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Abstract  

This article introduces the concept of AH-submodule, AHS-submodule of a neutrosophic module, and AHS-

homomorphism. This work presents some basic notions and properties of these concepts such as AH-Kernel, AH-

Quotient, and dimension, and determines the algebraic structure of weak neutrosophic module over a commutative 

ring R.  
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1. Introduction 
Neutrosophy as a new branch of philosophy founded by Smarandache has an interesting effect in real world 

problems, applications and algebraic studies. Recently, neutrosophic sets have been applied in the medical field such 

as diagnosis of bipolar disorder diseases [1], evaluation hospital medical care systems [2], intelligent medical 

decision support model based on soft computing and many other ares [3], and  novel group decision making model 

for heart disease [4]. 

 Many neutrosophic algebraic structures have been defined and studied such as neutrosophic rings, neutrosophic 

groups, neutrosophic vector spaces and refined neutrosophic rings. See[7, 8, 9, 10, 11, 12, 13, 14]. AH-substructures 

were defined for the first time in neutrosophic rings in [5],  then they were introduced in refined neutrosophic rings 

in [2]. These structures have many symmetric properties which illustrate a  line between classical algebra and 

neutrosophical algebra. AH-ideal in a neutrosophic ring R(I) is a set with form � + �� where �, � are ideals in R, 

other AH-structures can be defined to have many parts, each part has a special structure such (subspace, ideal, and 

submodule). AH-substructures were studied in refined neutrosophic  rings, and neutrosophic vector spaces too [6,8]. 

In this paper we try to define AH-submodule and AHS-submodule of a neutrosophic module and introduce some of 

their elementary properties. Also, some interesting concepts were defined and applied in this study, such as 

neutrosophic module AHS-homomorphism, and AH-Quotient module. 

Motivation 

This work is an extension of  studies about AH-substructures in neutrosophical algebraic structures in [5,6,8]. 

2. Preliminaries 

HP
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In the following part, we recall some notions which will be used in our study. 

Definition 2.1: [15] 

Let (N, + , .) be a module over the ring R. Then (N(I), +, .) is called a weak neutrosophic module over the ring R, 

and it is called a strong neutrosophic module if it is a module over the neutrosophic ring R(I). 

Here elements of N(I) have the form 	� + ��; �	, � ∈ �, i.e N(I) can be written as �(�) = � + ��. 

Definition 2.2: [15] 

Let M(I) be a strong neutrosophic module over the neutrosophic ring R(I) and W(I) be a nonempty set of M(I), then 

W(I) is called a strong neutrosophic submodule if W(I) itself is a strong neutrosophic module. 

Definition 2.3: [15] 

Let U(I) and W(I) be two strong neutrosophic modules and let �: �(�) → �(�), we say that f is a neutrosophic 

vector space homomorphism if  

(a) �(�) = �. 

(b) � is a module homomorphism. 

We define the kernel of f by Ker(f) = { x∈ �(�); �(�) = 0 }. 

Definition 2.4: [6] 

Let R(I) be a neutrosophic ring and � = �� + ��� = {�� + ���;	�� ∈ ��, �� ∈ ��}. 

(a) We say that P is an AH-ideal if ��and	�� are ideals in the ring R. 

(b) We say that P is an AHS-ideal if �� = ��. 

Definition 2.5: [6] 

Let (R(��, ��), +,× ) be a refined neutrosophic ring, and ��, ��, �� be three ideals in the ring R then the set 

� = (��, ����, ����) = {(�, ���, ���); � ∈ ��, � ∈ ��, � ∈ ��} is called a refined neutrosophic AH-ideal. 

If �� = �� = �� then P is called a refined neutrosophic AHS-ideal. 

3. Main concepts and discussion 

In this section we introduce our main definitions, results, and we illustrate some examples. 

Definition 3.1:  

Let �(�) 	= 	� + �� be a strong/weak neutrosophic module, the set 

� = � + �� = {� + ��; � ∈ �, � ∈ �}, where	P	and	Q 	are	submodules	of	� is called an AH-submodule of M(I). 

If � = �, S is called an AHS-submodule of M(I). 
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Example 3.2: 

We have M = �� = � × � is a module over R, � =< (0,1) > , � =< (1,0) > , are two submodules of M. The set 

� = � + �� = {(0, �) + (�, 0)�; �, � ∈ �} is an AH-submodule of M(I). 

The set � = � + �� = {(0, �) + (0, �)�}; �, � ∈ � is an AHS-submodule of M(I). 

Theorem 3.3: 

Let �(�) 	= 	� + �� be a neutrosophic weak module over the ring R, and let � = � + �� be an AH-submodule of 

�(�), then S is a submodule. 

Proof: 

Suppose that � = � + ��, � = � + �� ∈ �; �, � ∈ �, �, � ∈ �,  

� + � = (� + �) + (� + �)� ∈ �. For each scalar � ∈ � we obtain �. � = �. � + (�. �)� ∈ �, since 

�	and	�	are	submodules; thus � = � + �� is a submodule of M(I) over the ring R. 

Theorem 3.4: 

Let M(I) be a neutrosophic strong module over a neutrosophic ring R(I), let � = � + �� be an AHS-submodule. 

Then S is a submodule of M(I). 

Proof: 

Suppose that � = � + ��, � = � + �� ∈ �; �, �, �, � ∈ �, 

� + � = (� + �) + (� + �)� ∈ �. Let 	� = � + �� ∈ �(�) be a neutrosophic scalar, we find 

�. � = (�. �) + (�. � + �. � + �. �)� ∈ �, since �. � + �. � + �. � ∈ �, thus we get the desired result. 

A strong AH-submodule is not supposed to be a submodule. For examples see [4]. 

Definition 3.5: 

(a) Let M and W be two modules, ��:� → � be a homomorphism. The AHS-homomorphism can be defined as 

follows: 

�:�(�) → �(�); �(� + ��) = ��(�) + ��(�)�.  

(b) If �	 = 	� + �� is an AH-submodule of M(I), �(�) = ��(�) + ��(�)�. 

(c) If �	 = 	� + �� is an AH-submodule of W(I), ���(�) = ��
��(�) + ��

��(�)�. 

(d) �� − ���(�) 	= ���(��) + ���(��)	� = {� + ��; �, � ∈ ���(��)}.  

Theorem 3.6: 

Let W(I) and M(I) be two neutrosophic strong/weak modules, and  �:�(�) → �(�) be an AHS-homomorphism: 

(a) �� − ���(�) is an AHS-submodule of M(I). 
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(b) If  �	 = 	� + �� is an AH-submodule of M(I), �(�) is an AH-submodule of W(I). 

(c) If �	 = 	� + �� is an AH-submodule of W(I), ���(�) is an AH-submodule of M(I). 

Proof: 

(a) Since ���(��) is a submodule of M, we find that �� − ���(�) 	= ���(��) + ���(��)� is an AHS-

submodule of M(I). 

(b) We have �(�) = ��(�) + ��(�)�; thus L(S) is an AH-submodule of W(I), since ��(�), ��(�)are submodules 

of W. 

(c) By regarding that ���(�) = ��
��(�) + ��

��(�)�, 	��
��(�)	and	��

��(�) are submodules of M, we obtain that  

���(�) is an AH-subModule of M(I). 

Theorem 3.7: 

Let W(I) and M(I) be two neutrosophic strong modules over a neutrosophic ring R(I), and  �:�(�) → �(�) be an 

AHS-homomorphism. Then 

�(� + �) = �(�) + �(�), �(�. �) = �. �(�), for all �, � ∈ �(�),� ∈ �(�). 

Proof: 

Suppose � = � + ��, � = � + ��; �, �, �, � ∈ �, ���	� = � + �� ∈ �(�), we have 

�(� + �) = �([� + �] + [� + �]�) = ��(� + �) + ��(� + �)� = [��(�) + ��(�)�] + [��(�) + ��(�)�] =

�(�) + �(�).  

�. � = (�. �) + (�. � + �. � + �. �)�, �(�. �) = ��(�. �) + ��(�. � + �. � + �. �)� 

= �. ��(�) + [�. ��(�) + �. ��(�) + �. ��(�)]� = (� + ��). (��(�) + ��(�)�) = �. �(�). 

Theorem 3.8: 

Let � = � + �� be an AH-submodule of a neutrosophic weak module M(I) over a ring R, suppose that  

� = {��; 1 ≤ � ≤ �} is a bases of P and � = {��; 1 ≤ � ≤ �} is a bases of Q then � ∪ �� is a bases of S. 

Proof: 

 Let � = � + �� be an arbitrary element in S; � ∈ �, � ∈ �. Since P and Q are submodules of M we can write 

� = ���� + ���� + ⋯+ ����;	�� ∈ �	���	�� ∈ �, � = ���� + ���� +⋯+ ����;	�� ∈ �, �� ∈ �. 

Now we obtain � = (���� + ⋯+ ����) + (����� + ⋯+ �����); thus � ∪ �� generates the subspace S. 

� ∪ �� is linearly independent set. Assume that (���� + ⋯+ ����) + (����� + ⋯+ �����) = 0, this implies  

���� + ���� + ⋯+ ���� = 0 and  (���� + ���� + ⋯+ ����)� = 0. Since X and Y are linearly independent sets 

over R, we get �� = �� = 0	���	���	�, � and � ∪ �� is linearly independent then it is a basis of S. 

Result 3.9: 
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Let � = � + �� be an AH-submodule of a neutrosophic weak module M(I) with finite dimension over a ring R, 

from Theorem 3.8 and the fact that � ∩ �� = ∅, we find dim (�) = dim (�) + dim 	(�). 

Example 3.10: 

Let M =�� = � × � × � is a module over the ring Z, � =< (0,0,1) > , � =< (0,1,0) >  be two submodules of M, 

(a) � = � + �� = {(0,0,�) + (0, �, 0)�; 	�, � ∈ � }is an AH-submodule of M(I). 

(b) The set {(0,0,1), (0,1,0)�} is a bases of S, dim (�) = dim (�) + dim (�) = 1 + 1 = 2. 

(c) ��:� → �;	��(�, �, �) = (� + �, �, �)���	���	�, �, � ∈ � is a homomorphism, the corresponding AHS-

homomorphism is  

�:�(�) → �(�); �[(�, �, �) + (�, �, �)�] = ��(�, �, �) + ��(�, �, �)� =(� + �, �, �) + (� + �, �, �)�. 

(d) �(�) = ��(�) + ��(�) = ��{(0,0,�)}+ ��{(0, �, 0)}� = {(0,0, �) + (�, �, 0)�}; �, � ∈ �, which is an AH-

submodule of M(I). 

Example 3.11 : 

Let M=�� = � × �, W=�� = � × � × � be two modules over the ring Z, ��:� → �;	��(�, �) = (� + �, � +

�, � + �) is a homomorphism. The corresponding AHS-homomorphism  is 

�:�(�) → �(�); �[(�, �) + (�, �)�] = (� + �, � + �, � + �) + (� + �, � + �, � + �)�.  

����� =< (1,−1) > , �� − ���(�) = ���(��) + ���(��)	� =< (1,−1) > +< (1,−1) > � = 

{(�, −�) + (�, −�)�; �, � ∈ �} which is an AHS-submodule of M(I). 

We find dim (���(�)) = 1 + 1 = 2. 

Definition 3.12: 

Let M(I) be a neutrosophic strong/weak module, � = � + �� be an AH-submodule of M(I), we define 

 AH-Quotient module as: 

�(�) �⁄ = � �⁄ + (� �)⁄ �= (� + �) + (� + �)�; �, � ∈ �. 

Theorem 3.13: 

Let M(I) be a neutrosophic weak module over a ring R, and � = � + �� be an AH-submodule of M(I). The AH-

Quotient �(�) �⁄  is a module with respect to the following operations: 

Addition: [(� + �) + (� + �)�] + [(� + �) + (� + �)]� = (� + � + �) + (� + � + �)�; �, �, �, � ∈ �. 

Multiplication by a scalar: (�). [(� + �) + (� + �)�] = (�. � + �) + (�. � + �)�; 

�, � ∈ �	and	� ∈ �. 

Proof: 

It is easy to check that operations are well defined, and (�(�) �⁄ ,+) is abelian group. 
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Let � = [(� + �) + (� + �)�] ∈ �(�) �⁄ , we have 1. � = �. 

Assume that �, � ∈ �, we have �. (�. �) = �. [(�. � + �) + (�. � + �)�] = (�. �. � + �) + (�. �. � + �)� =

(�. �). �. 

(� + �). � = [(� + �). � + �] + [(� + �). � + �]� = �. � + �. �. 

Let ℎ = [(� + �) + (� + �)�] ∈ �(�) �⁄ , � + ℎ = (� + � + �) + (� + � + �)�, 

�. (� + ℎ) = (�. � + �. � + �) + (�. � +�. � + �)�. � + �. ℎ. 

Example 3.14: 

We have M = �� = � × � is a module over the ring Z, � =< (0,1) > ,� =< (1, 0) > 	are two submodules of M, 

� = � + �� = {(0, �) + (�, 0)�; �, � ∈ �} is an AH-subspace of M(I). 

The AH-Quotient is �(�) �⁄ = {[(�, �) + �] + [(�, �) + �]�; �, �, �, � ∈ �}. 

We clarify operations on �(�) �⁄  as follows: 

� = [(2,1) + �] + [(1,3) + �]�, � = [(2,5) + �] + [(1,1) + �]� are two elements in	�(�) �⁄ ,� =

3	��	�	������	��	�. 

� + � = [(4,6) + �] + [(2,4) + �]�, 3. � = [(6,3) + �] + [(3,9) + �]�. 

Remark 3.15: 

If � = � + �� is an  AHS-submodule of a neutrosophic weak module M(I) over the ring R, then AH-Quotient 

�(�) �⁄ = � �⁄ + � �⁄ � is a weak neutrosophic module, since � �⁄  is a module. 

We introduce the following result, it determines the algebraic structure of neutrosophic module. 

Theorem 3.16: 

Let (N,+,.) be a module over the commutative ring R, �(�) be the corresponding weak neutrosophic module over R. 

Then 

�(�) ≅ � × �. 

Proof: 

Define �:� × � → �(�); �(�, �) = � + ��; �, � ∈ �, it is easy to see that � is well defined bijective map. 

Let (�, �), (�, �) ∈ � × �, � ∈ �, we have (�, �) + (�, �) = (� + �, � + �), �. (�, �) = (�. �, �. �), 

�[(�, �) + (�, �)] = (� + �) + (� + �)� = (� + ��) + (� + ��) = �(�, �) + �(�, �). 

�[�. (�, �)] = �. � + �. �� = �. (� + ��) = �. �(�). Hence � is a module isomorphism. 

Result 3.17: 

Theorem 3.16 shows that the concept of weak neutrosophic module is a rediscovering of direct product of a module 

with itself, thus all results in [11] can be obtained easily according to this result. 



International Journal of Neutrosophic Science (IJNS)                                                    Vol. 7, No. 2,  PP. 79-86, 2020 

 

DOI: 10.5281/zenodo.3879702 
 

 85

According  to the previous result, we can find that every submodule of a weak neutrosophic module is an AH-

submodule, since every submodule of � × � has the form � × �; �,� are submodules of M. 

5. Conclusion 

In this article, we have defined the concepts of AH-submodule, AHS-submodule, and AHS-homomorphism in 

neutrosophic module as new generalizaion of AH-substructures in neutrosophic vector spaces. Also, we have 

studied some basic properties of these concepts. 

On the other hand, we have proved that every weak neutrosophic module M(I) over any commutative ring R is 

isomorphic to the direct product of M with itself. 

Future Aspect 

This study can be extended into more neutrosophic structures. 
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