N

N

ON SMOOTHNESS AND UNIQUENESS OF
MULTI-SOLITONS OF THE NON-LINEAR
SCHRODINGER EQUATIONS
Raphagél Cote, Xavier Friederich

» To cite this version:

Raphagl Cote, Xavier Friederich. ON SMOOTHNESS AND UNIQUENESS OF MULTI-SOLITONS
OF THE NON-LINEAR SCHRODINGER EQUATIONS. 2020. hal-02873307v1

HAL Id: hal-02873307
https://hal.science/hal-02873307v1

Preprint submitted on 18 Jun 2020 (v1), last revised 1 Jun 2021 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02873307v1
https://hal.archives-ouvertes.fr

ON SMOOTHNESS AND UNIQUENESS OF MULTI-SOLITONS OF THE
NON-LINEAR SCHRODINGER EQUATIONS

RAPHAEL COTE AND XAVIER FRIEDERICH

ABsTRACT. In this paper, we study some properties of multi-solitons for the non-linear Schrédinger
equations in R4 with general non-linearities. Multi-solitons have already been constructed in H L(rd)
in [8, 27, 29]. We show here that multi-solitons are smooth, depending on the regularity of the non-
linearity. We obtain also a result of uniqueness in some class, either when the ground states are all
stable, or in the mass-critical case.

1. INTRODUCTION

1.1. Generalities on the non-linear Schrodinger equations. We consider non-linear Schrodin-
ger equations in R? which admit traveling solitary waves (solitons). More precisely, we focus on

(NLS) Opu = i(Au+ f(lul*)u),

where u : I x RY — C, I c R is a time interval, and f : [0,+c0) — R is an H!-subcritical
non-linearity.

For d < 3 and for particular functions f, equation (NLS) arises in the mathematical description
of many physical phenomena; it is used mainly to model non-linear wave dynamics. For instance,
it is fundamental in the description of the dynamic of particles moving in electromagnetic fields
[24] and quantum systems like Bose-Einstein condensates [31]. With particular non-linearities
obtained by linear combinations of quadratic, cubic, and quintic terms it appears also when one
tries to describe the propagation of laser beams in some mediums [2] or of more general ultrashort
optical pulses (see for example [11] for the study of some solutions of these equations), with appli-
cations in medical imaging, material processing and optical communications (we refer to [15] for
further details concerning the applications of (NLS) to fiber optics for example).

For the purpose of the exposition, we focus in this paragraph on pure power non-linearities

- 4
(L.1) f(r):r%, 1<p<1+d > r>0.

(If d = 1 or 2, the condition is p > 1). We will give results on general non-linearities in paragraph
1.3.

Ginibre [17] proved that (NLS) is locally well-posed in H'(R?): for all uy € H'(R?), there exist
T > 0 and a unique maximal solution u € €([0, T), H'(R?)) of (NLS) such that u(0) = uy. For any
such H'! solution, the following quantities are conserved for all # € [0, T):

e the L2 mass/ |u(t, x)|* dx.
R4
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e the energy/ lu(z, x)|P*!] dx.

1 1
(—|Vu(l, X -
R4 2 p

+1
e the momentum Im . Vu(t, x)u(t, x) dx.
Furthermore, for all s € N\ ]E[RO, 1}, if
gz 2f () = 2z

is € on C as an R-differentiable function (that is if p > s or p is an odd integer), and in case where
5 < %, if in addition p < 1 + ﬁ , then (NLS) is locally well-posed in H*(R¢) according to Kato
[20, Theorem 4.1].

Also (NLS) is invariant under properties of space-time translation, phase, and galilean invari-
ances: if 1 e R, v € R4, x0 e RY, v € R, and u is a solution to (NLS), then

. V2
(1.2) (t,x) > u(t — 1% x —x° - vt)e’(%v'x_%t”)

is also a solution to (NLS). What is more, (NLS) with a pure power non-linearity (1.1) is scaling
invariant: if A > 0 and u is a solution to (NLS), then

1 r x
(1.3) t,x)— Al/(p_l)u (I’ /11/2)

is still a solution to (NLS).

Let us introduce now some particular solutions of (NLS) which are essential in the theory and
on which our paper is based. Given w > 0, Berestycki and Lions [1] proved the existence of a
(non-vanishing) positive radial solution Q,, € H'(R?) to the following elliptic problem

(1.4) AQu + f(02)00 = W04,  Qu >0

(By scaling, it suffices to prove the existence for w = 1). A solution to (1.4) is called a ground state
(and if one relaxes the sign condition, we speak of bound state). Using a Pohozaev identity [32],
one can show that (1.4) has no solution in H'(R?) for p > 1 + ﬁ. Moreover, for s € N* and if g
is €° on [0, +o0), then Q,, is €**? on R¢ and one has exponential decay (see [1, proof of Lemma
1]): there exists Cs > 0 such that for each multi-index § € N¢ with |§] < s + 2,

Vo
(1.5) YV x eRY 0° Q0 (x)| < Cie 2 1L,
Then the function
(1.6) (£, x) > Qu(x)e™!

is a solution to (NLS). Using the invariances (1.2) of the equation, one obtains a whole family of
solutions of (NLS) known as solitons.

Dynamical properties of solitons have been extensively studied. One important result is related
to their orbital stability: solitons are orbitally stable if p < 1 + % and unstable if p > 1 + %. Recall
thatthe case p = 1+ % corresponds to the L?-critical exponent: in this particular case, the L? norm
of a solution is invariant by scaling (1.3).

In this article, we are interested in qualitative properties of multi-solitons, that is solutions of
(NLS) which behave as a sum of decoupled solitary waves for large times.
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Let us begin with the definition of some further notations. Fix K € N\ {0, 1} and for all
k=1,...,K,let

wr >0, vy €R, x,(() eRY and Vi € R such that for all k # k’, Vi # V.

Forall k =1,..., K, we consider

(1 vl
Ri(t, %) = Qo (3 — x0 — vgpet (3exs (=)o)

0
k

K
R:= ZRk.
k=1

In general, R is obviously not a solution to (NLS) because of the non-linearity. A multi-soliton is
a solution u of (NLS) defined on [T}, +c0) for some Tj € R and such that

(1.7) Aim lu(®) = ROl = 0.

Multi-solitons were explicitly constructed in the integrable case, that is with f(x) = xandd = 1,
using the inverse scattering method (see Zakharov and Shabat [36]).

The first construction in a non-integrable context is due to Merle [29], in the critical case p =
1+ %. Later, following closely the ideas of Martel in [26] for the construction of multi-solitons for
the Korteweg-de Vries equations, Martel and Merle [27] constructed multi-solitons of (NLS), in
the L2-subcritical case 1 < p < 1 + %. This result was extended to L>-supercritical exponent by
Cote, Martel and Merle [8]. Let us recall the results.

Theorem 1.1 (Merle [29], Martel and Merle [27], Cote, Martel and Merle [8]). There exist 6 > 0
(depending on vy, wy for 1 <k < K), Ty = 0, and a solution u € €([Ty, +00), H (RY)) of (NLS)
such that

(1.8) Vi>T,, llu(t) = R@)||g1 < 729

which is a soliton of (NLS) moving on the line x = x,’ + vx¢. We denote also

The construction of multi-solitons in H' was done for many other non-linear dispersive models
(besides the generalized Korteweg-de Vries equations) such as the non-linear Klein-Gordon equa-
tion [9], the Hartree equation [21], the water-waves system [30], and in both stable and unstable
contexts, which means assuming that all Q,,, are stable or not.

Even though solutions of (NLS) behaving as a sum of decoupled general bound states (that is,
solutions to (1.4) which change sign) have been studied in the last years (see for example [6] on
(NLS) or [7] on non-linear Klein-Gordon equation), in the present paper we concentrate only on
multi-solitons based on ground states. Our goal here is to study uniqueness and smoothness issues.

To our knowledge, the only work where multi-solitons are shown to be more regular than H' is
for the generalized Korteweg-de Vries equation (which is one-dimensional), with monomial non-
linearity, by Martel [26], where the exponential convergence (1.8) is shown to hold in H*(R) for
all s € N (with a constant C; depending on s in front of the exponential term and a convergence
rate 6 independent of s): see Proposition 5 and its proof for the L?-subcritical and critical cases;
the Lz—supercritical case can be treated likewise, as it is mentioned in [8, Remark 1]).

A natural question is thus to understand for (NLS) whether the multi-soliton « in Theorem 1.1 is
smoother than H': for example, does it belong to €([Ty, +0), H*(R¥)) for s > 1 and does it hold
||u(t) — R(t)||gs — Oast — +00?

Another natural question is the uniqueness or the classification of multi-solitons. Again, to our
knowledge, the only complete study of the question was done for the generalized Korteweg-de
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Vries equations: multi-solitons were proved to be unique in the L2-subcritical and critical cases by
Martel [26], and were classified in the Lz-supercritical case by Combet [4] (there is a K-parameter
family of K-solitons, each instability direction yielding a free parameter). Actually, smoothness of
the multi-solitons constructed in Theorem 1.1 is an important ingredient in the proof of uniqueness
(or classification) in dimension d > 2.

1.2. Main results. Our first result concerns the construction of a multi-soliton in H*(R?), where
the regularity index s > 1 depends on the regularity of the function g. We prove in particular that
the convergence occurs with an exponential rate in H*(R%). The result is stated here for pure power
non-linearities, and we will discuss general non-linearities in the next paragraph.

Theorem 1.2 (Smoothness of multi-solitons). Assume that p > 3. Let 0 > 0 be defined as in
Theorem 1.1 and sy = |p — 1] = 2, or so = +oo0 if p is an odd integer. There exist Ty > 0 and
u € B([Ty, +00), H*(R?)) a solution of (NLS) with pure power nonlinearity (1.1) such that for all
non-negative integer s < s, there exists Cy > 1 such that

(1.9) VisTy,  |lu(t) - R@)|gs < Cye 5.
Moreover, if p is an odd integer, then for all integer s > 0,
(1.10) VixT.o (lu() - ROl < VCee .

Remark 1.3. Theorem 1.2 completes Theorem 1.1 by showing the existence of smooth multi-
solitons. Notice that its applications are limited to dimensions d < 3, since we consider the pure
power case and due to the H' -subcritical assumption p < 1+ % which is required for the existence
of solitons.

In particular, in dimension d = 1 and d = 2, multi-solitons belong to H*(R?) when p is an odd
integer, and in dimension d = 3, multi-solitons are H®(R3) when p = 3 (which corresponds to the
most physically relevant case).

The exponential decay rate 52% does depend on s (vanishing when s is large), which could be a
problem for some applications. Observe however that if one is willing to consider only regularity
indices s < %0 (say), then a straightforward interpolation argument between the H' and H* bounds
gives the convergence with uniform exponential decay rate 6:

Vs < S—ZO VisT, @) - ROl < Cle™.

Our second goal is to obtain some kind of uniqueness result for (NLS). We derive one for L2-
subcritical and critical (NLS), in the class of multi-solitons u such that ||u(t) — R(¢)||;1 decreases
faster than a high power of % for large values of t. More precisely, we state the following:

Theorem 1.4 (Conditional uniqueness). Letd <2and3 <p <1+ %. There exists N € N large
such that there is a unique u € € ([T}, +o0), H' (R?)) solution to (NLS) such that

1
(1.11) lue(t) — R(®)|| 1 :O(Z_N)’ ast — +oo.

In particular, the multi-solitons of Theorems 1.1 and 1.2 coincide (and one can take Ty = T ).

Remark 1.5. The crucial point in Theorem 1.4 is obviously the uniqueness part. For pure power
non-linearities, Theorem 1.4 provides conditional uniqueness in the sense of (1.11), in the L*-
subcritical and critical cases with p > 3 in dimension 1, and in the L*-critical case p = 3 in
dimension 2.

The requirement that the non-linearity be L*>-subcritical or L*-critical is to be expected as no
uniqueness holds in the L*-supercritical case; see Céte and Le Coz [6] for example.
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Of course, one would expect an unconditional uniqueness result, that is uniqueness in the class
of solution u defined for large enough times and convergence to the profile R without decay rate:

lu(®) = ROllgr — 0 as ¢ — +oo.

This seems out of reach with our method, but we would like to point out that Theorem 1.4 already
allows to break the class of exponential convergence, in which multi-solitons naturally lie.

1.3. General non-linearities. In order to consider general non-linearities, one must make a num-
ber of assumptions which we discuss in this paragraph.

Well-posedness in H'(R?) is classically done under the hypothesis that g : C — C is €' and
satisfies

(H1) g(0) = 0 and there exists p € (1, 1+ ﬁ) such that %2(z), 2£(2) = O(|z|P~") as |2] —

X
+00

In order that the Cauchy problem for (NLS) be well-posed in H* for s € N'\ {0, 1}, Kato [20, The-

orem 4.1] requires furthermore that g is ¢, and if s < %, one also needs:

. . .1 - . . 4
(H2) if g is a polynomial in z and 7, its degree is deg g < 1 + 7=

if g is not a polynomial, there exists p € [[s],1 + ﬁ[ such that af;f,k (2) = O(|z|P~%)
'x Oy

as |z] — +oo, forall k =0,...,s, with [s] the smallest integer greater or equal to s.

The existence of solitons with frequency w > 0 is not as immediate as in the pure power case.
Under the assumption that

(1.12) 3£, € R, F(&,) > wé, where F(r):= /r f(p) dp
0

for r > 0, Berestycki and Lions [1] showed the existence of a positive radial ground state Q,, €
H'(R?) to (1.4). Note that if there exist 1 > 0, p’ > 0 and ry > 0 such that

Vr>r, f(r)> A7,
then (1.12) holds for all w > 0. If d = 1, a necessary and sufficient condition for the existence of a
positive solution (1.4) is that w is such that

(1.13) 1o ::inf{r>O’F(r):a)r}

exists and f(rg) > w (see [1]).
Let us denote by O a subset of (0, +0) such that

(1.14) for all w € O, there exists a solution Q,, to (1.4).

Recall that when it exists, a positive solution of (1.4) is radial (see [1, section 3] and also Gidas,
Ni and Nirenberg [16, Theorem 1°] for non-linearities f such that r — r f(r?) is increasing). We
underline that it is not unique in general. Indeed, Davila, Pino and Guerra [14] showed the existence
of at least three positive H' solutions of

Au+uP + u* =u

for some A > O and p € (1,5) in dimension d = 3. See [14] for other counterexamples in dimension
3.

On the other side, Kwong [22] showed uniqueness of a positive radial ground state in the pure power
case, and one can extend this to more general non-linearities; we refer to Mc Leod and Serrin [23],
Serrin and Tang [33] and Jang [19] for full details. One of the most important statements may be
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found in Serrin and Tang [33]: a sufficient condition for uniqueness when d > 3 is the existence of
a > 0 such that
VxeOal], f(x)<1, and VxEe€(a,+x), f(x)>1
xf'(x)
X —
f(x) -1
In [19], a slightly more general condition (inspired by [33]) yields uniqueness for (1.4) in any
dimension d > 2.

is not increasing on (a, +0).

We will also need a number of assumptions on the linearized operators around solitons. Fix
w € 0, and let

“Z,: H'RYC) — H'(RYC0)
v=vi+ivy = —-Av+owv-— (f(qu)v + ZQif’(Qi)vl)

so that the linearized equation of (NLS) around e'“/(Q + v) is d;v = i.Z,,v. We also define the
linearized energy around Q,,, for any w = wy +iw; € H'(R?, C)

HOv:= [ (9P + el = (FQ2)WP +208, (@2 wh)) do

=Re Loww dx = Ly ,wiwy dx + L_ ,wows dx,
R R R

where

Ly owi = —Aw; + 0w — (£(Q2) + 20, f/(Q2))wi
L_,wy = —Awy + wwy — f(Qi,)wz.
We do two (mutually incompatible) coercivity assumptions, depending on whether Q,, is stable
or not. They write as follows:

(H3) (Stable case) There exists . > 0 such that for all w = w; + iw, € H'(R%,C)
(1.15)
d

2 2 2
HO > - ((/R i@ ) + ) [ it o as] 4 { [ w200 o ) .

1

(H4) (Unstable case) There exists an eigenfunction ¥, = Y1 +iY, € H ! (Rd, C) of i.%,, (with
eigenvalue e¢g > 0) and u > 0 such that for all w = wy + iw, € H (R4, C),

1 2
(1.16) H(w) = pelwliy, ——( / wledx)
H R4

+

1 d 2 2 2
_ (Z (/ w10x, O dx) + (/ waYi dx) +(/ w200 dx) )
H+ R4 R4 R4

i=1
Assumptions (H3) and (H4) are intimately related to the stability of Q,,. Regarding the stable case,
we have the following result by Grillakis, Shatah and Strauss [18, p. 341-345] (see also the work
by Weinstein [34, 35] and by Maris [25, Lemma 2.4]).

Proposition 1.6. Assume that O is open and that the map w — Q,, is of class €. Let wy € O.
Under the non-degeneracy assumption that

00
(1.17) Ker(Ls o) = Span{ (9Q 0 i= 1,...,d},
Xi



ON SMOOTHNESS AND UNIQUENESS OF NLS MULTI-SOLITONS 7

we have the following dichotomy:

d
o If %I / 0, (x)? dx > 0, then (1.15) holds, and as a consequence, Q,, is orbitally
w=wp JR4

stable in H'(R9).
d
o [f— 0, (x)? dx < 0, then O, is orbitally unstable in H'(RY).
dw |w=wy R
We also refer to Cazenave and Lions [3, Theorem I1.2 and Remark I1.3] for another approach to
H' orbital stability of the solitons based on O p-

For the pure power case i/ Qu(x)? dx = (2 -4 fjﬁ_%/ Q1(x)? dx so that it is
pure p » do Jpa Qu(X)” dx = |35 - 5| w pa Q1(x)7 dx

4 that is in the L2-subcritical case (and in particular (H3) holds in that

@
case) and it is negative when 1 + % <p< %, that is in the L?-supercritical case.

positive when 1 < p < 1+

Regarding the unstable case, following the ideas of Duyckaerts and Merle [12], Duyckaerts and
Roudenko [13], and Cote, Martel and Merle [8], the coercivity result below holds.

Proposition 1.7 ((3.6) in [8]). Let w € O such that i.%,, admits a non zero eigenfunction Y, €
H'(RY). Then (1.16) holds.

An important step is therefore the construction of an eigenfunction Y,,: this can be done in the
L?-supercritical pure power case (p > 1 + %) for all w > 0, and so (H4) holds in that case.

We are now in a position to state our results for general non-linearities. For smoothness, it reads
as follows.

Theorem 1.2’. Let sy > %. Assume that g satisfies (HI) and belongs to WSOH’OO(C). Assume

loc

moreover that for all k = 1, ..., K, wi belongs to O and Q,,, satisfies either (H3) or (H4).
Then the conclusions of Theorem 1.2 hold.

And below is about uniqueness.
Theorem 1.4’. Let d < 3 and f be of class €2, such that

(1.18) (1 =0 (r%—z), as r — +oo.

If f is not the pure power non-linearity, assume that forallk = 1, ..., K, wx € O and Q,,, satisfies
(H3), and in the case where d € {2, 3}, assume moreover that g belongs to W;OZO(C)

Then the conclusion of Theorem 1.4 holds.

Remark 1.8. Theorems 1.4 and 1.4’ are restricted to dimensions d < 3. For d > 4, a similar
uniqueness result can be proved (using the same method as that we develop in section 3), provided

a smaller class of multi-solitons u is considered, and for which a bound on ||u(t) — R(t)||p~ is
furthermore assumed. This is the purpose of the next proposition.

Proposition 1.9. Letd > 4, sg := [%J + 1, and f be of class €2, such that
f(r)=0 (r%_2), asr — +oo.

Assume that g belongs to ng:l’oo(C). Assume moreover that for all k = 1,...,K, wr € O and
Q, satisfies (H3).

Then for any a > 0, there exists N € N* such that there exists a unique u € €([Ty, +c0), H'(R%) N
L®(R9)) solution to (NLS) such that

llee(t) = RO g1 = O(ILN) and /t [|u(s) — R(s)||L~ ds = O(tla), ast — +co,
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1.4. Outline of the paper and the proofs.

1.4.1. The main content. We will prove Theorems 1.2” and 1.4" which generalize Theorems 1.2
and 1.4 respectively when applied to pure power non-linearities.

Section 2 is devoted to the proof of our regularity result, that is Theorem 1.2". We start from
a well-chosen sequence (u,,) of solutions satisfying uniform H' estimates and which were con-
structed in [8] and [27] (we emphasize that we do not work with the already built multi-soliton in
H'(R?) given in Theorem 1.1). Taking some inspiration from Martel [26, section 3] in the con-
text of the generalized Korteweg-de Vries equations, we prove H® uniform estimates for (i) via
an induction on the index of regularity. We can combine both stable and unstable cases since we
start from the same uniform exponential H I estimates obtained in [8] and [27]. From these H*
estimates we deduce (by a usual compactness argument) the existence of a multi-soliton satisfying
the conclusions of Theorem 1.2’.

The induction argument relies on the study of a functional related to |u,, ||)2L,S, suitably modified
so as to cancel ill-behaved terms; this functional takes the same form in all dimensions (see (2.11)
in subsection 2.2). In [26], for gKdV, from s = 3, all quantities of the type ||u,(¢) — R(?)||zs
introduced are shown to decrease exponentially in large time with the same rate. Our proof is more
technical, insofar as the algebra is not as favorable. In the context of (NLS), the terms involving real
and imaginary parts can not be treated in the same way at once, and in dimension d > 2, derivative
can fall on terms in many various ways. As nonlinearities are not necessarily smooth (as it is the
case in [26]), we need to count carefully the number of times one can perform an integration by
parts. This explain why in the case of (NLS), the rate of the exponential decay on ||u,, (1) — R(¢)||gzs
is halved when passing from s to s + 1 (see (2.6) and Proposition 2.3). We then obtain the decay
rate of 1.9 by a simple interpolation argument.

Regarding the regularity assumption on the nonlinearity, recall that the H' estimate in Theorem
1.1 holds when g : z — zf(|z|%) is of class €'. As fas as H* regularity is concerned, Kato’s
well-posedness result [20] in H*0(R%) assumes g of class €. In Theorem 1.2, we require a bit
more regularity for g to prove an H*° estimate for so > 2 for the multi-soliton. From a technical
point of view, many estimates rely indeed on the local boundedness of the derivatives (in the sense

of distributions) of the functions ﬁygﬁ,,, where s = 0,...,s0and s" = 0,...,s. The preceding
property is typically used at two levels. First, we need the local Lipschitz condition which is sat-
isfied by functions in W;;Z’: this is for example the case for (2.23) in subsection 2.2. In order to
obtain the desired H*® estimate, we need also to integrate by parts a particular term (at least one
time) which contains derivatives with respect to the space variable of maximal order sy of both
u, — R and g in order that u,, — R appears with a derivative of order so — 1, thus can be controlled
(see in particular (2.30) in subsection 2.2). For this, one shall ensure that the distributional deriv-
%ﬁﬁ,_s(& (x)) belong to some Lebesgue space L?; this is in fact the case if this
derivative is bounded on a certain segment [0, M]. Therefore, we assume that g is an element of
WS°+1’°°(C). Notice that this condition is met when f is the pure power non-linearity (1.1) with

loc
so = |p — 1] (and also in the particular case when p is an even integer).

ative of x; —

Besides, we emphasize that assumption sg > % in Theorems 1.2 and 1.2’ (which is automatically
satisfied for d € {1,2,3}) seems to be needed to obtain the desired estimates, judging from (2.24).
In order to relax this, one should work out an argument involving Strichartz type estimates. But
to be effective, the dispersive estimates are to be done on the linearized equation around a sum of
solitons, that is a sum of potentials which are decoupled and smooth, but large and not decaying in
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time. Such estimates would actually be very useful for other purposes, for example the stability of
multi-solitons. To our knowledge, they are however not (yet) available.

Section 3 is devoted to the proof of the uniqueness result, which combines some ideas of [26]
and of [28]. We will consider a solution satisfying (1.11) and (1.18) and show that it is in fact the
multi-soliton constructed in the proof of Theorem 1.2’: we therefore study the difference of these
two solutions and show that it is 0. One main tool for this is a Weinstein type functional, which is
coercive provided we assume some adequate orthogonality properties. Depending on the stable or
L?-critical case considered, these orthogonality conditions differ. The coercivity result available
in the latter case (where f : r — ré) is the object of Proposition 3.17. The fact that we do the
difference with an already constructed multi-soliton which is sufficiently regular is crucial, at least
up to dimension 2. In fact, what we truly need is the H>(R¢) decay for d > 2, and also as several
times, that the constructed multi-soliton takes values in L®(R9).

Note also that, finding like us his inspiration in [26], Combet [5], in the one-dimensional pure
power unstable case, has already obtained estimates similar to those we develop in section 3 for
general f in the stable case. Last, the lack of (backward in time) monotonicity properties of (NLS)
explains somehow the difficulty to obtain unconditional uniqueness, that is to prove uniqueness
in the whole class of multi-solitons in the sense of (1.7) (without decay rate); see Remark 3.7 for
more details.

1.4.2. Some notations and writing practices used through the text. Solutions of (NLS) or functions
constructed with such solutions take values in C. As usual, the modulus of a complex number will
be denoted by |.|.

Our computations are generally done in all dimensions d. To that extent,

e for any vector u € R?, we denote by Re(u) (respectively Im(x)) the vector of R¢ which
components are the real parts (respectively the imaginary parts) of the components of u.

e - denotes the euclidean scalar product in R and |.| denotes also the euclidean norm from
which it derives.

e we use the usual notation for multi-indices.

As usual, it is also convenient to denote by C some positive constant which can change from one
line to the next but which is always independent of the index of any sequence considered.
The main functional spaces we will work with are the Sobolev spaces H*(R9) for s € N* en-
dowed with the usual norms defined by:
1

2

VweH' R, wlas = > 19°w2,

|| <s

We consider also H®(RY) := ﬂ H*(R%) and the Sobolev spaces W;>"(C) (identified with W,>* (R?))
seN*
for s € N*,

Furthermore, many computations are presented formally for ease of reading but can be justified
by standard regularization arguments which often involve the local well-posedness of (NLS) in H*
with continuous dependence on compact sets of time (see [10, Theorem 1.6]).

2. EXISTENCE OF SMOOTH MULTI-SOLITONS OF (NLS)

In this section, let us concentrate on the proof of Theorem 1.2". Let 59 > % be an integer and
assume that g : z — zf(|z[%) is in Wlso(’: *7(C) and satisfies (H1).



10 RAPHAEL COTE AND XAVIER FRIEDERICH

2.1. Step 1: Uniform H'-estimate for a sequence of solutions. In order to prove Theorem 1.2,
we start from the following proposition, which applies to both stable and unstable cases, and which
has already been established in preceding papers. This proposition gives rise to some control in the
H' norm on a constructed sequence of solutions of (NLS) which turns out to be relevant to achieve
our goal.

Proposition 2.1 (Martel and Merle [27], Cbte, Martel and Merle [8]). There exist an increasing

sequence (Sy)nen of times such that S, — +oo, a sequence (¢,) € (HSO(Rd))N, and constants
6>0,Cy >0, Ty > 0 with Sog > Ty such that for all n € N:

o [[nllso < Cre205n
o the maximal solution u,, of (NLS) such that

un(Sp) = R(S,) + ®n
belongs to € ([Ty, Su], H**(RY)) and satisfies
Vie[To,Sal,  lun(t) = ROl < Cre.

Remark 2.2. Note that the sequence (¢,,) can be chosen in the following form.

o For the stable case, we take ¢, = 0 for all n (see [27]).
e For the unstable case, we take ¢,, = i Z by, 1 YiE(Sn) for all n with Y,* defined by
ke{l,..,K},+

v 2
2.1 YE:(tx) = Y5 (x— vt — x,?)e"(%"k ot (wr="55 ) 14y )

and with b, = (bz’k)ke{l’___’K}’i € R2K ywell chosen (see [8] for full details) so that
(2.2) VineN, |b,|<e 205,
Some particular estimates will be useful throughout the proof. Firstly we retain
2.3) 4 (Sn) = R(Si)llrzso < Cre2%%n
(since (2.2) holds and the quantities ||Y*(¢)||+ are independent of 7). We emphasize also that
(2.4) VneN,Vitel[TySyl |lun(t) — Ry < Cre 29",

In addition, the exponential decay property (1.5) of the ground states Q,,, and their derivatives
lead to the following assertion, which is also crucial to establish many estimates:
(2.5)

Vite([Ty,+o), Vk+k,Val el €{0,...,s+2}, / |07 R0 Ry|(1) dx < Ce .
Rd

2.2. Step 2: Proof of uniform H*-estimates for u,, — R, s = 1, ..., sgp. From now on, let

Vp = u, — R.

2.2.1. Step 2.1: Performance of preliminary uniform H®-estimates. Define 6y := 26, 6; := 0, and
forall s > 2,

Os-1 26
(26) 95 = mln{ Szl,m},
so that 6, = % for all s > 2. We prove the following statement, which is the core of our

main existence result.
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Proposition 2.3. There exists Ty > Ty such that for all s € {1, ..., s}, there exists Cs > 0 such
that foralln € N, i S,, > T then
2.7) Vie[T,Sal  Iva(@)llas < Coe™™".

To prove Proposition 2.3, we resort to a "bootstrap" argument. Recall that for all s € N*, there
exists g > 0 such that

(2.8) VieR Ol < p
For all n, set

Sp=inf {t > Ty |V 7 € [t,Su], Iva(Dllmso < A},
K

for some constant Ay, > 2K u,. Note that S indeed exists since v,,(S,) = i Z by, Y (Sy). Hence
k=1
for all n € N, we have
Vit € (S, Sal Ve @)llrs0 < Asy-
Due to the continuity of v,, : [Ty, S,,] — H*(RY) in S¥, we also have for all n € N:
(2.9) Ve[S, Sul  va@llaso < Ag,.

We will show that §;, can be chosen independently of n and improve the preceding estimate by
showing first:

Proposition 2.4. Foralln e N, forall s € {1,...,s0}, forall t €[S}, S,],
va(@)lls < Ce .

Proof. We argue by induction. The existence of C; > 0 such that for all n € N,

Yt e[S, Snl V@l < Cre™®
is already known. Assume that for some s € {2,...,s0}, for all s” € {1,...,s — 1}, there exists
Cy > O such that for all n € N,
(2.10) Ve[S Sl V(s < Cyre 1.

We aim at showing that the same estimate is valid for s’ = s. For this purpose, let us consider for
all n € N the functional

2.11) Gy it > (;)maunﬁ— > (S/;])Re(ui (aﬁm)z)f’(wz) (t) dx.
S = 1Bl=s-1

More precisely we prove, in what follows, how to obtain the following statement, which is es-
sential in the proof of estimate (2.10) corresponding to s’ = s.

Lemma 2.5. Foralln e N, and for all t € [S;, S, ], we have
(212) |Gn,s(t) - Gn,s(Sn)l <Ce mm{g“"l’%}t,
for some constant C independent of n, t and Ag,.

Remark 2.6. The fundamental reason why it is worth introducing the functional G, s is that no
quadratic term involving 8®uy, for |a| = s appears in its first derivative and no term 8 u,, with
|| > s appears either. Thus we manage to control Gy, ((t). Nevertheless, we do not claim that the
functional G, s is the only one that can be used to prove (2.10).
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Proof of Lemma 2.5. We will work on the derivative of G, ; and show in fact that
(2.13) |Gy ()] < Cemintesr il

The computations and estimates are established rather in terms of the function g instead of f;
by this means, they are considerably less burdensome. Besides, in accordance with Remark 2.7
below, the calculations indicate that (2.13) would still be true for more generalized functions g
which satisfy Im d,g = Re d,¢.

Let us introduce also some further notations. For ease of reading, we will write u instead of
u, or u,(t) and Gy instead of G, . In addition, we denote by u; the real part of u and by u; its
imaginary part.

Moreover, for all j € {1,...,d}, we specify as e; the d-tuple (0, ..., 1,...,0) for which all com-
ponents except the j-th one are zero.

We divide the proof of Lemma 2.5 into three steps.
Step 1: Computation of the derivative of G,.

First of all, observe that for all (x, y) € R?
o1 Oxg(x, y) = 2x(x +iy) f'(x* + y*) + f(x* + y?)
' Oyg(x,y) = 2y(x +iy) f'(x* + yH) +if(x* + y?),

so that (0xg +idyg) (z) = 2z2f'(|z|?). In particular, G, can be rewritten in terms of g as follows:

Gs(z)szd > (;)|8’1u|2—% > (S;I)Re(((')xg(u)+iayg(u)) (aﬁﬁ)z) (t) dx.

|ar|=s IB|=s-1

Let @ = (aj,...,g) € N¥ be such that |a| = s. There exists /(@) € {l,...,d} such that
@j(a) 2 1. Then, using the fact that u satisfies (NLS), the following holds true:

d
d 2 2 _
- ¢ =-21 @ @ a
dl Rd |a ul dx m e llzzl ﬁxia u+c') (g(u))]a udx
=-2 Im/ 0% (g(u)) 0%u dx
(2.15) Rd
=-21Im / (0xg(W)Re (8%u) + dyg(u)Im (0%u)) 0“u dx + I,
Rd
=-2 / Im (@7 @)°) f'(jul®) dx + o,
Rd
where

I, =2 Im/ (07U (O g(u)) 0@ uy + U@ (8, g(u)) O uy) 0“u dx.
R4

Due to Faa di Bruno formula, 1, is also a linear combination of the following terms:

@ @ 9g a—
(2.16) Ia,q,r,,;l,___,,;q(u) = [Rd 0 ]l/tj] ...0 ququm(a;a—;]_r(u)a l/t) dx,
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where ¢ € {2,...,s}, r € {0,...,q}, XL |a;| = s,and for alli € {1,...,q}, & > 1 and
Ji € {1,2}.

Similarly, we have for each multi-index 8 such that |8] = s — 1:

jt 1Re ((axg(u) +i0yg(u)) ﬁﬁﬁz) dx

d
=1Im .[Rd (Oxg(u) + idyg(u)) (; AP + c')ﬁ(g(u))) FPudx+ Jip

2.17) )
=— Z Im/ (Oxg(u) + idyg(u)) (6’8+efﬁ) dx +Jig+ hp+ g

d
=-2 Z / Im (0P u)?) f/(|ul?) dx + Jig + Jop + Ja g,
j=1 R4

where we denote
2 2 2

| 8%g P P 9 2

g =3 /]R ) Re[( W + = & Fany 0+ ;y(u)atul +la—y§(u)6tu2) (aﬁu) ] dx
N dg dg

Do :j; Im /Rd Oy, (a(u) + la_y(”)) APreiudPu dx

J35 =Im ‘/R" (8xg(u) + iayg(u)) B (g(u))oPu.
‘We observe that

(2.18) > (;) @' - ( )i(%w ) _

lar|=s 1Bl=s-1 Jj=1
Thus,
, s s—1
(2.19) Gi(= ) (a)la— > ( 5 )(J1,13+J2,,8+J3,ﬁ)'
lar|=s 1Bl=s-1

Remark 2.7. Note that, considering (2.15), (2.17), and (2.18), the property that allows us to obtain
(2.19) is in fact Im 0,g = Re 8, g. Indeed, this assumption suffices to have: for all a € N4 ywith
lal =,

2 Im [ (9 g(u)Re (97u) + B, g(u)Im (9°w)) 9°7] = Im [(ax g(u) +idyg(u)) (305)2] .

Step 2: Control of the derivative of Gj.

Take @ € N¢ such that |@| = s. Let g, r, and @,...,&,; be as in (2.16), and denote by
la.q.r.é....a,(Ri) the integral defined exactly as in (2.16) by replacing u by the soliton Ry, for
allk =1,...,K. Then we have

K
(220) Ia,q,r,dl,...,dq (u) - Z Ia,q,r,dl,...,dq (Rk) < Ce—min{es,l,%}t’
k=1

for some constant C independent of Aj;.
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In order to prove (2.20), one proceeds by decomposition of lo,g.r.d....a, (u) as follows. The
basic idea is to make terms in v (which provide the expected exponential term at the right-hand
side of (2.20)) appear. Let us explicit this decomposition:

Laygurydir,.niiy (1) = /R ) 0% u;, ...ad‘luqum(( ool 2w - o aq r(R)) aa‘) (Ia1)
@ @ @ dg a—
+‘/Rd(9 v, 0%uj, ...0 ‘iuqum(a;a—;l_r(R)ﬁ ) dx (Ia,2)
+/ aY leadzvjzc')’hvj}...ad‘luqum( aqf_r (R)c')“ﬁ) dx (Io,3)
Rd 05 0y
+... (a,...)
- . . . dg
+/Rd 0"'R;, 0" R, ... 0" 'R; 0% v; Im (6’6‘1 r(R)E)"_) dx  (In,g+1)
- - 0lg
+ ‘/Rd 0" Rj, ...0%R; Im (6’6‘1 r(R)aa_) (Ta,q+2)
+ / % Rj, ...0%R; Im raq =(R)O“R ) (Iaq+3)
Rd 0y 0y

Now, we control each preceding term I, 1, ..., Io,q+3 Occurring in the preceding decomposi-
tion by means of the induction assumption and some classical tools in functional analysis, namely
Holder inequality, Sobolev embeddings, and Gagliardo-Nirenberg inequalities.

Let us notice that

(2.21) sup ||R(?)||p~ < +co.
teR

Considering that 5o > %, we deduce then from (2.9) and the Sobolev embedding H L5 J+1 RY) —
L®(R?) that there ex1sts A > 0 such that for all n,

(222) V 1 e [Sjl’ Sn]’ ”un(l)”L‘x’ < A
Since 6,6 a0 is W oe on C (or in other words locally Lipschitz on C), it results from (2.21) and

(2.22) that ’
(2.23) [o.1] < c/ [v[|0%u)|0% u| . .. |0% u| dx.

R4
Define 7 :={ie{l,....,q} | so—lal <4}, T ={ie{l,....q}| 50— |&| > £},and

2d
— ifiert
m; =3 d—2(so — |a])
%) ifieJ.

Forie{l,...,q} \ I UJ, we take m; large enough so that

1 1
E; >
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which is possible since

1) ) =200 - i)
R BRI EIE S
(224) iel iel
1 1 ) S0
>——gl==-2]-Z2 1—a)|=
=2 q(z d) z q)(z d)>0
due to our assumption on sy and the fact that ¢ > 1. Then, we observe that for alli = 1,...,q,

%y e Hol@%I(RI) < [mi(RY) by the classical Sobolev embedding theorem. Using Holder
inequality, we obtain

q
(2.25) o1 < CllO“ullp2 1_[ 0% ullmi [[vllLm < CllvliLm.
i=1

where m 22,and% = %— . = >(q- )(%0—%) > 0 by definition of the m;,i = 1,...,q.

llm

The following Gagliardo-Nirenberg inequality

(2.26) Vil < ClvliZ, IIVIILz ;

d+1 1

with s := L%J +1<%Sando = (5 - %) (which implies 1 — o > <&

-, since 25, —d > 1)
0

leads finally to

20

(2.27) o1l < CIVIT < Ce ' < Cedr,

To estimate 1,2, . . ., I 4+1, One proceeds as before. For instance, let us explain how to deal with
1, 2; the same would be done for the other integrals.

We choose m | such that Hs @l s pmi(R4) and % - L 59 L 5 0. Then, again due to
m) i=2 m;

Holder inequality, we have:

q

(228) a2l < 10%ull 210NV E[ 10% ullm: araq 2 ®) .
< C|Vllgs-1 < Ce-11,

Similarly, we check that

(2.29) Vie{3,...,q+ 1}, |l < Ce %1

Now, let us deal with I, 4.>. By (2.5) and the fact that aq F € W1 °°(C) we have:

K
. . 0lg —
Ia,q+2 = ZA[@H'R](JI ...aafle,qum(a aq r(Rk)aa ) dx +Ce” 2gtHV”H‘
k=1 R

Again by assumption, the distributional derivative of %(Rk) is bounded on [O, sup,cg || Re()]| Loo] ,
thus the integral

3 ; g
a—e;sae; a . ag
‘[Rda vo (6 Rk,]] .09 1 Ry, k.jq 8r6q r(Rk))
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makes sense and one can integrate once by parts to obtain

a a, aq as
/Rdﬁ le,jl ...0 qu,qum(a aq r(Rk)a )

230 o s o )
R ’ 8’8‘7 7
< Cllv(@)llggs—1 < Ce™ 7.
Thus,
(2.31) L, q+2| < Ce0s11.

Finally, by (2.5) and using once more that 6q - is in W (C),

K

I(t,q+3 - Z Ia,q,r,dl,...,dq (Rk)
k=1

Hence, we conclude from (2.27), (2.28), (2.29), (2.31), and (2.32) that (2.20) holds true.

(2.32) < Ce %"

The expressions Jy g, J» g, J3 g (given before) consist of terms that can be controlled in a similar
manner. Let us denote by J; g(Ry) the same integral as J; g3 where Ry replaces u for alli = 1,2,3
and forall k = 1, ..., K. One can check that

K
(2.33) .]1"3 - Z Jl,'g(Rk) < Ce—min{ﬂs_],%}z;

K
(2.34) .]2’,3 - Z Jz,'g(Rk) < Ce—min{ﬂs_],%}z;

< Ce Ot

K
35— Z J3,5(R)

k=1

(2.35)

Step 3: Related functional involving Ry.

Let k € {1,...,K}. Animmediate induction argument shows that for all multi-index & € N¢
such that |@| = s, for all multi-index @’ < @, there exists z,, € C such that
ot
OYR(t, x) = Z Za 0% ka(x - xk - vkt)el( R ‘.
/<a
Therefore
2 2
[ rP@rar= [ |5 aro”0u = xt=nn| dr= [ |3 o700, dx
R4 ' 2« R4 o 2«
so that
d @ 2
(2.36) |0YRy|” dx = 0.

d[ R4
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Furthermore for all multi-index S such that || = s — 1,

2
—\2 ,
R,% (G'BRk) (t,x) = Qz,k(x - x,? — Vit) ( Z z,gfﬁ'g Qu, (x = x,(() - vkt)) ,
B’ =B
from which we infer also

(2.37) % Re(R2(0°Re))” f/(|1Re|?) dx = 0.
Rd

Hence, gathering (2.36) and (2.37),
238 o0=2 SRz~ > S~ NRe (R2 (aﬁR_)2 FURP) Y dx
' dt Jpa a2\ , Bio B k « « .

Considering that this last quantity can be written as exactly the same linear combination of terms
as Gy, ¢ (we refer to (2.19)) where we replace just u by Ry, we conclude from (2.20), (2.33), (2.34),
(2.35), and (2.38) that

(2.39) Vie[SLS) |G, ()] < Cemn{fsn i}t
Integrating the preceding inequality between ¢ and S,, yields directly Lemma 2.5. O

Let us now conclude the proof of Proposition 2.4.

We observe that, for all t € S, S,],
(2.40)

> (S) 107, (1) dx
a R4

lar|=s

= (Gn’s(t) - Gn,s(Sn)) +2 Z (;)Re/ aa—el(a)vn(t)aa+€l(a)§(t) dx
Rd

la|=s
N o )
& (o) (L, 1o7rsnP ax— [ 17w
' w;‘-l (S; 1) (/R’ Re (12 (0 )2) 1" P)(0) dx - /Rd Re (R*@PRY) £(RP)0) dX)

s—1

S a 2 _ N a—e(a) (I+61<“)_
+ Z (a) ‘/Rd [0%Vn(S)|” =2 Z (Q)Re‘/Ra Vn(S,)0 R(S,,) dx.

|ar|=s lar|=s

Then, by means of (2.3), (2.36), and (2.37), we infer

)( /R _Re (R2@R?) £/ (R dx - /R Re (R@"R?) /(RS dx)

@41) | ), (;) /R N0 () dx| < [Gps(t) = Grs(Sp)] + Cllvallpgs-r + Ce™

lar|=s

+C

[ Re (6@ m7) £GP0 dx = [ Re(R@R?) £0RYo)
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Now, from (2.5), (2.12), (2.38), and from the inequality

(242) / Re(u,(0%)°) £ (Jun|*)(2) dx = /R [ Re(RX(@PR?) f/(IR)(@) dx| < Cllva@llgzs,

resulting from the local boundedness of the distributional derivative of z — % ((’)xg +i0y g) (z) =
22f'(|z|%), we deduce the existence of Cs > 0 such that for all n € NN,

(2.43) VielSLS8)  Iva@ls < Cle ™0t}

This is rewritten as follows:

(2.44) Vit e[S, S, V() < Coe %",

which is exactly the expected result. Thus the induction argument implies that for all n € N,
(2.45) Vitel[SE S, va(®)|lrs0 < Cgye™ %0,

This puts an end to the proof of Proposition 2.4. O

Now we explain how to deduce from Proposition 2.4 that S, can be chosen independently of n,
and by this means, we finish the proof of Proposition 2.3. We pick up 7; > Tj such that Csoe_‘9~“0T1 <
Ay,. Letn € N be such that S,, > 71, and assume by contradiction that S;, > 77. Then by continuity
of v, in S;, (and by definition of S;, as infimum), we have ||v,(S;)|[ms0 = As,. On the other hand,

(2.46) Va(SllEs0 < Cope™%05n < Cype®™1 < Ag,
which yields a contradiction. Thus S} < T;. Hence, for all n € N such that S,, > T}, we have
Vit e[l Sal, Va(@)llzs0 < Cgye™®0".
If necessary we drop the first terms of the sequence (S;,) and re-index it in order to obtain:
(2.47) VneN,Vrell,S, 1va(O)llEso < Cype™ 0.
Hence, Proposition 2.3 is established.
2.2.2. Step 2.2: Independence of T| with respect to s. Now, we justify that 7| can be chosen inde-
pendenm %, which is useful to obtain
(2.48) VseN, 3C, >0, Vtell,S,] IV |ls < Cse 0,

in the case where sy = co.

If g is € on C as an R-differentiable function, it is in particular of class (5[[7[“2, so that we
can apply the previous result: there exists 77 > Ty such that for all n € N,

(249) Vieln Sl IOl g < Clape 40
Lets > [%J + 2 and assume that for all s’ € {L%J +2,...,58},

Vi, S [va®llyen < Core .
Then define

Sps =inf{t 2 Ty [V 7 € [, Sp], [va(Dllms < Ashy

for some constant Ag > max{2K ug, 1} to be determined. We show exactly as before (that is con-
sidering the functionals G, ) the existence of Cy > 0 independent of n, ¢, and A, such that

(230) VielSeSul Il < ClAe™,

n,s>~n
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or also
S|
(2.51) Vte [S;,S’Sn], IVa()|las < CsA?2 e Ost

Indeed, the constant A in (2.22) does not depend on s and A; > 1 so that we have for example as
in (2.25) and then (2.27):

46
|Ia,1| < CASe_mt,

with C independent of Aj.
Choosing A; > CZe %71 and arguing as in (2.46), we conclude that S, = Tj. Hence, Tj is
uniform with respect to s.

2.2.3. Step 2.3: Looking for optimal exponential decay rates in the uniform H?®-estimates. The
next result uses and improves that of Proposition 2.3.

Proposition 2.8. Forall s € {1,..., 50}, there exists Ay > 0 such that for all t € [T}, S,],
20,
(2.52) Va@lls < Ase™ s+
Proof. Lets’ € {l,...,s}. By (2.4), (2.7), and the following interpolation inequality
1—
Vel < vaON va@ll s

withy = s=s" e have for all ¢ € [T1, S.],

N

<7>,/
V() < Ce 207571,

Now, set
T, :=inf{t > T\ |V 7 €[t,Sp], lva(DllEs < Age 7Y,

for some y € (0,26) and for some Ay > 1 to be determined later.
Let 7 belong to [7,;, S, ]. Then by the proof set up before,

2 -20
n@rs < € (Ivn@)lgsr + 7).
In addition, we obtain once again by interpolation

L s=1 ~1-1 20, _ 5o
Va@llgs—1 < a5 vl s < CAg Se e

Since u < 26, we have 29++(s_1) < 26, and so there exists C > 0 (independent of Ay) such that

~ ~1-1 20
S

(8.35) a0l < CA e et
Now, choose
26 d A, > Csa
= an s+l
H s+ 1 g

By a similar argument as that set up to prove Proposition 2.3, we see that 7,, = T;. Indeed, if we
had 7,; > T, then by the definition of 7,; and by continuity of v, in 7, we would obtain
~y * ~ ~]—L _ 20, s=1px
Ay Tn = |lv(T)llzgs < CAg " Tne 5T

’

thus, by the choice of y,
- ~ 1L
A2 < CAS,

s =

which is a contradiction. Consequently, estimate (2.52) does indeed hold. O
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2.3. Step 3: Conclusion of the proof of Theorem 1.2’. We construct now the multi-soliton u
using the same arguments as those of Martel [26, paragraph 2, Step 2] and Martel and Merle [27,
Paragraph 2]. The crucial point is the following lemma, obtained by a compactness argument.

Lemma 2.9. There exist ¢ € H(R?) and a subsequence (uy, (T\))x of (un(T1)), such that
||unk(Tl) - ‘P”H“O — 0.
k—+o0

Note that the main ingredients to show this lemma are:

o the uniform H*-estimate obtained in Step 2.
e the following L?-compactness assertion: for all € > 0, there exists % a compact subset of
R4 such that

VneN, / lun(T1, X)) dx < €.
K

Then by local well-posedness of (NLS) in H*0(R¢) with continuous dependence on compact sets of
time [10, Theorem 1.6], the solution u of (NLS) such that u(T}) = ¢ is defined in H*(R9) and for
allt > T, ”“nk (1) - go(t)| gso — 0ask — +oo. Thus ¢ turns out to be the desired multi-soliton.
Besides, the quantities ||u(t) — R(t)||gs decrease exponentially; this result is obtained by passing
to the limit as k tends to +co in the H*-uniform estimates given by Proposition 2.8, that is for all
s=1,...,sp, for k large enough:

— 20
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This yields precisely (1.9).

Note that in the case where g is €’ (for example when we consider the pure power non-linearity
with p an odd integer), we obtain (1.10) as a consequence of (1.9), by interpolating the correspond-
ing H*-estimates, and by the independence of 7} with respect to s proved in Step 2.2.

3. CONDITIONAL UNIQUENESS FOR MULTI-SOLITONS OF (NLS)

In this section, we prove the uniqueness result stated in Theorem 1.4’, that is for d < 3. The
strategy developed here would also work to prove Proposition 1.9 under the corresponding stronger
assumptions.

Our uniqueness result holds due to the coercivity properties of the linearized operators around
ground states, namely assumption (H3) when f is not the L>-critical non-linearity and (3.65) in
Proposition 3.17 in the L2-critical pure power non-linearity case. The proof follows essentially the
same lines in these two cases; the differences are only rooted in the use of the appropriate coercivity
result.

We first develop the proof in the stable case, assuming d < 3, and f of class € satisfying
(1.18). This covers in particular the L2-subcritical assumption with 3 < p < 1 + % and d = 1in
Theorem 1.4. In subsection 3.4, we explain how to modify the calculations in order to perform the

-1
proof in the L?-critical case, that is assuming p = 1 + % and f :r — "7, which will extend the
uniqueness result as stated in Theorems 1.4 and 1.4’.

Let us denote ¢ the multi-soliton of (NLS) constructed in Theorem 1.1 for d = 1 and in Theorem
1.2" for d € {2,3} (which is possible to consider by hypothesis). Sety := %Ta, where 6 is defined

in Theorem 1.1 and let 7; > 0 such that ¢ belongs to €'([T}, +0), H'(R)) and
(3.1 Vix>T, lle(t) = ROllgr < Ce™”
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for d = 1, and such that ¢ belongs to €([T}, +0), H>(R4)) and
(3.2) VixT, lo(t) = R()||p2 < Ce™"

for d € {2,3}. In particular, due to the Sobolev embedding theorem, we emphasize that, for all
d € {1,2,3}, ¢ € €([T1, +oo, L*(R?)) and

(3.3) VixTi,  le(0) = ROl < Ce™.

Remark 3.1. Concerning the proof of Proposition 1.9, we have similarly the existence of a multi-
soliton ¢ to (NLS) and of Ty > 0 such that ¢ belongs to € ([T}, +o0), H(R?)) and

(34) VizTi, e - ROI (4], < Ce™,

withy = ngjgu' Besides ¢ € € ([T}, +oo[, L*(R?)) and (3.4) holds also for ||¢(t) — R(t)||1~ due

to the Sobolev embedding H L5+ (RY) e L®(RY).

Now, let us take u in the class of multi-solitons satisfying (1.11) and define z := u — ¢ the
difference of the two multi-solitons so that

(3.5) dz=i(az+f(1z+¢P) 2+ (f 12+ 0P) - £ (161)) ¢).
and
(3.6) 1201 = O (ZLN) 25 £ —» 00,

for some integer N > 1 to be determined later.

We will show that z = 0. The idea is to practice some kind of modulation of the variable z in order
to ensure some orthogonality relations, needed to make use of the coercivity properties mentioned
before. In other words, we obtain a new function (denoted by 7) which seems to be adapted to the
proof; this is the aim of subsection 3.1. Then, the control of the modulation parameters allows
us to obtain an estimate of ||z(¢)||1 in terms of ||Z(¢)||f1; this combined with the estimate of the
derivative of some kind of Weinstein functional F; (that we introduce in paragraph 3.2.1) enables
us finally to see that Z = 0.

3.1. Change of function to ensure a coercivity property in the stable case.

3.1.1. Introduction of a new variable. We introduce a new function Z on [T, +00) X R¢ for T suf-
ficiently large by

K
3.7 Y (t,x) € [T, +c0) X RY, Z(t, x) == z(t, x) + Z ({ar ()R (t, x) + br(t) - VRi(t, x)),
k=1

where a (1) € R and by (r) € R? are chosen so that

Im/ ZRe dx =0
R4

(3.8) Vke{l,....K}, Yie{l,...,d}, .
Re/ Z(’)xiRk dx = 0.
R4

Existence of ay(t) and by () for ¢ large enough follows from:
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Lemma 3.2. Fort large enough, and forallk =1, ..., K, ai(t) and by (t) are uniquely determined.
Moreover, t — ay(t) and t — by (t) are differentiable in the sense of distributions and

(3.9) lax @)1, 1bx ()] < Cllz(D)]] 2,
(3.10) lag (D, 16 (D] < Cllz(@) |-
Proof of Lemma 3.2. Let us introduce the symmetric block matrix
Ago(t)  Bia(t) -+ Biat)
"Bia(t) Api(t) - Avra(t)
M(Z) = . . . . ]
‘Bra(t) Agi(t) - Agat)

where A; ;(t) and By ;(¢) are K X K-matrices with real entries defined by

AO,(): Re/ RkE dx] ,
| R4 (k1)

V(i,j)€{l,....d}*, Ai;=|Re axl.RkE)ijdx] ,
| R4 (k.0)

Vje{l,....,d}, Bi;=|Im aijkde]

Rd (k,l)
Set also
x(t) =f [al, ..., AaK, bl,la ey bK,la ey bl,da Cey bK,d]
and
y(®) = =" [yo, 15 - -, yal,
where

yO:[Im/ zR_ldx,...,Im zde]
R4 R4
andforalli=1,...,d,

Vi = [Re/ ZaxiR_l dx, e ,Re/ ZaxiE dx] .
R4 R4

Then relations (3.8) rewrite clearly

M()x(1) = ().
Consequently, we have to show that det M(¢) # 0 for  large enough to ensure existence and unique-
ness of ay () and by (¢) for those values of ¢. To do this, observe that

— Q. dx ifk=1
Re/ Ri(t)Ry(t) dx = § Jrd
R 0 (e™) if k # 1,

Vi,kVj,k

2 . _
/R ) {axikaaxj Ou, + =5 ka} dx ifk =1
0 (™) ik %L

Re [0, R0, R0 d =
R4

Vik 2 .
_ — dx ifk=1
Im./ Ox; R(DRy (1) dx = { 2 /Rd Con
Rd

0 (¢™) if k#1.
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Let us now compute det(M(r)). For all k = 1,...,K, let L; denote the k-th line of the block
matrix

[A0o0(t) B1,1(2) -+ Bra(®)] .

Foralli = 1,...,d, and for all k = 1,...,K, replacing the k-th line L;; of the block matrix
[’Bl,i(t) Aia(t) - A,-,d(t)] by Lix — %Lk, we obtain det(M(t)) = det(N(t)) where

Aoo(t) Bri(t) -+ Byalt)

Ci(t) Di(t) -+ Diq(t)
N(t) = . . .. .

Ca(t) Dgi(t) -+ Dgal(t)

and C;(t) has entries zero on the diagonal and O(e™") everywhere else and D; ; has entries

Ad axiQa)kaija)k dx

on the diagonal and O(e ") everywhere else.
Thus

det(D(1)) + O(e™"),

K
(3.11) det(M (1)) = ( 02, (x) dx
1.

where D(t) is the sub-matrix of N(¢) with block matrices D ;(t).
Moreover for all ¥ = (y; x) € RYK different from 0, we have

d K
ZYD(Z)Y = Z Z (,/Rd axikaanka dX) }’i,k)’j,k + O(e_yt)

ij=1 k=1

K d 2

which is a positive quantity for large values of ¢ since for all k, the d vectors 0y,Qu,, 1 = 1,...,d
are linearly independent (this can be seen using that Q,,, is radial but it is in fact also related to a
more general result corresponding to Proposition 3.23 in Appendix).

Hence, for all ¢ large enough, det(D(¢)) > 0, and also det(M(z)) > 0 by (3.11). In particular, M(¢)
is invertible. Applying Cramer’s formula, we obtain an explicit expression of ax(f) and by () in
terms of z(¢), from which we derive the content of Lemma 3.2. O

Even if it means taking a larger T}, we can suppose that the preceding lemma holds on [77, +0).
Then it results also immediately that

K
(3.12) VixT, Izl < 120 + CZ (lax @) + [be(0)]).
k=1

and

(3.13) VixT, 1ZOMr < Cllz@lla-
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3.1.2. The statement of a coercivity property in terms of the new variable. In this paragraph, we
come to some crucial inequality, on which the proof is essentially based. First of all, let us define
some notations, and particularly well-chosen cut-off functions.

By a classical argument given in [27, Claim 1], we can assume (without loss of generality) that

(3.14) Vi, < v << VK-
Now let Ay € ]0, %minke{z,._.,,(}{vk,l - vk_l,l}[ and define

vy: R —- R
1 ifx<—A0
-1

Ay _ 202 Ay _ 202
X / e “077 dy / e N7 dy if —Ag<x <A
-Agp X

0 if x > A(),
which is obviously a smooth bounded non-increasing function.
Forall k € {1,...,K — 1}, let oy := % (Vi1 + vis1,1) and & = % (xo

k1T
R x R4

0
XL ) Then define on

Yo: (tx) — O
Y (6x) > Y
U (Lx) — 1
and also K functions on R x R? by
Vke{l,...,K}, ér:=vr—Yr_1.

We can check that, for large values of ¢, ¢ (z, -) has a smooth profile localized at the "neighbor-
hood" of the k-th solitary wave; more precisely we have

1 ifx1<§1+(0'1—A0)t
0 ifx1 >§1 +(O’1 +A0)Z,

— & — oyt
("‘5+‘7") fork e {1,...,K—1}

¢1(t’ X) = {

foralk=2,...,K —1:

1 ifé&_ + (O'k_1 + A())l‘ <X < ép+ (O’k - A())l‘
¢k(t, X) - {O if x; < ‘fk—l + (O'k—l - Ao)l‘ or x| > .fk + (O’k + A())l‘,
and
1 ifég_ + (O_K—l + Ao)l < X1
¢K(t, X) - {O if X1 < fK—l + (O'K_1 — Ao)l.

Besides, for large values of ¢, the following inequalities hold owing to the decay properties of Ry
and the support properties of ¢; and its derivatives.

Lemma 3.3. Even if it means reducing vy > 0 so that

Vi1 — V=
y < min “w"(”‘ ’"‘—AO),kzl,...,K,jzz,...,K,
4 2
we have:
VoK
3.15) Vi#gk  (IRe(t.x)] + 10y Rt 0)]) 65t x)] < Ce e 7 vl

\/F
(3.16) ¥, (IR (2, )| + 105, Rj(1, )| + 18, Ry(1, %)) (2, x) = 1] < Ce ™ e~ 5 il
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C
(3.17) Vi 100t ) 4103 ¢t x)| +10,,(t, x)| < -

W
(3.18) Vik (IRt )]+ 100 Re(t, 0)1) |00, 851, 0)] < Ce e 5 vl

Proof. The proof, postponed in Appendix, is similar to that of Combet [5, Proof of Lemma 3.9,
Appendix Al]. O

Let us introduce the following Weinstein energy functional which is inspired from Martel, Merle
and Tsai [28] for dimensions 1 to 3:

319 A=Y, [ w2 = (5 (1ReP) 128 + 2oz (1))
— Rd

2
+ (cuk + %) |Z|2 —vi - Im (VZE)} o (t, x) dx.

One of the main features concerning H is the following coercivity property, which turns out to be
a key ingredient in our matter.

Proposition 3.4. There exists C > 0 such that
K

2
(3.20) Vix>T, Clz0l2, - é > (Re /Rd ()R (1) dx) < H(1).

k=1

Proof. This result follows from our assumption (H3), from (3.8), and an immediate adaptation to
all dimensions of the proof given for the one-dimensional case in [28, appendix B] which consists
in localizing in some sense each version of (H3) forall k = 1,...,K. |

3.2. Proof of some needed estimates. This subsection, which is probably the most technical one,
precises the tools and estimates which will allow us to make use of Proposition 3.4 and actually to
conclude the proof of uniqueness in subsection 3.3. It consists in giving some controls of H(t), of
the scalar products Re fR 4 Z(OR(t) dx, and also of the modulation parameters ax (¢) and by (¢).

3.2.1. Control of H. We typically improve the a priori control of H by O (||Z||,2L,1) by derivation

of the functional. Actually, for the sake of simplification, we will compute the derivative of the
following related functional H : [T}, +o0) — R defined by V ¢ > T,

K
a2n) A0 =Y} [ IV = (P12 + o) = Fel) = 2Re(c) (1ol
k=1

2
+ (wk + %) |21 = v - Im (VZE)} oi(t, x) dx.

(Recall that F(r) = [ f(p) dp (1.12).)

The next proposition, which compares H and H, justifies that it suffices to control A in order to
obtain a similar estimate for H.

Proposition 3.5. We have

(3.22) H(t) = H(t) + O (||z(z)||§,1) .
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Proof. Since F is €7, we have the following Taylor expansion

(3.23) F(I1z+¢l*) - F(l¢*) - 2Re(z@) f(l¢I) = 121 (I¢I*) + 2Re(z9) £ (l¢]*) + O(12]* + |21°),

uniformly with respect to both variables ¢ and x. Let us underline that, for d > 2, one can not
claim at this stage whether z() or Z(¢) belong to L®(R<) and even less whether z or Z belong to
L™ ([Ty, +o0), L*(R?)), which prevents us from simplifying O (|Z]* + |Z]* + |Z|° + |2]®) by O (|Z]*).
Moreover (3.4), (3.15), and (3.16) lead to

/Rd {IZIZf(IthZ) +2Re(20)’ f (|90|2)} dx
/ {i(l *f (|<p| )+2Re(2¢)2f'(|¢|2))¢k} I
L
:./Rd {i (|Z|2f (|Rk| ) + 2Re (sz |Rk| } dx +O(e ™ |IZ]I7,)).

We obtain (3.22) as a direct consequence of (3.23), (3.24), the embeddings H'(R?) — L3(R4) and
H'(R?) — L%R?) which are indeed available for d < 3, and (3.13). O

(3.24)
(|Z|2f(|Rk| ) + 2Re (2R0) £ (1Rl ))qsk} dx+0 (e 212,

Now, we state and prove the crucial

Proposition 3.6. The derivative of H is given by

d -
(325)  ——H(t) = Main(t) + O NZO N 2@ llgs + 12O NzONF ), as t— oo,

where

K 2
Main(t) := Z (cuk + M) (/ 12120, dr dx + 2/ Im(0y, Zf)axlgbk dx)
% 4 R4 R4

=1

K
a2
k=

1

K
ka / Im sz (9,¢k dx
Rd

k=

=0 —IIZ(I)II,%”)-

t

[ v2Poq o dx -5 / 2P} kdx)

—_ 0

Remark 3.7. The bound O (% ||Z(t)||,2q| ) in above is the one which constrains us to prove uniqueness
in the class satisfying (1.11). In order to prove unconditionnal uniqueness, one would need to
improve this bound to O (a/(t)||z(t)|| o ) where a(t) is integrable in time (in the KdV context, [26]

proves it with a(t) = e for some y > 0).

Let us begin with some preliminaries (Lemma 3.8 and Lemma 3.9 below), which are needed to
obtain Proposition 3.6.
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Lemma 3.8 (Expression of d,Z). We have

8,2 =i(Az+ f(z+ ¢Pz + ((lz+ o) - Fel)g)

K K
. . 2 . 2 . /.

(3.26) +i ; liag F(R )Ry + by - V(f(IRe )R } + ; {ia, Ry + b, - VR }

K
= (A4 fUpPZ + (FUZ+ 61 = fUeP)g) + Y fiaiRe + b} - TR} +

k=1

where g is a function of t and x such that

a1+ 1921+ 120 dx < e Nl 12l + Vel W)

Proof. The first equality concerning 9, 7 is quite immediate. Let us precise how to obtain the second
equality. Decomposing
flz+eP)z= flel)z+ (Fz+¢) = flel))z

and using the expression of z in terms of 7 and the a; and by, k = 1,. .., K given by (3.7), we have
that

K
fllz+oPz+ Y fia FARIDRe + bic- ¥ (£URDIRO)}

k=1

K
(3.28) = flleP)z+ > {ian (FURP) = f(le) R + b - VR (F(Re?) = F(lel) }

k=1
K
+ Z bi - VF(IRPDR + (f(I1z + ¢1) = fllel*)z
k=1

Moreover,
(3.29)
flz+ el = flel) = £z + @) = f(lel*) - 2Re((Z - ) f'(I¢]*) + O(|z|* + |zI*)

K
= f(1z+ @) - (9l =2 D Re(bi - VReR:) f/(IRe ) + b+ O(l] + |2]*)
k=1

K
= fUz+ ) = FUeP) = > bic- V(F(IRP) +
k=1

where 4 and 7 satisfy the same property (3.27) as g due to (3.4) and (3.15). Lemma 3.8 is now a
consequence of (3.28) and (3.29). m|

The following lemma holds also under our hypotheses.
Lemma 3.9. There exists C > 0 such that:
|£(z+ ¢?) = flel®)| + £ Uz + ) = f/UelP)| < C(1zI* + |z]).

Proof. First, notice that for dimension one, one can make use of the Sobolev embedding H'(R) <>
L*(R) and the locally Lipschitz property of f and f’, which immediately implies the desired in-
equalities.
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4
We concentrate now on d > 2. In that case, 1 + 7 < 3, thus p < 3 and by (1.18),

Vs>1,  |f'(s)l<CsT <C.
Similarly,
p-5

Vs>, lf"(s)| < Cs 2 <C.

Since f’ and f”’ are continuous on [0, 1], it follows that

Vs20,  [f/(Ol+1f"()I<C

(by possibly taking a larger C). Now, Lemma 3.9 follows from the application of the mean value
theorem to s — f’(s%), between |¢|(z, x) and |z + ¢|(z, x) and from the fact that |z + ¢|> — |¢|* =

|z|2 + 2Re(zp).

We are now in a position to prove (3.25).

Proof of Proposition 3.6. The proof decomposes essentially into two parts. We first derive suc-
cessively each term constituting A by means of Lemma 3.8. For this, integrations by parts are
sometimes necessary in order not to keep terms carrying second spatial derivatives for z. Then we
put together suitable terms in the expression of %ﬁ in order to get better estimates than the a priori

control by O (||Z(t)||i1, ) Besides, we put annotations for the different terms we have to work on

for ease of reading; terms associated with the same letter A, B, or C are to be gathered.

Step 1: Derivation of H

e Using Lemma 3.8, one computes

d —
— | vz dx:ZRe/ V%, - VZ dx
dt Rd Rd

=21Im /Rdf(W)zAEdelm /Rd (£(1Z + 0P = f(l9|?) ¢AZ dx

K
-2 Re/ Z {ia, R + b}, - VR }AZ dx + O((e™" + llzllg)llzllgg |21l ).
Rd

k=1
Similarly one obtains directly
d

i Jea [Pz + o) - F(gl?) - Re(z@) £} dx

_ 2Re /R w12 + 6l ~ feP) ~ Re(zp) 16P) d

+2Re [ 232+ ol dr+2Re [ (oF 4 2B+ 0P) - fl) dn

2 m / AZZf(3 + o) dx
Rd
~2im [ AGB(02 + o)~ 76l = 2Re() 1))

—21Im /Rd (fUZ+ ) = FUe)@Z(f(1Z + ¢I) dx
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~21Im /Rd AZG(f(1Z + ¢l*) = f(lel?) dx
2 1m /R (80 + FoPIe Rz + o)~ f(lpl?) d
o m /R FePEB(F(z + o) - F(lgP) dx
K —
+2Re /Rd > (iag Ry + b, - VRy) (Zf(IZ + o) +2(f(z+ ¢l - f(lsolz))) dx
k=1

+O((e™ + llzllg Nzl 12l )-

Thus, we have at this point

% /R AIVzE = (F(z+ o) - Fgl?) - 2Re(GR)f (191) } dx

(B1) =21m | AGB(f(Z+ ) = f(l¢P) - 2Re(zR)S (16l)
(4 +2im [ Mg+ FUPIOEE + o) = F(lgP)) ds
K —_— —_—
) —2Re/ " (ia) Re + b, - VR) (A + F(12 + o) dx
RIS
K —
(©) ~2Re ) [ b TRE(FE + o) - Sl dx
k=1
+ O ((e™ + llzllz) Nzl Nzl ) -
e We differentiate then the next term appearing in the expression of H. Forall k = 1,...,K,
|Vk|2 d ~12
(“’" T P
2 2 _
amp (o P5E) [ Raon ax2(ocs BE) [ i (a,2F) 00 ax
4 R4 4 R4
|Vk|2 = - 2 2
(A2x) - 2{@e+ = » Im(p2)(f(Z + ¢[7) = fl¢]")¢x dx
2
(C3’k) + 2 (a)k + %) Re ,[Rd (ia,’(Rk + b;{ . VRk)Egbk dx

R
. - Vi, 1 -
(Mainsg) =2 vy / V2P 0.,y dx — VL / 12203 ¢i dx + vy - /
Rd 2 Rd

+O((e™ + llzllg)zllz 12l 1)
o To finish with, using integrations by parts and (3.18), we obtain forall k = 1,..., K,

d _
— Im(vg - VZZ)¢x dx
dl Rd

=—2v-Im | ZVigpdx—vi-Im | Z7Ver dx+vi-Im | ViZd, ¢y dx
Rd d Rd

Im (vz%) 8,6y dx
R‘l
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(o) +2ve [ R[4 o) - 7)) 0 d
B+ [ VGNP dr
B -2weRe [ 9(63) (7024 6P - o) 0x ax
R4
(C4,k) -2 v - Im/ (ia,;Rk + b;{ . VRk)VE(Z)k dx
R4

+O((e™ + llzllg Nzl 1zl )

We now continue the proof by showing how the corresponding terms put together can yield es-
timation (3.25).

Step 2: Estimate concerning H’

We first deal with the terms A, Ay, and Az, (k = 1,...,K). We see that

K
Ar=23 /R (AR FURPIRIZ(F(Z + 9 = fllgP) dn
k=1

<2 |[ ato- RE(10z+ o) - 106) s
(3.30) + /R el = FARDII| (12 + 1) = f(lel)] dx
+ /R NFARPY e = B[ F(Z+ ¢1) = f(lel?)] dx
K —_
#3 [(FORP = FORP) Rz + 0= )] .
=1 R4
As for the proof of Lemma 3.9, by the mean value theorem, we observe also that

[Flel = FURPY < € (1¢ = R+ ¢~ RI)

| (FURP) = FORCD) Rel < € 3 IR;Ril.

Jj#k

(3.31)

Moreover, we deduce from Lemma 3.9 that

/Rd Ap = B[ £z + o) = fllgl)] dx < Ce (12115 + 11Zl17)

< Ce2lR
Indeed, in order to establish the preceding inequality, note that :
e for d € {2,3}, we write

/ IAGe — RIZ|F(Z + ol?) - floP)| dx < € / IAGp — R|(12 + 12P) dx
R‘l Rd

< CllA = Rz (11215 + 112117.)

(3.32)
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and we use the embeddings H'(R?) — L4(R?) for each ¢ € [2, +o0), and H'(R?) —
LO(RY).

e for d = 1, we make use of one integration by parts (in order to have a control by ||V(¢ —
R)||;2, hence by ||¢ — R||y1) and of the embedding H'(R) < L*(R).

Hence, gathering (3.30), (3.31), (3.32), and using (3.4), it results

(333)  |Ai- ZZIm / (AR + FRIDR)Z(F(1Z + ) = flel?)) dx| < Ce™ |21,
In a similar way, forall k = 1,.. ., K,
A2k+2(wk+%)/R Im(Ri2) (f(1Z+ 1) = f(l9l*)) i dx
<2(0 k+M)/ (o~ RE(F12+ o) = £l ] d
(3.34) +2(wk [vel” )Z/ IRZ(F(Z+ o) = £(le®) b dx

Jk

<C/ |4p R| 1P+ 1z)? dx+CZ/ |R¢k I +121%) dx

< Ce |zl

We have then forall k = 1,...,K
Aa=2u- [ RATRA(E + o) = Fle) o

(3.35) gC/Rd V(e - R)|(12] + 121%) i dx+CZ/ IVR; o] (121 + 1217) dx

J#k

< ce|z3,

Let us gather (3.33), (3.34), and (3.35). Observing that

2
B,Rk =—Vr VR +1i (a)k + M) Ry

(3.36) 4

OiRe = i(AR + f(|Ri|*)R),
we notice that

2
m((ARc + f(IRe[)RI)Z) - (wk + %) Im (RediZ) - ve-Re (VReiZ) = —Re (3, Re(1 - $0)E)

As a consequence of (3.16), we obtain a control of

|vi|?

/d {2Im((ARk + F(Re))Re)Z) - (wk + T) Im (Rk¢k2)

- 2v - Re (VRuiE) (f(2 + ¢ - f(|s0|2))} dx

by Ce ™[Iz,
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Finally,

(3.37)

K
A+ Z {Aok — A3y}

k=1

< Ce |22

Let us focus now on the terms identified by the letter B. We observe that

G638 Bu=vwe [ F02+ePIVIERI dr O (€ 4 [zl ).

Then, we obtain

(3.39)

Bax+ Basc=-vi-Re [ V(Iz+9R) 52+ @Pan dv+ve-Re [ 9 (16P) 502 + 7w
Rd Rd

+ 2wk -Re/I V(@2) f(e))pr dx +O (e + izl zllg 11 1) -
RL
Notice next that
v - Re (VRkR_k) —Im (ARkR_k),

which allows us to rewrite
K
Bi=2 Y vceRe [ VRRL(F(2+ oP) - f(lel) = 2Re()f (IoP) d
k=1 ‘

as a sum of quantities in which the differences between ¢ and R or the products VRkR_j for j # k
appear. Use moreover

(1) on the one hand,
|2+ ¢l - lol* - 2Re(®2) = |21,
and the following Taylor-Lagrange inequality

[F(1Z+ ) = fUel’) = (12 + ¢l = lel)) £ (o)t x)

1 - 2 "
< (126 x) + o6, 0)P = lo(t, 1)) sup £
LX) 1%, 1208 %)+(8,x) ]

which implies

£z + ) = Fel) = 12+ o = leP) f (1) (8 2) < C(12( 01 + 122, %))

because f’’ is bounded due to (1.18),
(2) on the other, the following inequalities:
e ford = 1: for all y € H'(RY),

[, 19V dx < 19210l e < O, 10,
[, ITUPIEE dx < I, 1901, < CIEIR I

/d Ve IVellz* dx < 11215 Vel Vel < CIzl Il el
R
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o for d € {2,3}: for all y € H*(RY),
/RI IV 1|VZ]I2] dx < V2l IV llsliZlle < ClEIG 1 e,
/Rd Yy 1217 dx < 1215, IV¢ ;. < ClEI, vl

2 1 1
/ VY IV@lIZl* dx < IS NVEIE VOIS, < CIUEN 1l Il
R4

Remark 3.10. Regarding the higher dimensions in order to prove Proposition 1.9, one would make
use of the following inequality, valid for d > 3: for all y € H'S YR, for all § € H'(RY),

/ IVl |VE 1zl dx < 2N 2a IV IV lla < CZNp W e I g -
R4 Ld-2 H'Y2

Then we conclude that

K
(3.40) Bi-2 sz Vi - Re /R VRR(f(IZ + ¢*) = f(l¢l*) — 2Re(Z@) f'(|¢])) dx

_ ~114 ~112 — =112
< Ce (12l + Zll) < Ce 1zl

Thus, from (3.39) and (3.40), we deduce that:

K

By - Z (Bok + B3x)

k=1

it ~n2 - ~

< Ce|iZllz + C (e + Nzllg)lzllg 12l

K

k=
K

+ Z
k=1

< C (e +llzllg) Nzl 2l g

ke L7 (IR = 16F) £z + o d

v / V (Ip) £(1ol) dx + vi - Re /R Yz + eP)f(1z + ol dx

(3.41)
Notice that we have used (3.13),
L9 (16R) sttoPras =0. ana [ 9 (1z+ ) 72+ o) =0
R4 R4

To finish with, we have to obtain estimates for the terms with the letter C involving a; and b .
Due to (3.10), (3.16), and (3.36), we compute
3. 42)

-2 Z ak/ {Re szAz + Re (szz) (a)k + %) Re (szquk) — v - Im (szVZ¢k)} dx

2
=2 Za,’( Im/ {E (ARk +ka(|Rk| ) (wk + %) Ridi —ivy - VRk¢k)} dx
=1 R4

+O((e™ + 1zl )Nzl g Nzl )

=0 (e + 1Zllg) Nzl e N1zl par) -
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On the other hand,
(3.43)

K
-2 ) b /R ) {Re(VRkAE) +Re(VRZf(1Z+ ¢l*) + Re(VRRe (f(1Z + ¢") = f(I¢l"))
k=1

- (cuk + @) Re (VRkE(ﬁk) —Im (Vk . Rkvgﬁbk) } dx

K 2
=2 Z b;{ -Re VE ARk + ka (le|2) — Wk + M Rk¢k —ivg VRk¢k dx
R4 4

2 (e o () e () 1+ o) )

+O (€™ + zll)Zl g Izl )
=0 (™ + Nzl zl s Nzl )

again due to (3.10), (3.16), and (3.36). Consequently, (3.42) and (3.43) lead to

K
(3.44) Ci+Cat Y (Case = Cax} = O (7" + 1zl ) Izl zli)-
k=1

Proposition 3.6 follows from Step 1, from estimates (3.37), (3.41), and (3.44), and from the obser-
vation that
K 1
Main = Z (Mainl,k - Mainlk) =0 (;HZ(Z‘)”?{])
k=1

by (3.17). O

3.2.2. Control of the Ry directions. We have the following estimate which expresses that the vari-
ation in time of the real scalar products Re /Rd Z(t)Ry(t) dx (which appear in (3.20)) is essentially
of order two in z(z).

Lemma 3.11. Forallt > Tj,

d —
(3.45) ‘ERe‘/Rd HORe(t) dx]| < C(e‘ytllz(t)HH] + ||z(z)||§,l).

Proof. We notice that

K K
Re/ ZRy dx = Re/ 2R dx+ZRe/ ia; R Ry, dx + ZRe/ b; - VR Ry dx
R4 R4 i R4 i R4

(3.46) = Re/ ZRi dx + akRe/ i|Rk|2 dx + by -Re/ VRiR; dx + n(t)
Rd Rd Rd

= Re/ ZRyi dx +n(2),
R4
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where 17 is a complex-valued function defined on a neighborhood of +co, differentiable in the sense
of distributions, and such that n’(t) = O (e™"||z(r)||;1). Moreover,

%Re/RdzR_kdx=Re‘/Rdi(Az+f(|Z+g0|2)Z+(f(lz+g0|2)—f(lgolz))ga)R_kdx

+Re/ iz (AR_k+f(|Rk|2)R_k) dx
R4

~Re [ i(f(10P) - £ (1ReP)) R dx

eRe [ i{f 12+ o) - £ (16P)) e dr 0 Iz, ).

(3.47)

where we have used
[ aRiav= [ waReds and [5G+ o) - feP)] < CGal + 2P
R R

By means of
(e = F(RD)| < Cllg = R + 1o = R+ > |RiRe)
j#k
(which is consequence of the boundedness of f” and the application of the mean value theorem, as
for the proof of Lemma 3.9), and by means of (2.5) and (3.2), we see that
(3.48) < Ce 202

Re [ i{16) - SURP) <R d

Similarly, and noting in addition that
Re (igRe) = Re (il(¢ - R) + (R - RORe),
we have also

(3.49)

< Ce 2@l 2

Re [ {0z + o) = F1el?)) o ds

To put it in a nutshell, Lemma 3.11 is now a direct consequence of (3.46), (3.47), (3.48), and
(3.49). O

As a consequence of the preceding lemma, we state:

Corollary 3.12. Forallt > T,

2
% (Re /R H0ORe) dx)

3.2.3. Control of the modulation parameters. At this point, recalling inequality (3.12), it remains
us to obtain estimates for |ay(¢)| and |bg(¢)|. This is the object of the following result.

(3.50)

< C (e Izl + 12020 ) 1ZOlg1

Lemma 3.13. Forallt > T,

(3.51) laz ()] + 16 ()] < C(e™ 1zl + Izl + 12D 2)-
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Proof. Due to

K
=1
K K
(9t2 = atZ + Z (ia,’(Rk + b;{ . VRk) + Z (iakatRk + bk . Vﬁ,Rk)
k=1 k=1
Oz =i(Az+ flz+ @)z + (fUz + @) = f(elP)e).

derivation with respect to ¢ of equality Im /Rd ZRy dx = 0 (3.8) implies:

O=Im | &R dx+1Im | Z0,Ry dx
Rd Rd

- ke /R (Az+ fz+ @)z + (F(1z+ @) = £(1) @) Re dx

K
+ Y Imlia} | RiRidx+10-
piim{ia [, was ey [
—Re/ (z+
R‘l

or equivalently
(3.52)

0=0(IeI) +Re [ (706 = FURP)ZR: dx-+Re [ (70 + o) = f(lol) s d
(aj’.Re / RjRy dx + b, - Im / VR, Rk dx)
R4 R4

d

VR, Ry dx + ia; / 0;R;Ry dx +b; - / VO,R; R dx)
R4 Rd
K —_— —
(ia;R; + bj - VR;) | (AR + f(|Rc|*)Ry) dx,

j=1

M=

+
1

~.
Il

M=

+
1

~.
Il

M=

l(—ajhn/Rd R; (AR_k+f(|Rk|2)R_k) dx+bj-Re/Rd VR (AR_k+f(|Rk|2)R_k) dx)

’ 1 ’
= [,z o) = FUePNIRE dxvai, [ O, dxe 30 [ 0, ds

R4
+0 (121, + ¢ 2@l ).

~.
Il

Similarly, exploiting the d-dimensional equality Re /Rd ZVR; dx = 0 (3.8), we see that

K K
Rd jZl jZl
K K

~Im /Rd el (z NN VRJ-) VR; dx

Jj=1 Jj=1
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~tm [ (7 + o) = F(loP) VR dx

[a]’.lm / VR(R; dx + b -Re / VRjVR_k]
Rd Rd
K

K
—ZajRe/ ARjVR_kdx—ZajRe/ FUR;IPR; VR dx
R4 R4

J=1 J=1

K K
—ij-Im/ V(ARj)VR_kdx—ij-Im/ V(f(IR;[*)R;) VR dx
R4 =1 R4

Jj=

~.
I

+1Im / Z(V(AR) + V(f(IRc|*)R)) dx,
R4
or equivalently, using
d
[ 3@e, a==) [ 1@2,0.(02,) ds
i=1

= O,
(3.53)
0= 0 (2% + e Izl ) + /R (£(z + @) = F1ol)Im(VR(Ry) dx

— a, —
+Im/ ZV(f(IRe1))Re dx+—kvk/ 02, dx+Re/ [VR( VR x b), dx
R4 2 R4 R4
= O (IO, + ™ 120l ) + /R (£(z + @) = £ Im(VRRy) dx

d

+1Im ~v(f(|R |2))R_d L % 2 dx+ | [V0uL,'V 0 | x b, d
Z k K dx + ==V Oy, dx OQuw; VOu, vk vk O, © dx,
R4 R4 Rd

Using a Taylor expansion, Lemma 3.9, and (2.5), we obtain

[, 0z o = 7)) im(VR) da
= [ e ol 1P oPim (R dx +O (21
=2 @) f (Il Im(VRRy) dx + O (|Iz]I7,,
[ RGOS ePim(VRERD) dr+0 (21 )

=2 [ Re(ROS (R Im(VRERE) d+ O (7 2l + 21 ).
R

Recalling the definition of 7 (3.7), this reads also as follows:

‘/Rd (f(|Z + 90|2 - f(|90|2))1m (VRkR_k) dx
} Z/RJ Re (2Rk) /(R im (VRARe) dx+ O (e el + el )

~ 2
= O (1122 + € Nzl + 11212 ) -
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Considering that Im (VRkR_k) — vi| Re|2, we deduce then from (3.52) and (3.53) that

’ 5 - Vi
[, 19009001 dx by, =0 (I2lls + e 2l + 121 ) %
R

2
Since /Rd [Vka’ Vka] dx is a positive definite symmetric matrix (by Proposition 3.23), it is
invertible, so that inequality (3.51) holds for |5, (¢)[. Then we conclude that the same inequality is
true for |a, (1)| by (3.52). O

3.3. End of the proof. We now conclude the proof of our uniqueness result, that is Theorem 1.4’
by gathering (3.20) and the different controls obtained in subsection 3.2.

Let us begin with a control of ||z||: in terms of ||Z||z1 which relies on the integrability of
t — ||z(¢)||g in the neighborhood of +co.

Proposition 3.14. For t large enough,

(3.54) Izl < C (Slil? 12| +/ 2G| 1 du)-

Proof. Recall that we have already seen (3.12):

2l + i (lax| + Ibkl))

Izl < €
k=1

Therefore, using the control of the modulation parameters obtained before, that is (3.51),
(3.55)

z(Ollpr < C(HZ(Z)”Hl +/ 1Z2()l| dS+/ ()17 dS+/ e 1z(9)ll dS)-

Since ¢ > ||z(?)||z is integrable in the neighborhood of +oco, we have for ¢ large enough:

+00 +00
(3.56) / l2(s)I2,, ds < ( / 120l ds) sup [12(5) 1
t t s>t
Similarly we have
+00 e—fy[
(3.57) / N2l ds < E— supl|z(s)llz-
t Y s>t

It follows from (3.55), (3.56), and (3.57) that for ¢ large enough,
(3.58)

+00 +00
sup [[z(s)l|g1 < C(SEIZJ 1Z()l| +/ 1Z() Il ds + (/ 12() |1 ds +€_7’) sup ||Z(S)||H')-
5> t t s>

s>t

Hence, for ¢ large enough,

+00
(3.59) sup [|z(s) [l < C(Sup IZC) | +/ 2G| 1 du),
s>t s>t t
which ends the proof of Proposition 3.14. O

Now, we deduce the following

Lemma 3.15. There exists T > 0 such that for allt > T, 7(t) = 0.
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Proof. By means of (3.20), (3.25), and (3.50), we can write for ¢ large enough

120112, < C/ (%IIZ(s)II,%,. +e [ zZ() g 1Z() [ + ||z(s)||i,1||2(s)llH1) ds
(3.60) !

<C [/ (éllZ(S)HHl + e lz(9)|l g + ||z(s)||i1,) dS] sup [|Z(s)l g1 -

s>t

We deduce from the preceding line that for ¢ large enough

+00 1
(361 120l < [ (;nas)nm + e 2 + ||z<s>||i,.) ds.

Using (3.56), (3.57), and (3.59), this leads to the fact that for ¢ large enough

1zl < €| [ 1 ds (7 [ el as) [swp 1+ [ W@l )|

Thus, for large values of ¢,
+00 1 +00 +00

360 1200 < €| [ 10l st {4 [ 1z as) ([ 10l au |
t t t

Since by assumption ||z(?)||z1 = O (t%) with @ > 2 and since e™" < ln%, for ¢ large enough, there

exist C > 0and 7 > 1 such that forall r > T,
» +00 1 1 +00
(3.63) 1201 < € [ [ Sl ds+ ( [ 1wl d)] .
t t

Remark 3.16. Note that in (3.63), C seems to depend on z (or equivalently on u) but in fact it does
not (even if it means changing T which does actually depend on z). Indeed, C depends only on the
constants appearing in (3.4), (3.12), (3.13), (3.20) (linked with the parameters used to define the
solitons Ry ), on the constants appearing in (3.22), (3.25), (3.50), (3.51) (linked with f, with the
parameters used to define the solitons, and with ||z(t)||g1 which can be chosen less or equal to 1
provided t is sufficiently large, depending on z), and also on universal constants which enable us
to pass from (3.58) to (3.59), from (3.60) to (3.61), and from (3.62) to (3.63) (on condition that t is
once more sufficiently large, which depends on z). Thus one should read the following assertion:

there exists C > 0 such that for all z satisfying (3.5) and ||z(t)||1 = O (l%), there exists T(z) > 0
such that for all t > T(z), (3.63) holds.

Now take N in (3.6) such that N > 4C + 1 (in this way, N does not depend on z, as emphasized
in Remark 3.16). Even if it means taking a larger 7', we can assume
c
IW .

Then A := sup{t™ ||Z(¢) |1 } is well defined. Let us pick up 7' > T such that TN ||Z(T)||;;1 > %.
t>T

Je20, V=T, 20|y <

Now, replacing ¢ by T in (3.63), we obtain

~ 1 1 2CA
—— < CA — + = < —.
2TN NTN (N - 1)IN+e-2 (N-1TN

Supposing A # 0 would lead to a contradiction because of the choice of N.
Consequently

(3.64)

VixT, |70 = 0. O
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We deduce from Proposition 3.14 and Lemma 3.15 that
Vi>T, lz(®)||g1 = 0.
The local well-posedness in H'(R?) of (NLS) implies then u = ¢. Hence Theorem 1.4’ is proved.

3.4. Uniqueness result for the critical pure-power case. In this paragraph, letd > land f : r —

ra. Our proof of uniqueness in the class of multi-solitons u such that ||u(¢) — R(?)|| 1 = O (ti,\,)
—+00

(for some N € N* sufficiently large to be determined later) and in the L>-critical case consists in

exploiting the same ideas as for the subcritical case. Nevertheless it is this time based on Proposition
3.17, stated below and proved in Appendix.

Proposition 3.17. Assume that f(r) = rd and let w > 0. There exists u > 0 such that for all
w=w|+iw € HI(R,C),

1 2
(.65 HON = plhwl = - ( /R ) wlgwdx)

d ) ) )
_%(Z(/RdwlaxiQw dX) +(‘[Rdw1(x-VQw)2 dx) +(/Rdw2Q“’ dx) )

i=1
In order not to be too redundant, we only explicit the main modifications of the proof given for the
stable case.

3.4.1. Change of variable. We still consider ¢, u, and z as defined at the beginning of Section 3.
In order to apply Proposition 3.17 (which states a coercivity property available in the critical case),
one has to take into account a third family of directions indexed by k = 1, ..., K. More precisely,
let us introduce yi(f, x) := x — vt — x]? eR4 forallk =1,...,K, and

K .
Z(l, )C) = Z(l, x)+z {iak(Z)Rk(Z, )C) + bk(l) . VRk(l, X) + Ck(l) ng + Yk - VR, — %vk . ykRk) (l, x)} s
k=1

where ag, by, and ¢, are well defined on [T}, +o0) (even if it means taking a larger 77) with values
respectively in R, R¢, and R such that

Im Z(OR(t) dx =0
Rd

(3.66) Vi>T, {Re /R (HOVR (1) dx =0

J :
Re/ Z(Z)(—Rk + yr - VR — ivk - Yk Ry (l) dx = 0.
R4 2 2

As for the stable case, we can prove that ar(z), br(¢), and cr(¢), k = 1,...,K, are uniquely
determined by the preceding orthogonality conditions. This time, we have to show indeed that the
following block matrix is invertible:

Ago(t)  Bri(t) -+ Bra(t) Zo(r)

'Bii(t) Api(t) - Apa(t) Zi(1)
M(t) := ; T o

'Brat) Agqi(t) --- Aga(t) Za)

"Zo(t)  TZy(t) - TZg() W()
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where Ag, A;j, By, are defined in paragraph 3.1.1, Z;(t) (i = 0,...,d) has entries zero on its
diagonal and O(e™") elsewhere, and W(r) possesses the coefficients /Rd (x- Vka)2 dx, k =
1,..., K onits diagonal and O(e™") elsewhere.

For the sake of completeness, let us justify how to determine the coefficients of Z;(¢) (i = 1,...,d)
which are the less obvious one to compute. By the orthogonality condition Re /Rd Z(t)VR(t) dx =
0, the coefficient Z;(k, ) of Z; located at line k£ and column [ is equal to

d —
Z,'(k, l) = ERe/1 Rkaxl.Rl dx + Re‘/l
R€ R€

Thus for k # [, we have Z;(k,[) = O(e™") by (2.5), and for k = [, we obtain:

Zi(k,1) = Re/ Yk - (VRk - inRk) C()x,-R_k dx = / X - VO 0x; Qoo
R4 2 Rd

d
=) /Rdl (ijaxjgwkaxigwk dxi) dxy .. .dx; ... dxg =0,
j=1

since for all j € {1,...,d}, x; — xj(')ijwk(xl, o3 X2)0x; Qo (X1, .. ., Xg) is an odd integrable
function on R in view of the fact that Q,,, is radial.

— 1 —
Yk VRkaxl.R, dx + EVk : Im/ ykRkaxl.Rl dx.
R4

Hence, we obtain that
K
det M (1) = det M(1) | | / (x-VQu,)" dx+0(™")
k=1 YR
is strictly positive for ¢ large enough (see (3.90) in Appendix).

Moreover, for all t > Tj,

(3.67) lar ()1, 1br(0)], ex ()] < |zl .2,
and
(3.68) lay O, VB ()], e (D] < 2]l 1

Remark 3.18. The consideration of 7 turns out to be appropriate judging by the properties stated
in Lemma 3.20. Besides let us note that the particular non-linearity satisfies the ODE dx f'(x) =
2f(x) in the L?-critical case; this will be truly useful to control the third family of directions asso-
ciated with the coefficients cy.

First of all, let us begin with the useful computation of the derivative of Z with respect to the
time variable.

Lemma 3.19. We have

K
0,z = i(Az+ fpP)z+ (12 + ¢ = FUeP)g) + D {iai Ric + b - TR}
k=1
K

K .
/ ’ d 1
-2 kz; Ck(l.)kRk + kgl Cr (ERk + Yk * VRk — Evk . ykRk(t, X)) +g,

where g is a function of t and x such that

/Rl 181121 +1V2| + 1Az]) dx < C(e™ Nzl 2Nz + 1z, 12 llg1)-
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Proof. Note that 9,7 decomposes like
(3.69)

K K .
~ ’ ’ ’ d l
atz=ﬁ,z+;{ak(---)+bk(---)+ak(---)+bk(---)} +;Ck (ERk-i-yk -VRk—Evk - Yk Ry
& (d i
) (iE(ARk + FURKPDR) = vie - VR + S vl Re + iyic - V(ARk + f(|Re|))Re)
k=1
1
+ 5 VK Vk (ARy + f(|Rk|2)Rk))-

Now, we want to express 0,z given by (3.5) in terms of Z, as already made in Lemma 3.8. For this,
let us observe that:

(3.70) A(yk : VRk) = Vi V(ARk) + 2ARy,
(37]) A (—%Vk . ykRk) = —%vk . ykARk - ivk . VRk,
(3.72)

flz+eP)z= (flz+¢l») - flelD)z + fel*)z
- el Z {ak(' )+ bi(c) + ek (%Rk + Yk - VR - %Vk -y Ri(t, X))},
3

and
(3.73)

(Flz + @D = fdel)e = (FUZ + ¢*) = flelD)) ¢ + 2Re((z - 2)%) f (1) + ¢

K
= (f1z+ @) = fUe) e - 22 Re [(bk(' )+ ek (ng + k- VRk)) R_k] SRR + g

k=1
Inserting each equality (3.70), (3.71), (3.72), and (3.73) in (3.69) leads to

K
8,2 =i (A2 + flpPz + (£(2+ ¢P) - fleP)e) + Y fia R+ b, - VRe}
k=1

K .
’ d l
* Z Ck (ERk + Yk - VR — SV ViR (1, X))
k=1

K .
l . . ,
+ Z Ck (—2vk . VRk + §|Vk|2Rk - 2lARk - lleklzf (lelz)Rk) + g.
k=1

Finally, we conclude by means of
(3.74) d |Re* ' (IRel?) = 2f (IRe|*)

(which indeed holds in the L?-critical case as mentioned in Remark 3.18) and the two possibilities
given in (3.36) to write d; Ry. O

3.4.2. Control of H and of the modulation parameters. Take again H as defined at the end of
paragraph 3.1.2 and consider still Main(t) as in Proposition 3.6. Then we can state
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Lemma 3.20 (Control of the derivative of the Weinstein functional). The following assertion holds
true:

~ K 2
CZ—};I(Z) = Main(t) — 4; cr (1) (a)k - %) Re ‘/Rd ZRi (1) dx

+O (e + Nz®llg) 1Ot 2Ol -

Proof. Take again the proof of Proposition 3.6. Concerning the expression of the derivative of H,
observe that everything is kept unchanged in the present context except that we have to take care
of the additional terms involving the parameters ¢, (¢) and ¢, (7), forall k = 1,..., K.

Let us define the C-linear endomorphism £ of H'(R¢) by

2
Li(v) := =Av — f(IR|*)v + (cuk + %) v +ivg - V.

Observe that L (Ry) = 0 and for all v,w € H'(RY),
(3.75)

Re/ v Li(W)gr dx = Re/ wLi(v)pr dx — 2Re/ wVv-V¢, dx +Re i/ vwvg - Vi dx,
R4 R4 R4 R4
Using (3.16), (3.18), and (3.75), we deduce that for all v € H'(R?):

Re/ Rk.Ek(V) dx = Re/ RkLk(V)(ﬁk dx +0 (e_yt||V||Hl)
(3.76) R 2
=Re .[Rd vLi(R)dk dx + O (e |[vllgi) = O (e Ivllg) -

The term associated with ¢ () in the expression of %ﬁ writes

2 Ck(f)Re/l(—2ikak)£k(Z) dx.
R(
By (3.76), it is thus bounded by Ce™" ||Z||1 || 2]l g1 -

It remains us to obtain the term associated with ¢, in < [ This term corresponds to 7} x — I 1,

dr
where .
Zix=2Re ‘/Rd (ng + Y- VR - %Vk - YR, X)) Li(2)gx dx
and
B =2Re [ (SRt s TR B o) - 1o a
Let us concentrate first on 7y . By (3.75),

d i -
Il,k =2 Re/ -Lk (ERk + Yk VRk - EVk . ykRk(t, X)) Z dx+0O (e_ytHZ“Hl) .
Rd

Moreover,

- d
Re/ 7Lk (_Rk) dx =0;
Rd 2

Re / ZLi(yk - VRy) dx
R4
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:Re/ Z(— vk - V(ARy) — 2ARy) dx—Re/
R4

lEf(|Rk|2)yk - VR dx
R(

2
+Re/ iZvi - V(v - VRy) dx +Re/ Z(cuk + %) Vi - VRy dx
Rd Rd

:Re/ (VE-yk +d§)ARk dx—ZRe/ VAR, dx
Rd Rd
eRe [ (VEy+dE) SRR v+ Re [ Fn VUIREDR, d
Rd Rd
—Re/ i(vE-yk) (vi - VRy) dx — (d - l)Re/ iZve - VR, dx
Rd R‘l
= = |Vk|2 —yt |5
—Re VZ -y +dZ||wx + — | Rk dx+O(e ||z||L2)
Rd 4
==2 Re/ ZARy dx + Re/ izvi - VRy dx
Rd R‘l

+2Re [ Z(RPove - Re (RVR) Re dx + 06 2,20
R4

- i
Re/ Ly (_Vk')’kRk) dx
Rd 2
= i . = |Vk|2 i
=Re 7l ==k - yi)ARr —ivi - VR | dx + Re Zlwr + — | =vi - YRy dx
R4 2 R4 4 2

1 — i—
~Lge / Foe -V (v - e R) dx — Re / LS (R Pve - yeRe dx +O (7" [211,2)
2 Rd R‘l 2

2
=— Re/ iZvg - VR dx — MRe‘/ ZRi dx + O (e |1Zll2) -
R4 2 R4

Note that to establish the three preceding equalities, we have used once again Li(Ry) = 0. Thus,
gathering the preceding calculations, we infer
(3.77)

C;(Il’k =2 c,’(Re‘/IERkyk . V(f(|Rk|2)) dxk -4 c,’(Re/
RL

2
F; (ARk +ivi - VR — MRk) dx
Rd 4

+0 (e [1Zll2llzllg) -

Now, let us focus on the second integral 7, ;. On the one hand, by means of a Taylor expansion, by
(2.5), (3.3), and (3.74), we obtain
(3.78)

d /R RGP (£ + 6l = fgl) dx = d /R IRl X 2Re(ZRi) f(IRe|?) dx + O (e 12l + 1121172
—4 [ FURGPIRe(R dx + O 2l + 212,
R
On the other, we observe that

2Re [y TREL(F(2+ 6P) - £(10P)) d

(3.79) N o

~4Re [y VRRRe (7R) £ORP) dx + O™ I2lz + 1212,
R
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Thus, we deduce from (3.78), (3.79), and (3.4) that

2
C;(.Z-Q’k = c,’(Re/ E (ARk +ivy - VR — %Rk) dx
(3.80) R4
+2c/Re /d ZRivi - V (f(|Rk|2)) dx +O(e™|Zllz2 + 12117,)-
R

From (3.77) and (3.80), we conclude that the term associated with cl’c in %FI is equal to

2
’ ~ . 1% — ~
_4¢[Re /d : (ARk +ive VR + F(IR PR — A Z' Rk) dx + O™ |22 llz i)
R

that is to
2
V) —
4 c; (wk - %) Re/ ZR dx + O(e™ ||z 211zl g1)-
R4
This finishes the proof of Lemma 3.20. O

Lemma 3.21 (Control of the modulation parameters). We have forall k = 1,...,K:
VizTi, a0+ b))+ lep ()] < Ce™ Nzl + Nzl + 12l2)-
Proof. This lemma follows from the preliminary computations

i

K
d
AZ=Az+ ) {iajARk +bj - V(AR;) + ¢ ((E + 2) AR; + ;- V(AR) =

j=1

K .
d i
atZ = ('),z + Z {ia}Rj + b]’ . VRj + CJ’- (ERJ + yj . VRj - Evj . ijj)}
j=1
K . .
. d i i s

+ Z {l(ljatRj + b] . V(('),RJ) + c](z('),R] + yj V(('),RJ) — EVJ' . y]c?tR] -V VRJ + §|V]| R])}a

j=1
from (3.52), (3.53) (which still take the same form in the present context with the consideration

of a third direction), and from the derivation with respect to ¢ of the third family of orthogonal
conditions

~Ri + yi - VR — %vk -ykRk) dx =0,

d
Re/ V4
Rd 2

, 2 d? _ s
(3.81) O0=c; (/Rl(x-vgwk) dx—Z‘/Rd 0., dx)+o(||z||§,1 + e |zl + 1 Zllgn)-

We finish the proof of Lemma 3.21 with (3.90) in Appendix. O

which yields

Now, to exploit Lemma 3.20 in order to perform an estimate of H(f), we have to control the
scalar products Re .[Rd ZRy dx, k = 1,...,K. In fact, we state and prove next the analogue of
Lemma 3.11.

Lemma 3.22 (Control of the Ry directions). We have

do [ ]
ERe‘[Rd e dx| < C (e ellr + 1121,
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Proof. Note that (3.46) is still guaranteed here by observing moreover that

K .

d — d —
E CjRC‘/R:d (ER] +y- VR] - %V]R]) Ry dx = ‘/R:d E|Rk|2 dx +RC‘/R:1 Vi - VR Ry, dx + E(l)
J=1 ‘

= €(1),

where €’(r) = O (7" ||z(t)||z1 ). Now, the rest of the proof of Lemma 3.11 is kept unchanged and
thus we obtain Lemma 3.22. O

We deduce from Lemma 3.21 and from Lemma 3.22 that
+00
/Re /]R R < € (e el + Nl +12lln) [ (e el + el ) s
d t

Next, it follows from (3.82) and Lemma 3.20 that
(3.83)

H(r) < C/ {%IIZ(S)II,%,I +(e” + ||Z(s)”H1)”Z(S)HH'HZ(S)”H]} ds

(3.82)

¢ [ (1 + 1M + 1) [ (e @il + 12601, ) d s

3.4.3. Conclusion of the proof of uniqueness in the critical case. Proposition 3.17 allows us to
obtain the coercivity estimate in Proposition 3.4) so that by (3.50) (which follows also from Lemma
3.22) and (3.83), we obtain

+0o0 1
0, <c [ {;IIZ(S)H?,] (€ + 112 ) ||2(s)||H1||z(s)||H1} ds

€ [ (1M + 1 4126 ) [ (7 120 + 2001 ) s,

On the other hand, Proposition 3.14 and in fact (3.56), (3.57), and (3.59) are still available here in
the critical case; this is guaranteed by Lemma 3.21.

Thus, adapting the proof of Lemma 3.15, we deduce the following estimate in which 7 is the only
variable that appears: for ¢ large enough, and for some a > 4,

+00 1 1 +o00 +00
G849 [0l <C [ [ s dass = [ [zl du ds]
t t s

(with C independent of z for the same reasons as those mentioned in Remark 3.16).
It results then Z(#) = O in the neighborhood of +co. Note that one requires here ||z(¢)||z1 =

o (t%), with @ > 4, to hold. Consequently, uniqueness of a multi-soliton associated with the Ry,

k =1,...,K in the sense of (1.11) is proved also in the L?-critical case.

APPENDIX
Linear independence of (0x,0w);c(1. 4}
Proposition 3.23. Let u € H'(R?) be such that there exists n € R? \ {0} such that
Y x € RY, n - Vu(x) = 0.
Then u = 0.
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Proof. Even if it means completing {ﬁ} in an orthonormal basis of R¢ and considering the pas-

sage matrix between the canonical basis and this new basis, we can always assume that » is the last
vector of the canonical basis of R¢. In that case, our assumption in Proposition 3.23 reads:

V(xl,...,xd)eRd, Ox u(x1,...,xq) =0,

or, in other words, for all xi,...,x4-; € R, the application x4 — u(xy,...,xq4-1,Xq) is constant,
equal to u(xy, ..., x4-1,0).

Since u € Lz(Rd), for all xy, ..., x4—1 € R, one must have that

2 2
[t P dva = [t OF dig
R R

is a finite quantity by Fubini theorem. This is the case if and only if u(xy, ..., x4-1,0) = 0. Thus
u=0. O

Proof of Lemma 3.3. Assume that1 < k < j < K.
If x| < fj—l + (O’j_1 — Ap)t, we have ¢j(l, x)=0.
If x; > &1 + (0j-1 — Ap)t, then x; > vy 1t for large values of ¢ and thus, by (1.5), we have

R (1. x)| < Ce T =55 vt | o 0= Y35 Ap—vie )t = Y55 Ix-vt|

Noys N _NOK (Vi 1TVj-11 Noy=
< Ce_Tk(‘Tj—l_AO_Vj—l,l)te_Tk|x_th| <Ce * ( 2 AO) e—Tk|x_th|

V@K
< Ce Ve 7 IXovtl

Assume now that 1 < j < k < K.
If x; > & + (0 + Ap)t, we have ¢;(t, x) =0 .
If x; <& + (0j + Ap)t, then x1 < vy 1t for large values of ¢ and thus we have as before

IR, (2, x)| < Ce—@(\’k,lt—m)e—@lx—vkll < Ce_@(vk,l—a'j—AO) e—@lx—vkll

V- AW VW
< Ce_Tk(Vj+l,l_U'j_A0)te_Tk|x_th| < Ce—ﬁ’le—TkPC—Vkﬂ.

Thus for all k # j,
Nery
|Ri(t, x); (1, x)| < Ce e a0 vt

and of course the same estimate is valid for |9, R (t, x)¢;(z, x)|. This proves (3.15).
In a similar way, one proves (3.16). Now, let us show how to obtain (3.17). First, notice that it
is sufficient to prove (3.17) with y instead of ¢;. Then,

1 — & — 1 e

and
O (1, x) = -2 sz o v (X1 e ) - ﬂ’l’/ (M) .
Hence,
L, 3) 1 3)
0t ) < <l e, 10 (1, 0] < t_3||¢ Lo
and

L, Tk
[Ouie(t, V)] < — gl + ==l Ml
which leads to (3.17).
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To finish with, let us observe that 0y, ¢;(t, x) = 0if &;_1 + (07j—1 + Ag)t < x1 < & + (0 — Ap)t
(and in fact also if x; < &;_1 + (0j—1 — Ag)t or x1 > &; + (07 + Ap)t). Thus, for k # j, the proof of
(3.18) is just a copy of that of (3.15).

Moreover, if x; < &j_1 + (0j-1 + Ap)t, then x; < v; 1 for ¢ large and thus, as before, we obtain

|Rj(l, X)| < CB_Q(Vjt_x])e_@ [x=vjt] < Ce—Q(le—O'j—l—Ao)le—@bﬁvjﬂ
< Ce e T bvitl,
If x; > & + (0j — Ao)t, then x; > v; 11 and one obtains again

|R(1, x)| < Ce e T il
Hence, using in addition (3.17), we deduce from what precedes that
eVt yor
|R (2, x)0x, ¢;(t, x)| < CTe_Tklx_"ftl.
In this manner, we obtain (3.18).

Proof of Proposition 3.17: coercivity property in the L?-critical case. In the L>-critical (pure

power) case, we consider f : 7 — 74 so that the linearized operators around Q,, rewrite L, ,,(v) =
—Av +wv —50%vand L_,(v) = —Av + wv — O} v.
Let us prove Proposition 3.17, following the results and ideas of Weinstein [34].

Due to Weinstein [34, Proposition 2.7], inf ¢ g1 (ra) (0,, vy=0 {L+.wV> V) = 0 so that we can set
7 :=inf,e5 (L4, v), Where Sisthe setof allv € H! (Rd) such that (Q,,,v) =0, foralli = 1,...,d,
(0x,Qw,v) =0, {x-VQ,,v) =0, and ||v|[z1 = 1. We have obviously 7 > 0; we aim to show that
7>0.

Assume by contradiction that 7 = 0. Then for all » € N, there exists v, € § such that

<L+,wvna Vn> < n%
This implies

1
(3.85) 0 < min{w, I}|vall7,s < / |Vv,|? dx + cu/ lva|? dx < 5/ Qv dx + ——.
R4 R R n+1

In addition, (||vy||z1),, is uniformly bounded so that, up to extraction, (v,) converges in H I(R9) for
the weak topology, say to v* € H'(R?). And so, we have

(3.86) (Qw vy =0, Vie{l,...,d}, (05,00, V) =0, (x-VQ,,v") =0.

By means of Holder inequality, interpolation, and exponential decay of Q,,, (3.86) leads to

(3.87) / 0*v2dx — 04 v*? dx.
R4

n—+oo Rd

By passing to the limit as n tends to +co, it results from (3.85) and (3.87) that
0 < min{w, 1} < 5/ quv*2 dx.
R4

In particular, v* # 0.
Moreover, by weak convergence, we have

* . . % . .

. = n —= n .

(3.88) vlz2 < liminf ||v, ]| 2 and [IVv¥l;2 < liminf ||Vv,]|;2
n—+oo n—+oo
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It follows from (3.87) and (3.88) that

0 < (Lyov',v") <liminf(Ly o, vn, va) = 0;
n—+oo

in other words, ”VVT is an element of S which minimizes v — (L, v, v). Even if it means con-
H

sidering ”VVT, we will assume moreover ||v*||z1 = 1. We are thus led to the following Lagrange
H
multiplier condition:

d
(3.89) LoV = av' + B0y + ) ¥i0x,00 + 0% - V00,
i=1

for some reals «, B,y;, and 6. Since 0 = (L, ,v*,v*), (3.86) implies that « = 0. Then, for all
jed{l,...,d},

d
0= <L+,wanQw9 V*> = <L+,wV*a a)gQa)) = Z 7i<axiQwa C()ija)>~
i=1

Given that 9y, Q. . . ., 0x,Q, are linearly independent in L?*(R%), the d x d-matrix with entries
(0x; Qw> 0x; Q) is invertible. Consequently, for alli € {1,...,d}, y; =0.
Now, using

0= (20,7 Lo (500370, ) =20,

(which is specific to the critical case), and the symmetry of the bilinear form (L. .-, -), we deduce
that

. d d 5d? d
0=<Lﬁwv,EQw+x-VQw>=Q;HQwﬁ;——z——ganwﬁz+6A;(x-Vwacu
2 d? 2
=0 (x-VQu,) dx - — Q. dx|.
R4 4 R4
But we have
2 d2 2
(3.90) / (x . VQa,) dx — —/ 0, dx >0,
R4 4 R4

considering that this quantity is nothing but the square of the L? norm of %Qw +x-VQ, (and
%Qw + x - VQ,, is obviously not zero).

Hence ¢ = 0, and finally (3.89) reduces to Ly ,v* = Q.

We claim now that 8 # 0: otherwise (using the well-known non-degeneracy condition (1.17) of
L, in the present case) v* would be a linear combination of the dy,Q,,,i = 1,...,d, and then it
would result v* = 0 (since for all i, (v*, 0,0, ) = 0), which is not the case.

Thus v* = —% (%Qw +x- VQw) and

0=("x V0, = —% <§Qw +x-VOy, x - VQa)>

__2 vo 2 g L[ 2
et o)

which contradicts (3.90). So we come to the conclusion that 7 is positive; hence Proposition 3.17
is established.
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