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INTRODUCTION

In recent years, mixed diatomic molecules composed with one alkali-metal atom and one alkaline-earth atom became particularly interesting for the community of chemical physicists especially in the field of cold and ultracold molecular physics. These types of dipolar molecule possess a strong permanent dipole moment in combination with a magnetic dipole moment in their ground state 2 Σ + and they exhibit a non-zero electronic spin angular momentum in their rovibrational ground state [START_REF] Quéméner | Shielding 2 Σ + ultracold dipolar molecular collisions with electric fields[END_REF][START_REF] Carr | Cold and ultracold molecules: science, technology and applications[END_REF][START_REF] Chen | Prospects for transferring 87 Rb 84 Sr dimers to the rovibrational ground state based on calculated molecular structures[END_REF].These properties enable many exciting applications and experiments, such as Feshbach resonances [START_REF] Barbé | Observation of Feshbach resonances between alkali and closed-shell atoms[END_REF],precise measurements of fundamental physical constants with high resolution spectroscopy [START_REF] Kajita | Sensitivity of vibrational spectroscopy of optically trapped SrLi and CaLi molecules to variations in mp/me[END_REF][START_REF] Ciamei | The RbSr 2 Σ + ground state investigated via spectroscopy of hot and ultracold molecules[END_REF], realization of quantum simulations [START_REF] Lackner | Helium-dropletassisted preparation of cold RbSr molecules[END_REF], topological quantum phases and simulations of spin models in optical lattices [8-9] , which were mediated by the induced electric dipole-dipole interaction.

A theoretical calculation of the molecular electronic structure is necessary to understand the mechanisms of the production of cold and ultracold molecules such as: collisional cooling and the lasers required for the cooling experiments. Also, the estimations of the permanent and transition dipole moment (PDM), black body radiative lifetime and Franck-condon factor are important in the study of interactions between ultracold molecules. This information leads to valuable insights into the stability of a Bose-Einstein condensate and the Fermi degeneracy in a single quantum state [START_REF] Gopakumar | Ab initio study of permanent electric dipole moment and radiative lifetimes of alkaline-earth-metal--Li molecules[END_REF].

Experimentally, the Rb-Alkaline-earth molecules, as RbCa [START_REF] Pototschnig | Investigation of the RbCa molecule: Experiment and theory[END_REF], RbSr [7, 12, 13, 14] are found to be suitable candidates for the preparation of ultracold ground state molecules.

Theoretically, the neutral Rb-AKE molecules have been extensively studied in many works, such as RbBe [START_REF] You | Construction of analytic functions for the potential energy curves, dipole moments, and transition dipole moments of RbBe and CsBe molecules[END_REF], RbMg [START_REF] Houalla | Electronic structure calculation of the MgAlk (Alk= K, Rb, Cs) molecules for laser cooling experiments[END_REF], RbCa [START_REF] Pototschnig | Investigation of the RbCa molecule: Experiment and theory[END_REF][START_REF] Gopakumar | Dipole polarizability of alkali-metal (Na, K, Rb)-alkaline-earth-metal (Ca, Sr) polar molecules: Prospects for alignment[END_REF], RbSr [START_REF] Pototschnig | Ab initio study of the RbSr electronic structure: Potential energy curves, transition dipole moments, and permanent electric dipole moments[END_REF][START_REF] Devolder | Proposal for the formation of ultracold deeply bound RbSr dipolar molecules by all-optical methods[END_REF]. RbBa represents another interesting molecule, because Rb and Ba are well under control in ultracold atomic physics. Furthermore, ultracold Rb2 ground state molecules [START_REF] Huang | Formation, detection and spectroscopy of ultracold Rb2 in the ground X 1 Σg + state[END_REF] as well as Bose-Einstein condensates of Rb [START_REF] Anderson | Observation of Bose-Einstein condensation in a dilute atomic vapor[END_REF] have been experimentally achieved.

Compared with systematic researches on other systems of the Alkali-Alkaline-earth diatomic, RbBa has not been well studied and data for this molecular system remain unavailable. Only a theoretical calculation was carried out by Gou et al [START_REF] Gou | Theoretical study on the ground state of the polar alkali metal-barium molecules: Potential energy curve and permanent dipole moment[END_REF] where only the ground potential energy curves (PECs) and dipole moment functions are exhibited. The computations, performed at the CASSCF and MRCI level with the small-core scalar relativistic effective core potentials ECP28MDF for Rb and ECP46MDF for Ba deduced molecular constants of 9.31Bohr and 1471 cm -1 for Re and De respectively. Therefore, it is necessary to provide an accurate analysis of the excited electronic states of the RbBa molecule which can be an initial step for the production of this molecule by photoassociation.

For that we present, in this paper, an extensive theoretical study for the RbBa molecule based on the CPP approach: Potential energy curves (PECs) and permanent dipole moments (PDMs) for the ground X 2 Σ + (defined also as (1) 2 Σ + ) and several low-lying electronic states 2,4 Σ + , 2,4 Π and 2,4 ∆ correlated into the first five dissociation limits. The corresponding spectroscopic constants have been calculated for all bound states. The allowed transition dipole moments (TDMs) have been also investigated between all calculated states. To verify the accuracy of the TDM, we compared our calculations at large distance (atomic limit) with the available published atomic TDMs. Also, based on the relativistic pseudopotential method, the spin-orbit coupling was introduced and 33 Ω states are generated. The effect of the spin-orbit splitting on the potential energy curves and the dipole moment was detected. In addition, the vibrational energy levels, black body (T =300 K), spontaneous transition rates and the radiative lifetimes of the vibrational states of the ground state X 2 Σ + were calculated.

Moreover, the vibrational lifetime for the A 2 Σ + (v') and A 2 П(v") are considered and the possibility of the feasibility of Laser Cooling for RbBa molecule is also discussed based on

Franck-Condon factors calculation of A 2 Σ + (v')→ X 2 Σ + (v) and A 2 П(v") → X 2 Σ + (v) transition.
This paper is organized as follows: In Section 2, we briefly present theoretical and computational method and give numerical details. Section 3 is devoted to the presentation of our various results. Finally, we present our conclusions in Section 4.

THEORETICAL ASPECTS

The present calculation is based on complete active space self-consistent field CASSCF+ multi-reference configuration interaction MRCI methods and ECP+CPP approach which rely on the modeling of the Rb + and Ba 2+ closed-shell cores by an effective core potential (ECP) completed by a core-polarization potential (CPP). A state-averaged CASSCF calculation is carried out before MRCI to generate the reference molecular orbitals. Over three thousand CSFs are involved for each state. The Davidson correction, noted as MRCI+Q, was then invoked in order to account for unlinked quadruple clusters and to correct for higher-order CI terms. All calculations are obtained using the computational chemistry MOLPRO package [START_REF] Werner | MOLPRO version 2010.1, a package of ab initio programs[END_REF]. In this work, we used the effective core potentials SBKJC ECP54 for Ba and SBKJC ECP36 for Rb [START_REF] Stevens | Relativistic compact effective potentials and efficient, shared-exponent basis sets for the third-, fourth-, and fifth-row atoms[END_REF]. Subsequently, the RbBa molecule is modeled as an effective three- adjusting their parameters and the two resulting atomic Gaussian basis sets are composed of (6s 8p 5d 3f / 6s 8p 4d 3f) and (8s, 8p, 5d, 3f) for Ba and Rb respectively. The corresponding exponential coefficient obtained of the Gaussian type orbitals for the Rb atom are represented in the Supplementary material (S. TABLE 1). The Ba atom basis set was presented in our previous spectroscopic study of the BaCs system [START_REF] Ladjimi | Ab initio calculations of electronic structure of the BaCs molecule: adiabatic potential energy curves, spectroscopic constants, spin-orbit effect and permanent and transition electric dipole moments[END_REF]. The exponential parameters of the cutoff-function are 0.27 Bohr -2 and 0.3185 Bohr -2 for Rb and Ba respectively. In addition, at small internuclear separation, the energies of the core-core Ba ++ and Rb + repulsion is considerable. The calculations are carried out in the C2v symmetry. In the C2v point group, all molecular orbitals MOs are labeled by their symmetries (a1, b1, b2, a2), and the electronic states are labeled by their symmetries (A1, B1, B2, A2) too. When the symmetry is reduced from ∞ v to C2v, the correlating relationships are σ→ a1, → (b1, b2), → (a1, a2) and →A1, Π →B1+B2, Δ →A1+A2, → A2. In the CASSCF and MRCI+Q calculations of the RbBa molecule, the active space consists of three electrons and thirty molecular orbitals 14a1, 6b1, 6b2, 4a2 (14 6 6 4), refers to as CAS [START_REF] Chen | Prospects for transferring 87 Rb 84 Sr dimers to the rovibrational ground state based on calculated molecular structures[END_REF][START_REF] Zemke | Radiative and nonradiative lifetimes for vibrational levels of the A 1 Σ + state of 7 LiH[END_REF]. Afterwards, a second type of calculations is also performed including the spin-orbit relativistic effects through the inclusion of effective core potentials (ECP) in the expression of the molecular Hamiltonian. The spin-orbit interaction couples the orbital angular momentum Λ with the spin angular momentum S through its projection Σ on the internuclear axis. This produces a total angular momentum along the internuclear axis Ω =|Λ±Σ| and characterizes the spin-orbit electronic states. In this approach, spin-orbit states with a well-defined quantum number Ω = 1/2, 3/2, 5/2, 7/2 may arise from the spin-orbit splitting in the parent 2,4 Σ ± , 2,4 Π, and 2,4 Δ electronic states. The scalar-relativistic effects are taken into account in the pseudopotentials (ECPs) using the Molpro package [START_REF] Werner | MOLPRO version 2010.1, a package of ab initio programs[END_REF] where the coefficient of the relativistic spin-orbit pseudopotential are optimized and adjusted in order to predict the experimental spin-orbit atomic states [START_REF] Kramida | NIST Atomic Spectra Database (ver. 5.5.6)[END_REF] 
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The first term Aif is the Einstein coefficient describing the probability of spontaneous emission from the vibrational state i to the lower energy state f:
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$ = %& -& % is the transition frequency between the two bound states i and f, and ) (R µ is the permanent dipole moment of the ground state X 1 Σ + .

The second term is related to the Black Body Radiation (BBR), which is stemming from the surrounding environment at T = 300 K, and it can induce stimulated absorption and emission processes, which are described by the Einstein coefficient = )($ ), where the number of black body photons is given by:
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The calculation of the vibrational lifetimes of the excited states takes into account two possible transitions: bound-bound and bound-free transitions. The radiative lifetime of a vibrational level ' υ corresponding to the bound-bound transitions is given by:
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Avv' is the Einstein coefficient taking for example the transition between A 2 Σ + (v') and X 2 Σ + (v) levels states. The bound-free contribution is calculated using the Franck-Condon approximation proposed by Zemke et al. [30]: 6 ,KM;< (N&) 5 6 ,KM;<
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is the energy difference between the vibrational level ' υ and the energy of the asymptotic limit of the lower electronic state, to which belongs the continuum. 

RESULTS AND DISCUSSION

Potential Energy curves

The potential energy curves for 16 low-lying doublet and quartet electronic states: 11 doublet electronic states (five 2 Σ + , four 2 Π and two 2 ∆) and 5 quartets electronic states (two 4 Σ + , two 4 Π and one 4 ∆) are calculated using CASSCF and MRCI theory including the Davidson correction. They are correlated to the five lowest asymptotes and calculated for a dense grid, which varies from 6.0 to 30.0 Bohr with a step of 0.1. Figure 1, presents the resulting potential energy curves for all states in 2,4 Σ + , 2,4 Π and 2,4 ∆ symmetries as a function of internuclear distance R. Generally, the shapes of the potential energy curves of the bound states are formed with three parts. Firstly, a repulsive branch at very small internuclear distance where the two atoms brought close to each other and the electronic clouds surrounding the atoms start to overlap. Indeed, in this region the Pauli Exclusion Principle correlates the repulsion between the two atoms and the energy of the system increases abruptly. Then, an attractive part is presented at small and intermediate internuclear distance where the potential energy curves for different states are present with simple wells more or less deep. The origin of the attractive part depends on the particular type of bonding and the depth of the potential energy curve indicates the strength of the bond. Finally, the potential energy starts to be independent, at large internuclear distance, and reaches a constant value indicating the dissociation limits, which is equal to the sum of atomic energies. As showing in Figure 1, the potential energy curve for the ground state X 2 Σ + is widely separated from the highly excited states. However, the higher excited states are close to each other and interact much more with the presence of barrier potential. These interactions and behaviors are manifested by the presence of avoided crossings between neighboring states of same symmetry and some crossings between states of different symmetry. Such crossings or avoided crossings, can dramatically alter the stability of molecules owing the possibility of crossing from one state to another and their presence can be important to study non-adiabatic transitions [START_REF] Jendoubi | Structural and spectroscopic study of the LiRb molecule beyond the Born-Oppenheimer approximation[END_REF].Thus, the positions of avoided crossings between different electronic states of RbBa molecule are reported in Table 3 where RAC is the internuclear distance at which the avoided crossing occurs and DE is the energy gap separation.

Spectroscopic parameters

The spectroscopic constants have been extracted from the PECs for 2,4 Σ, 2,4 Π and 2,4 ∆ symmetries: equilibrium distance Re, well depth De, electronic excitation energy Te, harmonic frequency ωe, anharmonic constant ωexe, and rotational constant Be. These constants were determined by the least-squares interpolation method. The Numerov algorithm was used to determine the nuclear wave function for diatomic molecules. The spectroscopic constants are collected in Table 4. The ground state X 2 Σ + of RbBa system correlates at large distances to the atomic ground states Ba ( 1 S) and Rb ( 2 S) atoms. It is well separated from the highest states in the same symmetry and shows a unique minimum at 8.75 Bohr and a relatively large depth of well with a value of 1566 cm -1 . For this molecule, only the ground state X 2 Σ + has been calculated by Gou et al. [START_REF] Gou | Theoretical study on the ground state of the polar alkali metal-barium molecules: Potential energy curve and permanent dipole moment[END_REF], using of CASSCF and MRCI methods with the small-core scalar relativistic effective core potentials ECP28MDF for Rb and ECP46MDF for Ba [START_REF] Stevens | Relativistic compact effective potentials and efficient, shared-exponent basis sets for the third-, fourth-, and fifth-row atoms[END_REF].The depth of well obtained by the calculation of Gou et al. [START_REF] Gou | Theoretical study on the ground state of the polar alkali metal-barium molecules: Potential energy curve and permanent dipole moment[END_REF] is about 95 cm -1 smaller than the present results. The comparison shows that the different method and basis sets used effect more obviously the Re than the De and the difference between the two calculations is about 0.56 Bohr with a relative difference about 6.4%. Our ωe=42.59 cm -1 is in good agreement with that of Gou et al [START_REF] Gou | Theoretical study on the ground state of the polar alkali metal-barium molecules: Potential energy curve and permanent dipole moment[END_REF] ωe =39.23 cm -1 . The two anharmonic frequencies ωeχe are also very close to each other. Unfortunately, no experimental data can be found for the considered state.

The second covalent asymptote comes from the combination of the Ba( 3 D) first atomic excited state and Rb( 2 S) atomic ground state correlates with six molecular states (2) 2 Σ + , (1) 4 Σ + ,(1) 2,4 Π and (1) 2,4 Δ. These states are found to be very attractive and possess large depth of wells. We note that the first excited doubled state (1) 2 Π is the most strongly bound. It possesses, at the equilibrium distance Re = 7.37 Bohr, the deepest well (De = 7825 cm -1 ) compared to the ground state or remaining excited states for diverse symmetries. The first doubled 1 2 Δ state possesses also a very deep well (De = 5086 cm -1 ) at the equilibrium distance Re=7.89 Bohr. The combination between second excited state Ba( 1 D) and ground state Rb( 2 S) leads to the third dissociation limit that correlates with (3) 2 Σ + , (2) 2 Π and (2) 2 Δ molecular states. The (3) 2 Σ + and (2) 2 Π states are founded with unique deep wells of De = 4908 and 6273 cm -1 respectively. The second state of the delta symmetry (2) 2 Δ is weakly bound with a small attractive well and its De does not exceed 897 cm -1 . The fourth dissociation limit comes from a combination of the Ba( 1 S) ground state and Rb( 2 P) first excited state correlated to the (4) 2 Σ + and (3) 2 Π states. These two states were characterized with unique depth of well at R=9.00 and 8.72 Bohr with depths values De = 4986 and 2786 cm -1 respectively for (4) 2 Σ + , (3) 2 Π states. The combination between the Ba( 3 P) third excited state and the Rb( 2 S) ground state generates the fifth dissociation limit and correlates with (5) 2 Σ + ,(2) 4 Σ + , (4) 2 Π and (2) 4 Π state, which are present with simple wells with different depths.

Spin-Orbit coupling effects on the potential energy

Our molecule is composed of heavy atoms which gives rise to a significant contribution of relativistic effects and consequently influences the electronic properties of RbBa molecules.

In this section, we present the relativistic approach including spin-orbit interaction for the 4.

Also, the composition of low lying Ω-state wave functions, in terms of Λ-states (in percentage) at their equilibrium distance Re are provided in Table 5. For each Ω state there is a predominant component Λ with a contribution larger than 88% so that the main parent Λ-S is identified. Nevertheless, there are states for which a small but significant contribution of other Λ states is obtained, which shows the mixing of different Λ states due to the spin-orbit interaction. Noting that the spectroscopic constants for Ω states just deviate slightly from those of their parent Λ-S states and the spin-orbit coupling effect change the Re and De values, although not significantly. We note that the2 Σ + states do not split with the Spin-orbit and only one state Ω 1/2 is generated from each one. Indeed, the potential energy curves for parameters very close to those obtained for (1) 4 ∆. For the higher excited Ω states, the shapes of the potential energy curves are more complicated and they interact much more with the presence of the avoided crossings between states of same symmetry. They present discontinuity and kink, originated from the contribution of 2,4 Σ -states from higher asymptotes (see Figure 1), due to the mixing between their parent Λ-S states and the 1 4 Σ -state because of the spin-orbit coupling effect. Kotochigova et al [START_REF] Kotochigova | Ab initio calculation of the KRb dipole moments[END_REF] indicate also that the implementation of core polarization effects may reduce their dipole moment by about 50%. Unfortunately, there is no experimental value to compare with.
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Permanent and Transition

Permanent dipole moments of excited states

The permanent dipole moments were also calculated for the excited electronic states of the 2,4 Σ + , 2,4 Π, and 2,4 Δ symmetries. They are presented in Figure 5 for the RbBa molecule. As it can be seen in Figure 5, the magnitudes of the permanent dipole moments are significant at short and medium internuclear distances. This behavior characterizes the Alk-Ba systems as polar molecules, which is crucial for the study of long-range dipole-dipole anisotropic interactions [START_REF] Idziaszek | Controlled collisions of a single atom and an ion guided by movable trapping potentials[END_REF] controlled by an external electric or magnetic field allowing the control of the quantum dynamics of these molecules [START_REF] Ospelkaus | Quantum-state controlled chemical reactions of ultracold potassium-rubidium molecules[END_REF]. Also, the variation of the permanent dipole moment is marked by some remarkable abrupt changes, which are directly related to the avoided crossings presented in the potential energy curves. Nevertheless, a smooth variation is manifested at large internuclear distances where the permanent dipole moments of all the electronic states tend towards zero revealing the neutral character of these states in the vicinity of the dissociation limits.

Transition dipole moments

Indeed, the calculation of the Einstein coefficients, the radiative lifetimes and the photoassociation simulating process requires the determination of the transition dipole moments. Thus, the transition dipole moments are calculated between states in the same and different symmetries for the RbBa molecule. Noting that the transitions Σ + →Δ, are forbidden due to the selection rule. Figure 6 presents the transition dipole moments from the ground state X 2 Σ + to the excited states in 2 Σ + and 2 Π symmetries.

At short internuclear distance, the transition dipole moments present peaks commonly related to the avoided crossings and to the charge transfer between the corresponding electronic states of the same symmetry. Indeed, the maximum value of the transition dipole moment is equal to 3.93 a.u corresponding to the transitions between the electronic states X 2 Σ + and (3) 2 Σ + . It is due to the important overlap of the wave functions between these two states. In contrast to the case of permanent dipole moments, the asymptotic values of transition dipole moments are different for various transitions. For example, the transition X 2 Σ + →(4) 2 Σ + and X 2 Σ + →(3) 2 Π tend asymptotically to a constant equal to 3.2 a.u at large internuclear distances (R>20.0 Bohr) corresponding to the atomic allowed Rb( 2 S) →Rb ( 2 P o ) transition which is close to the experimental value, 4.2 a.u [START_REF] Kramida | NIST Atomic Spectra Database (ver. 5.5.6)[END_REF]. As a result of the forbidden transition from Ba ( 1 S) to Ba ( 1,3 D and 3 P), the X 2 Σ + → (2, 3, 5) 2 Σ + and the X 2 Σ + → (1, 2, 4)

2 Π transition dipole moments go to zero at large R.

Permanent and transition dipole moment including the Spin-Orbit coupling effects

The permanent and transition dipole moments of different spin-orbit component of Λ-S As it can be seen, the avoided crossings exist between the potential energy curves influence the transition dipole moments with several abrupt changes. Furthermore, for the higher excited states the behavior of the transition dipole moment became more and more complicated with some jumps, discontinuities and abrupt changes as the interaction between adjacent spin-orbit states of the same multiplicities and symmetries are significant especially at the position of the avoided crossings when the change of the electronic characteristics occurs to the mixing of Λ-S states due to spin orbit effects.

Vibrational Energy Levels, Radiative lifetimes and Franck-Condon factors:

The feasibility of the laser-cooling of RbBa molecule:

Based on the obtained potential energy curves, the vibrational energy levels of the sixteen electronic states of the RbBa molecule are calculated by solving the radial Schrödinger equation using the Numrov algorithm. The spacing between the vibrational levels of all states in the 2,4 Σ + , 2,4 Π and 2,4 ∆ symmetries are presented in Supplementary Material (S. . Note that the vibrational energy spacing is far from being constant which is related to the anharmonicity of the potential wells. Initially, for the first vibrational levels, the spacing curves for numerous states of different symmetries are obtained with a linear variation corresponding to Morse-like anharmonic shape in potential energy curves. After that, the variation becomes smaller and vanishes at the dissociating limit. Note also that for the ground state and the low laying excited states, the vibrational levels are very numerous and tight due to the significant well depths (several thousands of cm -1 as listed in table 3) and also to the anharmonicity of the potential wells, and they are found to be 82, 157, 156, 195 and 105 vibrational levels for X 2 Σ + , (2) 1 Σ + , (3) 2 Σ + , (4) 2 Σ + , and (5) Moreover, the lifetime of the vibrational level is the main criteria that determine the feasibility of laser cooling. Firstly, the lifetime of the ground state X 2 Σ + of RbBa molecule is calculated including the spontaneous emission and the Black Body Radiation (BBR), which is coming from the surrounding environment at T = 300 K and inducing stimulated absorption and emission processes as described in reference [START_REF] Fedorov | Accurate potential energy, dipole moment curves, and lifetimes of vibrational states of heteronuclear alkali dimmers[END_REF].The vibrational energies and the corresponding lifetimes of the ground state X 2 Σ + are listed in Table 5. Note that the lifetimes of the lowest vibrational states of RbBa are more than 10 4 s. The ground vibrational state v=0 has the longest life time with 124.171 10 3 s. After an initial decay, as a function of v, the lifetime reaches a minimum and then increases. The smallest value of the radiative lifetime is obtained for the vibrational state ν = 37, it is about 437.985 s. These values are useful for ultracold experiments, such as long-range dipole-dipole interactions and precise measurements for testing time variance of the proton-to-electron mass ratio [START_REF] Ospelkaus | Quantum-state controlled chemical reactions of ultracold potassium-rubidium molecules[END_REF] and are in reasonable agreement with similar systems [START_REF] Fedorov | Accurate potential energy, dipole moment curves, and lifetimes of vibrational states of heteronuclear alkali dimmers[END_REF][START_REF] Gopakumar | Ab initio study of permanent electric dipole moment and radiative lifetimes of alkaline-earth-metal--Li molecules[END_REF].

Thereafter, the vibrational radiative lifetimes of A 2 Σ + and A 2 П states are also calculated taking into account the two possible transitions: bound-bound and bound-free. The second contribution is calculated using the "Franck-Condon" approximation [START_REF] Zemke | Radiative and nonradiative lifetimes for vibrational levels of the A 1 Σ + state of 7 LiH[END_REF][START_REF] Mabrouk | Theoretical evaluation of the radiative lifetimes of LiCs and NaCs in the A 1 Σ + state[END_REF]. 

A 2 Σ + (v'=0) → X 2 Σ + (v=0) and A 2 П(v"=0) → X 2 Σ + (v=0) bands respectively, indicate
that these two transitions pose quite minor probability, which is against the key ingredient of highly diagonal vibrational branching ratio. This unfeasibility can also be predicted from the fact that the values of equilibrium distances, Re= 7.78 and 7.37 Bohr for A 2 Σ + and A 2 П states, are significantly different from that of X 2 Σ + (Re= 8.75 Bohr), and sufficient overlap of their vibrational wave functions cannot be achieved for the RbBa molecule. Despite, the excited state 3 2 П and the ground state X 2 Σ + have comparable equilibrium distances at Re=8.72 Bohr and Re=8.75 Bohr, respectively. Thus, the radiative decay from 3 2 П → X 2 Σ + will lead to the failure of a closed more than one-level transition cycle. We can conclude that, the main criteria for laser cooling of RbBa cannot be satisfied for transitions originating from the lowlying excited states to the ground state, which implies that the RbBa molecule is an inappropriate candidate for laser cooling.

CONCLUSION

In the present work, we have aimed extensive theoretical investigations for the low-lying electronic states that correlate with the first five dissociation asymptotes of RbBa molecule at the MRCI+Q level of calculation with large relativistic effective core potential ECP36 for Rb and ECP54 for Ba atoms and optimized basis set. The potential energy curves and the spectroscopic parameters for 16( 2,4 Σ + , 2,4 Π, 2,4 Δ) first electronic states with respect to the lowest five dissociation limits were calculated. Excellent agreement for the spectroscopic constants of the ground state with the only available reference demonstrates the reliability of our work.

Spin-orbit calculation was also performed using relativistic pseudopotential approach and a shift of spectroscopic parameters between the Λ-S states and their related Ω states is detected and affected mainly Te. Based on potential energy curves, permanent and transition dipole moments and vibrational wave functions, the vibrational lifetimes were evaluated for several states: X 2 Σ + , A 

  electron system. The polarization effects of cores are taken into account by an effective Core Polarization Potential (CPP) according to the formalism proposed by Müller, Flesch, and Meyer [25]. The polarizability of the Rubidium and Barium cores are 9.096 a.u. [26] and 10.3a.u. [27], respectively. To reproduce the atomic experimental spectra [27] of Ba and Rb atoms, the exponential parameter of the cutoff-function and the basis sets were determined by
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  RbBa neutral molecule. The inclusion of spin-orbit coupling in the MRCI calculation was achieved when the total Hamiltonian H = Hel + Wso is diagonalized on the basis of Λ-S states. Hel is the effective electrostatic Hamiltonian and S TU VT is the empirical spin-orbit pseudopotential which designed from the effective core potentials ECP to represent the spin-orbit effects in RbBa molecule defined as: S TU = ∑ W TU ( ) X<MY Z , where for a given atom A, W TU = ∑ W [ TU \ [ [ . \ [ is the projection operator into the subspace with angular symmetry l and W [ TU (D) = ∑ [ D ; ] E ^] _ H is the spin orbit relativistic effective potential where the [ , are the fitted parameters coefficients represented in section 2. The energies of the molecular states Ω including the spin-orbit effects have been obtained by diagonalizing the total Hamiltonian Ht in the basis of Λ states yielding the spin-orbit electronic states Ω = |Λ±∑| = 1/2, 3/2, 5/2, 7/2. All potential energy curves with spin-orbit coupling splitting have been calculated. Sixteen Λ-S states associated with the first five dissociation limits are splited into 33Ω states which consist of sixteen Ω1/2, eleven Ω3/2, five Ω5/2 and one Ω7/2 components. This relativistic treatment is necessary for an accurate description of the molecule because Rb and Ba are both heavy atoms with a significant spin-orbit splitting. The atomic spin-orbit splitting values are ( 2 P•3/2-2 P•1/2) =238 cm -1 for Rb, as well as for Ba( 3 D2-3 D1)=182 cm -1 , ( 3 D3-3 D2)=381 cm -1 , ( 3 P • 1-3 P • 0)=317 cm -1 and( 3 P2-3 P1)=878 cm -1 . The potential energy curves of all Ω states are found to be bound states and are illustrated in Figures 2(a, b et c) respectively for Ω=1/2, Ω=3/2 and Ω=5/2,7/2 states resulting from the interaction of the orbital angular momentum Λ with the spin angular momentum S projected along the internuclear distance Σ. The spin-orbit coupling does not affect significantly the general profiles of the potential energy curves but new electronic states are generated. Also, abrupt variations of the higher excited potential energy curves are observed due to the presence of numerous avoided crossings between neighbor excited Ω states induced by the mixing of different states due to the spin-orbit interaction. In addition, the splitting of the Λ states may change rather the shape of the potential energy curves, and could thus modify the values of the spectroscopic parameters mainly the excitation energy Te. So, the spectroscopic parameters for each low lying excited Ω states have been extracted and presented in Table
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 3414 Figure4the permanent dipole moment of the ground state X 2 Σ + as a function of internuclear distances, calculated in the framework of this work (multiplied by two) with the theoretical results of reference[START_REF] Gou | Theoretical study on the ground state of the polar alkali metal-barium molecules: Potential energy curve and permanent dipole moment[END_REF]. A similar behavior is pointed out, the permanent dipole moment increases gradually to reach a maximum at almost the same internuclear distance R localized at 8.49 Bohr near the equilibrium distance. At the dissociation limit, the dipole moment of the ground state decreases and tends to zero. Our values of the dipole moments are lesser than those of Gou et al. because we used large-core pseudopotential while they used small-core pseudopotential for the polarization of the nucleus. It is noted that the implementation of the polarization of the nucleus using large-core pseudopotential leads to about 50% reduction of the absolute value of the dipole moment obtained by Gou et al[START_REF] Gou | Theoretical study on the ground state of the polar alkali metal-barium molecules: Potential energy curve and permanent dipole moment[END_REF]. The discrepancy can be explained also by the use of different basis sets, where we have used a larger one. In addition, we do not add the term of core polarization on the dipole. This term can affect the permanent dipole but not the transition one. In fact, the implementation of the polarization of the nucleus using large-core pseudopotential leads to about 50% reduction of the absolute value of the
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 3 Fig 4, S. Fig 5). Note that the vibrational energy spacing is far from being constant which is
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 12 Figure 1: Potential energy curves for 2,4 Σ + , 2,4 Π and 2,4 ∆ symmetries states of RbBa dissociating into the first five asymptotic limit
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 3 Figure 3: Spin-Orbit splitting occurring at equilibrium distances in the electronic states 1 2,4 Π and 1 2,4 Δ of the RbBa molecule in cm -1 .
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 4 Figure 4: Permanent dipole moments for the ground X 2 Σ + state multiplied by two RbBa molecule compared by that obtained by Gou et al [22].
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 5296 Figure 5: Permanent dipole moments for the 2,4 Σ + , 2,4 Π and 2,4 ∆ states of RbBa molecule
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 7 Figure 7: Vibrational Lifetimes of the 2 2 Σ + , 1 2 Π electronic states
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 8 Figure 8: The calculated FCFs of RbBa for vibrational level of cooling transition A 2 Σ + →X 2 Σ + .

Figure 9 :

 9 Figure 9: The calculated FCFs of RbBa for vibrational level of cooling transition A 2 П→X 2 Σ + .

  

  are nearly identical to their Λ-S states with a very close spectroscopic parameters. Noting that the 2 Π and 2 ∆ states are splitted into two Ω states ( 2 Π1/2 and 2 Π3/2) and ( 2 ∆3/2 and 2 ∆5/2) respectively. Also,4 Π and 4 ∆, are splitted respectively into four Ω states (two 4 Π1/2 , 4 Π3/2 and 4 Π5/2) and ( 4 ∆1/2 , 4 ∆3/2 , 4 ∆5/2 , 4 ∆7/2). The 4 Σ + state is splitted into two Ω states ( 2 Σ + 1/2 and 2 Σ + 3/2). We represent in Figure3the parent electronic Λ states together with their respective daughter states Ω to illustrate the spin-orbit coupling effect on the dissociation energies Te. As can be seen in this figure, the (1) 2 Π state is splitting into two states: (1) 2 Π1/2 and (1) 2 Π3/2 and the difference between the upper energy splitting and the lower one is 258 cm -1 . From Table5, we note that their spectroscopic constants for the (1) 2 Π1/2 and (1) 2 Π3/2 are quite close with the same value of the equilibrium distances Re. ∆5/2with dissociation energy difference by about 365 cm -1 . As represented in Figure3, four states (1) 4 Π1/2, (1) 4 Π1/2, (1) 4 Π3/2 and (1) 4 Π5/2 have been splitting from their parent (1)4 Π state with about 228 cm -1 difference between the upper and the lower energy splitting. The splitting effect on the (1) 4 ∆ electronic state is also represented in the same Figure3.

	Unlike
	their parent (1) 4 ∆ which present with a single minima, the corresponding spin-orbit (1) 4 ∆1/2,
	(1) 4 ∆3/2 states present double minima and the large difference of the spectroscopic parameters
	is due to the high contribution and the mixing of numerous other states. In the side of the
	(1) 4 ∆5/2 and (1) 4 ∆7/2 spin-orbit states, each one present single minima with spectroscopic

Compared to their (1) 2 Π parent state, we note a difference in the equilibrium distances by about ∆Re =0.03 Bohr and a decrease in the depths of the wells by about 119 and 356 cm - 10 (1) 2

  states are also determined. The PDM curves of the low lying Ω states (eight states for Ω=1/2, five states for Ω=3/2, three states for Ω=5/2 and one for Ω=7/2) represented in the Note that the shape of the permanent dipole moment curves of components of each Λ-S remains almost the same and slightly shifted compared to the parent states. The S. Fig 2 (Supplementary Material) exhibits the transition dipole moments of the low-lying excited spin-orbit state to the ground electronic state 2 Σ + 1/2.

Supplementary Material (S. Fig 1).

  2 Σ + states, respectively. For (1) 2 Π, (2) 2 Π, (3) 2 Π and (4) 2 Π states, the numbers of vibrational energy levels are respectively 169, 165, 137 and 87. It is clear that the states of symmetries 2 Σ + and 2 Π have larger number of vibrational states compared to4 Σ + (85 and 79 vibrational level for (1) 4 Σ + and (2) 4 Σ + respectively) and (99 and 114 for (1)4 Π and (2)4 Π respectively) this result confirms our obtained spectroscopic parameters calculated previously, and indicates that the 2 Σ + and 2 Π states have the deepest potential wells, which signifies that the RbBa molecule is more stable in these doublet states.

  The results are presented in Figure7. The radiative lifetimes for the A 2 Σ + (v'=0) and A 2 П (v"=0) are 1.667 10 -3 s and 0.546 10 -3 s. The radiative lifetimes of the vibrational state for both A 2 Σ + (v') and A 2 П (v") are initially rapidly decrease to reach a minimum respectively at ν' =63 and v"=86, From a practical standpoint, the highly diagonal Franck Condon Factors may limit the number of lasers required to keep the molecule in a closed-pumping cooling cycle and high spontaneous-emission rates, between two considered states, is necessary to describe rapid laser cooling. As the A 2 Σ + and A 2 П states are identified as the lowest excited states and no intermediate state could affect the laser cooling cycle between them and the ground state X 2 Σ + via the spontaneous decay, the Franck-Condon overlaps of the A 2 Σ + (v')→ X 2 Σ + (v) and A 2 П(v") → X 2 Σ + (v) were evaluated from the corresponding vibrational eigen-functions. The Franck-Condon factors, expressed as three dimensional intensity plots, describe the overlap of the vibrational wave functions forA 2 Σ + (v')→ X 2 Σ + (v) and A 2 П (v") → X 2 Σ + (v) transitionsare plotted in Figures8 and 9. It is clear that for both transitions the values of the Franck-Condon factor is off diagonal with maximum of 0.5318 and 0.7405 obtained respectively forA 2 Σ + (v'=154) → X 2 Σ + (v=81) and A 2 П (v"=161) → X 2 Σ + (v=78) transitions. Most Franck-Condon factors of experimental cooling molecules should be greater than 0.9 as cited in many previous works[START_REF] Zeid | Theoretical electronic structure of the molecules SrX (X= Li, Na, K) toward laser cooling study[END_REF][START_REF] Kang | Theoretical study of laser cooling of magnesium monofluoride using ab initio methods[END_REF][START_REF] You | Theoretical investigation of the laser cooling of a LiBe molecule[END_REF][START_REF] Xu | Calculation of vibrational branching ratios and hyperfine structure of 24 Mg 19 F and its suitability for laser cooling and magneto-optical trapping[END_REF][START_REF] Yang | Laser cooling of InF, InCl and InH with an ab initio study[END_REF][START_REF] Li | Candidates for direct laser cooling of diatomic molecules with the simplest 1 Σ -1 Σ electronic system[END_REF]. In addition, small values of f00=0.0001364 and f00=4.054 10 -11 for the both

	then increases to reach a larger values.
	The possibility of laser cooling of Alkali-Alkaline earth species are largely discussed [39-
	44].

So, this part is devoted to study the possibility of cooling of RbBa molecule by direct laser cooling. In fact, the promising candidate molecules must meet up certain criteria: highly diagonal Franck-Condon factors (FCFs), short lifetime and no intervening electronic states.

  2 Σ + and A 2 П. According to the Franck Condon factors calculation and the transition properties, direct laser cooling for RbBa is considered infeasible. Since no literature has reported for the spectroscopic parameters of the excited Λ-S states and all Ω states, to our knowledge, it is impossible for us to perform detailed comparisons with other studies. The resulting data can allow us to understand and analyze the structure, the bonding nature, the spectroscopic features, the chemical activities, and the reaction dynamics of RbBa molecule. Indeed, this work provides an opportunity to fill our knowledge gap and can be a helpful reference for the photo-association experiment of RbBa molecule.

TABLE 1 .

 1 Calculated atomic energies level compared to the experimental results[START_REF] Kramida | NIST Atomic Spectra Database (ver. 5.5.6)[END_REF].ΔE gives the difference between the theoretical and the experimental energy. All values are given in cm -1 .

	ion/atom states	Exp[27]	This work	|∆E1|
	Rb	4p 6 5s( 2 S1/2)	0	0	0
		4p65p( 2 P)	12737	12737	0
		4p65p( 2 P1/2)	12578	12578	0
		4p65p( 2 P3/2)	12816	12816	0
		4p 6 4d( 2 D)	19356	19355	1
		4p 6 6s( 2 S1/2)	20130	20132	2
	Ba +	6s 1 ( 2 s)	0	0	0
		5d 1 ( 2 D)	5354	5356	2
		5d 1 ( 2 D3/2)	4874	4933	59
		5d1( 2 D5/2)	5675	5639	36
		6p 1 ( 2 P)	21388	21382	6
		6p 1 ( 2 P1/2)	20262	20256	6
		6p 1 ( 2 P3/2)	21952	22059	107
	Ba	6s 2 ( 1 S)	0	0	0
		6s 1 5d 1 ( 3 D)	9282	9251	31
		6s 1 5d 1 ( 3 D1)	9034	8934	100
		6s 1 5d 1 ( 3 D2)	9216	9117	99
		6s 1 5d 1 ( 3 D3)	9597	9463	134
		6s 1 5d 1 ( 1 D)	11395	11455	60
		6s 1 6p 1 ( 3 P)	13089	13177	88
		6s 1 6p 1 ( 3 P0)	12266	12331	65
		6s 1 6p 1 ( 3 P1)	12637	12700	63
		6s 1 6p 1 ( 3 P2)	13515	13600	85

TABLE 2 .

 2 Asymptotic energies and electronic states of RbBa molecule. ΔE gives the difference between the calculated and the experimental energy. All the values are given in cm -1 .

	Symmetry dissociation limits	This work	Experiment[27]	∆E
	2 ∑ +	Ba(6s 2 ( 1 S ))+Rb(4p 6 5s( 2 S))	0	0	0
	2,4 ∑ + , 2,4 Π, 2,4 ∆ Ba(6s5d( 3 D))+Rb(4p 6 5s( 2 S))	9251	9282	31
	2 ∑ + , 2 Π, 2 ∆ Ba(6s5d( 1 D))+Rb(4p 6 5s( 2 S))	11455	11395	60
	2 ∑ + , 2 Π	Ba(6s 2 ( 1 S))+Rb(4p 6 5p( 2 P°))	12737	12737	0
	2,4 ∑ + , 2,4 Π	Ba(6s6p( 3 P°))+Rb(4p 6 5s( 2 S))	13177	13098	79

TABLE 3 .

 3 Spectroscopic Constants for the ground and low-lying excited Electronic Λ-S States of the RbBa Molecule

	States	Re (Bohr)	De (cm -1 )	Te (cm

-1 ) ωe (cm -1 ) ωeχe(cm -1 ) Be (cm -1 )

  

								Ref
	X 2 ∑ +	8.75	1566	0	42.59	0.29	0.014934 This work
		9.31	1471	0	39.23	0.27	0.013300	[22]
	2 2 ∑ +	7.78	5661	5156	65.76	0.19	0.018903 This work
	3 2 ∑ +	8.80	4908	8114	54.53	0.15	0.014745 This work
	4 2 ∑ +	9.00	4986	9315	46.15	0.21	0.014114 This work
	5 2 ∑ +	11.15	1258	13482	15.69	0.05	0.009187 This work
	1 4 ∑ +	9.10	1203	9615	32.37	0.31	0.013795 This work
	2 4 ∑ +	11.03	712	14028	19.81	0.20	0.009394 This work
	1 2 Π	7.37	7825	2992	74.88	0.19	0.021014 This work
	2 2 Π	8.08	6273	6748	63.78	0.22	0.017491 This work
	3 2 Π	8.72	2786	11516	31.89	0.29	0.015024 This work
	4 2 Π	9.79	1018	13724	21.58	0.39	0.011921 This work
	1 4 Π	8.04	2357	8460	53.01	0.29	0.017824 This work
	2 4 Π	9.18	2326	12416	41.88	0.09	0.013569 This work
	1 2 ∆	7.89	5086	5731	62.53	0.19	0.018351 This work
	2 2 ∆	9.96	897	12127	24.43	0.20	0.011520 This work
	1 4 ∆	10.48	439	10379	18.13	0.31	0.010414 This work

TABLE 4 .

 4 The positions of Avoided Crossing between Neighbor Electronic States RAC and the energy difference ΔEAC at these positions.

	State1/State2	RAC (Bohr)	ΔEAC (cm -1 )
	2 2 ∑ + /3 2 ∑ +	10.75	1360.19
	3 2 ∑ + /4 2 ∑ +	6.6	1334.62
		11.15	535.51
		15.15	844.1
	1 2 Π/2 2 Π	10.95	1367.54
	2 2 Π/3 2 Π	13.15	998.61

TABLE 5 .

 5 Spectroscopic parameters of the Ω states and therecomposition of Ω-state wave functions, in terms of Λ-states (in percentage) at the equilibrium distance Re

	Ω[Ʌ]	Re(Bohr)	De(cm -1 )	Te(cm -1 )	ωe (cm -1 )	ωeχe(cm -1 )	Be(cm -1 )	% (Λ-parent)
	(1)1/2[X 2 ∑ + ]	8.75	1571	0	42.66	0.43	0.014956 99.89%[X 2 ∑ + ]
	(2)1/2[1 2 Π]	7.39	7634	2870	77.40	0.36	0.020952 98.52%[1 2 Π]+1.27%[X 2 ∑ + ]
	(1)3/2[1 2 Π]	7.39	7469	3128	74.63	0.19	0.020955 99.38%[1 2 Π]+0.44%[X 2 ∑ + ]
	(3)1/2[2 2 ∑ + ]	7.78	5465	5131	65.71	0.20	0.018880 97.43 [2 2 ∑ + ]+1.17[2 2 Π]
	(2)3/2[1 2 ∆]	7.90	5057	5554	62.57	0.18	0.018334 98.88% [1 2 ∆]+0.52%[1 2 Π]+0.6%[2 2 Π]
	(1)5/2[1 2 ∆]	7.89	4868	5919	62.65	0.19	0.018370 98.88%[1 2 ∆]+0.52%[1 2 Π]+0.6%[2 2 Π]
	(4)1/2[2 2 Π]	8.09	4068	6543	63.27	0 .15	0.017466 95.56%[2 2 Π]+0.52%[2 2 ∑ + ]+1.34%3[ 2 ∑ + ]
	(3)3/2[2 2 Π]	8.08	3802	6985	63.70	0.22	0.017486 99.11%[2 2 Π]+0.32%[1 2 ∆]
	(5)1/2[3 2 ∑ + ]	8.16 min1	2485	8302	28.52	0.08	0.017166 94.45% [2 2 ∑ + ]+3.76%[2 2 Π]
		8.76 min2	2633	8154	55.37	0.30	0.014895	
	(6)1/2[1 4 Π]	8.06	2585	8372	54 .05	3.07	0.016986 94.44%[1 4 Π]+0.37%[1 4 ∑ + ]+3.92% [3 2 ∑ + ]
	(7)1/2[1 4 Π]	6.89 min1	570*					95.55%[1 4 Π]+0.73%[1 4 ∑ + ]+2.71% [3 2 ∑ + ]
		8.26 min2	2597	8437	109.98	11.68	0.016745	
	(4)3/2[1 4 Π]	8 .04	2463	8494	52.47	0 .40	0.017660 99.08%[1 4 Π]+0.59%[1 4 ∑ + ]
	(2)5/2[1 4 Π]	8 .05	2357	8600	52.66	0 .59	0.017634 94.44%[1 4 Π]+0.37%[1 4 ∑ + ]+3.92% [3 2 ∑ + ]
	(8)1/2[4 2 Ʃ + ]	9.00	3704	9330	46.17	0 .20	0 .014120 97.55%[4 2 Ʃ + ]+2.12%[1 4 Π]
	(10)1/2[1 4 ∆]	7.54 min1	2988	11049	209.95			88.91%[1 4 ∆]+4.15%[1 4 Π]+2.34%[1 4 ∑ + ]
		10.28 min2	3837	10200	23.25			
	(6)3/2[1 4 ∆]	7.44 min1	2087	10942	211.79			92.56%[1 4 ∆]+6.84%[1 4 Π]
		10.29 min2	2687	10342	21.67			
	(3)5/2[1 4 ∆]	10.36	559	10470	20.01	0.24	0.010647 92.56%[1 4 ∆]+3.78%[1 4 Π]
	(1)7/2[1 4 ∆]	10.46	441	10588	18.2	0.31	0.010436 99.99%[1 4 ∆]

TABLE 6 .

 6 Energies and Lifetimes of the vibrational states v of the electronic ground state X 2 ∑ + at T=300K for RbBa molecule.

	v	Energy(cm -1 )	Lifetimes(s)	v	Energy(cm -1 )	Lifetimes(s)
	0	0	124171.1945	42	947.9127	449.3656
	1	31.824	36926.9942	43	961.7396	454.7153
	2	63.4284	17928.9755	44	973.8107	461.1377
	3	94.5939	10686.7589	45	985.6624	468.6764
	4	125.1009	7149.4556	46	997.0751	477.3866

compared to their 1

Π parent. Also, the (1) 2 ∆ state is splitting into two states: (1) 2 ∆3/2 and