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Abstract

In an epidemic, individuals can differ widely in how they spread the infection depending on
their age or on the number of days they have been infected for. In the absence of pharmaceutical
interventions such as a vaccine or treatment, non-pharmaceutical interventions (e.g. physical dis-
tancing) are essential to mitigate the pandemic. We develop an original approach to identify the
optimal age-stratified control strategy to implement as a function of the time since the onset of the
epidemic. This is based on a model with a double continuous structure in terms of host age and
time since infection. By applying optimal control theory to this model, we identify a solution that
minimizes deaths and costs associated with the implementation of the control strategy itself. We
also implement this strategy to three countries with contrasted age distributions (Burkina-Faso,
France, and Vietnam). Overall, the optimal strategy varies over the course of the epidemic, with a
more intense control early on. It also depends on host age, with a stronger control over the older
population, except in the scenario where the cost associated with the control is low. In the latter
scenario, we find strong differences across countries because the control extends to younger pop-
ulation in France and Vietnam 2 to 3 months after the onset of the epidemic, but not in Burkina
Faso. Finally, we show that the optimal control strategy strongly outperforms a constant uniform
control over the whole population or over its younger fraction only. This improved understanding
of the effect of age-based control interventions opens new perspectives for the field, especially for
age-based contact tracing.

Key words. COVID-19; Optimal control; Age-structured model; Age of infection; Outbreak ;
Epidemiology
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1 Introduction

Following its emergence in December 2019, COVID-19 has become an international public health
emergency [1]. The infection has many similarities with that caused by influenza virus regarding
clinical manifestations and transmission mechanism [1]. Contrary to seasonal influenza, COVID-19
has become pandemic by spreading rapidly among completely naive host populations, i.e. with no
pre-existing immunity [2-5]. At the start of the pandemic, no pharmaceutical interventions such as
vaccines or treatments were available and, based on earlier epidemics, it will take several months
before their deployment. For this reason, non-pharmaceutical intervention strategies, such as physical
distancing, are key to controlling the pandemic [6].

When an intervention is summarized by one or few parameter values, identifying an optimal strat-
egy according to some criterion variable can readily be done, e.g. using a gradient approach [7]. Things
become much more challenging when the intervention parameter value is a function of time. Optimal
control theory [8], also known as Pontryagin’s maximum principle, specifically addresses this issue
by identifying a function of time such that, over a finite time interval, some criterion is optimized.
This has allowed studies to identify optimal non-pharmaceutical interventions to control infectious
diseases such as influenza and COVID-19 [9-12]. However, a strong limitation of these studies is
that they all ignore at least one aspect of the host population structure. First, infection parameters
vary with infection age, i.e. depending on the number of days since infection. Second, hosts vary in
age. The latter point is particularly important because in addition to being a function of time since
the onset of the outbreak, optimal strategies involving physical distancing can also vary depending
on host age [13—17]. Accounting for two dimensions, time and host age, make the optimization pro-
cedure more challenging because Pontryagin’s maximum principle is applied to ordinary differential
equations (ODEs) —something very common— while here we are working on partial differential equa-
tions (PDEs) —which is less common, and more challenging. Here, we address this challenge and
identify interventions varying in intensity with time and host age, that significantly reduce morbidity
associated with COVID-19 at a minimal cost. Furthermore, we compare the situation in countries
with contrasted age-structure, namely Burkina-Faso, France, and Vietnam, to show how this affects
optimal strategies.

The age structure of the population is a known key determinant of acute respiratory diseases,
especially when it comes to infection severity. For example, children are considered to be responsible
for most of the transmission of influenza virus [ 18], but the related hospitalization and mortality burden
is largely carried by people of ages over 65 years [19, 20]. While much remains unknown about the
COVID-19 epidemics, evidence to date suggests that mortality among people who have been tested
positive for the coronavirus is substantially higher at older ages and near zero for young children
[3, 21]. Moreover, the infectiousness of an individual has been reported to vary as a function of time
since infection [22], which is known to affect epidemic spread [23-26].

Our epidemiological model for the disease stage-progression [24] is structured both by a (con-
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tinuous) age of the host and a (continuous) age of infection. A variety of epidemiological models
allow for one or the other type of structure [27-30], starting with a seminal article from the 1920s
[23]. However, models allowing for a double continuous structure are rare [30—37]. Such a double
structure is particularly suited to investigate an infection such as COVID-19, with strong host and in-
fection age effects. Indeed, in addition to taking into account the age-structure of the host population,
as well as the gradient of disease severity from mild to critical symptoms, the model readily captures
the variation in infectiousness as a function of the time since infection. From a theoretical point of
view, age-structured models have been proposed to investigate the spread of acute respiratory diseases
[38—42], and some rare models of acute respiratory diseases consider both structures as continuous
variables [30, 32], although not in the context of optimal control theory.

In Section 2, we first introduce the mathematical model. The model parameters and outputs are
then defined in Section 3. In Section 4, we characterize the optimal control strategy that minimizes the
number of deaths as well as the cost due to the implementation of the control strategy itself. Section 5
contains the main body of the results. We first analyze the epidemic spread without any intervention
for three countries with contrasted age distributions (Burkina-Faso, France, and Vietnam). Next, the
performance of optimal control in terms of deaths and hospitalizations is compared for different costs
of the control measure. Finally, the optimal control is compared to two other strategies using the same

amount of resources to control the outbreak. The article ends by a discussion in Section 6.

2 An age-structured epidemiological model

2.1 Model overview

We denote the density of individuals of age a € [0, a4 that are susceptible to the infection at time
t €[0,T] by S(t,a). These individuals can become infected with a rate called the force of infection
and denoted A (¢,a). We assume that a fraction p of these individuals are paucisymptomatic, which
means that they will develop very mild to no symptoms, and enter group /,. Note that this class
can also be interpreted as the fraction of the population that will not isolate themselves during their
infection. Other individuals are assumed to develop more symptomatic infections, either severe /; with
proportion g(a) depending on the age a, or mild 7,, with proportion 1 — g(a).

Each of the three infected host populations are structured in time since infection, so that [, (¢, a, i),
v € {p,s,m}, denotes the density at time ¢ of individuals of age a that have been infected for a duration
i € Ry. Upon infection, all exposed individuals are assumed to remain non-infectious during an
average period i;,,. Next, they enter an asymptomatic period during which they are infectious. Only
I, and I; develop significant symptoms after an average time since infection iy, which can allow
them to self-isolate to limit transmission. During their infection, individuals can recover at a rate
hy(a,i) (v € {p,m,s}) that depends on the severity of the infection and the time since infection i.
Severely infected individuals of age a may also die from the infection at rate y(a,i).

The infection life cycle is shown in Figure 1. The total size of the host population of age a at time



103

104

105

106

107

108

110

111

112

113

114

115

116

117

tis
N(t,a) :S(t,a)+R(t,a)+/() (I (t,1) + In(ts0,) + (1, ,1)) i )

exposed \ asympt\, sympt:
B 7N 7N AN

IO Iia IiS m .
(1-p)a(a) Lta) B2 B
S 1“7
A(t,@)[(1-p)(1-q(a)) W
S(t,a I.(ta,.) R(t,a)

hm(a,i)
P I,(t,a,.) e

Figure 1: The model flow diagram. Susceptible hosts of age a at time 7 (S(z,a)) are exposed to the

virus with a force of infection A(z,a). A fraction p of exposed individuals, which are infected since
time i, will never develop symptoms and enter the group of paucisymptomatic infections (I,(z,a,i)).
The rest will develop symptomatic infections, either severe (I;(¢,a,i)) with proportion g(a) depending
on age a of individuals, or mild (I, (¢,a,i)). Exposed individuals remain non-infectious for a duration
i1y after infection. Next, they become asymptomatic infectious and only symptomatic infected will
develop symptoms at time iz, after infection. Infected individuals recover at rate h,(a,i). Only
severely infected of age a die from the infection at rate y(a,i). Notations are shown in Table 1.

Remark 2.1 Contrarily to classical SEAIR models, disease-stage progression in our model is not cap-
tured by discrete compartments (exposed, asymptomatic, and infected) with exponentially distributed
waiting times to switch between compartments. The advantage of our formalism is that disease pro-
gression can be modelled using a continuous variable, called the time since infection (in days) denoted
here by i. Every infected person then remains in the “infection compartment” from exposure until re-
covery (or death). The time since infection grows linearly with time, according to the derivative with
respect to i. Latency from exposed to asymptomatic and time of symptoms onset are not needed for
this modelling approach because these are captured through the functions describing the transmission
rate, the mortality rate, and the recovery rate at time i post infection. More precisely, the average
latency from exposed to asymptomatic (ij,) is simply mentioned to define the average time to infection
onset (isympt), and also to help the readers to understand the model flow diagram (Figure 1). On the
other hand, the time to infection onset (isymp) is used to define infectiousness reduction factors (&, &)

and the mortality rate due to the infection (y).

2.2 Age-structured transmission and severity

We use two components to model the infection process. First, we define the transmission probability
By(a,i) (v € {p,m,s}) for each contact between an infected of age a and a susceptible person, which
depends on the time since infection i. Second, we introduce the kernel K(a,a’) that represents the

average number of contacts by unit of time between an individual of age @’ and an individual of age a.
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Here, this contact matrix is informed by data from earlier study [43]. The force of infection underwent

by susceptible individuals of age a at time ¢ is then given by

A‘(taavc) = @)

Amax

(1=ca)) [ Kla,d) /O (Bl DIt 0) + Bl Dt 1)+ Bl DT (1, ) di el

Here, ¢ = ¢(t,a) is the percentage of contacts reduction towards people with age a, due to public
measures, at time ¢. The total force of infection at time ¢ in the whole population is computed as
Jo™> A(t,a,c)da. The dynamics of newly infected individuals (i.e. i = 0) in each group is thus defined
by
Ii(t,a,0) = (1—=p)g(a)A(t,a,c)S(t,a),
Lu(t,a,0) = (1—p)(1—gq(a))A(t,a,c)S(t,a), (3)
I,(t,a,0) = pA(t,a,c)S(t,a).
Note that p likely depends on age, but because is it totally unknown, we assume it is a constant.

Further, we assume that only severe infections /; lead to hospitalization and we denote by

H(r) = /0 / " Lt,a,i)di da @)

sympt

the total population hospitalized at time ¢, where iy, is the average time to symptoms onset. Each
individual of age a dies at a rate t(a,H()) at time ¢, defined by

1 (a,H(t)) = tnar(a) + Haaa (a,H(1)).

In the latter equation, U, denotes the natural mortality rate when hospitals are not saturated. Further,
we assume that this rate increases significantly as soon as the number of severe cases exceeds the
healthcare capacity Hy, and L,44 1s such additional death rate due to hospital saturation (see Section
3.2).

We apply the same reasoning by assuming that the disease-related mortality can increase because
of hospital saturation. Therefore, severely infected individuals of age a infected since time i die at
time ¢ at rate y(a,i,H(t)) defined by

Ya, i, H(t)) = (Yair(a) + Yinair (@, H(0)) Vi, e ().

Here, 74 and 7;,4;, are mortality rates directly and indirectly due to the COVID-19 respectively (see
Section 3.2). The disease-related mortality occurs after the emergence of symptoms and before the
mean final time of infection for severe cases, i.e. for i € [isympr, ifpax]-

Finally, infected individuals of age a infected since time i recover at rates hg(a,i), hy(a,i) and
hy(a,i) for severe, mild and paucisymptomatic infections respectively.
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The boundary conditions (3) are coupled with the following equations:

as

Bia) = —nlaH0)S0,0) - Alr.a0S(.a),
(G545 ) i) = — e H0)+ i ) +hla]Lira.i)
(%% ) ) = =@ H ) + b .0, »
(G2+52) i = ~WlaHO) +hyladl(a,

G0 = X [l pHOR)

for any (¢,a,i) € (0,T] X [0, amax] X R4, with initial conditions (at z = 0):
S(0,a) =So(a), R(0,a) =0, I(0,a,i)=1ILo(a,i), I,(0,a,i)=1Ino(a,i), 1,(0,a,i)=1Ia0(a,i)

for each (a,i) € [0,amax] X R4. The initial conditions of infected populations are detailed in Section
3.3. Using (3) and an integration over i of (5), one may observe that the total population N defined by

(1) is strictly decreasing since it satisfies the following inequality:

%];,(t,a) < —Upa(a)N(t,a), Va€[0,amax], Vt>0.

This is due to the fact that population aging and births are neglected in this model since we consider
a time horizon of only one year. Further, basic properties of the model such as existence and pos-
itiveness of solutions is out of the primary scope of our study. However, these can be specifically
addressed using an integrated semigroup approach and Volterra integral formulation (see e.g. [44—
47] and references therein). More specifically, one may follow [31] where the well-posedness of an
epidemiological model with a double continuous structure is handled.

3 Epidemiological outputs, model parameters and initial conditions

In this section we briefly describe some useful epidemiological outputs, the shape of age-dependent
parameters considered for the simulations of model (3)-(5), and the initial conditions. All state vari-

ables and other parameters are summarized in Table 1.

3.1 Epidemiological outputs

In addition to the total number of hospitalized cases H (¢) at time ¢ defined by (4), we define additional
epidemiological outputs such as the number of non-hospitalized cases (N ())

Ny (t) = /0 [ / I(t,a,i)di+ /0 " (In(tsa,i) + 1 (t,a,)) di| da. ©)

0
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Note that the latter encompasses paucisymptomatic, mildly infected, and severely infected but not yet
hospitalized hosts.

For the cumulative number of deaths, we distinguish between those directly due to COVID-19
infections (D¢"(t)), and those indirectly due to the epidemic (D% (¢)), which originate from the
saturation of the health system:

t t
D)= [ Dan(s)ds. Do) = [ Dna (s)as. @

where Dy, (1) and Djpg;-(t) are the number of deaths at time ¢ respectively defined by

Amax lfllax
Dyir(t) :/0 Yair(a)I(t,a,i)di da,

lsympt

Dinair (1) = /O " (@, H(0))N(t,a)da + /0 " i (@, H (1)) / " I,(t,a,i)di da.

sympt

Every aforementioned output implicitly depends on parameter ¢ = ¢(¢,a), which we will omit
in the notations when no confusion is possible. However, for clarity, we do explicitly write this
dependence to compare public health measures. The relative performance between two strategies cy
and ¢y, denoted by A(cy,c2), is estimated by assessing the cumulative number of deaths in the whole
population during the 7" days of control period with the strategy c; relatively to deaths with the strategy

cp. Formally we have
DS (¢, T)+ D5 (c1,T)

A(Cl,Cz) =1- _—" i.ndir .
D4 (c2,T) 4+ D5 (c2,T)

Hence, a relative performance A(cy,c2) = 0.1 implies that the strategy c; reduces the number of deaths
by 10% relatively to c;.

3.2 Model parameters
Mortality rates

We assume that indirect mortality, i.e. not directly due to COVID-19, increases when the number of
hospitalisations H(t), at time 7, exceeds a healthcare capacity threshold Hy,, (which is approximated
with the maximal intensive care capacity). The natural mortality rate then increases by Uq4(a, H) for
the whole population, and by ¥;uair(a,H) for severely infected individuals of age a. These rates are
modelled by logistic functions that are arbitrarily chosen as:

1072 ppa(a) - B yair (@)
(0 () e (o) "

sat Hmt

.uadd(aaH(t)) =

This choice of functional parameters implies that

Hadd (G,O) ~ 0, %ndir(aao) ~ 07 Hadd (astat) = 10_4.unat (a)7 ’yindir(aaHSat) = 10_2’)/dir(a)
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which means these additional mortalities are negligible when hospitals are not saturated (Figure 2 b).

In case of full saturation, we have
lim ogq(a, H) = 1072ty (a), lim Yygir(a, H) = vair(a)
H—o0 H—oc0

for each a € [0,amax], meaning that the natural mortality rate is only increased by 1%, while the
disease-induced mortality rate 7y is doubled. Indeed, according to [48], less than 50% of patients in

critical care will die in case of no saturation of hospitals.

(a) (b)
0.06
/"t |—Paucisymptomatic infection

., 0.05¢ [/t |- - -Severe infections
= i F Tild i i :
Z I Mild infections Mortality rate y(a,H)
=) ; 1
E o004y H '
c B [
2 i 1
= L K 1
E 0.03 ; | ‘
i i ' 0.7]
goozp ] i %-‘;‘;
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»g“‘ ! . 0.4]

oot} i ! 0.3]
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rsj16 0 2 10
Figure 2: (a) Transmission probabilities of paucisymptomatic infections f3,, symptomatic severe fi;
and mild infections f,,. (b) Disease induced mortality rate with a maximal healthcare capacity Hy,, =
5x 103

Transmission rates

The infectiousness of an individual aged a, which is infected since time i, is given by B, (a,i) (v €
{s,m,p}). Based on estimates described in [22], we assume that 3, does not depend on host age a,
i.e., By(a,i) = B,(i). This assumption is only made for parameterization purpose and does not impact
the general formulation of the model proposed here (this is discussed later in Section 6).

The transmission rate at a given day i post infection of a given type of infectious host is defined
such that B, (i) = a x &,(i) x B(i), for v € {s,m, p}. As detailed below, « is a scaling parameter ob-
tained from the value of the basic reproduction number Ry, which is the mean number of secondary
infections caused by an infected host [24]. As [22], we assume that parameter 3 which strongly de-
pends on the generation interval, follows a Weibull distribution 8 ~ W (3,5.65). Finally, parameters
&,(i) are factors that capture variations in infectiousness based on the type of host. For paucisymp-
tomatic individuals, for instance, these are assumed to be constant (ép(i) = ép), while the reduction

factor in more symptomatic infections (severe and mild) is assumed to vary after symptom onset to
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capture admission in a healthcare facility or self-isolation at home. More precisely, we assume that

1 ifie |0, , 1 ifie|0,i )
&) = el g 0= )
eiln(lo)(lflxympt) lfl > isympt eiln(z)(lfls)'mpt) lfl > iSympt-
These two functions are chosen arbitrarily by assuming that individuals do not isolate before symp-
toms onset (i < igymp ), and that isolation is stronger when symptoms are more severe (Figure 2 a). We
therefore assume that the transmission probability B is divided by 10 (respectively 2) every day after

the average time of symptoms onset for individuals severely (resp. mildly) infected.

Recovery rates

We assume that recovery rates h,(a,i), v € {s,m, p}, of infected individuals of age a infected since

time i are independent of the age a and take the following form:
/’ls(-,i) = l[l'.v 700}(1')7 hm(‘,l') = hp(',i) = l[ifgﬂx,oo](i)a VieR,. (10)

That is, one can recover from severe (resp. mild and paucisymptomatic) infections only after a time

m

since infection &, (resp. if,.) corresponding to the mean duration of infection.

max

3.3 Initial conditions

The initial susceptible population Sy and epidemic size Iy are given in Table 1. Since, initially, screen-
ing is usually restricted to individuals with severe symptoms, we assume that all initial cases are severe

infections. Thus, we set fii}““* Jo™ Iy 0(a,i)da di = I as the initial severely infected individuals, which

sympt

we assume to be uniformly distributed with respect to the time since infection i on the interval [0, . ].

Using estimates from [55, 60] on the age distribution of hospitalised people, we derive an estimation

of I;o(a,i) for each (a,i) € [0,amax] X R4. Next, following the life cycle (Figure 1), we obtain an

estimation of the total initial infected population by (11“_'0[5;1;(2) . From there, we deduce the initial mildly

and paucisymptomatic infected populations, which can be denoted respectively by

1—g(a)
q(a)

I
g(a)(1—p)

Im70(a,i): Is7o(a,l') and IA70(a,i): Is,o(a,i).

4 Optimal intervention

As explained above, our goal is to find an optimal control strategy that is allowed to vary depending on
the number of days since the onset of the epidemic (#) and on host age (a). In this section, following
well established methodology in optimal control theory [13-16, 61], we search for the optimal control
effort function ¢* that minimizes the objective functional J : L*(Ry X [0,amax]) 3 ¢ — J(c) € R,

where _
7e) =D (e, 1) + D e 1)+ [ [T Bl ra)dadr,
o Jo

9



Param. Description (unit)

Values [source]

State variables

S Susceptible individuals
I Severely infected individuals
I, Mildly infected individuals
I, Paucisymptomatic infected individuals
R Recovered individuals
General parameters
t,T time and final time of simulations (days) t € [0,7T] (ad hoc)
a,amax age and maximal age of individuals (years) a € [0, amax], amax = 100 (ad hoc)
i time since infection (days) R, (ad hoc)
Lt average latency from exposed to asympt. (days) 4.2 [49]
Lsympt average time of symptoms onset (days) i +1=15.21[48]
i ax mean final time of infection for severe cases (days) isympr +20 =25.2 [50]
I mean final time of infection for mild cases (days) Lsympr +17 =22.2 [50]
Madd additional death rate (days™') defined by (8)
Bs,Bm, By transmission probabilities (unitless) computed in Section 3.2
E.Em, &,  infectiousness reduction factors (unitless) defined by (9) and &, = 0.1 [22]
hs,hm,h,  tecovery rates per infection (days ') defined by (10)
C, Cmax percentage of contacts reduction and its upper bound ¢ € [0, ¢max)> cmax = 0.95 (assumed)
Yair mortality rate directly due to the COVID-19 (days_l) [48]
Yindir mortality rate indirectly due to the COVID-19 (daysfl) defined by (8)
P proportion of paucisymptomatic (unitless) variable
q proportion of symptomatic requiring hospitalisation [48]
(unitless)
B cost of the control measure (unitless) variable
Specific parameters for each country
Param. Description (unit) Burkina Faso France Vietnam
So initial population of susceptible [51] [52, 53] [54]
1) initial epidemic size 288 (WHO)™) 130 [55] 217 (Ministry of Health)
Hnat natural death rate (days_l) [56] [57] [58]
Hgy maximal healthcare capacity (unitless) 11 [59] 5000 [55] 5932 (NIHE)®**)
K matrix of social contacts (days’l) [43] [43] [43]
Parameters and range for the global sensitivity analysis
Param. Description Range
Pop.Struc  population structure {Burkina Faso, France, Vietnam}
H,,; maximal healthcare capacity {10, 100, 500, 2000, 5000, 6000, 50000, 5e+05, 5e+06}
P proportion of paucisymptomatic {0.05 t0 0.95} by step of 0.1
Lsympt average time of symptoms onset {1.2t0 9.2} by step of 2
5,, infectiousness reduction of 7, {0.1,0.3,0.5,0.7, 1}

(), corresponds to March, 1st, 2020 in France and April, 1st, 2020 in Burkina Faso and Vietnam.
() WHO: World Health Organisation, NIHE: National Institut of Hygiene and Epidemiology

Table 1: Model Varileles and parameters.
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cum cum
Ddtr ’ Dmdtr

being the cumulative number of deaths defined by (7), and B(a) the cost associated with

the implementation of such control ¢ for the age class a. Our aim is to find the function ¢* satisfying

J(ch) =

wherein the set %/ is defined by

minJ(c)

cEU

U = {C € Lm(R-;- X [O;amax]) :0< C('?')

1D

< Cmax}a

with cpax < 1 a positive constant. That is to say, the function ¢* will minimize the cumulative number

of deaths during 7" days, as long as the cost of the control strategy is not too large.
Let (S,1s,1n,1,,R) be a given solution of (3)-(5) then let A and H be respectively defined by (2)
and (4). After some computations (Appendix C), we find that the adjoint system of (5) reads as

( dzy,

321,,,

(311p

ad
G (0,

9
EAg

+ % ¢9z1A
+ azI,,,

3111,

+

&(ta) g Jo™ K(a,a')(Bs(d,i)l(

a)
>a)
(t,a,i)
)@mo
)@mo

:u(a’H(t))ZS(t’a *I'Ladd(aaH(t))
p(a, H(1))zr (1, a) = Hada(a, H (1))
(u(a, H (1)) + hs(a,i))z1,(1,a,i) = Haaa(a, H (1)) = Y(a,i, H(1))(1 — 2, (1, a,i))
(u(a,H(t)) + hm(a,i))z1,(t,a,1) — Haaa(a, H(t))
(k(a,H(t)) +hp(a,i))z, (t,a,0) = Haga(a, H (1))
t,d i)+ Bu(d' i) (t,d i)+ Bp(d i), (t,d ,i))da’ di
0

Gt @)L, ) (D) + Bs(a,i) o™ &a(t,d)S(t,a")K(d',a)dd’ + G3(t,a)hs(a, i)
B(a,i) [o™ &a(t,d")S(1,a)K(d',a)da’ + E3(t, a)h(a, i)
Bp(a,i) Jo" &a(t,a)S(t,a")K(d,a)dd’ + §3(1,a)hy (a, i)

12)

with final conditions z5(T,a) = zz(T,a) = 0, z,(T,a,i) = 0 and lim;_,ez,(t,a,i) = 0, for any u €

{Ils, Iy, I} and (a,i) €

= du
0 o0H
+
(2
0 o0H
+

[1—c(t,a)][(1-p)(q(a)

oH

(a,H (1)) (L(t,a,i)(1 —z

(a,H(t),(t,a,i)(1—z

9 (@, H(1)(S(t,a)(1 -z
z,+(1—q(a))

11

ZR(Z‘,CI)

0
0

1, (t, a, i)

" on
0
0

[0, amax] x R, while & (k € {1,2,3}) satisfy the system:

(t,a)) 4+ R(t,a)(1 —zg(t,a)))
21,) + pz1,)(t,a,0) — (1 —c(t,a))zs(t,a)

1 (t,a,1) + Ln(t,a,i)(1 —z,(t,a,i)))di

7@@H@mmmoa—qmmm>m
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Finally, the Hamiltonian .7 of (11) is given by (C.1). Then, solving e~ 0, it comes that
c

c*(t,a) = max(0,min(é(¢,a), 1)), (14)
for every (t,a) € [0,T] x [0, @max], Wwhere

S(t,a)Ao(r,a) [(1 — p)(1 —q(a))z,(t,a,0) + (1 - p)g(a)z,(,a,0) + pzy, (1,a,0)]
2B(a) ’

é(t,a) =

with A defined by (B.4).

We also assume that the cost B(a) of the control measure over individuals aged a € [0, amax]| is
proportional to their density in the initial susceptible population Sy, i.e.
B*So(a)

B(Q)ZW7

where B* € R, is a variable parameter characterizing the relative cost in implementing the strategy.
Additionally, one may consider the age distribution of the economic cost on the shape of the function
B. For example, the economic cost can be assumed more important for the working population (i.e.
age group 20 — 60) compared to the older, mostly retired, population. However, in absence of relevant
references on this topic we stand with our primary assumption.

The state system (3)-(5) and the adjoint system (12)-(13) together with the control characteriza-
tion (14) form the optimality system to be solved numerically. Since the state equations have initial
conditions and the adjoint equations have final time conditions, we cannot solve the optimality system
directly by only sweeping forward in time. Thus, an iterative algorithm, forward-backward sweep
method, is used [8]. In other words, finding ¢* numerically, involves first solving the state variables
(3)-(5) forward in time, then solving the adjoint variables (12)-(13) backward in time, and then plug-
ging the solutions for the relevant state and adjoint variables into (14), subject to bounds on the control
function. Finally, the proof of the existence of such control is standard and is mostly based on the Eke-
land’s variational principle [62]. Therefore, existence of the optimal control to the above problem is

assumed and we refer to [13] for more details.

5 Results

Here we consider three countries as case studies: Burkina Faso, France and Vietnam. They have quite
contrasted age-structure and social contacts of their population (Figure 3). Indeed, in Burkina Faso
the very large majority (96.1 %) of the population is under 60 while it is respectively 87.7 % and 73.4
% in Vietnam and France (Figure 3 a,b). It shows that an higher proportion of the population is older
than 60, hence at risk for COVID-19 infection, in France 26.6%, in comparison to Vietnam 12.3 %, or
to Burkina Faso 3.9 % (Figure 3 a,b). Also, contacts are more frequent among the older population in
France compared to Vietnam (Figure 3 d, e). By contrast, very few contacts are observed among older

populations in Burkina Faso (Figure 3 c).
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Figure 3: (a)-(b) The population age-structure of Burkina Faso, France and Vietnam. (c)-(e) Contact
matrices in the three countries, in log scale where dark color intensities indicate less likely events
i.e. smaller tendency of having a household member of that age, lower proclivity of making the age-

specific contact.

5.1 Global sensitivity analysis

We study the sensitivity of infected individuals, hospitalizations and deaths to five parameters: pro-
portion of paucisymptomatic (p), average time of symptoms onset (isy; ), infectiousness reduction of
paucisymptomatic infections (&, ), healthcare capacity (Hy,) and population structure (including the
natural mortality, the size of the population, age-structure and social contacts). The variation range of
above parameters is assigned in Table 1. Sensitivity indices are estimated by fitting an ANOVA (Anal-
ysis Of Variance) linear model, including third-order interactions, to the data generated by simulation.
Note that this ANOVA linear model fitted well with 99% of variance explained. Overall, the popula-
tion structure is the main parameter highlighted by the sensitivity analysis with 70% of the variance
explained for the number infected individuals, 40% for hospitalizations and deaths (Figure S1). The
population structure is followed by &, p, and iy, Which have quite similar importance on the num-
ber infected individuals with a slight dominance of §, (Figure S1). By contrast, for hospitalizations
and deaths, the population structure is followed by p with 40% and 30% of the variance explained
respectively; while &, and iy, have very marginal impact (Figure S1). Finally, the importance of
Hy,, is strictly negligible on the three output variables, with however, a greater importance on deaths

as compared to hospitalizations and infected (Figure S1).
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5.2 The basic reproduction number R

An explicit expression of the Ry of model (3)-(5) is difficult to obtain in general. We show in Ap-
pendix B that it is possible to write Ry = @ x r(U), where o is the scaling parameter introduced in
Section 3.2, and r(U) is the spectral radius of the next generation operator U defined on L' (0, @pay)
by

T L0, tmax) 3 v — So(-) / / " K(d)o(d,ivd)dd di € L'0,ams).  (15)
0 0

where Sy is the initial susceptible population, K is the contact matrix and ®(a, i) is the infectiousness

of individuals of age a infected since time i (Appendix B). It follows that

r(U)

Setting Ry = 3.3 [63, 64] for all three countries and using a numerical approach and corresponding

values for Sy and K for each country, we successively determine r(U) and a by (15) and (16) respec-
tively.

5.3 Uncontrolled epidemic

We first use the model (3)-(5) to describe the outbreak of the epidemics for all three countries, without
any public health measure (i.e. ¢ =0), with Ry = 3.3 and other parameters defined in Section 3 and
summarized in Table 1.

The peak of the epidemics is reached approximately at day = 51 for hospitalised people, and day
t = 46 for non-hospitalised people without any control measures in the France scenario (Figure 4 e).
Such times to peaks for hospitalised and non-hospitalised people are 47 and 41 (resp. 50 and 45) for
Burkina Faso (resp. Vietnam) scenario (Figure 4 a, resp. Figure 4 i). The delay between the two peaks
is due to the latency time iy, for symptoms onset (Table 1).

In absence of control measures, the healthcare capacity is quickly exceeded, about twenty days
for France scenario (Figure 4 e), and the number of deaths increases sharply from then on. Such
configuration is similar for Vietnam scenario (Figure 4 i). By contrast, due to a very low healthcare
capacity in Burkina Faso, the health system is exceeded only after a few days compared to France
and Vietnam (Figure 4 a). However, this overloading of the health system does not have the same
consequences in terms of mortality in Burkina Faso compared to France and Vietnam. This is partially
explained on the one hand by the fact that less than 4% of the population is above 60 years in Burkina
Faso (Figure 3 a) and on the other hand by the fact that very few contacts are observed with older
population in Burkina Faso compared to France or Vietnam (Figure 3 b-d).

At the end of the simulation (+ = 150 days), without any control measures, the herd immunity
threshold (1 — 1/Ry =~ 69.7%) is reached in Burkina Faso, France and Vietnam (Figure 5). Indeed,
the average size of the epidemic (severe, mild, and paucisymptomatic infections) is close to 90% in

France and Vietnam but only 78% in Burkina Faso (Figure 5). Interestingly, in all three countries,
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are default in Table 1, Ry = 3.3 and the proportion of paucisymptomatic infections is p = 0.5.
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and the proportion of paucisymptomatic infections is p = 0.5.

the proportion of the population less than 20 that have been infected is around 93%. While almost
the same proportion of the group [20 — 60] was infected in France and Vietnam (94%), only 65% was
infected in Burkina Faso. This proportion then decreases for the population older than 60, more or less
quickly depending on the country, and is around 73% in France, 56% in Vietnam and 33% in Burkina
Faso. Further, among the infected population, more than 98% are less than 60 in Burkina Faso, while
this proportion is 92% in Vietnam and 76% in France. This age structure of infected populations is
particularly important since most of the infections that occur in the young population do not require
hospitalisation (Figures 4g, 4 c, 4 k) while people older than 60 represent the age class with the highest
cumulative number of deaths (Figures 4 f, 4 b, 4 j).

5.4 Optimal intervention

We now investigate the result of implementing an optimal intervention that accounts for the age struc-
ture of the population. Strategies performances are here compared in terms of cumulative number of
deaths for three costs of control measures (low B* = 102, intermediate B* = 103, and high B* = 10%).

The optimal control strategy varies in time and depends on host age. In general, regardless of
the country (Burkina Faso, France or Vietnam), the control is stronger early in the epidemic and for
older populations (Figures 6, S2, S3). Overall, the level of optimal control is lower in Burkina Faso
compared to France and Vietnam (Figures 6, S2, S3). If the cost of implementing the measures B* is
intermediate or high, the optimal control is almost restricted to individuals above 55 and to the first
third of the time interval considered, with a significant reduction in deaths (Figures 6 d, e, Figure S2

d, e and Figure S3 d, e). In France, the relative performance of the optimal control ¢* compared to a
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Burkina Faso and Vietnam are given by Figures S2, S3.

‘doing nothing’ scenario (A(c*,0)) is at least 92% (resp. 82%) when the cost is B* = 103 (resp. 10%).
For Burkina Faso, A(c*,0) is at least 50% (resp. 4%) when B* = 10° (resp. 10%). Finally, for Vietnam
A(c*,0) is at least 87% (resp. 62%) when B* = 103 (resp. 10%). In the case of Burkina Faso, note that
the level of the optimal control is quite low when the cost of implementation is high (Figure S2 c),
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and as a result, the effect of this control in reducing mortality at the population level is negligible. This
is due to the relatively small number of deaths in the whole population in Burkina Faso without any
control measures (Figure 4 a).

If the implementation of the control measure comes at a low cost (B* = 10%), the optimal control
significantly extends to younger populations in all three countries (Figures 6 a, S2 a, S3 a), with
a maximum intensity reached near the 4th month of the epidemics and a steady decrease until the
end of the control period. Overall, the optimal control lasts less longer in Burkina Faso (Figure S2 a)
compared to the cases of France and Vietnam (Figures 6 a, S3 a). At first, the control is mainly applied
to people above 35 in all three countries (Figures 6 a, S2 a, S3 a). But, while the control extends to
people less than 35 in France and Vietnam after 2 or 3 months (Figures 6 a, S3 a), such an extension
is very moderate (or even negligible) in Burkina Faso (Figure S2 a). The resulting reduction in the
number of deaths is very pronounced with a relative performance A(c*,0) of at least 80% (resp. 99%,

97%) in Burkina Faso (resp. France, Vietnam).

5.5 Performance and practical implementation

To illustrate how the strategy identified using optimal control theory outperforms “classical” optimi-
sation approaches, we derive optimal strategies that do not vary in time and use the same amount of
“resources” (that is the same cumulative cost). Assuming a relatively high cost B* = 103, we first
investigate a control strategy that targets the younger fraction of the population (Figure 7 a), a second
strategy that uniformly targets the whole population (Figure 7 b). Both strategies have a control level
cmax = 0.95 and vary in duration (the total amount of resource used being constant).

In France, when targeting the population uniformly, the epidemic is under control during approxi-
mately 60 days. However, once the control resources are exhausted, the epidemic reemerges (Figure 7
¢). With the (longer) control over the younger fraction of the population, the first epidemic peak is
slightly delayed and the epidemic appears to be under control for a longer time period (180 days). Un-
fortunately, resources also become exhausted and a second peak appears a few months later (Figure 7
¢). Whether it is for a uniform control of the whole population or over its younger fraction, the cu-
mulative mortality over the time period of interest is comparable to that without any control measure
(Figure 7 d). The performance of the optimal control relatively to the uniform control of the whole
population or over its younger fraction, is approximately 92%; and at the end, 55% of the whole popu-
lation has been infected with the optimal control and at least 85% with control of the whole population
or over its younger fraction (Figure 7 e). A such configuration is quite similar for the case of Vietnam
(Figure S4).

By contrast, for the case of Burkina Faso, regardless the control strategy (optimal, uniform or
over the younger fraction) the proportion of infected population is approximately the same as without
control (78%). The herd immunity threshold (1 — 1/Ry ~ 69.7%) is then reached for all the three con-
trol measures and the epidemic cannot restart (Figure 8 e). The cumulative mortality with a uniform

control of the whole population or over its younger fraction is comparable to that without any control
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Figure 7: Comparing optimal control with uniform control of the whole population of over its
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time 7 = 365 days. (e) Age distribution of the proportions of the population that have been infected

before one year. Here, we assume B* = 10% and p = 0.5.

measure (Figure 8 d). However, despite their same proportion of infected individuals, the performance
of the optimal control relatively to the uniform control of the whole population or over its younger
fraction, is at least 50%.

A practical issue regarding the implementation of such optimal control strategy is the fact that
it is a continuous function. One possibility to address this problem is to derive step functions. For

instance, in Supplementary Figure S5, we subdivided the population into 10-year amplitude classes
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Figure 8: Comparing optimal control with uniform control of the whole population or over its
younger fraction in Burkina Faso. (a) Illustration of the control over the young population and (b)
uniform control of the whole population. (c) Number of hospitalizations. (d) Cumulative deaths per
age at final time 7 = 365 days. (e) Age distribution of the proportions of the population that have been

infected before one year. Here, we assume B* = 10° and p = 0.5.

and updated the control every 3-weeks. Importantly, even though it is assumed to be constant during
each 3-weeks period for each age-class, the control intensity directly originates from the results of
the continuous optimal control strategy. This discrete implementation of the optimal strategy achieve
similar efficiencies (Figure S5), with a relative performance of 91% compared to a doing nothing

scenario.
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6 Discussion

Non-pharmaceutical public health interventions can be implemented either to mitigate the COVID-19
epidemic wave, and rely on natural immunisation, or to suppress the wave long enough to develop
and implement a vaccine or a treatment. Here, we explicitly factor in the age heterogeneity of the
host population in the identification of the optimal allocation of the control efforts in three countries
(Burkina Faso, France, Vietnam) which have quite contrasted age-structure of their population and
social contacts (Figure 3).

We use optimal control theory to characterize an optimal strategy that significantly reduces the
number of deaths, while being sustainable at the population level. Our formulation assumes a quadratic
cost for the control effort. Overall, the optimal control lasts less shorter in Burkina Faso compared to
cases of France and Vietnam. We find that, with this strategy, the intensity of the control is always
relatively high on the older fraction of the population during at least a hundred days, before decreasing
more or less rapidly depending on the cost associated to the control and the social structure of the host
population. The control over the younger fraction of the population is weak and only occurs when
the cost associated with the optimal control is relatively low and, while the control extends to the
younger population in France and Vietnam after 2 or 3 months, such extension is very moderate (or
even negligible) in Burkina Faso. This late control over the younger part of the population actually
mimics the results [10] where the control did not peak right away. Intuitively, if control strategies
come at a high cost for the population, it is best to focus on the age classes that are the most at risk.
Conversely, if the control measures are more acceptable to the population, the optimal strategy is to
aim wide in order to completely suppress the epidemic wave.

Information on the natural history of paucisymptomatic infections of COVID-19 remains rela-
tively little-known [65, 66]. It is estimated that a proportion p of infected individuals will remain
asymptomatic throughout the course of infection. However, this proportion remains largely unspeci-
fied in the literature [65, 66]. We explored effects of the proportion p on the optimal control strategy
c*. Overall, the proportion of paucisymptomatic infections has marginal effects on the optimal control
strategy (Figure S6). The optimal control remains strong over the older population from the begin-
ning of the epidemic, before being progressively relaxed. The control over the younger population is
weaker and occurs only if the control cost itself is low. But, the level of control over the younger frac-
tion increases when the proportion of paucisymptomatic infections decreases. Further, for high values
of B* (103 or 10%), the shape of the optimal control is qualitatively the same when the proportion p
varies, except for extreme high values of p = 0.9 and B* = 10* for which the control becomes naturally
low for the whole population (Figure S6). Indeed, the epidemics cannot be stopped and the strategy
is then to reduce mortality by protecting the population the most at risk (here the older population).
However, with low value of B* (10%), different shape of the optimal control give the same result since
there are enough resources to stop the epidemics.

Given the leverage represented by school and university closure, we investigated the effect of
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control measures over individuals aged under 25. Our results show that NPIs targeting the younger
fraction of the population are not very efficient in reducing cumulative mortality, unless they can be
implemented strongly and for a relatively long period. Indeed, the number of deaths with a control
only over the younger population is similar to a doing nothing scenario for cases of Burkina Faso,
France and Vietnam (Figures 7, 8, S4 a, ¢). Thus, this result does not seems to depend on the age-
structure and social contacts of the population considered. However, the variation of the transmission
probability with age (discussed below) can potentially impacts a such result.

The formulation of the objective functional considered here search for the optimal control effort
the cumulative number of deaths. However, other objective functions can be considered including for
example, long-term hospitalizations and long-term health consequences. It is equivalent to consider-
ing the number of hospitalizations as the variable to be minimized and costs associate to long-term
hospitalizations and long-term health consequences. This formulation may indeed be interesting to
look at in details but would deserve to be considered independently in another study.

The model proposed here is an extension of the classical models based on ordinary differential
equations that tackled the issue of the optimal control of COVID-19 outbreak [9—-12]. Here, the whole
population is structured by age (a) and additionally by the time since infection (i) for infectious indi-
viduals, which echoes the model developed in [64] using a discrete-time formulation of the infection.
With our continuous structure, we show that the number of new cases Iy(¢,a) at time 7 in individuals

of age a is given by the renewal equation

©  fdmax
In(t,a) = So(a)/ / K(a,d)o(d ,i)Iy(t —i,a)dd di,
0o Jo

where K is the contact matrix and ®(a,i) is the infectiousness of individuals aged a which are in-
fected since time i (Appendix B). For parameterisation purposes, we assume that @(a, i) is the product
between the proportion of individuals of age a in the whole population and the infectiousness E(z)
of individuals infected since time i. This is potentially a limitation —not in the model formulation
proposed here, but rather in parameterisation perspective in relation to the existing literature— since
infectiousness B could depend on the age a thereby creating an additional heterogeneity in addition
to that since the time since infection i. This issue can be particularly important since some studies
suggest a low risk of transmission in the young population (e.g. [67]). On the other hand, although
superpsreading events (of young people) have been documented, there is still much uncertainty about
their relative role in the spread of the epidemic and about their origin (superspreading could be linked
to environmental conditions, such as massive gatherings, rather than individual properties). Therefore,
assuming independence from age seems the most parsimonious assumption given the current data.

Another potential limitation is the lack of gender structure and comorbidities in the model for-
mulation. Given the observed male biased in mortality during the COVID-19 pandemic, it has been
suggested that males are more at risk of developing severe infections [68]. This heterogeneity could
readily be introduced in the model.

Contact networks have an important role in transmission dynamic models. Epidemic models that
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determine which interventions can successfully prevent an outbreak may benefit from accounting
for social structure and mixing patterns. Contacts are highly assortative with age across a given
country, but regional differences in the age-specific contacts is noticeable [43]. The current model
could be modified to explore epidemiological dynamics in a spatially structured population with non-
homogeneous mixing, e.g. by using a meta-population model [69].

Another potential extension of the model would be to allow for the isolation of symptomatic cases
and their contacts, following the method developed in [70] and applied recently to digital contact
tracing [22]. Indeed, these measures strongly depend on the relative timing of infectiousness and
the appearance of symptoms, and the formulation of the presented model seems suitable for that.
However, this also raises technical challenges due to the double continuous structure. Being able to
identify age classes to follow in priority with contact tracing could be, though, an asset in controlling

epidemic spread.

Code availability

The code (with the Julia Programming Language) used to simulate the model can be accessed through
the Zenodo platform http://doi.org/10.5281/zenodo.4288144
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Figure S1: Global sensitivity analysis. Sensitivity of infected individuals, hospitalizations and deaths
to the proportion of paucisymptomatic (p), average time of symptoms onset (isy;), infectiousness
reduction of paucisymptomatic (&), healthcare capacity (Hy,) and population structure —Pop.Struc—

(including the natural mortality, the size of the population, age-structure and social contacts).
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Figure S2: Optimal control strategy (c*) as a function of the cost of the control measures in
Burkina Faso. Intensity of the control as a function of time and host for for (a) relatively low B* = 102,
(b) an intermediate B* = 103, and (c) a high B* = 10* cost. (d) Prevalence of hospitalized patients as
a function of the strategy and the cost. (e) Cumulative deaths per age at the end of the time interval

(when T = 365 days). Parameter values not related to the control are identical to Figure 4.
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Figure S3: Optimal control strategy (c*) as a function of the cost of the control measures in
Vietnam. Intensity of the control as a function of time and host for for (a) relatively low B* = 102,
(b) an intermediate B* = 10°, and (c) a high B* = 10* cost. (d) Prevalence of hospitalized patients as
a function of the strategy and the cost. (¢) Cumulative deaths per age at the end of the time interval

(when T = 365 days). Parameter values not related to the control are identical to Figure 4.
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Figure 6 b. (¢)-(d) Cumulative deaths per age at final time 7" = 365 days.
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Figure S6: The effect of paucisymptomatic infections, through their proportion p, on the optimal

control c¢*.
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B Basic reproduction number

Here we compute the basic reproduction number Ry of the model (3)-(5). First let us set for i > 0 and

a € [0,amax] the following functions

7s(a,i) = exp (_i.unat(a) = /0 i[Ydir(a)l[isy,,,p,,ifmx}(G )+ hs(a,0)]do > ;
Ttm(a,i) = exp (—iu,w,(a) — /Oihm(a, G)dG) ,
7,(a,i) = exp <—iu,m,(a) _ /0 (@, G)dG) ,

that describe the survival probability of infected individuals (in the respective compartment), with age
a, from their infection until the time since infection i, in case of no hospitalisation (i.e. H =0). We

get the following Volterra formulation of the linearized system of (3)-(5):

Lo(a,i—1)-2@i_ fort €[0,i),
I(t,a,i) = 0@ =)o (0.9 (B.1)
(1 —=p)gla)Ao(t —i,a)So(a)ms(a,i), fort>i,
Luola,i—)-Znlai forz € [0,i),
(t,ai) = § TR 0.0 (B.2)
(1—=p)(1—gq(a)Ao(t —i,a)So(a)my(a,i), fort>i
and
Iyola,i—t G , fort € (0,i),
L(t,a,i) = a0l )7fad-n 0.1 (B.3)
pAo(t —i,a)So(a)my(a,i), fort>i
where A9 = A(+,-,0) is defined by
A()(l‘,d) — " K(Cl?a/)/ (ﬁs(alai)ls(tva,7i) +ﬁm(alvi)lm(tval>i) +ﬁp(a,ai)lp(t,alai)) di d(l,,
0 0
(B.4)

where P, k € {s,m,p} are defined in Section 3.2. Let Iy(t,a) = Ao(¢,a)So(a) be the density of newly
infected of age a at time ¢, with ¢ = 0. Then (B.1)-(B.2)-(B.3) can be rewritten as the following

Volterra formulation:

IN(t7a) - S()(Cl) /Ot /Oamax K(a,a’)co(a’,i)IN(t—i,a/)da’ di+f(t7a)7

where

o(d',i) = Bs(d',i)(1 - p)g(d)ms(a’,i) + Bu(d',i) (1 — p)(1 — q(d')) Tn(d',i) + Bp(d, i) pry(d', i)

and f(z,a) is the density of new infections produced by the initial population. Therefore, the basic
reproduction number Ry is the spectral radius, denoted by r(U), of the next generation operator U
defined on LL(O,amax) by

U :L'(0,amax) 2 v+—> SO(')/ / maxK(',a’)a)(a’,i)v(a')da’ di € L'(0, amay)
o Jo
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As explained in Section 3.2, it is estimated in [22] that each average infectiousness f (k € {s,m, p})
takes the form of a Weibull distribution W (3,5.65) so that the mean and median are equal to 5.0
days while the standard deviation is 1.9 days. Based on this estimation, we assume that B (a,i) =

aB(i)& (i) where B ~ W (3,5.65) and « is a positive parameter to be determined. Consequently, it
follows that « is given by

(B.5)
where U is the operator defined by

U:LY(0,amax) 2 v»—>So(')/Ooo Oamde( d)a(d ,i)v(a)dd' di € L0, amax)
with

@(d,i) = i) &) (1 = p)g(d)ms(d i) + En(D) (1 — p)(1 — q(d)) Tu(d' i) + &, (i) pry (1)) -
We see that U can be rewritten as

Tv(a) = So(a) 0‘“”K(a,a')ﬁ(a’)v(a')da’, Ve Ll (0,amy) where Q(d') = /O o(d,i)di

Now, in order to compute the spectral radius r (U), we first make the following assumptions:
Assumption B.1 We suppose that functions Sy, K,Q are bounded and positive almost everywhere.

Then, we can show that r(U) is given by the spectral radius of the following linear operator:

L'(0,ama) 3v— [ K(ad)Q(d)So(d')v(d')dd’ € L'(0, aiax)
0

which can be easily computed since the age a is numerically divided into N classes, so that the term
inside the integral of the latter equation is a N X N matrix. Finally, we obtain & from (B.5).
In addition to Assumption B.1, if the function K is symmetric, we can define the positive self-

adjoint operator S by

S+ L0, amax) 3 v — 1/So(-)Q(") /0 " K (- )1/ So(@) Qe )v(d')dd! € L2 (0, ama).

We then deduce the following

Proposition B.2 Let K be symmetric and Assumption B.1 be satisfied. Then, operators U and S are
positive and compact, their spectra o(U)\ {0} and o(S) \ {0} are composed of isolated eigenvalues
with finite algebraic multiplicity. Moreover, we have 6(U) = ¢(S) C R, and the following Rayleigh
formula holds:

r(U)=r(S)=  sup /amax amaxK (a,d") \/SO \/SO "W(a)dd da.

veL?(0,amax )

HVHLZ (0.amax) ™~
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Proof. The compactness of both integral operators follows from the fact that ap.x < o by assumption
(see Table 1), hence their spectra are punctual. Now we prove that 6(U) = o(S). Let v € o(U) be an

eigenvalue of U and ¢ € L'(0, amax) be the associated eigenvector, i.e.

T6/(a) = So(a) /O " K (a,d)0(d)9(d)dd' = vé(a), Va € [0,am]

so that ¢ € L™(0, amax) C L*(0,amax ). Defining the function

_¢VQ
Y= /5 GLZ(O,amaX)
leads to
vy (a) = \/So(a)Q(a) Oam” K(a,d)\/Q(a)So(a)w(d)dd = Sy(a), Va € [0, ama]

ie. v € o(S) is an eigenvalue of S associated to the eigenvector v, so that 6(U) C o(S). For the
reverse inclusion, let v € 6(S) and y € L?(0,amax) C L' (0, amax ) be the associated eigenvector for S.

It follows that the function
l[/\/
\F

is an eigenvector of U related to the eigenvalue v € 6(U), whence 6(U) = o(S). In particular,

¢ € Ll (Oa max)

both spectral radius are equal. Finally, the Rayleigh formula is classical for positive and symmetric
operators. |

C Computations of the adjoint system

In order to deal with the necessary optimality conditions, we use some results in [61]. Next, we
detail the computations of the adjoint system (12)-(13). To this end, we first define the functions
v1,0:[0,T] X [0,amax] = R and y; : [0,T] X [0, dmax| X R+ by:

S(t ) Is(t’a7i)
yi(t,a) = (R 4 ) . »nl(tai)=| L(t,a,i) |, QOft,a)= (H(t) E(t,a) b(t,a))
(t,a) )
I,(t,a,i)
wherein
gH(i,yz(f,a,i)) :Is(tvaai)l[i.wm,,,,oo)(i)a gR(iayZ(tvaai)) = Z hk(avi)lk(taavi)’

ke{s,m,p}

Amax

81(a,i,y1,2) = 5(t,a) 0 K(a,d") (Bs(d,i)I(t,d i) + Bu(d,i)n(t,d i) + By(d',i)I, (t,d i) dd,
:/O /OamaxgH(i,yz(t,a,i))da di, E(t,a) /Owg)L a,i,y1(t,a,i),y2(t,a,i))di,

b(t,a) = /O " orliyya(t,a,i))di.
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The model (5) thus rewrites as

atyl(t7a) = Fl(a,Q(t,a),c(t,a),yl(t,a)),
(9 + ) ya(t,a,i) F(a,i,0(t,a),c(t,a),y(t,a,i)),
»n(t,a,0) = ®&(a,c(t,a),E(t,a)),

with

Fi(a,Q(t,a),c(t,a),y(t,a)

—(a,H(1))S(t, ) (1—c(t,a))E(t,a)
—u(a,H(t))R(t,a) + b(t,a) ’

t
(
(1)
(a
(a,

w(a,H(t))+vy atH())—i—h(at)) s(t,a,0)
F(a,i,Q(t,a),c(t,a),y:(t,a,i) —(u(a,H(t)) + hm(a,i)y(t,a,i) )
—(u Ht hy(a,i))l,(t,a,i)
and
a)(l —c(t,a))E(t,a)
D(a,c(t,a) a)) (1 —c(t,a))E(t,a) | -
p(l—c(t,a))E(t,a)

We now rewrite the functional J as
J(e) = /OT I (/1 (@ct.a), Q@) y () + [ /z(a,i,Q(t,a),yz(t,a,i))di> da dr
which is decomposed into
Sila,e(t,a),0(t,a),y1(1,a) = faaa(a, H(1))(S(t,a) + R(t,a)) +B(a)c*(1,a)
and
Pa(a,i,Q(t,a),y2(t,a,i)) = y(a,i,H(t))I(t,a,i) + Ueaa(a, H (1)) (L(t,a,i) + Ln(t,a,i) + 1,(t,a,i)).
We denote by z;, 8 : [0,T] X [0,amax] — R (for k € {1,2,3}) the following adjoint functions
z1(t,a) = (zs(t,a),2r(1,a)),  C(t,a) = (Qi(1,a), &(1,a),83(t,a)),
and we denote by z : [0,7] X [0,amax] X R the following adjoint function

ZZ(tva7i) = (Z[S(t,a,i),ZIm(t,a,i),le(l‘,a,i)),

satisfying lim;_, 22(¢,a,i) = 0 and z1 (T, a) = z2(T,a,i) = 0. We get

T
_ .uadd(aaH(t))

VYI jl (a>c(tva)vQ(tva)vyl(t’a)) = <,uadd(aaH(t))>
Hada(a,H (1)) +v(a,i, H(t))

T
Vi f2(a,0,0(t,a),y2(t,4,0)) = ( Haaa(a, H(t)) )
.uadd(a7H(t))
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_ (—u(a,H(1)) 0
VYlFl(a’Q(tva)vc(tva)vyl(tva))_ ( 0 —[J,(a,H(t)))

and

_:u(a7H(t))_Y(a’ivH(t))_hs(avi) 0 0
VP = 0 —u(a,H(t)) — hpy(a,i) 0

0 0 —u(a,H(t)) —hp(a,i)
where V, F denotes differentiation of F* with respect to the variable y.
Then
(@1 V5 F)(0.0) = (~p(a HO)zs(ta) —p(aH0O)x(,a0))

and

(22 Vy, ) (t,a,i) = (—(u+y+ he)an(t,ay) (1 + )z, (ay)  — (1 + ), (t,a,i)) .

Setting
f()oogH(iayZ(taa7i))di gH(iayZ(tvaai))
gl(a7y17y2) = E(t;a) ) gz(a,i,y1,yz) = gl<a7i7y1(t7a7i)7y2(t7a7i)) ’
b(t,a) gR(iayZ(taaai))
we see that

0 0
Vyigi(ayi,y2) = (fo°° 0" K(a,d)(Bs(d,)l(t,d i)+ Bu(d', )In(t,d', 1) + By (', D)1y (t, ', 0))da’ di 0)

0 0
and
[l ympt )(l) 0 0
Viga(a,iyr,y2) = | S(t,-)Bs(a, 1)K (-,a)  S(t,)Bu(a,i)K(-a) S(t,-)Bp(a,i)K(-a) |
hs(a,i) hm(a,i) hy(a,i)

From there, we deduce that

(C'Vylgl)(f»a)z(Cz(f»a)fow o K(a,a)(Bs(d',i)I(t,a',i) + B (@, ) In(t,d' i) + By(d', i) (¢, d', i) )dd'di 0>

and

& (t,a)l[,-sywhm)(i) + Bs(a,i) [om & (t,d")S(t,a")K(d',a)dd’ + &53(t,a)hs(a,i)
(8- Vy,82)(t,a,i) Bu(a,i) Jo™> Ca(t,a")S(t,a")K (d',a)dd’ + G3(t, a)hm(a, i)
Bp (d, l) (;lmax CZ(taa/)S(tva,)K(a,a a)dal + C3 (ta a)hp(a) l)

T

The adjoint system is given by

{ ~%(1,a) = Vy, A1(t,0)+ (@1 Yy, F)(t,a)+ (8- Vy81)(ta)
—(%+%)(t,a,)) = V,, flta > (22 Vi, B2)(t,a,0) + (£ Vy,82) (1,4, )
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which is equivalent to (12). Next, we see that
0 (I-plgla)(1—c(t,a)) 0
Vo®(t,a) = (I=p)(1—q(a))(1=c(t,a)) O
0 p(l—c(t,a)) 0
whence
(22(-,0)-Vo@)(t,0) = (0 [1 —c(t,@)](1 - p)(al@)zs, + (1~ gla))es,) + P2y ) (1,,0) 0).
Further, we have
Vo #1(1,0) = (3 (@ H(1))(S(t,a) +R(1,a)) 0 0)
and
Vo 7a(ta,i) = (%(a,H(r))(Is(r,a,i)+1,,,(z,a,i)+1,,(z,a,i))+j—g(a,i,ﬂ(z))g(z,a,i) 0 o).

We also see that Vpg1 =0, Vpgr =0,

— W (a,H(1))S(t,a) —(1—c(t,a)) 0)

VQFl(t,a) = (—%(G,H(I))R(Iaa) 0 1

and

whence

— 98 (a,H(1))S(t,a)zs(t,a) — 3 (a, H(1))R(t,a)z(t,a)
(Z]-VQFl)(t,a): —(l—C(l,Cl))Zs(l,a)

and

N u ady u u
(2-Voh)(t,a,i) = <— (ﬁ + ﬁ) Iz, — g dmzs, — g lpzr, 0 0) :
Finally, the adjoint functions { must satisfy the following equation:
C(t,a) =(22(+,-,0) - Vo®)(t,a) + (Vo 1(1,a)) + (21 - VoFi)(t,a) + (- Vog1) (1, a)
+/0 (VQXZ(tvaa l) + (ZZ ’ VQF2)(t’av l) + (C ’ Vng)(f,a, l))dl
which is equivalent to (13). Finally by [61], the Hamiltonian is given by
%(I,G,C) = ZZ(taavo) -(ID(t,a,c, Q) + /l(avch7yl) +/O fZ(avia Q>y2)dl

which leads to

'%ﬂ(t7avc) = E(tva)[l - c(t,a)][(l —p)(q(a)as + (1 —q(a))z;,n) +pz1p](t7a70)
+ Uaga(a, H(1))(S(t,a) + R(t,a)) + B(a)c2(t,a)

+ /0 " (Wasi, H@) L (tya,i) + taga(as HO)) I (1,a,8) + In(t,as) + L (1,a,i))) di. (C.1)
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