, we will use the definition proposed in [19].

Definition 13 (Epistemic Argument)Let K be a knowledge base. Aspistemic argu-
mentw is a paira = (H, h) s.t:

1. HCK,

2. H is consistent,



3. H+ hand
4. H is minimal (for setC) among the sets satisfying conditions 1, 2, 3.

The supportof the argument is given by the functietiPP(«) = H, whereas its
conclusionis returned byCONC(«) = h. A; stands for the set of all epistemic arguments
that can be built from the bageé.

4.2 Justifying desires

A desire may be pursued by an agent only if it is justified arditde. Thus, there are
two kinds of reasons for adopting a desire:

» the conditions underlying the desire hold in the currertestéworld;

* there is a plan for reaching the desire.
The definition of the first kind of arguments involves two tmsthe belief baséC
and the base of desire rul$g. In what follows, we will use a tree-style definition of
arguments [20]. Before presenting that definition, let us fitroduce some functions.
In what follows, the function8ELIEFS(d), DESIRES(4), CONC(d) andSUB() return

respectively, for a given argumefitthe beliefs used i, the desires supported by
the conclusion and the set of sub-arguments of the argusnent

Definition 14 (Explanatory Argument) Let (K, B;) be two bases.

» If 3 — d € B; then— d is anexplanatory argumei(d) with
= BELIEFS()) = &,
» DESIRES(S) = {d},
= CONC(6) = d,
= SUB(J) = {d}.

v |f o is an epistemic argument, ard, . . ., §,, are explanatory arguments, and
3 CONC(a) A CONC(81) A ... ACONC(d,,) — d € By thena, 61, ...,6, — d
is anexplanatory argumeit) with

» BELIEFS(§) = SUPP(a) UBELIEFS(d;1) U ... UBELIEFS(4,,),
= DESIRES(§) = DESIRES(d;) U ... UDESIRES(d,,) U {d},

= CONC(d) = d,

= SUB() = {a} USUB(d1) U...USUB(d,,) U {0}.

A, stands for the set of all explanatory arguments that can bk foom (K, B,) re-
specting the fact that thellESIRES set is consisteft

One can easily show that the 88ILIEFS of an explanatory argument is a subset of the
knowledge bas, and that the S@ESIRES is a subset oPD.

2We do not accept cases where contradictory desires aresaegdsr justifying another desire.



Property 2 Leté € Ay.
» BELIEFS(§) C K.
= DESIRES(§) C PD.

Note that the same desire may be supported by several exgigiaaguments since a
desire may be the consequent of different desire rules.

The last category of arguments claims that “a desire may b®ipd since it has a plan
for achieving it". The definition of this kind of arguments/oives the belief bask,
the base of plan®, and the sePD.

Definition 15 (Instrumental Argument) Let (K, P, PD) be three bases, and €
PD. Aninstrumentakrgument is a paitr = ((S, T, z), d) where

» (ST, z) € P,
s SCK,

=z =d.

A, stands for the set of all instrumental arguments that canwi foom (K, P, PD).
The functionCONC will return for an argumentr the desired. Similarly, the functions
PLAN, Prec andPostc will return respectively the plaiS, T, =) of the argument, the
pre-conditionsS of the plan, its post-conditioris.

The second condition of the above definition says that thecpnglitions of the plan
hold in the current state of the world. In other words, thengan be executed. Indeed,
it may be the case that the baBecontains plans whose pre-conditions are not true.
Such plans cannot be executed and their correspondingmstrital arguments do not
exist.

In what follows, A = A, U A U A,. Note thatA is finite since the three initial bases
(K, B4 andP) are finite.

5 Interactions between arguments

Arguments built from a knowledge base cannot generally hsidered separately in an
inference problem. Indeed, an argument constitutes amdasbelieving, or adopting
a desire. However, it is not a proof that the belief is truenasur case that the desire
should be adopted. The reason is that an argument can blesgttay other arguments.
In this section, we will investigate the different kinds afilicts among the arguments
identified in the previous section.

5.1 Conflicts among epistemic arguments

An argument can be attacked by another argument for three measons: i) they have
contradictory conclusions (this is knownm@buttal), ii) the conclusion of an argument
contradicts a premise of another argumergsimption attagk iii) the conclusion of



an argument contradicts an inference rule used in orderitd the other argument
(undercutting. Since the basg is built around a propositional language, it has been
shown in [2] that the notion of assumption attack is suffittencapture conflicts be-
tween epistemic arguments.

Definition 16 Letag, as € Ap. a1 Ry ae iff 3h € SUPP(ag) such thatCONC(ay) =
=h.

Note that assumption attack is a binary relation ithatot symmetric Moreover, one
can show that there are no self-defeating arguments.

Property 3 fa € A, such thatn Ry, a.

In [7], the argumentation syste(ml;, R,) has been applied for handling inconsistency
in a knowledge base, sdy. In this particular case, a full correspondence has been
established between the stable extensions of the systerthandaximal consistent
subsets of the bag€. Before presenting formally the result, let us introducemso
useful notations. Lef C Ay, Base(€) = |J H; such thatH;, h;) € £. LetT C K,
Arg(T') ={(Hi, hi)|H; C T}

Property 4 ([7]) Let& be a stable extension 0, Ry).
» Base(€) is a maximal (for set inclusion) consistent subsetof
» Arg(Base(&)) = €.
Property 5 ([7]) LetT be a maximal (for set inclusion) consistent subsé€ of
» Arg(T) is a stable extension @4, Ry).
= Base(Arg(T))=T.

A direct consequence of the above result is that if the lasenot reduced ta_, then
the system(A;, R;,) has at least one non-empty stable extension.

Property 6 The argumentation systefw,, R;) has non-empty stable extensions.

5.2 Conflicts among explanatory arguments

Explanatory arguments may also be conflicting. Indeed, tw@amatory arguments
may be based on two contradictory desires. This kind of adriflicaptured by the
following relation:

Definition 17 Letdy, d2 € Ag. 61 Ry 02 iff 3d; € DESIRES(d1), d2 € DESIRES(d2)
such thatd; = —ds.

Property 7 The relationR, is symmetric and irreflexive.

Property 8 Letd;, d; € PD. If di = —da, thenVéy, 02 € Ay such that: (1)36] €
SUB(47) with CONC(8) = dy, and (2)305 € SUB(d2) with CONC(d5) = da, thend; Ry
03.



Note that, by definition, the sBESIRES of the argument cannot be inconsistent.

However, it is noticing that the s8ELIEFS of an explanatory argument may be
inconsistent, or even the union of the beliefs of two explane@arguments is incon-
sistent. However, later in the paper, we will show that itseless to explicit this kind
of conflict, since they are captured by conflicts between tpéa@atory arguments and
epistemic ones (see Prop. 11 and Prop. 12).

5.3 Conflicts among instrumental arguments

Two plans may be conflicting for four main reasons:

1. incompatibility of their pre-conditions (indeed, botlaps cannot be executed at
the same time),

2. incompatibility of their post-conditions (the executiof both plans will lead to
contradictory states of the world),

3. incompatibility between the post-conditions of a plan #ime preconditions of
the other (this means that the execution of a plan will pretles execution of
the second plan in the future),

4. incompatibility of their supporting desires (indeedams for achieving contra-
dictory desires are conflicting; their execution will in f&ead to a contradictory
state of the world).

The above reasons are captured in the following definiticattaick among instru-
mental arguments.

Definition 18 Letw;, m € A, andmy # ma. m Ry w2 iff:
» Prec(m;) A Prec(ms) = L, Or
» Postc(m) A Poste(me) = L, or
» Postc(m) A Prec(ms) |= L or Prec(m) A Postc(m) = L

From the above definition, one can show that if two plans zeatonflicting desires,
then their corresponding instrumental arguments are ctinfiitoo.

Property 9 Letd:, ds € PD. If di = —ds, thenVm, w2 € A, S.t. CONC(m1) = d; and
CDNC(TFQ) = ds, thenﬂ'l Rp 2.

Itis clear from the above definition that the relatiBp is symmetric and irreflexive

Property 10 The relationR,, is symmetric and irreflexive.

3The fact that the post-conditions of a plan are inconsistéthtits pre-conditions is not considering as a
conflict. In this case, after the execution of the plan, wetrhase an update mechanism which will modify
the beliefs. It is also for this reason that there is no canfietween epistemic arguments and instrumental
arguments concerning the post-conditions (see Def. 19).



In this section, we have considered only binary conflictsveen plans, and conse-
quently between their corresponding instrumental argusnddowever, in every-day
life, one may have for instance three plans such that anygbdlirem is not conflict-
ing, but the three together are incompatible. For simplic#asons, in this paper we
suppose that we do not have such conflicts (it will be the silojea future work).

5.4 Conflicts among mixed arguments

In the previous sections we have shown how arguments of the sategory can inter-
act with each other. In this section, we will show that argnteef different categories
can also interact. Indeed, epistemic arguments play a Keyim@nsuring the accept-
ability of explanatory or instrumental arguments. Namalyepistemic argument can
attack both types of arguments. The idea is to invalidatebatigf used in an explana-
tory or an instrumental argument. An explanatory argumeayt aiso conflicts with an
instrumental argument when this last achieves a desireavhegation is among the
desires of the explanatory argument.

Definition 19 Leta € Ay, § € Ag, ™ € A,.
* a Rpg 0 iff I € BELIEFS(§) s.t. h = —CONC(v).
* a Ry, wiff 3h € Prec(r), S.t.h = ~CONC(«).
* § Rpap ™ andm Rpap 0 iff CONC(7r) = —d with d € DESIRES(4)*.
As already said, the set of beliefs of an explanatory argammery be inconsistent. In

such a case, the explanatory argument is attacked (in tlse R ;) for sure by an
epistemic argument. Formally:

Property 11 Leté € Ay. If BELIEFS(d) F L, thenda € A, such thate Ryq 0.

Similarly, when the beliefs of two explanatory arguments imconsistent, it can be
checked that there exists an epistemic argument that attcleast one of the two
explanatory arguments. Formally:

Property 12 Let 61, 02 € Ay with BELIEFS(d;) I/ L and BELIEFS(ds) 1/ L. If
BELIEFS(d7) UBELIEFS(d2) F L, thenda € A, such thate Ryg 1, OF @ Rpq 2.

The beliefs of an explanatory argument may also be confijatiith the preconditions
of an instrumental argument. Here again, we’ll show thatettexists an epistemic
argument that attacks at least one of the two arguments.dfigrm

Property 13 Leté € Ay andw € A, with BELIEFS(d) I/ L. If BELIEFS(J) U
Prec(m) L thenda € Ay such thai Ryq d, OF o Ry 7.

Later in the paper, it will be shown that the three above psdfmms are sufficient for
ignoring these conflicts (between two explanatory argusy@md between an explana-
tory argument and an instrumental one).

Note that explanatory arguments and instrumental argusraatnot allowed to attack
epistemic arguments. In particular a desire cannot inatdid belief. The main reason
is to avoid any form ofvishful thinking

“#Note that if61 R 4,2 and there exist, such thattONC(d2) = CONC(mr2) thend; Rydz.
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6 Argumentation system for PR

The notion of constraint which forms the backbone of comstihargumentation sys-
tems allows, in the context of practical reasoning, thegsgntation of the link between
the justification of a desire and the plan for achieving it lfgetween the explanatory
argument in favor of a given desire and the instrumentalragnis in favor of that
desire). A constrained argumentation system for PR is difisdollows:

Definition 20 (Constrained argumentation system for PR)The constrained argu-
mentation system for practical reasoning is the triglaFpr = (A, R, C) with:

L AZ.AbU.AdUAp,
L R:RbURdURPURdeRbPURPdp

» and C' a constraint on arguments defined ohrespectingC = A;(m; =
(Vv;6;)) for eachr; € A, ando; € Ay such thalCONC(7;) = CONC(J;).
At some places of the paper, we will refer Bffpr = (A, R) to a basic argumen-
tation system for PR, e. an argumentation system without the constraint, dnahd
R are defined as in Definition 20.

Note that the satisfaction of the constraihimplies that each plan of a desire must
be taken into account only if this desire is justified. Nosodhat we consider that there
may be several plans for one desire but only one desire fér@aa. Nevertheless, for
each desire there may exist several explanatory arguments.

An important remark concerns the notion of defence: thisomdtas two different
semantics in PR context. When we consider only epistemigmagaatory arguments,
the defence corresponds exactly to the notion defined in Bangumentation systems
and in its constrained extension: an argumemtttacks the attacker of another argu-
ments; so« “reinstates”s; without the defence, we cannot ke@pn an admissible
set. Things are different with instrumental arguments: méue instrumental argument
attacks another argument, this attack is always symmeicgach argument defends
itself against an instrumental argument). In this caseoitld be sufficient to take into
account the notion of conflict-free in order to identify thiams which belong to an
admissible sét However, in order to keep an homogeneous definition of asihiiiy,
the notion of defence is also used for instrumental argusitardwing that it is without
impact when conflicts from an instrumental argument are eored.

Note thato is always aC-admissible set foCAFpr (2@ is admissible and alt;
variables are false i, so@ - C)°. So, there is always @-preferred extension of
CAFpR.

Let us recall that the purpose of a practical reasoning probs to compute the
intentions to be pursued by an agerd, the desires that are both justified and feasible.
These intentions are defined as follows:

5This property can be extended {aly U Ap, Rqg U R, U Rpdp) because this subpart éfFpg is
symmetric in the sense of [9]; in this case, the admissjhiditequivalent to the conflict-free notion.

6This is due to the particular form of the constraint for piGait reasoning. This is not true for all
constraints (see Section2 and [10]).
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Definition 21 (Set of intentions) LetZ C PD. T is a set of intentionof CAFpR iff
there exists aC-extensiore (under a given semantics) @fAFpr such that for each
d € Z, there existsr € A, N € such thatd = CONC(r).

Note that each extension gives a set of intentions, the efatiee world which
justifies these intentions and the plans which can realizeth

As noticed above, different intention sets may be returnedus CAFpg. The set
that an agent decides to pursue is merely a decision prokdeangaied in [4]. This
choice is beyond the scope of this paper. Recall that the attmiopaper is only to
identify the different possibilities for an agent. In thexhgection we will show that our
CAFpR satisfies the rationality postulates identified in [6], thdmfirms that its results
are safe and complete.

7 Properties of the system

The aim of this section is to study the properties of the psepgargumentation system
for PR.

The first results concern the extensions of the system, anhainly direct conse-
quences of results got in [10].

The first property establishes a link betwe@radmissible sets an@-preferred
extensions, and shows the impact of applying constraintse@notion of admissibility.

Property 14 Let CAFpr = (A, R,C). Let be the set of”-admissible sets of
CAFpR.

1. Let& € Q. There exists &'-preferred extensiofi’ of CAFpg such thatt C &',

2. LetCAFpgr' = (A, R, C") such thatC’ |= C. Let) be the set of’-admissible
sets ofCAFpr’. We have)’ C Q.

The two following properties show that the constrained argatation system is
more general than a classical argumentation system. Howteéy may coincide in
some circumstances.

Property 15 LetCAFpr = (A, R, C). For eachC-preferred extensiof of CAFpg,
there exists a preferred extensihof AFpr such thatt C £’.

Property 16 LetCAFpr = (A, R, C) such thatC' is a valid formula on4. Then the
preferred extensions éfFpr are theC-preferred extensions &@AFpR.

Property 17 Let CAFpr = (A, R,C). Let be the set of”-admissible sets of
CAFpr. Q2 defines a complete partial order f@r.

It is worth noticing that the above property is not true foy aonstrained argumen-
tation systerm

Another important property shows that the sys&&fpr has stable extensions. For-
mally:

"Because in the general cas,is not aC-admissible set, and one can find examples of a constrained
argumentation system in which the set@fadmissible sets has several lower bounds.
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Property 18 The systerFpgr has at least one non-empty stable extension.

Note that even if the systeAFpr has at least one stable extension, this does not mean
that there is at least one non-empty intentions set. Indbedabove result is mainly
due to epistemic arguments. In fact, we show that the setisfeapic arguments in a
given stable extension éfFpr is itself a stable extension of the systér,, R;). This
shows clearly that stable extensions are “complete” vepistemic arguments.

Property 19 Let& be a stable extension 8 pg.
The set N A, is a stable extension df4,, R;).

One can show that if an explanatory argument belongs to éestatension ofAFpR,
then all its sub-arguments belong to that extension.

Property 20 Letd € Ay. LetE; be a stable extension 8fFpr. If 6 € &;, thenSUB(9)
Cé.

The above result is also true for epistemic arguments. Iregigus section, we have
shown that an explanantory argument may be based on carttradbeliefs. We have
also shown that such an argument is attacked by an epistegumant. In what fol-
lows, we will show that the situation is worse since such ajuarent is attacked by
each stable extension of the systéry,, R;,). That's why such arguments will be dis-
carded in PR.

Property 21 Letd € Ay. If BELIEFS(4) - L, thenV¢; with &; is a stable extension of
(Ap, Rp), Ja € &; such thatwRpgd.

A direct consequence of the above result is that such exjglgnargument (with con-
tradictory beliefs) will never belong to a stable extensibthe systenAFpg.

Property 22 Letd € A, with BELIEFS(J) - L. The argumend is rejected inAFpg.

Since an explanatory argument with contradictory belisfiejected inPAFpg, then it
will be also rejected IlCAFpR.

Property 23 Letd € A, with BELIEFS(J) - L. J is a rejected argument i@AFpg.

Besides in Property 12, we have shown when two explanatgynaents are based on
contradictory beliefs, then at least one of the two argusisrattacked by an epistemic
argument. Again, we will show that one of the two argumendstescked by each stable
extension of the systeifd,, Ry).

Property 24 Letdy, 62 € Ay with BELIEFS(d7) I/ L andBELIEFS(d2) b L.
If BELIEFS(d; ) UBELIEFS(d2) I L, thenVéE; with &; is a stable extension dfd,, Ry),
Ja € &; such thatvRyq01, Or aRpgda.

We go further, and we show that the two arguments cannot bepteat at the same
time, i.e. they cannot belong to the same stable extension at the same {This
guarantees that the system proposed here returns safesresul
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Property 25 Letdy, d2 € Ay with BELIEFS(d1) I/ L andBELIEFS(d2) F L.
If BELIEFS(S; ) UBELIEFS(d2) - L, thenfi€ with £ a stable extension @AFpg such
thatd; € £ andd, € €.

Similarly, in section 5.4, some conflicts between explanatmd instrumental argu-
ments were discarded. We have shown in Prop. 13 that in suabkeq at least one of
the two arguments will be attacked by an epistemic arguniégrte we will show that

the explanatory argument cannot be accepted at the samevitméhe instrumental

one. One of them will be for sure rejected in the system.

Property 26 Lets € Ay andw € A, with BELIEFS(4) # L. If BELIEFS(J) U
Prec(rw) F L thenV¢&; with &; is a stable extension df4,, Ry), da € &; such that
aRypgd, or O/Rbpﬂ.

Property 27 Leté € Ay andw € A, with BELIEFS(4) I/ L. If BELIEFS(J) U
Prec(r) I L then?& with £ a stable extension @AFpg such that € £ andrw € £.

The next results are of great importance. They show thatrhyggsed argumentation
system for PR satisfies the "consistency” rationality plasélidentified in [6]. Indeed,
we show that each stable extension of our system supportssistent set of desires
and a consistent set of beliefs.

Let& C A. We use the following notations:

Bel(€) = ( |J sUPP(w))

a; EENAy

u( |J BELIEFs(;))

5j €ENAy

u( | Prec(m))

Tl GgﬂAP

Des(é) = ( U DESIRES(J;))
0;€EENAg

u( |J conc(my))

T EgﬂAp

Theorem 1 (Consistency) LeAFpr be an argumentation system for PR, &hd. . ., &,
its stable extension§&;, 7 =1,...,n, it holds that:

1. The seBel(&;) = Bel(&; N Ap).
2. The seBel(¢;) is a maximal (for set inclusion) consistent subsetCof
3. The sebes(&;) is consistent.
As direct consequence of the above result, an intentiors getrisistent. Formally:

Theorem 2 LetZ,...,Z, be the intention sets @AFpg. Each intentions sef; is
consistent.
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We have also shown that our system satisfies the rationalgjufate concerning the
closedness of the extensions [6]. Namely, we have showthibaet of arguments that
can be built from the beliefs, desires, and plans involvesl given stable extension, is
that extension itself.

Let & be a stable extension &Fpr. Bel(E;) denotes the set of beliefs used
in arguments of;, Des(&;) is the set of desires involved in arguments&f Fi-
nally, Plans(&;) = {PLAN(7) s.t.w € & N A,}. Let As be the set of all (epis-
temic, explanatory and instrumental) arguments that caouiiefrom the four bases
(Bel(&;),Des(&;),Plans(&;), Ba).

Theorem 3 (Closedness) L&&Fpr be an argumentation system for PR, a&id. . ., &,
its stable extensions.
V&, i=1,...,n,itholds that:

* Arg(Bel(&;)) = &N Ap.
" As=¢;.

In fact, this shows that every ‘good’ argument is included stable extension.

8 Examples

The aim of this section is to illustrate the above systemubhosome examples in
which each type of conflict is illustrated. In what followsgamentation systems are
given in terms of directed graphs. The arrows representtthelarelation. The argu-

ments put in a same box support the same desire.

Example 1

aq

a2
T 2
51 (52

Let us suppose the constrained argumentation system ddpicthe above figure. The
corresponding constraint is:

Cc = (71'1:>51)/\(7T2:>52)/\(7T3$53)/\(7T4:>54)
/\(71'5 = (55 \Y 5&)) A (776 = 66) AN (71'7 = 57)
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The stable extensions of ti$pr are:

&= {ah 71, 01, (i, 02, a3, 03, T4, 04, i, T5, 53, 76, 56}1
- /

" 52 - {ala 1, 513 2, 523 Qy, 543 T3, 533 a5, 75, 657 6, 66}!
- !

" 53 - {al’ T, 511 a2, 52,0{3, 637 T4, 641 a5, 5, 551 7, 57}1
—_ !

» &= {an, m, 61, o, 02, o, b4, T3, G5, 5, 5, G5, 77, O7}

The intentions sets are:

. Il = {d17d4ad/5(: d5)7d6}l
» Iy = {dy,ds,d5(=ds),ds},
L] Ig = {dl, d4, dl5(= d5), d7} and
» 7y = {dy,ds,d5(= ds),dr}.

Example 2

» The constraint:

C = (m =06)A(m2= 2) A (73 = 0)
Ay = 8) A (75 = §') A (6 = &)

» The stable extensions of thA&pg are:

v & = {a, 1, 01, 02, T3, §, W5, 76, 0}

v & =Aa, w1, 01, 82, T4, O, 75, e, 8 },

v & = {w, 7o, 01, 02, 3, 0, T, e, O’ },

v & =A{a, ma, 1, 82, T4, 0, 5, W6, 0 };
* the sets of intentions argl;, d,d'} and{ds, d,d'}.

9 Related Works

A number of attempts have been made to use formal modelswiemgtation as a basis
for practical reasoning. In fact the use of arguments fdifyisg an action has already
been advocated by philosophers like Walton [21] who progdke famougpractical

16



syllogism

- G is a goal for agenk

- Doing actionA is sufficient for agenX to carry outG

- Then, agenX ought to do actiom

The above syllogism, which would apply to the means-endrgag step, is in essence
already an argument in favor of doing actidn However, this does not mean that the
action is warranted, since other arguments (called cowamtgrments) may be built or
provided against the action.

In [1], Amgoud presented an argumentation system for géingreonsistent plans
from a given set of desires and planning rules. This was &teemded with argumen-
tation systems that generate the desires themselves [B] sy$tem suffers from three
main drawbacks: i) exhibiting a form of wishful thinking) desires may depend only
on beliefs, and iii) some undesirable results may be retuchee to the separation of
the two steps of PR. This system has been later extended]inijliBe new system the
problem of wishful thinking has been solved. However, thgasation of the two steps
was kept.

Other researchers in Al like Atkinson and Bench Capon [5jnaoee interested in
studying the different argument schemes that one may eteduarpractical reasoning.
Their starting point was the above practical syllogism ofltdfa The authors have
defined different variants of this syllogism as well as difg ways of attacking it.
However, it is not clear how all these arguments can be petheg in order to answer
the critical question of PR “what is the right thing to do inigemn situation?”

10 Conclusion

The paper has tackled the problem of practical reasoninghit concerned with the
question “what is the best thing to do at a given situation’tfe &ipproach followed
here for answering this question is based on argumentdigory, in which choices
are explained and justified by arguments. The contributfothis paper is two-fold.
To the best of our knowledge, this paper proposes the firsinaegtation system that
computes the intentions in one sté@. by combining desire generation and plan-
ning. This avoids undesirable results encountered by pusvproposals in the litera-
ture. The second contribution of the paper consists of stgdyeeply the properties of
argumentation-based PR.

This work can be extended in different ways. First, we areantty working on re-
laxing the assumption that the attack relation among insdntal arguments is binary.
Indeed, it may be the case that more than two plans may beamdlivhile each pair
of them is compatible. Another urgent extension would betmduce preferences to
the system. The idea is that beliefs may be pervaded withrtaicty, desires may not
have equal priorities, and plans may have different costausTtaking into account
these preferences will help to reduce the intention setsttre relevant ones.

In [8, 15], it has been shown that an argument may not only taelked by other
arguments, but may also be supported by arguments. It wauidteresting to study
deeply the impact of such a relation between arguments inghtext of PR.

Finally, an interesting area of future work is investiggtithe proof theories of
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this system. The idea is to answer the question “is a giveentiad desire a possible
intention of the agent ?” without computing the whole pregdrextensions.
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A Proofs of properties

Property 1. Leta € A. If ais rejected iPAF, thena is also rejected ilCAF.
Proof: Letus suppose that € .4, anda is rejected inAF. Let us also suppose that
is not rejected iIrCAF.

Case of stable semanticsSinceax is not rejected ilCAF, then there exist§; that is a
C-stable extension a€AF, anda € &;. In [10], it has been shown (Proposition
6) that everyC-stable extension is also a stable extension. Consequéntly
also a stable extension. Sinaes rejected iPAF, thena € &;, contradiction.

Case of preferred semantics:Sincec is not rejected irCAF, then there exists; that
is a C-preferred extension o£AF, anda € &;. In [10], it has been shown
(Proposition 4) that eacti-preferred extension is a subset of a preferred exten-
sion. This means thatE such€ is a preferred extension &F and&; C £.
However, sincex is rejected inAF, thena ¢ £, contradiction with the fact that
a € &;.

Property 2. Letd € Ay.
= BELIEFS(§) C K.
= DESIRES(4) C PD.
Proof: Letd € Ajy.

= Let us show thaBELIEFS(4) C K.
BELIEFS(9) = |J SUPP(«;) with a; € A, N SUB(J). According to the definition
of an epistemic argument;, SUPP(«; ) C K, thusBELIEFS($) C K.

» Let us show thabESIRES(J) C PD.
This is a direct consequence from the definition of an expagargument and
the definition of the sePD.

Property 3. 3a € A, such thain R, o

Proof: Leta € A,. Let us suppose that R, «. According to Definition 16,
Jh € SUPP(«) such thatCONC(«) = —h. Moreover, according to the definition of
an epistemic argument, it holds tt8itPP(«) - CONC(«), thus,SUPP(«) F —h. Since

h € SUPP(«), this means thaUPP(«) - h, —h, thusSUPP(«) I L. This contradicts
the fact that the support of an epistemic argumerib(our case) should be consistent.
[

Property6. The argumentation systefw,, R;) has non-empty stable extensions.
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Proof: Sincek # {1} andK # @ then the bas& has at least one maximal (for set
inclusion) consistent subset, s&y According to Prop. 5Arg(T)) is a stable extension
of <Ab, Rb>. |

Property 7. The relatioriR ; is symmetric and irreflexive.
Proof: Thisis a direct consequence of Definition 17. |

Property 8. Letd;, do € PD. If di = —ds, thenVdy, 02 € Ay such that: (1)
307 € SUB(47) with CONC(d7) = d1, and (2)38% € SUB(d2) with CONC(d5) = da, then
01 Ry 02.

Proof: Letd;, do € PD. Suppose that; = —ds. Letdy,do € Ay such that: (1)
367 € SUB(4;) with CONC(4) = dy, and (2)365 € SUB(d2) with CONC(d5) = da. Ac-

cording to the definition of an explanatory argument, it &atlthatd; € DESIRES(4;)

andds € DESIRES(d2). Sinced; = —ds thend; Ry ds. [ |

Property 9. Letdsy, do € PD. If di = —dy, thenVm,m € A, s.t. CONC(my) =
dq andCONC(wz) =ds, themrl Rp 2.

Proof: Letd;, do € PD. Suppose thatl; = —ds,. Let us also suppose that
m, T2 € Ap With CONC(71) = dq, andCONC(m2) = do. According to Definition 15, it
holds thatPostc(m ) F d; andPostc(ms) F da. Sinced; = —ds, thenPostc(ms) F
—d;. However, the two setBostc(m;) andPostc(ms) are both consistent (according
to Definition 11), thu®ostc(m) U Postc(mg) F L. Consequentlyr; R, mo. [ ]

Property 10. The relatiork,, is symmetric and irreflexive.
Proof: This is a direct consequence of Definition 18. |

Property 11. Leté € Ay. If BELIEFS(S) - L, then3a € A, such thate Ry

J.

Proof: Letd € A,. Suppose thaBELIEFS(S) F L. This means thafT that is
minimal for set inclusion among subsetsBE.IEFS(5) with T L. Thu$, 3h € T

such thafl\{h} F —h with T\{h} is consistent. SINCBELIEFS(¢) C K (according to
Prop. 2), the'\{h} C K. Consequently] (T\{h}, ~h) € A, with h € BELIEFS(4).

Thus,(T\{h}, =h) Rpq 0. |

Property 12. Letd, 02 € Ay with BELIEFS(d7) I/ L andBELIEFS(dq) I/ L.
If BELIEFS(d1) UBELIEFS(d2) b L, thenda € A, such thaty Ryg 61, OF @ Ripg 2.
Proof: Letd;,d2 € Ay with BELIEFS(d;) I/ L andBELIEFS(dq) t L.

Suppose thaBELIEFS(d;) U BELIEFS(d2) F L. So,37; C BELIEFS(4;) and
3T, C BELIEFS(d2) with T3 U Ty F L andT; U T5 is minimal for set inclusioni.e.
Ty U T» is a minimal conflict. Sinc8ELIEFS(d;) I/ L andBELIEFS(d2) I/ L, then
T, # @ andT, # @. Thus,3h € Ty U T» such that(7Ty U T,) \ {h} F —h. Since
T1 U T5 is a minimal conflict, then each subsetBf U T5 is consistent, thus the set
(Ty UT») \ {h} is consistent. Moreover, according to PropBRLIEFS(d;) C K and

8SinceT is C-minimal among inconsistent subsetsBELLIEFS(§), each subset df is consistent; so,
3T = T \ {h} strictly included inT s.t. T’ t/ L; soT’  —h (otherwise, T’ U {h} = T would be
consistent).
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BELIEFS(d2) C K. Thus, Ty C K andT, C K. Itis then clear thatT; U T5) \ {h} C
K. Consequently(T; U T») \ {h}—h) is an argument o4

If h € Ty, then((Ty UT>) \ {h}—h) Req 61, and ifh € Ty, then{(T1UT2)\{h}—h)
Rod 2. ]

Property 13. Leté € Ay andw € A, with BELIEFS(0) I/ L. If BELIEFS(d) U
Prec(w) F L thenda € A, such thaiy Ry 6, or e Ry, 7.
Proof: Letd € Ay andr € A,. Suppose theBELIEFS(d) I/ L. SINCEBELIEFS(J) I/
1 andPrec(r) t# L, then3T C BELIEFS(J) U Prec(w) with BELIEFS(d) N T # &,
Prec(m)NT # @ andT is the smallest inconsistent subseB&LIEFS(d) UPrec(r).
SinceT I L, then3h € T such thaf"\{h} - —h with T\{h} is consistent. Since
BELIEFS(d) C K and SincePrec(w) C K, thenT C K. Consequently['\{h} C K.
Thus,(T\{h},—h) € As.
If h € BELIEFS(d), then(T\{h}, ~h) Rpq 0. If h € Prec(n), then(T\{h}, —h)
Rbp . | |

Property 14. LetCAFpr = (A, R,C). Let be the set ofC-admissible sets of
CAFpR.

1. Let& € Q. There exists &-preferred extensiofi’ of CAFpg such that C &£'.

2. LetCAFpr' = (A, R,C') such that’ |= C. Let() be the set of’-admissible
sets ofCAFpgr’. We have®)’ C Q.

Proof: This is a direct consequence of Proposition in [10]. |

Property 15. LetCAFpr = (A, R, C). For eachC-preferred extensiofi of CAFpg,
there exists a preferred extensi®nof AFpr such that C £’.
Proof: Thisis a direct consequence of Proposition in [10]. |

Property 16. LetCAFpr = (A, R,C) such thatC is a valid formula on4. Then
the preferred extensions AfFpgr are theC-preferred extensions @AFpg.
Proof: Thisis a direct consequence of Proposition in [10]. |

Property 17. LetCAFpr = (A, R,C). Let be the set ofC-admissible sets of
CAFpr. Q2 defines a complete partial order far

Proof: This is due to Proposition 14 and the facts thais finite ando is a C-
admissible set. |

Property 18. The systemi\Fpr has at least one non-empty stable extension.
Proof: AFpg can be viewed as the union of 2 argumentation systems:

* The first one A, Ry) and it has at least one non-empty stable extension (see
Prop. 6).

* The second one is4; U Ay, Rqg U R, U Rpqp) and it is symmetric in the sense
of [9].
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And these two argumentation systems are linked witHRhgeuU Ry, relation.
In order to prove thaAFpr has at least one stable extension, we use an inductive
process:

Basic case:AFpR is reduced to.4;,, Rs); S0, by Prop 6AFpr has at least one non-
empty stable extension.

Inductive assumption: AFpr has at least one non-empty stable extension denoted by
E. Let studyAFpg = (AU {z}, R U {u}) with = being an argument which is
not epistemic and being an interaction from an argumentto an argument,
knowing thatzo cannot be epistemic.

There are 3 cases:

1. {u} = @ and{z} # @, sox is added tad without any interaction with
the arguments afl; so,z can be added t6 and€ is a stable extension of
AFpp.

2. {z} = @ and{u} # @; for u, there are 2 cases: eitheiis an interaction
between two non-epistemic arguments and the addition afrresponds
in fact with the addition of 2 symmetric interactio(s;, z2) and(z2, 1)
with 1 # x2, Orw is an interaction from an epismetic argumentto a
non-epistemic argument, (in this caseu cannot be symmetric). For all
cases, there exist 2 possibilities:

(@) z;1 orxs € &; s0,E remains a stable extensionAF .

(b) z; andzy € &£; suppose thats’ stable extension oAFpy then there
exists at least one new odd-length cycie AFpg which is not in
AFpg; thisis impossible because the introductionof, ) and even-
tually (22, 21) cannot create such a cycle (in particular, let recall that
there is no possible attack of an epismetic argument by aepistemic
argument); so there exists a stable extensiofFd;.

3. {z} # &, {u} # @ andu corresponds tdx, y) and(y, z) with x andy
non-epistemic arguments apd= A; suppose thafi€’ stable extension of
AFp, then there exists at least one new odd-length cycheFigg which is
notinAFpg; this is impossible because the introduction@ind of of(z y)
and(y, z) cannot create such a cycle; so there exists a stable extenfsio
AFpg.

Property 19. Let€& be a stable extension éfFpr. The set€ N A, is a stable ex-
tension of(A;, Rs).

9An odd-length cycle inAF = (A, R) is a sequence of arguments, ..., z2,+1 belonging to.A
defined by:

i. Vi=1...2n, miRmi+1, al’]d:vgnJrlR.’El.
i. 3T C {x1,...,T2n+1} such thatl satisfies the previous condition.
In a symmetric argumentation system (in the sense of [B)etinever exist odd-length cycles.
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Proof: Let& be a stable extension éfFpg. Let us suppose th&! =& N A4, is nota
stable extension afA;, Rp). Two cases can be distinguished:

Case 1 £’ is not conflict-free. This means that there exist’ € £’ such thatrRyo’.
Since&’ = £ N Ay, thena, o’ € £. This means thaf is not conflict-free. This contra-
dicts the fact thaf is a stable extension.

Case 2 £’ does not attack every argument that is nafinThis means thaia € A,
and¢ &’ and&’ does not attack (w.r.tR;) «. This means thaf’ U {«} is conflict-
free, thus€ U {a} is also conflict-free, and does not attack an argument thaotis
in it (because only an epistemic argument can attack aneftistemic argument and
all epistemic arguments &f belong to€’). This contradicts the fact thétis a stable
extension. |

Property 20 Leté € A,;. Let & be a stable extension &Fpr. If § € &, then
SUB(J) C €.

Proof: Let & be a stable extension éfFpr. Letd € A,. Let us suppose thate £

and3d’ € SUB(4) such thaty’ ¢ £. Sinced’ ¢ £, 3z € £ such thattRd’. There are
three possible cases:

1. z € Ay, thuszR4d’. This means thaih € BELIEFS(d’) such thaCONC(z) =
—h. Howeverg’ € SUB(J), thusBELIEFS(d’) C BELIEFS(d). Thus,zRq6 and
consequentlyyRo. This contradicts the fact thatis conflict-free.

2. x € Ay, thuszR4¢'. Thus,3d; € DESIRES(z) anddd, € DESIRES(S') such
thatd; = —d,. HoweverDESIRES(4’) C DESIRES(d), thuszR40 and conse-
quently,zRé. This contradicts the fact th&tis conflict-free.

3. z € Ap, thuszR,q,¢". This means thatONC(z) = —d with d € DESIRES(J’).
However,DESIRES(d’) C DESIRES(J), thuszR,qpd and consequentlyyRo.
This contradicts the fact thatis conflict-free.

Property 21. Leté € Ay. If BELIEFS(S) F L, thenV¢E; with &; is a stable exten-
sion of (A, Rs), Jov € &; such thatvRyq0.
Proof: Letd € A, with BELIEFS(J) - L. Leté&s,. .. E, be the stable extensions of
the system{A;, R;). Suppose thal&; such that; does not attack, i.e. fla € &; such
thataRyq0.

According to Prop. 4Base(&;) is a maximal (for set inclusion) consistent subset of
K. SInceBELIEFS(4) - L, then3T C BELIEFS(J) with 7' is the smallest inconsistent
subset oBELIEFS(4) (i.e. T + L). Moreover, according to Prop. BELIEFS(J) C K,
thusT C K.

SinceBase(&;) is a maximal (for set inclusion) consistent subsekpfandT" a
minimal conflict of C, then we have two cases:

» Case 1:Base(&;) NT = @. This means thath € T, Base(&;) U {h} F L.
Thus,Base(&;) F —h. ConsequentlyJH C Base(E&;) with H is minimal for
set-inclusion among subsetsRdse(&;) that satisfyd - —h. The pair(H, —h)
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is then an argument o4,. However, according to Prop. 4rg(Base(&;)) = ¢&;,
this means thatH, —h) € &; and(H, —h) Rpq 0.

» Case 2Base(&;) N T # @. SinceBase(&;) I/ L andT + L, then3h € T and
h ¢ Base(&;) such thaBase(&;) F —h (this is due to the fact th@®ase(&;) is
a maximal consistent subset K. ConsequentlyH C Base(&;) with H is
minimal for set-inclusion among subsetsBafse(&;) that satisfyH + —h. The
pair (H, —h) is then an argument od;,. According to Prop. 4Arg(Base(&;)) =
&;, this means thatH, —h) € &; and(H, —h) Rpq 9.

Property 22. Letd € A, with BELIEFS(J) - L. The argumenb is rejected in
AFpR.
Proof: Letd € Ay with BELIEFS(d) - L.

According to Property 18, the systefdrpr has at least one stable extension. Let
& be one of these stable extensions. Supposeithaf.

According to Property 19, the sétn 4, is a stable extension df4,, R;). More-
over, according to Property 28n € £ N A, such thataR,4d. This contradicts the
fact that a stable extension is conflict-free. |

Property 23 Leté € Ay with BELIEFS(J) - L. ¢ is a rejected argument iBAFpg.
Proof: Letd € A, with BELIEFS(J) F L. According to Prop. 224 is rejected in
AFpr. Moreover, according to Prop. 1; we know that each arguniani$ rejected in
AFpg is also rejected iIICAFpR. [ |

Property 24. Letdy, d2 € Ay with BELIEFS(6;) I L andBELIEFS(d2) I/ L.
If BELIEFS(d; ) UBELIEFS(d2) b L, thenVE; with &; is a stable extension dfd,, Ry),
Ja € &; such thatvR 61, or aRpqds.
Proof: Letd;,d, € A, with BELIEFS(61) 1/ L, BELIEFS(d2) I/ L, andBELIEFS(d;)U
BELIEFS(d2) - L. Leté&y, ... &, be the stable extensions of the systefy, R,,). Sup-
pose thafg; such thats; does not attack; and&; does not attacks, i.e. fa € &;
such thatvR 401, Or aRpq0s.

SinceBELIEFS(d; ) UBELIEFS(d2) L, then3T C BELIEFS(6;) UBELIEFS(d2)
with T is the smallest inconsistent subseBBLIEFS(d;) UBELIEFS(d2) (i.e. T+ L).

Moreover, according to Property 2, we h&ELIEFS(d;) C K andBELIEFS(d2)
C K, thusT C K.

According to Property Base(&;) is a maximal (for setinclusion) consistent subset
of K. SinceBase(¢&;) is a maximal (for set inclusion) consistent subsekotndT a
minimal conflict of/C, then we have two cases:

» Case 1l:Base(&;) N T = @. This means thath € T, Base(&;) U {h} F L.
Thus,Base(&;) F —h. ConsequentlyJH C Base(E&;) with H is minimal for
set-inclusion among subsetsBse(&;) that satisfyH - —h. The pair(H, —h)
is then an argument od,. However, according to Property #rg(Base(&;)) =
&, this means thatH, -h) € &;. If h € T N BELIEFS(d1), then(H, —h) Rpq
0.fheTn BELIEFS(52), then(H, —‘h> Rpa 2.
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» Case 2Base(&;) N T # @. SinceBase(&;) I/ L andT + L, then3h € T and
h ¢ Base(&;) such thaBase(&;) F —h (this is due to the fact th@®ase(&;) is
a maximal consistent subset K. Consequently;]H C Base(&;) with H is
minimal for set-inclusion among subsetsBafse(&;) that satisfyH + —h. The
pair (H, —h) is then an argument ofl,. According to Prop. 4Arg(Base(&;))
= &,, this means thatH, —h) € &;. If h € T' N BELIEFS(41), then and H, —h)
Rpq 01. If h € T NBELIEFS(d2), then and H, —h) Rpg d2.

Property 25. Letd, 02 € Ay with BELIEFS(d7) I/ L andBELIEFS(dq) I/ L.

If BELIEFS(6;) U BELIEFS(d2) - L, then& with £ a stable extension &Fpg such

thatd, € £ andds € £.

Proof: Leté;,d2 € Ay with BELIEFS(S;) I/ L, BELIEFS(d2) I/ 1, andBELIEFS(d;)U

BELIEFS(d2) F L. According to Property 18, the systehirpr has at least one stable

extension. Let be one of these stable extensions. Supposéthate andd, € £.
According to Property 19, the sétn 4, is a stable extension df4,, R;). More-

over, according to Property 23¢ € £ N A, such thatvR 01, Or aRpgds. [ |

Property 26. Leté € Ay andw € A, with BELIEFS(d) I/ L. If BELIEFS(d) U
Prec(w) F L thenV¢; with &; is a stable extension df4,, R;), Ja € &; such that
aRbd5, or O/R,bpﬂ'.
Proof: Letd € A4, m € A, with BELIEFS(J) t/ L andBELIEFS() U Prec(m) - L.
Let us suppose thadtis a stable extension @f4;, R, ), and that € £ andr € £.
SinceBELIEFS(d) U Prec(w) - L, BELIEFS(S) t/ L, andPrec(nw) I/ L, then
377 C BELIEFS(6) and3T, C Prec(w) such thatly U Ty - L andT; U 75 is the
minimal inconsistent subset 8ELIEFS(J) U Prec(w). We know also thaf;, C K
(since according to Property RELIEFS(d) C K) andT> C K (sincePrec(w) C K).
LetT =T, UTs.
According to Property Base(€) is a maximal (for set inclusion) consistent subset
of K. Then, two cases are distinguished:

» Case 1:Base(€) N T = @. This means thath € T, Base(£) U {h} F L.
Thus,Base(€) = —h. ConsequentlyJH C Base(&) with H is minimal for
set-inclusion among subsetsBdse (&) that satisfyH + —h. The pair(H, —h)
is then an argument odl,. However, according to Property Arg(Base(£)) =
&, this means thatH, —h) € £. If h € Ty, then(H, —h) Rpq 6. If h € T, then
(H,—h) Ryp 7.

» Case 2:Base(§) N T # @. SinceBase(&) I/ L andT + L, then3h € T
andh ¢ Base(€) such thaBase(&) F —h (this is due to the fact th@ase(&)
is a maximal consistent subset/6j. Consequently]H C Base(&) with H is
minimal for set-inclusion among subsetsBafse(£) that satisfyH + —h. The
pair (H, —h) is then an argument od,,. According to Prop. 4irg(Base(£)) =
&, this means thatH, —h) € €. If h € T NBELIEFS(d1), then(H, —h) Ryq 61.
If h € T NBELIEFS(d2), then(H, —h) Rpq d2.
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Property 27. Leté € Ay andw € A, with BELIEFS(6) I/ L. If BELIEFS(d) U
Prec(r) I L then?& with £ a stable extension &Fpg such that € £ andr € £.
Proof: Letd € A; andrw € A, with BELIEFS(J) I# L andBELIEFS(d) U Prec(m) -
1. Let & be a stable extension &Fpg. Let us suppose that € £ andn €
£. Sincef is a stable extension &Fpg, then&’ = £ N A, is a stable extension
of (A, Ry) (according to Property 19). Moreover, according to Prgp28, since
BELIEFS(J) U Prec(m) F L thenda € & such thatwRyq6 or aRy,m. This means
that& attacksy or £ attacksr. However,d € £ andw € £. This contradicts the fact
that& is conflict free. |

Theorem 1. Let CAFpr be an argumentation system for PR, afd. .., &, its C-
stable extension&&;, i = 1,...,n, it holds that:

1. The seBel(&;) =Bel(&; N Ap).
2. The seBel(&;) is a maximal (for set inclusion) consistent subsetof
3. The sebes(&;) is consistent.

Proof: Let&; be a stable extension of the syst@AFpg.

1. Let us show that the sB&1(E;) =Bel(&; N Ap).
In order to prove this, one should handle two cases:

= Bel(&; N Ap) C Bel(&;). This is a direct consequence from the fact that
Bel(&; N Ap) = JSUPP(w;) with a; € & N A, (cf. definition ofBel(E)).
(

= Bel(&;) € Bel(&; N Ap). Let us suppose thath € Bel(&;) andh ¢
Bel(&; N Ayp). According to Property 19; N A4, is a stable extension of
(Ap, Rp). Moreover, according to Property Bel(&; N Ap) is a maximal
(for set<C) consistent subset ¢f'°. HoweverBel(&;) C K, thenh € K.
Sinceh ¢ Bel(&; N Ay), thenBel(E; N A,y) U {h} F L (this is due to
the fact thaBel(&; N .A;) is a maximal (for setz) consistent subset &f).
Thus,Bel(&; N Ap) F —h. This means thalH C Bel(&; N A;) such that
H is the minimal consistent subset®d1(&; N A,), thusH + —h. Since
H C K (sinceBel(&;NA,) C K), then(H, —h) € A,. However, according
to Property 4Arg(Bel(&; N Ap)) = & N Ap. Besidesh € Bel(E;), there
are three possibilities:
(a) h € BELIEFS(J) with & € &;. In this case(H,—h) Rpq 6. This
contradicts the fact thd; is a stable extension that is conflict-free.
(b) h € Prec(n) with w € &;. In this case{H, —h) Ry, 7. This contra-
dicts the fact thaf; is a stable extension that is conflict-free.
(c) h € SUPP(a) with « € &;. This is impossible since the s&tn A, is
a stable extension, thus it is conflict free.

1°Because3e1(€i N .Ab) = U SUPP(O@) with a; € € N Ayp; SO,Bel(ci'i n .Ab) = Base(é'i n .Ab)
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2. Letus show that the sB&1(E;) is a maximal (for set inclusion) consistent subset
of K.
Since&; is a stable extension @@ AFpg, then&; is also a stable extension of
AFpr (according to [10]). Moreover, according to the first itemTdfeorem 1,
Bel(&;) =Bel(&; N Ap). However, according to Property 18,n A, is a stable
extension of 4,, R;), and according to Property Bel(&; N Ap) is a maximal
(for set-C) consistent subset &f. Thus,Bel(&;) is a maximal (for set inclusion)
consistent subset &f.

3. Let us show that the sBes(&;) is consistent.
Since&; is a stable extension @@ AFpg, then&; is also a stable extension of
AFpr (according to [10]). Let us suppose tidets(E;) is inconsistent, this means
that | JDESIRES(dy) U |JCONC(m;) F L with 6, € & andw; € &;. Since
Des(&;) € PD (according to Property 2), thefid;,d; € Des(€;) such that
d1 = —ds. Three possible situations may occur:

(@) 3Im,m € & N A, such thatcONC(m ) = dy, andCONC(7z) = da. This
means thatr; R 72, thusm; Rmo. This is impossible sincé; is a stable
extension, thus it is supposed to be conflict-free.

(b) 341,02 € & N Ay such thatd; € DESIRES(4;) andds € DESIRES(ds).

This means that; R 492, thusd; Rd». This is impossible sincé; is a stable
extension, thus it is supposed to be conflict-free.

(c) 36 € &NAy, 3Im € &N A, such thatl; € DESIRES(J) andds = CONC(7).
Sinced; € DESIRES(Y), thus3d’ € SUB(S) such thaCONC(d’) = d;. This
means thad'R 4,7, thusd’Rx. However, sincé € &;, thus according to
Property 200" € &;. This is impossible sincg; is a stable extension, thus
it is supposed to be conflict-free.

[ ]
Theorem 2. Each set of intentions @AFpg is consistent.
Proof: LetZ be a set of intentions dAFpRr. Let us suppose thatis inconsistent.

From the definition of an intention set, it is clear tdaC Des(&;) with &; is an exten-
sion of CAFpr. However, according to Theorem 1 the Bet(&;) is consistent. W

Theorem 3. Let CAFpr be an argumentation system for PR, afd. .., &, its C-

stable extension&/&;, i = 1,...,n, it holds that:
1. The setirg(Bel(&;)) =&; N Ap.
2. As =¢&;.

Proof: Let&; be a stable extension of the syst@RAFpg. &; is also a stable extension
of AFpr (according to [10]).

1. Let us show thakrg(Bel(&;)) =& N A.
According to Theorem 1, it is clear thael(&;) = Bel(&; N Ap). Moreover,
according to Property 1%; N A, is a stable extension df4,, R;). Besides,
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according to Property 4rg(Bel(&; N Ap)) = & N Ay, thusArg(Bel(&;)) =
ENAp.

2. Let us show thatls =¢&;.

n & C As: Thisis trivial.

= AsC ¢&;: Letus suppose thaly € As andy ¢ &;. There are three possible
situations:

(@) y € AsnNA,: Sincey ¢ &;, this means thala € &; N A, such that
aRpy. Thus,SUPP(a) U SUPP(y) - L. HoweverSUPP(«) C Bel(é;)
andSUPP(y) C Bel(&;), thusSUPP(a) U SUPP(y) C Bel(&;). This
means thaBel(¢&;) is inconsistent. According to Theorem 1 this is
impossible.

(b) y € AsNAy: Sincey ¢ &;, this means thaiz € &; such thattRy.
There are three situations:

Case l:x € A, This means theBELIEFS(y) U SUPP(x) - L. How-
ever,BELIEFS(y) U SUPP(z) C Bel(&;). Thus,Bel(é;) is incon-
sistent. This contradicts Theorem 1.

Case 2:x € Ay This means thabESIRES(y) U DESIRES(z) - L.
HoweverDESIRES(y) U DESIRES(z) C Des(&;). Thus,Des(&;)
is inconsistent. This contradicts Theorem 1.

Case 3:z € A, This means thalESIRES(y) U CONC(z) - L. How-
ever,DESIRES(y) U CONC(z) C Des(&;). Thus,Des(&;) is incon-
sistent. This contradicts Theorem 1.

(c) y € AsnA,: Sincey ¢ &;, this means thaflz € &; such thatrRy.
There are three situations:

Case 1.z € A, This means thatR,y, thusSUPP(x) U Prec(y) +
L. However,SUPP(z) U Prec(y) C Bel(&;). Thus,Bel(¢;) is
inconsistent. This contradicts Theorem 1.

Case 2:x € Ay This meansthatR 4y, thusDESIRES(z) U CONC(y)
F L. HoweverDESIRES(x) U CONC(y) C Des(&;). ThusDes(&;)
is inconsistent. This contradicts Theorem 1.

Case 3.x € A, This means thatR,y. There are three different
cases:

— Prec(x) UPrec(y) F L.
However,Prec(z) U Prec(y) C Bel(&;). Thus,Bel(E;) is
inconsistent. This contradicts Theorem 1.

— Postc(z) U Prec(y) F L. We know thaty is built using one
of the plans of;, sayp = (S,T,d). Thus,3r € &; such that
m = (p,d’). Thus,Postc(z) U Prec(w) F L, consequently,
xRw. This is impossible sincg; is a stable extension, thus it is
supposed to be conflict-free.

— Postc(z) U Postc(y) F L. Sincey € As, thusy is built us-
ing one of the plans of;, sayp = (S,T,d). Thus,3r € &;
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such thatr = (p, d’). Thus,Postc(z) UPostc(r) F L, conse-
quently,zRx. This is impossible sincé; is a stable extension,
thus it is supposed to be conflict-free.
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