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Abstract 

A continuum theory of surfaces is successfully applied to analyse a set of molecular 

dynamics results obtained on systems consisting of nanosize fluid bubbles trapped in a solid 

matrix. The equations of this theory supplied with molecular dynamics data allowed 

calculating the Γ factor from the Laplace-Young equation as applied to systems of industrial 

interest, such as the helium bubbles that form along the ageing of some austenitic steel 

components of the nuclear reactors. The Γ factor was found to have a non-linear dependency 

on the helium/steel interface strain. These findings are in contradiction with the implicit 

assumption made in some published literature considering Γ as a constant. 
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1. Introduction 

The last years have seen an increased interest in the theoretical study of nanosize fluid 

inclusions (bubbles) trapped in various solid matrices [1-7]. In most studies, the Laplace-

Young equation, as established for the fluid/fluid systems, is also used for the fluid/solid ones: 
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Here, PB is the pressure of the fluid in the bubble, RB is the bubble radius, PS is the 

pressure applied by the solid matrix on the bubble surface and the Γ factor is often identified 

with the surface free energy of the fluid/solid interface (for example, see references [1-5]). 

However, for some authors [8-10], the Γ factor from the Laplace-Young equation applied to 

systems containing solid surfaces is a surface stress rather than a surface free energy. 

As shown in reference [11], the surface stress, which is an excess quantity, can be 

expressed through a second rank tensor, the surface excess stress tensor. In a spherical 

coordinate system, its components are calculated as follows: 
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In equation 2, rα and rβ are the α and β side limits of the α/β interface, σij(r) are the 

components of the stress tensor in the interface and σ
α,β

ij (r) are the corresponding components 

of the stress tensor in the α and β bulk phases extrapolated to the geometrical dividing surface. 

The geometrical surface position r = R0 is chosen in an arbitrary way within the interface (rα < 

R0 < rβ). If the system has a spherical symmetry and, in addition, the bulk phases α and β are 

homogeneous, the following equations hold: 



 3 

 0, Rrr                10 ctrRrrr rrrrrr  




   

 rRr ,0               20 ctrRrrr rrrrrr  




   

r       0,  rr ijij     ji   

(3) 

where ct1 and ct2 are constant with respect to r. 

The definition of the surface stress by equation 2 also introduces a normal component, γrr, 

suggesting a three dimension aspect of the surface stress. As can be seen from equation 2, 

every component of the surface excess stress tensor is a function of R0, the position of the 

geometrical surface in the interface. For a spherical interface, the function γrr(R0) takes the 

following form [11]: 
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The shape of the function γrr(R0) expressed by equation 4 shows that there is always a 

geometrical surface position R0 = Rs such that γrr(Rs) = 0. For this point, the geometrical 

surface is called the surface of tension and the surface excess stress tensor becomes bi-

dimensional [11]. 

Starting from the general condition of mechanical equilibrium at a curved interface 

between the phases α and β, the author of reference [11] also derived a vector form of the 

Laplace-Young equation in a generalized curvilinear coordinate system. This equation is 

applicable to all forms of curved interfaces irrespective of the nature of the α and β bulk 

phases (solid or fluid). If a spherical coordinate system is used and the system has a spherical 

symmetry, the generalized Laplace-Young vector equation reduces to the following scalar 
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form: 
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In equation 5, σrr
α
(R0) and σrr

β
(R0) are the radial components of the stress tensor in the 

bulk phases α and β applied to the α side (r = rα) and the β side (r = rβ) faces of the interface, 

extrapolated to the geometrical surface (r = R0). In the case where the α and β bulk phases are 

homogeneous, the equations 3 apply and the extrapolation gives: σrr
α
(R0) = σrr

α
(rα) and 

σrr
β
(R0) = σrr

β
(rβ). Γ is calculated using the following relation: 
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where Γθθ and  Γφφ are obtained from the tangential components of the stress tensor: 

         













 





 

r

R

iiii

R

r

iiiiii rdrrrrdrrr
R

0

0

0

1
     ,i  (7) 

The physical quantities rα,β, σii(r), σ
α,β

ii (r) and R0 from equation 7 have the same meaning 

as in equation 2. However, the surface stresses they define, Γii and γii, are different, with one 

exception [11], when the geometrical surface is chosen to coincide with the surface of tension 

(R0 = Rs). Only for this case, when the surface excess stress tensor becomes bi-dimensional, 

the Γ factor from the Laplace-Young equation is equal with γ
m
, the average of the tangential 

components of the surface excess stress tensor: 
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In the present work, the concepts and relations of the continuum theory of surfaces (CTS) 

from reference [11] previously introduced are used to analyse a set of molecular dynamics 

results obtained on systems where the size of one of the phases is of the order of nanometre. 

For the molecular dynamics study, one chose the particular case of helium bubbles confined 

in a face centered cubic (fcc) FeNiCr alloy at compositions similar to AISI-316 austenitic 

steels: the α phase is the helium (He) and the β phase is the metal (M). 

This work has also an applied objective, since it provides two methods allowing to 

calculate the Γ factor for fluid/solid interfaces in systems of industrial interest. In particular, 

predicting the evolution and the properties of the helium bubbles in AISI-316 austenitic steels 

is crucial for understanding the ageing phenomena affecting some steel components of the 

nuclear reactors.  

The paper is structured as follows: Section 2 presents the models and methods employed 

in this study. The first part of Section 3 gives a characterization of the helium/steel interface 

on the basis of molecular dynamics results. In the second part of Section 3, the concepts and 

equations of CTS are employed to analyse the molecular dynamics data and to calculate the Γ 

factor from the Laplace-Young equation. Section 4 gives a summary of the results of this 

study. 

 

2. Models and methods 

2.1. Models for the helium/steel systems 

The calculations presented in this paper were carried out using 3D periodic boundary 

conditions. The pattern for the periodical model was built starting from a supercell of 31 x 31 

x 31 fcc elementary cells. The fcc sites of this supercell were randomly filled with Fe, Ni and 
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Cr atoms in order to create a model reproducing the AISI-316 alloy which has a composition 

(in weight %) of 12% Ni, 17.5% Cr and 70.5% Fe [12] and displays a homogeneous 

distribution of the components (Fe, Ni, Cr) in the matrix [13]. The resulting cubic supercell 

contains 83385 Fe atoms, 13512 Ni atoms and 22267 Cr atoms. 

This perfect fcc supercell was then relaxed through molecular dynamics (MD) [14] in 

NPT (constant Number of particles, Pressure and Temperature) ensemble at T = 600 K and P 

= 0 GPa (no stress in the matrix). Following this relaxation, the edge length of the supercell 

takes the value a = 10.962 nm.  

Cavities with different radii (RC) were carved in the relaxed FeNiCr fcc supercell by 

eliminating all the Fe, Ni and Cr atoms situated in a RC radius sphere with the center in the 

middle of the supercell. Four values were chosen for RC: 1.0 nm, 1.3 nm, 1.7 nm and 2.0 nm. 

The four cavities were then filled with different numbers of helium atoms in order to cover a 

range of average helium densities, from about 20 nm
-3

 to 110 nm
-3

. 

 

2.2. Simulation methods 

The helium/steel systems built as previously described were then relaxed at T = 600 K 

using NVT (constant Number of particles, Volume and Temperature) MD methods as 

implemented in the LAMMPS code [15]. The NVT-MD relaxation was carried out solely on 

the supercell atoms contained in an Rbox radius sphere (Rbox = 5 nm) with the center in the 

middle of the supercell. All the supercell atoms situated outside the Rbox radius sphere were 

fixed at their perfect lattice positions, thus insuring a fixed boundary for the spherical relaxed 

region. The thickness of the layer of fixed atoms (~ 1 nm) is larger than the cutoff radius of 

any interatomic potential used in these simulations. Thus, the atoms from the relaxed region 
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do not “see” their periodic images. Moreover, the layer of fixed atoms ensures that the stress 

field present in the spherical relaxed region does not interact with the stress fields of the 

periodic images, thus imposing a spherical symmetry. 

A time step of 0.2 fs was found appropriate for this type of simulations [2]. The systems 

were relaxed during 0.5 ns (2.5 x 10
6
 MD steps), then the results were accumulated over the 

next 2.5 x 10
6
 MD steps at every 100 steps. Thus, for every quantity of interest, one obtained 

a set of 25000 instantaneous values. The properties of interest (stress tensor components, 

energies and bubble radii) were then calculated as averages of these instantaneous values. 

The stress tensor components in a certain region of the system were computed from the 

atomic stress tensor components of the atoms contained in this region (provided by LAMMPS 

in pressure*volume units [15]) and the volume of the region. 

 

2.3. Interatomic potentials 

In all simulations, semi empirical interatomic potentials were employed to describe the 

three types of interactions that are present in the systems: Fe-Ni-Cr, M-He (M = Fe,Ni,Cr) and 

He-He.  

For the Fe-Ni-Cr interactions, one used a ternary embedded atom method (EAM) type 

potential [16] which is able to give good estimations, with respect to Density Functional 

Theory (DFT) and experimental results, for some important properties of the AISI-316L 

austenitic steels: the stability of the fcc phase, the elastic constants and the stacking fault 

energies.  

The Fe-He and Cr-He interactions were described using the potentials proposed in 
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reference [17]. These potentials, based on the pair potential formalism, were fitted in order to 

correctly reproduce, with respect to DFT results, the migration energies of helium in Fe and 

Cr and the formation energy of the substitutional and interstitial helium in the tetrahedral and 

octahedral sites of the Fe and Cr matrices.  

The potential used for the Ni-He interaction was fitted to a set of Ni-He interaction 

energies obtained by Melius [18] using the Hartree-Fock approximation. The form of this 

potential is given below: 

 

































c

ci

i

Dr

rr

rrrPrPrPrP

rre
r

C

r

B
A

rV

0

01

2

2

3

3

2

 
(9) 

The potential parameters, together with the cutoff radii, are shown in Table 1. 

For the He-He interactions, one employed the potential proposed by Ross and Young [19] 

that reasonably reproduces (at least at ~ 300 K), with respect to DFT and experimental data 

[20], the pressure versus density curve for helium. 

 

3. Results and discussion 

3.1. The helium/steel interface  

Figure 1 schematically represents a cross section of the systems analysed here. The 

relaxed region is formed of three spherical sub regions: the bulk helium region (0 < r < rHe), 

the helium/steel (metal) interface region (rHe < r < rM) and the bulk metal region (rM < r < 

Rbox). The limits of the helium/metal interface region, rHe and rM, were determined in each of 
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the studied systems using the fact that at the interface the intensive properties diverge from 

those in the bulk. Figure 2 represents a typical radial profile of the potential energy per atom 

as obtained from the MD data. The profile displays a discontinuity at the interface around 

which the potential energy differs from the constant bulk values. This variation of the 

potential energy is present on both helium and metal sides of the interface, but on the metal 

side the variation is steeper, allowing to easily distinguish between the interface and the bulk 

metal. Thus, the point (r = rM) from which the potential energy per atom starts to diverge 

from the bulk value (-4.1 eV/atom) is the limit of the interface on the metal side. On the 

helium side, the potential energy variation is less steep. Moreover, for some systems with low 

helium densities, the statistics in many spherical regions on the helium side is very poor, 

generating strong fluctuations in the potential energy profile that further complicate the 

identification of the interface/bulk limit. However, another criterion allows identifying this 

limit: the radial profiles of the three diagonal components of the stress tensor. As can be seen 

in Figure 3, the three diagonal components are identical in the bulk helium region, as expected 

for a fluid, but starting from a certain point this symmetry tends to be broken: the two 

tangential components, σθθ(r) and σφφ(r), are still equal among themselves but different from 

the radial component σrr(r). The point (r = rHe) from which the symmetry breaking occurs is 

the limit of the interface on the helium side.  

The interface width values for all the studied systems, as calculated from the interface 

limits, are represented on Figure 4. These values range from 0.8 nm to 1.1 nm, in good 

agreement with other estimations from the published literature [21].   

RB from Figure 1 represents the bubble radius. It was calculated as the arithmetic mean 

between a “cavity minimum radius” and a “cluster maximum radius”. The “cavity minimum 

radius” was defined as the distance between the bubble mass center and the closest matrix 
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atom (Fe, Ni or Cr) and the “cluster maximum radius” as the distance between the bubble 

mass center and the furthest (helium) atom in the helium cluster. Following this definition 

[22], the bubble surface (r = RB) would be situated at the crossing point of the matter densities 

of the two phases. 

 

3.2. Calculation of Γ from molecular dynamics data 

Figure 5 displays an example of a typical radial profile, obtained through MD simulations, 

for the components of the stress tensor in the relaxed spherical region from the supercell. 

Every point represents the time average of the stress component calculated in a 0.01 nm thick 

shell situated at the distance r from the center of the spherical region.  

The stress tensor is diagonal everywhere (σij = 0, i ≠ j) as a consequence of the spherical 

symmetry. In the bulk helium region, the three diagonal components, which are identical, 

oscillate around a constant value, -PHe, where PHe is the helium hydrostatic pressure. In the 

bulk metal region, all three diagonal components of the stress tensor diminish in intensity 

with increasing r while, as shown on Figure 6, the pressure profile displays small fluctuations 

around a constant value. 

From the viewpoint of solid mechanics, the systems analysed here correspond to the case 

of an Rbox radius solid sphere (bulk metal) containing an rM radius spherical inclusion (bulk 

helium plus the interface). The spherical inclusion exerts a pressure Pint on its borders (r = 

rM), which translates into a pressure Pext at the (fixed) outer border of the solid sphere (r = 

Rbox). For this situation, the stress tensor is diagonal and its diagonal components in the solid 

sphere have the following form [23]: 
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The pressure in the solid sphere (PM) is obtained from the trace of the stress tensor: 
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According to equations 10 and 11, the stress tensor diagonal components in the bulk metal 

exhibit a 1/r
3
 decrease, while the pressure is constant everywhere, in agreement with the MD 

results. Moreover, if the values of Pint, Pext and PM are calculated through MD and introduced 

in equations 10 and 11, the resulting analytical functions (solid lines from Figures 5 and 6) fit 

very well the MD points. 

Considering that the helium and metal bulk phases are homogeneous and given that 

σrr
M

(rM) = -Pint (it follows from the first equation 10) and σrr
He

(rHe) = -PHe (the bulk helium is 

a fluid), the equation 5, as applied to helium/metal systems, takes the following familiar 

Laplace-Young form: 

int

2
P

R
P

B

He 


  
(12) 

In the above equation, the geometrical dividing surface was chosen to coincide with the 

bubble surface (R0 = RB). 

It should be noted that, despite their formal identity, the equations 1 and 12 contain terms 

with a different meaning. For example, PB from equation 1 usually represents the pressure in 

the whole volume of the fluid bubble, while PHe from equation 12 refers only to the bulk fluid 
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region. Both pressures are practically identical for the large bubbles, but for the very small 

ones, where the interface width (~ 1 nm) is of the same order of magnitude as the bubble size, 

the difference between PHe and PB could be important. Moreover, from equation 12, which is 

only a particular form of equation 5, the nature of Γ as a surface stress like quantity now 

becomes obvious. 

Equation 12 gives an easy access to the value of Γ, since PHe, RB and Pint can all be 

computed with MD techniques. The MD calculated radial profiles for the components of the 

stress tensor also allow determining the value of Γ by using its definition (equation 6) where 

the tangential components are calculated through a discretised form of equation 7, as follows: 
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(13) 

Figure 7 shows that, for all the studied systems, the values of Γ calculated with equations 

13 when R0 = RB (ΓDEF) and equation 12 (ΓLA) are practically identical. The agreement 

between ΓDEF and ΓLA proves the validity of the CTS from reference [11] when applied to our 

systems in the nanometer size range. 

As discussed in section 2.1, the helium/metal systems were built by filling, with increasing 

amounts of helium, void cavities with four different radii RC carved in the metal matrix. The 

MD relaxation of a void cavity leads to a partial shrink of its volume. When helium is 

gradually added, the pressure it creates counterbalances this shrinking tendency by pushing 
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the cavity walls outwards and increasing again the cavity volume. The bubble radius (RB) is 

thus an increasing function of the number of helium atoms in the bubble (NHe). The RB(NHe) 

variations corresponding to the four families of helium/metal systems can be well-fitted with 

linear functions (see Figure 8). As a result of the RB variation, the interface is deformed and 

the associated strain (εs) can be defined as follows: 

0

0

B

BB
s

R

RR 
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N
B NRR

He 0

0 lim
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As shown on Figure 9, the interface strain has a strong impact on the Γ value: Γ is a 

quadratic (or a higher order) polynomial function of εs. One should mention that the surface 

strain dependency of Γ has already been considered by some authors [9,10], albeit in a linear 

form, which is appropriate for small surface deformations. 

The curves Γ(εs), which are different from a bubble family to another, suggest different 

surface elastic properties for the four cases. This is explained by the fact that the four cavities 

carved in the metal matrix are faceted and the nature and proportion of facets composing them 

are different from a cavity to another. As the elastic properties of the bubble surface depend 

on the nature and proportion of facets, they are also different from a bubble family to another. 

This faceting effect is strong in small bubbles and one expects it to vanish for the large ones. 

As a consequence, the Γ(εs) curves would become practically identical for large helium filled 

cavities. 

All the previous Γ values were determined for the case where the geometrical surface 

coincides with the bubble surface (R0 = RB). However, the geometrical surface position can be 

chosen anywhere between the interface limits as stated in section 1. Changing the position of 

the geometrical surface has an impact on the values of the excess quantities. Figure 10 shows, 

for one of the studied systems, the variations of Γ, γ
m
 (the average of the tangential 
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components of the surface excess stress tensor, γθθ and γφφ) and γrr (the normal component of 

the surface excess stress tensor) with R0. The components of the surface excess stress tensor 

(γii) were calculated from MD data using a discretised form of equation 2: 
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The γrr component cancels at the point where the geometrical surface coincides with the 

surface of tension (R0 = Rs). Figure 11 shows that, for all the studied systems, the values of 

Γ(R0 = Rs) and γ
m
(R0 = Rs) practically coincide, that is, the Γ(R0) and γ

m
(R0) curves cross each 

other at the surface of tension, as predicted by the CTS. 

 

4. Conclusions 

In the present study, some concepts and equations of a continuum theory of surfaces were 

successfully employed to analyse the MD simulation results obtained on systems consisting of 

nanosize helium bubbles embedded in a solid matrix with the same structure and composition 

as the AISI-316 austenitic stainless steel. These systems are of particular interest to the 

nuclear industry. 

By showing a very good agreement between the MD results and the continuum theory 

predictions, this study also allowed to determine, through MD simulation techniques, the Γ 

factor from the Laplace-Young equation as applied to nanosize helium/steel systems. More 
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precisely, Γ was calculated from MD supplied results by two simple methods: using the 

Laplace-Young equation itself or through the definition of Γ as an excess quantity. 

It was shown that Γ, which is a surface stress like quantity, has a non-linear dependency 

on the interface strain, that is, the interface behaves like an elastic membrane. Despite the fact 

that some authors took into account the interface strain dependency of the Γ factor in the 

Laplace-Young equation applied to solid interfaces, in many papers Γ is still implicitly 

considered to be a constant, the value of which coincides with that of the surface free energy. 
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Fig. 2 
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Fig. 3 
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Fig. 4 
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Fig. 5 
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Fig. 6 
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Fig. 7 
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Fig. 9 
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Fig. 10 
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Fig. 11 
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Figure captions 

Fig. 1. Schematic representation of the cross-section of a supercell, such as those used in the 

present study. 

Fig. 2. Radial profile of the potential energy per atom (full circles) in the helium/steel 

systems. Example corresponding to a system built from a 1.3 nm radius cavity filled with 999 

helium atoms. 

Fig. 3. Radial profiles of the diagonal components of the stress tensor in the bulk helium and 

at the helium/steel interface. Example corresponding to a system built from a 1.3 nm radius 

cavity filled with 999 helium atoms. 

Fig.4. Helium/steel interface widths (rM – rHe) for all the systems analysed in this work. 

Fig.5. Radial profiles of the stress tensor components in the relaxed region (r < Rbox) of the 

supercell. Example corresponding to a system built from a 1.3 nm radius cavity filled with 

999 helium atoms. 

Fig.6. Radial profile of the pressure in the relaxed region (r < Rbox) of the supercell. Example 

corresponding to a system built from a 1.3 nm radius cavity filled with 999 helium atoms. 

Fig.7. Comparison between the Γ values calculated using the Laplace-Young equation (ΓLA) 

and those calculated using the definition of Γ as an excess quantity (ΓDEF). 

Fig.8. Bubble radius (RB) versus number of helium atoms in the bubble (NHe) corresponding 

to the four families of helium/steel systems analysed in this work. 

Fig.9. Γ versus εs, the interface strain, for the four families of systems analysed in the present 

work. 
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Fig.10. Γ, γ
m
 and γrr as functions of R0, the position of the geometrical dividing surface in the 

interface. The example from the figure corresponds to a system built from a 1.3 nm radius 

cavity filled with 999 helium atoms. 

Fig.11. Comparison between the values of Γ and γ
m
 corresponding to the surface of tension 

(R0 = Rs). 
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Table 1 

Parameters and cutoff radii for the Ni-He potential used in the present work. The unit for 

energy is the electronvolt (eV) and the unit for distance is the angstrom (Å). 

A(eV) B(eV·Å) C(eV·Å
2
) D(Å

-1
) ri(Å) 

349.732 -917.546 727.518 2.54144 4.0 

P0(eV) P1(eV·Å
-1

) P2(eV·Å
-2

) P3(eV·Å
-3

) rc(Å) 

3.71640E-1 -2.01704E-1 3.60846E-2 -2.12190E-3 5.0 

 


