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A BRAID-LIKE PRESENTATION OF
THE INTEGRAL STEINBERG GROUP OF TYPE (s

CHRISTIAN KASSEL

ABSTRACT. We show that the Steinberg group St(C2, Z) associated with
the Lie type C2 and with integer coefficients can be realized as a quotient
of the braid group Bs by one relation. As an application we give a new
braid-like presentation of the symplectic modular group Sp,(Z).

In memoriam amici
Patrick Dehornoy
(1952-2019)

1. INTRODUCTION

Let Bg be the braid group on six strands. It has a standard presentation
with five generators o1, 02, 03, 04, 05, and the following ten relations (1 <
i,7 <5):

(1.1) 00 = 0;0; if i —j| > 1
and
(12) 0;040; = 050703 if |’L — j| =1.

The purpose of this note is to show that if we add the single relation
(1.3) (010201)2(0103_105)(010201)72(0103_105) =1,

to Relations (1.1) and (1.2), we obtain a presentation of the Steinberg group

St(Cq,7Z) associated with the Lie type Co over the ring of integers (see

Theorem 4.1). This group was defined for general commutative rings in [15].
If we further add the relation

(1.4) (o10901)* = 1,

we obtain a presentation of the symplectic modular group Sp,(Z) (see Corol-
lary 4.2). It is known that the Steinberg group St(Cs,Z) is a group extension
of Sp,(Z) with infinite cyclic kernel.

In order to prove these results we construct a surjective group homomor-
phism f : Bg — St(Cq,Z), show that f vanishes on the normal subgroup N
of Bg generated by the element represented by the braid word in (1.3),
and construct a group homomorphism ¢ : St(Cs,Z) — Bg/N such that
po f =id. The homomorphism f is a lifting of a map Bg — Sp,(Z), which
is a special case of the homomorphism f : Bogio — SpQQ(Z) constructed
in [12, Sect. 4] for any g > 1.
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11E57, 20G30, 22E40.
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2 CHRISTIAN KASSEL

The note is organized as follows. In Section 2 we give a presentation of
the Steinberg group St(Cq,7Z) and we prove a number of relations between
special elements of St(Cy, Z). In Section 3 we construct the homomorphism f
from the braid group to the Steinberg group. In Section 4 we state and
prove our results. In Appendix A we give a presentation of the Steinberg
group St(Cs, R) with coefficients in an arbitrary commutative ring R.

Notation. All the groups we consider are noted multiplicatively. We denote
their identity elements by 1 and we use brackets for the commutators:

[z, y] = zyz ™y~

Recall that [y, z] = [z,y]~L.

2. THE STEINBERG GROUP St(C3,Z)

The positive roots of the root system Cs consist of four vectors «, ,
a + B and 2a + B of the Euclidean plane R?, where the roots a and o +
are of length /2, the roots 3 and 2a.+ 3 are of length 2, and « is orthogonal
to a+ . Together with —«, —f3, —(a + ) and — (2« + ), they form the
root system ® of type Cy (see e.g. [6, 7]).

2.1. Defining relations for the Steinberg group. We have the following
presentation for the Steinberg group St(C2,Z) of type Ca over the ring Z of
integers.

Proposition 2.1. The Steinberg group St(Ca,7Z) has a presentation with
etght generators

Loy, By, Ta+py L2a+8r L—ay L—3; x—(a+/3)> x—(?oc—‘rﬁ)
and the following 24 relations:

(21) [xa7x2a+ﬁ] == [xﬁvxa+ﬁ] = [xﬁax2a+5] - [xa+ﬁax2a+ﬁ] - 17
(2.2) [Tas2-p] = [28,2—0] = [28,2_(2a18)] = [T-p, T20+8] = 1,

(23) [2-a,T-@a+p)] =[-8, T—(a+p)]

=26, 7 (2048)] = [T (atp): T 201p)] = 1,

(2.4) [Ta, Zg] = TatB T2048 = L2048 Tats »
(2.5) [Ta, Tatp] = x%a+6 ,

(2.6) [T T_(arp)) = 275,

(2.7) [Fa, T @arp)] = T-82 (01 5 = T (01 ) T8
(2.8) (26, T_(at+-8)] = T—a T_(2048) = T—(2a48) T—a >
(2.9) [Tass, T-a] = 257,

(2.10) [€a+s,2p] = Ta T, 5 = T30y p Ta

(2.11) [Tatp, T—(2a+8)] = x,ax/gl = xglx,a ,
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(2.12) (2048, T—a] = a:;iﬂ xgl = a:El a:a_}rﬁ ,

(2.13) [T2048> T—(a18)] = TaT—_g = T_gTa,

(2.14) [Z—a,z—p] = xizwﬂ) L—(20+B) = L—(20+p) $:%a+5) )
(2.15) [T, T (agp)] = x:?2a+ﬂ) .

Note that in view of Relations (2.10), (2.11) and (2.14) the generators z,
T_q and T_ (44 ) can be expressed in terms of the five remaining generators
LB Tatpr L2a+B; T—B) L—(2a+8):

Proposition 2.1 will be proved in Section 2.3 below.

2.2. The surjection 7 : St(Cy,Z) — Spy(Z). Recall that the symplectic
modular group Sp,(Z) is the group of automorphisms of the free abelian
rank 4 group Z* preserving the standard alternating form, namely the group
of 4 x 4-matrices M with integer entries such that

r( 0 I (0 I
wr ()= (),
where M7 is the transpose of M and I is the identity 2 x 2-matrix.

It is known that the group Sp,(Z) is generated by the following eight
matrices (see [1] or [11]):

11 0 0 100 0
01 0 0 110 0
(216)  Xa=10 9 1 ol X<==|0 01 1|
00 -1 1 000 1
1000 1000
0101 0100
(2.17) Xs=1o 01 0| X2=]oo0 1 ol
0001 0101
100 1 1000
0110 0100
(2.18) Xas=10 01 0] X@n=]0 11 ol
0001 1001
1010 1000
0100 0100
(2.19) X2a+ﬁ: 00 101" X—(QCH-B): 1 01 0
0001 0001

Observe that each matrix X_, (v € ®) is the transpose of X,.

It is easy to check that the matrices X, (v € ®) satisfy the relations (2.1)—
(2.15) defining the Steinberg group St(Ca,Z). Therefore there exists a
unique homomorphism

(2.20) 71 St(Ca, Z) — Spy(Z)

such that m(z,) = X, for all v € ®. Since the matrices X, (y € ®)
generate Sp,(Z), the homomorphism 7 is surjective.
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2.3. Proof of Proposition 2.1. By [2, Sect. 3] the Steinberg group St(Cs, Z)
has a presentation with the set of generators {z, : 7 € ®} subject to the
following relations: if v, € ® such that v+ § # 0, then

(2.21) [z, 25] = H :Bwﬂt?’

where ¢ and j are positive integers such that iy 4+ jé belongs to ® and the

exponents ¢, 79 are integers depending only on the structure of Sp,(Z). In

i.j
order to find the structure constants c 0 it is enough to apply the homo-
morphism 7 of (2.20) and to compute the integers cfy ;; appearing in the

relations

(X5, Xs] = H XW+J5 ’
where X, = m(z,) are the elements of Sp,(Z) defined by (2.16)-(2.19).
In particular, when X, X; = X5X, (7,0 € ®), then z x5 = zs2,. Re-
lations (2.1)—(2.3) follow from this remark. We next have the following
equalities in Sp,(Z):

[Xa, Xg] = Xo48 Xoats,  [Xa, Xais) = Xoars

[XCHX—(OH-ﬁ)] - X:Q [XOHX—(Qa-i-,B)] = X*,B X_l

B —(a+8)

(X6, X_(a48) = X-a X_2arp)> [Xars X-a] = X5,
[Xo+s, X-pl = Xa Xoyr,  [Xatp X_(2arp) = X-a X',
[Xoats X-al = X015 X5 [Xoatp X_(asp)] = XaX g,

1 2
[X—ome ] X~ —(a+p) Xf(2a+,6’)a [X—ouX—(a+ﬂ)] X_(QOH_ﬁ)

From these relations the remaining relations of Proposition 2.1 follow.

2.4. The elements w,. For any root v € ®, set

(2.22) Wy = Ty :rjy Ty
In Steinberg’s notation (see [16, 17]), we have z, = z,(1) and wy = w,(1).
In the sequel we need to know that the kernel of 7 : St(Ca,Z) — Sp4(Z)
is generated by wé for any long root ~, for instance by wg or by wga 48 this
follows from [2, Kor. 3.2]. The fact that such a generator of the kernel is of
infinite order was established in [14, Th. 6.3].
We now list a few properties of the elements w..

Lemma 2.2. We have wy = w:,ly for all v € ®.
Proof. By [16] (see also [14, Lemme 5.2 (g)]) we have

wy = wy(l) =w_(-1)
= zy(=Day(Dz(-1) = x:#xa@:#
-1 -1 ,1
= (m,7m7 T,) = Wy

which was to be proved. O
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Lemma 2.3. We have

wg T wgl = x;j_ﬁ , W3 T_q w/gl = :U:%aJrﬁ) ,
W Lot wgl = T4, WB T (a+p) w/gl =T_q,

Wp T2a+45 Wg ' = Z9a1s, W T—(20-+6) Wg L= L—(2a+8)
w2a+5x5w5;+6 =zg, w2a+5x_5wgo}+ﬁ =x_g,
W2a+p Ta wixlw - fjohuﬁ) ’ W2a+5 L~ (a+p) “’2}1% = Ta;
Waakf Tats Whays = Toar  WaatBT-aWiqi = Tays,
Wa T3 w;l = T20448 W T3 w;l = T_(2a+8) ;

We Lot 8 w;l = x;iﬁ, Wa T (a4 B) w;l = x:%a_m) ,
We T30+ B w;l =zg, Wa T (20-+f) w;l =x_g,
Watp Ta w;j_/g = x;l , WatB T q w;j_B = x:i ,
WatB T w;iﬁ = m:%mﬂa) , WatB T—(2a+8) w;}rﬂ = azg
Wat§ L2046 Wotp =T g,  WatBT—fUWotg = Touys,

Proof. By Relation (R7) in [17, Chap.3, p.23], for any two roots v and ¢
such that v + ¢ # 0 we have wy x5 w;l = x5, where ¢’ is the image of ¢
under the reflection in the line orthogonal to v and € = £1. To determine
the root ¢’ and the sign € it is enough to compute the image m(w, s w;l)
in Spy(Z). O

3. FROM THE BRAID GROUP TO THE STEINBERG GROUP

We now construct a homomorphism from the braid group Bg to the Stein-
berg group St(Cs,Z).

Proposition 3.1. There exists a unique homomorphism f : Bg — St(Ca,7Z)
such that

f(al) = L2a+8 » f(UQ) = x:%ga_f_ﬁ) )
flos) =apa ) g2a4s,

flo) =27, flos)=as.
The homomorphism f is surjective.

The homomorphism f lifts the homomorphism f : Bg — Spyu(Z) con-
structed in [12, Sect.4.2] in the sense that f = 7o f, where 7 is the natural
surjection St(Ca,Z) — Spy(Z) defined in (2.20).

Proof. For the existence and the uniqueness of f it suffices to check that the
five elements f(o;) (1 < i < 5) of the Steinberg group St(Cs,Z) satisfy the
braid relations (1.1) and (1.2).

(i) Let us first check the commutation relations (1.1).

o Commutation of f(o1) with f(o3), f(o4) and f(os). This follows
from the fact that x9,45 commutes with x5 and z,13 by (2.1), and
with z_g by (2.2).

o Commutation of f(o2) with f(o4) and f(os). It follows from (2.2)
and (2.3).
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e Commutation of f(o3) with f(os). It follows from (2.1).
(ii) The relation f(o1)f(o2)f(o1) = f(o2)f(0o1)f(0o2) reads as

—1 -1
L2048 _(204p) T20+8 = T _(204) P20+8 L _(2048)

which is equivalent to woq15 = w:(12a+5). The latter holds by Lemma 2.2.
(iii) The relation f(o2)f(03)f(02) = f(o3)f(02)f(03) reads as

-1 -1 -1 -1 -1 -1
$f(2a+6) Zp l’aJrﬁ L2048 $7(2a+ﬁ) =2xp .%‘aJrﬁ L2048 $7(2a+,8) g $a+ﬁ L2043 -

Let LHS (resp. RHS) be the element of St(Ca,7Z) represented by the left-
hand (resp. right-hand) side of the previous equation. By (2.1), (2.2), (2.3),
(2.11), (2.22) we obtain

LHS = 25 27 101) Tatp T-(2046) W_(20+5)
N——

-1 -1 -1 -1
= Ip xa_w x_(2a+ﬁ) T_oTp $7(2a+,3) w_(2a+ﬂ)

/

-~

_ -1 -1 -1
= g xa-‘rﬁ Tap w—(2a+ﬁ)
N —
_ 2 -1 -1 -1
= TpTarpT-aW_(2a48)
(The above underbraces mark the places to which we apply the relations

we refer to.)
Let us now deal with RHS. Since by (2.1) and (2.2) 3 commutes with
Ta4p and with Ti(2a+48); and x,45 commutes with w2, 3, we obtain

RHS = w% a:;j_ﬂ W+ x;_il_ﬁ .

Now by Lemma 2.3, we have waqg

41_5 = x:,ll Woa+8- Therefore,
RHS = x% :U;JIFB x:; W43 -

It follows that LHS = RHS is equivalent to w:(lm +5) = Waartps which again
holds by Lemma 2.2.
(iv) The relation f(c3)(04) f(73) = f(04)f(03)(c4) reads as

-1 -1 -1 -1 -1 -1
xp $a+5 L2048 x_ﬁ xp xa—f—,@ L2048 = l’_ﬂ xp xa—f—ﬁ T2a+6 :L’_ﬁ .

Let LHS' (resp. RHS') be the element of St(Cy,Z) represented by the left-
hand (resp. right-hand) side of the previous equation. Since by (2.1) and
(2.2) 29q4+p commutes with zo, with z,43 and with x4, hence with wg,
and xg commutes with z,43, we obtain

-1 2 -1 _ -1 2 -1, _ -1 _—1_2
LHS =201 8P2048WB Loy g = Loy L20+8%a WB = ToyigTa L2048 W8

the second equality holding by Lemma 2.3. For RHS', by Lemma 2.2 we
have

RHS' = wgT_g :c;j_ﬂ x:é L2043 -
Now by (2.10), we have z_g m;iﬂ 3::}5 = ‘T;iﬁ To x;;+ﬁ. Therefore,

RHS' = wg x;iﬁ T -
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-1

It follows from Lemma 2.3 that wg x;}rﬁ = 2, wg and wp T, = Tyt g W8

Moreover by (2.5) we have z; 1z !

_ -1 1.2
otf = ToypTa Taip- Therefore,

1

o

(v) The relation f(o4)f(05)f(04) = f(04)f(05)f(04) reads as

x:}B g x:é =g x:é g,

RHS =z ! WgTo = T, a:;j_ﬂ wg = —1h8 z! x§a+5 wg = LHS'.

which is equivalent to wj}g = wg. The last equality holds by Lemma 2.2.

As we noted after stating Proposition 2.1, the five elements zg, 2443,
T20+8; T—B, T_(2a4p) generate St(C2,Z). They clearly are in the image
of f, which implies the surjectivity of the latter. O

4. RESULTS

Let f : Bg — St(C3,Z) be the surjective homomorphism defined in Propo-
sition 3.1. We now state our main result.

Theorem 4.1. The kernel of the homomorphism f : Bg — St(Ca,7Z) is the
normal subgroup of Bg generated by

(010201)2(0103_105)(010201)72(0103_105).

This means that the Steinberg group St(C2,Z) has a presentation with
five generators o1, 09, 03, 04, 05, and eleven relations consisting of the ten
braid relations (1.1)—(1.2) and the additional relation

(4.1) (o10201)% (0105 1 05) (010201) "2 = (0105 To5) .

This relation is clearly equivalent to (1.3).

As mentioned at the beginning of Section 2.4, the kernel of the projection
7 : St(Ca,7Z) — Spy(Z) is generated by w§a+6. Since
(4.2) Waatf = Toa+ 5T (304 gyT2ats = f(010201),

we deduce the following presentation® of Sp,(Z).

Corollary 4.2. The symplectic modular group Spy(Z) has a presentation
with five generators o1, o2, 03, 04, 05, and twelve relations consisting of
Relations (1.1)—(1.2) and the two relations

(010201)2(0103_105)(010201)72 = (0103_105)71

and
(010201)4 =1.

Let N be the normal subgroup of Bg generated by
B = (o10901)* (0105 Lo5)(010901) % (0105 L05).
Theorem 4.1 is a consequence of the following two propositions.

Proposition 4.3. We have f(N) = 1.

LGroup presentations of Sp4(Z) of a different kind have been given in [1, 3].
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Proof. Tt suffices to check that f(8) = 1. By (4.2) we have f(o10901) =
Waa+3. We also have

-1 -1 -1
f(o105 05) = $2a+5($2a+5$a+5$ﬂ )T5 = Tasp -
Therefore, using Lemma 2.3, we obtain
2 -2 -1 -1
f(B) = Wiet fLatBWont gLatB = W2atBT—aWyq gTatf = Lot glats = 1.
O

It follows from the previous proposition that f : Bg — St(Caq,Z) factors
through a homomorphism Bg/N — St(Cs,Z), which we still denote by f.

Proposition 4.4. There exists a homomorphism ¢ : St(Ca,Z) — Bg/N
such that

p(ra) = (0504)(0103 ' 05)(0504) ",
p(xg) = o3,
¢(Tats) = 0105 05,
(1'204—&-5) = 01,
p(r-0a) = (0109)(0105 05)(0102) ",
p(z_p) o 17
o(z_ (a+B) ) = (01020504)(0f1030g1)(01020504)_1,
e(r_(arp) = 03

modulo N. Moreover, p o f =id.

Before we prove Proposition 4.4, let us record the following four equalities
in the braid group Bg. One may check them using one’s favorite algorithm
for solving the word problem in braid groups (see for instance the mono-
graphs [5, 8, 9, 10, 13]).

Lemma 4.5. The following equalities hold in Bg:
[o(xa), o(28)] " p(Tats) (2204 5)
= (040504)* (0105 '05)(040504) % (0105 L05),

[p(xa), P(Tarp)] ™ @(2301 ) = (0105 05)(040504)* (0105 05)(040504) 72,

(0@a), 9@ a1 #(a%5)
= (05040109)(010203) 7~ (010203) ' (05040102) 7",
where v = (0105 '05)(010901) 2 (0105 Lo5) (010201)2, and
[p(atp): p(z—a)] p(23) = (0105 05)(010201)* (0105 05) (010201) >
We make also the following observation. Let
A = (0102030405)(01020304)(010203)(0102)01

be the ‘half-twist’ in the braid group Bg. It has the following important
property (see for instance [5] or [13, Sect. 1.3.3]):

(4.3) Ao, A7 = o065, (i=1,...,5)
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which implies that its square A? is central (actually A% generates the center
of the braid group). Note that the braids oj05, 0904 and o3 are invariant
under conjugation by A so that

—1 -1 —1 —1
A(o105705)A7" = 0504 01 = 0105 05,
whereas 010201 and 040504 are interchanged:
(4.4) A(Ulagal)Afl = 050405 = 040504 .

In view of (4.3) and of the definition of ¢ we have the following “symme-
tries”:

(4.5) Ap(zp) AT = p(220+6) »
(4.6) Ap(e_g) AT = p(z_2018))
(4.7) Ap(za) AT = p(r-a)
(4.8) Ap(@siarp) A7 = o(Tsiatp)) -

Geometrically speaking, conjugating the elements p(x.) (v € ®) by A corre-
sponds in the root system Cs to the reflection in the one-dimensional vector
space spanned by « + .

Remark 4.6. It follows from [4, Th.0.2] that the centralizer of A is an
Artin group of type Cs3. Actually it is generated by the above-mentioned
elements B1 = o105, B2 = 0204 and B3 = o3, which satisfy the relations

B1B2B1 = B2f1B2, B1B3 = B3B1, B2836203 = B3523352.

Proof of Proposition 4.4. To prove the existence of ¢ : St(C2,Z) — Bg/N
it suffices to check that the elements ¢(x,) (v € ®) satisfy the 24 rela-
tions (2.1)—(2.15) in the quotient group Bg/N.

(a) Relations (2.1): in view of the braid relations (1.1), we have

[o(2a), p(220+5)] = [(0504) (0105 '05)(0504) !, 01] =
[o(25), p(xatp)] = (05,0105 05] =
[‘P(xﬁ)7 SO(xZa-i-,B)] = [057 Ul] =1,

[e(zatps), p(T2048)] = [0103_105,01] =1.
(b) Relations (2.2): again in view of the commutation relations (1.1), but
also of the braid relations (1.2), we have

[o(za),p(x_p)] = [(0504) (0105 05)(0504) ", 05 ']
= 0504(0105105) 0;10510;1 0504(010§105)_1 alloglml
—_———— —_———

-1

-1 -1 -1 -1 _ -1 -1 -1
= o0504(0103 035) 05 0, 05 0504(0105 05) 050, 05
—_—

= 0504(0103,_105)(0103_10'5)_104_105_1 =1.

(Here and below the underbraces indicate the places where we apply the
braid relations and the trivial relations o;0; = o; Loy = 1.)
Similarly, by (1.1) we have

[o(z5), p(x—a)] = [05, (0102) (0105 ' 05) (0102) '] =1,
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[o(z5), p(2_(2045))] = 05,05 '] =1,

[o(x—p), p(22015)] = [og 'y o1] = 1.
Note that only [p(z4), p(x—g)] = 1 requires one of the braid relations (1.2).

(x
(c) Relations (2.3): for the first one, using (4.6) and (4.7), we have
[p(z-a), 0(@-at+p)] = [Ap(a) AT Ap(z_g) A7)
= Alp(za) plz-p)] AT =1
since [¢(zq), p(x_g)] = 1, as we have just proved in Item (b).

For the second one we use the equality ¢(z_(415)) = (0102) p(za) *(0102)
which we derive from the definition of . Then

o3, (0102) p(xa) " (0102) 7]
= [(0102)0y (0102) 7", (0102) p(xa) " (0102) ]
= (0102) [p(x-p), p(za) ] (0102) "
Since ¢(z_3) commutes with ¢(z,) by Item (b), it commutes with its inverse
@(xa)7. Hence, [p(z_p), o(2_(a1+p)] = (0102)(0102) 71 = 1.
For the third one, we have [p(x_5), P(T_(2048))] = o7, 05" = 1by (1.1).
For the fourth one, conjugating by A, and using (4.6) and (4.8), we reduce
the desired equality [¢(7_(a+48)); P(T_(2a4-8))] = 1 to the previous equality

[p(z—p),p(2—(arp] = 1.
(d) Relation (2.4): using the first equality in Lemma 4.5 and Equa-

tion (4.4), we have

[o(z_p), o(z_(arp)] = le(z_p),(0102) p(za) " (0102) "]
(

[p(za), o(x5)] " o(Tars) P(20+5)

(040504)2(0103_105)(040504)72(0103_105)
= A (010201)2(0103_105)(010201)72(0103_105) AL

It follows that [p(74), (25)] " 1(Tats) ©(T20+5) belongs to the normal sub-
group N, hence is trivial in Bg/N.

(e) Relation (2.5): we use the second equality in Lemma 4.5 and argue as
in Item (d). It follows that [p(z4), <p(3:a+5)]_1g0(x%a+ﬁ) is trivial in Bg/N.

(f) Relation (2.6): consider the third equality in Lemma 4.5; the braid ~
is trivial in Bg/N; hence, so is [p(za), p(T_(a+4s))] gp(:vzﬂ).

(g) Relation (2.7): we have

[W(ma)7 @(m—(Qa—i-,é’))]_l(p(x—(a-ﬁ—ﬁ))_1()0(1'*5)

= 0510504010?:105 0;1051020504 Uflagagl

X 04_105_101020504 0103_105 04_105_102_101_104_1
——

= 05040502_10103_10201_103 05_1010205 03_1 0102_101_1 04_105_104_1

= 05040502_10103_102 01_10301 0203_102_1 01_10205_104_105_1
—_—— —— —

= 05040502_10103_1020303_102_10301_10205_104_105_1

1 -1 -1 -1 -1
= (0504050, 0105 0203)(0504050, 0105 0203) = 1.

-1

)
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(h) Relation (2.8): we have
-1
[o(2), P(T_(at8))] P(T—a) P(T_(20+5))
= 010205040f103051011 0510;10;105 01020504010?:105
—_——

X 04_105_1 02_101_105_10102 0103_105 02_101_102_1

= 010205040f103051011 0510f10102 0504010'5105
N —
-1 _—-1 -1 -1 -1 _-1_-1
X 0, Os 05 0103 050, 0y 0]

= 01020504 01_10305_1 04_10504 o1 03_10504_1 05_103_1 02_101_1
N—— N e’

= 0102050403 05105 o4 aglaglag, 0110510510510;1
N—— N’

= 010905040304 03_104_103_1 05_102_101_1
| ——

= 01020504030404_103_104_105_102_101_1

= (010205040304)(010205040304) " = L.

(i) Relation (2.9): the fourth equality in Lemma 4.5 implies that the braid
[(xa+p), (r—a)] go(a:%) belongs to N, hence is trivial in Bg/N.
(j) Relation (2.10): we have

[o(@arp), p(z—)] o(za) P(255, )

-1 -1 -1 -1 -1 -1 _-1_-1
—_— SN——

-1 _—1 -1 -1 _-1
= 0, 05 0504030402 050, O
4 93 3 4 95
= 04_1 03_10503 040303_104_1 (75_1(74
—_——————

= 047105057104 =1.
(k) Relation (2.11): using the computation in Item (j) and conjugating
by A, we obtain
[o(xats), P(T_2at8)] P(2-a) p(z5)
= A [p(@ars), plz_p)] " p(xa) plan,g) AT = 1.
(1) Relation (2.12): by (4.5), (4.7) and (4.8) we have

[p(z20+8); P(T—a)] p(Tatp) ()

= Alp(zp), p(za)] 9(Tats) P(20+6) AT,
which in view of Item (d) above implies that [p(22045), (T—a)] ©(Ta+8) P(5)
is trivial in Bg/N.

(m) Relation (2.13) reduces to Relation (2.8) after conjugating by A. In
the same way Relations (2.14) and (2.15) reduce to Relations (2.7) and (2.6)
respectively.

To complete the proof it remains to check that ¢ o f = id. This is a
consequence of the equalities (¢ o f)(0;) = o; (1 < i < 5), which follow
immediately from the definitions of f and ¢. (]
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As can be seen in the previous proof, 18 out of the 24 images under ¢ of
the relations defining St(Cs,Z) hold in the braid group Bg itself. Only six
of them hold modulo the normal subgroup N.

Remark 4.7. In [12, Cor. 7] we gave a braid-like presentation of the sym-
plectic modular group Sp,(Z) with four additional relations rather than
the two additional ones in Corollary 4.2 above. In [12] the first relation
in Equation (27) is equivalent (modulo the braid relations) to the relation
(010901)* = 1 above. Relation (28) in loc. cit. is equivalent to the relation
(010201)% (0105 05) (010201) 72 = (0105 '05)~ . Our corollary 4.2 shows
that the relation A? = 1 of [12, Eq. (26)] is not needed. Actually, one can
prove

f(AQ) = wéQ = w%i_i_ﬁ =f ((040504)12) =f ((010201)12) .

APPENDIX A. THE STEINBERG GROUP OF TYPE C5 OVER A
COMMUTATIVE RING

For completeness we give a presentation of the Steinberg group St(Cs, R)
over an arbitrary commutative ring R.

By [15, Sect. 3] (see also [16] or [17, Chap.6]) the group St(Ca, R) has a
presentation with the set of generators {z,(u) : v € ®, u € R} subject to
the following relations:

o 2, (u+v)=1xy(u)r,(v) for all u,v € R;
e if 4,0 € ® such that v+ 0 # 0, then

ENORENGIES | EZ G

where 7 and j are positive integers such that iy + j0 belongs to .

The coeflicients CZ}(S are the integers which have already come up in Rela-
tions (2.21) in the proof of Proposition 2.1.

In this way we obtain the following 24 defining relations for St(Cs, R)
(where u,v € R):

(A1) [za(u), 22015(v)] = [£5(u), Tats(v)] =
= [25(u), 22015(V)] = [Tats(w), T20t5(v)] = 1,

(A2) [ra(u),z-p(v)] = [25(u), r-a(v)] =
= [25(1), 2 (2045 (V)] = [2-(u), 22045 (v)] = 1,

(A3) [z—al(w),z_@atp) (V)] = [2_p(u), 2_(a15) (v)] =
= [x—5<u)7‘rf(2a+ﬁ)(v)] = [xf(a+ﬁ) (u)7x7(2a+5) (U)] =1,

(A4) [wa(u), 25(0)] = Tap 5(uv) a0 (),
(A.5) (20 (1), Zat 5(0)] = a0 5(2uv),
(A.6) [@a (1), 2 (o) ()] = 2_p(~2uv),

(A7) (), 720y ()] = 25 (u20) (o) (—w0),
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(A.8) [25(1), _(018) (V)] = T (u0) T_ (204 ) (w0?),
(A.9) [Tarp(u), 7-a(v)] = z5(—2uv),
(A.10) [+ (), 2-p(0)] = Ta(uv) Taa+p(—uv),
(A.11) [Tats(w), 22015 (0)] = T—a(uww)zs(—u?v),
(A.12) [220+5(1), 2—a(v)] = Tasp(—uv) z5(—uv?),
(A.13) [£20+5(1), T (018 (V)] = Za(wv)r_g(uv?),
(A.14) [ (1), 2-5(v)] = T (a1 p)(—u0) T_ (204 8)(u"0),
(A.15) @), 2—(as) (0)] = T—20s3)(—2uv).
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