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WEAKLY INTERACTING OSCILLATORS
ON DENSE RANDOM GRAPHS

GIANMARCO BET, FABIO COPPINI, AND FRANCESCA R. NARDI

To our friend and colleague Carlo Casolo

ABSTRACT. We consider a class of weakly interacting particle systems of mean-
field type. The interactions between the particles are encoded in a graph sequence,
i.e., two particles are interacting if and only if they are connected in the underlying
graph. We establish a Law of Large Numbers for the empirical measure of the
system that holds whenever the graph sequence is convergent in the sense of graph
limits theory. The limit is shown to be the solution to a non-linear Fokker-Planck
equation weighted by the (possibly random) graph limit. No regularity assump-
tions are made on the graphon limit so that our analysis allows for very general
graph sequences, such as exchangeable random graphs. For these, we also prove
a propagation of chaos result. Finally, we fully characterize the graph sequences
for which the associated empirical measure converges to the mean-field limit, i.e.,
to the solution of the classical McKean-Vlasov equation.

2020 MSC: 60K35, 056C80, 82B20, 60H20, 35Q84.

Keywords: Interacting oscillators, random graphons, mean-field systems, Fokker-
Planck equation, exchangeable graphs, McKean-Vlasov.

1. INTRODUCTION, ORGANIZATION AND SET-UP

In the last twenty years there has been a growing interest in complex networks
and inhomogeneous particle systems. The classical mean-field framework (see, e.g.,
[22, 25]) in which the particles are all connected with each other, has been extended
to include interactions described by general networks. In these more general models,
the interaction between two particles depends on the weight of the edge connecting
the two in an underlying network, see, e.g., [2, 24].

The first mathematically rigorous results appeared only recently [7, [I5]. They
consider weakly interacting particle systems defined on certain graph sequences.
They show that, under suitable conditions on the degrees, the system converges to
the classical mean-field limit as the number of particles tends to infinity. However,
these works leave several relevant questions unanswered: is it possible to characterize
the graph sequences for which the system converges to the mean-field limit? How
sensitive are the dynamics to the degree inhomogeneity in the underlying graph?
How does the graph structure affect the long-time behavior? See also [13] 14, [19].

We address these questions by considering a system of weakly interacting oscil-
lators, i.e., functions taking values in the one-dimensional torus. The interactions

between the particles are encoded in a general random graph sequence. Our main
1
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object of study is the empirical measure associated to this system. We rely on the
recent graphon theory for the notion of graph convergence and graph limit, see [18].
Graphons are a generalization of dense graph sequences, and have proven to be use-
ful in a variety of contexts which nowadays include mean-field games as well, see
[9, 10] and references therein.

Our main result is a Law of Large Numbers for the empirical measure. More
precisely, if the underlying graph sequence converges to some (possibly random)
graphon, then we characterize the limit of the empirical measure as the solution to
a non-linear Fokker-Planck equation suitably weighted by the corresponding graph
limit. We do not impose any regularity condition on the graph sequence nor on the
limiting graphon. Thus, our result holds for very general graph sequences such as
exchangeable random graphs, see [16].

As a byproduct, we present a characterization of deterministic and random graph
sequences for which the behavior of the empirical measure is approximately mean-
field. Notably, we show that the map associating to each graphon the solution to
the corresponding Fokker-Planck equation is Holder-continuous. The continuity is
obtained with respect to the cut-distance on the space of graphons and a classical
Wasserstein distance on the space of trajectories.

Weakly interacting particle systems on graph sequences converging to graphons
have already been considered in a series of works, both in the stochastic setting
[4, 19, 23] and the deterministic setting [11l, 21]. However, all the models proposed
so far are based on labeled graphons and do not address the graph convergence
in the natural topology of graph limits theory. Existing proofs always work under
somewhat stringent regularity assumptions on the limiting graphon and they are not
able to deal with general graph sequences as we do. Moreover, to our knowledge, the
results presented here appear to be the first in the literature to tackle interacting
particle systems on random graphons.

Our work stems from the fact that the empirical measure of a particle system
is invariant under relabeling of the particles and thus its law should depend on an
unlabeled graphon. In fact, unlabeled graphons represent a building block of graph
limits theory and are formally obtained as certain equivalence classes of labeled
graphons. By taking independent and identically distributed initial conditions, we
are able to exploit the symmetry property of the system together with the key
ingredients of graphon theory, i.e., exchangeability and random sampling, and to
obtain a convergence result in the natural space of graph limits. We do this by
establishing existence, uniqueness and convergence results without any regularity
assumption on the graph structure. We also establish a propagation of chaos result,
and propose a non-linear process that describes the behavior of a tagged particle
sampled uniformly at random.

1.1. A look at the literature. Weakly interacting particle systems on graphs have
first been studied in [7 [I5], where the convergence to the classical mean-field system
is shown under some homogeneity property of the degrees and under independence
of the initial conditions. The work [14] considers sequences of Erdés-Rényi random
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graphs and establishes a Law of Large Numbers and a Large Deviation Principle by
only assuming that the initial empirical measure converges weakly.

The works [4, 19, 23] deal with more general sequences of graphs and take into
account a few notions coming from graph limits theory. Namely, [23] establishes a
Large Deviation Principle for the empirical measure of weakly interacting particles
on W-random graphs, see for the precise definition. The works [4, [19] present
Law of Large Numbers results and consider converging graph sequences in the space
of labeled graphons, although with respect to different metrics and including un-
bounded graphons.

For deterministic particle systems, Medvedev and coauthors consider the Ku-
ramoto model on various graph sequences arising from labeled graphons, we refer
to [11l 2I] and references therein.

To the authors’ knowledge, the only work addressing the long-time behavior of
interacting particle systems on graphs is [13], where the Kuramoto model defined
on pseudo-random graphs is shown to behave as the mean-field limit on long time
scales. See Subsection for more on pseudo-random graph sequences.

Recently mean-field game theoretical models defined on graphons have been pro-
posed, we refer to [9) 10] and references therein.

Most of the cited works consider both the dense regime (the number of edges is
roughly proportional to the square of the number n of vertices) as well as intermedi-
ate regimes between sparse and dense (the number of edges grows strictly faster than
n but not necessarily as fast as n?). Finally, although the results in [4} [T 19, 21}, 23]
allow for random graph sequences, it is always assumed that the limiting graphon
is deterministic.

1.2. Organization. We now present the set-up and notation used, as well as the
various distances between probability measures that we will consider.

In Section [2] we define the interacting particle system and the associated non-
linear process. Existence, uniqueness and stability results for the non-linear process
are presented right after, see Propositions and 2.2l Our main result, Theorem
2.3 is given in Subsection 2.2 Exchangeable random graphs are then discussed
together with a propagation of chaos result; see Corollary and Proposition
respectively. Subsection [2.3]is devoted to the comparison with the classical mean-
field behavior and to a few important consequences of Theorem [2.3} the discussion
is supported by two explanatory examples.

In Section [3| we focus on the non-linear process. In particular, we discuss its
relationship with other characterizations already known in the literature. The proofs
of Propositions [2.1 and [2.2] are given in Subsection [3.4]

Section [4] contains the proof of Theorem [2.3] Finally, in Appendix [A] we col-
lect the most important results on graphons from the literature and we derive a
characterization of convergence in probability for random graph sequences.

1.3. Setting and notations. We consider particle dynamics occurring on a finite
time interval, say [0,7], which we fix once and for all. We work on the filtered
probability space (€2, F, {F; }ico,17, P), where {F.} is a filtration satisfying the usual
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conditions. All Brownian motions that we consider later on are adapted to {F;}¢ > o
and are independent of the other random variables.

We use two different notations for expressing conditional probabilities: the one
referring to Brownian motions and initial conditions is denoted by P, its expectation
by E; the one referring to the randomness in the graph sequences, and/or in its limit
object, is denoted by P, its expectation by E. When not explicitly written, if a result
holds in P-probability, it means that it holds P-a.s., and viceversa.

The interval I := [0, 1] represents the space of (continuous) labels. The oscillators
are functions with values in the one-dimensional torus T := R/(27Z), so that their
trajectories are random variables defined on the space of continuous functions with
values in T, i.e., on C([0, 7], T), endowed with the supremum norm.

For two probability measures i, 7 € P(C([0,T],T)), we define their distance by

1/2

Dr(pi,v) := inf {/ sup |z, — > m(dz, dy)} : (1.1)
mey(i,v) te[0,7]

where (i, 7) is the space of probability measures on C([0, 7], T) x C([0, 7], T) with

first marginal equal to 1 and second marginal equal to v. This definition coincides

with the 2-Wasserstein distance between probability measures. The right-hand side

of can be rewritten as

sup |X; — Y}|2

Y te[0,T]

1/2
Dr(p,v) = ;{nf {E LX) =p, LY) = y} (1.2)

where the infimum is taken on all random variables X and Y with values in C([0, 7, T)
and law £ equal to i and 7 respectively. From (1.1)) we obtain that for every
s €10,7]

/T £(6) 1.(d9) — / 1(6) 72(d0)

where the supremum is taken over all Lipschitz functions from T to R. Observe that
these definitions make sense also with T'= 0 and C([0, 7], T) replaced by T.

For a brief overview of the theory of graphons and graph limits, we refer to
Appendix [Al We follow the notation of [I8], the notions of labeled and unlabeled
graphs are taken from [16], as well as the notion of convergence in probability for a
sequence of random graphs. Note that a sequence of graphs will always be considered
convergent in the sense of graph limits. We emphasize that what is usually referred to
in the literature as graphon is referred to here as labeled graphon, and the associated
equivalence class, i.e., an unlabeled graphon in the notation of [1§], is simply referred
to as graphon. The various constants throughout the paper are always denoted by
C' or " and may vary from line to line. An explicit dependence on a parameter «

will be denoted by C,,.

sup < Ds(p,v), (1.3)
f

2. THE MODELS AND MAIN RESULTS

2.1. The models. We introduce our two main models: a weakly interacting particle

system (2.1) and a non-linear process ({2.3)).
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Weakly interacting oscillators on graphs. Let {£™ 1}, cn be a sequence of undirected,
labeled graphs. For n € N, the adjacency matrix of €™ is given by the n x n

.....

,,,,,

T" that satisfy

{degn = FOy")dt+ 150 € ro" 6"t + dBj,  0<t<T,

- . 2.1
0" = 05, ie{l,...,n}, (21)

where F' and I' are bounded, uniformly Lipschitz functions and {Bi}iEN a sequence
of independent and identically distributed (IID) Brownian motions on T. The initial
conditions {6}, are IID random variables sampled from some probability distribu-
tion fip € P(T) which is fixed once for all. Many interesting examples of interacting
oscillators fit this framework, such as the Kuramoto model, the plane rotator model
and other generalizations, see, e.g., [15, §1.2], [3] and also Subsection We are
interested in studying the empirical measure associated to . This is defined as
the (random) probability measure on T such that

n 1 .
=D g (22)
j=1

for every t € [0, T].

The non-linear process. The results of this subsection are proven in Section [3], to-
gether with the comparison to other existing formulations in the literature. The
graphon framework is briefly recalled in Appendix [Al

Fix a graphon W € W, and a uniform random variable U on I. Consider the
solution 6 = {6; }sc(0,77 to the following system

0 =0 + Jo F(0)ds + [y [;W(U,y) J;T(0s, )2 (A6)dy ds + B, 23)

W= LOU =y), foryel teoT], |
where L£(0y) = fip and B is a Brownian motion independent of the previous sequence
{B'};en. We take U to be independent of all the randomness in the system and, in
particular, of the initial condition 6.

The next proposition establishes the existence and the uniqueness of the solution
to equation (2.3). In Section , we prove that equation (2.3) is well-posed with
respect to W, i.e., the law of 6 does not depend on the representative of W in the
space of labeled graphons W, see Remark

Proposition 2.1. For every uniform random variable U on I independent from
all other randomness, there exists a unique solution to (2.3). If i € C([0,T], P(T))
denotes its law and p® the law of 8 conditioned on U = x, then [i solves the following
non-linear Fokker-Planck equation in the weak sense

0 (0) = 0371 (0) 2 [ (O)F (9)] — [

Wz, y) it (60) / D(6.0) ! (AB)dy de | |

IxI T
(2.4)
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with initial condition fip € P(T).

Recall that ég defines a metric in the space of graphons WO, see (A.8)). We have
the following Hoélder continuity result for g with respect to W.

Proposition 2.2. Assume that T € C'T¢(T?) for some e > 0. There exists a positive
constant C such that, if i and p¥ denote the laws of the solutions to equation (2.3))
associated with graphons W and V' respectively, then

Dr(a", 1Y) < C (W, V)2, (2.5)

The proof is postponed to Section[3.4l Note that taking the p-Wasserstein distance
in (1.1) for p > 1 leads to a Holder exponent as large as 1/p. Propositions and
imply that the following mapping is continuous:

& (W(),(SD) — (C([O,T],P(T)),DT)

2.6
W ", (26)

where 1" is the law of § solving equation (2.3)) with graphon W. In particular, to

every random variable W in W, corresponds a random variable "V with values in
C([0,T],P(T)), i.e., for almost every w € Q, g% (w) = pV«).

2.2. Convergence of empirical measures. We are now able to present our main
result. Afterwards, we present an application to exchangeable random graphs and
a propagation of chaos result.

Theorem 2.3. Let {£™},cn be a sequence of random graphs. Assume that there

exists a random variable W in Wy to which €™ converges in P-probability, or equiv-
alently such that

: (n) -
lim E [dp (£, W)] =0. (2.7)
If the initial conditions {0)}ien are independent of {€™},en, then
u" — i, in P x P-probability, as n — oo, (2.8)

where the convergence is in P(C([0,T],T))) and i is a random variable depending
only on the randomness of W, i.e., for almost every w € Q, fu(w) solves equation
(2.4) starting from fig, with graphon W (w).

Condition extends the convergence of graph sequences to the convergence
in probability in W,. In particular, Theorem also holds in case the graphs are
deterministic or take values in [0, 1] rather than {0,1}. The equivalence between
condition and the convergence in probability for random graph sequences is
proven in Lemma [A.2l One may wonder if the convergence of p” holds under
weaker conditions on the initial data. We conjecture that our results still holds if
the independence assumption is replaced with exchangeability of the initial data.
However, the exchangeability property seems to be necessary to be able to deal with
unlabeled graphons; we refer to Section [3| for more on this aspect.

Looking at the proof of Theorem [2.3] we remark that, if the limiting graphon W
is deterministic, the initial conditions {6} };cy can depend on the graph sequence
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{6}, en. In other words, Theorem also holds if {0};ey is independent of
the randomness in W but not necessary on the whole sequence {¢™},cn. The
relationship between the randomness left in W and the randomness in £ is further
discussed in Subsection 2.3l

Applications to exchangeable graphs. Recall that an exchangeable random graph
€ = {&;}ijen (see [18]) is a infinite array of binary random variables, such that

P(fzg = eija 1 < Z?j < n) =P (62] = eo(i)o‘(j)a 1 < Z?] < n) (29)

for all n € N, all permutations ¢ on n elements and all e;; € {0,1}. This definition
coincides with the definition of jointly exchangeable binary random variables, see
[16].

Remark 2.4. Any finite deterministic graph & leads to an exchangeable random
graph by performing a uniform random sampling on its associated graphon We, see

(58) and [18, §10].

More generally, for W € VAV/O one may construct an exchangeable random graph
&V, usually called W -random graph, defined for i and j in N by

Y =w(U,U,), (2.10)

]
where {U; }ien is a sequence of IID uniform random variables on I. The next theorem

shows that the converse statement is also true: every exchangeable random graph can
be obtained in this way, provided that W is random.

The characterization of exchangeable random graphs is a consequence of the works
of Hoover, Aldous and Kallenberg; see [16] and references therein. We recall their
main result here.

Theorem 2.5 ([I6, Theorem 5.3] and [I8, Theorem 11.52)). Let & = {&;;}ijen be
an exchangeable random graph. Then, § is a W-random graph for some random
W € Wy. Moreover, let €™ := {&,}; ;=1 n for every n € N. It holds that

N W P-as. in Wh, (2.11)
as n — oo.

We are now ready to state the main corollary of Theorem [2.3] which deals with
exchangeable random graphs.

Corollary 2.6. Let & = {;;}ijen be an exchangeable random graph and let W be
the limit of € = {&;}tij=1,..n in the sense of Theorem . Assume that the initial
conditions {03 }ien are independent of {€™},.cn, then

w' — i, in P x P-probability, as n — oo, (2.12)

where [ is the solution to (2.4)) starting from fig with graphon W .
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Propagation of Chaos. Whenever ¢ = {¢M™}, oy is a sequence of exchangeable graph,
the particles {6#""},_; _, are exchangeable as well and, in particular, their joint dis-
tribution is symmetric, i.e., invariant under permutation of the labels. A classical
result by Sznitman [25, Proposition 2.2] is that the Law of Large Numbers for the
empirical measure of a symmetric joint distribution of particles is equivalent to the
propagation of chaos property. From equation (2.8)), we can thus deduce a propaga-
tion of chaos statement for the particle system (2.1)). This is illustrated in the next
proposition.

Proposition 2.7. If ¢ = {¢™}, cy is a sequence of exchangeable graphs, then for

every k € N,
k k

lim £(0",...,05") =[] £0) =] A (2.13)

n—oo

We omit the proof of Proposition [2.7]

2.3. Mean-field behavior and two explanatory examples. Theorem [2.3]allows
for a better understanding of the relationship between random graph sequences and
the behavior of the empirical measure. More precisely:

(1) It highlights the difference between the randomness present in the graph &
for every n € N and the randomness left in the limit W;

(2) It presents a new class of random Fokker-Planck equations as possible limit
descriptions for the empirical measure p".

As a byproduct, Theorem yields a precise characterization of the graph sequences
for which the empirical measure converges to the mean-field limit. Let us recall what
we mean by mean-field limit and first discuss this last issue; we then address
and with the help of two examples.

Consider system (2.1)) on a sequence of complete graphs, i.e., 52(]") = 1 for every
i, 7 and n. It is well known [22] 25] that the empirical measure p" converges to the
mean-field limit p € C([0,T], P(T)), defined as the unique solution to the following
McKean-Vlasov equation:

01(0) = L52pu(0) — 04 [0 O)F6)] - p0, W) e m(déﬂ BNCRTY

with initial condition fip and p = 1. Existence and uniqueness for the solution to
hold under our assumptions on F, I and fig, see e.g., [22] 25].

Suppose that the graph sequence is converging to a deterministic limit; we discuss
the case of a random limit in the next example. Theorem implies that for
every sequence {5(”)}n€N which converges to some flat graphon W = p € [0, 1],
the empirical measure u"™ satisfies equation ([2.14) with corresponding p. Since the
convergence of £ to a non-constant graphon gives rise to equation (2.4)), which
is — at least formally — different from (2.14), we conclude that the limit of x" is
mean-field if and only if the sequence £ converges to a constant graphon. The

1

i.e. for each n € N the random variables {fg”}id:l n are exchangeable. Observe that £ is

EEREE)

not necessarily an exchangeable random graph as in (2.9).
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graphs with such asymptotic behavior are known in the literature as pseudo-random
graphs, see [3, 12] and [I8], §11.8.1].

We now address the issues and (2) with two explanatory examples. The
mean-field comparison when the graph limit is random is discussed after the first
example.

Example I: W -random graphs. Fix p € (0,1) and let g be a random variable on (0, 1)
with mean /p and distribution function given by F,. Let {g;}ien be a sequence of

IID copies of g. Conditionally on {g; }ien, ffjn ) is defined as

51(;-1) ~ Ber(gig;), independently for each 1 <i < j < n. (2.15)

The graph €™ is the dense analogue of the inhomogeneous random graph, also
known as rank-1 model, see e.g., [0, §]. In this model, g; corresponds to the weight
associated with particle ¢ and, loosely speaking, the closer g¢; is to 1, the more
connections particle ¢ forms. We expect that assigning different distributions to g
leads to different behaviors for the empirical measure ([2.2).

The construction made in yields a binary array {fi(;l)}i,jzl,m,n of exchange-

able random variables. In particular, they have the same expected value E[{fjn)] = p,

for every ¢ # j. We are interested in comparing the empirical measure of the sys-
tem defined on the graph to the empirical measure of the corresponding
annealed system that is obtained from by replacing 58-” with their expected
values. More precisely, the annealed system is defined as the solution to

2,Mn 7,m p g i,n I,n 3
46" = F (6 )dt+EZF(6t ,69™)dt + d B!, (2.16)

j=1

for which the asymptotic behavior is known to be the mean-field limit (2.14)).
Perhaps surprisingly, the behavior of system on the graph seque is
suitably described in the limit by only when g is deterministic and g = /p.
Recall the definition of W-random graph given in (2.10)): we see that ™ is a W,-
random graph with
Wy(z,y) = Fg_l(a:) FY(y), forxz,yel, (2.17)

g

where F gfl is the pseudo inverse of F},. In particular, the P-a.s. limit of § (") is given
by W, and thus the limit of 4" by the solution to equation (2.4) with W = Wj.
Theorem and Proposition imply that the empirical measure of the system
associated to €™ is arbitrarily close to the mean-field limit of the annealed system
(2.16]) if and only if W, is arbitrarily close to the constant graphon p in the cut-
distance, i.e., if and only if Var[g] < 1. In this case, {€™},cn is close to an
Erdés-Rényi graph sequence, for which the mean-field behavior is already known,
see [14].

Moreover, observe that by choosing a suitable deterministic sequence of the weights
{9itiem), e-g., i = Fgfl(i/n) for i € [n], would lead to a random graph & which is
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(n)
ij
j. Nonetheless, the sequence £™ still converge to the same limit WW,,.

This example illustrates how the randomness related to the exchangeability in the
sequence £™ is lost in the limit of 4", as it is lost in the graph limit W,. In this
sense, adding exchangeability to system does not yield any averaging property
on the empirical measure p". Moreover, adding the extra randomness through
Bernoulli random variables in does not alter this fact. In other words, taking
Sfjn ) = g:9; € [0, 1] yields yet again the same limit for p". O

Until now, we have focused on deterministic limits for the sequence ™. Observe
that a characterization of the exchangeable random graphs with deterministic limits
is given in [16]; see also [I8, §11.5]. We now consider the case where the limit W
is random, and we address the relationship between the resulting system and the
mean-field limit p given in . One might be led to conjecture that it is possible
to recover the mean-field behavior by, e.g., averaging the limit dynamics with respect
to the randomness in W. In the next example, we formulate this remark in a rigorous
way. We show that this is in general not possible, although it may lead to a new

class of asymptotic behaviors which are interesting on their own, as pointed out in
bullet point above.

not exchangeable. In particular, E[;;”] is not constant and changes for every ¢ and

Example II: random mean-field behavior. Consider the growing preferential attach-
ment graph &, constructed iteratively as follows; see also [18, Example 11.44]. Begin
with a single node and, assuming that at the n-th step there are already n nodes,
create a new node with label n 4 1 and connect it to each node i € {1,...,n} with
probability (d, (i) +1)/(n+1) where d,(i) is the degree of node i at step n and each
connection is made independently of the others. Denote the corresponding random
graph by £,

Roughly speaking, the behavior of &,, depends crucially on the first steps of
the construction and it stabilizes to a homogeneous structure as n grows. This is

illustrated in the next proposition.

Proposition 2.8 ([I8] Proposition 11.45]). With probability 1, the sequence {gfg)}neN
converges to a random constant graphon.

Consider a particle system defined on the graph sequence {SI()Z)}RGN. The empirical
measure converges to the solution of equation (2.14) with a random p. In other
words, pu" converges to a random mean-field limit. Integrating with respect
to this randomness and denoting E[p;] by p; for every ¢ € [0,7], we obtain that
p € C([0,T],P(T)) satisfies

0m(6) = 3057(6) ~ O pO)F(O)] - 4 [E[po0) [ T0.Dp(ad)] |, (219

for t € [0,7]. Note that (2.18]) is not written in closed form because of the third
term on the right-hand side which is not linear in p and p. In this sense, p does not

2P-a.s. in the realization of the Bernoulli random variables and possibly at the cost of requiring
some regularity on Wy, see [18] §11.4].
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formally satisfies the mean-field limit, i.e., it is not a solution to (2.14) with some
deterministic p € [0, 1].

To have an intuitive understanding of what p may look like, consider the stochastic
Kuramoto model without natural frequencies [5], 13| defined on the sequence fr();f).
The model is defined as the solution to

in KN ) o pin im i
SUA :gzgj)smwg’ —0i™)dt + dB, (2.19)

Jj=1

fori=1,...,nand t € [0,7]. It corresponds to (2.1) with the choices F' = 0 and
['(0,1) = —K sin(f—1). An application of Theorem [2.3|and Proposition [2.8 implies
that the empirical measure of (2.19) converges to the solution of

0u0) = 503p(0) + KAyl (0) sin 5p,) 0), (2.20)

where x stands for the convolution operator. It is well-known that the system
(2.20) undergoes a phase transition as the coupling strength pK crosses the critical
threshold pK' = 1. Hence, the phase transition for this specific model occurs at
a random critical threshold. Depending on the sampled value of p, one obtains
stable synchronous solutions in the supercritical regime (pK > 1), or uniformly
distributed oscillators on T (0 < pK < 1). The solution to equation can be
written down explicitly (see again [5], [13]) and, integrating over the randomness of p,
gives a superposition of synchronous and asynchronous states which, in general, is
not a mean-field solution, i.e., it does not solve for some fixed p € [0,1]. O

3. THE NON-LINEAR PROCESS

We introduce a non-linear process which has already been considered in
the literature [4], 111, 19, 20, 23] as the natural candidate in case the particles in
are not exchangeable and their labels are fixed from the initial condition. This
process is useful for studying the evolution of a tagged particle with a specific profile
of connections, as stressed in [19].

Contrary to our setting, some regularity in the — now labeled — graphon is usually
assumed to show the convergence of the empirical measure . We will exploit
to better understand and to establish existence and uniqueness.

Before introducing , we define some other tools for dealing with empirical
measures and graphons. Notably, we introduce an equivalence relation between
probability measures on I x T inspired by graph limits theory, see (3.6)). This will
allow us to prove Proposition [2.2] where we establish that the empirical measure is
Holder continuous with respect to the underlying graphon.

3.1. Distances between probability measures. Let M1 be the space of proba-
bility measures on I x C([0,T], T) with first marginal equal to the Lebesgue measure
Aon l,ie.,

My = {pe P xC0,T),T)) : p1op=A}, (3.1)
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where p; is the projection map associated to the first coordinate. For y € My the
following decomposition holds

pu(dz,dd) = p(dO)A(dz), =z €1, (3.2)

where p* € P(C([0,7],T)) for almost every = € I. From now on, we denote the
Lebesgue measure A(dx) on [ simply by dz. For pu,v € My, define their distance
by

i) i= ([ Db vyac) " (33)

Remark 3.1. Observe that the previous definitions make sense also with T' = 0 and
C([0,T],T) replaced by T. In particular, My is the space of probability measures on
I x T with first marginal equal to the Lebesque measure X on I, i.e.

Mo={po € P(IxT):pouy=A}, (3.4)
and
1/2
do(po, vo) = (/Dg(,uﬁ, V) d:r:> . for ug, vy € M. (3.5)
I
Inspired by the graphon framework, one can define the following relation of equiv-
alence on Mr (the case T'= 0 is analogous): for p,v € My

p~ v iff there exists p € Sy such that u® = 9@ z-as.. (3.6)
Endow the quotient space Mr/ ~ with the induced distance given by

dr(pv) i= inf dr(p, v7), (3.7)

where we have used the notation v¥ = {v*@} ;. Observe that if u ~ v, then
= [, p"dz = [,v*Wdz = [,v"dz = v. In particular, for every ¢ € S;

Dh(1.9) = Di (. v7) < [ Db, 7)o = di (.07). (3.8)
I
By taking the infimum with respect to ¢ € S;, we obtain
Dr(j, ¥) < dr(p.v). (3.9)

3.2. The non-linear process with fixed labels. Fix a labeled graphon W € W,
together with an initial condition pg € M. Consider the process 6 = {6*},¢; that
solves the system

0F =03 + [y F(0°)ds + [y [, W (x,y) [pT(62,0)u2(d0)dy ds + BY, (3.10)

uf = L(67), forxzel, tel0,T], '
where {0%}.cr is a random vector such that £(0%) = u for x € I and {B*},cs a
sequence of IID Brownian motions independent of {6 }.c;. The following proposi-
tion shows existence and uniqueness for the solution of (3.10]). The proof follows a
classical argument by Sznitman [25] and is postponed to Section [3.3]
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Proposition 3.2. There exists a unique solution 0 = {0%},c; to (3.10). The law
v* € C([0, T],P(T)) of 6* for x € I satisfies the following non-linear Fokker-Planck
equation in the weak sense

0w () = 080t (0) ~ 0t O)F O] - 30 | 0) [ Wia) [ 0.0ty

(3.11)
with initial condition pf € P(T).

The process {6 },¢r is indexed by the space of labels I. For two different labels
x and y in I, the behavior of particles 8% and 6Y may vary depending on their
connection profile encoded in W and the two marginals p* and p? may vary as well.
Similar results in different settings have already been shown in [4, [9] [19] 20, 23].

It is interesting to know that the law p = {p*}.er € Mg is continuous with
respect to the cut-norm (or equivalently in dg-distance) in Wy, as already remarked
in [4, Theorem 2.1] for much more general systems than the ones we consider here.
Exploiting the compactness of T and some extra regularity of I', we are able to prove
that the map W ~ p" is Holder-continuous, as shown in the next proposition.

Proposition 3.3. Suppose that T € C*T(T?) for some e > 0. There exists a positive
constant C such that, if p and p¥ denote the laws of the solutions to (3.10) with
W e Wy and V€ Wy respectively, then

dr(p?, V) < CIW = V|2 (3.12)
The proof is again postponed to Subsection [3.3] As for Proposition 2.2 endowing

the space of trajectories with with the p-Wasserstein metric for p > 1 yields a Holder
exponent as large as 1/p.

Relationship with the non-linear process . Consider a probability distribution
o € My such that [, ufde = fig. The solution to is given by o = [, pu*dz,
where p* is the law of 6% solving with initial condition pf and labeled graphon
W. In other words, @ has the same law of 8V solution to ([3.10]), where U is a uniform
random variable in I independent of the other randomness in the system. As the
following remark shows, the law ji of # does not depend neither on the representative
W, nor on .

Remark 3.4. Let ¢ € Sy, i.e., ¢ is an invertible measure preserving map from
I to itself, and v = {v"}pe; the law of {69} ,.c; solving (3.10). By a change of
variables, 0¥ solves

t t
08 = 05+ [ Plozast [ [ Wielo) o) [ D0, 005 (d0)dyds 57
0 0 I T

(3.13)
and can be rewritten with V.= W% and ¢¥* = ) qgs

¢f:95"(x)+/ (p° ds+// x y/ (%, 0)v¥(d0)dy ds + BF™ | (3.14)

which has the same law as 1 3.10)) wzth labeled graphon V' and initial conditions

{099} aer.
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Observe that the laws v and p associated to and respectively, differ
only in the labeling of the vertices but their distance in My is not zero due to the
initial conditions and the fact that ||W — V|5 = [|[W — W*¥||5 is, in general, different
from zero. However, if one looks at i = fI prdxr and v = f[ v¥dz, they coincide as
probability measures in the sense that Dr(p,v) = 0. In particular, the law of the

solution to equation (2.3)) is also equivalent to Y, where ¥* solves (3.14), and U is
uniformly distributed on I.

3.3. Proofs for the non-linear process (3.10) with fixed labels.

Proof of Proposition[3.3. The proof follows a classical argument given in [25, Lemma
1.3]. Consider v € My and {6""},c; solving

07" = 0% + / 037) ds—l—/ /W x,y / (027, 0)v¢(df)dyds + Bf, (3.15)

where the initial conditions and the Brownian motions are the same of (3.10]). Since
F and I are bounded Lipschitz functions, there exists a unique solution to (3.15]),
which we denote by ®(v) € Mr. Thus, the map

D : (MT,dT) — (MT,dT)

v— ®(v) (3.16)

is well defined. A solution to is a fixed point of ® and any fixed point of ® is
a solution to (3.10)).

For pu,v € My, consider the processes 6% and 6%, with x € I. We estimate
their distance as

|62 — o7 | /|F 621y — F(6*¥)|* ds

t /Iw(as,y) (/Tf(ﬁi’”,e)ui’(d@) _/TF(@;C’”,@)V;’(d@)) ay

Adding and subtracting in the second integral the quantity I'(6%#,0)v¥(df) and
using that F' and I' are Lipschitz-continuous functions and that F, I' and W are
bounded, we get

2

+C ds

2
/ 671 — 27> ds + C L5, 0) [n? —v?](d0)| dyds,  (3.17)

From (/1.3) we obtain
[Tz o)z - v @) < D 319)

T

from which, using (3.3)), we deduce

t t
62+ — 67| < O/ |9§’“—0§’”I2ds+0/ d2(p, v) ds. (3.19)
0 0
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The definition of Dy ((1.2) and an application of Gronwall’s lemma lead to

d%ﬂ@@@»</E

I

T
sup |67 — (9?”’2] dz < C/ d?(p,v)ds. (3.20)
0

t€[0,T]

From the last relation we obtain the uniqueness of solutions to .

We prove that a solution exists by iterating . Indeed, for k > 1 and p € M,
one gets

Tk T
@1 (), 84 ()) < o [ (@) (3.21)
*Jo

In particular, {®*(u)}ren is a Cauchy sequence for k large enough, and its limit
is the fixed point of ®. Note that d;(P(u), ) < oo since we are working on the
compact space T.

For the second part of Proposition [3.2] apply Ito’s formula to f(#7) with f € C§°
to get

1 t t
107 = 16+ 5 [ oironds+ [ ouren Fep)as

t ' (3.22)
+ [anso) | [wie) [ vz onsana] as+ [ arean:
0 I T 0
Integrating with respect to P yields the weak formulation of (3.11)). O

Next we move to the proof of Proposition (3.3

Proof of Proposition[3.3 Let {#*"},.c; and {6*"},c; be the two non-linear pro-
cesses associated to W and V respectively. We compare the two solutions: as done
in the proof of Proposition 3.2, by adding and subtracting in the integrals the term
W (i, y)T(07Y, 0)(u" — ") we get

=W — =V < O / |F(02) — F(02V)] dr
0
s 2
wo [ [Wiew) [0oe.0) - re oy @)y ar
o ' , (3.23)
dr

w0 [ [ W) [ree o - ¥y a

2

dr.

w0 [ foram - v [res o @)

1 T

Using that F' and I' are Lipschitz-continuous functions and that F, I' and W are
bounded, we get

o2 —omV | < C/s [ —Gf’V\QdHC/S d (™, ) dr
0 0

_I_/
0

dr. (3.24)

[ = v ([T o)) a

1
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After taking the supremum over s € [0,¢], the expectation E and integrating with
respect to x € I, we are able to apply Gronwall’s lemma as in (3.20]) to get

27 1Y) < / E

t
sup |62" — eg’Vf] dz < O(/ d?(p™ V) ds + G), (3.25)
0

s€[0,¢]

where G is given by

6= [ [|[ovea - v ([re .o @)

g
Applying Gronwall’s inequality to (3.25]) yields
", 1) < CG. (3.27)

The proof is concluded provided that G < C' ||[W — V||, for some constant C’ > 0.
Observe that I' can be written in Fourier series, i.e.

LO.0)=> Tye*e™ 0¢eT, (3.28)
k,IEZ
where Iy = [, T(0, )+ d0dep. Since I' € C'*¢, classical results on the asymp-
totic of Fourier series [I7, pp. 24-26] imply that

Cro= Y (k)" |Tyl* < oo. (3.29)
k€

2 dx] ds. (3.26)

Plugging this expression into ([3.26)), we obtain that

[ [oven = v ([ re o @) a

1

2
dx

2 (3.30)
:/ S e /(W(:r,y) —V(z,y)) (/ e“eufé’v(d@)) dy| dz.
15 I T
Multiplying and dividing by (kl)1+)/2 one is left with
< / Z ((k:l)(HEWFkl 6ik0§‘v)
I
2
(w059 [t = veea ([ emerti@) ) ay) | a3
I T
' 2
< 007 [ | [ovten - v ([ @) ) i
m rlJr T

where in the second step we have applied Cauchy-Schwartz inequality and ((3.29)).
Using that W and V are bounded, as well as the fact that

S v ([ omran) dy\ <1, (3:32)

I
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we conclude

GO sup /
I

/I (W(x.y) — V(z,9)) (aly) + ibly)) dy| dz

lallsorlbll 0 < (3.33)

SCIW =Vl
Since the norm || - || ,, is equivalent to the cut-norm ({A.4)), the proof is concluded.
0

3.4. Proofs for the non-linear process (2.3).

Proof of Proposition[2.1. The first part follows directly from Proposition and
Remark [3.4f The proof of (2.4) is similar to the proof of (3.11)), but note that we

are now integrating with respect to the randomness in U as well. U

Proof of Proposition[2.3. Let 0¥ and 8Y be the two solutions to associated
to W and V respectively, coupled by taking the same uniform random variable U.
Let p®" and p®V represent the laws of #Y" and 0%V conditioned on U = z, for
r el

Consider ¢ € S; an invertible measure preserving map. Recall that §9(U):V also
satisfies equation ([2.3) with V¥, see Remark . We compare the trajectories §V'W
and §#U)V

Consider the difference between the equations satisfied by YW and 62UV add
and subtract the term W (U, y)F(Gf(U)’V, 0) (e — uf(y)’v) to obtain that

|05V — gV / |F(0UW) — F(62@V) " dr

S 2
e / W(U,y) / (@ )~ (O 0)) sV (a) dy| dr
0 I T

: ) (3.34)
v [ | [ww) [ ot - o))y
0 I T

dr
w0 [ [ -vew [ e o o) ay

1 T

2

dr.

2
The first two integrals on the r.h.s. are bounded by Cfos ‘GE’W — Gf(U)’V‘ dr, using

that F' and I are Lipschitz—continuous While the third integral in the r.h.s. can be
estimated using 1 and the fact that 0 < W < 1. Thus we get

2

/WUy/ (05O ) (¥ — ) (a6) dy

< [ Dy dy = a2 (1 ()9,
I

where we have used the notation (1")¢ for {u?®V}, ;.

(3.35)
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Taking the supremum over s € [0,¢] and the expectation with respect to the
Brownian motions, the initial conditions and the random variable U, we obtain

t
/E sup |67V — gV |? dxgc/ /E
I s€[0,t] 0 JI

t
+c/dyyﬂwwﬂm+oa
0

rel0,s]

sup 62" — Hf(x)’vfl dz ds
(3.36)

where G is given by

t 2
G=/Eg//@WLw—Wﬁw»/W%@Kﬁﬁmwwmy¢4®-
0 11Jr T
(3.37)
In the proof of Proposition |3.3| we proved the following estimates:
a2 (1, (1% < / E | sup [02W — 0¢@V|?| da,
T (", (1)?) B | sup | | (3.38)

G < C|W-=V?|5, forsome C" > 0.

Applying these bounds to (3.36) and using Gronwall’s inequality twice as in the
previous proof, yields

d; (1, (1")?) <CIW =V, (3.39)

By taking the infimum with respect to ¢ € S; and recalling the definition of the
cut-distance (A.8)) together with (3.9)), we obtain

Dy(p" 1) < dy (0", V) < Con(W, V)2, (3.40)

The proof is concluded. O

4. PROOF OF THEOREM [2.3]

In order to prove Theorem [2.3, we couple the system to a sequence of iden-
tically distributed copies of the non-linear process 6, which is obtained by sampling
{U; }ien 1ID uniform random variables and choosing the same initial conditions and
Brownian motions of .

For every i € N, denote these copies by 6 = §(U;). In particular, 6 is defined as
the solution for ¢ € [0, 7] to

t t
Gi=ty+ [ FOdas+ [ [ Wity [ @ 0mraoyds + B @)
0 0 I T

Observe that {0'};cn is an exchangeable sequence and, in particular, that the vari-
ables #° are independent random variables when conditioned on the randomness of
Ww.

Before the proof of Theorem [2.3] we give a trajectorial estimate.
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Lemma 4.1. Under the hypothesis of Theorem[2.3, it holds that

1 n in i 2 .
EZ sup |6;" — 6;] ] = 0. (4.2)

i—1 t€l0,7]

lim E x E

n—oo

Proof. As done before, we compare the trajectories §°" and 6°, by studying the
equation satisfied by |6%" — 9§|2, recall (2.1) and (£.1). Add and subtract in the

integrals the term (52-(;1) - W(U;, Uj)> ['(0,67) so as to get

‘gin z / ‘F ezn . Z)zd’f’

2
+C/ ‘25 L(0:", 67" —T(6.,67))| dr
0
S 1 2
el (n) _ T i i
+C/0 n;@ij W(U“UJ)) 0(6;,09)] dr

dr.

n 2

w0 [ W v - [ Wit [ 100y
0 ”jzl

(4.3)

We now use the Lipschitz property of I' and F', sum over ¢ and take the supremum
over s € |[0,t], together with the expectation E x E, which we just write E for

simplicity,
E lzn: sup }92}”—8@}2 SC/tE 12”: sup ’9’” 9i|2 dr
n = sefo) 0 n = qelo,r] I

n 2

vo [y —Z( W(ULU,) (6. 60)

=1

dr

t n n 2
w0 [ B | Y WU o) - [ W) [ 16 ooy
0 i=1 j=1

(4.4)

Observe that the last term is bounded by a constant divided by n since by taking
the conditional expectation with respect to 6/ and U, one obtains

E [W(U;, U,)T(6:, 02)] / W(Uiy) | 70000 dy (4.5)

and, conditionally on W, the random variables {0'};cy are IID.
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Turning to the second term, we will prove that

1 n
E EE:

=1

2

%Z (€ - w(w, vy)) T, )
j=1

< CE [6p(E™, W™)] +0(1),

(4.6)

.....

This, together with a Gronwall argument implies that
n

1 @,M i
ﬁz sup ‘Gt’ —Qt‘Q

i—1 S€0,]

E < CE [6p(™, W™)] + o(1) (4.7)

and the claim follows by taking the limit for n which tends to infinity and the fact
that W converges P-a.s. to W, recall Theorem .

Turning to (4.6), we use an argument similar to (3.26)—(3.29)). Recall that since
[' € C**¢, it admits a Fourier series (3.28]) with coefficients I'y; such that

D (k)T < oo

kIEZ

Plugging its Fourier expression in the left-hand side of (4.6]), multiplying and divid-
ing by (kl)1+9)/2 we get

2

%Z (€5 = W, ) 163, 00)

=1 j:l
2
I n |1l (o -
=B | 2| (e -, )Zrke“eesl (48)
i=1 | j=1
1 n 1 n 2
<CE Z(kl)flfsgz EZ:(éjn) —W(Ui,Uj)> gttt |
k.l i=1 |7 j=1

where we have used Cauchy-Schwartz inequality as in the proof of Proposition [2.2]
Observe that >_,,(kl)~'~¢ is convergent and that ‘ewé’“‘ < 1 for all k£ and s: we can
thus bound P-a.s. the previous term by

LS (6 - W) s

1,7=1

E sup

si,tje{£1}

] . (4.9)

Recall that W™ = {W(U;,U;)}; j=1...n is a W-random graph with n vertices. Since
the particles {Gi}iEN are exchangeable, every computation done so far holds no mat-
ter the order of {#'},—; _, and, in particular, of {U'},—; . ,. In particular, the last

inequality holds for every relabeling of W ().

.....
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.....

every n € N, such that

- fj (&5 -ww,up) sty

ns =
t,j=1

E sup

si,tje{x1}

~E [55(500, W<">)] . (4.10)

Using the asymptotic equivalence of o with 00, see Remark the claim is proved
and the proof is concluded. O

Proof of Theorem[2.3. The equivalence between the convergence in P-probability of
£ and equation is proven in Lemma We turn to the proof of the
convergence of .

It is well known that the bounded Lipschitz distance, recall , metricizes the
weak convergence and defines a distance between probability measures. In particu-
lar, in order to show that " converges in P x P-probability to i in P(C([0,T],R)),
it is enough to prove that

lim E x B Uf(@),ﬁ(de) _ /f(@)ﬁ(d&)} 0, (4.11)

n—oo

for every f bounded and Lipschitz function with values in C([0, 7], R).
Using the fact that j is the law of {6"};en (recall (4.1))), it is enough to show that

o1
lim —
n—oo N,

Y EXE[|f(¢"") - f(#)]] = 0. (4.12)

This is implied by the fact that f is Lipschitz and by Jensen’s inequality. Indeed,

n

| 1/2
Z Z sup }6’%” — 95’2] . (4.13)

n =1 t€l0.T]

LS EXE[|f(0) - )] <ExE

which goes to zero as n — oo by Lemma [4.1] O

APPENDIX A. GRAPH CONVERGENCE AND RANDOM GRAPHONS

A.1. Distance between finite graphs. We denote [n] := {1,...,n} for n € N.
Let & be a labeled graph on n vertices. With an abuse of notation, we let £ denote
its adjacency matrix as well, i.e., & = {&;}ijepn). We consider simple undirected
graphs so that §; = &; and {; =0 for all 1 <7< j < n.

Let A = {A;;}ijem) be a n x n real matrix. The cut-norm of A is defined as

1
Al|l5 := — max Al Al
[4llo = 75 Jnax, ZESZ;ET j (A1)
It is well-known that this norm is equivalent to the ¢o, — ¢, norm [IJ
[All sy := sup Z Aijsit;. (A.2)

sitj€{F1}; 521
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For two labeled graphs £ and £ on the same set of vertices, we define the distance
dp as

do (§,€) = 1€ = ¢'ll5- (A.3)
A.2. Labeled and unlabeled graphons. Recall that I = [0, 1] and let W := {W :

I’ — R bounded symmetric and measurable} be the space of kernels, we tacitly
consider two kernels to be equal if and only if the subset of I? where they differ has
Lebesgue measure 0. A labeled graphon is a kernel W such that 0 < W < 1. Let
W)y denote the space of labeled graphons. The cut-norm of W € W is defined as

IWllg = max

W(x,y)dxdy‘ (A.4)
SxT
where the maximum is taken over all measurable subsets S and 7" of I. It is well
known that ||V || is equivalent to the norm of W seen as an operator from L>(I) —
LY(I) [18, Theorem 8.11]. This is defined as

W] S Wl , (A.5)
g
where (Wg)(z) := [, W y)dy for x € I and g € L>(I).

The metric mduced by H HD, or equivalently by ||-|| . _.;, in the space of labeled
graphons W, is again denoted by dg (-, -). Definitions and are consistent
in the sense that to each labeled graph & is associated a labeled graphon We € W,
such that [|£||5 = [|[We||5- The labeled graphon We is usually defined a.e. as

co—1 =

Z&J —1 5[ 1%)(1‘,3;), for x,y € 1. (A.6)
i,7=1
Note that W, depends on the labeling of . Indeed, different labelings of £ yield
graphs which have large dp-distance in general. This motivates the definition of the
so-called cut-distance. For two labeled graphs &, & with the same number of nodes,
the cut-distance is defined as

do(&, &) = min dr(€,€), (A7)

where the minimum ranges over all labelings of &’. The cut-distance is also defined
for graphons as follows. For two labeled graphons W,V € W, their cut-distance is

0o(W,V) = min do (W, V¥), (A.8)

where the minimum ranges over S; the space of invertible measure preserving maps
from [ into itself and where V¥ (z,y) := V(p(x), p(y)) for z,y € I.

Remark A.1. There are at least two ways to compare the graphs £,& as unlabeled
objects: either by directly computing their distance oo or by computing the distance
0n between We and Wer. These turn out to be equivalent as the number of vertices
tends to infinity [18, Theorem 9.29]. Formally, for every two graphs £,&' on n
vertices, it holds that

17

So(We, Wer) < da(€, &) < 6o(We, We .
D( & 5) D(gé) D( 3 §)+\/m

(A.9)
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We always write 60(&, &) = on(We, Wer).

Contrary to dg, the cut-distance dg is a pseudometric on W, since the distance
between two different labeled graphons can be zero. This leads to the definition of
the unlabeled graphon W associated to W. For a labeled graphon W, W is defined
as the equivalence class of W including all V' € W, such that 5D(VV, V) = 0. For
notation’s sake, we drop both the superscript and the adjective unlabeled when the
context is clear. The quotient space obtained in such a way is denoted by W, and
we refer to it as the space of graphons. A celebrated result of graph limits theory is
that (W, dp) is a compact metric space [I8, Theorem 9.23].

We are not going into the details of graph convergence for which we refer to
the exhaustive reference [I8]. We only recall that a sequence of graphs {£(},cn
converges to the graphon W € W if and only if ég(Wew, W) — 0 as n — oo [I8,
Theorem 11.22]). We refer to the following subsection for a characterization of the
convergence in probability.

A.3. Convergence in probability. The characterization of the convergence in
distribution for a sequence of graphs has been originally given in [16]. We give here
a useful notion of convergence in W, by means of the cut-distance dg, which is
equivalent to the convergence in probability for graph sequences.

Lemma A.2. Assume that {£™},cn is a sequence of random graphs and W a

random graphon in Wy. Then, €™ converges in P-probability to W if and only if
(2.7) holds, i.e., if and only if

' (n) —
lim E [dp (£, W)] =0.
Proof. Recall that (Wo, dp) is a compact metric space, so that the convergence of
£ in probability is equivalent to

Ve >0, lim P(6n(¢™, W) >¢) =0. (A.10)

Observe that the sequence of positive real random variables {05(6™, W)},ey is
uniformly bounded by 1. Equation (A.10)) is then equivalent to the convergence in

L', i.e., equivalent to (2.7). O
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