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Abstract 

A rich variety of flow regimes in a Newtonian fluid inside a vertical large-aspect ratio and a wide-gap 
Taylor-Couette system with a radial temperature gradient has been determined in experiments and in 
direct numerical simulations (DNS). Compared to previous experiments and numerical studies, a 
wider range of temperature differences (i.e. of the Grashof number Gr) and of the rotation rate (the 
Taylor number Ta) has been covered. The combined effect of rotation and of the radial temperature 
gradient is the occurrence of helicoidal vortices or modulated waves at the onset.  Stationary 
axisymmetric vortices are found for very weak temperature differences. A good agreement was found 
for critical states between results from experiments, linear stability analysis and DNS. Higher 
instability modes have been determined for a wide range of parameters and a state diagram of 
observable flow regimes has been established in the plane spanned by Gr  and Ta. Some higher states 
observed in experiments were retrieved in DNS.  

 

1. INTRODUCTION 

Flow in a differentially rotating cylindrical annulus with a radial temperature gradient 

and a fixed outer cylinder occurs in rotating machineries such as electric motors or generators 

[1-5]. There are other applications such as high speed pumps used in BWR (Boiling Water 

Reactors) to transport water at high pressure and temperature [6] or in solidification of pure 

metals where the variation of heat transport greatly affects the crystal-melt interface [7,8]. The 

flow system may be encountered in more complex processes such as drilling where a rotating 

rod descends or ascends in an environment with both radial and vertical temperature gradients 

[9].  The flow in these systems is more complex than the circular Couette flow (CCF) as it 

results from both the rotation and the temperature gradient. For the isothermal case, the 

rotation induces CCF which is potentially unstable to centrifugally driven perturbations 
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leading to Taylor vortex flow  (TVF) when a critical value of the rotation rate is exceeded [10, 

11].  The radial temperature gradient induces a baroclinic flow which, for small values of the 

temperature gradient, consists of one convection cell (ascending near the hot surface and 

descending near the cold one).  For large values,   this baroclinic flow becomes unstable 

leading to convective cells inside the large convection cell [12-15]. Therefore, the 

combination of a cylinder rotation and a radial temperature gradient leads to a complex flow 

with a rich variety of the flow regimes when the control parameters are increased. In 

particular, critical states are in most cases time-dependent with temperature fluctuations of 

low frequencies. The latter can induce thermal stresses which may lead to material fatigue 

after long term use [6]. The problem contains a large number of parameters, the most 

important being the temperature difference and the rotation rate, the other ones being fixed or 

weakly varying in most of practical situations.  

Despite its multiple applications, this flow system has been investigated experimentally 

and numerically only by few authors [16-21]. Snyder and Karlsson [16] in a pioneering 

experimental work in water flow   gave the diagram  of critical states  which shows that the 

threshold increases for  small temperature differences (i.e. the CCF is stabilized) while it 

decreases for large temperature differences  and the critical modes form a spiral vortex flow  

or spiral pattern (SPI) of uneven size. Sorour and Coney [17] have used high viscous oil and 

found only destabilization of the base flow to SPI.  Ball et al. [18] performed experimental 

investigations of an air flow and classified the critical flow regimes  using the Richardson 

number focusing on the destabilization of the convective cell  to spiral vortex. While the 

studies [16, 17] used large aspect ratio systems, the experiment of Ball et al. [18] was 

performed in a relatively small aspect ratio system where the end effects had significant 

influence on the transition parameters. Lepiller et al. [21] performed an experiment in a large 

aspect-ratio  system  with water and found that the temperature difference is destabilizing. All 

these studies concentrated mainly on the first transition from the base flow to the first 

instability modes. A thorough linear stability analysis has been performed by Ali and 

Weidman [19] who investigated the instability threshold parameters for small- and wide-gap  

annulus  and for several values of  the Prandtl number. Kuo and Ball [20] and Kedia et al. [6] 

performed numerical simulations for some values of Gr and Re. Based on results of Lepiller 

et al. [21,22], Yoshikawa et al. [23] revisited the linear stability for a cylindrical annulus with 

the same radius ratio as that of [21] and complemented it with an energetic analysis which 

allowed separation of  the centrifugal from the buoyancy effects and the shear-driven 

instability.   Kang et al. [24, 25] have performed  the numerical simulations DNS for fixed 
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values of Ta and increased the Grashof number in order to investigate the flow destabilization 

by thermal effects. The present study is a continuation of these studies and is concerned with 

experimental and numerical simulations of the CCF when the driving forces are increased in 

magnitude. The experiment covers a larger range of temperature differences (leading to Gr ∈ 

[0; 104]) than that covered in previous studies.  The experiment and the DNS are performed 

for a fixed value of the temperature difference and a continuous increase in the rotation rate.  

The paper is organized as follows. The next section recalls the flow equations that 

govern the system together with the equations of the variation of the kinetic energy and of the 

momentum and heat transfer. In section 3, numerical results are presented. The setup and the 

experimental  results are described in section 4. The last section addresses the discussion and 

conclusion.  
 
 
2. PROBLEM FORMULATION 
 
A. Flow equations and control parameters 

We investigate the stability of an incompressible Newtonian fluid confined in a 

cylindrical annulus with the inner cylinder rotating at the angular frequency Ω and an 

imposed radial temperature difference dT in the gravitational  field zegg 
−= . The inner 

cylinder has a radius a and the outer cylinder radius is b.  The cylindrical annulus has a length 

H and a width d = b – a (Fig.1).  The fluid has a density ρ, a kinematic viscosity ν,  a thermal 

diffusivity κ and a thermal expansion coefficient α.  Because of different driving forces, it is 

useful to introduce the dimensionless parameters using the ratios of timescales. The viscous 

diffusion timescale ντν /2d= , the thermal diffusion timescale κτ κ /2d= ,  the Archimedean 

timescale TgdA αdτ /= and the centrifugal timescale adc
2/ Ω=τ . So we define the 

Prandtl number κνττ νκ /Pr == , the Grashof number  ( ) 232 νdαττν TgdGr A == and the 

Taylor number adTa c Re== ττν  with the Reynolds number νadΩ=Re . The Galileo 

number 23 νgdGa = defines the flow system together with the geometrical parameters 

dH=Γ and ba=η . The Richardson number 2ReGrRi =  gives the relative importance of 

the Archimedean buoyancy to the centrifugal force.  

The governing flow equations are the laws of conservation of mass, linear momentum 

and energy. We assume that the temperature difference imposed on the cylinders is small so 

that the Boussinesq approximation is valid. This allows us to neglect the density variation in 
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all terms except when the density is multiplied by the gravity g and the centrifugal 

acceleration.  The Boussinesq equations are made dimensionless using the gap width d as a 

length scale, d/Ωa as a timescale and dT  as a temperature scale. In the cylindrical coordinates 

(r, ϕ, z), they read:  
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where ur, uϕ, uz denote the radial, azimuthal and axial velocity components respectively, P is 

the pressure and T is the temperature.  We have also introduced the operators   
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The equations (1-b) and (1-d) contain the main driving forces of instability in the flow, i.e.  

the centrifugal force ru 2
ϕ , the centrifugal buoyancy rTu 2

ϕαγ  with Tdαγ α = and the 

Archimedean buoyancy TRi . 

The boundary conditions are the no-slip on the cylindrical surfaces including the 

endplates with, isothermal conditions on lateral surfaces and adiabatic conditions on top and 

bottom endplates: 
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In a given flow system, the geometric parameters are fixed (Γ = const, η = const) 

together with the Galileo number Ga. Therefore, the flow is controlled by 3 independent 
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number Pr. In the numerical simulations where the Boussinesq approximation is assumed to 

be valid, the Prandtl number is fixed.  

Neglecting the end effects near the top and bottom plates (i.e. in the limit of  infinite 

aspect ratio), the velocity profile  of the base flow is ( ) ( ) ( ) zerWerVru 
+= ϕ  where V(r) is the 

circular Couette profile and W(r) is  the baroclinic axial velocity component.  Their explicit 

expressions can be found in [19, 21, 23]. The CCF is potentially unstable to centrifugally-

driven perturbations. The axial profile W(r) has an inflexion point with a maximum of 

vorticity, so that according to the Rayleigh-Förtföt criterion [11], the flow is potentially 

unstable to transverse perturbations. Moreover, in the case where the inner cylinder is cooled 

while the outer is heated, the centrifugal acceleration destabilizes the radial stratification of 

the fluid density [26]. Lepiller et al. [21] have investigated the first transition experimentally 

from the base flow state for [ ]965;850−∈Gr .  One of the purposes of the present work is to 

extend these results to higher states for large values Gr up to Gr = 5 000.      Direct numerical 

simulations will make it possible to determine flow structures for chosen values of Gr in the 

range where the Boussinesq approximation is still valid.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Scheme of the flow configuration: flow inside two coaxial cylinders of radii a and b 

= a + d, and height H maintained at different temperatures  T1 and T2.    

 

  

T1 

Ω
 

 
 

 

 

H 
T2 

b a 

z 



6 
 

B. Kinetic energy, momentum and heat transfer 

The variation rate of the kinetic energy can be obtained using the averaging method 

developed recently by Eckhardt et al. [27] and it reads: 

( )
( ) εω
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The quantity G is the dimensionless form of the torque Mz acting on the inner cylinder, i.e. 
22 ρνπHMG z= .  It is related to the dimensionless shear stressτrϕ  as follows  
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For infinite cylinder annulus with only the inner cylinder rotating, the laminar dimensionless 

torque is given by    
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The first term in the right-hand side (r.h.s.) of (2) represents the power due to rotation, the 

second term is the power produced by the buoyancy force, the third term is the power due to 

centrifugal buoyancy.  The energy dissipation rate ε in cylindrical coordinates is given by 
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The average is taken over the cylindrical surface of area A = 2π rΓ :  
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The friction coefficient for laminar Couette flow in an isothermal infinite length annulus, is 

given by  

( ) Ta
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The baroclinic flow induces an azimuthal component of the torque Mϕ which leads to the 

friction coefficient 
ϕMC  given by  
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The heat transfer in the radial direction is determined by the average of the temperature 

gradient at the inner cylinder   
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In analogy with thermal convection, Eckhardt et al. [27] have introduced the pseudo-Nusselt 

number as follows 

lamGGN =ω      (10) 

where Glam is the dimensionless torque in the laminar flow. The quantity Nω measures the 

transfer of the angular velocity in the radial direction and therefore the dissipation rate of the 

kinetic energy.  It is the analogue of the Nusselt number Nu in thermal convection. 

  

 

3. NUMERICAL SIMULATIONS AND RESULTS 
A.  Numerical simulations 

We have performed direct numerical simulations of the governing equations which were 

discretized using a finite-volume method in a cylindrical coordinate system. For the flow 

field, a second-order accurate central differencing was utilized for spatial discretization. For 

the temperature field, a central difference scheme was employed for the diffusion terms, and 

the QUICK (Quadratic Upstream Interpolation for Convective Kinematics) scheme was used 

for the convective terms. A hybrid scheme was used for time advancement; non-linear terms 

and cross diffusion terms are explicitly advanced by a third-order Runge-Kutta scheme, and 

the other terms except for the pressure gradient terms are implicitly advanced by the Crank-

Nicolson scheme. A fractional step method was employed to decouple the continuity and 

momentum equations. The resulting Poisson equation was solved by a multigrid method. 
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Details of the numerical algorithm used in the current code are described in [24, 25, 28]. The 

grid employed in this study is a body-fitted O-grid system which is the most adequate for the 

present flow configuration. More resolution is allocated near the cylinder walls where 

gradients are steep. The number of grid points determined by grid-refinement study was 

10246432 ××  in the radial, azimuthal and axial directions, respectively. In the axial direction, 

the grid cells are uniform with ∆z = 0.11 which is fine enough to capture the boundary layers 

near the end plates. The radial coordinate is defined as ( ) [ ]1;01 ∈−−= ηηrx . 

We present the results from both the experiment and the DNS. The DNS have been 

performed for few specific values of Gr because of the computing time cost,  due to the 

choice of long axial domain of aspect ratio Γ = 114, close to the experimental aspect ratio.   

 
B. Numerical results 

In the previous study [24, 25], numerical simulations were performed for the case when 

Ta was fixed and Gr was varied in order to investigate the effect of thermal temperature 

gradient on the momentum transfer and the heat transfer in the annulus. The present study 

focuses on the flow structures for fixed Gr and increasing Ta following the same protocol as 

in the experiment developed below. For the clarity, we present results obtained for Gr =1028, 

other numerical data will be used to compare with experimental results in the discussion.  

 

B1. Base flow state 

   
 (a)                                        (b)                                       (c) 

Figure 2: Base flow and temperature field for Gr = 1028, Ta = 8 : near the bottom (left) , near 
the top (right) :  (a) streamlines, (b) contours of ur, (c) contours of temperature.   
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 In the presence of both temperature difference  and rotation of the inner cylinder, the 

base flow state is two dimensional: it is invariant under rotation but because of the finite 

length, there is no translational invariance along the axial direction.  In the central   flow, the 

flow has two velocity components: the azimuthal component due to the rotation of the inner 

cylinder and the axial component generated by the radial temperature gradient. Near the 

endplates, but away from the adiabatic condition at the endplates, there is a vertical 

temperature gradient (which vanishes away from the plates) and its coupling with the rotation 

amplifies the formation of the azimuthal vorticity.  The flow has three velocity components 

because of the radial component which ensures the closure of the streamlines.  The axial 

component of the Ekman flow (due to the rotation of the inner cylinder) is amplified by the 

baroclinic velocity component induced by the radial temperature gradient. The behavior of the 

velocity and temperature field near the endplates is shown in Figure 2. The radial component 

ur and the axial temperature gradient in the base flow are localized near the endplates (Fig. 2 

b-c). Our flow system has a large enough aspect ratio such that the end effects will not have a 

strong influence on the pattern formation.   

 

Flow patterns 
The transition from laminar state leads to a  state of corotating vortices (Fig.3) with a well 

defined wavelength and frequency.  Figure 3 shows the flow pattern just above the onset for 

Gr = 1028 near the endplates and in the central part of the system. At Ta = 20, the pattern is 

formed of a pattern of corotating vortices. As the rotation increases, the magnitude of the 

centrifugal force increases  and weak-intensity vortices with negative azimuthal vorticity are 

formed around Ta = 45. Different patterns obtained when increasing Ta are represented in 

Figure 4 and corresponding temperature fields together with the velocity vectors in Figure 5 

(only central parts of the patterns are shown). When the centrifugal force becomes very 

intense, the counter-rotating vortices become stronger and some defects have been observed 

(Fig.4-c,-d). 
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(a)                    (b)         (c) 

Figure 3: Contours of azimuthal vorticity to show flow structures for Gr = 1028  for Ta = 20 : a) near 
the bottom endplate, b) in the central part, c) near the top endplate. 

    
(a) (b) (c) (d) 

Figure  4 :  Contours of azimuthal vorticity of flow structures in the central part of the flow for Gr 

=1028 for different values of Ta : (a) Ta = 20, (b) Ta = 45, (c) Ta = 75, (d) Ta = 95. 
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a)                       b)    c)   d) 

Figure 5:  Instantaneous temperature contours and vector plots on x-z plane for Gr = 1028 
with different values of Ta : (a) Ta = 20, (b) Ta = 45, (c) Ta = 75, (d) Ta = 95.   

 

    

Figure 6: Vortex cores for Gr = 1028 and different values of Ta : a) Ta = 20, b) Ta = 45, c) Ta 
= 75, d) Ta = 95.  
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Figure 7:  Instantaneous contours of the axial velocity component on the center surface of the 
annulus (x =1/2) for Gr = 1028 : (a) Ta = 20, (b) Ta = 45, (c) Ta = 75, (d) Ta = 95. 

 

     

     

Figure 8:  Space-time diagram of the temperature for Gr = 1028: (a) Ta = 20, (b) Ta = 45, (c) 
Ta = 75, (d) Ta = 95. 
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Following Jeong and Hussain [29], we used the isovalues of the second eigenvalue (-λ2) 

of the spectrum λi of the symmetric tensor 22 ΩS +  (with λ1 >λ2 > λ3) for identification of 

vortex cores. Here S  and Ω are the rate of strain tensor and the vorticity tensor (i.e. the 

symmetric and antisymmetric parts of the velocity gradient tensor u

∇ ) respectively. The 

cores of the vortex structures are represented in Figure 6 for 4 values of Ta. In Figures 7 and 

8,  the instantaneous contours of the axial velocity component  and the space-time diagrams of 

the temperature determined on the center surface of the annulus (x = 1/2) are shown 

respectively. The vortices are inclined and travel with a negative phase velocity.  While for Ta 

= 20, the wave is almost regular (two frequencies), for large values of Ta, the wave become 

irregular with the presence of many defects.    

 

Momentum and heat transfer 

We computed the torque exerted on the inner cylinder surface using the relations (6) and 

(8)  of the friction coefficients for fixed value of Gr = 1028 and different values of Ta. The 

obtained values 
zMC , 

ϕMC  and 22
ϕMMM CCC

z
+=  are plotted in figure 9.  

 

 

 

 

 

 

 

 

 

Figure 9: Variation of the friction coefficients on the inner cylinder with the rotation rate (Ta)  

for Gr = 1028. The coefficients have been multiplied by the factor ( )2Re Gr  to ensure the 

vanishing of CMz for Ta = 0.  
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For Ta = 0, the convective cell induced by the temperature gradient exerts a torque on 

the inner cylinder, the corresponding friction coefficient decreases with Ta.  

The torque due to the rotation of the inner cylinder increases with Ta. For Ta ≈ 25, we 

found that  
ϕMM CC

z
= . For large values of Ta, the friction coefficient is mainly due to the 

rotation and the effect of the temperature gradient becomes reduced.    

 

Figure 10 :  Variation of time-averaged radial transfer coefficients at the inner cylinder with 

Ta for Gr = 1028 : ωN  for the momentum transfer and  iuN  for the heat transfer.  

The values of the heat transfer coefficient at the inner cylinder surface have been 

computed through the Nusselt number using the formula (9). For [ ]cTaTa ;0∈ , the heat 

transfer is due to the large convective cell and 1≈iuN .  When Ta is increased above the 

threshold of the instability, the Nusselt number increases meaning that the secondary vortices 

induced by the rotation favor the heat transfer (Fig. 10).  

Using the formula (10), we have converted the values of the torque into the pseudo-

Nusselt number Nω plotted in Figure 10. The quantity Nω is the analogue of the Nusselt 

number Nu for the heat transfer and it represents a direct measure of the dissipation rate ε for 

isothermal flow :  ( ) 41 2εηω +=N . In the laminar flow 1=ωN  for an infinite length annulus 

and 1>ωN  for a finite length annulus; the deviations from 1 of the computed values are due 

to the endplate effects. There is a net increase of Nω with Ta when Ta > Tac. ie.  the secondary 

vortex flow favors the radial momentum transfer (Fig. 10).   
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4. EXPERIMENTAL PROCEDURE AND RESULTS 

 
Experimental setup and procedure 
 

The experimental setup consists of two coaxial cylinders of height H = 55.9 cm and a 

gap d = 0.5 cm. The aspect ratio of the system is Γ = 111.8 and the radius ratio η = 0.8. The 

experimental setup has been described in [21]. Inside the inner cylindrical tube, water 

maintained at controlled temperature T1 circulates and the outer cylinder is immersed in a 

large thermal bath maintained at controlled temperature T2. The working fluid is a deionized 

water with a kinematic viscosity ν = 10−2 cm2/s at T = 293K. Few experiments were run with a 

mixture of 50% water-glycerol in order to obtain very viscous solutions and then to reach 

small values of Gr for the working temperature range of the thermostats.  

The length of the annulus has been chosen in order to ensure that the base state is a 

laminar conduction regime for weak values of the temperature difference in the range of the 

Prandtl numbers admissible in the experiment [16, 30]. In our experiments, the temperature 

difference intervals were chosen such that the average temperature varies between 293 and 

313 K, so that the values of [ ]7;4Pr ∈ . According to de Vahl Davis and Thomas [12], the 

laminar conduction regime exists if Γ<= 400PrGrRa . For our flow configuration, this leads 

to 44000<Ra  or Gr < 11000.   

The flow was visualized by adding 2% by volume of Kalliroscope AQ1000 which is a  

suspension of 1-2% of reflective fin flakes (30µm × 6µm × 0.07µm). These flakes have a 

large reflective optical index nopt = 1.85 and a density ρ = 1.62 g/cm3. The sedimentation of 

these particles remains negligible in vertical configuration if the flow height is not too large 

and the experiment lasts less than 10 h [31]. In fact their sedimentation velocity in water at 

22°C is vs = 2.8 × 10-5 cm/s [32]. The Kalliroscope particles in small concentrations (< 5 % by 

volume) do not alter the flow viscosity. We have tested the stability of the Kalliroscope 

suspension with the temperature variation within the working temperature interval and we 

found that no aggregates were formed as long as the temperature difference imposed on the 

solution was less than 35°K. For water-glycerol mixtures, the precision on Gr is ∆Gr = ±10 

(for Gr < 150); while for  deionized water, ∆Gr = ±50 (Gr > 200).  
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a) b)  

             

 

                                         c)           d) 

                       

   

 

e)       f)  

Figure 11: Different states observed for Gr = 1028 : a) Ta = 10.6, b) Ta = 12.3, c) Ta = 20, d) 
Ta = 45, e) Ta = 75, f ) Ta = 95. 
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In order to detect different transitions in the flow patterns, we fixed the temperature 

difference (i.e. Gr) between the cylinders and then we increased the rotation of the inner 

cylinder in a quasi-static way from the base flow state to higher states. For each regime, the 

waiting time between changes of Ω was at least 20 minutes which was found to be large 

enough to ensure the established flow for the states under investigation. We waited 30 

minutes before data records for each flow state. The flow was visualized in the meridional 

plane (r-z plane). We  used a He-Ne laser beam through a cylindrical lens which generated a 

plane vertical beam parallel to the cylinder axis over the whole working length. At regular 

time intervals, a linear CCD camera was used to record the intensity distribution of light 

reflected by Kalliroscope particles. Typical flow patterns observed in the experiment are 

shown in Figure 11. The intensity distributions along a vertical or horizontal line in the 

meridional plane were superimposed at regular time intervals to construct space-time 

diagrams I(z,t) (Fig.11). The spectral analysis of the signals I(z,t) yields the axial wavenumber 

q and the frequencies f of the flow regimes. The azimuthal wavenumber n was determined 

from the inclination angle of vortices : ( ) ( ) ( ).112;tan 1 ηηφ φφ +−≡= − nkqk   

 

A. Experimental Results 

In the experiment, the temperature difference imposed on the annulus (Gr) is fixed and 

the rotation is progressively increased by step of ∆f = 1 mHz corresponding to ∆Ta = 0.4 from 

the laminar state to different higher states (Fig. 12).   
 

A1. Primary instability modes 

The states observed when the flow bifurcates from laminar base flow can be gathered 

into four groups. The first group consists of stationary axisymmetric vortices that are 

observed for small values of Gr (i.e. |Gr| < 30).  These are the Taylor vortices, their  threshold 

and their wavenumber are almost constant with respect to Gr. The second group appears for 

] [ ] [1100;3030;800 8−− : the critical state appears first as partial spiral vortex flow 

localized in the neighborhood of the bottom endplate (Fig.11-a). Their spatial extent increases 

when Ta is slightly increased until the spiral pattern fills the entire system (Fig.11-b). These 

states were described in detail in [21]. The threshold and the wavenumber of these states 

decrease with Gr while their frequency increases. The direction of their propagation is 

determined by the helicity which is proportional to the product Gr Ta.  The third group 

appears for ] [ ] [9900;1100800;9000 8−−  where the critical state occurs in the form of a 

modulated wave.  Within the precision of the experiment dTa = 0.4, it was impossible to 
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detect any non-modulated state (single wave) before the modulated pattern appears in the 

flow.  

 
Figure 12:  State diagram of the flow patterns observed in experiment in the space (Gr, Ta) : 

SPI : Spiral pattern, PSPI (Partial Spiral Pattern),  MSPI (Modulated Spiral Pattern) , DSPI 

(Disordered Spiral Pattern), WSPI (Wavy Spiral Pattern), TVF (Taylor Vortex Flow), WVF ( 

Wavy Vortex Flow), SW (Solitary wave). The crosses represent computed states in the DNS.  
 

The threshold and the axial wavenumber are almost independent of Gr. The fourth 

group occurs for -8800 < Gr and Gr > 9900 where the critical states appear for Ta = 0, the 

critical modes correspond to natural convection in a cylindrical annulus and originate from the 

destabilization of the large convective cell yielding secondary vortices as reported in [30].   
 

A2. Higher instability modes 

In this section, we describe the flow states observed for  Gr < 4500;   the higher states 

for Gr > 4500, have not been explored yet.  The transition to higher instability modes is very 

sensitive to the values of Gr.  For Gr < 30, the secondary instability leads the Taylor vortex 

flow (TVF) to a wavy vortex flow (WVF). For 110030 <<Gr , the spiral pattern (SPI) 

bifurcates to a wavy spiral pattern (WSPI) and then to a state which is a mixture of wavy 

spiral and wavy vortex flow, before becoming completely a WVF.  
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      a) 

 
      b) 

 
      c) 

Figure 13:  Variation of spatio-temporal properties of the patterns with Ta for different values 

of Gr : a) axial wavenumber (q),  b) azimuthal wavenumber (n) and c) frequency. DNS points 

correspond (crests) to Gr = 1028 and Ta ϵ{20, 45, 75, 95} 
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For 25001100 <<Gr , the modulated spiral pattern (MSPI) bifurcates to a state of 

disordered spiral patterns (DSPI) which becomes wavy spiral pattern (WSPI) and then to a 

mixture of wavy spiral and wavy vortex flow as Ta increases.  For 2500>Gr , within an 

increase of dTa = 0.4, a solitary wave (SW) appears on the background of the modulated 

spiral pattern (MSPI). This solitary wave is a robust structure and persists even when Ta is 

increased. A typical transition from the base flow state to the wavy vortex flow is illustrated 

in Figure 12 for Gr =1028. 

We found that for each value of Gr, the transition to wavy vortex flow occurs when the 

value of Ri becomes close to 0.03, ie. when the effects of rotation become sufficiently 

dominant over the thermal effects. The variations of the axial, azimuthal wavenumbers and 

the frequency of the different flow patterns with Gr are given in Figure 13. For a fixed value 

of Gr, the axial (azimuthal) wavenumber increases (decreases) with Ta towards the value of 

the wavy vortex flow. The frequency increases, reaches a maximum and then decreases to the 

value of the wavy vortex flow.   

 

 

 

DISCUSSION 

The experimental diagram of configuration states (Fig. 12) is almost symmetric with 

respect to the inversion of the sign of Gr   i.e. almost independent of the heating or cooling of 

the inner or the outer cylinder. This symmetry can be explained by the independence of the 

first instability modes on the sign of Gr as predicted by the linear stability analysis of 

Yoshikawa et al. [23] for small values of Ga.  In fact, we have used an experimental setup 

with [ ] 42/1 104;2 −− ×∈Ga which is very small and the centrifugal buoyancy has no significant 

effect.  The flow system possesses the symmetries  ( )ΩrcS /  and ( )TS rc ∆/  described by Ali 

and Weidman [19].  However, one should keep in mind that in an experiment, there is a small 

dissymmetry due to the difference of thermal properties in the experimental setup: the inner 

cylinder is made of aluminium while the outer cylinder is made of glass, so both materials 

have different heat conduction coefficients. For simplicity, we will discuss only the results for 

positive values of Gr. 
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Variation of the threshold with Gr   

The isothermal value of Tac was used to validate the numerical code: 

48;34.47 exp === DNS
cc

LSA
c TaTaTa . Figure 14 shows the variation of the critical values Tac 

with Gr. The values obtained by linear stability analysis (LSA) and  DNS are in good 

agreement with the experimental values for Gr < 3000.  When the temperature difference is 

imposed on the annulus, the main result is that, except for very small values of Gr where the 

threshold is almost constant and the critical mode is stationary, the threshold of instability 

decreases with Gr i.e. the radial temperature gradient destabilizes the flow, and the critical 

modes are time dependent (i.e. the transition is a Hopf bifurcation).  This experimental result 

has been obtained in previous studies [16, 17, 21] which were limited to small values of Gr.  

The main mechanisms of destabilization are the centrifugal force, the Archimedean 

buoyancy and the shear force from the baroclinic velocity induced by the temperature radial 

gradient. Energetic analysis performed in [23] for a flow system with a radius ratio η = 0.8, 

has shown the existence of  4 ranges for Gr corresponding to different contributions: for very 

weak values of Gr (Gr < 22.5), there is no buoyancy power input;   centrifugal force is the 

only dominant mechanism leading to stationary axisymmetric vortices. As Gr increases, the 

power produced by Archimedean buoyancy increases and that of the centrifugal force 

decreases, but both these power contributions favor instability leading to the decrease of the 

threshold and to the occurrence of oscillatory non axisymmetric modes that manifest 

themselves as spiral or helicoidal vortices. For Gr > 1500, the power from centrifugal force 

almost vanishes while that from the Archimedean buoyancy reaches its maximum value. In 

this case, only Archimedean buoyancy produces flow destabilization. The critical modes are 

time-dependent non axisymmetric modes that appear in the form of the waves. The fourth 

zone is the natural convection that occurs for Ta = 0 and Gr = 7960. This instability mode is 

called hydrodynamic mode (HM) because it is driven by the shear of the axial velocity profile 

which possesses an inflexion with a maximum of azimuthal vorticity [15]. According to the 

Rayleigh-Fjörtföt criterion, the flow is unstable and leads to transverse vortices which are 

oscillatory because of the curvature.  

All the patterns are either stationary or periodic in time, so that averaging over a period 

of oscillations, the l.h.s. of the equation (2) vanishes. As the centrifugal buoyancy is 

negligible in our system,  there is a balance between the term containing the torque due to the 

rotation, the term due to the buoyancy production of the power and the dissipation term. For 

small values of Gr, the buoyancy production is very weak and only the torque produces 
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energy to amplify flow perturbations. For large values of Gr, the buoyancy power is large 

enough so that a small amount of torque triggers the thermally-driven perturbations.  

We should remember that in our experiment, for Gr < 1100, the transition occurs via a 

convective instability, i.e. the pattern is formed near the bottom endplate and then increases in 

size until it fills the whole flow system as Ta is increased [21]. The present DNS could not 

retrieve this partial spiral pattern which is related to the sensitivity of the experimental system.  
 

  
Figure 14: Variation of the threshold Tac with Gr : comparison between results from LSA 
(continuous line,  [23]), DNS (crosses) and experiment. Labels as in Figure 12. 
 

Non-Boussinesq effects 

For Gr > 3000, there is a noticeable deviation between experimental and computed values 

(Fig.14).  This discrepancy can be explained by the non-validity of the Boussinesq 

approximation which assumed that the temperature difference is too small to consider the 

fluid density as a linear function of the temperature only in the terms responsible of instability 

and a constant in all other terms.  In our experiment, this assumption becomes non valid for 

Gr > 3000. In fact, the measurement of the axial variation of the temperature showed that 

above this value of Gr, there is a significant vertical temperature gradient [33]. According to 

Bergholz [34], the vertical temperature gradient can be neglected if the temperature 

stratification parameter ( ) 24 4/1 <= τγ Ra  where ( )( )TddzdT dτ = . For our experiment, this 

condition is satisfied for -2000 < Gr < 3000. For values of Gr outside of this interval, the 

Boussinesq approximation is not valid and this is the reason for discrepancy between 

experimental and linear stability analysis data. This situation can be exemplified for natural 
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convection [35]: while the linear stability predicts Grc = 7960 for the occurrence of a 

hydrodynamic mode, the experimental value of Gr is Grc ≈ 9800. The difference is 

considerable. 

 

Vortex size and frequency 

The presence of a weak temperature gradient in the flow confined in a differentially 

rotating annulus induces an increase of the axial wavelength, the azimuthal and the frequency 

until the occurrence of the modulated wave, i.e. for Gr  ≈ 1100.   

 

 
a) 

 
b) 

 
c) 

 
Figure 15 : Variation of the critical parameters with Gr : a) axial wavenumber, b) azimuthal 
wavenumber, c) frequency. Labels as in Figure 12.   Continuous line in a) corresponds to 
results from LSA.    
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For large values of Gr, there is no increase in wavelength, but the azimuthal wavenumber and 

main frequency still increase. The pattern is modulated and the modulation frequency is 

almost independent on Gr. 

 

Structure of the flows 

The meridional cross-sections of the flow patterns obtained in experiments and in DNS 

show the difference between the critical regimes observed for low values and for large values 

of Gr. In fact, for low values the SPI are corotating vortices while for large values the critical 

states are modulated waves.  For a fixed value of Gr, i.e. for  a fixed strength of the base 

convective cell, the increase of the rotation rate leads to the transition from corotating vortices 

or modulated waves to counter-rotating vortices, this transition depends on Ta. This transition 

is due to the competition between Archimedean buoyancy and centrifugal force due to the 

rotation. This competition is described by the Richardson number Ri which measures the 

relative importance of the buoyancy and rotation effects. The data corresponding to these 

transitions in three systems are given in Table 1 where Ric corresponds to the threshold, Ri+ to 

the transition from corotating vortices or modulated waves to counter-rotating vortices and 

Ri* to the transition to wavy vortex state. The transition to wavy vortex flow was observed in 

our experiment for Ri* ≈ 0.03. 

 

Table 1 : Values of Ri at  which there are transitions for different studies.  

Study Gr Ric Ri+ Ri* 

Present experimental study  

Pr ≈ 5.4, η = 0.8 

706 0.784 0.058 0.036 

1028 1.815 0.153 0.032 

2405 4.969 0.587 0.031 

Ball et al. [18], Pr = 0.7 

η = 0.437, 0.565, 0.656 

1000 0.237 0.156 0.10 

2000 0.31 0.25 0.12 

Ali & Weidman [36]  

Pr = 21, η = 0.62 

22 056 1.21 10-5 - 1.2 10-7 

 

The inner structure of the WVF in the presence of temperature gradient is more 

complicated. In fact, the temperature measurements have shown that thermal boundary layers 

exist near the cylindrical surfaces with strong gradients of the temperature [37]. In the 

experiment of Ball et al. [18] with η = 0.5 and Pr = 0.7, the transition was found for Ri*= 0.12 
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but the final vortex state was the Taylor Vortex Flow. This result was confirmed in the DNS 

of Kuo & Ball [20]. We suspect that the last study did not observe  wavy vortex flow because 

of the short aspect ratio used in their experiment and in numerical simulations.  The data in 

Table 1 indicate that the value of Ri* for the transition to wavy vortex flow depends on Pr but 

it is insensitive to the radius ratio η. 

  

Momentum and heat transfer 

The torque on the inner cylinder has been expressed through the pseudo-Nusselt number 

Nω which is almost constant (Nω ≈ 1) for Ta < Tac and increases with Ta in the supercritical 

regime [38]. Present DNS show that Nω  is not sensitive to Gr (Fig. 9). The temperature 

gradient has a very weak effect on momentum transfer which is ensured by the rotation. 

Besides Nω, we have determined the momentum transfer through the friction coefficient 

CM for which there are few correlation formula for the Couette-Taylor flow for Ta > Tac. One 

of them is the Bilgen-Boulos correlation [2] which when applied to our flow system with η = 

0.8, yields CM = 2-0.2 Ta-0.6 leading to larger  values than our computed values.  

The Nusselt number Nu increases with Ta by a factor from Ta = 0 to Ta = 100. This 

increase is a signature of the main action of the secondary vortices induced by the rotation in 

the enhancement of the heat transfer. In fact, these secondary vortices transfer heat directly in 

the radial direction from the hot wall to the cold one along the shorter path than that of the 

larger convective cell. We have compared the computed values with the different correlations 

Pr),,;( GrTafNu η=  that are available in the literature [4]. The best correlation for our data 

for Gr =1028 is given by the Aoki et al. [39] with 3.05.0 Pr22.0 TaNu = .   The correlations 

suggested recently in [40] are limited to few values of Ra = Gr Pr and conclude the 

insensitivity of correlation with Ra. This seems to be in contradiction with other available 

results [24] which reported different values of Nu for Ta = 40 and varying Gr. Therefore, 

there is a need for a thorough experimental and numerical work to update the available 

correlations. 

 

CONCLUSION 
We have performed a thorough investigation of stability of the flow between 

differentially rotating annulus with a radial temperature gradient for a sufficiently large 

interval of data compared to the previous studies. The base flow is a combination of the 

circular Couette flow and a vertical baroclinic flow ascending near the hot surface and 
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descending near the cold one. The first instability modes are stationary axisymmetric vortices 

for a very weak temperature gradient, traveling helicoidal vortices for intermediate values of 

Gr and modulated waves for large values of Gr.  While in experiments, large values of Gr up 

to  10 000 were explored at least for the first instability, in DNS we were limited to those 

values of Gr for which the Boussinesq approximation was still valid (i.e. Gr < 3000). A 

diagram of different flow regimes observed for Ta < 170  and |Gr| < 5000 is established. The 

competition between the thermal and rotation effects depend on Richardson number Ri. We 

found that for our experimental system, the effects of the temperature gradients are confined 

near the cylindrical surfaces when Ri  decreases below Ri* = 0.03. For |Gr| < 3000, we have 

found a good agreement between experimental results, those from linear stability analysis and 

from numerical simulations. The heat transfer and the torque increases as the rotation rate 

increases due to the secondary vortices. However, the rotation has a stronger effect on the heat 

transfer than on the torque transfer in the radial direction. For applications, there is a need for 

the exploration of a larger range of (Ta, Gr)  in order to obtain accurate correlations.  
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