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PROBABILITY OF TOTAL DOMINATION FOR
TRANSIENT REFLECTING PROCESSES IN A QUADRANT

VLADIMIR FOMICHOV, SANDRO FRANCESCHI, AND JEVGENIJS IVANOVS

ABSTRACT. We consider two-dimensional Lévy processes reflected to stay in the positive quad-
rant. Our focus is on the non-standard regime when the mean of the free process is negative
but the reflection vectors point away from the origin, so that the reflected process escapes to
infinity along one of the axes. Under rather general conditions, it is shown that such behaviour
is certain and each component can dominate the other with positive probability for any given
starting position. Additionally, we establish the corresponding invariance principle providing
justification for the use of the reflected Brownian motion as an approximate model. Focusing
on the probability that the first component dominates, we derive a kernel equation for the
respective Laplace transform in the starting position. This is done for the compound Poisson
model with negative exponential jumps and, by means of approximation, for the Brownian
model. Both equations are solved via boundary value problem analysis, which also yields the
domination probability when starting at the origin. Finally, certain asymptotic analysis and
numerical results are presented.

1. INTRODUCTION

Reflected processes occupy a prominent role in operations research and applied probability
literature. In the one-dimensional setting, reflection is specified in terms of the classical Sko-
rokhod problem, and it is widely used to model workload in queues, as well as capital injections
and dividends in risk insurance, just to name a few applications. Multidimensional models, al-
lowing for various new features, have been extensively studied as well. We only mention the
classical monographs [7] and [11], as well as a survey paper [27] on the semimartingale reflected
Brownian motion. Apart from studying some fundamental properties of the multidimensional
model [21, 24], most of the work focuses on the recurrent case and the stationary distribution
of the reflected process; see [3, 14] for some recent work. Potential theory and Green functions
have also been considered [, 19]. Another quantity of interest is the probability of hitting the
origin for a transient process, which in the insurance context can be interpreted as ruin in a
model of two collaborating companies [1, 16]; see also [15, 25] for some fundamentals concerning
the Brownian model.

In this paper we consider a bivariate Lévy process with a negative mean in a non-standard
regime, where the reflection vectors point away from the origin, forcing the reflected process to
escape to infinity along one of the axes. We say that the first component totally dominates the
second if the process escapes to infinity along the z-axis, that is, the first component grows to
infinity while the second becomes relatively negligible; see Figure 1 for an illustration. Under
rather general conditions, it is shown in Theorem 1 that one of the components dominates the
other almost surely and that each component can be dominant with positive probability for any
fixed initial position. Additionally, we establish an invariance principle in Theorem 5 justifying,
for example, the use of the Brownian approximation in applications.

Some of the possible interpretations of our model include the following;:

e Two funds diminishing on average, with an agreement that deficit in one fund is instan-
taneously covered together with a proportional capital inflow in the other. This inflow
may also result indirectly from the loss of rating or trust.

2010 Mathematics Subject Classification. Primary: 60G51; 60J65. Secondary: 60K25; 60K40.
Key words and phrases. Carleman boundary value problem; kernel equation; Lévy processes; reflected Brow-
nian motion; Skorokhod problem; uniform law of large numbers.
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2 V. FOMICHOV, S. FRANCESCHI, AND J. IVANOVS

e Two coupled servers with a special feature that one server upon becoming idle hinders
the other (or provides some extra work for the other).
We mainly think about the first interpretation and sometimes use the respective terminology,
such as capital and injections.

10
1

FiGURE 1. Reflected Brownian motion started at the origin: domination of the
first component.

It must be noted that the conditions imposed on the reflection angles lead to a non-unique
solution of the Skorokhod problem in general, which makes the definition of the model problem-
atic. We resolve this by restricting our attention to certain subclasses of bivariate Lévy processes.
Firstly, the model in the Brownian case is defined by [24], where the authors also showed its
uniqueness in law and derived some important properties. Secondly, a simple iterative construc-
tion can be applied if one of the components of the free process does not become negative
immediately. In particular, this allows for a compound Poisson process, where each component
has a positive linear drift and only negative jumps (cf. the classical Cramér-Lundberg model in
risk insurance). We stress that non-uniqueness and the particular implementation of reflection
at the origin has no or little effect on our results. Furthermore, we formulate the domination and
approximation results in such a way that other models can be added easily upon verification of
some basic properties.

Additionally, we identify the Laplace transform of the probability that the first entity wins
by totally dominating the second in two important special cases:

(i) the aforementioned compound Poisson model with independent components and nega-
tive exponential jumps;

(ii) the correlated Brownian model.
Firstly, we derive a so-called kernel equation in case (i) additionally allowing for common jumps
(shocks), and then obtain a kernel equation in case (ii) via approximation, relying on the theory
developed below. While in case (ii) the kernel has already been studied in [14] for different
equations/problems, in case (i) we have a completely new analytic problem. Even though our
kernel equations resemble the one in [16], the Wiener-Hopf methods from there seem not to be
applicable in the current setting.

The kernel equations are solved by reducing them to the Carleman boundary value problem
(BVP) following the general scheme presented in the classical monograph [I1]. This method
initially proposed in the seventies [10, 22] has been used to study random walks in the quadrant,
their invariant measures and Green functions [18, 19], and some related queueing models [2].
This approach has also been fruitful in the continuous setting for computing the stationary
distribution of a reflected Brownian motion in the quadrant [14]. Our solutions are given in
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terms of a single contour integral along a half-circle in case (i), see Theorem 22, and along a half-
hyperbola in case (ii), see Theorem 30. Furthermore, we obtain the probability of domination
when starting at the origin and also derive some asymptotic results.

The paper is organized as follows. The model is defined in Section 2, and a basic result
concerning the total domination probabilities is proven in Section 3. The approximation result
and its proof, relying on the uniform law of large numbers for Lévy processes, are given in
Section 4. The kernel equations for models (i) and (ii) are derived in Section 5 from the one
for the Poissonian model with common shocks. With regard to the latter equation, we only
summarize the basic steps, whereas the corresponding lengthy and tedious calculations are
presented in Appendix A. We solve the kernel equation for the Poissonian model (i) in Section 6
and for the Brownian model (ii) in Section 7. Finally, numerical illustrations are provided in
Section 8.

2. DEFINITION OF THE MODEL

Consider a probability space with filtration F; and let X (¢) = (X1(¢), X2(t)), ¢ > 0, be an
adapted bivariate Lévy process, that is, a process with stationary and independent increments
which is continuous in probability; without loss of generality, we assume that it has cadlag paths
without fixed jumps (e.g., see [17, Theorem 15.1]). Our main examples will be a correlated
Brownian motion and a drifted compound Poisson process, whose two components may exhibit
both individual and common jumps.

2.1. Skorokhod problem. A bivariate process Y > 0 is a solution to the Skorokhod prob-
lem [27], also known as the dynamic complementarity problem, if the following holds a.s.:

Yi(t) = u+ Xa(t) + La(t) + roLa(t),
Yg(t) =v+ Xz(t) + T’lLl(t) + Lg(t),
where (u,v) is the starting position with u,v > 0, and L; are the regulators (cumulative capital
injections) satisfying
(i) L;(t) are non-decreasing with L;(0) = 0,
(ii) L;(t) increases only when Y;(t) =0, i.e., fooo Yi(s)dL;(s) = 0.
It is assumed that all the processes are adapted to the given filtration. The second condition con-

cerns minimality of injections, meaning that no injections are received unless strictly necessary;
in particular, we have

(2.1)

Lyi(t) = sup [—u— Xi(s) —r2La(s)] VO,
0<s<t

Ly(t) = sup [—v — Xa(s) —riLi(s)] V0.
0<s<t

Differently to the classical setting, we assume that
r1,m9 >0 and rire > 1. (2.2)

The corresponding reflection matrix (7,11 "7 ) belongs to the so-called completely-S class and thus
our Skorokhod problem has a solution in the sample-path sense [20]. Uniqueness, however, is not
guaranteed, leading to certain measurability issues for general processes, see [, 27]. Nevertheless,
in the Brownian case there is a unique weak solution [24]. Moreover, [25] establishes an invariance
property allowing to retrieve the Brownian model as a weak limit of approximations on compact
time intervals.

2.2. Iterative definition and linear complementarity problem. To define the reflected
process for a more general X, we need to recall an important dichotomy for one-dimensional
Lévy processes: the probability of immediate entrance into the negative half-line (—o0,0) is
either 0 or 1. In the first case the entrance time is strictly positive and the main example is a
process of bounded variation on compacts with a positive linear drift [, Proposition VI.11].
Coming back to the bivariate process X, we assume that at least one of its components enters
(—00,0) at a strictly positive time. Without loss of generality, we assume that X5 is such, and
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let Ty, k > 1, be the random times when X (or, equivalently, v + X3) updates its infimum; for
convenience, we also set Tg = 0. It is clear that if
v+ Xo(Tr—1) +r1L1(Th—1) + La(Ty—1) = 0,
then, since r; > 0, we also have
v+ Xo(t) +riLi(t) + Lo(Th—1) 2 0, Th—1 <t <Tj;

besides, T, — o0 a.s., k — oo. Therefore, in order to obtain the reflected process Y on [0, +00),
we just need to define it on the intervals [Ty_1,T%), k > 1, keeping Ly constant on them.

To this end, we set Lo(t) = 0 for t < T7, and then define Y on [0, 77) by reflecting u+ X1 +79 Lo
in the one-dimensional sense up to 71, i.e. taking

Ly(t) = OA (u+ X1(s)], t<T.
Then, loosely speaking, at the moment 77 we solve the corresponding linear complementarity

problem, reset Y accordingly and proceed from there, repeating the procedure. More precisely,
at each epoch Tj, which is a stopping time, we let

where AX;(T) = X;(Tx) — Xi(Tp—), and solve the linear complementarity problem for this
r = (11,72) € R%:

— inf
0<s<t

Y1 = 21 + {1 + rals, Y2 = x2 + la + 114y, (2.3)
where y;,¢; > 0 and £;y; = 0. Then we set Y;(Tx) = vyi, Li(T) = Li(Tx—) + ¢;, and proceed as
if Y(Tx) = (y1,y2) were the starting position instead of (u,v) and X (T} + -) — X (T}) were the
free process instead of X, whereas we let L accumulate the needed future injections.

Thus defined processes Y, Ly and Lo are clearly adapted to the given filtration and sat-
isfy (2.1) together with (i) and (ii). Besides, if both X; and X enter (—oo,0) at a strictly
positive time, then Ly and Lo are piecewise constant and do not depend on the initial choice of
the component of X for which T}’s are constructed.

However, it turns out that the static problem (2.3) can have multiple solutions for cer-
tain (z1,x2) < 0. In principle, any of these can be used, and one may even pick a solution in an
Jr1,-measurable random way. However, we choose one specific solution, which we are now going
to describe.

In the static problem (2.3), x; > 0 necessarily implies that ¢; = 0. In particular, z1,z9 > 0
yields y; = x; (no adjustment). Furthermore, if z; < razg A 0, then y; = 0 and yo = z2 — 71271,
whereas if xo < r1x1 A0, then y; = 1 — rox9 and yo = 0. The final case concerns the wedge:

r1,22 <0, 1 271w, X2 =112,
see also Figure 2. Here we have three solutions (two on the boundary):
(i) ;1 =y2=0,
(il) y1 = @1 — rom2, Y2 =0,

(iii) y1 =0, yo=z2 —1171.

In the following we pick (i) for concreteness, which resets both components to 0 when ambiguity
arises. It is noted that this particular choice has no or little effect on our results, which we also
stress in the following.

Finally, it is worth mentioning that in a similar way one can construct the reflected process
for the sum of a Brownian motion and an arbitrary independent compound Poisson process,
where between the jumps the model evolves as a reflected Brownian motion and at jump epochs
we again solve (2.3).

2.3. Basic properties. Here we observe some basic properties of the reflected process. Firstly,
note that the regulator does not increase when the free process is non-negative:
Vite [O,T]: u+ Xi(t) >0 —= Li(T) =0, (2.4)

since from (2.1) we then have Yi(t) > Li(t) and thus fOT Li(t)dLy(t) = 0. In such a case
Ly(t) = (—infocs<t[v + X2(s)])™ and the expressions for Y7 and Y3 are straightforward. Unlike
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FIGURE 2. Solutions to linear complementarity problem (2.3). The blue half-line
corresponds to x1 = 7r9xo < 0 and the red to z9 = riz1 < 0. The red region
results in y; = 0 and the blue region in y3 = 0. The wedge corresponds to three
solutions and for concreteness we choose y; = yo = 0 there.

the classical case, however, non-uniqueness presents some problems: if L;(7") = 0 yields a non-
negative solution (and even Y7 may be strictly positive on [0,77]), then we cannot conclude that
this is the right solution.

Importantly,

Y is strong Markov, (2.5)

so that for any finite stopping time 7, conditional on Y (7) = (u/,v'), the process Y'(t) = Y (7+t)
is independent of F; and has the original law when started at (u/,v’). In the Brownian case
this is a consequence of the strong Feller property shown in [24], and in the case of the iterative
construction of §2.2 this property is obviously inherited from the process X. Note, however,
that the choice in (2.3) must not depend on the future evolution of the process.

Finally we comment on rescaling of the model. For any a1, as > 0 by setting
XI(t) = a; Xi(t), v =au, v =aw, 1= %7‘1, Ty = Erg, (2.6)

a a2

we find that Y/(t) = ;Y;(t) with L/(¢t) = a;Li(t) being a solution of (2.1). Furthermore, we
resolve non-uniqueness in §2.2 in a consistent way implying Y/ (¢) = @;Y;(t). Thus, the probability
of total domination defined in §3 is invariant under any such scaling given that the initial position
is scaled appropriately.

3. DOMINATION

3.1. The result. We assume throughout this paper that X is a bivariate Lévy process (with
cadlag paths) such that

EX(1) = p = (u, p2) <0, (A1)
rilp] > |pal, ro|p2| > |pl, (A2)

where the latter implies (2.2). Furthermore, we assume that the reflected process Y is well-

defined in the sense that it satisfies (2.1) and (2.5). It is noted that in the Brownian case the

above conditions imply that Y is transient [15], but more is true as we show in the following.
An additional technical assumption is needed to exclude certain degenerate cases:

P{3t>0: X,(t) >0, X;(t) = X;()} >0, (i,5) = (1,2), (2,1), (A3)

where X ;(t) = infocs<t Xj(s). This condition is not minimal possible, but we avoid further
technicalities since it is broadly satisfied. Importantly, for the Brownian model it is sufficient
to assume that its correlation p is not 1. For the compound Poisson model with positive linear
drift ¢ it is sufficient to assume that both components may exhibit individual negative jumps.
As an example not satisfying (A3) consider jumps distributed as (A, Ag), where A; < 0 and



6 V. FOMICHOV, S. FRANCESCHI, AND J. IVANOVS

(Lr1) (u1, p2)

Jo—

(7‘27 1)

P

FIGURE 3. Reflection vectors and the mean.

P(A1/As > c¢1/c2) is either 1 or 0. It should be mentioned that such models with ordered jumps
have been used, for example, in [3], because they allow for simpler analysis in various settings.

Our focus is on the probabilities p; = p;(u,v) of total domination starting from (u,v) which
is defined by

Ya(t)
=P Yi(t) — — =0
pl(ua U) (u,v) { l( ) 0, Yl(t) } )
Yi(?)
=P Yo(t) — — 0.
p2(u7 'U) (u,v) { 2( ) OO7 Yz(t) }
The following result shows that total domination is certain, and each component can be the
dominant one for any starting position.

Theorem 1 (Total domination probabilities). Under conditions (Al), (A2) and (A3) we have
for any (u,v) € R%:

p1(u,v) € (0,1) and p1(u,v) + p2(u,v) = 1.

Moreover, lim pi(u,v) =1 and lim py(u,v) = 0.
U—>00 v—00

The proof of this result is based on two lemmas and an observation that Y visits the boundary
infinitely often. Firstly, we employ a regeneration argument to show that Y hits the remote
parts of the quadrant boundary almost surely. Secondly, when starting in those remote parts
the process Y has the claimed behaviour with high probability, which follows from the strong
law of large numbers and some basic properties underlying (2.1).

3.2. Proofs. By the law of large numbers, we have

X;(t
t()a—w t—o00, i=1,2; (3.1)
see, e.g., [23, Theorem 36.5]. This implies that if conditions (A1) and (A2) are satisfied, then

the reflected stochastic process Y hits the boundary 8Ri infinitely often:
sup{t > 0: Y1(t) AYa(t) =0} =0 as.

Indeed, suppose that 7 = sup{t > 0: Yi(¢) = 0} < co. By definition, we have Yi(t) > 0, t > 7,
and so Li(t) = Li1(t A1), t > 0. Therefore, using (3.1), we obtain

. L2 (t) . 1 +
t1i>120 e t11>120 n Osgligt(—v — Xo(s) —=riLi(sAT))T =—pu2 >0 as.,
which implies that sup{t > 0: Y3(¢) =0} = oc.
However, if condition (A3) is also fulfilled, then a stronger assertion holds true; namely, the
reflected process hits the remote parts of the boundary ORi almost surely.

Lemma 2. Assume conditions (Al), (A2) and (A3), and for any h > 0 define two disjoint sets
Dy ={(x,0): @>h},  Di={0,y9): y=>h}
Then for any fized (u,v) € Ri and all h > 0 the stochastic process Y satisfies:
Pl {3t >0: Y(t) € DLUD;} =1,
Py {3t20: Y(t)e Dj} >0, i=12
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Proof. Note that the law of large numbers (3.1) and condition (A3) imply that the paths of
X1 and X5 take both positive and negative values, and so are not monotone functions with
probability one. Besides, by condition (A3) we have

P{3t>0: X;(t) >0, Xo(t) = Xo(t)} > 0.
Furthermore, since ps < 0, we can add X,(¢) < 0 into this probability to get
P{3t>0: X;i(t) >0, Xo(t) = X5(t) <0} > 0. (3.2)

Fixing any § > 0, we note that since X is not non-increasing it can become arbitrarily large
before becoming < —4§. Thus, using the strong Markov property and applying (3.2) sufficiently
many times, we obtain

P{3t>0: Xi(t) >1, X;(t) > —0, Xo(t) = X5(t) <0} >0,
and hence for some T" > 0
c=P{3te€(0,7]: X1(t) >1, X;(t) > =0, Xa(t) = X,(t) <0} > 0. (3.3)

As was shown at the beginning of this subsection, the stochastic process Y visits the boundary
of R? infinitely often. Assume that for some § > 0 the process Y visits D} U D? infinitely often.
Let us show, using a regeneration argument, that the same is then true for 6’ = § + 1. Consider
an increasing sequence of stopping times 71, 7o, . . . defined as the successive visits of the set D%
with at least T' time units in between:

1 = inf{t > 0| Y(t) € D}},
Tip1 = inf{t > 7, +T|Y(t)e D}}, i>1.

For each i such that 7; < oo, let u; = Y1(7;), and consider the probability that Y hits D}Li 11
in [1;, 7 + T, but before Y7 becomes less than or equal to u; — 0, which will mean that it hits
D} 41+ This probability is constant for all i and is given by (3.3). Hence, the probability of not
visiting Dg 41 1s upper bounded by (1— c)N 1 where Nj is the number of 7; < co. The same is
true for the other direction. Since at least one of Ny, Ns is infinite, this implies that visiting
D§+1 U D§+1 is certain.

Also, we note that if only the origin is visited infinitely often, then we may apply a similar
regeneration argument at the origin to get a contradiction. Therefore, the above argument
proves the first claim.

To prove the second statement, we note that the probability of hitting the boundary at a point
other than the origin is positive. Firstly, Y7 must be positive, since X; is not non-increasing.
But for a positive u we may again apply (3.3), showing that hitting the ray (z,0), z > 0, is
possible. This also shows that hitting D}L for any h > 0 and any starting position (u,v) occurs
with positive probability. A similar argument holds for the other component, which completes
the proof. O

The following lemma shows that if the initial capital of one of the companies is sufficiently
large, then this company will dominate with probability close to one. Its proof is based on the
law of large numbers (3.1) for Lévy processes.

Lemma 3. If conditions (Al) and (A2) are satisfied, then for any ¢ > 0 there exists ug =
uo(e) = 0 such that

pi(u,v) > 1—¢
for allv =0 and u > (rqv) V ug. Also, a similar assertion holds true for ps.
Proof. We note that (3.1) implies

X;(t
ZUﬂM, T o0, i=1,2

sup
t>T
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Therefore, fixing arbitrarily small € > 0 (more precisely, we will later need that £ < g, where
g0 = (ro|pe| — |m1])/(2r2 +2) > 0), we can choose T' = T'(¢) > 0 such that

X;(t X;(t
P < sup max l()— | <ep=P maxsupﬁ— il <e 21—5.
>Ti=12| i=1,2 4>7 2
Then we have
(i —e)t < Xi(t) < (pi+e)t, t=7T, i=1,2, (3.4)

with probability not less than 1 — /2. Also, let ug > 0 be so large that
P(—X(T) <up) >1—¢/2.

In the rest of the proof we focus on the intersection of these two events, which has probability
not less than 1 —¢.
Now, fix arbitrary v > 0 and u > (r9v) V ug, consider the random time

T=inf{t >0 Li(t) >0} > T,
and let us show that actually 7 = co. Indeed, we first note that if 7 = T, then Li(7) = 0,
because
Yl(T) = Yl(T) = u—+ Xl(T) = ug — (—Xl(T)) > 0.
Moreover, if 7 > T, then, by the definition of 7, for any 7' < t < 7 we have L;(t) = 0 and,
using (3.4), obtain
La(t) = sup (—v — Xa(s) — r1L1(s))T = sup (—v — Xa(s))" =

0<s<t 0<s<t

> sup (—v - Xa(s))" > (o] — )t —v.
T<s<t

(3.5)

Hence, for such ¢t we have
Yi(t) = u+ X1(t) + reLa(t) = u — (|p1| + )t + ro(Jpe] — )t —rov = (u — r2v) + ¢t > 0,

where ¢ = (rg|ua| — |n1])/2 > 0. Furthermore, the fact that Xi(7) > —(|pu1| + )7 and Loy is
monotone implies that this bound also holds true for ¢ = 7.

Therefore, in both cases we have Y7(7) > 0. Owing to the right continuity of X; and mono-
tonicity of L; and Lg, we have Y7 (t) > 0 for any ¢ € (7,7 +¢) with sufficiently small 6 > 0. This
means that L;(¢) =0 for ¢ € (7,7 4 ¢), which contradicts the definition of 7.

Thus, we conclude that for u > (rov) Vug the stochastic process Y] stays positive at all times.
So, for all ¢t > 0 we have

Yi(t) = u+ Xq(t) + roLa(t), Ya(t) = v+ Xo(t) + La(2),
Lo(t) = sup (—v — Xa(s))*.

0<s<t

It is easy to check that

Lo(t Yi(t Yo(t
lim 2(t) = |ual, lim 1t():r2\,u2|—\,u1] >0, lim 2(t)

t—oco ¢ t—00 t—oco t

=0.

Hence, the event of interest is ensured with probability not less than 1 — .
The same argument is valid for the corresponding assertion with ps. U

Proof of Theorem 1. Fix arbitrary u,v > 0. For any ¢ > 0 choose ug = ug(e) > 0 and vy =
vo(e) > 0 as in Lemma 3, set h = ug V vy, and consider

n=inf{t>0: Y(t)e D}}, m=inf{t>0: Y(t) € D}},

which are stopping times with respect to the given filtration.

By Lemma 2 the event {7; < oo} has positive probability, and on this event the shifted process
X'(t) = X(11 +t) — X(11) has the same law as the original Lévy process and is independent of
the corresponding position Y (1) € D} (see [0, Proposition 1.6]). Therefore, noting that

Ya(t)
=P Y;
p1(u,v) (u,0) {7’1 < 00, Yi(t) — oo, Vi (0) — O} )
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we obtain, by Lemma 3,
B Ya(t)
p1(u,v) = Eq ) |I{11 < 00} Py sy  Yi(t) = 00, =5 =0
Yi(t)
> (1 - E) ’ P(u,v){Tl < OO};
and so
(1 - 5) : I[D(u,v){'rl < OO} < p1 (u, U) < IP)(u,v){'rl < OO} (36)
Similar bounds hold true for ps(u,v) and 72. Hence, according to Lemma 2, both p; and py are

positive, which proves the first assertion, and also p; +p2 > 1—¢, which, due to the arbitrariness
of e, implies the second assertion. O

4. APPROXIMATION

4.1. Assumptions. Throughout this section we consider a sequence of bivariate Lévy processes
X™) converging weakly to X with respect to the Skorokhod .J;-topology [26, §3.3]. This is
equivalent to

XM (1) & x(1), (C1)
or to the convergence of the Lévy exponents [17, Theorem 15.17]. Furthermore, we assume that
also the means converge:

u™ = EX0)(1) - EX(1) = g, (C2)

which is equivalent, in view of (C1), to the uniform integrability of X (™) (1).
It is assumed that the reflected processes Y and Y (™ are well-defined, so that they satisfy (2.1)
and (2.5). Now we may expect that

ym 4y whenever R% 3 (™, ™) = (u,v), (C3)
which is indeed broadly satisfied for our models, including the case when Y is a reflected
Brownian motion as shown by [28]. Nevertheless, some exceptions exist as we now describe.

The degenerate case is given by a drifted compound Poisson process with linear drifts ¢; > 0
and jumps distributed as (J1, J2), where

¢; = rjc; and J; — r;J; has a point mass (4.1)
for some i € {1,2} and j # i.

Lemma 4 (Convergence of reflected processes). The convergence in (C1) implies (C3) in the
following cases:

e Y is a reflected Brownian motion and (C2) holds,

o YV, Y™ are defined in §2.2, apart from the case where X is a drifted compound Poisson
process satisfying (4.1).

Proof. The first statement is a consequence of [28, Theorem 4.1 and Proposition 4.2(III)], where
uniform integrability and martingale property readily follow from (C2).

Next, we consider the iterative construction of the reflected process, and recall that the
one-dimensional reflection is a continuous map [26, §13.5]. It is important that we resolve non-
uniqueness of (2.3) in the same way for all processes; recall that we have chosen to restart the
processes from the origin if ambiguity arises. Our reflection map is then continuous at sample
paths requiring finitely many iterations and not hitting the boundary of the wedge right before
the application of linear complementarity, see Figure 2. It is thus sufficient to show that the
boundary of the wedge is not hit at the time 77 in the construction of the limit process Y with
probability 1.

Suppose that this occurs with positive probability. Since the jumps of X below some negative
threshold are independent, we see that Y (7} —) must have a mass on some line parallel to one
of the wedge boundaries. Furthermore, we may replace 71 by an independent exponential time.
Assume for a moment that X is not compound Poisson, in which case the distribution of
X; for any t > 0 is continuous [23, Theorem 27.4]. Ignoring the reflection we easily derive
a contradiction by taking ¢ small and projecting X onto the perpendicular direction. This
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argument can be extended to the case when X; does not spend time at the boundary (the
Lebesgue measure is 0). In the only other case we may look at Xo—1r1 X5 to get the contradiction.
Finally, assume that X is a compound Poisson. The only possibility here is that included
into (4.1). O

4.2. The result and its proof. Let us now state the approximation result for the domination
probabilities. In fact, we show continuous convergence in the sense that perturbations in the
initial positions are also allowed. Importantly, (C3) is equivalent to convergence of the reflected
process on compact intervals of time, and thus convergence of the limiting quantities is not
obvious.

Theorem 5 (Invariance principle). Assume that X satisfies conditions of Theorem 1, and let
X™) be a sequence of bivariate Lévy processes approzimating X so that (C1), (C2) and (C3)
hold. Then

ILm pgn)(u("),v(”)) = pi(u,v), 1=1,2,

whenever R%. > (u™ v = (u,v). In particular, p; are continuous for such X.

The main ingredient of the proof is the following uniform law of large numbers for Lévy
processes.

Lemma 6. Let X, X" be bivariate Lévy processes satisfying (C1) and (C2). Then

X"

7

— [ >5} =0 (4.2)

lim limsupP {sup max

T—00 n—o0 t=>T 1=1,2

for any € > 0.

Proof. Without loss of generality, we consider the one-dimensional case and assume that y = 0.
Let us show that the stochastic process {M_; = X (t)/t, t > 0} is a martingale with respect to
the filtration G_; = o {X (¢t + s), s > 0}, i.e., that for any ¢ > 0 and s > 0

E {Xt(t)’X(t—i—s)} - Xt(tjss) (4.3)

By the right continuity of the sample paths, it is sufficient to take ¢ = m(t + s)/n for some
integers m < n. However, it is a standard fact that for i.i.d. Z; with finite first moment we have
the identity

m
E[Z1+"'+Zm|Zl+"'+Zn]:E(Zl+"‘+Zn),

and taking Z; = X (i(t+s)/n) — X((i — 1)(t + s)/n) we get (4.3).
Now, by Doob’s martingale inequality [17, Proposition 7.15], for any 7" > T we have

Pl s KOOI L1 EXD (4.4)
terr)  t 3 T

which, by passing to the limit, readily extends to the infinite time interval [T, 00).
Thus, to prove (4.2), it is sufficient to show that

lim limsup
T—00 n—oo T

However, for a fixed T we have X () (T) 4 x (T) as n — oo, which implies the convergence of
the mean absolute values, because the families X (™ (1), n > 1, and thus also X™(T), n > 1,
are uniformly integrable. Finally, from (4.4) with the infinite time interval [T, 00), it is easy
to deduce that the family | X (¢)|/t, t > T, is uniformly integrable, and so E|X(T")|/T — 0 as
T — oo (see also [23, Theorem 36.5]). O
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Proof of Theorem 5. Fix € > 0 and note that the bounds in (3.6) hold for all large n, since

then the conditions (A1) and (A2) are satisfied. Note, however, that ugy there depends on n.

Nevertheless, we can choose u(()n) = wug independently of n, see the proof of Lemma 3. This

is so, because we may use the same 7' according to Lemma 6, but then Xgn) (T) 4 X,(T).
Furthermore, the bounds in Lemma 3 are also true if the set D}, = {(u,v) € R3: u > (rov)Vuo}
is replaced by D}LO 45 for any 6 > 0 as defined in Lemma 2.

Let p1(T) be the probability that Y hits D} ., on [0, T] starting from (u,v), and let pgn) (T)
be the probability that Y (™ hits D;,, on [0,T] starting from (u(™,v(™). We choose T > 0 so
large that

0 < P {Y hits Dy 1} —pi(T) <e.
Then, by (3.6),

p1(u,v) < P {Y hits D) 1} <p1(T) +e
and
pr(,0) 3 (1= 2) - Py {Y hits DL 1} > (1— ) pa(T).
Similarly,
(1 =2) - p(T) <p” o) < p(T) +e.
By assumption (C3), we have Y LY in D([0,T7) x D([0,T7]), and so
(T > pi(T) ~

for all large enough n. Therefore, for all large enough n we obtain

pi(u, ) = pi" (@™, ™) < (pi(T) + &) — (pi(T) —€)(1 — &) < 3e.

Similarly,

po(u,v) — pgn) (u(”),v(")) < 3¢,

which, owing to Theorem 1 and the inequality pg”) (u™, () _|_p§n) (™, v™) < 1, implies that
3¢ > p1(u,0) = py" (u®™,0) = 1= pa(u,0) = p{"” (@, ") >
> pi” (™, 0 — py(u,v) > 3.

Thus, we conclude that pgn) (u(”), v(")) — p1(u,v), n — co. O
4.3. Poissonian approximation of Brownian motion. Here we consider an approximation
of the correlated Brownian motion via compound Poisson processes that allow both common
and individual jumps with exponential distribution. This model may be useful for financial
applications.

Let N, N1, Ny be independent Poisson processes with rates A, A1, Ao > 0 respectively, and
let Jy, J,E,l), ,E,2), k > 1, be independent standard exponential random variables that are also
independent of N, Nj, Ny. Consider a drifted compound Poisson process X = (X7, X2) given by

L N0 RO
Xit)=ct— =3 Jo—— > J, i=12 (4.5)
q; 1 qi el

where ¢;, ¢;, G; > 0 are fixed parameters. Note that g; scale the common jumps (shocks), whereas
q1, g2 are the rate parameters of the individual exponential jumps.
The corresponding Laplace exponent 9(s1, s2) = log Ees1X1(0)+52X2(1) ig ojven by

A A1 A2
1+ s1/q1 + s2/q 1y s1/q 1T 52/q2
for s1, 89 > 0. Differentiating ¢ twice, we readily obtain:

EX;(1) = ¢ — A\/q; — Ni/ai,
var(X;(1)) = 20/} +2Xi/q;,

P(s1,82) = 5101 4 s2c2 — (A + A1 + Aa) + (4.6)
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cov(X1(1), Xa(1) = 24/(7,30).

Lemma 7 (Approximation of Brownian motion). For any o; > 0, u; € R and p € [0,1] there
exist parameters c;i, q;, G;, Ai, A > 0 such that

EX;(1) = pi, var(X;(1)) =02, cov(X1(1), Xo(1)) = poios.

This is also true for a drifted compound Poisson process X ™ with parameters
A = n, MY = xin, @ =g,v/m, ¢ = giv/n,
™ = pi+ (MG + Nifai) v,

and thus defined X™ converge weakly, as n — oo, to the Brownian motion with means i,

variances o2, and correlation p.

(4.7)

Proof. 1t is enough to take parameters such that

_ 1 1
NG = 5001'2; N/ = 5(1 — p)o;

with A, A1 and Ay large enough for ¢; = p1 + A\/qy + A\1/q1 and ¢a = p2 + A\/qy + A2/q2 to be
positive. Straightforward calculation shows that

1
™ (51, 59) — 5 (0757 + 2po1098152 + 0583) + p1s1 + p1282,

and so we have X & 1w/ according to [17, Theorem 15.17], where W is a Brownian motion
with the given parameters. U

In conclusion, the above defined drifted compound Poisson processes X (™ with exponential
jumps can be used to approximate a given Brownian motion X with non-negative correlation
p € [0,1) and means satisfying (A1) and (A2), with (A3) being automatic. The construction
of Y ig straightforward, see §2.2, and the conditions of Theorem 5 are satisfied. Thus, the
total domination probabilities for X can be derived from those for X (™ which we indeed use
to derive the Brownian kernel equation in the next section.

5. KERNEL EQUATIONS

In the following we study the total domination probability p;(u,v) for two basic models. In
fact, our focus is on the Laplace transform of p; and its restrictions where one initial position
is fixed at 0:

F(s1,82) = // e 142 (u, v)dudo,
=

oo 00 (5.1)
Fi(s1) = /e_s“‘pl(u,O)du, Fs(s9) = /6_52“p1(0,v)dv,
0 0

where s, s9 > 0. It is noted that

F(Sl, 82) = 8182F(81, 82)
can be seen as the total domination probability of the first component when starting at inde-
pendent exponential positions with rates s; and so. Moreover, F(sl, s2) = s1Fi(s1), s2 — 00,
noting that p; is continuous by Theorem 5, apart from the case (4.1).

Finally, we observe that rescaling of the model in (2.6) results in (s, s2) = F(a1s1, azs2).
This, for example, allows to assume that p) = py = —1 by taking a; = 1/|u;|, in which case (A2)
reads simply r; > 1. Alternatively, in the Brownian model we may take o; = 1 without any loss
of generality.
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5.1. Compound Poisson model. First, we consider the compound Poisson model from §4.3
with independent drivers X; having positive linear drifts ¢;, jump arrival rates A\; and the jumps
being negative exponentials with rates ¢;. The bivariate Laplace exponent of (X7, X5) is thus
given by
A1 Ao
+ .
1+31/q1 1+82/q2
Note that the choice of solution in (2.3) does not play a role in this case.

P(s1,82) = c181 + 282 — A1 — Ao + (5.2)

Proposition 8 (Poissonian kernel equation). Let the Laplace exponent v be given by (5.2) with
Ciy Aiy @i > 0 being such that (Al) and (A2) are satisfied with p; = ¢; — A\i/q; and some r; > 0.
Then

P(s1,82)F(s1,52) = 1(s1, 82) [Fi(s1) — F1 (q2/72)] +

+ ta(s1, ) [Fa(52) — B (qa/r1)] + Fo, (5:3)

where
A1q1
a1+ s1)(qn —ris2)’

A2q2
q2 + 52)(q2 — r2s1
Fo=c2F1 (q2/r2) + c1Fa (qu/m1) -

It is important to note here that the kernel equation is explicit thanks to the assumption
of exponential jumps. A more general (and cumbersome) kernel equation is discussed in §5.3,
where the common shocks are allowed. This particular equation is an important special case of
Proposition 12.

Notice that the kernel equation of Proposition 8 (as well as the one of Proposition 10) can have
many solutions. Actually, it seems possible to obtain the same kernel equation for the Laplace
transforms of P, ,,)(A) with A € (5o (Y (s), s > t), but a rigorous proof of this generalisation
involves certain difficulties connected with the continuity and differentiability of P, ,(A) that
are hard to overcome. Thus, the kernel equation is a necessary condition for pj(u,v), but not a
sufficient one. The uniqueness of the solution will be obtained in the following sections assuming
the limit properties of Theorem 1.

Next, we determine the constant Fyy which also yields a simple expression for F (q2/7r2,q1/71)-
For this purpose, we define the points

P1(s1,82) = 2 — ( 5 Pa(s1,52) = c1 — (

A A
o ::—1—q1>0 and o 1:72_6]2>0 (5.4)
Cc1 C2

which satisfy
1/}(3:07 0) = ’lﬂg(%’o, O) = 07 1/)(07 yO) = wl(oa ?JO) = 07 and ¢(x07 Z/O) = 07
see also Figure 5 below.

Lemma 9. In the setting of Proposition 8 we have

Fy = "r2liezl = ) ( L > >0 (5.5)
riry — 1 @l galpel

Proof. The limits in Theorem 1 imply that F(0+,y0) = F1(0+) = 1 and F(zo,0+) = F5(0+) =
0. Evaluating the kernel equation (5.3) at three points (xg,0+), (0+,yo) and (x¢, yo) we obtain
the equalities:

0= ¢1($0, 0) [Fl(x[)) — K (QQ/?“Q)] + Fy, (5.6)

cr — A roc
1 yol/q1 - (2122 +12(0,30) [F2(yo) — F2 (q1/m1)] + Fo,

0 = 1(20, yo) [F1(w0) — F1 (g2/72)] + 2(z0, yo) [F2(y0) — F2 (q1/71)] + Fo.

We can now express Fy:

_(a—MN/q 7“262) Y2(20, Yo) <¢1(~"30,y0) Ya(z0,y0) >
FO_( Yo " a2 ) ¥2(0,90) / Y1(z0,0) " ¥2(0, o) ')
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which upon simplification yields the stated expression. O

Importantly, the kernel equation (5.3) can be rewritten in a homogeneous form:

Y(s1,82) f(51,52) = 1(s1,82) f1(s1) + 2(s1, s2) fa(s2), (5.7)

where the new functions are given by

Fy/Fy =
f(s1,82) = F(s1,82) — o/ 0, F= 2 (5.8)
5152 q1 q2
/1 r2>
s1) = Fi(s1) — F; rg) —=|———],
fi(s1) = Fi(s1) — Fi(gqz/r2) 23 (51 -
F 1 r
fa(s2) = Fa(s2) — Falqn/r1) — = ( - 1> : (5.9)
Fy \ $2 a1
This follows by realizing that
1 1 1 ~
P(s1, s2)—— = Y1(s1,52)— + Ya2(s1, 52) — + Fo,
5159 S1 S9

multiplying it by Fp/ FVO, and subtracting from the kernel original equation.

5.2. Correlated Brownian motion. Secondly, we consider a correlated Brownian motion X
with means p; < 0, variances 01-2 > 0 and correlation p € [0, 1), so that

1
P(s1,82) = 5(0%3% + 2po1098182 + Jgs%) + 181 + p2Ss. (5.10)

We exclude p = 1, because of condition (A3), and p < 0 is likely to be similar but requires
another approximating model and respective tedious analysis. Again, the ambiguity present
in (2.3) does not arise.

Proposition 10 (Brownian kernel equation). Let the Laplace exponent ¢ be given by (5.10)
with p; < 0 satisfying (A2) and p € [0,1). Then

Y(s1,52)F (51, 52) = pu1(s1, 52) Fi(s1) 4 va(s1, 52)F2(s2) + cp1(0,0), (5.11)
where
V1(s1,52) = p2 + %0’3(82 —1281) + po102sy,
Va2(s1,52) = p1 + %0’%(51 —1182) + po102s2,
c= %(rlaf + 1903) — po10a. (5.12)

The proof of this proposition is given in Subsection 5.4.

Interestingly, here and in Proposition 8 the quantities 1); can be expressed as ¥1(s1,s82) =
(¥(s1,82) — (s1, —r2s1))/(s2 + ra2s1), which are the same as in [16] studying the probabilities
of hitting the origin in a different regime.

Importantly, the above kernel equation implies a simple formula for the domination proba-
bility when starting at the origin, but only in the independent case. For later use define

Tp = —2—/? >0 and yg:= —2—/22 >0, (5.13)
o1 )
which satisfy ¢ (xg,0) = ¥2(x¢,0) = 0 and (0, y0) = ¥1(0,yo) = 0. Importantly, for p = 0 we
also have ¢ (xg,yo) = 0.

Corollary 11. In the setting of Proposition 10 with p = 0 there is the formula

ri(ralpa| — |m ) (o pal + rao3lm ) (5.14)

P1 0,0 =
0.0 || (rir2 = 1)(r107 + 1203)
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Proof. We again use the limits F(0+,y0) = F1(0+) = 1 and F(zg,04) = F»(0+) = 0. Eval-
uating the kernel equation (5.11) at three points (xg,0+), (0+, o) and (xg,yo) we obtain the
equalities:
0 = 41 (w0, 0)Fi1(x0) + cp1(0,0),
M T2 00

w27 + ¥2(0,90) F2(y0) + ¢p1(0,0), (5.15)
0 = 1 (20, yo) F1 (o) + 2(z0, yo) F2(yo) + cp1(0,0).
It is left to express p1(0,0) and to simplify the final formula. O

Finally, we can rewrite the kernel equation (5.11) in a homogeneous form:

Y(s1,82) f(s1,82) = 1(s1,82) f1(s1) + 2(s1, s2) fa(s2), (5.16)

where the new functions are given by

F(s1,82) = F(s1,52) = pl<'s(1()<;20),
(5.17)
fi(s1) = Fi(s1) — 1(;)1’0), Fo(s2) = Fa(sg) — 1(802,0)

5.3. Common jumps. Here we consider the compound Poisson model with common jumps/shocks
described in §4.3. Importantly, (4.1) is only satisfied if both

c; = ’f'jCj and qz = @/7“] (518)
for some i # j. Hence, apart from this case the probability p;(u,v) is continuous.

Proposition 12. Consider X defined in (4.5), where X > 0 and the means pu; = ¢; — \/q; —
Ai/qi < 0 satisfy (A2), but (5.18) is not true for both i # j.

o Ifr1/q, > 1/Gy and ro/Gy > 1/q;, then the following kernel equation is satisfied:
V(s1,82)F(s1,82) = ¥1(s1,52) F1(51) + a2(s1, 52) Fa(s2)+

R S e T e G e

+ ¥5(s1,82) F1 (q2/72) + Ye(s1, 52) F (q1/71) + Yo(s1,52)p1(0,0), (5.19)
where 1 is given in (4.6) and

bolsr, s9) = — N/@ = 1/B)(12/T2 — /) (L + 51/, + 52/Tp) +71 /T +72/35 — 2/ @,2)]
’ (L4 s1/qy + 52/@) (11 + (11/@1 — 1/G)51) (12 + (r2/To — 1/G1)52) ’
r(51.52) = c3 AN Gs B A2/ q2
’ (T+s1/q +52/G)(1 = (r2/q2 — 1/q1)s1) (14 s2/q2)(1 —ras1/qa)’
(51, 52) = €1 NG B At/ @
’ (T+s1/q +52/G) (1 — (r1/q1 — 1/Ta)s2) (L4 s1/q1)(1 —r1s2/q1)’
ba(s1,82) = _ _ W _ _
’ (1+51/G +52/Ta) (1 — (r2/q2 — 1/G1)51)
bals1,82) = _ _ NG _ _
’ (1 +51/G +52/To)(1 = (11/q1 — 1/G)s2)
s (51, 53) = A2/ q2
’ (14 s2/q2)(1 —r281/q2)
els1, 53) = AM/q

(L4 s1/q)(1 —ris2/q1)
o Ifri/qy > 1/qy and r2/qy < 1/, then the following kernel equation is satisfied:

Y(s1,s2)F (s1,52) = ¥1(s1,82)F1(s1) + ba(s1, s2) Fa(s2)+
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rt si(r/q - 1/Q2)> <1 — (r2/q — 1/611)81)
— + Y4(s1, s2) F: — +
- Ujz, ) TR T T,
+ s5(s1,52) F1 (q2/72) + Ye(s1, 52) F2 (q1/71) +
+ hr(s1,82) Fa(1/(r1/q1 — 1/@3)) + o(s1, 52)p1(0,0),
where 1 is given in (4.6), U1, V2, V3, V5 and g are the same as above, and

A(rira — 1) /73

+ 3(s1, 52) F1 (

Yolsnss2) = = e T (i — 1)) (L — (rafs — 1))’
Pa(s1,82) = — — A — —
’ (1+ s1/Gy + 52/T2) (11 + (r1/q1 — 1/G2)s1)’
w(s S)Z A(7’1/61_1/62)
7\91, 92

(r1 4+ (r/@ — 1/@2)s1)(1 = (r1/ay — 1/d3)s2)
o Ifr1/q; < 1/Gy and r2/qy > 1/q;, then the kernel equation coincides with that for the
previous case with the indices changed correspondingly.

The derivation is tedious and thus is postponed to Appendix A. It is based on the analysis of
all the non-negligible scenarios on the infinitesimal time interval [0, h] and the strong Markov
property. Then we take transforms and the limit as h | 0, which are followed by lengthy algebraic
manipulations. It is important here that the probability p; is continuous as mentioned above.

Note that the kernel equation (5.3) follows immediately from (5.19) by taking A = 0, where
every case can be used, since g; are arbitrary.

5.4. Derivation of the Brownian kernel by approximation. The proof of (5.11) is based
on the approximation in §4.3.

Proof of Proposition 10. Let us choose the approximating models as specified in Lemma 7,
and consider the sequence of kernel equations in (5.19). Importantly, we can always avoid the
degenerate case in (5.18) for each n; in addition, considering here, for the sake of brevity, only
the case when r107 > 09 and r909 > 01, we can also choose the approximating parameters such
that r1/g\" > 1/g5") and ro/g5" > 1/g\".

Now we recall that ¢)(™ (s, s5) — 1)(s1, 52), and by Theorem 5 and the dominated convergence
theorem, we have F(")(sy,s5) — F(s1,53) and Fi(n)(si) — Fi(s;) for i = 1,2. Also, it is easy to
check that

2 2
(n) P (0] 05
P -ment (547,

1 . .

0 (s1,52) = ik 507 (s = ris) + poronsy, (14) = (1,2) or (2,1),
Furthermore,
() (n) rlqgn) + sl(rlqg")/q(ln) -1) pos rirg —1
Vs (s 52)Fy P22 2T 0(0,0),
r1ro — 1 2 r

—(n) —(n) /—(n) 2
n [T + so(r -1 riro — 1
¢51 )(sl,sz)FQ( ) < 203 2(2q; /s )) , poi mir - p1(0,0),
r1ro — 1 2 9

and
n n 1
1/152 )(81782)F1 <Q§ )/T2> — 5(1 — p)o3rap1(0,0),

n n 1
0" (s1,52) B (a1 /r1) = 5 (1= p)otrip1 (0,0).

Combining the obtained values we arrive at the stated result. All other cases can be considered
in a similar way and lead to the same kernel equation. O
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6. EXPLICIT SOLUTION FOR THE POISSONIAN MODEL

In this section we solve the kernel equation (5.3) by establishing an explicit integral expres-
sion for the Laplace transform Fj(s;1), see Theorem 22 below, with F5(s2) being analogous.
Additionally, in Corollary 23 we determine p;(0,0), the probability of total domination starting
from the origin, and in Lemma 9 we find a simple formula for F(q2/re,q1/r1). It would be
interesting to understand if this formula can be explained by a direct probabilistic reasoning.
We also obtain the asymptotics of pi(u,0) and p;(0,v) as u,v — oo, see Proposition 18. We
adapt the analytic method from [I1] which relies on the following steps: study of the kernel
1, analytic continuation of Fy and study of its singularities, formulation of a boundary value
problem and its solution.

Without stating it explicitly we assume in the following that our parameters satisfy the
conditions of Proposition 8.

6.1. Study of the kernel. Consider the kernel ¢(s1, s2) given in (5.2). The basic idea is to
consider its zeros, and so we define the bi-valued functions S7 and S5 such that

P(S1(s2),82) =0 and (s1,52(s1)) =0.
To do so, we remark that 1(s1, s2) = 0 is equivalent to
a(s1)s3 4+ b(s1)so + c(s1) =0
where
a(s1) = s1c2 + c2q1, b(s1) = ste1 + s1(c1q1 + c2q2 — A — A2) — Aaqn + 221,
c(s1) = steiqe + s1(—Miqe + c1q142).
We also note
d(s1) == b*(s1) — 4a(s1)c(s1)
which is a fourth degree polynomial with roots denoted by z1, 2, 23, z4. Similarly we define a,
b, ¢, d, and let y; be the four roots of d. Then we have

—b(s1) + \/d(51)  —b(s2) £ 4/d(s2)
2a(s1) and Si(s2) = 2i(2)

The branch points of Sy are the points z; and the branch points of S; are the points ;.

Sa(s1) =

Lemma 13 (Branch points). The polynomial d(s1) has four real roots x; which satisfy

—1<T1<T2<0< —q1 + )\1(]1/01 < x3 < T4.

The polynomial d is then negative on [z1,x2] U [z3,z4] and positive on R\ ([z1, 2] U [z3, z4]).
The same result hold for the roots y; of d.

Proof. First, remark that for all s; € (—o00,—q1] U [0,\1/e1 — q1] we have —4a(s1)c(s1) > 0
and then d(s1) > 0 (since the roots of b are different from —gqi, 0, A\1/c1 — q1). For s1 €
(—q1,0) U (A1/c1 — q1,00) we have —4a(s1)c(s1) < 0. We denote by z& the two roots of b and
remark that —¢; < 2~ < 0 < A\;/c1—q1 < T, so that d(z%) = —4a(ax™)c(z®) < 0. Additionally,
we have d(s1) — 400 as s; — +00. Now we conclude by the intermediate value theorem and

noticing that —q; + v/A1q1/c1 < x™. O

By Lemma 13, d(s1) is positive for s; € [z2,x3] and we can take on this interval the usual
square root d without sign ambiguity. We define v/d as the analytic function on the cut plane
C\ ([x1, 2] U [x3,24]) which coincides with the usual square root of d on [z2,x3]. We denote
by Sy the branch of the bi-valued function Sy which is equal to (—b + v/d)/(2a) and which is
analytic on C\ ([z1, z2] U [x3, z4]). We denote by S, the other branch. See Figure 4 and 5 to
visualize these functions on R. In the same way, we denote by Sf and S| the two branches of
S1 which are analytic on C\ ([y1, y2] U [y3, y4])-
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FIGURE 4. General shape of the curve {(s1,52) € R%: ¢(s1, s2) = 0} divided in
two parts: the function S, (blue) and the function S5 (red).

52

Y3
" (w0, 90)
S5 (s1
S5 (s1)
T If_)yz ly) T35

FIGURE 5. Zoom of Figure 4: the branch points x; and y; are in black, the points

o and yg are in green.

C1 = Si([ys, ya])

Tr1 T2

Sli(?au) —q1

P
[&]

D,

Ty
S5 (ys) =

FiGURE 6. Complex plane of the s; variable: in blue the branch points x; and
the cuts on the complex plane, in green the circle C; and the domain D;.
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For further use, we define the curve

—b(y) i/ —d(y)

C1 = S5 (lys, val) = 2a(y)

Dy € Y3, Y4l

This curve will be the boundary in the boundary value problem established in Section 6.3.

Lemma 14 (Circle Cy). The curve Cy is a circle with centre at —q1 and radius \/M.

(&}
Proof. By definition, if s; € C; then there exists sy € [ys, y4] such that 1(s1,s2) = 0 and we
also have s7 € C; and (571, s2) = 0. It implies that 1(s1, s2) = (51, s2), that is

A1q1
=181+ — .
s1+q1 S1+q1

c181 +

Then we find that

AMqi
|s1 + CJ1|2 = —.

We deduce that C; is included in the circle of centre —¢; and radius \/)‘éfl. Furthermore, as
S (yi) = Sy (y;) it implies that C; is a closed curve, which concludes the proof. O

In fact, we may choose the interval [y1,ys] instead of [y3,y4], since C; = Si([y1, y2]). Finally,
we define the domain

A
D = {51 e C:|s1 —i—(11|2 > 2(‘]1},
1

which is the complementary of the disc defined by the circle Cq, see Figure 6. We deduce from
Lemma 13 that x3, x4 are in D; and that x1, z5 are not.

6.2. Analytic continuation and asymptotics. The goal of this section is to continue ana-
lytically F; to the domain D; and to study its singularities in order to compute the asymptotics
of p1(u,0) and p;(0,v), see Proposition 18.

Lemma 15 (Analytic continuation). The function Fi(s1) can be meromorphically extended to
the set
{s1 € C: Rs1 > 0 or NS (s1) > 0}

thanks to the formula

Pa(s1, 85 (s1)) [Falqr/m1) — Fa(Sq (s1))] — Fo.

Fi(s1) = Fi(g2/72) + P1(s1, 95 (s1))

(6.1)

The analogous result holds for Fs.

Proof. We are going to use the principle of analytic continuation. The Laplace transforms F;(s)
are analytic on {s € C: s > 0}. According to the kernel equation (5.3), for s; and se with
positive real parts and such that 1(s1, s2) = 0 we have

0= v1(s1,52)(Fi(s1) — Fi(g2/r2)) + ¥a2(s1, 51)(Fa(s2) — Fa(q1/m1)) + Fo.
When s; — 0 for s; > 0 we have S;r(sl) — 2‘—22 — ¢o = 9o > 0. Thus the open connected set
D: {81 e C: %S;_(Sl) > 0}

intersects the open set {s; € C: Rs; > 0}. For s; in this intersection the equation (6.1) is
satisfied. Then, defining F'(s1) as in (6.1) we extend meromorphically F; to the whole D thanks
to the principle of analytic continuation. See Figure 7 representing the domain D. U

Lemma 16 (Domain D;). The set Dy is included in {s1 € C: Rs; > 0 or RSy (s1) > 0} and
F is then meromorphic on D1.
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Proof. Tt is enough to show that D; N {s; € C: Rs; < 0} is included in the domain D. See
Figures 6 and 7 to visualize these sets. By definition if s; € C;, we have S;r(sl) € [ys,y4] and
then RSy (s1) > 0. We deduce that the circle C; is included in D. Furthermore, remark that

which implies that when s; is large and such that ®s; < 0 we have ifiS; (s1) > 0. The maximum
principle applied to the function Sy (s1) implies that RS (s1) is positive on the set D1 N {s1 €
C: Rsy < 0}. We conclude with Lemma 15. O

FIGURE 7. Representation of the sj-complex plane: the domain D = {s; €
C: RSy (s1) > 0} is in yellow, the red curve is the set {s; € C: RS (s1) = 0}.
The red dotted curve is the set {s; € C: RS, (s1) = 0} (note that we do not use
this curve).

Let us recall that zs and gy are the roots defined in Lemma 13.
Lemma 17 (Poles of Fy and F»). The polynomial

P(s1) = (s1 — q2/r2)(s51 + q1)(r2c2 — c1) + Xa(s1 + q1) + Ai(s1 — q2/r2) (6.2)

has two real roots s} € (—q1,0) and 3§ when roca — 1 # 0 and one real root s§ € (—q1,0) when
T9Cy — C1 = 0.

The meromorphic function Fi(s1) has at most two poles in {s; € C: Rsy > 0 or RS (s1) >
0} which are 0 and s}:

e 0 is always a simple pole of Fy,
e 5" is a (simple) pole of Fy if and only if 11 (x2, Sy (x2)) < 0.
Furthermore, F1 has no poles in D1 and is analytic on this set.
In the same way we define s € (—q2,0) which is a (the only) pole of Fy if and only if

P2(ST (32), 2) < 0.

Proof. The function F} is initially defined as a Laplace transform which converges on {s; €
C: Rs; > 0}. Thus, F; has no poles on this set. The limits in Theorem 1 imply that F;(0+) = 1
(and F5(0+) = 0) and we deduce that 0 is a simple pole of Fy (and that 0 is not a pole of Fy).
The analytic continuation of F} is obtained thanks to formula (6.1). Therefore, the only poles
of I comes from the s; of real part negative such that

¥1(s1,55 (s1)) = 0.
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First, we show that the following system has three solutions: 0, s} and s}. We have

A1 9
Y(s1,82) =0 N s1(c1 Q1+81)+82(62 e
P1(s1,82) =0 R _ c2(s1m2 — q2)
(g2 + s2) 0
A
51 <(Cl_ —{—15 )+SQC2T2> :0 Slp(sl):()
- hogs " i W -
52 e — s | P ? ca(ga — s172)

62((]2 - 817“2)

where P(s;) is a second degree polynomial defined by (6.2). Notice that

A A
P(0) = q192 <C1—1—7“2 <02—2>> >0
q1 q2

which is positive thanks to assumption (A2) (where p; = ¢; — \;/q;) and that
P(—q1) = —Mi(q1 + g2/r2) <O0.

We deduce that the two roots of P are real and that one of them that we denote by s;?
satisfy —q1 < s < 0 and then s] ¢ D;. We have s} is a (simple) pole of F} if and only if
P1(s, S5 (s7)) = 0, i.e. ¥y (29, S5 (x2)) < 0, see Figure 8 for a geometric representation. We now
show that the second root of P denoted by s% is not a pole of Fy. Firstly, this is clearly the case
when 3] > 0. Secondly, s} < —¢; < 0 is not a pole of F}, because we have (5], 55 (s])) = 0,

but 11 (3}, S5 (37)) # 0, see Figure 8 for a geometric representation. O

FIGURE 8. In green the curve ¢;(s1, s2) = 0 and its intersections with the curve
¥ (s1,82) = 0. In this case 11 (z2, S;:(ZE’Q)) > 0 and then s is not a pole of F.

Our next result establish the rate of decay of pa(u,0) = 1 — p1(u,0). It is noted that the
analogous result holds true for p;(0,v) as v — oo.

Proposition 18 (Asymptotics of domination). The asymptotic behaviour of p1(u,0) as u — oo
s given by
if 1 (a2, Si(fﬂz)) <0,
L= pi(u,0) ~ C J a2 if by (22, S (22)) > 0,
uTBeM if (o, S5 (12)) = 0,

for some constant C which depends on the case, where s is defined in Lemma 17.
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Proof. The asymptotics of a function derives from the largest singularity of its Laplace trans-
form, see for example [9, Theorem 37.1]. Assume that f(u) is a function, L(s) is its Laplace
transform, and a is the largest singularity of order k (i.e. in the neighbourhood of a the Laplace
transform F' behaves as (s — a)_k up to additive and multiplicative constants). Then apply the
theorems stating that f(u) is equivalent to u*~'e® up to a constant as u — oo.

The Laplace transform of interest is 1/s; — Fi(s1). By Lemma 17 the point 0 is not a singu-
larity, whereas s} is a simple pole and the largest singularity of Fy if 11 (z2, SQi(:):g)) < 0. In that
case the asymptotics is then given by Ce¥s1 for some constant C. When t; (x2, S;E(IEQ)) >0,
the largest singularity is the branch point xo. Thanks to the definition of Sj and the analytic
continuation formula (6.1) we obtain for some constants C; that

C1 4+ Cov/81 — 29 + 0(81 — xg) if 1/}1(.%2, S;:($2)) > 0,

Fi(s = C )
i) $1-%2 \/ﬁ +0(1) if 41 (22, Sy (22)) = 0.
The result now follows. O

6.3. Boundary value problem and its solution. We are now ready to establish a boundary
value problem (BVP) satisfied by fi defined in (5.8). It is a Carleman homogeneous BVP which
relies on the domain D; and the boundary C;.

Proposition 19 (BVP). The function fi satisfies the following Carleman boundary value prob-

lem:
(i) f1(s1) is analytic on D1;
)T Fyry
(1) limg, o0 f1(81) = =— — Fi(q2/12);
FO q2

(iii) f1 satisfies the boundary condition

f1(31) = G(s1) fi(s1), V81 €0y,
where
() o
o U

Proof. Ttem (i) directly derives from Lemma 16 and Lemma 17. Item (ii) comes from the fact
that the Laplace transform F) converges to 0 at infinity. Item (iii) comes from the kernel
equation (5.7). For s; € C1, we have 357 € C; and Sy (s1) = S5 (31). We evaluate (5.7) at
(51,55 (s1)) and (31, S5 (s1)) and we obtain the two equations

0 =1(s1,55 (s1))f1(s1) + P2(s1, S5 (51)) f2(S5 (51)),
0 =1(51, S5 (51)) f1(51) + 2(51, S5 (51)) f2(S5 (s1))-

Eliminate f2(Sy (s1)) from these equations gives the boundary condition (iii). O

G(s1) = —— (51,55 (1)) == (51, 95 (1)) (6.3)

To solve the boundary value problem on D7 we need to introduce a conformal function which
glues together the upper part and the lower part of the circle C;. This gluing function is a simple
rational function and derives from the kernel. See Figure 9 to visualize the gluing function.

Lemma 20 (Conformal gluing function w). The function

_ 1 si+aq VAiq /el
w(sl) = (\/m + 51 +Q1 ) (64)

satisfies the following properties

(i) w is holomorphic in Dy and continuous on Ds;
(ii) w is one-to-one from Dy to C\ [-1,1];
(111) w satisfies the boundary property

w(s1) =w(s1), Vs €C.
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Proof. Recall that s; € Cy if and only if |s; + q1|2 = )‘é—fl. The three items are derived by means
of straightforward calculus. O

We write C; (resp. Cf ) for the half circle defined by the intersection of C; and the half plane
of negative (resp. positive) imaginary part, see Figure 9. The circle C; and the half circles Cfc
are counterclockwise oriented.

@ s D C\[-1,1]

AN

(w )" (2)

Xt
—q w =1 - ‘ z 1
? —
)'("v,

FIGURE 9. Conformal gluing function w is one to one from D; to C \ [—1,1].

To solve the BVP we need to compute the index which is defined by

1/}1 +
= — |arg — (51,55 (s1 .
3 |78 o103 )|
The index represents the variation of the argument of G(s1) when s; lies on the half circle C;,
that is the difference between initial and final value when the argument varies continuously along
the half circle. The second equality comes from the definition of G in (6.3). Thus, equivalently,
it is also the variation of the argument of 11 /12 around the circle C;.

1
Y i= o larg syl

Lemma 21 (Index). The index x given by

) 0ifqe/ro < —q1 + /Aiq1/c1 & f1 has no zeros in Di, (6.5)
X 1ifga/r2 > —q1 + /\iqi/c1 < fi has one zero (q2/r2) in Dy. '
Proof. Consider the curve %(51, S (s1)) when s; lies on Ci. This curve is numerically plotted

in Figure 10 in both cases of interest. Let us denote A = %(—(h —v/Aiqi/c1,y4) and B =

%(‘fh + /A1q1/c1,y3) the image by % of the two real points of C;. Analysis of the equation

defining this curve shows also that there is another double real point that we denote by C.

We can show that A and C are always positive. On the other hand B < 0 if and only if
q2/r2 > —q1 + v/A1q1/c1. The last property comes from the fact that the line s; = g2/r9 is the
asymptote of the hyperbola ;(s1,s2) = 0 and the position of the point (—¢; + \/A1q1/c1,¥3)
w.r.t. this asymptote determines the sign of B. Now we see that when ¢2/ro > —q1 + /A \1q1/c1
the curve of interest make a positive turn around the origin, i.e. Y = 1. In the other case, B > 0
and the curve makes no turns around the origin, i.e. x = 0.

Alternatively, one may start by noticing that by the boundary condition of Proposition 19

X = 1 [arg 283]0; _ ! [arg f1(s1)le, = Zp,(f1) — Pp, (f1),

2T 2

where Zp, (f1) is the number of zeros (counted with multiplicity) of the meromorphic function
fi1in DyU{oo} and Pp, (f1) is the number of poles (counted with multiplicity) of fi in D; U{occ}.
By Lemma 17 function f; has no poles in D; U {oc}, so that x > 0 and it is left to analyse the
zeros of fi remembering that fi(ga2/r2) = 0. O
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FiGUuRrE 10. Plot of %(81,5’;(81)) when s; lies on C;. Left: ¢go/ro € D; and
X = 1; right: g2 /r2 ¢ Dy and x = 0.

We are now ready to present an explicit integral expression for F}. The analogous result holds
for F, and thus we obtain an explicit expression for F' via the kernel equation. Recall that G is
defined in equation (6.3), w in (6.4), Fpy in (5.5), Fy in (5.8) and x is given in (6.5).

Theorem 22 (Explicit expression for Fy). The Laplace transform Fy is given by

Fi(s1) = g‘)sll n @EZ _ Fl(qg/rg)) (X(s1) —1), Vs €D, (6.6)
where
w(sy) —w ro) \ X w’
X(s1) = ( ( 3(51) (_qzl/ 2)) exp (2; / : log(G(t))wm_(i)}(Sl)dt) (6.7)
and

Fo 9 FO 1 1 T9 1
Fi(q2/r2) = =— + =) e — ).
(@2/r2) Foe2 X(wo) \Fy \Zo @ Y1(20,0)
Let us provide some comments. Firstly, the given expression is valid for real s; larger than

VA1qi/e1 — @1 > 0. Secondly, we may replace the integral on the half circle of log G by the
integral on the whole circle of log %, since

/C log(G(1)—2 gy /C log <w1(t, S;(t))> Wl g

- w(t) —w(s1) (05 w(t) —w(s1)

This theorem establishes the existence of the unique solution of the kernel equation under the
limit conditions found in Theorem 1. The uniqueness derives from the solution of the boundary
value problem and the value of the index. The same remark can be made about Theorem 30.

Proof of Theorem 22. To solve the Carleman BVP of Proposition 19 we are going to transform
it into a Riemann BVP using the conformal gluing function w. See, for example, [1 1, §5.2] which
present briefly the main results of BVP theory. We consider the function

fi(x) = (x = wlga/r2)) X frow ™ (x).
According to Proposition 19, Lemma 20, and the fact that fi(g2/r2) = 0 we have
(i) f1 is analytic on C \ [—1,1];
(i) fi(@) w2 (22 - Fi(a/rs));
(iii) fl has left limits ff“ and right limits ]?1_ on [—1, 1] which satisfy the boundary condition

fif () = G(x) fy (x)

with G(z) = G((w™ 1)~ (x)) where we denote by (w™!)~ the right limit on [—1,1] of

w~!, see Figure 9.
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The function

A% uU—

X(z) = (a;—l)_xexp< ! /1logG( )du>, Vo ¢ C\J0,1],

satisfies the homogeneous problem
XH(2) = G(@)X (x), Yxe(0,1],

where we write X T (resp. X ) for the right (resp. left) limit of X on [—1,1]. This is a classical
result of BVP theory stemming from the Sokhotsky—Plemelj formulas, see [11, (5.2.24) and
Theorem 5.2.3]. We deduce from (iii) that

i fr
X—i(m) = )N(—li(x), Ve 0,1].

From (i) it follows that % is analytic in the whole C. Thanks to item (ii) and to the fact that

X (z) ~oo 27X (by Lemma 21 and since the integral in the exponential goes to 0 when z goes

to infinity) we find that the analytic function f L converges to ? o 25 Fi(g2/r2) at infinity. Thus

it coincides with this constant, and so

fisy) = (gq - F1<q2/r2>) (w(s1) — w(ga/ra)¥T (w(sr)) =
- (f{q - F1<q2/r2>) X(s1).

where the last equality follows by change of variable u = w(t). Now (6.6) follows from the
definition of f; in (5.8).

We now compute the constant Fi(q2/r2). Equation (5.6) gives
Fy

F _F .
1<x0) 1(q2/r2) ¢1(5U0,0)’

whereas (6.6) implies that

Ftan) - File/ra) = 2 (5= 2) + (222 = Rla/r) ) X(oo)

F() o q2 F(] qz
which readily yield the stated expression for Fi(ga/72). O

We conclude by providing an expression for the probability of total domination when starting
from the origin.

Corollary 23. The probability of total domination when stating from the origin is given by

pr(0,0) = 2 (FOTQ—E q2/72 ) \/>\1q1/01/ W' (t)dt. (6.8)

FQ Fy a2
Proof. We deduce from Theorem 22 that
L Fo Foro .
pl(O, 0) = 8111_I>HOO 81F1(81> ﬁo + (FO — — Fl(QQ/T2)> slh—r>noo Sl(X(Sl) — 1).

Let us notice that when s; — oo the integral in the exponential of equation (6.7) is equivalent
to C'/s; where

C:=—- /\1Q1/C1/ log(G(t))w'(t)dt.

By Taylor’s expansion of X we obtain X (s;) =14 C/s; +0(1/s1) and the result follows. O
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7. EXPLICIT SOLUTION FOR THE BROWNIAN MODEL

In this section we solve the kernel equation (5.11) for the correlated Brownian model. We
obtain an explicit integral expression for F; and the probability p1(0,0) in Theorem 30. The
asymptotics of pi(u,0),u — oo is given in Proposition 27. We follow the same steps as in the
Poissonian model studied in §6 and, consequently, some details will be omitted. Importantly,
the kernel 1 is similar to the one studied in [14] and [2], and so its various properties can be
taken from there.

Without stating it explicitly we assume in the following that our parameters satisfy the
conditions of Proposition 10. In particular, correlation is non-negative p € [0,1). We stress,
however, that the main parts of the following analysis can be carried out also for p < 0, and so
the remaining hurdle is showing that the same kernel equation holds in this case as well.

7.1. Study of the kernel. Reconsider the kernel in (5.11), and define the bi-valued functions
S1 and S5 such that

Y(S1(s2),82) =0 and  t(s1, S2(s1)) = 0.

A direct calculus yields the branches

S (s9) = —(po102ss + 1) £ /520202 (p2 — 1) + 28001 (u1po2 — poor) + 42

1 - 2 ’
g1

SE(s1) = —(po10ast + p2) £ \/s30203(p> — 1) + 25109 (2po1 — p102) + 43

2 = 5 .
03

The respective branch points of S; and Ss are

L poroy — peot +/(ppoios — paot)? + pfotad (1 — p?)
vy = 2,2(1 — o2 ’
oio5( r?)
ot P20 — 03 £/ (paporos — pno3)? + piofo3(l — p°)
ofo3(1 - p?)

The functions Si (resp. S3) are analytic on the cut plane C\ ((—oo,y~] U [y, 00)) (resp.
C\ ((—oo,z~]U [z, 00))). See Figure 11 to visualize S on [z~,z].

Recall the definition of zg,yo in (5.13). Furthermore, we define s, the first coordinate of the
other intersection between the ellipse ) = 0 and the line ¢; = 0. Symmetrically we define sb.
We have

» 2(r2|p2| — |pal)

._ 2(r1 || — |p2l)
1= "3 2.2
o1 + o515 — 2p0109T2

<0 and sb=-— < 0. 7.1
ne % O'% + O’%’r‘% — 2p010971 (7.1)

See Figure 11 for a geometric interpretation of zg, yo and sf.
We now define the curve

Hy = SE([y",00)) = {51 € C: 9(s1,59) = 0 and 523 € [y, 00)}.
This curve is the boundary of the boundary value problem established in Section 7.3.

Lemma 24 (Hyperbola #H;). The curve Hi is a branch of hyperbola symmetrical w.r.t. the
horizontal axis, whose equation is

o103 (p” — V)a’ + p*otody® — 2ofu — poroapz)r = pa(ofus — 2p0102412) /7.

The curve Hy is the right branch of the hyperbola if p < 0, the left branch if p > 0, and a
straight line when p =0, see Figure 12.

2

Proof. See [1, Lemma 4] or [2, Lemma 9] which study a similar kernel and derive the equation
of the hyperbola. O

We denote by H] the part of H; of imaginary part negative. Finally we define the domain
G1 which is bounded by H; and contain z* (and not x7), see Figure 12.
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FIGURE 11. The set {(s1,s2) € R%: ¢(s1,s2) = 0} is an ellipse divided in two
parts: in blue the function S, and in red the function S; . The two lines are the
sets defined by 1; = 0 and 1) = 0. The branch points z* and y* are in black,
the points 2o and yo in green and the pole s} in orange.

Hi Hi
gl gl
(a) p<0 (B) p=0 (€) p>0

FiGure 12. Complex plane of the s; variable: in green the hyperbola H; and
the domain G;.

7.2. Asymptotics results. Similarly to Section 6.2 we continue meromorphically f; and we
study its poles in order to compute the asymptotics of p1(u,0) and p1(0,v) when u and v — oo.

Lemma 25 (Analytic continuation). The function Fi(s1) can be meromorphically extended to
the set
{s1 € C: Rs1 >0 or RSy (s1) > 0} (7.2)

thanks to the formula
_ —ta(s1, 55 (1)) Fa(S5 (51)) — epa(0,0) (7.3)
i(s1, 85 (s1)) . .

The domain Gy is included in the set defined in (7.2) and Fy is then meromorphic on Gy.

F1(81)

Proof. The proof follows the same steps as the proof of Lemma 15 and Lemma 16. See also [14,
Lemma 5] to show the inclusion of G; in the set defined in (7.2). O
Lemma 26 (Poles of Fy). Fy has one or two poles in the set defined in (7.2):

e 0 is always a simple pole of Fy,
e st is a simple pole of Fy if and only if 11 (z~, Szi(a:*)) < 0, where s} is defined in (7.1).

Fy has a unique simple pole which is s5 if 12(ST(y~),y~) < 0 and has no poles otherwise.
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Proof. The proof follows the same steps (but simpler) as the proof of Lemma 17. The poles
come from the zeros of the denominator of the continuation formula (7.3), that is the zeros of
¥1(s1,55 (s1)). It is the intersection between a line and an ellipse, see Figure 11. O

Proposition 27 (Asymptotics of domination). The asymptotic behaviour of 1 — p1(u,0) as
u — 00 s given by

p

eust if 1 (2, S5 (27)) <0,
1—p1(u,0) ~ C{u~2em  ifepy(z~, SE(z7)) >0,
Cif(aT, S5 (27)) =0,

for some constant C which depends on the case, where s is defined in (7.1).

1
u— 3 eux

Proof. The singularities (poles and branch points) of F} are known from Lemma 26 and equa-
tion (7.3). The asymptotics derives from standard transfer theorems as in the proof of Lemma 18.
O

7.3. Boundary value problem and its solution. We state an homogeneous Carleman BVP
satisfied by the function f; defined in (5.17).

Proposition 28 (BVP). The function fi satisfies the following Carleman boundary value prob-
lem:

(i) fi1(s1) is analytic on Gy;
(it) limg, o0 f1(s1) = 0;
(iii) f1 satisfies the boundary condition on the hyperbola

fi(31) = G(s1) fi(s1), Vs1 € Hi,

where " "
G(s1) = (51,55 (51)) 2 (57,85 (51)). (7.4)

(0 (]
Proof. The proof follows the same steps as that of Proposition 19. O
Following [13, 11] we are going to define the conformal gluing function which glues together

the upper part of the hyperbola and its lower part. To that purpose we define for a > 0 the
generalized Chebyshev polynomial for x € C\ (—oo, —1] by

1
Tu(x) = cos(aarccos(z)) = B ((a: + Va2 =1+ (x — Va? - 1)“) .
Let also define the angle of the model
B = arccos(—p).

Lemma 29 (Conformal gluing function W). The function

o 251 — (T +27)
W(51> = T% < .Z'+ - (75)
satisfies the following properties
(i) W is holomorphic in G1 and continuous on Gi;
(i) W is injective in Gy;
(iii) W satisfies the boundary property
W(Sl) = W(H), Vs, € Hi.
Proof. This function has already been studied in several paper. See, for example, [13, Lemma 3.4]
or also [12, Figure 3] in the case of symmetric conditions. O

To state the main theorem of this section we define

py 11 if 0> SE(yh), nd o J1 Y1(z, 85 (z7)) < 0 and 5 > SiE(yH),
0 if0<SE(yh), 0 otherwise.
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Using Lemma 26 we note that x; is defined so that k1 = 1 when the pole 0 of F} is in Gy, and
k1 = 0 otherwise. In the same way ko = 1 when 371? is a pole and is in Gy, and k9 = 0 otherwise.
Let us recall that W is defined in (7.5), G in (7.4), #] in Lemma 24 and c in (5.12).

Theorem 30 (Explicit expression for Fy). The Laplace transform Fy is given by

Fl(sl) = pl(0,0) (.911 + CX(81)> , s1 €0, (76)

X exp (2; / 1og(G(t))W(t)W_/(;>/<sl)dt> ()

1 1 c
O — L )_ 7.8
X (z0) (900 Y1(z0,0) (78)
Furthermore, p1(0,0) is given by Corollary 11 for p =0, whereas for p € (0, %Z?Z;) we have

503(re — p1/p2)¥2(Sy (o) vo)

p1(0,0) = c(¥2(ST (%0), o) — ¥2(0,90)) — ¥2(0,50)1 (57 (w0), v0) (1/57 (%o) + CX(SY(QO)()) ‘)
7.9

and for p € [%%ﬁg’ 1) we have
p1(0,0) = 1 (7.10)

N 1+ Clim51—>0 SlX(Sl) .

1 W'(t)
X — log(G(t)) =——+—2—=dt | . (7.11
exp (m | os( G g ) (710
1
Proof. The proof follows the same steps as the one of Theorem 22 and also the one of [14,
Theorem 1]. Solving the BVP of Proposition 28 in a standard way we find that there exists a
constant C’ such that
0,0
Fl(Sl) = pl(SI) + C,X(Sl).

We now compute the value of C’. Taking the limit of the kernel equation in (x0,0) (as in the
proof of Lemma 9) we obtain that

0 = ¢1(z0,0)Fi(20) + cp1(0,0).

Combining this equation with the fact that Fj(z¢) = %?)’0) + C' X (xg), we deduce that C" =
Cp1(0,0), where C' is defined in (7.8) and we obtain (7.6).

It remains to find p;(0,0) in the case p € (0,1). First, it is important to note that S; (yo) €
G1 N[0, 00). The positivity is easy to see because

2 — ) — )2
S (o) = p2po1 /09 — i +;é( fi2po1 /o2 — pi1) >0
1

and S; (yo) € G1, because

+ 3
po102(y™ — yo) +/(u1 — 2u2p01 /02
St ) = 5} ) = LA2W w0 V] o2 2
i

as y* — yo = 0. We see that Si"(yg) = 0 if and only if p > %02;“.

T1H2
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First assume that S; (yo) = 0. We obtain with (7.6)

1 = lim s1Fi(s1) = p1(0,0) <1 + C lim le(sl)> ,

s1—0 s1—0

which gives (7.10). In this case k1 = 1 and we obtain (7.11).

Assume now that S; (yo) > 0. As in the proof of Corollary 11 we evaluate the kernel equation
at (04, y0). We get the same (5.15), even though initially there is the term pojoy on both sides.
The second equation is obtained by using the point (S} (v0), v0):

0 = ¥1(8) (50), ¥0) F1 (S (30)) + ¥2(S7 (o), o) F2(yo) + cp1(0,0).
The third equation we need is (7.6) with s; = S} (yo):

1
RS (0) = 11(0,0) (e + CX(STw))).
S1 (o)
Solving these three linear equations with the three unknowns p;(0,0), F»(yo) and Fl(Sf (Y0))
we obtain (7.9). O

8. NUMERICAL ILLUSTRATION

This section provides numerical illustrations of some of our basic formulas. That is, we con-
sider p1(0,0), the probability of domination by the first component when starting at the origin,
for both (i) the Poisson model, see (6.8), and (ii) the Brownian model, see (7.9). The com-
putations were performed using Mathematica and the R language. It must be mentioned that
numerical evaluation of the involved contour integrals is not a straightforward task, and certain
care should be taken with the branches of the complex logarithm and the square root.

10 10

08f . _~ : 0.8

06 06

04" 0.4}

0.2 0.2

00— 2 3 4 5 00— 2 3 4 5
(A) Poisson model (B) Brownian model

FIGURE 13. The values of p;1(0,0) computed using contour integrals in green,
see (6.8) and (7.9), and Monte Carlo simulations in red for a range of 7 > 0.5.

Figure 13 presents the plots of p;(0,0) (in green) as a function of the reflection parameter
ro9 > 0.5. For both models we take r; = 2.5 and X;(1), X2(1) with unit variances and the means
w1 = —1, ug = —2. More precisely, in the Poisson model we take ¢c; = co =1, \; = 8, Ao = 18,
q1 = 4, g2 = 6. In the Brownian model we take correlation p = 0.2. It must be mentioned that
we use (7.9) and not (7.10), since p < 1/4. Furthermore, the rates in the Poisson model are
rather high, which suggest that the respective uncorrelated Brownian approximation should be
close, see §4.3. In fact, the corresponding curve drawn basing on the explicit expression in (5.14)
almost coincides with the green curve in Figure 13(a).

In order to check our numerical results, we also perform the Monte Carlo simulation (red
dots). It should be stressed that our simulation involves various sources of errors. Firstly, a
single run is terminated when Y; > 100 and Y5/Y; < 0.1 (at the time of a jump) or the
analogous condition is satisfied with the indices swapped. In the first/second case we assume
that the first /second component dominates. The Poisson simulation is otherwise exact, whereas
the Brownian model is discretized with time-step 0.01 so that we reflect a random walk with
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the corresponding normal increments. In this regard, it is noted that an approximation result
similar to that in §4 can be established also for random walks. Finally, each value is obtained from
10,000 independent realizations, and thus the 95% asymptotic confidence interval corresponds
to £0.024/p1(1 — p1).

APPENDIX A. DERIVATION OF THE KERNEL EQUATION FOR THE POISSON MODEL WITH
COMMON JUMPS

Proof of Proposition 12. For the sake of brevity, here we consider only the case when rio1 > o9
and reog > o1; the derivation of the kernel equations for other cases is similar (the cases with
equalities should be considered separately or treated by approximation).

Let A denote the event that the first coordinate dominates the second one. Obviously, for
any u,v > 0 and h > 0 we have

P1(u,v) = P, ) (A) = P,y (AN {X makes at most one jump on [0, h]})+
+ Py (AN {X makes at least two jumps on [0, hl}).
It is easy to see that the second term is O(h?) = o(h) as h — 0+, uniformly in (u,v).

Now fix arbitrary u,v > 0. Using the Markov property and considering all possible cases with
at most one jump on the time interval [0, h], we obtain

pl(u,v) = (1 — )\h)(l — Alh)(l — )\Qh)pl(u + clh,v + Cgh)+
(@ u)A (@)
+ A(1 = Ah)(1 — Aah) / dz p1(u— /G, v —x/q) - e "+
0
q u
+AR(1 = Ath)(1 = Azh) / dz p1(u— /Gy + ra(2/qa —v),0) - e - T{qu > Gov} +
qav
qav
+AR(1 = Ath)(1 = Azh) / dz p1(0,0 —z/qo +r1(2/q) —w)) e T{Gev > Gru} +

q1u
0o

+ AR(1 — A1h)(1 — A2h) / dz p1(u — /G + r2(x/qy —v),0) - e X
qu

x W{riw—v > (r1/q, — 1/q2)x, qru > Gov}+

+ AR(1 — A1h)(1 — Agh) / dz p1(0,v — /Gy +r1(x/q; —u)) - e X
qav

X W{rov —u > (r2/qy — 1/q1)w, Qv > quuj+

+ A(1 — A1h)(1 — A2h) / dz p1(0,0) - e - T{(r1/qy — 1/Gz)x = riu —v, Guu > Gyu} +

qi1u
0o

+ AR(1 — A1h)(1 — Agh) / dz p1(0,0) - e % - T{(ro/qy — 1/Gy)x = 120 — 1, Gov > Gu} +

qav
qQau

+ Ath(1 — Ah)(1 — Aah) / de p1(u —z/q1,v) - e "+

0
00

+ (1 — AR)(1 — Agh) / dz p1(0, v+ 11(z/q1 — u)) - e+

qQau
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q2v
+ Aoh(1 — A1h)(1 — Ah) /dx pi(u,v —y/q2) - e *+
0
+ Aoh(1 — Mh)(1— AR) /dx p1(u + ra(x/gs — ),0) - e+
q2v

+o(h), h—0+.

Multiplying both sides by e~ *1*~%2¥ and integrating the result over [0, 00) X [0, 00) with respect
to the variables u and v, we obtain

//pl(u, v) - e 12 Aude = (1 — (A 4+ A + A2)h) / /p1 (u+ c1h,v + coh) - e 1472 dudu+

+)\h(11 + 1o+ I3+ Iy + Is + Ig + I?) + )\1h([8 + Ig) + )\Qh(.[]_[) + 111) + O(h), h—0+.
Noting that

//p1 u,v) e 2% udv — (1 — (A 4+ A1 + A2) )//pl (u+ crh,v+ coh) - e 172 dudv =
0 0 0 0

0o coh
= / /pl(u, v) - e 1T dude 4+ / /p1 u,v) - e 20 dudo+
c1h coh cith 0
c1h oo cihcah
//pl u, U e S1IUTS20 do, dy 4 / /p1(u, ,U)_e—slu—sgvdudv_

coh

SlClh-‘rSQCQh/ /p1 u, U 81u—52vdudv+
c1h cah

+(A+ XN\ +)\2)heslclh+8202h / /p1 u,v) - e 2% ude =
c1h cah
=[(A+ A1+ A2 — s161 — s2¢2) F(s1, 82) + caFi(s1) + c1Fa(s2)| h + o(h),
we conclude that
(A+ A1+ Ao — s1c1 — s9¢2) F (51, 82) + caFi(s1) 4 c1F5(s2) =
=ANh+ 1o+ Is+ I+ Is + I + I7) + M (Is + Io) + Xo(Lro + I11)-
To compute I;, i = 1,...,11, we will use multiple times Fubini’s theorem and suitable changes

of variables without mention.
For I; we have

(A.1)

(G1u)A(gav)

/du/dv / dz p1 (u — 96/61,1) _ I/QZ) L e TTSIU—S2V
0 0

T1u/qz

o b / d“/ o pi(u— /1,0 = a/g,) - e~ T
0

o0 [e. 9]

qru
sfaw [ o [aemsfmo—am) e s,
0

0 q1u/qs
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However,
oo UGy  Gov
Ii = /dU / dv / dz py(u — /G, v — x/Gy) - e TSNV =
0 0 0
00 Q1u/qs v
ZQ2/dU / dv /dz pr(u—qy(v—2)/q,2) - € —Ga(v—2)—s1u—s2v _
0 0 0
ZQ2/dU/dZ / du pr(u—Gy(v — 2)/qy, 2) - e T2V ms1u=s2v
0 0 %v/qy
q /dv/dz / dy p1(y, z) . e @2(v=2)=s1(y+q2(v—2)/q1) =520 _
0 922/,

/dz / dy/dv pl y Z (1+51/61+52/62)62U+(1+51/61)6227811/ —

322/T4
dz / dy p1(y, z) - e *1¥7%2%,
1+51/q1+52/QQ/ ?)-e
22/qy
Similarly, we have
. ) 922/qy
I = dz / dy p1(y, z) - e 5197527,
! 1+31/§1+32/620 (®:2)
and so
1
Il = 'F(SI,SQ)-

L+ 51/q; + 52/
For Iy we have

= / d“/ @ / da pi(u— /) +ra(/Gy —v),0) - e 7T =

0 0
— /d’U / dx / dy pl(y7 0) . e-iB—Sz’U—Sl(y—i-x/ql—7‘2(1'/62—’[))) —
0

qav r2(x/Go—v)

_ [ /dv/dz/dy p(y,0) - e~ (+720)/(r2 Qo) —sav—s1(y+q(2472v) /(r2q1)—2) _
r
2 0 0 z
1 o] Yy
_ d 0) . e / o~ @2 /rats1T:/(raT)—s1)2 4,
7‘2(1+81/ql+82/Q2)0/ v P50 )

1/q, 1451/
T (Lt s1/ay + s2/@)(L+ s1/q) — s172/a) [Fl < r2/qs ﬂ’

and similarly

I3 = — — L/, - - [FQ(SQ) Sy <1+S"’/q2>] :

(1+81/q1 + 82/Q2) (1 + 82/ — 5271/71) 1/

33
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Also, we have

oo q1u/qs (riu—v)/(r1/q:—-1/9>)

I, = /du / dv / dz pl(u — x/ﬁl + 7"2(53/62 _ ’U),O) LT TTSIU=S2V
0 0 ugqy

00 q1u/qs (rir2—1)(@1u/q2—v) /(@1 (r1/31—1/32))

:M/du / dv / dy p1(y,0)x

0 0 r2(q1u/q2—v)
w e~ W—utr2v)/(r2 /G2 —1/q1)—s1u—s20 _

0o q1u/qz (rire—1)2/(q1(r1/d1—1/32))

:M/du / dz / dy p1(y,0)x

0 0 T2z

w e~ W—utra(q1u/q2—2))/(r2 /G2 —1/q1) —s1u—s2(q1 /G2 —2) _

= 1/61 /dz 652(1*7"231/524“91/51)2/@1(7"2/52*/51)) X
(r2/Gs — 1/q1)(1 + 51/Q1 + s2/45) J
(rire=1)2/(q1(r1/31—1/32))
X / dy D1 (y’ 0) . efy/(r2/6271/§1) —
ToZ
1/q, 7 _ G1/3
= — — — _ d ,0) - e ¥/ (r2/02=1/30) o
(r2/Ga — 1/q1) (1 + s1/q1 + s2/42) ) v 0)
y/r2

% dz 652(1*7‘251/§2+51/61)Z/@1 (r2/d2—=1/q1)) —

q1(r1/q1—1/32)y/(rir2—1)

_ /g5 [Fl <1 +31/CI1> P <r1 +s1(m/q - 1/q2)>} ’

(1 —7as1/Gy + 51/q1)(1 + 81/q1 + 52/32) 72/qs (rire —1)/q,
and similarly

_ 1/q, 1+s2/Gp\ 2+ s2(r2/qy — 1/4,)
e T . vy eyl o] Gy ) BT G s vy I

Also, for I we have

oo q1u/q2 )
Iﬁ:/ du / v / dz e i (0,0) =
0 0 (riu—v)/(r1/q1—1/45)

_ /0 — 1)/ |
= Wt s/ + s2/a) o + silrafa — 17z) P00

and similarly

_ (r2/q — 1/q1) /@ '
I = (14 51/qy + 82/G2)(r2 + 51(r2/q2 — 1/71)) p1(0,0).

For Ig we have

[e's) 00 qiu

Ig :/du/dv/dxpl(u_l'/QL’U)-6_81u_82”_x _

0 0 0
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o0 o0
1 1
=——[d dv L) e STV — L F(sq,89).
1~|—51/q10/ ?JO/ p1(y,v) 1+s1/q (s1,52)

For Iy we have

Iy = /du/dv / dz p1(0,v+m(z/qn —w)) - e *HU752Y =
0 0 qiu

oo [e.9]

1
=———[d dv p1(0,v + riy) - e 52V NY =
1+51/q10/ yo/ pi( 1Y)

1 FoF
= dv/dz 0,z Cems2v—qi(z—v) /1
Tl(l—i-sl/ql)b/ pl( )

_ 1/q B
(T si/q)(ris2/qn — 1) [F2(a1/m1) = Fa(s2)].

Similarly, we have
1

lip= ———
10 1+ s2/q2

- F(s1,82)

and
1/qo
(1+s2/q2)(r251/q2 — 1)
Substituting the obtained values of I;, ¢ = 1,...,11, into (A.1) and multiplying both sides
by —1 finishes the proof. O

I =

[F1(q2/r2) — Fi(s1)] .

ACKNOWLEDGEMENTS

The authors are grateful to the anonymous referees for a careful reading of the paper and
valuable comments that helped to improve the exposition.

This work was initiated during the visit of S. Franceschi to Aarhus. The authors gratefully
acknowledge financial support of Sapere Aude Starting Grant 8049-00021B “Distributional Ro-
bustness in Assessment of Extreme Risk” from Independent Research Fund Denmark.

REFERENCES

[1] Albrecher, H., Azcue, P., and Muler, N. (2017). Optimal dividend strategies for two collab-
orating insurance companies. Adv. in Appl. Probab., 49(2):515-548.

[2] Baccelli, F. and Fayolle, G. (1987). Analysis of models reducible to a class of diffusion
processes in the positive quarter plane. SIAM Journal on Applied Mathematics, 47(6):1367—
1385.

[3] Badila, E. S., Boxma, O. J., Resing, J. A. C., and Winands, E. M. M. (2014). Queues and
risk models with simultaneous arrivals. Advances in Applied Probability, 46(3):812-831.

[4] Bass, R. F. and Hsu, P. (1991). Some potential theory for reflecting Brownian motion in
Holder and Lipschitz domains. Ann. Probab., 19(2):486-508.

[5] Bernard, A. and El Kharroubi, A. (1991). Régulations déterministes et stochastiques dans
le premier orthant de RN. Stochastics and Stochastic Reports, 34(3-4):149-167.

[6] Bertoin, J. (1996). Lévy processes, volume 121. Cambridge University Press, Cambridge.

[7] Cohen, J. W. and Boxma, O. J. (1983). Boundary value problems in queueing system anal-
ysis, volume 79. North-Holland Publishing Co., Amsterdam.

[8] Dieker, A. B. and Moriarty, J. (2009). Reflected Brownian motion in a wedge: sum-of-
exponential stationary densities. FElectronic Communications in Probability, 14:1-16.

[9] Doetsch, G. (1974). Introduction to the theory and application of the Laplace transformation.
Springer Berlin Heidelberg.



36 V. FOMICHOV, S. FRANCESCHI, AND J. IVANOVS

[10] Fayolle, G. and Iasnogorodski, R. (1979). Two coupled processors: The reduction to a
Riemann—Hilbert problem. Zeitschrift fiir Wahrscheinlichkeitstheorie und Verwandte Gebiete,
47(3):325-351.

[11] Fayolle, G., Iasnogorodski, R., and Malyshev, V. (2017). Random walks in the quarter-plane:
Algebraic methods, boundary value problems, applications to queueing systems and analytic
combinatorics. Springer Publishing Company, Incorporated, 2nd edition.

[12] Foschini, G. (2006). Equilibria for diffusion models of pairs of communicating computers —
symmetric case. IEEE Trans. Inf. Theor., 28(2):273-284.

[13] Franceschi, S. and Raschel, K. (2017). Tutte’s invariant approach for Brownian motion
reflected in the quadrant. ESAIM Probab. Stat., 21:220-234.

[14] Franceschi, S. and Raschel, K. (2019). Integral expression for the stationary distribution
of reflected brownian motion in a wedge. Bernoulli, 25(4B):3673-3713.

[15] Hobson, D. G. and Rogers, L. C. G. (1993). Recurrence and transience of reflecting Brow-
nian motion in the quadrant. Math. Proc. Cambridge Philos. Soc., 113(2):387-399.

[16] Ivanovs, J. and Boxma, O. (2015). A bivariate risk model with mutual deficit coverage.
Insurance Math. Econom., 64:126-134.

[17] Kallenberg, O. (2002). Foundations of modern probability. Springer-Verlag, New York, 2nd
edition.

[18] Kourkova, I. and Raschel, K. (2011). Random walks in (Z, )? with non-zero drift absorbed
at the axes. Bulletin de la Société Mathématique de France, 139:341-387.

[19] Kourkova, I. A. and Malyshev, V. A. (1998). Martin boundary and elliptic curves. Markov
Processes and Related Fields, 4(2):203-272.

[20] Kozyakin, V. S., Mandelbaum, A., and Vladimirov, A. A. (1993). Absolute stability and
dynamic complementarity. Unpublished manuscript.

[21] Lakner, P., Reed, J., and Zwart, B. (2019). On the roughness of the paths of RBM in a
wedge. Ann. Inst. Henri Poincaré Probab. Stat., 55(3):1566-1598.

[22] Malyshev, V. A. (1972). An analytic method in the theory of two-dimensional positive
random walks. Sibirsk. Mat. Z., 13:1314-1329.

[23] Sato, K. (2013). Lévy processes and infinitely divisible distributions, volume 68. Cambridge
University Press, Cambridge.

[24] Taylor, L. M. and Williams, R. J. (1993). Existence and uniqueness of semimartingale
reflecting Brownian motions in an orthant. Probab. Theory Related Fields, 96(3):283-317.

[25] Varadhan, S. R. S. and Williams, R. J. (1985). Brownian motion in a wedge with oblique
reflection. Communications on Pure and Applied Mathematics, 38(4):405-443.

[26] Whitt, W. (2002). Stochastic-process limits. Springer-Verlag, New York.

[27] Williams, R. J. (1995). Semimartingale reflecting Brownian motions in the orthant. In
Stochastic networks, volume 71, pages 125-137. Springer, New York.

[28] Williams, R. J. (1998). An invariance principle for semimartingale reflecting Brownian
motions in an orthant. Queueing Systems Theory Appl., 30(1-2):5-25.

AARHUS UNIVERSITY AND TELECOM SUDPARIS



	1. Introduction
	2. Definition of the model
	2.1. Skorokhod problem
	2.2. Iterative definition and linear complementarity problem
	2.3. Basic properties

	3. Domination
	3.1. The result
	3.2. Proofs

	4. Approximation
	4.1. Assumptions
	4.2. The result and its proof
	4.3. Poissonian approximation of Brownian motion

	5. Kernel equations
	5.1. Compound Poisson model
	5.2. Correlated Brownian motion
	5.3. Common jumps
	5.4. Derivation of the Brownian kernel by approximation

	6. Explicit solution for the Poissonian model
	6.1. Study of the kernel
	6.2. Analytic continuation and asymptotics
	6.3. Boundary value problem and its solution

	7. Explicit solution for the Brownian model
	7.1. Study of the kernel
	7.2. Asymptotics results
	7.3. Boundary value problem and its solution

	8. Numerical illustration
	Appendix A. Derivation of the kernel equation for the Poisson model with common jumps
	Acknowledgements
	References

