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Central limit theorem for a critical multi-type branching
process in random environment

June 18, 2020

E. Le Page (1), M. Peigné & C. Pham (?)

Abstract
Let (Zp)n>0 with Z,, = (Z,(i,7))1<i j<p be a p multi-type critical branching process
in random environment, and let M, be the expectation of Z, given a fixed environment.
We prove theorems on convergence in distribution of sequences of branching processes
{‘ J\Z/[:Ll‘ /1 Zn| > 0} and {%/ |Zn| > 0}. These theorems extend similar results for single-

type critical branching process in random environment.

Keywords: multi-type branching process, random environments, central limit theorem,
critical case.

1 Introduction

Single-type and multi-type branching processes in random environments (BPREs) are
a central topic of research; they were introduced in the 1960s in order to describe the
development of populations whose evolution may be randomly affected by environmental
factors.

In the single-type case, the behaviour of these processes is mainly determined by
the 1-dimensional random walk generated by the logarithms of the expected population
sizes my, for kK > 0, of the respective generations; they are classified in three classes -
supercritical, critical and subcritical - of single-type BPRESs, according to the fact that
the associated random walk tends to +oo, oscillates or tends to —oo. Their study is
closely related to the theory of fluctuations of random walks on R with i.i.d. increments;
when E [|log mg|] < +o0, the BPRE is supercritical (resp., critical and subcritical) when
E[|log mg|] > 0 (resp., E[|logmg|] = 0 or E[|logmg|| < 0).

In this context, a huge body of papers is devoted to study of the asymptotic behaviour
of the probability of non-extinction up to time n and the distribution of the population
size conditioned to survival up to time n. In the critical case, the branching process is
degenerate with probability one and the probability of non-extinction up to time n is
equivalent to ¢/y/n as n — +oo, for some explicit positive constant ¢ [15], [10]. The
convergence in distribution of the process conditioned to non-extinction comprises first
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the Yaglom classical theorem; the convergence of finite-dimensional distributions of the
processes was established by Lamperti and Ney [16] who showed that the limiting process
is a diffusion process and described its transition function. V.I. Afanasev described the
limiting process in terms of Brownian excursions [1]. These statements more or less claim
that the conditional logarithmic behaviour of the BPRE given its non-extinction at the
terminal time m is the same as the one of the associated random walk of conditional
mean values conditioned to staying positive. These results are extended in [3] under more
general assumptions, known as Spitzer’s condition in fluctuation theory of random walks,
and some additional moment conditions.

It is of interest to prove analogues of the above statements for multi-type BPREs
(Zy)n>0. As in the single-type case, the set of multi-type BPREs may be divided into
three classes: they are supercritical (resp. critical or subcritical) when the upper Lyapunov
exponent of the product of random mean matrices My, is positive (resp. null or negative)
[13]. Let us emphasize that the role of the random walk associated to the BPRE in the
single-type case is played in the multi-type case by the logarithm of the norm of some RP-
valued Markov chain whose increments are governed by i.i.d. random p X p-matrices My,
for k > 0, whose coefficients are non-negative and correspond to the expected population
sizes of the respective generations, according to the types of the particles and their direct
parents. Product of random matrices is the object of several investigations and many
limit theorems do exist in this context (see [4] and references therein). The theory of
their fluctuations is recently studied during the last decade using the promising approach
initiated by V. Denisov V. Wachtel [5].

The question of the asymptotic behaviour of the probability of non-extinction up to
time n is solved recently, under quite general moment assumptions and irreducibility
condition on the projective action of the product of matrices My; as in the single-type
case, it is proved that the probability of non-extinction up to time n is equivalent to ¢//n
as n — +oo, for some explicit positive constant ¢ [17], [8]. The asymptotic distribution
of the size of the population conditioned to non-extinction remains open; in this paper,
we prove a central limit theorem for the logarithm of the size of the population at time n,
conditioned to non-extinction.

2 Preliminaries, hypotheses and statements

We fix an integer p > 2 and denote by RP (resp. NP) the set of p-dimensional column
vectors with real (resp. non-negative integer) coordinates; for any column vector x of
RP defined by = (x;)1<i<p, we denote by & the row vector & := (z1,...,2,). Let
1 (resp. 0) be the column vector of RP whose all coordinates equal 1 (resp. 0). We
denote by {e;, 1 < i < p} the canonical basis, by (-,-) the usual scalar product and by |.|
the corresponding L' norm. We also consider the general linear semi-group ST of p x p
matrices with non-negative coefficients. We endow ST with the L'-norm denoted also by

The multi-type Galton-Watson process we study here is the Markov chain (Z,),>0
whose states are p x p matrices with integer entries. We always assume that Z, is non-
random. For any 1 < i,j < p, the (i,)"" component Z,(i,j) of Z, may be interpreted as
the number of particles of type j in the n'” generation providing that the ancestor at time 0
is of type i. In particular, >.?_, Z,(i,j) = |Zu(., j)| equals the number of particles of type
j in the n'" generation when there is 1 ancestor of each type at generation 0; this quantity
equals Z,(1,j), with the notations introduced below. Similarly, > 51 Zn(i, ) = | Zn(i, )]
equals the size of the population at time n when there is one ancestor of type i at time 0.



Let us introduce Galton-Watson process in varying environment and assume that the
offspring distributions of the process (Z,,),>0 are given by a sequence of NP-valued random
variables (&,)n>0. More precisely, the distribution of the number of typed j children born
to a single-typed ¢ parent at time n is the same as the one of &,(, ). Let &, ,n > 0,k > 1,
be independent random variables defined on (€2, F,P), where the &, »,k > 1 have the same
distribution as &,, for any n > 0.

The process (Zy,)n>0 is thus defined by recurrence as follows: for any 1 <4i,j < p and
n >0,

Zn (i) 4o Zn (i)

p p
> > Eni(€,7) when > Zn(i, 0) > 0;
(=1

Znt1(i,7) == =1 k=14Zu(i,1) 4.4 Zn(i,t—1)
0 otherwise.

We denote by G the set of multivariate probability generating functions g = (g(i))lgigp
defined by:
g(l)(s) - Z p(l)(a)sa,
aeNP

for any s = (s;)1<i<p € [0,1]P, where
1. a=(0;); € NP and s* = s{' ... 5p7;

2. p () = p(i)(al, ..., 0p) is the probability that a parent of type ¢ has «; children
of type 1,..., a, children of type p.
For each 1 < i < p, the distribution of the i*® row vector (£,(i,7))1<j<p of the &,
is characterized by its generating function denoted by gﬁf ), and set g, = (gﬁf ))19-3,, and
g = (gn)nZO- For any s = (Si)lﬁiﬁp € [07 1]p7

gﬁf)(s) =F sﬁ”(i’l)sgn(i’m e sf,"(i’p)] .

For a given sequence g in G, we denote by Z& the Galton-Watson process corresponding
to g and omit the exponent g when there is no confusion; furthermore, we set for any
n>1,
_ — (D
gomn =90°91---9Gn—1 = (go,n)1gz§p,
where 9(()1,31 = g((]l) ©0¢gj1...00gp—1. For any 1 <i <pand s € [0,1]?,

E (2560 [ 280,) ..., Z5_,((.)] = gnos (5756,
which yields that
E [Sz;%(i,)] _E [8125(2‘,1)3225(1',2) o Sg,%(i,p)} _ 9(()?1(3)-

More generally, for any z = (z1,...,2,) € NP, we denote by Z%(Z, j) the number of particles
of type j in the n'* generation providing that there are z; ancestors of type i at time 0,
for any 1 <1 < p. Therefore,

E[s78C0) [ 782, Z81(2,)] = qon(s)*.

Before going further, we introduce some necessary notations. For n > 0,



1. we denote by Mg, the mean matrix E&,:
Mg, = (Mg, (i, j)<ij<p With Mg, (i,5) = E[&a (i, 5)];

in other words,

agt) (1) ag (1)
(981 o 881,,
Mgn = )
a9 (1) a9 (1)
ds1 T 0Osy

2. for 1 <i <p,let Béi) be the Hessian matrices

n

. . 52 (@)
(@) _ (R . gn
Bg" <Bg" (k‘,ﬁ)) 1<k (<p ' <68k885 (1)>
1<k (<p

= (Bl&u(i. (&0, 0) — 5.0)])

1<k,e<p’

in particular, o2 (i, j) := Var(é,(i, 1)) = BY)(j, §) + My, (i, 5) — My, (i, 5)*.

P
3. and we set pg, = Z‘Bém and 1, = 7’]@9’1‘2,
=1 gn

The product of matrices Mogﬂ = My, ... Mg, , controls the mean value of Z,, according
to the value of Zy; indeed E[Z,] = ZoMy, ... Mg, , for any n > 0. The matrices M,,,
for n > 0, have non-negative entries which plays an important role on the asymptotic
behaviour of the products Mogm, for n > 0.

We consider the cone of p-dimensional row vectors

R = {:%:(xl,...,a:p) E]Rp/ Vi=1,...,p, x; 20},
and the corresponding simplex X defined by:
X :={# € R / 7| = 1}.
We introduce the actions of the semi-group ST on R’jr and X as follows:
e the right and the left linear actions of ST on RY defined by:
(Z,M)—zM and (Z,M)+— Mz
for any T € R’j_ and M € ST,

e the right and the left projective actions of ST on X defined by:

- Y
(@ M)+ & M:=—-— and (i,M)HM.x;:ﬁ

for any 2 € X and M € S™*.



For any M € 8T, let v(M) := 11<r112 (ZM i, > Then for any & € RY,
<j<p

0<v(M) |z| < [Mz| < |M] |z|.

We set n(M) := max <W, |M|)

We also introduce some proper subset of ST which is of interest in the sequel: for any
constant B > 1, let ST(B) denote the set of p x p matrices M with positive coefficients
such that for any 1 <4, k,l < p,

1 M)
B~ M(k,l) —

Following [6], we introduce some proper subset of generating functions of offspring
distributions; let & be a NP-valued random variable defined by £ = (£(4, j))1<i,j<p, With
generating function g (as described above).

Notation 2.1 Lete €]0,1] and K > 0. We denote by G. i the set of generating functions
of multivariate offspring distributions satisfying the following non-degeneracy assumptions:
foranyn >0 and1<14,5 <p,

(1) P(&(G,5) >2) >,
(2) ( (i,-) = ) > e,
(3)  E[£G, )] < K < +oo.

D. Dolgopyat and co-authors in [6] proposed a deep and useful description of the behaviour
of the process (Z%),>0 when all the generating functions g,, of the varying environment
g belong to G. x. We present and extend their results in section 3.3, they play a key
role in controlling the fluctuations of the Galton-Watson process in random environment,
conditioned to non-extinction (see Corollary 4.3).

In random environment, we consider a sequence f = (f;,),>0 of ii.d. random
variables defined on (2, F,P) and we set fo, = foo fi...0 fp—1 for any n > 1; as above,
for any z = (21,...,2,) € NP and s € [0,1]7,

E 5% [ Z0(2,) oo Zams(Z ) for o fuma| = fonls)2 ).
(4)

For n > 0, the random matrices M,, and By’ are i.i.d. and of non-negative entries.
The common law of the M, is denoted by u. In order to simplify the notations, we set
M, = My, BY = BJ(IZ) and 7, := 1y, , with the notice that 7, are non-negative real valued
iid. random variables. Moreover, let My ,, and M, o denote the right and the left product
of random matrices My, for k > 0, respectively My, = M(f’n = MoM ... M,_yand M, =
My _1 ... MMy, with the convention that My = I. Therefore,

E |:Zn/f0, fl, . 7fn—1:| = Z()MO e Mn—l = Z(]M(],n P-a.s..

For any 1 < ¢ < p, the probability of non-extinction at generation n given the envi-
ronment fo, f1,... fn_1 18

¢ = P<Zn(ia ')7’56/f0,f1,---,fn—1)
= 1 £l fam1(0)..)) = &L — folfi(- . fumr(0)...))),



where the letter ¢ presents the unique typed i ancestor, so that
Elg} ] = E[P(Zu(i,) # 0/ fo. fis- -, fa1)| = B(Z0li) #0).

As in the classical single-type case, the asymptotic behaviour of the quantity E[qf”]
above is controlled by the mean of the offspring distributions. By [9], if E[In* [My|] <
1
+00, then the sequence <— ln]Mo,n]> converges P-almost surely to some constant
n n>1

1
limit 7, := lim —E[ln |M07n|]. On the product space X x ST, we define the function

n—+ocon
p by setting p(z, M) := In|zM| for (£, M) € X x ST. This function satisfies the cocycle
property, namely for any M, N € ST and 7 € X,

p(, MN) = p(Z - M,N) + p(&, M). (2.1)

Under hypothesis H3(§) introduced below, there exists a unique p-invariant measure
v on X such that for any continuous function ¢ on X

wee) = [ [ ela wwtdsasn = [ p@wian = ve)

Moreover, the upper Lyapunov exponent 7, defined above coincides with the quantity
Jxcses+ (&, M)p(dM)v(dE) and is finite [4].

For any 0 < § < 1, we consider the following hypotheses concerning the distribution pu
of the mean matrices M,, and the distributions of the random variables &, at each step.

Hypotheses

H1(5). E[|Inn(Mp)]*+°] < 4-o0.

H2. (Strong irreducibility) There exists no affine subspaces A of R% such that AN RY
is non-empty, bounded and invariant under the action of all elements of the support of .

H3(3). The support of u is included in ST(B) with B = %.

H4. The upper Lyapunov exponent m, equals 0.

H5(5). u(Es) > 0, where Eg :={M € St /Vz € X, In|tM| > 6}.

H1 +
H6.E[‘M1’2(1—|—ln |Mi])| < +oo.

Notice that the moment hypotheses H1(4), H3(d) and H6 are satisfied when the off-
spring generating functions f,, for n > 0, belong to some G. f; indeed, in this case, for
any 1 <1i,j <p,

p
2pe < [My| < ) E[E7(6,4)] <p’K and py <p’K  P-as.
ij=1

A lot of researchers investigated the behaviour of the survival probability of (Z,),>0
in random environment, under various sets of rather restrictive assumptions. In [17]
and [8], we can find the most general statement in this context of multi-type Galton-
Watson process: when hypotheses H1-H6 hold for some § > 0, there exist positive numbers
Bi,...,Bp such that for 1 <1i < p,

lim \/E]P)(Zn(% ) # 0) = Bi- (2’2)

n—-+4o00



Let 3 be the column vector in R‘:’_ with entries 31, ..., 8,. Notice that hypothesis H6 above
is weaker than the one in [8]; indeed, the key argument in [17] and [8] is based on our
Lemma 4.2, whose proof is detailed in this article, which remains valid under assumptions
H1-H6 (for some 6 > 0).

The convergence (2.2) relies on a deep understanding, developed in [19], of the behavior
of the semi-markovian random walk (S, (Z,a))n>0 defined by S,(Z,a) = a+1In |ZM |, for
any T € X,a > 0 and n > 0. It is well known that this Markov walk satisfies a strong

1
law of large number and a central limit theorem; denote by o2 := li]grl —E[S%(%,a)] its
n—-+oo N

variance and recall that, under Hypotheses H1 to H5, the quantity o2 is positive.
Here comes the main result of the present paper; it concerns the asymptotic distribution
of the random variables In |Z,(Z, )| conditioned to non-extinction.

Theorem 2.2 Assume that

(1) there exist € €]0,1] and K > 0 such that P-a.s, the offspring distributions f,, for
n > 0, belong to G. i ;

(2) there exists & > 0 such that hypotheses H2, H4 and H5(5) hold.

Then for any 2 € NP\ {0} and t > 0,

lim P(ln’Z <t/|Z |>0> 2 <1>+<3>,
n——+o0o 27 o

where ®T denotes the cumulative function of the Rayleigh distribution:

¢ 2
o+ <£> = / sexp <—S—> ds.
g 0 2

The first step to prove this main theorem is to provide a limit theorem for the pro-
cesses (Zn(%,7))n>0, where 2 € NP\ {0} and 1 < j < p, conditioned to non-extinction
and randomly rescaled; this statement is of intrinsic interest and holds under weaker the
assumptions H1-H6 (for some 6 > 0).

Theorem 2.3 Assume that hypotheses HI1-H6 hold for some § > 0. Then, for any
Z e NP\ {0} and 1 < j < p, there exists a probability measure vz; on RT such that for
any non-negative continuity point t of the distribution function s — v; ;([0, s]),

. < o ‘
nﬂ@p( One3| t/ 1Z0(Z, )] > 0> v=;([0,4])
Furthermore, if there exist € €]0,1] and K > 0 such that f, € G g for any n > 0, the
probability measures vz j are supported on ]0, 400l

Theorem 2.2 is not a direct consequence of Theorem 2.3; we need an intermediate stage
which concerns the behaviour of the processes (ZMj ... My_1)p>0, for € X, conditioned
to the event (|Z,(Z,-)] > 0). A close conditioned limit theorem involving the Rayleigh
distribution also holds (see Corollary 3.6 below) but its condition is not the one required
here. The following proposition fills this gap and is essential to connect the two statements
above.

Proposition 2.4 Assume that hypotheses H1-H6 hold for some § > 0. Then for any
ze NP\ {0}, 2€X,a>0andt >0,

lim P <w <t / Z (2, )] > 0) - Jj%qﬁ (g) :

7




The article is structured as follows. In section 3, we present some useful auxiliary
results on product of random matrices and properties on varying environment. Section 4
is devoted to the random environment while the proofs of Theorem 2.3, Proposition 2.4
and Theorem 2.2 are detailed in sections 5, 6 and 7 respectively.

Notations. Let (up)n>0 and (vy)n>0 be two sequences of positive reals; we write
(4
o  u, =Rvy, if uy, < cu, for anyn > 0,
C

(and simply u, = v, when u, < v, for some constant ¢ > 0);

o U, < v, when %un < v, < cuy for anyn >0,

(and simply u, =< v, when uy, < vy, for some constant ¢ > 0);

o u,~wv, if lim —=1.

n—-+4oo Un

3 Auxiliary results

In this section, we state some well known and useful results about fluctuations of products
of random matrices with non-negative entries and some convergence theorems for multi-
type Galton-Watson processes in varying environment.

3.1 On positive matrices and their products

Following [11], we endow X with a bounded distance d such that any A € S acts on X as
a contraction with respect to 0. In the following lemma, we just recall some fundamental
properties of this distance.

Lemma 3.1 There exists a distance d on X which is compatible with the standard topology
of X and satisfies the following properties:

1. sup{o(z,y) / z,5 € X} =1.
2. |z —y| < 20(x,y) for any Z,75 € X.
3. For any M € 8%, set [M]:=sup{d(M -2, M -y) / Z,5 € X}. Then,
(a) O(M -z, M -y) < [M]o(x,y) for any &,y € X;
(b) [MN] < [M][N] for any M,N € S*.
4. For any B > 1, there exists pp €)0,1[ such that [M] < ps for any M € ST(B).

Similar statements also hold for the right action of ST and S*(B) on X.

The following Property is a direct consequence of Lemma 3.1: up to some normaliza-
tion, products of matrices in S*(B) converge to some rank-one matrix.

For any M = (M (i,))1<i j<p in ST, we denote by M the matrix with entries

60— M5 M j)
MED = 560 = S M)

Property 3.2 Let M = (M,,),>0 be a sequence of matrices in ST(B). Then the sequence
(Mon)n>0 converges as n — 400 towards a rank-one matriz whose columns are all equal
to My = (Moo(i))1<i<p, where, for any 1 < j <p,

My (i) := lim Mon(i, ).

n—-4o0o

8



Let us also recall some important properties of matrices in ST(B).
Lemma 3.3 [9] Let T(B) be the closed semi-group generated by ST (B). For any M, N €
T(B) and 1 <1i,j,k,l <p,
B2
M(i,j) < M(k,1).

In particular, there exists ¢ > 1 such that for any M, N € T(B) and for any Z,7y € X,

1. |Mz| = |M| and |§M| = | M|,

2. [jMz| =< |M|,

C
3. |MN| < |M||N|.

3.2 Limit theorem for products of random positive matrices

Throughout this subsection, the matrices M,,,n > 0, are i.i.d. and their law u satisfies
hypotheses H1-H5 for some § > 0. We introduce the homogenous Markov chain (X, )n>0
on X defined by the initial value Xg = & € X and for n > 1,

Xp =2 Moyn.
Its transition probability P is given by: for any € X and any bounded Borel function
p: X =R,
Pe(@) = [ pla- Mu(an).

In the sequel, we are interested in the left linear action & — £ M, of the right products
My, for any & € X. By simple transformation, we see that

TMy,, = e lPMonl 7. My

which turns it natural to consider the random process (Sy)n>0 defined by: for any Z €
X,aeRandn >1,

So=50(Z,a) :=a and S, =5,(Z,a) :=a+In|TM,|

In order to simplify the notations, let S, (Z) := S,(Z,0) for any & € X and any n > 0. By
iterating the cocycle property (2.1), the basic decomposition of S, (Z,a) arrives:

n—1
Su(E,a) = a+In|EMon| = a+ Y p(Xy, My).
k=0

It is noticeable that for any a € R, the sequence (X,,, Sp)n>0 is & Markov chain on X x R

whose transition probability P is defined by: for any (Z,a) € X x R and any bounded
Borel function ¢ : X x R — C,

Py(@,a) = | v(@-M,a+ (& M)u(dM).
For any Z € X and a > 0, we denote by P; , the probability measure on (£, F,P) condi-
tioned to the event (X¢ = #, Sy = a) and E; , the corresponding expectation; the index a
is omitted when a = 0 and Pz denotes the corresponding probability.



We set R := RT\{0} and define P, the restriction of P to X x R*: for a > A and
any T € X, B

ﬁ+((i‘,a),-) = 1X><R+(')P((jva)")'

Furthermore, we introduce
e the first (random) time at which the random process (S,(Z,a)),>0 becomes non-
positive:

T = Tg,q :=min{n > 1 /85,(Z,a) < 0}.

e the minimum m,, for n > 1, defined by

My = Mp(Z,a) := min{S1(Z,a),...,S,(Z,a)},
and we set
m,(Z,a) = Pz o(m, > 0) =Pz (7 > n) =P(15, > n).
In order to simplify the notations, when a = 0 let 73 := 730, m,(Z) = my(Z,0) and

m, (Z) := m,(Z,0) for any € X and any n > 0.
We recall some important results about the behaviour of the random products of
variables My, and the distribution of 7, under Pz ,.

Proposition 3.4 [19] Assume hypotheses H1 — H5 for some § > 0. Then for any & € X

and a > 0, the sequence (Ezo[Sp;T > n]) - converges to some quantity V(Z,a). The
n_

function V' is 15+-harm0m'c on X x RY and satisfies the following properties:
1. for any @ € X, the function V(Z,-) is increasing on R*;

2. there exist ¢ > 0 and A > 0 such that for any £ € X and a > 0,

TV (0 4) < V(@) < el +a)

3. for any & € X, the function V(Z,.) satisfies lim M =1.

a—-+oo a
The next statement allows to control the tail of the distribution of the random variable 7.

Theorem 3.5 [19] Assume hypotheses H1-H5 for some § > 0. Then for any & € X
and a > 0,

Pso(T >n) ~ V(Z,a) as n — +o0,

2
ov2mn
where o2 > 0 is the variance of the Markov walk (Xn, Sn)n>0. Moreover, there exists a
constant ¢ such that for any £ € X, a > 0 andn > 1,

0 < VnPzo(r > n) < cV(Z,a).

Our hypotheses H1-H5 correspond to hypotheses P1-P5 in [19], except that hypothesis
H1 is weaker than P1. Indeed, the existence of moments of order 2+6 suffices. This ensures
that the map ¢ +— P; in Proposition 2.3 of [19] is C2, which suffices for this Proposition
to hold. Moreover, the martingale (M,,),>0 which approximates the process (S, (x))n>0
belongs to LP for p = 24§ (and not for any p > 2 as stated in [19] Proposition 2.6). This
last property was useful in [19] to achieve the proof of Lemma 4.5, by choosing p great

10



enough in such a way that (p —1)0 — % > 2¢ for some fixed constant € > 0. Recently, by
following the same strategy as C. Pham, M. Peigné and W. Woess improved this part of
the proof, by allowing various parameters (see [18], Proof of Theorem 1.6 (d)).

As a direct consequence, up to some normalisation and conditioned to the event [m,, >
0], the sequence (Sy),,~; converges weakly to the Rayleigh distribution.

Corollary 3.6 [19] Assume that hypotheses H1-H5 hold for some § > 0. Then for any
zeX, a>0andt >0,

S t
lim P, [ =2 < =oT (= ).
i o (517 0) = (7)

Theorem 3.5 leads to some upper bound in the local limit theorem.

Corollary 3.7 Assume hypotheses H1-H5 for some & > 0. Then there exists a positive
constant ¢ such that for any T € X,a,b> 0 and n > 1,

(1+a)(1+b)

0§Pj7a(5n€[b,b+1[,7'>n)§c -y

Proof. We follow and adapt the strategy of Proposition 2.3 in [2]. For fixed z € X and
a,b > 0, we write

E, = E,(z,a,b) := (Sn(i*,a) € b,b+1[, 754 > n)

_ (ea|:zM0,n| € 8, ], e @My| > 1,..., e%|iMo,| > 1)
C (Tj,a > n/3>
N (ygzMo,n\ € [0, Y, e |EMy g a] > 1,y €)M p]| > 1).

Let us decompose Mg, into three parts, using the notation My, = My ... M, for any
0 <k <nandn>1. It holds that My, = M, M/ M]" with

My, = My jns3) = Mo ... Miy3—1, My = My, 30 j9n/3) = M3 - - Miop/31-1

and
My = Mgy /31 = Migpys) - - My—1.

By Lemma 3.3, we may write, on the one hand

(18Mo.n] € [, e=41) = (M MM € e, e mo)

P-a.s.
E (1M M| € [, et o)

P-as. b—a b—a+1
E( e | e |)
AR AN
P-as. eb—a eb—a—l—l
& (leargl e | ’ )
M T A AL

and on the other hand, for any [2n/3] < k < n,

1, N
S|EMo] [Mit1n] < |2Mon| P-as.

11



This yields that

(12Mo] € [, =1, e*|EMy onjgpra] > L. *[EMol > 1)

P-a.s.
b+1
C (’M[2n/3]+1n’ <C€ ‘Mn 1n’ < ce’t >
P-a.s.
C (]a:M[gn/g,]H ol < ceT M,y ) < ceb+1).
Finally,
P-a.s.
E, ¢ E.NE'NE"
with

b—a b—a+1
e 3 €

AN AN )

E = E (2,a,b) = (Ti,a > n/3>, E" = E'(z,a,b) = (ygéM;;y € [
and
E! = E!(z,a,b) = <|xM[2n/3]+1 ol < et JEM, 1) < ceb+1).
The events E! and E!” are measurable with respect to the o-field 7, generated by
Mo, ..., M, 3—1 and Mgy, /3), ..., Mp_1; consequently,
P(E.) <P(P(E,NELNE) | To))
= E[1p,nppP(Ey | Tn)]-
The random variable In [£M]/| are independent on 7, and their distribution coincides with

the one of Sy, 3 (Z,0). Therefore, by the classical local limit theorem for product of random
matrices with non-negative entries, for any z € X and a,b > 0,

P(E! | T, < sup ]P’(]a:M"\ € [A cteA D —
Since the events E! and E!” are independent, it follows that
P(E/ NE" P(E)P(E!
b < FEROED _ PUEDR(ED
NG NG
The probability of E! (x,a,b) is controlled by Theorem 3.5: uniformly in & € X and
a,b>0,

(3.1)

14+a

P(E), (z,a,b)) < T (3.2)
To control the probability of the event E!(z,a,b), we introduce the stopping time
77 = min{n > 1185, >0}
and notice that its distribution satisfies the same tail condition as 7. Since
dist
(Mian/3)s Mignaj1s - - s Mp—1) = (Mo, My, ..., My,_(2/31-1);
it holds uniformly in Z, a, b that,
P(E; (,a,b)) < P(15Mo| < ce™*!,..., [#Mo (s sg| < ce*)
=P; —1nc—b—1(T+ >n— [2n/3])
1 +5b
R (3.3)
f
The proof is done, by combining (3.1), (3.2) and (3.3).
O
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3.3 On the probability of extinction in varying environment

In this section we state some useful results concerning multi-type Galton-Watson processes
in varying environment g = (gn)n>0-

For any 1 < j < p, the quantity ‘M&n(-,j)‘ equals the mean number E[Z,(1, /)] of
particles of type j at generation n, given that there is one ancestor of each type at time
0. By Lemma 3.3, if all the M,, belong to S*(B), then ‘M&n(-, j)‘ = ‘M&n(i, j)‘ =
1,
normalized matrices (M(g)m)nzo converges as n — oo towards a rank-one matrix with
common column vectors M = (M5 (i))1<i<p -

The following statement brings together several results obtained by D. Dolgopyat and
al. [6], O. D. Jones [12] and G. Kersting [14] in the varying environment framework. The

last point of this statement is a new key to the main theorem of this paper: the conditioned
central limit theorem for multi-type Galton-Watson processes in random environment.

for any 1 < 4,7 < p and n > 0. Furthermore, by Property 3.2, the sequence of

Proposition 3.8 Let Z8 = (Z8),>0 be a p multi-type Galton-Watson process in varying
environment g = (gn)n>0. Assume that g € € and that there exists B > 1 such that for
any n > 0, the mean matrices M, belong to ST(B). Then

1. the extinction of the process Z& occurs with probability qlg < 1 for some (hence every)
i €{1,...,p} if and only if for some (hence every) i,j € {1,...,p},

1
Z% MG, (i, 5)

2. If for some (hence every) i,j € {1,--- ,p},

(i,7)
Z HMgnﬂr <o, (3:3)

then there exists a non-negative random column vector W8 = (W8(i))i1<i<p such
that E)WV8(i)] = M5.(i) and as n — +oo, for everyi,j € {1,...,p},

g . . g . . 2
Wg(Z ]) Z (Z j) — an(zij) L (Pg) Wg(l) (36)
M| IBIZELD)
3. Under conditions (3.4) and (3.5), for any 1 < i < p, it holds
P(W8(i) = 0) = P(liminf | Z8(i,-)| = 0) = ¢f. (3.7)

Let us shortly comment on this statement.

e The first point means that condition (3.4) is equivalent to the fact that Z8 is super-
critical.

e For a single-type supercritical Galton-Watson process (Z,,),>0 in constant environ-
ment, it is well known that the sequence (W, )n>0, where W,, := Z,/E[Z,], is a non-
negative martingale, hence it converges P-a.s. towards some non-negative limit W (and
in L' under some other moment conditions). The second assertion corresponds to a weak
version of this property for multi-type Galton-Watson processes in varying environment,
without the martingale’s argument which fails here.

13



e The third assertion corresponds to the famous “Kesten-Stigum’s theorem”; this is
new result in the context of multi-type Galton-Watson processes in varying environment,
the proof is detailed in subsection 3.3. We refer to [14] and references therein.

Proof. Throughout this proof, in order to simplify the notations, we omit the exponent
g, except at the end when we need to specify the environment.

Assertion 1 follows by combining Proposition 2.1 (e) and Theorem 2.2 in [6].

Assertion 2 corresponds to Theorem 1 in [12].

In [12], one may also find some conditions on g which ensure that equality (3.7) holds;
nevertheless, as claimed by the author, “it can be difficult to check them”, except in some
restrictive cases. Therefore, as far as we know, Assertion 3 is a new statement; we detail
its proof here, by following the strategy developed by G. Kersting (Theorem 2 (ii) in [14])
and by using some estimations obtained in [6].

By construction of the W8(i),1 < i < p, the inclusion

(liminf |Z8(i,-)| = 0) € (WB(:) = 0)
is obvious. Hence, it suffices to show that P(W8(i) = 0,liminf, |Z5(i,-)] > 1) =0. We
decompose the argument into two steps.
Step 1. Comparison between P(liminf, |Z5(¢,-)| = 0) and P(WE(i) = 0).

By formula (7) in [6], since the sequence g1 = (gx)r>1 belongs to &, the functions
gin = g1 ©...0 gy satisfy the following property: for s € [0, 1[P,

1 1
Z\Mﬁr 1 gun(s)] ~ M Hl—s! Z (38)

By convexity of gg, there exists ¢g > 1 such that for any 1 <i <p and t € [0,1[?,

(2)
1 1—g5'(t)
— < —= < . .
w ST S (3:9)
(We detail the argument at the end of the present proof). Thus, by combining (3.8), (3.9)
and Lemma 3.3, for any 1 <14 < p, it holds that

1 1
<
Z\MOIJ (Z () ‘M()gn’|1_8| Z‘M()gk’

This yields

- on the one hand, by choosing s = 0,

1 1
27 = g 7’

B(ZE(i, ) > 1) ~ 2= [ME,]

- on the other hand, by setting s, = (e_)‘/‘Mgn("l)l, 1,...,1) with A > 0,

n

1 B 1 1 1 1
i, o D, S g |’
S ST e
This readily implies that for any 1 <,/ < p,
1 - 1 1 n 1
I-E [e Miﬁf}li)] M e POZEEI= )
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By Lemma 3.3, it holds that [Mo,(-,1)| < |Mg,|; furthermore, these quantities tend to
+00 as n — 400, by (3.4). Hence

1
1-E [e_’\wg(i)]

1 1
X Pliminf |25, [ > 1)

=

Letting A — 400 yields that 1 =< 1
8 Y 1— POVE() = 0) — P(liminf |ZE(¢, )| > 1)
In other words, there exists a constant £ > 1 such that for any 4,4 € {1,...,p},

P(liminf |ZB(¢,)] > 1) < &kP(W8(i) > 0),

which implies that when POVE(i) > 0) <

2K
2K
P(liminf [ZE(¢,-)| =0) > (]P’(Wg(i) - o) . (3.10)
To get this last inequality, we use the following elementary lemma.

Lemma 3.9 [14] Let Kk > 1 and A,B be two events such that P(A) < kP(B) and
P(B) < 5. Then
P(A4) > P(B)?~.

Step 2. A martingale argument.

As G. Kersting in [14], we introduce a martingale defined by: for k& > 0 and any
ie{l,...,p},

My, = POVE() =0/ Z8,..., 7).

It is known that My — 1(ye(;)—0) P-a.s. as k — +oo by standard martingale theory; in
particular it converges P-a.s. towards 1 on the event WV&(i) = 0).

The branching property of the process (Z3),>0 is used to express My, in another form.
It is noticeable that YW&(i) depends on the whole sequence g; let us set g := (¢;);>r and

denote Wek (i) the random variable defined as in (3.6) but with respect to the Galton-
Watson process Z8% corresponding to the environment gi. By the branching property,

My = POWVBR(1) = 0)ZR0D x . x (W (p) = 0)%: (),
so that for 1 </ <p, as k — +oo,
P(WB({) = O)ZE(M) — 1 P-a.s. on the event (W8(i) =0). (3.11)

The same property holds, replacing the event (W8 (¢) = 0) by (liminf, |Z§*(¢,-)| = 0),
namely: for any ¢ € {1,...,p}, as k — 400,

P(lim inf | 285 (¢, )| =0)%@5 —5 1 P-as. on the event (W8(i) = 0). (3.12)

Indeed, every subsequence (]P’(lim inf |Z5F (0,)] = O)Z’i- (i’g)) . has a further subsequence

which converges to 1. In order to apply inequality (3.10), we distinguish two cases.
(i) Either P(W8ir (€) > 0) < o= for k large enough; we may apply (3.10) and (3.11) to
obtain, P-a.s. on (W28(i) = 0),

lim inf P(lim inf | Z8* (¢,-)| = 0)% @) > lim inf POVEE (£) = 0)25%k (00 = 1.

r—-+o00 r—-+o00
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(ii) Or there exists a further subsequence (k,)g>o such that POVE(€) > 0) > ok

Hence, (3.11) implies that Zg, (i,¢) — 0 P-a.s. on (W8(i) = 0), as 7 — +o0; in other
/ g (;
words Z, (i,£) = 0 for r large enough, thus P(lim inf |Z§k" £, = O)Zk’r( O

Finally, in both cases, convergence (3.12) holds. By Egorov’s theorem, for any & > 0 and
k sufficiently large,

POWVE(i) =0, hmlnf]Zg( Il >1)

| /\
/—\

H]P’ hmmf!ng( ) = O)Z’%(i’é) >1—e|Z;(i,-)] > 1)
(=

[y

1 u .. Z8(ik :
<e+ 1_€E Zl_llP(hmnlnf\Z;ng(ﬁ,-)] =0) ’“(’);‘ZE(% )= 1]
1
— - g — g g).|78(; )| >
€+1_EE{]P’ hmlnf\Z , )] O/Z,...,Zn>,!Zk(Z, )| _1]

1
N g g >
——z—:—l——l E]P’(hrr%lnﬂZ (i,)] =0;5|Zp(i,-)] 1>.

Letting k — +o00, we obtain that P(W#(i) = 0,liminf |Z8(i,-)] > 1) < ¢ and the claim
follows with € — 0. !
O
Proof of (3.9) We denote | - |2 the Euclidean norm on RP. The second inequality is
classical:

=g’ < (Vo)) (1,1 =) = (My (i), 1 = ) < 1=tz = | My |1 ~ 1.

To prove the first inequality, let [t', 1] be the intersection of the cube [0, 1[P with the line

passing through t and 1. By convexity of g((]i) on the segment [/, 1], it holds that

=g 1=’ (®) _ 1-g' () 19’ ()
1—t — |1—tlp — |1—=t|s — VP

The point ¢’ = (,...,t,) belongs to the boundary of the cube [0, 1[” and at least one of
its entries, say t;-, equals 0; hence, recalling that £y(7,-) is a NP-valued random variable

(4)

with generating function g;’, then

1— g () > 1 g (1 —¢j) = 1= P(&o(i, j) = 0) = P(&(i,j) > 1) > &

This achieves the proof.

4 On the random environment

In this section, we present the random environment that we use and introduce some
considerable classical change of measure and its main properties.

Why this change of measure? The bright idea introduced to study critical branching
processes in random environment is to assume first that the random walk S, is greater
than some constant —a, then let a — 400 (see for instance [7] and references therein).
On the intermediate probability space, for almost all environment with respect to the new

16



probability measure, the Galton-Watson processe we consider is in varying environment
and becomes a super critical process; we may thus apply Proposition 3.8 to each one of
these environment (quenched version).

Recall that f = (f,)n>0 is a sequence of i.i.d. random variables with values in G.

4.1 Construction of a new probability measure @i,a

The ﬁ+-harmonic function V on X x RT gives rise to a Markov kernel ﬁ_‘( on X x R*
defined formally by:

~ 1 ~
PY¢ = Py (Vo)
for any bounded measurable function ¢ on X x R*. By Proposition 3.4, there exists A > 0

such that V(Z,a) > 0 whenever a > A; thus, for any 2 € X, a > A and n > 1,

1

(]3}:)"(25(@7@) = mEfc,a [(V$)(Xn, Sn);my > 0].

We introduce a change of probability measure on the canonical path space ((X x

R)®N 6(X,0, Sp 2 n > 0),0) 3 of the Markov chain (X, Sp)n>0 from P to the measure
Pz o characterized by the property that

-~ 1

Ei,a[qb(XO) 507 cee 7Xk7 Sk)] = mEi,a[QS(XO’ cee 7Sk)V(Xk7 Sk)a mg > 0] (41)

for any positive Borel function ¢ on (X x R)*+1. By Proposition 3.4 and Theorem 3.5

. 1
nETwEx7a[¢(XO’ e ,Sk)\mn > 0] = m

= Eaa[d(Xo,.... S0 (4.2)

E{C7a[V(Xk, Sk)¢(X0, . ,Sk); my > O]

which clarifies the interpretation of @j’a (see [17] section 3.2 for the details).

This probability may be extended to the whole o-algebra o(f,, Z, : n > 0) as follows; the
extension is done in three steps:

Step 1. the marginal distribution of @ia on 0(X,,S, :n>0) is ]/P\’;w characterized by
the property (4.1);

Step 2. for any n > 0, the conditional distribution of (fo,--- , f,) under @ia given
Xo=230=2%,...,Xn =Tn,5 = so = a,..., S, = s, equals the one of (fo,---, fn) under
P; namely, for any measurable sets Gy, ...,G), in G and all (Z;)o<i<n and (s;)o<i<n

I?‘zz,a(fkeGk,ogkgn/xi=az‘i,5i=sz-,0§z'§n)

= P(fi € G0 <k <n/X; = 5, 8i(5,0) = 5,0 <i < ).

Step 3. the conditional distribution of (Z,)n>0 under ]/P\’;w given £ = (fo, f1,...) is the
same as under P,; namely, for any n > 0 and 1 <17 < p,

~

Eio [sZn@'v')/Zo,...,Zn_l, (S“,fl,...,fn_l] —E |:SZ7L(i")/Zo,...,Zn—laf(gi)7f1,...,fn_1]
= famr(s)n1 (),

30 denotes the shift operator on (X x ]R)@N defined by 9((xk7sk)k20) = (®r41, Sk+1)k>0 for any

(xk,sk)kzo in (X X R)®N
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4.2 Some properties of the probability measures ﬁg,a, reXa>0

The following lemma extends property (4.2) to the o-algebra Foo = o(Vi>0F)) where
Fi:=0{fe,Zy | 0 <€ <k} for any k > 0.

Lemma 4.1 Assume that hypotheses H1-H5 hold for some 6 > 0. Let (Yy)r>0 be a
sequence of bounded real-valued random variables adapted to the filtration (Fi)k>0-

1. [8] For any Tz € X and a > A,

~

lim E&a [Yk ‘ T > n] = E&a[Yk]. (43)

n—-4o0o

2. Moreover, if (Yi)r>0 converges in Ll(]@j’a) to some random variable Yo,

lim Ez o[V, | 7> n] = Ezo[Vao]-

n——+o0o

Proof. Property (4.3) is proved in [8]. The second assertion has an analogue version
in [8], where the almost-sure convergence is required; in fact, the convergence in L! and
the boundedness of the Y} suffice.

For any k € N,

\/EE§7Q[Yn,T > n] = \/ﬁE@a[Yk,T > Tl] + \/ﬁEfc,a[Yn — Yk,T > n],

with
ngl-}-loo \/ﬁEia[Yk,T > n] = nll}—}-loo \/EEU%,@ [Yk ‘ T > n] ]P’;Cﬂ(T > n)
9 ~
= V(Z,a)Ega[Yz],
oV 2w

by (4.3) and Theorem 3.5. Since (Efc,a[yk])kzo converges to IE;C,Q[YOO] as k — 400, it
remains to prove that

lim lim nEz,|[[Ys, — Yil;7 > n] =0. (4.4)

k—+00 n—+00
We fix p > 1 and decompose Ei,,a[\Yn — Y|, 7> n] as
Ezo[[Yn — Yil, 7 > n] =Ezo|[|Yn — Yil,n <7 < pn] + Ezo[|Y — Yi|, 7 > pn].  (4.5)
For the first term in (4.5), since the random variables Y;, are bounded, it is clear that

E:?:,a [‘Yn - Yk‘yn <7< pn] = Pfc,a(n <7< pn)
=P;o(7 > n) — Pz o(7 > pn).

Therefore, by Theorem 3.5, for any k and p > 1,

limsup vnEzq[|Yn — Yil,n <7 <pn| 2 lim /nPz.(r >n) — lim /nPs(7 > pn)
n——+o0o n——+0o00

n——+o0o

_ ﬁwm) <1 _

=
NG

>—>0asp—>1.
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For the second term in (4.5), we write

EialYn — Yil, 7> pn] =Ezq [E[’Yn — Y|, 7 > pn / ]—"nH
= Eia[[Yn — Yelmpnn (X, Sp). 7 > 1]

1
=i o [|[Vn — Y|V (X0, Sn); 7 > 1
n(p—1)
1 B ~
= —=V/(z, G)Ei,a [|Yn - Yk” .
n(p—1)

Hence, since Y;, — Yo in L1(Pz,),

lim sup lim sup v/nEz 4 [|Yn — Y|, 7> pn]
k—4o00 n—+00

LV(%, a) lim sup lim sup I/[*igg,a [|Yn - Yk|]
p—1 k—+oo n——+oo

cV(Z,a) ~
= o1 s Ba(lYe — ] =
(]
The following statement plays a crucial role in the sequel. It was first proved in the
multi-type context in [17] (Lemma 3.1), when the generating functions are linear-fractional;
then the general case was considered in [8] (Lemma 7). We generalize these statements
under weaker moment conditions.

Lemma 4.2 Assume hypotheses H1-H6 hold for some § > 0. Then, for any & € X and
a> A,

ZEwa n <+oo and ZE“” Nne~ ]<—|—oo.
n=0

Proof. In order to ease the arguments for proving the first part of the statement, we
begin by studying the second one We fix 7 € X,a > A and n > 0 and use Corollary 3.6
to control each term Ex,a [nn ] By the definition of the probability measure IP’x .

Hn —Sn
i LMnPe }

Hn —Sn
ia [WE } (by Lemma 3.3)

~

Efc,a [nne_sn]

IA Il
= =)
8 A

A

/I/E:E,a [Nn/Xn = §7 Sn = San-‘,-l = 27 Sn+1 = t} e’ 2

Pzo(Xn € djj, S, € ds, X,y € dZ, Spyq € dt)

_ /E o [ X = .50 = 5, Xpn = 2,81 = 1] &

Pio(Xn €djj, S, €ds, X1 €dZ, S,y €dt).
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Hence, by Proposition 3.4

~

Efc,a (Tlne_sn) j Efc,a <E <Nn/Xna Sru Xn-i—la Sn+l) eSn—25n+1V(Xn+17 Sn—l—l); Mp4+1 > O>
= Ei,a <E <ﬂn/Xna Sn, Xn—l—la Sn—l—l) eSn—2Sn+1 |Sn+1|§ Mpt+1 > 0)

< E:, <E (un / X0, S X, Sn+1) ¢Sn=28n+1 (ysny +In* \Mn\);mnH > 0)

(4.6)
On the one hand
E( ( /Xn,Sn,XnH,SnH) Sn=2541| S, | sy >0)
< E; ( <yn/Xn,Sn,Xn+1,Sn+1) %;mn > 0)
:E( A’;" =580l >0)
<E <‘M \2> (7578, |;my > 0). (4.7)
On the other hand
E:q (E (un / Xy Sy X1 5n+1) eSn=2Sntt Int | Mo | it > 0)
< Eza (E (un/Xn,sn,XnH,an) e—S"%;mn > 0)
<E <\M B In* | M, \) X Ez o(e7";my > 0). (4.8)

By hypothesis H6, quantities |E <| AL |2> and E( Hn 1+ |Mn|> are both finite; fur-
thermore, Corollary 3.7 yields
n3/2Ei,,a(e_S”\Sn\;mn >0) <X (1+a) Z(l +b)%2eb < 4o0.
b>0

Finally, combining (4.6), (4.7) and (4.8), we obtain that

sup ng/QIAEi,,a (nne_s") < 400
n>1

and the lemma follows.

O
As a direct consequence, @j,a—almost surely, the environment f do satisfy the conclu-
sions of Proposition 3.8.

Corollary 4.3 Assume that hypotheses H1-H6 hold for some &6 > 0. Then, for @fﬂ-
almost all environment £ = (fn)n>0,

1. the process Z% becomes eatinct with probability ¢f(i) < 1 for some (hence every)
ie{l,...,p};

2. there exists a non-negative random column vector W& = (WX (i))1<;<, such that for
every i,j € {1,...,p}, as n — +oo,

Zn(i,3) LA

‘Mgne] ’

WE(i, ) = WE(i). (4.9)
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3. For any 1 <1 < p, it holds

WF@) > 0) = ([) 1286, ) = 0)) P¢- as.

n>0

Proof. By Lemma 4.2, for any & € X and a > A,

+oo
z,a [E [Ze_sn/fm---yfn—l
n=0

which yields, for @f,a—almost all f,

400 oo
E Z e_S”(j’“)/f <400 and E [Z TZnG_S”(i’“)/f
n=0 n=0

Hence, by Lemmas 4.2 and 3.3, for @j,a—almost all f and any 1 < 4,5 < p, on the one hand,

< +o00 and I@j,a < 400,

+o0o
E [Z e [ foros fa
n=0

< +00.

RS 1
D 0 s
and on the other hand,
|B(2 400

1
< nf, < +00.
Z < | Mg | My, | Z !Mofn

Hence, @ia—almost all environment f satisfy the hypotheses of Proposition 3.8, Corollary
4.3 follows immediately.
O

4.3 On the extinction of (Z,(Z,-)),>0 in random environment

The following result extends property (2.2) to Galton-Watson processes (Z,(Z, -))n>0 with
any initial population Z € NP.

Recall that for any n > 0 and ¢ € {1,...,p}, the probability of extinction at time n of
(Zn(i,+))n>0, given the environment f (or equivalently given fo, ..., fn—1) equals

¢f = P(1Zu(@, )| >0/ foreeesfum) =1 = f7f1 o fara ().

For any environment f, the sequence (q,fm)nzo converges to some limit, denoted ql-f .
By the branching property, for any zZ = (z1,...,2,) € NP,

gz =P(Zu(Z,)] >0 /fo, ..\ fa-1)
=1 f1 - fama @) =1 T — f (0

i=1 i=1

Let us denote qg the limit of the sequence (qfl’g)nzo.
For any = € X and a > A, it holds that

P(1Za(2,)| > 0) =Elgr:] and Pz a(1Za(Z,-)] > 0) = Bz g, 2]-
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By the dominated convergence theorem,

Jim P(1Z,(2,)] > 0)) = P(Onzo(|Za(2,)] > 0))) = Elgf]
(resp. T Paa|Zn(2,)] > 0) = BOwz0(1Zn(Z, )| > 0))) = Ela]).

These two limits are related to each other in the following way.

Property 4.4 Assume that hypotheses H1-H6 hold for some § > 0. Then for any & € X
and zZ € RY,

lim /nP(|Zy(2,-)] > 0) = lim V(% a)Esa(eb) = (2 8),

n—-+00 a——+00

where = (B1,...,Bp) with B; > 0 given in (2.2).

Proof. Let Z = (21,...,%,) # 0. By using the branching property of the Galton-Watson

process,
Pz

p
2,20 = L1l )| = 331l
i=1

where the random variables Z,, ,, = (Z,, (¢, 7))i,j, for n,k > 0, are independent and Z,, j, dist

Zy for any n, k > 0. Hence, by combining the independence of these random variables and
property (2.2), we obtain

P(|Z0(2 T TIE0Zusti.0l = 0)

i=1k=1
_ T B2
—11( <>>) —1- L0k o,
Moreover, by [17], it holds that 8; = lil_il_l V(:%,a)IAE@a[qif] for any 1 < i < p; thus
a——+00
lim V(z, a)Eac a[qg] = (z,B).

a——+00

Similarly, we need to extend property (4.9) to Galton-Watson processes (Z,(Z, -))n>0 with
any initial population Z € ]Rﬁ. The following statement is a direct consequence of a
combination of Corollary 4.3 and the branching property.

Property 4.5 Assume that hypotheses H1-H6 hold for some § > 0. Then for all T €
X,a > A and Pz q-almost all environment £ = (fn)n>0, any z € RE \ {0}, and any

jed{1,...,p},

. ALEN L2(Py) _ P& .
Wiz, 7) = 2ol ) EEO e SIS ),
=1 k=1

|M(§,nej|

where the random variables W,g for k> 0, are independent copies of W¥.
In particular, for any j € {1,...,p},

o EMZEG) X %EZEG.)

= EWE
AETINE l eT e EVD

Furthermore, if there exist € €]0,1[ and K > 0 such that f, € Ge i for any n > 0, then

Wiz >0) = (Y(ZEE ) > 0) Pe- as. (4.10)

n>0
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5 Proof of Theorem 2.3

By a standard argument in probability theory, since the random variable Z,,(2, j)/|Mo ne;|,
forn > 0,2 € NP\ {0} and 1 < j < p, are non-negative, it suffices to prove that the
sequence of Laplace transform

A—E |exp | =\ Zn( >0
[p< o nle]\>/' )l }

converges on [0, +o00[ to some function which is continuous at 0.
We fix z € NP\ {0} and 1 < j < p. For any A > 0,

E[exp—()\‘MO M 16]’> /|Z |>0]
JAE [exp (—AM%) Z0 (3, )| > 0]
VnP(|Zy(Z,-)] > 0) '

By Property 4.4, it suffices to prove that the sequence (¢y, ; j)n>0 defined by

Zn(2, J) ) . ]
YA >0, n.z.i(A) ;= vnE |exp | —A AZn(Z,-)] >0
>0, s = i [exp (Al ) 122

converges to some function ¢z ; : R — [0, 1] such that
Jim ¢z,5(A) = 62,(0) = (2, B)-

A candidate for this limit is

2 X
si(\) = Esq |V (X, 0 U\, X, 0,2 oM,
0290 = 27 2B [V (X Oy Y X0 0, Z4G. ). £ 06
where W)
~ ~ fa z
U\ 7, d, 2, g) =B o {GXP<—>\W>1%>1(Z%(sf,.)|>0)} (5.1)

for any A > 0,# € X,a’ > 0,2/ € NP\ {0} and g € GN. For any n > 1, we set
T, = max{k / 0 < k < n such that Sy = m,}; the random variable T, satisfy the
following simple properties:

- T, <nforany n > 1;

- T, does not depend on the value of Sp;

- let my, p, := min{Sk41 — Sk, ..., Sy — Sk}, then for any 0 < k < n,

(T, =k)= T, =k)N (mk,n > 0).
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These random variable yields to the following decomposition

bnzi(N) = vk [exp <—A|MO'Z'"‘(;£16]‘|>;IZn(z, ) > 0]

Zn(é,]) ~
= /nE; - i|Zn(2,7)] > 0,1, =
ViEa [eXp< (Mo ... My, _1ej] [Zn(2,-)] n=n

n—1 -~ .
Zn(z>]) . = _
+\/ﬁkZ:0Ex,a {exp( )\|M0...Mn_1ej|>”zn(z’ )| >O,Tn_k]

Z1(n,A)
n—1 .
+ \/ﬁkz—oEi’a {exp <—A‘MO'Z'"'(;£M’>; 1 Zn(2,)] > 0, Ty = &, mygn > o] .
T2(n,A)
The following lemma shows that
lim ¥i(n,A) =0, uniformlyin X>0. (5.2)

n—-+4o00

Lemma 5.1 There exists a positive constant ¢ such that for anyn > 1,2 € X,a > 0 and
z € NP\ {0},

Pza(|Zn(2,)] > 0,T;, =n) < CLA'
) o /2

The term Y5(n, A) may be decomposed as follows: for 1 < ¢ <n —1 fixed,

¢ .
Zn(Z, ~
Yo(n,\) = v/n g Ez . [exp <—/\| (%.4) >;|Zn(z, ) > 0,1 = k,mp, > 0]
k=0

M(] PN Mn_1€j|
Zzyl(n,f)\)
n—1 7 (2 )
v Y Egg |exp (A NZa(2,)] > 0,Ti = b,y > 0
’ |M0...Mn_1€'| ’
k=t+1 J
32 .2(n,l,N)

and we study separately the two terms ¥ 1(n,£) and X9 2(n,¢). Firstly,

22,1(71,& /\)
0 ~ .
Zn(Z, .
_y g, [vn— Fexp (—A (2.4) >;|Zn<z, ) > 0,Th, = kymy, > o]
o n—=k |M0...Mn_1€j| '
LU )
= — dfo...dfk_1 5M0k(dM) P(Zk(z,-) e dz | f0>"'>fk—l)1(Tk:k)1(\Z|>0)
k=0

ZE9(Z, )
’MMO,n—k [e) erj‘

xvVn—kEzumpo [exp <—)\ ); ]Zfl‘fg,f(Z,-)] >0,700F>n— k] )

24



ofk .
|M Moy 0 0Fe;| ) (1255 (2.)]>0)
for n > k. By Property 4.5, for ]?’;C wm,0-almost all environment g,

Let us fix 0 < k < £ and set Y, 1(\, Z,j) = exp (—)\

Zg k(Zvj) p Zi
e the sequence m . converges in L2(Pg) to W8(Z) = ;;Wf(z)
where the ng, for [ > 1 are independent copies of W8;
o let oy :=|M(-,i)| for 1 <i <pand o = (a;)1<i<p, it holds that
| MMg,,_yeil 327y aiM§, (i)
‘M(;g,n—kej‘ I;:l M(]g,n—k(z7])
Zp—l aiEg[Zn—k(i7j)]
= == - — (o, E)WE]) as n — +oo;
B[ Z,i(J)] e BPVED

o Jhm 1gzz (2950 = 10,0025 ,(2)1>0)-

Hence, for any 0 < k < /£, the sequences (Y, (A, Z,j)),,, converge in LY (Pz.ar0) to
the random variable
Wfoﬁk(z)

Yoo (X, Z) :=exp <_)\—<a,E(Wf09’“)>> 1ﬂn>k(|Z,§‘19:(Z7-)\>0))’

Lemma 4.1 yields that

lim Vi =k Bz [Yn,k(A)/T 0% >n — k} = Baaro[Voor (M 2)).
Consequently

lim 2271 (n, 6, )\)

n—-4o0o

¢
= Z/dfo---dfk—1 O, (AM) / P(Zk(%,-) € dZ|fo, - -, fe—1)L(z,=k)
k=0 (I

Z|>0)
9 ) R ché)k(z)
X —U\/%V(x . M,O) Ej;.Mp [exp <_)\—<a,E(Wf09k)> 1ﬁn>k(\Z7fL‘19,]:(Z,-)|>0)
9 l

= D Eia [V(Xk: 0) 17—y U (A, X5, 0, Zg (2, ), £ 0 0%)
oV 2w =0 { ]

where ¥ is defined in (5.1). Notice that, by Lemma 5.1, for any k > 1,
0< Ezq [V(Xk, 0)T (A, X5, 0, Zy(Z, ), f o 9’“)}

=< ]P)i‘,a(Tk = k, ‘Zk(g, )‘ > 0) = ﬂ (53)

so that uniformly in A > 0,

+00
2
lim  lim ¥ - Em[ Xi, 0)U(\, X5, 0, Zi (3, ), £ 0 0 4
i T Yoi(n,fA) = %;0 @ |V(X5, 000 (A, X5, 0, Z4(2,), £ 0 0) | (5.4)
exists and is finite.

25



Let us control the term Y9 2(n, A).

2272(77,, )\)

n—1
= \/ﬁ Z /dfo . dfk_l 5M0,k (dM)/]P’(Zk(f, ) c dZ’f(), . 7fk—1)1(Tk=k)1(|Z\>0)

k=Il+1
Zn—k(Zaj)

X E~.M70 [exp <—)\7
v | M Mo el

n—1
<V [ dfo-dfiad (d0)

k=Il+1

/]P’(Zk(f, ) S dZ’f(), ceey fk—l)l(Tk:k)1(\Z|>0)]P>:?:-M,O(T o Qk >n— k)

n—1
=V Y Eaa [Pxgo(r o0 > n— k)T = ksl Zx(3,)] > 0]
k=I+1

By Theorem 3.5 and Proposition 3.4,

n—1
2272(77,,)\) = Z \/ﬁ k]P:?:,a(Tk = k; ’Zk(§7 )’ > O)
k=41 VIV T

n—1
Jn
<ol Y ———
ko V= k k3/2

which readily implies, uniformly in A > 0,

lim sup lim sup X3 2(n, A\) =0

l—4+o00 n—+oo

>;|Zn_k<z,->| > 0,7 > n—k

(5.5)

We conclude by combining (5.2), (5.4) and (5.5). In particular, since the above conver-

gences are uniform in A > 0, it holds that Ali%l+ ¢z,5(N) = ¢2,5(0).
%

Finally, let us prove that vz ;({0}) = 0 when the offspring generating functions belong
to Ge k. It suffices to prove that the Laplace transform of vz ; (or equivalently the function

~

¢z,j) tends to 0 as A — 4o00. Indeed, by (4.10), Pz ,-almost surely,

) " W (2
U\, X5, 0, Zi(2,-),f 0 0%) = Ez o [GXP<_)‘<4>1(W“5)>O)} /Z:Zk(i )

a,E(Wfoek»
— 0 as A\ — +oo.

Hence, by combining the Lebesgue dominated convergence theorem and (5.3),

)\EI-lr-loo ¢z,j(/\) =0

This achieves the proof.

It remains to prove Lemma 5.1.
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Proof of Lemma 5.1. By the branching property, for any z € NP \ {6} and P-almost

all environment f,
z1+...+z;

er;(gv ) = Z Z Zfz,k(iv ')7

i=1 k:231+...+2i,1

where the thk, for k > 1, are i.i.d. copies of Z£; in particular, if | Z£(2,-)| > 0, then there
exist 7 and ksuch that 1 <i<pand z1+...+2i_1 <k <z +...+2 and \Zflk(z,)] > 0.
Hence, noticing that T;, does not depend on the value of (Xy, Sp) and using Lemma 3.3,
for any Z € X and a > A,

Pia(1Zn(2,))] > 0, Tn = n) = Pz 0(|Zn(2, )| > 0,Tn = n)

=3 20 [ENZa(is )/ fos s faal; T = ]

p
= Z ziEz0[|[Mon]; Tn = n]

IZ\E@OUMQ”];T” = n]

2| Ez,0[|Monl|; Sn < S0, S0 < S1,--+, 80 < Spi]

< 2| B{|Monl; [Mon| < ¢, [Monl < e[Moal. .., [Monu| < c|Monl]
2| E[|Myol; |Mno| < ¢ |Mnol < ¢|Myp_il,..., | Mno| < ¢|Mp1]]

since (M(), N ,Mn_l)diét'(Mn_l, . ,MQ)

< |z E[|Mpol; | Mol < ¢, [Mn_10] <2, M| < 7]
< c|2| B[| Mozl | Mnox| < &, |My_102] < ... [Myga| < ¢
; 1 1 1 1
=c’ |2| E C—2|Mn,0$|; C—2|Mn,0$| <1, C—2|Mn—1,0117| < 1,---,6—2|M1,0117| <1

= |2| E, ez exp (Sh); S, < 0;8,_1 <0,...,5 <0]
= 63 ’Z‘ IEac,—lncz [exp (51/1);7—/ > n]

with S}, = S, (z,a) = a +In|My x| for any # € X and e € R and 7/ = 7, , = min{n > 1:
Sl (z,a) > 0}.

Similar statements as Theorem 3.5, Proposition 3.4 and Corollary 3.7 also exist for
the sequence (5], (z,a)),>0 and the stopping time 7'; in particular, there exists a positive
constant ¢’ such that for any 7 € X,a,b € R and n > 1,

(1 + |a[)(1 + [])

0<P,q(S), €lb—1,0,7 >n) < 32
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Therefore,

P57a(|Zn(2,')| >0,T, =n)
< 2] By e [exp (Sp); 7 > n]

=c |z Zeb Py 1ne (S;L €lb—1,b,7" > n)
b<0

1
3 2 b
¢ (1+|Inc?) |z (E e’(1+ b)) 7

b<0

6 Proof of Proposition 2.4

We fix t € R,Z € X,a > A and Z € NP\ {0}. By Property 4.4, we have to prove that the

sequence <\/B]P’ <% <t 1Zu(2,)| > 0>>n20

converges as n — 400 and identify its limit.
For any b > 0,p €]0,1[ and m € {1,...,[pn]}, we may decompose the quantity

it (S0 < 7,2, > 0)

VP <S”(j’a) <t,|Zn(2,7)] > 0,755 < n) +v/nP (% <t,|Zn(Z,)] > 0,725 > n)
An(b)
An (b )+\f]P’<S”\(fﬁ @) <41 Zm (2, )] > 0,750 >n>
— \/_IP’< Ef_ @) <t | Zpny(2,)] > 0,1 Zn(2, )] = 0,75 > n>
B (b,p)
= An(b) — Bp(b, p) + /nP <% <t Zm(Z,7)] > 0,755 > n>
Chn(b,p,m)
_\rp< EF D < | Zun(2,)] > 0, |Zy (2] = 0, Txb>n>

Dy, (b,p,m)
= A (b) — Bp(b, p) + Cp(b, p,m) — Dy (b, p, m).

We control these terms one by one.
Step 1. The sequence (A, (b))n>0 converges to A(b) >0 and bli]Jrrrl A(b) =
— 400

This is a direct consequence of the following inequality: for any n > 1 and b > 0,

VAP (|Zn(Z,)] > 0,75 <) < e[z (1+b)e™
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for some positive constant c. Indeed, by (3.8) and (Lemma 3.3, forall z € X and 1 < k < n,
it holds P-a.s. that

n —1
- —1_ D) < 1 < cl7
B(1Za(i )| > 0| fo,- o+ famt) = 1= f2(0) < (; , MOJ,) < (Mo
so that i
P(’Zn(l7 )’ >0 ’ f07 e 7fn—1) < cem7l(x70)~
This yields
VP (| Zu(Z, )] > 0,75 < 1)
p i
S VAN HE [P (1Zui) > 0/ fo, o famt ) s 7ap < 11
i=1 )
<y el E [ @0, < n}
<c+/nlz| E _em”(j’o);mn(i,O) < —b]
oo
=cvn |z Y e P (—k—1—b < my(&,0) < —k—b)
k=0
+00
<cvn |z Y e PP (my(£,0) > —k —1-b)
k=0
+00
=cvn |2| Ze_k_bPMJer(T >n)
k=0
+oo
= |z e_bZ(b +k+2)e % <|z| (1+b)e™® by Proposition 3.4 and Theorem 3.5.
k=0

Step 2.  For any b > 0,p €]0,1] and 0 < m < [pn], the sequence (Dy(b, p,m))n>0
converges to 0.
It suffices to prove that

lim /nP (|Zm(27 ) >0, |Z[pn](27 )= 0,7z > ’I’L) =0. (6.1)

n—-4o0o

For 1 <m < [pn],

]P)fﬁ,b (|Zm(27 )| >0, |Z[pn}(27 )| =0,7> ’I’L)
= ]P);E’b (’Zm(g, )’ > 0,7 > n) — ]P)i,b (’Z[pn}(f, )‘ > 0,7 > n)

_ Efvb[mzm(z, NS0 foreees fut) = P(Zypmy (G| > 0| for- oo Fipmi—); T > n)]

= Ezp [q;,z — Qpn) 5 T > n] :
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Hence, by Theorem 3.5,

Pf,b(’Zm(gv )‘ > 07’Z[pn}(§a )‘ =0,7>n)

V(X pnts Siom
< Eay (45,2 q{pn]vg)(:%][p:]})n > [,on]]
C
< ———F | (¢h s — pn).2)V (Xpon] Sipm)); T > [p7]
n(—p) [ ; [pn], [on]> Plpn] }

I ~
= —=—=V(7,0)Es |ty s — Upm | -
n(1—p) e =

Therefore,

lim lim \/ﬁpiz,bﬂzm(év )| > 0, |Z[pn}(27 )| =0,7> n)

m——+00 N—-+00
&

V(#,a) lim  lim Egylef, ; —qf,, - =0.

“V1l=0p m—~+00 n——+00 iz

Ei,b[qfnyg—qél

where the last equality is a direct consequence of the preamble of subsection 4.3.
Step 3. For any b >0 and p €]0,1], the sequence (B, (b, p))n>0 converges to 0.

We write
05 Bu(0) =P (20 <1202 > 012,10 = 0,730 > )
<P (’Z[Pn}(§7 )‘ > 07 ‘Zn(§7 )’ = OaT:E,b > Tl)
=Pz p (|Z[pn](z, ) >0,7>n) =Pz (|Zu(2,-)| > 0,7 >n).

By Lemma 4.1 and Theorem 3.5 ,

2 ~
lim iPsy (|Za(Z,)] > 0,7 > n) = V(& b)Es |df]
n—-+o0o o2
and it suffices to check that the sequence (vnPszp (|Z(m (%) > 0,7 > n))n>0 converges

to the same limit. Indeed, for 1 < m < [pn],

\/ﬁpﬁc,b (|Z[pn](27 )| >0,7 > n)
= \/ﬁpiz,b (|Zm(27 )| >0,7> ’I’L) - \/ﬁpfc,b (|Zm(27 )| >0, |Z[pn}(27 )| =0,7> ’I’L)

with
ol ViPs,(Zn(z )] > 0.7 > ) =

and Theorem 3.5;
o  lim ViPzy (| Zm(Z,)| > 0,|Zipn)(Z,-)] = 0,7 >n) = 0 by (6.1) of Step 2.

Hence

2V (7,b) ~
@, )Pi,,qum(z, )| > 0), by Lemma 4.1

oV 2T

‘ . ~ _2V(Z,b) 5 £
Gl lm VAP (1Zn (3, )] > 0,7 > n) = =0 Bry(af)

and the proof is complete.
Step 4. For any b > 0 and p €]0,1],

lim lim C,(b,p,m) = 2

m—+00 n—+o00 o2

V(#,b) By plaf] B+ (g) |
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Assume that n > 2m. On the one hand, when ¢ < 0, the quantity ¢ 4+ bﬁ becomes

negative when n is great enough, in which case ( \5}% <t+ b_T;) N (7 > n) = 0; therefore,
the above limit holds in this case. On the other hand, when ¢ > 0,

P <w <t Zn(Z,)] > 0,73 > n>
:]P):E,b <\/—§t+b\/—a ’Zm(27)’>077—>n>
Efc,b[ (\SF_ b\f (2, )|>07>n/f0,...,fm 1,20,..,Zm>}

= Eip [|Zm(Z, )] > 0,7 > m,
P

Sm+sn—m09m Xm,Sm
~7b< n_nl( ) Stn,maT(Xm,Sm) >n—m / an"')fm—17207---7Zm>:| ,

ilm. By Corollary 3.6, as n — +00,
2V (z,a) s 2V (Z,a) ( < 52 >>
- Pt <— = (1l-exp|—5 ]|,
oV 2w U) oV 2 P 202
then

— m(Z,a) + Sp—m 0 0™( X, Sm)
n—m P( \/m Stn,maT(Xm,Sm) >n_m/f077fm—1720772m)

2 t%,m
WV(Xm’Sm) 1—exp ~ 502 (1+o(n—m)).

where t,, ,, = <t + b‘ﬁ)

\/_]P)xb<S— 5T >N

Q‘

Therefore,

\/E]PJ <Sn($7a) < ta ‘Zm(ga )‘ > OaT:E,b > TL>

\/ﬁ
2__Jn trm .
= o \/mEib V(Xm, Sm)(1+o0on—m))[1—exp | — 522 NZm(Z, )] > 0,7 >m

2 \/ﬁ T i t%,m
= O—mmv(:ﬂ,b) Ezp [ 1 —exp <— 202)) (14 o(n —m));|Zm(,-)| > 0]
2 2 ) R
— o <1 — exp <——2>> V(Z,b) Pz p(|Zm(Z,)] >0) as n — +oo.
Finally

lim lim +/nP < n(7,0) <t Zm(Z,9)] > 0,75 > n)

m—-+oo n—+o0o \/ﬁ

- 2 (e () v B e o

m>0
=- 2_ gt <3> V(#,b) Psy (q§> .

2T o
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Step 5. Conclusion
By the four previous steps and Property 4.4, letting n — +oo, then m — +oo and at
last b — +o00, we obtain that

lim \ﬂ@( \(/ﬁ)q |Z(,-)|>0>: 2 <1>+<3>.

n——+o0o o2 o

7 Proof of Theorem 2.2

Let € > 0. Then

P(‘ln\Z:}g,')\ B ‘ /]Z ]>O>

- (Hnwznm-)r— a0l 2 05 124621 >1)
(B =/ misoi>o

e (B <o e

I
=

eSn(m,a) —
- g NG
€
D (Z20) = vy [ 12,01 0)
Zn('g?l) —e/n
+P<65n(fi’a) se /|Z >0

p
> ¢ ettevn Zn(3,- >0>
z:: <|M0ne]|_ /p/| (2

Zn(2,1) 1
P Z eV [ Za(
+ <‘M0n€1’ & /| |>0>

(where c is the constant which appears in Lemma 3.3)

= (1 —P (% < etV / \Z0 (2, )| > 0>>

=1
Zn(2,1) 1
P 2 e0m ev/n Z

+ <‘M0n€1’ C /’ ’>0>

<.

Fix A > 1 then there exists a number n4 great enough such that ¢ e%+<v7a /p > A and
L ga=evina < 1 /A ; without loss of generality, we assume vz,j({%, A}) = 0. Hence, for any

C
n>na,

P(‘ln%(g")' - S"\(;%’a)‘ >e [ 124(3,) > 0)

\/ﬁ
§;<1—P<%<A/\Zn(2,-)\ >o>> +P<|M0ne1| < / \Z0 (3 y>o>

hence, by Theorem 2.3,

limsup]P’an’Z:}% “‘> /yz y>o) zp: — vz4([0, A]))+vz.1(]0, 1/A]).

n—-+4o00 =)
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Since the vz j are probability measures on |0, 4+o00[, it holds v; ;([0, A]) — 1 and v3 ;([0,1/A]) —
0 for any 1 < j < p, as A = 4oo. This yields

lim

n—-+4o0o

PQIn!Z\T;(ﬁz,.)! B Snf/j%a)/ > e ‘ Zn(Z,)| > 0) —o.

We complete the proof by combining Proposition 2.4 and Slutsky’s lemma.
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