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Diffusion limit for a stochastic kinetic problem with

unbounded driving process

Shmuel Rakotonirina--Ricquebourg*

June 12, 2020

Abstract This paper studies the limit of a kinetic evolution equation involving a small
parameter and driven by a random process which also scales with the small parameter.
In order to prove the convergence in distribution to the solution of a stochastic diffusion
equation while removing a boundedness assumption on the driving random process, we
adapt the method of perturbed test functions to work with stopped martingales problems.
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1 Introduction

Our aim in this work is to study the scaling limit of a stochastic kinetic equation in
the diffusion approximation regime, both in Partial Differential Equation (PDE) and
probabilistic senses. For deterministic problems, this is a thoroughly studied field in
the literature, starting historically with [26, 1]. Kinetic models with small parameters
appear in various situations, for example when studying semi-conductors [18] and discrete
velocity models [27] or as a limit of a particle system, either with a single particle [19]
or multiple ones [32]. It is important to understand the limiting equations, which are in
general much easier to simulate numerically. For instance, in the asymptotic regime we
study, the velocity variable disappears at the limit.

When a random term with the correct scaling (here t/e?) is added to a differential
equation, it is classical that, when ¢ — 0, the solution may converge in distribution to a
diffusion process, which solves a Stochastic Differential Equation (SDE) driven by a white
noise in time. This is a diffusive limit in the probabilistic sense. Such convergence has
been proved initially by Has’minskii [20, 21| and then, using the martingale approach and
perturbed test functions, in the classical article [29] (see also [25, 14, 17, 31, 6]). The use of
perturbed test functions in the context of PDEs with diffusive limits also concerns various
situations, for instance in the context of viscosity solutions |15], nonlinear Schrédinger
equations |28, 7, 9, 6], a parabolic PDE [30] or,, as in this paper, kinetic SPDEs [10, 11, g].



In this article, we consider the following equation

€ 1 £ 1 £ 1 E——E
oft + ga(v) Ve ft = ?Lf + gf m-, (1)
f0) = f5. (2)

where f¢ is defined on R* x T¢ x V, L is a linear operator (see (3) below) and the
source term ¢ is a random process defined on R* x T? (satisfying assumptions given in
Section 2.1). The goal of this article is to study the limit ¢ — 0 of its solution f¢, and
to generalize previous results of [10].

The solution f¢(t,x,v) is interpreted as a probability distribution function of parti-
cles, having position x and velocity a(v) at time t. The variable v belongs to a measure
space (V, ), where p is a probability measure. The function a models the velocity.

The Bhatnagar-Gross-Krook operator L expresses the particle interactions, defined
on L'(V, ) by

Lf=pM— ], 3)

where p = §, fdu and M e L1(V).
The source term m° is defined as

me(t, x) = m(t/e?, x), (4)

where m is a random process, not depending on e.
In the deterministic case m® = 0, such a problem occurs in various physical situations
[12]. The density p° = SV fedu converges to the solution of the linear parabolic equation

dup — div(KVp) =0, (5)

on R* x T?¢. This is a diffusive limit in the PDE sense, since the limit equation is a
diffusion equation.

In this article, the diffusion limit of (1) is considered simultaneously in the PDE and in
the probabilistic sense. The main result, Theorem 2.1, establishes that, under appropriate
assumptions, the density p = XV fedu converges in distribution in C([0,T], H—7(T%))
for any ¢ > 0 and in L2([0,T], L?(T¢)) to the solution of the stochastic linear diffusion
equation

dp = div(KVp)dt + p o QY2dW (t),

with K as in (5). The equation is written in Stratonovitch form and is driven by a
cylindrical Wiener process W, the covariance operator @ being trace-class. As usual in
the context of diffusion limit, the stochastic equation involves a Stratonovitch product.
The diffusive limit in the stochastic case has been first proved in [10], under a restrictive
condition on the driving random term: m is bounded almost surely. The boundedness
of ™ is a strong assumption, which is not satisfied by an Ornstein-Ulhenbeck process
for instance. The contribution of this article is to relax this assumption: we prove the
convergence under a moment bound assumption for the driving process.



The main tools of [10] are the perturbed test function method and the concept of
solution in the martingale sense. Our general strategy for the proof is similar, there-
fore those tools are also used here. The main novelty is the introduction of stopping
times to obtain the estimates required to establish tightness and convergence. Indeed,
relaxing the conditions on ™ implies that moments of the solutions are not controlled
(exponential moments for m would be necessary). The strategy from [10] needs to be
substantially modified: the martingale problem approach is combined with the use of
stopping times. At the limit, the stopping times persist, thus the limit processes solves
the limit martingale problem only up to a stopping time. We manage to identify them
nonetheless as a stopped version of the global solution.

This article is organized as follows: in Section 2, we set some notation, the assump-
tions on the driving random term and the main result, Theorem 2.1. Section 3 states
some auxiliary results that are used in the later sections. In Section 4, we introduce the
notion of martingale problem and the perturbed test function method that are used to
prove the convergence. In Section 6, we prove the tightness of the family of processes
((pe’Tf\, Ce’Tlgx))8 stopped at the random time 75. Section 7 takes the limit when ¢ — 0 in
the martingale problems and establishes the convergence of p° in C([0,T], H~?(T%)) . In
Section 8, we prove the convergence in a stronger sense, namely in L?([0, 7], L?(T4))),
using an additional assumption and an averaging lemma.

2 Assumptions and main result

Assumption 1. The operator L is defined on L*(V, ) by (3), with M € L*(V, ) such
that infyy M > 0 and §, Mdu = 1.

Let us define the spaces L2(M~!) and L2 and the associated inner products:

LAM™Y) = LX(T% x V, daM ™ (0)dp(v)), (f, 9) 12 -1y = Ld JV W

) dp(v)dz,

I = I o). (F)sz = | S@hgla)da.

We also define the norms ||| ;2 -1y and [-] ;2 associated with these inner products.
Note that L is an orthogonal projection in L?(M 1), hence

vf e LM™YL gy < 1 ety -

Assumption 2. The function @ is bounded (a € L®(V,u;R%)), centered for Mdp,
namely

J a(0) M(0)dp(w) = 0, (6)
1%

and the following matrix is symmetric and positive definite
K = J a(v) @ a(v) M(v)dp(v) > 0. (7)
1%
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The following assumption is not required to get the convergence in C([0,T'], H;?)
but is used in Section 8 to retrieve a stronger convergence (in L2([0,T], L2). It is exactly
the assumption of Theorem 2.3 in [3].

Assumption 3. We have (V,du) = (R",1(v)dv) for some function ¢ € H'(R"), a €
Lip;,.(R™; RY) and there exists C' > 0 and o* € (0, 1] such that

Vue SLYAE R, VS > o,J (6()? + [Vob(v)]P)dv < C6°*
A<a(v)u<A+é

If 4 is not compactly supported, assume moreover that Va is globally bounded.

Assumption 4. We have

sup E [|1f5)34nen | < . (8)

ee(0,1)
and p§ converges in distribution in L2 to py.

Remark. The moments of order 24 in Assumption 4 are useful in Sections 4.1 and 4.2.

2.1 Driving random term

Consider the normed space
E = Czld/2J+4(Td)7

where the norm is given by

lg= 2 suwl|z3

|Bl<2]d/2]+4 €T

where 8 € N, ] = Y%, B; and

ol8l ol
oxd 636?1...8%“’.
Assumption 5. The family of process (m(:,n)),cp is a E-valued, cadlag, stochastically

continuous and homogeneous Markov process with initial condition m(0,n) = n. It
admits a unique centered stationary distribution v

JE nl,; dv(n) < o and JE ndv(n) = 0.

The driving process m is the stationnary Markov process associated with (m(-,n)),cp,
meaning that for all ¢ € RT, the distribution of m(t) is v. It is adapted to a filtration
(Ft)ier+ satisfying the usual conditions (complete and right-continuous).



For 6 € LY(E) = LY(E,v), set

(0) = JE bdv.

Note that most of the arguments below only require m(t) € C'(T%). However, in
Section 6, we use the compact embedding HI%2+2(T4) c C*(T¢) and in Section 3.2, we
need m(t) € C?*(T9) with H*(T?) < C'(T?), hence s = |d/2] + 2.

Definition 1. For ¢ > 0, the random process m° is defined by (4) where m is defined
by Assumption 5. Let Fy = Fy/.2 so that m® is adapted to the filtration (Ff);cp+-

2.1.1 Assumption on moments

From now on, we depart from the setting of [10]. In the previous works |10, 11|, it is
assumed that there exists C, € RT such that, almost surely,

vt e RT, (b)) z < Ch.

The main novelty of this article is that we relax this assumption into Assumptions 6
and 7 concerning moments.

Assumption 6. There exists v € (4,00) such that
E | sup [m(t)]}; | < .
te[0,1]

The condition v > 4 is required below in Assumption 7, where we also assume that
the moments on m(t,n) depend polynomially on n.

Assumption 7. There exists b € [0, 3 — 2) such that

E[Jm(t, 3]

sup sup
nebrer+ 1+ |nl}

)

and such that v has a finite 8(b + 2)-order moment, namely
f 173 du(n) < co.
E
For instance, if m is an Ornstein-Uhlenbeck process
dm(t) = —Om(t)dt + odW (1),

with W a E-valued Wiener process, then m satisfies Assumptions 6 and 7.
Moreover, any process satisfying the boundedness assumption in [10] also satisfies
Assumptions 6 and 7.



2.1.2 Mixing property

Assumption 8 (Mixing property). There exists a nonnegative integrable function 7, €
LY(R*) such that, for all ni,ny € E, there exists a coupling (m*(-,n1), m*(-,n2)) of
(m(-,n1), m(-,n2)) such that

1/2
vt e RYE||m*(t,n1) = m* (b na) 5] < mia(t) Im1 = n2lg

Typically, Yimiz is expected to be of the form iz (t) = Cnize izt for some Bip >
0. In the example where m is an Ornstein-Uhlenbeck process, consider m*(-,n;) and
m*(-,ng) driven by the same Wiener process W. Owing to Gronwall’s Lemma, it is
straightforward to prove that this coupling satisfies Assumption 8 and that 7, decays
exponentially fast.

We also need Assumptions 9 and 10 concerning the transition semi-group associated
to the homogeneous Markov process (m(-,n)),cp- Since those assumptions are quite
technical, we postpone their statement in Section 3.1.1.

2.2 Main result
For z,y € T¢, define the kernel

te.y) = E| [ mO)@mo ] )
and for f € L2 and x € T¢, let us recall from [10]
Qf@) = [ K. f)dy. (10)

Td

Theorem 2.1. Let Assumptions 1, 2 and 4 to 10 be satisfied. Let W be a cylindrical
Wiener process on L2, po be a random variable in L2 and p be the weak solution of the
linear stochastic diffusion equation

dp = div(KVp)dt + pQ'/? 0 dW (), (11)

with initial condition p(0) = po, in the sense of Definition 5. Also assume that p®(0)
converges in distribution to po in L2. Then, for all o > 0 and T > 0, the density p°
converges in distribution in C([0,T],H;?) to p.

Let Assumptions 1 to 10 be satisfied. Then p° also converges in distribution in
L%([0,T1], L2) to p.

The noise in (11) involves a Stratonovitch product, which is usual in the context of
diffusion limit. Written with a It6 product, the limit becomes

1
dp = div(KVp)dt + - Fpdt + pQY2dW (t), (12)



where F' is the trace of @), namely
F(z) = k(z,z). (13)

This equation is well-posed, as discussed after Definition 5.
This is the same limit than in [10]. Compared with [10], we obtain a stronger con-
vergence result, namely a convergence in L%([0,7T], L2) under additional assumptions.

2.3 Strategy of the proof of Theorem 2.1

A standard strategy to prove the convergence of p when e — 0 (see [10, 11, 8]) is first to
establish the tightness of the family (p°).., and then the uniqueness of the limit point of
this family and solves (18). The tightness usually comes from estimates on moments of
trajectories. It is the case in [10], where the boundedness of 7 is used to get an estimate

on E [supte[O’T] Hfg(t)lez] for all T > 0 and p > 1. However, without an almost sure

bound on m, we do not manage to get this estimate. Instead, we introduce a stopping
time 75 depending on a parameter A such that the estimate holds for f&7A = f&(¢t A 7%).
More precisely, define a first stopping time

75 = inf {t e RY | [ (1)| 5 > e}, (14)

for some parameter o.. Let C. = C1(T%) and define the hitting time of a threshold A by
z€ 0([0,T].Cp)

a(2) = inf {t eRT | |2(t)cy = A} . (15)
Then, define the auxiliary process
1 [t t/e?
CE(t) = €J me(s)ds = gJ m(s)dse E < CL. (16)
0 0

Observe that %mf = 0yC°.
We can now define
Th = 7° A TA(CF). (17)

The times 7¢ and 74 ((¢) have different asymptotic behaviors. On the one hand, Lemma 3.4
states that 7¢ — oo in probability. On the other hand, Section 7.1 establishes that (®
converges in distribution, when € — 0, to a Wiener process (. Thus, we prove that, for
all A outside of a countable set, 74((®) converges in distribution to 75(¢). Hence, 73
converges in distribution to 74 ().

In Section 3.5, we prove an estimate on f&"A depending only on T, A and f5- This
estimate leads to prove the tightness of the family of stopped processes (pg’TX)DO. Then,
we identify the limit points of this family using the notions of martingale problems and
perturbed test functions, and we deduce the convergence of the stopped process to a
limit pj.

Since 7° — 75(¢) and we expect p° — p, it is convenient to study the process
(p°, %) to be able to write the limit of p>7A as p™() . Moreover, to prove that pf indeed



converges to p and that p satisfies (11), we need 74 ({) to be a stopping time for the limit
process. Thus, we need to consider the convergence in distribution of the couple (p®, (¢)

in C([0,T],H;°) x C([0,T],C}) to the solution (p, () of

1
dp = div(KVp)dt + o Fpdt + pQY2dW (t) 8)

¢ = QY2dw (t),

with initial condition p(0) = pp and ¢((0) = 0. In this framework, 74 (¢%) is a stopping
time for (p°, (%) and 7A({) is a stopping time for the limit (p, ().

We first state in Section 3 some consequences of our assumptions in Section 2.1 and
introduce the stopping times. In Section 4, we define the martingale problem solved by
the process (p°, (%) and set up the perturbed test functions strategy.

In Section 6, we prove the tightness of the stopped process in C([0,T],H,?) x
C([0,T],CL), using the perturbed test functions of Section 4. Then, in Section 7, we
establish the convergence of the martingale problems when € — 0 to identify the limit as
a solution of a stopped martingale problem, and deduce the convergence of the original
process (p°, (%) in C([0,T], H; %) x C([0,T],CL).

In Section 8, we prove the tightness of the stopped process in L2([0, T], L2) under the
assumptions of Theorem 2.1, using an averaging lemma. Combined with the previous
results, we deduce the convergence of the original process p¢ in L?([0,T], L2).

3 Preliminary results

3.1 Resolvent operator
3.1.1 Additional assumptions

Denote by (P;),cp+ the transition semi-group on E associated to the homogeneous
Markov process m and let B denote its infinitesimal generator

PO(n) —0(n) .
t

The usual framework for Markov processes and their transition semi-groups is to
consider continuous bounded test functions § € Cy(E), so that P, is a contraction semi-
group (see [14]). Here, we need unbounded test functions (see Section 4.2), thus consider
the action of the semi-group on C(E) n L'(E). We also consider the domain of B

D(B) = {0 e C(E) n L'(E) | Vn € E, B(n) exists and B0 € C(E) n L' (E)}.

Vne E,BO(n) = %in(l)

We need a continuity property for the semi-group (P;),cp+. Define first the resolvent
operator.

Definition 2. For A € [0,0) and 6 € C(E) n L*(E) such that §° |P,0(n)|dt < oo for all
n € F, define the resolvent: for allne E

Q0
Raf(n) = J N P0(n)dt.
0



Assumption 9. The family (P),cp+ is a semi-group on C(E) n L'(E). Moreover, for
all (Ai)j<;<q € [0,00)* and (6;),,<4 € C(E) n L'(E)* such that R),0; are well-defined
by Definition 2, we have ‘

Vj e [1,4],1Y_,R\.0; € D(B).

In addition, we assume that for A € [0, 0) and € such that Rx0 € D(B), the commutation
formula holds
O o0
BJ e MPo(-)dt = f e M BP6(-)dt.
0 0
The second part of Assumption 9 is satisfied under a continuity property for the
semi-group (P;),cp+- Indeed, consider the following computations

J— 3 w w J—
lim 5 ldf e MPO(-)dt = lim e*)‘tuﬁ(-)dt

s—0 S 0 s—0 Jo S

e Py — P
= J e~ M lim =t dt
0

s—0 S

To justify the first equality, it is sufficient to assume point-wise continuity of P, for all
t on the space C(E) n LY(E). The second equality is a consequence of the bounded
convergence theorem.

Note that by means of Assumption 9, — Ry is the inverse of B. Indeed, for 6 such
that Rof € D(B), we have

0 0 Q0
BJ Bﬂ%ﬁzj Bﬂﬂ%ﬁ:f i P0()dt = —.
0 0 0

We sometimes use functions having at most polynomial growth. Our last assumption
is that B preserves this property.

Assumption 10. If § € D(B) has at most polynomial growth, then B# has at most
polynomial growth with the same degree. Namely, there exists Cp € (0,00) such that,
for any # € D(B) and k € N,

Bo)| _ o)
r S “BSUb %
net 1+ s net 1 + [

3.1.2 Results on the resolvent operator

We introduce a class of pseudo-linear (respectively pseudo-quadratic) functions, which
behave like linear (respectively quadratic) functions for our purposes.

Definition 3. A function 6 € Lip(F) such that (#) = 0, is called pseudo-linear. Denote
by [0]y, its Lipschitz constant.

A function 6 : E — R is called pseudo-quadratic if there exists a function bg : E? —» R
satisfying

e for all n e E, 6(n) = bg(n,n),

10



e for all n e E, by(n,-) and by(-,n) are Lipschitz continuous,

e the mappings n — [bg(n, )], and n — [by(-,n)]1;, have at most linear growth.

Lip
If 4 is a pseudo-quadratic function, then let

: 10(n2) = 6(n1)]
[0]quaa = sup < 0.
nmiznze (14 |nillg + 2] g) [n2 —millg

Let E* denote the dual space of E. Any element 0 € E* is pseudo-linear.

A consequence of the mixing property (Assumption 8) is that the pseudo-linear and
the pseudo-quadratic functions introduced in Definition 3 satisfy the conditions of Defi-
nition 2.

Lemma 3.1. Let 0 be a pseudo-linear function. Then, for all X = 0, R\0 is well-defined
and is pseudo-linear. Moreover, let

Q0
Cy = f e My miz(t)dt and C} = <1 v J|n2|E dy(n2)> Ch.
0

Then, we have
[R)\H]Lip < [G]Lip Cx,

and forne F,
[RA0(n)| < C3 [0]L;, (1 + Inllp)- (19)

Let 0 be a pseudo-quadratic function. Then, for X\ = 0, Ry [0 — (0)] is well-defined.
Moreover, there exists C§ € (0,0) depending only on Cy and b such that, for n € E,

B [0 = (0)] ()] < O [0 quaa (1 + [
where b is defined in Assumption 7.

Proof. Let n1,ne € E and denote by (m*(-,n1), m*(-,ng2)) the coupling introduced in
Assumption 8. If 6 is Lipschitz continuous, then for all t € R*, Assumption 8 leads to

[P0 (n1) = Fi(n2)| < [0, Ymia () 01 — n2l g - (20)

Recall that P, is v-invariant, i.e. vP; = v, hence we have

|P:0(n1) — (0)] =

J (PO(nq) — P,0(n2)) dv(ns)
E

<%mmmeQm—mmwm»

<ijmmﬂwm)%mwmmu+vma. (21)

11



Assume that 6 is pseudo-linear. Since (§) = 0, (21) implies that R0 is well-defined for
all A €[0,00), and (20) implies that Ry is ([G]Lip C,\)—Lipschitz continuous. Moreover,
by means of Fubini’s Theorem,

Q0
f}w JJ e~ P0(n)dtdv(n)
E E JO
Q0
f e”J Pi6(n)dv(n)dt
OOO
J e_’\tj O(n)dv(n
0

0.

This concludes the proof that R)0 is pseudo-linear. Finally, (19) is a straightforward
consequence of (21).

Now assume that 0 is a pseudo-quadratic function: using Assumptions 7 and 8 and
Cauchy-Schwarz inequality, we have for all ny,no € £

[PO(1) = Pib(1n2)] < C (V) quag (1 + Il + 21y ) omia (8) 1 = 2l .

for some constant C' depending on b. Since P; is v-invariant and v has a finite moment
of order b + 1 by Assumption 7, we get

|P0(n) — (0)] < C"[0] quad Ymia (1) (L + |15,

for some constant C’ depending on b. Integrating with respect to ¢ gives the announced
result. O

Let us recall notation from [L0]. For p, p’ € L2, denote by ¢, y € E* the continuous
linear form

VTL € E7 wpm’ (’I’l) = (pna pl)L%

The linear form v, , is pseudo-linear and

[wp,p’] Lip

Hence, by Lemma 3.1, we have for p,p’ € L2, A\ >0 and ne E

< [pllzz

‘R)\wp,p’(n)‘ < CS\ ”pHL?f

(14 ).

Thus, for all n € E, (p,p') — R\, y(n) is a continuous bilinear form on L2. By

means of Riesz Representation Theorem, there exists a continuous linear map }NB,\(n) :
L? — L2 such that

Vp, pl € L:?:v VnekE, R)\wp,p'(n) = (E)\(n)pa p/)L%'

12



By a slight abuse of notation, denote Ry(n) = Ry (n). For ¢ € C1(L2), the linear mapping
Dg(p) can also be identified as an element of L2:

Vp,h e L7, Dp(p)(h) = (h, De(p)) 12,

so that we can define Dy(p)(Rx(n)h) for p,h e L2.

Now consider p and p/ in dual Sobolev spaces HY and H;* (for k € N such that
E c CF, namely k < 2|d/2] +2). We also may define Ry(n) : H¥ — HF in a compatible
way.

3.2 Properties of the covariance operator

Recall that k, F' and @ are defined by equations (9), (10) and (13).

Lemma 3.2. The kernel k is symmetric and in L®(T% x T?). Moreover, Q is a bounded,
self-adjoint, compact and non-negative operator on L2.

Proof. Since m is stationary, we have the identity

(z,y) J Pz (n)Rothy(n)dv(n J Rothy (n)py(n)dv(n), (22)

with 1,(n) = n(x) for all n € E and z € T? The functions ¢, and 1, are continuous
linear forms, thus we have

|me0¢y(n)| < o0

x,y€Td nek 1+ HnHQE

Owing to Assumption 6, {, |n% dv(n) < oo, thus k is well-defined, bounded and sym-
metric. It implies that @ is a bounded operator on L2 and is self-adjoint and compact
(see for instance [13] XL.6).

The proof of non-negativity of @ is given in [10]. O

By means of Lemma 3.2, the operator Q'/2 can be defined (L2 — L2). Note that Q

T
is trace-class, that Q'/? is Hilbert-Schmidt on L2 and that

@[,

=TrQ = F(x)dx.
Td

Let (F}); be a orthonormal and complete system of eigenvectors of QY2, and (\/qﬁ)z
their associated eigenvalues.

Lemma 3.3. For all i, F; € C! and

D4 | Fil2n < 0.
%
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Proof. Let s = [%J + 2, so that we have the continuous embeddings H? = CL. It is thus
sufficient to prove that 3, i | Fi|3. < oo.

Since m(t) € E = C%* and is mixing, is it straightforward to prove that k € H2® using
a differentiation under the integral sign in (9).

For || < s, we multiply the identity ¢;F; = QF; by a;g[@ and integrate by parts

both sides of the equality to get
alﬁ\F PP k(x, y)
f | S @ ) dody.

—1)Blg;

Using (22), we have

281k (z, )
qud Ld o028 Fi(z)Fi(y)dzdy =

208,
J qud a@x% )da:fd Roy(n) Fi(y)dydv(n)
2|/3\
J Lda P B ) <(x)d:EJTdn(y)Fi(y)dydy(n).

We sum with respect to i, use the Parseval identity and the Cauchy-Schwarz inequality
to get

ols \F
oxP

N

)

J|%% m)l g1 Iy ()

<0Lu+wawm»

for some constant C', using Lemma 3.1. This upper bound is finite by Assumption 7.
Summing with respect to 8 concludes the proof. O

3.3 Behavior of the stopping time for the driving process

Recall that 7¢ is defined by (14): 7 = inf {t e RT | [m°(¢)| 5 > e~ *}.

In this section, we establish Lemma 3.4 below. Its objectives are twofold. On the
one hand, it shows that m° is almost surely bounded on any interval [0,7], which is
useful to justify the well-posedness of (1). On the other hand, it gives us an estimate for
e* Hm” (t) H p uniform in ¢ and € for some small a. This estimate will prove useful for
Sections 4.1, 6 and 7. Therefore, it is a key result of this paper.

Lemma 3.4. Let Assumptions 5 and 6 be satisfied and let T > 0. Then almost surely

sup_[me ()] < o0,
te[0,T]

Moreover, let o > % and define the (F7),-stopping time 75 by (14). Then, we have
VT > 0,P (75 < T) — 0.

e—0

14



Remark. Equation (14) implies that for t € RT,
|7 ()] = (AT <e v [m0)] 5 (23)

In particular, on the event {|m(0)] 5 > ¢ %}, we have 7° = 0 and M= (t) = m(0). Thus,
one does not necessarily have the estimate HWS’TE (t) HE <e ™

Proof. Let (Sk), be the identically distributed random variables defined by

VkeNo, S, = sup |[m®)|y-
te[k,k+1]

By means of Assumptions 5 to 7, for all k € N, E[S]| = E[S]] < . Thus, almost
surely, S < oo for all k € Ng. This yields the first result:

P-a.s., VT >0, sup |[m°(t)|p < sup Si < oo.
te[0,T] k<Te—2+1

Since o > %, there exists J such that § > ¢ > % Then, the Markov inequality yields

E|[S] 1
Z]P’(Ska‘;) <I§\T lgaj] zE[Sg]%W<oo.

keN

By means of the Borel-Cantelli Lemma, almost surely, there exists a random integer
ko € N such that
P-a.s.,Vk > ko, S, < k°.

Define the random variable Z = supy.<, Sk- Then Z is almost surely finite and
Pas.,Vte R, |[m(t)|p < Sy < Z + [t < Z+1.

Finally, for T' > 0, using that o > 2§, we get

P(rf<T)=P| sup [ (t)|p>c ] <P (Z (T2 > s*a) 0.
te[0,7] e—0

In the sequel, a will be required to satisfy the constraint
o< ——. (24)

Combined with the condition a > % appearing in Lemma 3.4, this motivates the condition
v > 2(b + 2) in Assumption 7.

15



3.4 Pathwise solutions

By means of Lemma 3.4, we are in position to prove the existence and uniqueness of
pathwise solutions of (1) and (2) (namely solutions when w is fixed).

Proposition 3.5. Let Assumptions 5 and 6 be satisfied. Let T > 0 and € > 0. Then
for any f5 € L*(M™Y), there ewists, almost surely, a unique solution f¢ of (1) in
C([0,T]; L2 (M™1)), in the sense that

t t—s 1 1

P-a.s.,Vt € [0,T], f°(t) = e_ﬁAfg + J em e A (gszE(s) + Efs(s)me(s)) ds
0

where A is the operator defined by

D(A) = {fe L’(M7Y) | (z,v) = a(v) - Vo f(z,v) € XM}
Af(z,v) = a(v) - Vi f(z,v).

Note that here ¢ is fixed. Thus, the proof is standard, based on a fixed-point theorem.
Proof. Let we Q and ¢ > 0. For f € C([0,T], L2 (M 1)), let

t t t—s
B(f) =g [ T (L) + LmE ) ) ds

Owing to the Banach fixed-point theorem, it is sufficient to prove that ® is a contraction
for some Banach norm on C([0, 7], L?(M~1)). For r € [0, 0), we consider the following
Banach norm

Ve ([0, T], LAM™Y)), | f]l, = sup]e‘” 1F O L2 -1y -

te[0,T
Since the semi-group associated to A is given by
Vfe L2M™Y), Ve e T Vo e V, e f(z,v) = f(z + ta(v),v),
for f e L>(M™1), we have for all t € R and f € L2 (M),
A
Het fHLz(Mﬂ) = HfHLQ(M—l) :

Thus, for t € [0,T], and f,g € C([0,T], L>(M™1)), we get
1
[2(F) @) = (@)D 21y < 52J0 |L(f = 9)($)] 21y ds

1t B
+ - Jo I(f = 9)(s)m®(s)] 2 pg-1) ds-

By Lemma 3.4, since w is fixed, m° is bounded in E on [0,77]. Since HLhHLQ(M_I) <
|All2(pq-1y for he L2 (M™Y), we get

2(£)() = Do) (D) 2(0-1) < (;N sup |m€<t>||E) | =g, as

€ tef0,T]
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Hence, we have

r

. 11 . 1—ert
e " [2(f)(t) = (D) 21y < (52 + 2 sup [m (t)|E> — | f=dql,,

and

j2(f) - B(a), < - (1 2 swp |mf<t>|E) I~ ol
[0,7]

r

By taking r large enough, we get that ® is contracting, which concludes the proof. [

3.5 Estimate in L?(M 1)

In this section, we obtain an upper bound on Hf&TiHLQ(M_l). Note that in the case

where the driving process T is bounded, [10] establishes a similar upper bound without
introducing a stopping time. Here, the unboundedness of the stopped process m®™
requires more intricate arguments and an additional stopping time 74 ((%). One of these
arguments is the introduction of a weight M°¢ that depends on e.

Proposition 3.6. Assume that f§ € L>(M™Y). For A >0 and € > 0, define (¢ by (16)
and TA(C%) by (15).
Then almost surely, for all t € [0,T] and € € (0, (4 ]a] .- A)™],

for some Cp(T) > 0 depending only on A, |all;» and T

2

. 2 tATA(CF)
fa,TA(C )(t) 1 ‘

‘Lf mal(s)

ds < CA(T) | £5 172011y »
(25)

+7
XM=y g2 ) L2(M-1)

Note that 74 (%) > 0 almost surely since (¢(0) = 0.

Remark. The condition ¢ € (0, (4]al| ;. A) '] only reads: we fix A, then take ¢ small
enough (¢ — 0) depending on the fixed A. From now on, we always assume e <
(4 all A)™' < 1. In particular, we denote by sup. the supremum with respect to
e€ (0, (4lalz» A)T<(0,1).

In most of the paper, we neglect the integral term of the left-hand side of (25) and

we Only use
€2
‘ L2(M-1) < CA(T) HfO HL2(M,1) .

Equation (25) will prove useful in Section 8.

Let us introduce some notation. For any variable u, z <, y means that there exists
C such that z < Cy where C' depends only on u, a, M, B, v, ¥, &, Vmiz, b and P the
distribution of f§. With this notation, (25) yields

2

e @)

2
A (C%) 2
@] RN 1 vy
and )
1 ATA 9
- 5T, (Cs) 2
52 L HLfE A (S) LQ(M—l) dS SA HngLQ(M_l) .
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Proof. Define the time-dependent weight
ME(t,z,v) = 2D M(v),

and the associate weighted norm

1
|f¢ (@, v) ’
Il sseaeor- ( [ [ YA )
We have, for t € RT,

1 (¢, 1 1 1
501 FF Ol ey ”(L tmxuv (_EAquQquEfame) (t,2,v)

e (2, 0) )
— L Mt x, dxd
2 et )
- Ag +Bg
with
e t 2 pe
A = JJ fe(t,z,v) (Lfs‘i‘i?fag_z/\];gatMe) (t, z,v)dzdu(v)
1 fe(t, z,v) c
B. = “ TS A v)drd(v)

On the one hand, the weight M* has been chosen in order to satisfy Ems—% aj{/\(’;g =0.

Moreover, since f€ = p*M — Lf¢ and §, Lf*dp = 0, we get

A = “Mat z) FLI% (2, 0)dedu(o)

:f e 205 (t) o (t, x)J L (t, z, 0)du(v)dz
|Lfe(t, z,v)
JJ ME(t, z,v) dp(v)dz
|Lf8 (t,z,v)
J ME(t, x,v) dp(v)de = —— ‘Lf (t )H%2(M6(t)71).

On the other hand, by means of an integration by parts (we take a primitive of
f€0z, f¢ and a derivative of ) we write

fe(t, x,0)Vafe(t,x,v)
- JJQ(U) . MEGE 20) dxdp(v)

JJJQ(U), LIfE(t @, 0) [P Ve ME(t 2, v)

IMe(t,ac,vM2
JJ f6 t,z,v)
t xz, v

B.

dxdp(v)

A./\/la(t, x,v)dzdu(v).

18



Then, by definition of M® and A, we have

5 2
O N 0]

: ) o ME ) a(v)du(v)dx.

Using once again the identity f¢ = p*M — Lf¢, we get

:_1 e 265 a) | hE (4 )| St z)- | alv v v)dz
B ejw |p°(t, 2)|” V(o (L, 2) Jv (V)M (v)dp(v)d
&(t,x,v 2
_1 VxCE( %) v |L/£l$t T v))| a(v)du(v)de

f f DY, (1,2) - a(v)p (1, 2) LI (E 7, ) dpu(v)da
= B! + B2+ B2
e Since a is centered for Mpu, B = 0.

o For t < 7A(¢%), we have |[(°(t)|1 < A and we assumed A < (4 |a ) '. Thus,
we get

€ 1 € 2
vt < 7a((7), B2 < 12 ILFE @O 72 ate 1)1y -

e Using the Young inequality, we have

1 €
|B2| < 12 LS (O F2(me(1)-1)

ALl VoGOl [ 0 0 da
Td

with HaH%Q(NO =, |a (0)|> M(v)du(v). Now using the Cauchy-Schwarz inequality
and the identity §,, M(v)du(v) = 1, we have

fe(t, z,v) »
o)l \f el =(t,z,v) f ME(t, 2, 0)dp(v) = [ £ ()72 me g1y €,
hence
1 - ) )
‘Bg‘ < 12 |Lf (t)H%ﬂ(ME(t)—l) +4 HGH%%M) V€ (t)H%(Td) If (t)H%%Ms(t)—l) .

We finally get, for t < 75(¢°),

1
Ot Hfs(t)H%?(ME(t)*l) < _@ HLfE(t)H%Q(ME(t)*l)
+ 4 a7z 0 VeSO Gy 1O T2 0me )1 -
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For ¢ < 7A(¢®), Gronwall’s Lemma implies

t
€ 1 (3
O eqarion + | 5oz IEF O aaeony

112 Alal? 2 g 561V 2CE )2y ds
<ol z2pg-rye™ o0 o

Since, for t € RT, we have

2 2 —2||¢E(t
122 ey = Il pgmry €21 Olea,

we get, for t < 77 (C°),

t
1
POl + | g 1O

t
< 5172y exp (2 sup, [ Sl eeray +4 Ializ<M>J0 V267 ()] & pay d8> :

sef

To conclude, it is sufficient to recall that for ¢ < 74(¢%), we have [|C5(¢)|o1 < A. O

4 Martingale problems and perturbed test functions

The proof of Theorem 2.1 heavily relies on the notion of martingale problems as intro-
duced in [34]. To identify a limit point of (IPy)__,, we characterize it by a family of
martingales and take the limit when € — 0 in their martingale properties.

The characterization of the distribution of a solution of a SPDE in terms of martin-
gales is based on the Markov property satisfied by this solution. However, we expect a
limit point pa of the stopped process p"A to be stopped at some 7(¢), as mentioned
in Section 3.5. Since 74 () is not a stopping time for the filtration generated by pa, this
latter process should not be Markov. Thus, we need to consider the convergence of the
couple (p, (%) instead of just p°. We will see more precisely in Section 7 at which point
this matter occurs.

4.1 Generator and martingales

Also note that (f€,(%) is not a Markov process. As in [10], we consider the coupled
process with m® and thus consider the L2(M™1) x C} x E-valued Markov process X© =
(f, ¢, ).

Denote by £ the infinitesimal generator of X¢. Since f¢ is solution of (1) and since
0:C = %WE , the infinitesimal generator has an expression of the type

1 1
LE = gﬁl + ?[,2 (26)
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with
'Clsp(fvzvn) = Df(p(fvz7n)(_Af + nf) + ngp(ﬁz,n)(n)
EZ@(f?'Z?n) = DfQD(f,Z,TZ)(Lf) + Bgo(f,z,n),

where B is the infinitesimal generator of m. The domain of this generator contains the
class of good test functions defined below. The terminology of "good test function'" is
inherited from [10], although our definition is a little more restrictive.

Definition 4. A function ¢ : L2(M™!) x C! x E — R is called a good test function if

e It is continuously differentiable on L2(M™1) x C} x E with respect to the first and
second variables.

e For (€ {1,2}, B(o(f,z,-)") is defined for all (f,z2) e L2(M™1) x C}, and
B(") : XM x CL x E >R
is continuous.

e If we identify the differential D; with the gradient, then for f € LM 1), z € C}
and n € E, we have

Dyo(f,2,n) € HY(T? x V,dze M (v)du(v)). (27)

e The functions ¢, D.¢, Dsrp and ADyp have at most polynomial growth in the
following sense: there exists C,, > 0 such that for f,h € L*(M™1), z € C; and
ni,no € B, we have

lo(f, 2,m1)| < C@1+53< b+
( Sb+2
< 4 S+

|Dyo(f,z,m1)(Lh)| < Cp (1 + S ( + §ht2

|Deo(f, z,n1)(AR)| < C, 1+53

)
)
) (28)
)

(

(
WWﬁznlmh|(%@+§

(

(

N N e e S

|D.o(f, z,m1)(n2)| < Cyp 1+S§’)< 1+ 85+2)

where St = ] o vty v [l 2ty and Sa = [l v Inl .

See Section 4.2 for a justification of the need to consider growth as appearing in (28).
A consequence of (27) is that AD s is well-defined. Thus, for f,h € L2 (M™1), 2z € C}
and n € E, we can define

Df@(fv z,n)(Ah) = _(ADf(P(f, z,n), h)LQ(Mfl)a

even though Ah is not necessarily defined in L?(M™1).
The class of test-function introduced in Definition 4 is chosen such that the Proposi-
tion 4.1 holds.
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Proposition 4.1. Let ¢ be a good test function in the sense of Definition 4. Define for
allt >0

ME() = p(X5(1)) - f Lop(X(s (29)

and consider the stopping time 75 defined by (17).
Then My™ is a cadlag (Ff),-martingale and

werse[iriof | e[ [ @ - 2000 s

0
1
T g2 2k {
This result is expected to holds as in the standard framework [11]. However, due to
the presence of stopping times, the proof is very technical.

| (B - 20By) <X€<s>>ds] .

0

Proof. Note that in this section, € is fixed, it is therefore not required to prove bounds
which are uniform with respect to e.

Let ¢ be a good test function. Observe that ¢ and (? are in the domain of L%, by
means of Definition 4.

Let s,t € RT, 6 > 0 and let s = ¢ < ... < t, = ¢ be a subdivision of [s,t] such
that max; |t;+1 — t;| = 0. Let g be a F:-measurable and bounded function. To simplify
notation, let

fi = fOTA(t), G = COTA (L), my = WETA(E).

Then, we have

B[ (M7 () - M7 (5)) 9]
E

[(w(X”f\ () - oo - [ cwa(u))du) g]

=Trf+r,+7Tn,
where
n—1
rr= Z E [(‘P(thCiHamHl) — @(fir Gia1smiv1)
i=1

- L IH1ATH Df(p(Xg(u))(_éAfe(u) + %Lf‘s(u) + ifs(u)ma(u))du> g] )

. 1>
iATR

T, = Z E [(‘P(fiagi-i-lami-l-l) — o(fir Gy mig1)

- f Dzso<X€<u>><1m€<u>>du> g] ,

. £
’L/\TA

™
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and

n-1 tit1 /\T/‘S\
Tn = Zl E [(s@(fi, G miy1) = @(fi, Gy mi) — J Bgo(Xs(u))du> g] .

2
ti/\Tf\ €

Straightforward computations lead to

= E [(fr}(u)du) g} e =E Kfr;wdu) g}

n—1
() = Y L nr e are] (W) [Dpo(F5™ (), Gigr, mig1) — Dpo( X8 (w)) | (2ef< ™ (),

with

S
i
Lo

L) = ) Lt arg s arg) (@) [Dap(fi, T (), migr) — Dap(XETA(w)] (0:¢57A (u)).

i=1

Let us now check that r, = E [( zr;(u)du> g] with

n

~1
2 ﬂ{[ti/\ﬂivtw—l /\TK]}(U) [Bw(fiv Ci’mfffi (u)) - B@(XEJ/E\ (u))] .
1

1
'
S

For § € C(E) n LY(E), the Markov property for m yields
E[6(m(t)) | Fs] = Pis8(m(s)).

Usually, this property is written for 6 deterministic, continuous and bounded, but it is
straightforward to check that it is still satisfied when § € C(E) n L'(E) F,-measurable.
The standard proof to show that m solves the martingale problem associated to B (see
for example [11], Theorem B.3) can be applied, and we get that, for § € D(B),

t
t > 6(m(t)) ~ 0(m(0)) ~ | Bo(m(u))du
0

is an integrable Fi-martingale. By rescaling the time to retrieve m®, stopping the mar-
tingale at 75 and using a conditioning argument (g, f; and (; are Fy,-measurable), we
get

tit1 /\TX 1

E[(o(fi, Gy miv1) — o(fi, G, mi)) 9] = E QJ ?B¢(X5(U))du :

ti/\T/E\

Hence, we can write r,, = E [(Xi r%(u)du) g] as claimed above.

Since the estimates given by (23) and Proposition 3.6 are uniform for ¢t € [0,T], we
can use (28) with S1 <A [ 5] 2(p-1) and Sz < €™ v |[m(0)[ 5. This leads to

2 c |6 _ 2(b+2)
e L@ Seae (1416515200 ) (1 + ROIE?), (30)
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where 7}, € {rf,r r } Hence, the Cauchy-Schwarz inequality, Assumptions 4 and 7

z'r'n

yield

. [ up \r;m\?] Sone B[ (14 11 B o) | E[(1+ 1m0 ) |

uel0,T7]
< . (31)

Thus, the terms 7/, are uniformly integrable with respect to (u,w). Recall that f57A and
¢57A are almost surely continuous and that m®7A is stochastically continuous. Then,
the terms 7! converge to 0 in probability when § — 0. By uniform integrability, the
terms r, converge to 0, which proves that M:Z’TX is a (F7),-martingale. Note that we
only used moments of order 12 and 4(b + 2), instead of 24 and 8(b + 2) as assumed in
Assumptions 4 and 7. Hence, this proof can be adapted to establish that M A is also a
(Ff),~martingale.

It remains to prove the formulas for the variance. This is done in several steps,
following Appendix B of [11]. Since ¢ and ¢? belong to the domain of £, the process

NE() = | (£ 208%) (X“()ds = 5 | (B() ~20B9) (X“(3))ds.

is well-defined.

The proof of the second equality is straightforward: since D = L& — E%B is a first
order differential operator, we have D(p?) — 20Dy = 0.

Let 0 =ty <t; <..<t, =T be asubdivision of [0,T] of step max |t;11 —t;| = 4.

Step 1: We claim that the following convergence is satisfied in L2 = L2(Q)

N&TA(t) = lim E [NSA(t A tiz1) — N*TA(E A t) | FE ] (32)

6—0
Let Aj = NS"A(t Atig1) — NOTA(E A t;) —E[NSA(t A tip1) — NA(t A t;) | Ff ] so that
(32) is equivalent to >, A; Y 0 in L2, Note that E[A;A;] = 0 for i # j. Hence, we
have E [|Zz Ai|2] =E [ZZ |Ai|2]. Using that a conditional expectation is an orthogonal

projection in L2, we get

E[1aR] < E[INTR( A ti) = NTR (4 1)

< E

~E

ﬁ T (B(?) - 20By) (X2 (5))ds

At ATR

By means of Definition 4 and Assumption 10,
2 . 4(b+2)
(B(*) - 208¢) (X (I < (1+ 17 By ) (1+ 17 @)
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Asin (30) and (31) (using moments of order 24 and 8(b + 2) instead of 12 and 4(b + 2)),
Proposition 3.6 and (23) lead to

IE[ sup |(B(<p2) — 2pBy) (XE’TX(S))|2] Sone L.
s€[0,T7]

Since t Aty ATL —t Atip1 ATE < tig1 — By, we get
E [|Az‘|2] Sore (ticn —1;)%,
which then yields E [|ZZ Ai|2] Sone 10 0 0, which proves (32).

Step 2: We claim that

E [2 |Rti7ti+1 |] S@,A,E 51/2) (33)
where, for 0 <t <t/ < T,
T€ 77_5 2 € T€ 2
Ry = [MET(#) = METH0)| = (X572 (#) = (XT3 (1)) (34)
t,/\TK 2 . . t,/\TK
- f Loo(X5(5))ds| — 2 (p(X5T5 () — (X575 (2)) f L5(X(s))ds.
t/\TK t/\TK
We can write
|p(XETA () — (XA (@) = METM(H) - MTA(R)
— 20(XTR (1) (M () - M)
t' ATS
n f Y L2 (%) (X5 (s))ds (35)
t/\Ti
. tI/\T/E\
2p(XTR (1)) f £5(X(s))ds.
t/\TX

As established in the first part of the proof, M;’;’g‘ and M;’Tf‘ are (F;),-martingales.
Moreover, ¢(X; ") is F¢-measurable. Thus, taking the expectation in (35) yields

E [[o(x=7 (1) — (xR (0[] =
E Ut T (£ (D) 0 (9))ds — 20(XETR (D) L5p(XE () d

€
/\TA
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As in Step 1, by Definition 4, Assumption 10, (23), and Proposition 3.6, the integrand
is bounded by (1 + HngGLQ(M_l)) (1 + HW(O)H%I)H)) (up to a constant depending on ¢,
A and €) and we get

E||p(x*7(t)) = o(X=X)*] S ¥~ 1, (36)

owing to the Cauchy-Schwarz inequality, Assumptions 4 and 7. Young’s inequality with
a parameter 1 > (0 yields

t’/\TK 2
f Lop(X5(3))ds
t

ATR

E[|Rey

1
] S@,A,a (1 + E)E

+ 0 [ [p (X2 (E)) - p(X=R ()]

Similarly, we get
2

t,/\TX
E f LEo(X7(5))ds| | Sone (=2
t

ATR

Choosing n = (t' —t)/2 yields E [|Rev|] Spe ' — £)32, which gives (33).

£,Tx

2
Step 3: We claim that E “M@ (t)‘ ] = E[N*7A(t)].

Taking conditional expectation in (34) leads to

€ € 2
2E UM;’TA@ Atir) =M™ (t A t)] | fti] N
7

ZE [Rt/\ti,t/\ti+1 | ]:Z]

+ DE[JX R A ti) - (X (A1) |

Using (35) and the martingale property on M;’;A and M;’TA, the last term can be rewrit-
ten as

tAtip1 ATR

ZJ Atip1 ATR LE(SOQ)(XE(S))CLS B 22 SO(XE’T[% (t A tz))ﬁ £€¢(X5(S))ds

i JIAtinTg At AT

Then, (32) yields

A e,7§ 2 <
2.E “Méﬂ(t Ativ1) = Mg (At | fti] = NTTA(t) + 1 472
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where

= ZE [Rt/\ti,t/\tzurl | ‘Ffz]
%

tAti 41 /\Tf\

r2=2Zi]EUt

By means of (33), 71 — 0 in L!. For ro, we have

@mvﬁ@»—wméﬁ@Am»ﬁwaqﬁ”“fﬂ'

AtiATR

tAt;41 /\’TA

E [|r2]] 21@[2[” P(X=TA(s)) — (XA (1))| L5 ( X5 (s ))IdSI
SQE[ZIM\@(XWK(S)) P(XETA ()] |£5p(X=TA( ))\ds]

2ZJM [[P(X778(5)) — (X7 (1)) | £ (X775 (5))]] d

t1+1 . - 211/2 - 271/2
221[ | o= () = (=R (E)]*| 7 E || (xR ()] ds.
As above, one can show E [supS ‘,CSQD(X‘E’T/E\ (s))f] SeAe 1. Thus, (36) yields
&,T £,TX 21/
IMWHMMSZJ E [[p(x*7i(s)) — p(x= i) | ds
tit1 1/2
N%AEZJ (s —t;) 2 ds
SoAe 2 (tig1 — t;)? ds
See TS50
Thus, in L', we have
. £,Tx £,Tx 2 €
%H%ZE “va Mt Atigr) — MG At At)] | ]—'ti] = N=TA(t). (37)

In particular, the expectation converges. Then, the martingale property and the tower
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property E[E[- | F]] = E[-] yield

E[N*7A(t)] = hmE [ZE “M‘S TR A tigr) — M;’Ti(t A L) i | J—"t”
|f€”

= hmElZE“M”A t Atiza ‘ —‘M”A (t Aty)

|

= hm E“M”A tAtig1) ‘ —‘M“" A )

_E “M;’TA(t)r] .

This conclude the proof that

Ve RT,E “M;’TK (t)ﬂ —E UWX (£5(2) — 20L5) (Xe(s))ds} .

0

and the proof of Proposition 4.1. O

Remark. Note that if ™ had continuous paths, then M, would be a continuous martingale
and (37) would mean that N*7A is the quadratic variation of Mg ™

A similar proof leads to the following Proposition, where we take weaker stopping
times but add some conditions on ¢. The proof is omitted.

Proposition 4.2. Let ¢ be a good test function. The conclusion of Proposition 4.1 holds
in the following cases.

o The function ¢ does not depend on f and 75 is replaced by 7°.

o The function ¢ 1s bounded uniformly in n and does not depend on z and T is
replaced by T (C%).

o The function ¢ is bounded and depends only on n and 75 is replaced by +o0.

4.2 The perturbed test functions method

We use the perturbed test functions method as in [29] to exhibit a generator £ such that a
possible limit point (pa,(a) of ((pE’TX, C&TX))6 solves the martingale problem associated
to £ until some limit stopping time depending on A. Given a test function ¢, two
corrector functions ¢1 and o are constructed, so that

V(f,2,n) € LMY x Cp x B,¢°(f,2,n) = ¢(p, 2) + ep1(f, 2,n) + %pa(f, z,m), (38)

satisfies
L9 = Lo+ o(1), (39)
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when € — 0. Then, we prove that ¢° is a good test function and that we can take the
limit when e — 0 in the martingale problem associated to £ (Proposition 4.1) to obtain
a stopped martingale problem solved by a limit point.

Based on the decomposition (26), a sufficient condition to prove (39) for ¢° of the
form (38) is to solve the following equations (40) to (42) and to check that (43) holds
when € — 0.

Lop =0
Lio + Lop1 =0
Lipr + Lops = L

Lip2 = O(1).

The properties of the resolvent operators Ry are employed to invert Lo.

4.2.1 Framework for the perturbed test functions method

For a martingale problem to be relevant, it is sufficient that the class of test functions
satisfying the martingale problem is separating, namely that if some random variables X
and X’ satisfy E [p(X)] = E[p(X’)] for all ¢ € ®, then we have X L X', In this work,
we use the following class

0 = {(p.2) = ¥ ((p,€)12) x(2) | ¥ € C*(R), 4" € Cy(R), £ € H, x € Cy(CL)}

where p = SV fdu. The class O is indeed separating because it separates points (see [14],
Theorem 4.5).

Note that the test functions depend only on p and z, because we expect the limit
equation to be satisfied by p and z. It is confirmed by Section 4.2.2. To simplify the
notation, for ¢ € ©, we sometimes write p(f,z,n) = ¢(p,2) and p(p,z) = Y(p)x(2),

where W(p) = ¥ ((.)12).

Proposition 4.3. There exists an operator L whose domain contains © and, for all p €
O, there exist two good test functions @1 and @ such that, for all (f,z,n) € L2(M™1) x
Cl x E, we have

lpr(f2m)] < (1 + HfH%Z(M—I))(l + [nllg) (44)
(o2f, 2m)] S (U I 2arg 1) (1 + 5 ) (45)
156° — Lol (f, 5m) S 21+ |f )1+ I, (46)

Moreover, ¢° = ¢ + ep1 + 23 is a good test function.
Moreover, if p depends only on z, then @1, Yo and ¢° depend only on z and n.
4.2.2 Consistency result

Since we already expect the limit equation to be satisfied by p, equation (40) will not
give us extra information. Hence, this section only present a consistency result, namely
that (40) forces ¢ to depend on f through p.
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In fact, let ¢ depend on f and z but not on n. Since ¢ does not depend on n, By = 0.
Hence, (40) can be written, for all f € L2(M~1) and z € CJ,

Dyp(f,z,n)(Lf) = 0. (47)

For t e R" and f € L?(M 1), define

gt f) = pM+e ' (f — pM), (48)

and observe that d;g(t, f) = Lg(t, f) with ¢(0, f) = f. Owing to (47), the mapping ¢
o(g(t, f), z) is constant. Since g(¢, f) 0 pM, by continuity of ¢, we get p(f,z,n) =
—00

o(pM, z,n), which depends on f only through p.

4.2.3 Construction of the first corrector function ¢

The first corrector function ; is defined as the solution of (41): the formal solution to
Poisson equation will provide an expression for ¢1, then we will check that this expression
indeed solves (41).

Let g(t, f) be defined by (48) and m(¢,n) be defined in Section 2.1 (Markov process
of infinitesimal generator B starting from n). The process ((g(t, f), z, m(t,n))) g+ is @
L?(M™1) x Cl x B-valued Markov process of generator Ly starting from (f, z,n). Denote
by (Q4t);eg+ its transition semi-group. Note that this semi-group does not have a unique
invariant distribution, since for any p fixed, d,A(®0d.®v is an invariant distribution. How-
ever on every space {(f',2',n) € L*(M™) x Ci x E | {,, f'du = p, 2’ = 2}, this measure
is the unique invariant distribution. Indeed, d,aq, 6. and v are respectively the unique
invariant distributions of each marginal process (on the corresponding subspaces), and
dpm @ 0, @ v is the only coupling of these three marginal distributions.

For @ : L2(M™1) x C! x E — R, denote by

@), = | @M zmantn) = | Bd(B,0 ©5. D)
E L2(M~1)xCLxE

the integral against this invariant distribution. For ¢ € ©, ¢(p,z) = ¥(p)x(2), let us
compute L.
We have

ngp(f? 2 TZ) = Df(p(fa Z?”)(_Af + nf) + DZ@(f? 2 n)(n)
= DV(p)(~Af +np)x(2) + ¥(p) Dx(2)(n),

where h = {1, h(z)dz.

Owing to (6), one can write, for all p € L2, A(pM) = 0. Moreover, since v is
centered by Assumption 5, any term linear in n vanishes when integrating with respect
to v. Hence, we have checked that

Vpe L3 Vze Cy, (L1g),. = 0.
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Using the expansion of L1, for all f, z,n, we have

[ @tietrzmi - f T ELL1o (g(t, £, zm(t,m))] de
0 0

owing to the identity g(t, f) = p. Equation (48) yields

Ag(t, f) = e "Af,
since ApM = 0. Thus, owing to Definition 2, we define

@l(fazan) = L Qtﬁl(p(.ﬁzan)dt

= DU (p)(—Af + Ro(n)p)x(2) + ¥(p)Ro [Dx(2)] (n). (49)

It is straightforward to check that 1 defined by (49) solves (41). Moreover, it satisfies
the condition (44). It remains to prove that ¢ is a good test function. Owing to
Assumption 9 and (49), o1 € D(B) and ¢? € D(B). For h € L>(M 1), we have

Dyp1(f, z.n)(h) = D*¥(p)(=Af + Ro(n)p, h)x(2) + D (p)(—Ah + Ro(n)h)x(2)
+DU(p)(h)Ro [Dx(2)] (),

|
hence Dyo1(f, z,n)(Ah) is well-defined (as in Definition 4) and ¢1, Dyp1(f, z,n)(h) and
Dy¢o1(f, z,n)(Ah) have at most polynomial growth in the sense of (28). For ny € E, we
have

D.¢1(f, z,n)(n2) = D (p)(—Af + Ro(n)p)Dx(2)(n2)
+¥(p)D [2' = Ro [Dx(2")] (n)] (2)(na).

Using Lemma 3.1 and the assumption x € C3(C}), we write

D [Ro [Dx()] ()] (2)(nz) = D [ - [ P@x(z')(n)dt} (2)(ns)

0
- | RPN )] )

= Ry [sz(z)(-,ng)] (n).
This leads to

D.p1(f,z,n)(n2) = DY (p)(=Af + Ro(n)p)Dx(2)(n2) + ¥(p)Ro [D*x(2)(-, n2)] (n).

Once again using Lemma 3.1 and that y € C3(CL), one checks that D,¢; has at most
polynomial growth in the sense of (28). Thus ; satisfies (28).
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4.2.4 Construction of the second corrector function s

The second corrector ¢y is defined as a solution of (42). To solve (42), we need the
centering condition (Lp — Li¢1),, = 0. This identity will be the definition of L.

First, let us compute Lip1. Using the derivative calculated in (49), L1p1 can be
written as

ﬁl(pl(fa 2, n) = C(fv Z) + E(fa 2, TL) + Q(fv 2, TL)
where ¢, ¢ and g are defined by

c(f.2) = D*U(p)(Af, Af)x(2) + D¥(p)(A%f)x(2) (50)
U(f,2,n) = =D*U(p)(AF, Ro(n)p + np)x(2)
— DU(p)(A(nf) + Ro(n)(Af))x(2) (51)
— DW(p)(Af) (Ro [Dx(2)] (n) + Dx(2)(n))
q(f, z.n) = D*W(p)(np, Ro(n)p)x(2) + DY (p)(Ro(n)(np))x(2)
+ DV (p)(np)Ro [Dx(2)] (n) + D¥(p)(Ro(n)p) Dx(z)(n) (52)

U(p)Ro [D*x(2)(-,n)] (n).

Note that, for fixed f and z, ¢ does not depend on n, £ is pseudo-linear in n and gq is
pseudo-quadratic in n as introduced in Definition 3.

The function £(f,z,-) is indeed pseudo-linear as a sum of continuous linear and
pseudo-linear forms, yielding (¢),, = 0 for all p and z. Using also that ApM =
we get an explicit definition of L:

Lo(p,z) = (L1p1),, = D¥(p)(A2pM)x(2)
+ | D2 o, Ro(mp)av ()

+ | DU R )2

+ | D) o) o [Dx ()] (m)av ()
+ | DU R DY) (m)av()
+9(p) [ R [D*(:) )] () ().

Note that by taking x = 1, we obtain the same expression of £ as in [10].
Since the centering condition for the Poisson equation (42) is satisfied by construction
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of £, the second corrector function o can be defined as follows: for all f, z,n,
o0
802(.]672;7”) = L Qt (El@l - <£1<101>p7z> (f,z,n)dt
Q0
= Q C—<C> z (f,Z,TL)dt
|, @(-,.)
0
+| @tz ma
OCD
Q(e-,.)

= 5(f, z,n) + @5(f, 2,n) + @4(f, z,n).

Once again, one can check that ¢ satisfies (42). It only remains to prove (45), (46) and
that ¢ is a good test function. Since

LEQ" = Lo+ eLips, (54)
equation (46) comes from an estimate on L£1¢2(f,n) in terms of f, n, and .

4.2.5 Controls on the second corrector function

The aim of this section is to prove some estimates for po(f, z,n) and its derivatives to
establish that (28), (45) and (46) are satisfied. Let f,h e L2(M™1), z€ Cl and n,no € E
and let 81 = |l 2oty v Il aguaery and 85 = [l v [zl

Estimates on ¢§ We have, using (c), . = c(pM, z),

c(f,2) = e(pM, 2) = D*U(p)(Af, Af)x(2) + DU (p)(A(f — pM))x(2).

Recall that Ag(t, f) = e *Af. Hence, using (48), we get

Qi (e=(),) (F:2,m) = Efelg(t, £), 2) = c(pM. 2)]
= D20 (p)(AF, AF)X(2)
+ DY (p) (A2(F = pM)x(2):

By integration, we get

w5(f,2n) = %DQ‘I’(/)) (Af, Af)x(2) + D (p)(A(f — pM))x(2). (55)
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Moreover, we obtain

Dyg(f 2 m)(h) = 5

)
%D\If(p)(Af ADDx()(n)

Dz@%(ﬁ 2y TL) (77,2) =
+ DU (p)(A2(f — pM))Dx(2)(n).

Recall that || f — pM| 721y 1ol 72 = 1f 1721, hence |f = pM | a1y < IF |2
Then, since ¥(p) = ¥ ((p,€)r2) and ¢" € C}(R), we get that ¢§ satisfies (28). More

precisely, the following estimates hold:
2
05(f,2,0)| S 1+ | 72y

[L195(f,z,n)| Sp (1 + Hf”i2(m—1))(1 + ] g)-

Estimates on ¢4 Using (48), (51) and that ApM = A(np)M = 0, we get

V(f,2,n), Uag(t, ), 2,n) = e U(f, 2,n).

Thus, we have
th(ﬁ 2y n) = [Z( (t f)7 Z7m(tv n))] = 'E [E(fa va(t7n))] = e_tPtﬁ(ﬁ Zvn)v

and by integrating with respect to ¢, we get
e(f.zn) = Rill(f,2,n).

Moreover, from Lemma 3.1 and (51), it is straightforward to check that

[€0F, My S (L 1 220001))-

Hence, Lemma 3.1 yields
¢ 2
[h(f2m)| <o (L4 1 ape)) (1 + Inllg).
Since the operator R; acts only on the variable n, it commutes with the derivatives

Dy and D, in the following sense:

Dy [Ri€] (f, z,n)(h) = Ry [Dgl(f, z,-)(h)] (n)
D [Ril] (f, z,n)(n2) = Ry [D=A(f, z,-)(n2)] (n).
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Thus, after calculating the derivatives of £, we get estimates on the derivatives of ¢4 the
same way we got estimates on @é. This leads to

Db (f, 2 m)(AR)| <, (1+ SH(1L + S2)
Dyeb(f 2 m)mah)| Sp (1+ 531+ 53)
DG (f, 2 m)(n2)| < (14 S0+ 53),
hence 4 satisfies (28). Finally, the following estimates hold
5, 2,m)| S (14 1FF2p0-1)) (1 + 1l )

L5 (f, % n)\ o (L [ £ (1 + Il 3).

Estimates on ¢d The function ¢ depends of f only through p. Since g(t, f) = p does
not depend on t, we get Qrq = P:q and

P4(f.2m) = Roa = (@),,.] (/%)

It is straightforward to compute the derivatives of ¢ with respect to f and z from
(52). Omne can deduce estimates for [q(f,z,)|quq and for the first order derivatives

[Dsa(f. 2 ) (n2)]uaas [D7a(F: 2 HAD] yaa 04 [D2a(f. 2 ) (12)]uag:  Reasoning as
for Ry, the resolvent Ry acts only on n, and thus commutes with Dy and D,. Thus,
Lemma 3.1 with A = 0 proves that ¢ satisfies (28). Finally, the following estimates hold

P5(f.2n)] S (L4 If [Zagae 1) (1 + [n]F)
1L195(f, 2, m)] S (14 |f 2201 (L + [l 57%).

This concludes the proof that o satisfies (28) and the proof of the estimates of
Proposition 4.3 on g and L.

4.2.6 Good test function property

It only remains to prove that ¢° is a good test function. The estimates (28) are satisfied
by ep1 and €29, hence by their sum °. Moreover, using the notation introduced in
Section 3.1.1, ¢° can be written as

¢ (f,2z,n) = @(p, 2) —eDW(p)(Af)x(2) + eRo [DY(p)(-p)] (n)x(2)
+eW(p)Ro [Dx(2)] (n) + €*@5(f, 2) + > Ral(f, 2,n)
+22Ro|a— (@), | (£.2m).

Observe that each term either does not depend on n or can be written Ry6 with 0 as in
Definition 2. As a consequence, owing to Assumption 9, any product of at most two of

these terms belongs to D(B). Thus, ¢° € D(B) and (¢°)? € D(B). This concludes the
proof that ¢ is a good test function, and the proof of Proposition 4.3.
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5 Dynamics associated with the limiting equation

In this section, we show that the operator £ is the generator of the limit equation (18)
and that the martingale problem associated to £ characterizes the solution of (18).

Definition 5. Let pp € L2 and let o > 0. A process (p, () is said to be a weak solution
to (18) in L2 if the following assertions are satisfied

(1) p(0) = po,
(i) pe L*([0,T],L2) n C([0,T], H,°) a.s. and ¢ € C([0,T],CL) a.s.,

iii) there exists (B;), a sequence of independent standard Brownian motions such that
7
(p,¢) is adapted to the filtration generated by (B;), and such that, for all £ € L2
and t € [0,T], we have a.s.

t

(0012 = (0.3 + | (0lo). Av(KVED s + | (GFo(s). Oz

0

+ XV [ (Fols), 9o
C(t) = ). VaiFiBi(t). (57)

7

Note that the sum in (57) does converge in C([0,7T],C}) owing to Lemma 3.3.

The solution to this equation exists and is unique in distribution. The existence
can be proved using energy estimates, Itd6 formula and regularization argument. The
uniqueness comes from pathwise uniqueness which derives from the same arguments. We
do not give details concerning existence and uniqueness, however, in the proof of the
following Proposition, we established the aforementioned energy estimate 59.

Proposition 5.1. Let o > 0 and let (p,¢) € C([0,T], H;°) x C([0,T],C}).
If (p, Q) is the weak solution to (18) in H, 7, then, for any test function ¢ € O, the
process

M (t) = o(p().C(1)) — 9lp0.0) — fo Lo(p(s). ¢(s))ds

is a martingale for the filtration generated by (p, ().
Conwversely, if for all ¢ € ©, My, and M2 are martingales, then (p,() is the weak
solution of (18) im H;°.

Proof. Let us first prove that £ is the generator associated to (18). The expression of
L is given by (53). First note that A2pM = div(KVp), which is the first term of (18).
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The third term of (53) is associated to the second term of (18):

[ puorm@moam =& | [* Dw)momo|

1
2

E [ [ D@(p)(pm(@)m(t»dt}

S D (p) (o)

To rewrite the second term of (53), assume first that the bilinear form D?*W¥(p) on L2
admits a kernel k,. Then, we have

[ 2900 Botpyivtn) = 5| [ D201 mt0) o
= 32| [ [ [ np@rm@ @ptmmosda
1

Owing to Mercer’s Theorem (see [10]), the kernel k£ can be expressed in terms of the
eigenvectors and eigenvalues of Q:

Va,y, k(z,y) = Ztii(w)E(y)-

It is straightforward to check that k(/2(z,y) = 3 qil/zFZ-(x)Fi(y),x,y € T?, defines a
kernel for Q/2 and satisfies k(z,y) = {12 (x, 2)k(/2) (y, 2)dz. Thus, we have

| 2901, Rotpdar ) = 5 [ [ [tk o, 2100 K2, 2ot oy

5 T [0 D2 (p) (00" (58)

By density of the functions whose second derivative admits a kernel &, in C?, this formula
holds for all test functions ¢ € ©. Using similar reasoning for the three remaining terms,
we get

£6(p.0) = DU(P)(AV(KVp) + 3FpX(O)

Ll oovz vz ( P22()x(C)  D¥(p) @ Dx(C) 12 1/2y#
ol [(”Q @ )<D‘P(p)®Dx(C) ¥ (p) D2y(0) >(”Q @ >]’

which is the generator of (18). Once moment estimates for p have been obtained in L2,
integrability of M., is ensured. In addition, estimates on ¢(p(t),((t)) and Ly(p(t),((t))
(uniformly in ¢ € [0, T]) are also obtained, since ¢ and Ly have at most quadratic growth.
Then, the proof that M, is a martingale follows the same strategy as for the proof of
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Proposition 4.1. This proof is omitted. It thus remains to prove the moment estimates
for p.

We apply Itd’s formula, equation (56) and we take the expectation (so that the
martingale part vanishes), to get

F2[00.03:] = 32 [0, O%] +E| (o9, dv(KVE12(0(5). )21

VB || (GF06) sz 006): Oz + 5 DB | (Finls). s

Then, we evaluate at & = e, with £ € Z¢ and e, the Fourier basis e;(2) = exp(2in{ - x).
Let Ay = 472¢ - K{ so that div(KVe;) = —Asep. We sum this formula for |[¢| < L. Let
Pr, be the orthogonal projector on the space generated by {es | |[¢| < L}. Since Ay > 0,
we get

1 b1
SE[IPo®)1l: | < SE[IPeslfs | + EJ 5 |PL(ED()) 2 |1PLo(s) | ds

T 21@ j 4| PL(Fip(s)) [z ds

t
E [Pl | + (||F|Lx+2qi|ﬂ|%1)la [, 1ot as.

Taking L — oo, using Lemma 3.3 and Gronwall’s Lemma, we get

E[lp®)l7: | <E|lpols |- (59)

This concludes the proof of the moment estimates for p, hence the proof that M, is a
martingale.

Conversely, assume that for all ¢ € ©, M, and M2 are martingales. Tt holds in
particular for regular and bounded test functions . It is then standard that a solution
to this martingale problem is the Markov process of generator L (see for example chapter
4 of [14]), based on Lévy’s martingale representation theorem in Hilbert spaces (see [5],
Theorem 8.2). This concludes the proof since we already proved that £ is the generator
associated to (18).

l\.’)\r—t

O]

6 Tightness of the coupled stopped process

In this section, we prove the following Proposition.

Proposition 6.1. Let A € (0,00). The family of processes ((ps’TA(CS),Ce’TA(CE)))E is tight
in the space C([0,T], H;°) x C([0,T],CL) for any o > 0. Moreover, the family (C°). is
tight in C([0,T],CL).
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To simplify the notation, we write CH, x CyCL for C([0,T], H;°) x C([0,T], CL).

Owing to Slutsky’s Lemma (see [2], Theorem 4.1) and to Lemma 3.4, Proposition 6.1
is equivalent to the tightness of ((pE’Tf\, Cﬁﬁi))a and (Cs’TE)a.

Since these processes are pathwise continuous, we have the following inequality be-
tween the modulus of continuity w for continuous functions and the modulus of continuity
w' for cadlag functions (see [2], equation 14.11):

wx (0) < 2w (9),
with, for a cadlag function X,
wx(6) = sup  |X(s) - X()|
0<t<s<t+0<T
wy (0) =supmax sup | X(s) - X(t)],

(t:);, v tist<s<tipr

where (¢;), is a subdivision of [0,7]. Therefore, the tightness in the Skorokhod space
DrH,° x DpCL (respectively DpCLl) implies the tightness in CrH, % x CpCL (respec-
tively in C7C1).

Owing to Theorem 3.1. of [24], tightness in the Skorokhod space follows from the
following claims, which are proved in Sections 6.1 and 6.2 respectively.

(i) For all n > 0, there exists some compact sets K, c H;? and K, c C} such that

for all e > 0,
P (Vte[0,T],p"(t) e K,)) >1—17 (60)
P (vte [0,T],("A(t) e K)) > 1—1 (61)
P (vt e [0,T],¢5 () e K)) > 1—1. (62)

(ii) If ¢ is a sum of a finite number of bounded functions ¢; € ©, then (¢(p="A, (*71))
is tight in D([0,T],R).

For any € © with ¢ = 1, (3(¢*7)), is tight in D([0,T],R).

£

We ask of ¢ to be a finite sum of test functions because Theorem 3.1. of [24] requires
the class of test functions to separate points and to be closed under addition, but © does
not satisfies the latter condition.

6.1 Proof of the first claim (i)

Using Proposition 3.6 and the Markov inequality, we have for K > 0,

E[SuPte[O,T] pri(t)”L%] - E[HngLQ(Mfl)]
K = K |

P (3te 0,71, [ (1)) 0 > K) <

Note that stopping the processes at 74((%) is necessary at this point. Owing to the
compact embedding L2 < H_ ¢ for o > 0, we get (60).
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Since (61) is a consequence of (62), it remains to prove (62) Owing to Ascoli’s
Theorem, we have a compact embedding of the Hélder space Ci«’ c C! for any d > 0.
Moreover, with s = |d/2| + 2, we have a continuous embedding H® < Cy’ ® for any
de(0,s— % —1]. Then (62) is a consequence of Proposition 6.2 below and of the Markov
inequality.

Proposition 6.2. Recall that 7¢ is defined by (14). Then, for all T > 0, we have

supE sup HCET )szzhz < 0.
€ te[0,T] v

Proof. The idea of this proof is to express (¢ (and its derivatives) as a sum of a small
term and a martingale, and then to estimate the martingale using Doob’s Maximal
Inequality. This argument is used two times in a row, and the estimates heavily rely on
Assumptions 9 and 10.

Since (°(t) € E = c2ldRl+a - H}Cd/QHZ, it is sufficient to prove that for all multi-
indices 3 of length |3] < |d/2] + 2, we have

Ble= )|’

suplE | sup pae

€ te[0,T]

Fix such a 8 and let € > 0. First note that

alBlce | alBleer |
E | sup 676() < JE sup Ciﬁ(’x) dx. (63)
te[0,T7] oz 12 te[0,T7] oz
For z € T?, define 0.5 € E* by
18l
Vne E,0,3(n) = aé’xgx

Since m° is almost surely an FE-valued cadlag function, the derivative and the integral
commute in the following computation:

APl¢ce(t, x) _ J APlme (s, x) f 0
oz e )y  o0x8 w5 (7

Owing to the identity (6;3) = 0, Lemma 3.1 and Assumption 9, the function ¢, =
—Ryb, g is well-defined, is Lipschitz continuous with [wm]Lip < [exvﬁ]Lip =1 and ¥, 2 €
D(B). Therefore Proposition 4.2 states that

0. (0) = 20, (1)) = 02 (m(0)) — 5 | eBun(m (s))ds

= e () — et (m(0)) - 2
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defines a square-integrable martingale such that

e[z of | == @) - 2B @ (64)

0

Since [Yo]iy, S [0z,8]15, =1 and a <1in (24), we have

et 2 C%a e
E[ s |ev (7 (1) ] < @E [y mo)] < 1
te[0,T]

and by Doob’s Maximal Inequality, we get

2

e (1) |
o | am

1
< 27
S1+E]| sup ‘M;Z (t)‘
te[0,T] ’

te[0,T]

c 212
<1+E [‘M;’;I (T)‘ ] . (65)
Owing to Proposition 4.2, we have

sz of | = e[ [ (50 - 20Bu) s

0

For now, we only know that the right-hand side is of order ¢ 2%, by (14) and (64). To
retrieve an estimate uniform in €, we use the same martingale argument as before. Let
6,5 = B(42) — 200 By = B((Robz,6)*) + 200, Robla,s,
so that
. 2 T ATE -
[z o] =] [ B (66)
‘ 0

Since 0,3 and Rgb, g are pseudo-linear functions, the function 6, gRo0, g is pseudo-
quadratic. Thus, by Lemma 3.1 and Assumption 9, the function

bz = (Robs,5)* — 2Ro 02,5 R002,5 — (02,5Rob2.5)] ,

is well-defined and satisfies 1;;5,1;923 € D(B) and BTZ;E = HNx’g — 2(0, 8Ro05 5). As before,
introduce the martingale process

M5, (0) = T (0) = 20,((0) - 5 | B (s)s
= EE(0) = T2 (0) | T (77 (9)ds + 2 015
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Owing to Lemma 3.1, we have

VneFE,

Galm)| (L Il + nl)
<9x,6R09:p,,8> S 1.

Using the conditions a(b+1) < 2 and o < 1 in (24), and using the finiteness of moments
of order 2(b + 1) and 4 of m(0) in Assumption 7, we get

T ATE
E U 917g(m5(3))ds] <rl1+E HM;TIZ (T)

0 T

. (67)

where, owing to Proposition 4.2,

e [|ve of | =< UT (B - 20,80.) (m°(6)s .

e 0

Owing to Assumption 10, we have

Vne E,

(BO? - 20.80:) ()| 5 (1 + InlZ™ + nlh).

Since a(b+1) < 1 and 2a < 1 in (24) and since 7(0) has finite moments of order 2(b+ 1)
and 4 in Assumption 7, we get

: 2
E “M;T% (T)‘ } <r 1. (68)

Gathering the estimates (65), (66), (67) and (68), we obtain the required result

2
a'ﬂ‘ 577-5 t
sup sup E | sup Ciﬁ(’m) <r 1l
€ zeTd te[0,T] oz
This concludes the proof by (63). O

Proposition 6.2, together with the compact embedding H? < C} and the Markov
inequality, proves that (62) holds, hence (61). This concludes the proof of (i).

6.2 Proof of the second claim (ii)

As in [11], we prove (ii) using the Aldous criterion ([23], Theorem 4.5 p356).
Let ¢ = )}, ¢; be the sum of a finite number of bounded functions ¢; € ©. We set
€ = (fe,¢e,m°) and X~ = (p,(%). Recall that if € © depends only on z, then the
perturbed test function ¢° defined by Proposition 4.3 depends only on n and z. Using
Proposition 4.2, this allows us to stop the processes only at 7¢ instead of 7 while keeping
the same estimates. Therefore, the proof of the tightness of (&(C“E))8 is the same as of

(@(YE’TX)) , and is thus omitted. It only remains to prove (@(YS’TXD is tight.
3 3
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The Aldous criterion gives a sufficient condition for the tightness of the family
(@(YE’TA)) in D([0,T],R): since ¢ is bounded, is it sufficient to prove that
3

Vn >0, limlimsup sup P (‘@(YE’TK (12)) — gp(ys’ne‘ (7—1))‘ > 77) =0, (69)
-0 =50 71,2 <<T
TIST2ET1+6

where 71,7 are any (F}),cg+-stopping times.
Define the perturbed test function ¢® = > . 5. This sum satisfies the estimates (44)
to (46). Then, define

05(1) = p(X°(0)) + ¢ (X°(2)) — o7 (X°(0)) (70)
= p(X°(0) + fo L7"(X*(s))ds + Mg (1), (71)

where Mg is defined by Proposition 4.1, so that

P(XTR (1)) = (XR(m)) = (6°7R(72) = 6573 (m)) = (9F(X7A(m2)) = (X" (72)) )
+ (P (xR () — oK (m)))
Using (23), Propositions 3.6 and 4.3, we get
P (XTR(1) — p(XA (1)
S (L4 11721 EQ + 7 v [m(O)]) + 21+ 7@ [m(0)[*)).

Since o < 1 and a(b+ 1) < 2 in (24), we get

E[ sup

(X7 (1) — (X7 <t>)\] —0,
te[0,T7]

hence, when € — 0,

sup E [ | (X7 (r2)) = (X8 ()| | < sup E[|0°73(72) = 0573 () ] + o(1).

71,72 71,72
Using the Markov inequality, we get
B [J675 () — 075 1)

sup F ([o(X° () — (X775 ()| > ) < sup +o(l)
T1,T2 T1,72 n
Therefore, it is sufficient to prove that
sup E [‘Gg’Ti (m2) — 9=k (7'1)” — 0, (72)

T1,T2,€ 6—0

to deduce (69) and then to use Aldous criterion.
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Owing to (71), we have

ToOATE e e
16578 (r3) — 0575 (my)| < f L5 (X () ds + [META () = METR )] (73)

. P
TIATA

Using once again (23), Propositions 3.6 and 4.3, we get
226 (X (W) S LR (5N 4 £+ 1 e quany) (L + &0 v [r(0)])
_ —i1b
Sod 1+ 151 20ury + e+ 151220011 + 72072 v [m(0) "),

Using the Cauchy-Schwarz inequality, the condition a(b+2) < 1 in (24), Assumptions 4
and 7, we get

E[ sup \Easoa(X”X(t))\] S 1. (74)
te[0,T]

Thus, we get

T ATR
sup sup E [J ! |L£5p% (X4(s))] ds] < sup sup 0E [ sup ‘EEQOE(X&T/S\ (t))‘] — 0.

€ T1,T2 TIATY € T1,T2 te[0,T] 6—0

The last term of (73) is controlled using martingale arguments. Owing to Proposition 4.1,

M;’ETA is indeed a square-integrable martingale and

E ME’T/E\ ME’T/E\ 2 ) Ms,q—f\ 2 M&,T/E\ 2
(PE (7-2) - SOE (7—1) - (PE (7’2) - (,05 (7-1)

1
= —FE
g2 [

7'2/\7'15\ 2 )
=F [J Z e'ri(X(s))ds

TIATR i=—2

| (B — 26 B) <X€<s)>ds]

TIATY

where the terms 7; are obtained by writing ¢©° = @ +e¢1 +c2p2 and expanding B((¢°)?) —
2¢°By*®. The terms containing ¢ vanish, using By = 0, B(¢?) = 0 and Byy; = By,
(since ¢ does not depend on n). Using Assumption 10, the remaining terms satisfy

r_o=17r_1=0,
ro(f,2,m) = [B(¢?) = 201Be1] (£,2,n) Sp (1+ [ FI72 1) (1 + [l E),
ri(f,2,n) = [2B(p192) — 1 Bpa — 0aBor] (f,2,1) S (1+ [ fl72(0-1)(1 + Il ),
ra(f,zm) = [B(93) = 202Bipa] (£,2.m) Sp (L4 |2 (pe)) (1 + InlE ).
As for (74), using that a(b+ 2) < 1in (24), we have for i € {1, 2}

E| sup 5i7“i(XE’TK(t)) Sea 1,
te[0,T
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and

TONTK
sup sup E [J Elri(Xa(s))ds] — 0.

€ T1,T2 TIATR 6—0

We need to be more cautious when dealing with rg, since there are no ¢ left to compensate
the ¢ 72 that would appear from bounding 7 from above using Proposition 3.6. The
idea is to use estimates for f*7A and m° (instead of m*7A), using that for s < 7%,
meTA(s) = m°(s). We write

E [JTWA ro(XE(s))ds] <, E [

TIATY

[ bl 0 |

TIATK

Son B[+ 15 auen) 0+ I

T1
T
Son | B [Unmg6)0 + 151 neon) 1+ I )13 ] s

Then, we use the Hélder inequality to write

E [JTWK ro(XE(s))ds]

TIATS
! T 1 1 1
Son | Bl O E[L+ 16515000 ] B[1+ 1050015 ds
T ) 1 1
Son | Bl my)] B[4 155152000 ] B[+ o O)1E]

by stationarity of . Using the Cauchy-Schwarz inequality, Assumptions 4 and 7, we get

N

TQ/\TK T
E [J TQ(XE(s))dS] S%A JO E []1[7.17.,.2](8)] ds

TIATY
T 3
g(p,A,T (J E [1[71,7'2] (S)] dS)

0
1
Sgp,A,T 02 — 0,

uniformly in €, 71 and 72. This concludes the proof of (72).

We are now in position to apply Aldous’ criterion, which proves that the family
((pe,TA(CE)’C&TA(CE)))E is tight in O7H;° x CpC}. This concludes the proof of (i), and
of Proposition 6.1.

7 Identification of the limit points

In this section, we establish the first convergence result stated in Theorem 2.1.
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We start by proving the convergence of the auxiliary process (° in Section 7.1, using
the convergence of a simplified martingale problem. Then, in Section 7.2, we determine
the stopped martingale problem solved by a limit point of the stopped process. In
Section 7.3, we use this stopped martingale to identify the limit point of the stopped
process. We conclude on the convergence of the unstopped process in Section 7.4.

7.1 Convergence of the auxiliary process

Proving the convergence of (* is much simpler than for the coupled process X°. Indeed,
as seen in particular in Proposition 6.1, the only stopping time we need is 7%, and
78 —— 400. Therefore, the convergence of martingale problems is a little more intricate

e—0
than the proof used in [10], but it remains straightforward.
Proposition 7.1. The process (¢ converges in distribution in CTC; to a Wiener process
of covariance Q@ when ¢ — 0.

Proof. Owing to the tightness established in Proposition 6.1, there exists a sequence
g; — 0 and ¢ € C7C. such that (% converges in dlstrlbutlon to ¢ when ¢ — o0. We

1—00
start by proving that ¢ solves the martlngale problem associated with the generator L.

Let pe © with ¢y =1. Let 0 < s < 51 < ... < s, £ ¢, let g be a continuous bounded
function and for z € C7CL, let G(z) =g(z (31) (sn)) and

o) = (1lelt) - o f Lo(e(w)iu) G

Note that G and ® are continuous and bounded on CrC}, so E[®(¢%)] —— E[®(()].

1—00
Let us establish that E [®(¢%")] also converges to 0.
Let ©® be the perturbed test function introduced in Proposition 4.3 associated to .
Since % is a good test function, and since G((%*7 ") is Fci-measurable, Proposition 4.1
yields

g[(wer - o - [ ) acer)| <o

SATEL

Owing to (38), this leads to

W~

| [ Csl’ Z L7511,

with
r1 = ei(1 (¢ (), T (1) — 1 (T (), T (),
ro = & (pa(C70T (8), T (1)) — 2(CTT (), T (9))),
r3 = — f (L5677 () — Lo(CF () du,

SATEL
s

e L e s

ATEd SATEL

46



Using (24), (44), (45), (46), Assumptions 4 and 7, we have for j € {1,2, 3}, E [|r;]] — 0.

E—>

It remains to prove that E[|ry]] — 0. The term r4 does not appear in [10], but is simple
to manage since 7° —— o0. The Cauchy-Schwarz inequality and Lemma 3.4 lead to

e—0

E[lr] S, E [It —t AT s — s A 7.5¢|2]

Se T°P (75 < T) —— 0

1—00
Thus, we get E [®(¢(5""")] —— 0, hence E [®(¢)] = 0. The same proof can be adapted
1—00

when replacing ¢ by ¢?. Therefore, the processes M and M defined in Proposition 5.1

are martingales. Owing to Proposition 5.1, ¢ satisfies (57) and is a Q-Wiener process.
This limit point being unique in distribution, (* converges in distribution to this

Wiener process. ]

7.2 Convergence of the stopped martingale problems

In this section, we use Proposition 7.1 to establish the convergence of the stopped mar-
tingale problems satisfied by X&7A. The proof is similar to the proof of Proposition 7.1,
but this time the stopping time persists when € — 0 because of the fixed threshold A.

Let us introduce the path space Q = CrH;? x CpCL x CpC}, equipped with its
Borel o-algebra. We denote by (p, ¢, ¢’) the canonical process on © and by (F,),cp+ its
associated filtration. -

Define P, o the distribution of (p°7A, C57A, (F) and E. o the expectation under this
distribution (on Q). By Proposition 6.1, the family (P A)_ is tight. Thus, in this section,
we consider a sequence (Ei)ieN such that ¢; — 0 and IP;, A — P A weakly when ¢ — oo, for
some limit point Py o. Note that under Py s, owing to Proposition 7.1, g’ is a @Q-Wiener
process whose distribution Pg does not depend on A.

We now state two continuity lemmas.

Lemma 7.2. For any fized A € RT, the mapping 7A(+) defined by (15) is lower semi-
continuous on C7CL. Moreover, it is continuous at every z such that 7.(z) is continuous

at A.

Lemma 7.3. The set {A =0 | Pq(7.(¢') is not continuous at A) > 0} is at most count-
able. Let £ be its complementary.

We refer to [22] (Lemma 3.5, 3.6 and Appendix) for the proofs of Lemmas 7.2 and 7.3.
These results can be applied here since H Q'H o1 is a continuous finite dimensional process
and its distribution Pg under Py o does not éepend on A.

Owing to Lemma 7.3, there exist arbitrarily large numbers A € £ and for all A €
£, 7.(¢') is Py a-almost surely continuous at A and by Lemma 7.2, 7o() is Py p-a.s.

continuous at g’. From now on, it is assumed that A € £.
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Proposition 7.4. Let A€ £. For all p € O, the process
t/\TA(gl)
oo, €)= plp(0).CON = [ Lolp(w. i
is a (Fy)ep+ -martingale under Py p.

Proof. Let ¢ € ©. As for Proposition 7.1, let 0 < s < 81 < ... < 8, < 1, let g be a
continuous bounded function, and let

Lo(p(u), C(u ))dU> Gp: ¢, <.

As for Proposition 7.1, we establish that E., A[<I>(p G g’)] converges, when 7 — 0, to
both Eg A[®(p, ¢, ()] and 0.

On the one hand, since ® is continuous Py -almost everywhere, P, A © ot >
Po,a © @~ weakly when ¢ — o0 (see [1] Proposition IX.5.7). Moreover, (P, A © (I)_l)g~ is
uniformly integrable. Indeed, using (53), we have

U B[22, O | g 500 [ 1 15 Lo < o0

Uniform integrability and convergence in distribution yield (see [2], Theorem 5.4)

On the other hand, define the perturbed test function ¢ as in Proposition 4.3. As
for Proposition 7.1, we have

€4
5/\TA

: K%@ (XN (1)) — % (XTN (s)) — f T g (o <u>>d“)

Glp™ i oo oo >] =0

and

W~

[Eea[@(p, ¢, ]| = [E[ (0N ¢8| < » LEIN.
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with
r1 = (1 (XN () — 1 (X5 () — 0
ro = e2(pa( X (1)) — a(XTN (5))) = 0

tAT s -
== (e e @) = 2o (X ) du 0

€
SAT)

tATA(CE) e e sATA(C%) e
ry = J Lo(X™ (u))du —J Lo(X™ (u))du.
t

€4 &g
ATy SAT)

For the last term r4, we have

24 |s ATA(CT) — s A TR

E[|ra]]® Spon E [\t A TA(CE) =t A TS
Sw,A T2P (7-51- <T A TA(C&')) using (17)
Se.A TP (" < T) —— 0.

1—00

]

Thus, we get Eai,A[(I)(£7 ¢, g')] —— 0, which concludes the proof of Proposition 7.4. [J

1—00
7.3 Identification of the limit point

In Section 7.1, solving the martingale problem is sufficient to characterize the distribution
of the Markov process as a solution of a limit equation, under a uniqueness condition.
However, the limit point Pp A solves a martingale problem only until a stopping time
7A(¢’"). The goal of this section is to explain how to identify Py using this stopped
ma;tingale problem.

Let us come back to the space €2 to state more precise results. Recall that the distribu-
tion of (p=7A, (57A, (%) is P A, and define (pa, (s, ¢') following the limit distribution Pg o
(we assume € is large enough to define such a process). Recall that XA = (p57A, C5TR).
Define X5 = (pa,¢a) and X a solution of (18).

In this section, we construct a process Y, that extends X, after the stopping time
7a(¢") (in distribution) and that solves the martingale problem associated to £. It is
similar to the proof of Theorem 6.1.2 in [34], but we adapt this proof to see precisely
how 7A((’) is linked to the extended process.

Extension after a stopping time We first need a result to assert that 75(¢’) is a
hitting time for X 5. Note that until here, we did not use (¢ when considering the coupled
process (p°,(%).But had we considered p® alone, the stopping time 74(¢’) would not be
a hitting time for pp (as a matter of fact, 7o({’) is not even a stopping time for the
filtration generated by pa).

Lemma 7.5. Let A e £.

The processes Ca and (¢ are indistinguishable. In particular, Ta(Cy) = Ta(¢).
TA(¢")
A

Moreover, the processes py and p are indistinguishable.
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This result was expected, given the construction of the stopping times and the fact
that (5 and ¢ are the limit of the same process, respectively with and without a stopping
time. The choice A € £ is here necessary to retrieve this result by taking the limit ¢ — 0.

Proof. Since %% — o0 in probability by Lemma 3.4, Slutsky’s Lemma yields the following
convergence in distribution

(¢’ (5T () —— (G, ¢ )

1—00
Now, for 21, 22, 23 € C7CL, let

TA\Z3
D (21, 22,23) = Hz1 — 2y (23)

CrCl’

Owing to Lemma 7.2, the mapping ® is almost surely continuous at (Ca,¢’,¢"). Thus
@(Csiﬁfii , (50T (5i) = 0 converges in distribution to ®((x, (", ¢"). Hence, we have almost
surely ¢y = (¢)™(<),

The proof for pa uses similar arguments with ®(p, z) = [p — ,OTA(Z)HCTH;U. O

From now on, for any process Y = (p,(), we write 7o(Y) = 72 ({) so that 77 (X)) =
7A(¢") € [0,00]. We shorten the notation to 74 = 75o(X ). Introduce the measurable
function Sj that stops a process at the level A, namely Sy(Y) = YY) Owing to
Lemma 7.5, we have Sy(X ) = X 4.

This section is devoted to extend X p after 75 into a solution of the martingale problem
associated to £. Namely, we define a process Y, such that Sy(Yy) 4 XA and such that
Y solves the aforementioned martingale problem.

Fix o' € Q. Define the process YA,UJ/ as follows:

o Yw e OVt < TA (W), Xpw(t) (w) = Xa(t) (w). Note that 7A(Xpu) = 7a (W)
almost surely. In particular, the distribution of Sy (YA,w’) is the Dirac distribution
at YA (o.)/).

e On [7a (w'), T] (this interval can be empty), X 5 . (w) is the solution of (18) start-
ing at time 75 (w') from the initial state X 5 (7a (w')) (@').

It is straightforward to check that
W P (YAM’ € C)

is measurable for C = {Y € CrH; 7 x CrCL|Y(t1) €1, ..., Y (tn) € Ty} with 0 < #1 <
... <tp, < T andI'; measurable. Since those sets generate the Borel o-algebra of CrH, 7 x
CrC}, and since a pointwise limit of measurable functions is measurable, we can take
the limit when the subdivision become thiner to get that the mapping is still measurable
for any measurable C. Thus, we can define a mapping C — E'P (X, € C), where E
denotes the integration with respect to w’. It is also straightforward to check that this
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mapping is a probability measure, thus we can define on {2 a process Y, following this

distribution, namely
P(YaeC)=EP(Xp.€C).

In particular, since SXl(C) is a measurable set, we have
P (Sa(Ya) €C) =E'P (Sa(Xaw)€C)
=E1x
{Xa(w)ec}
=P (YA € C) s

hence Y, extends X as announced beforehand, in the sense that Sx(Yx) 4 X A. More-
over, for any measurable function ® such that E'E ”‘I’(YA,w’) ] < 00, we have

E[®(Y))] = EE[®(X4 )] - (75)

Identification of the extended process It remains to prove that Y, solves the
martingale problem associated to L.
For ¢ € ©, and a process Y € CrH, ° x CrC}, define the process

MY (1) = (Y (1) = (Y (0)) — L Lo(Y (u))du.

Let 0 < 51 € ... <8, € s <tand g be a bounded measurable function. Let G : Y —

g(Y(s1), ..., Y(sp)).
Owing to Proposition 5.1, for almost all w’ € 2, the process

NA#}/ (t) = MYAW/ (t) _ MYAM' (t A TA ((.U/))
satisfies the martingale property
E [N w ()G (Xaw)] = E[Naw(s)G(Xaw)]-

Indeed, for t € [0, 7 ()], Na . (t) = 0 and after the time 7 (w'), this process solves the
martingale problem starting at time 7 (w’) by construction. Using (59) and that ¢ and
L have at most quadratic growth, it is straightforward to establish

E'E [|Naw (6)G(X s )

] < 0.
Thus, (75) and the identity above yield

E [(M™(t) = MY (t A 7a(Ya))G(Ya)] = E[(MY(s) = M™ (s A A(YA)))G(Ya)] ,
which can be rewritten as

E[M™(t)G(Ya)] =
E [M(8) 17, (v)<si G(Ya) | + E[ M (t A 7A(YA)) Liry(vy)=5iG(Ya)] - (T6)
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Using that the process Yy and Sy(Ya) are equal until the time 74 (Ya) = 7a(Sa(Ya)),
and that Sp(Ya) and X, are equal in distribution, we get for the second term

E MY (t A TA(YA))Liry (va)>5} G(Ya) ]
— B[ MFOV (@ A 7 (SA (YA Lry (5335 G(SA (V)

=K [MYA(t A TA)1{7A>5}G(YA)] .

Owing to Proposition 7.4, ¢t — MXA(t A 74) is a martingale for the filtration FXa
generated by X . Moreover IL{TA>S}G(YA) is FXA-measurable, hence the martingale
property yields

B[ (6 A 7)o GO0 | = B [ M ()1, G (X) |
Using again that Sx(Y)) < X, we get
E [MYA(S)H{TA»}G(YA)] = E[M™(5) L7, (vp)>5) G (Ya)]

Finally, owing to (76), we have

E[M™(£)G(YA)] = E [M(5)Lir, (va)<s} G(YA) | + E [M™ ()17, (v)= 51 G(Ya)]
= E[M"(s)G(Ya)],

which proves that Y, solves the martingale associated to £. Owing to Proposition 5.1, it

solves (18) and since the solution is unique Y 2 X the solution of (18). Therefore, the
limit point is unique (and does not depend on A). This concludes the proof that X=7A
converges in distribution to X.

7.4 Convergence of the unstopped process

This section is devoted to the proof that the process X = (p°, %) converges in distribu-
tion to X = (p, () solution of (18), in CrH;° x CrC}.

Let ® be a continuous bounded mapping from CrH,° x CrC}L to R. There exists a
sequence &; such that ¢; — 0 when ¢ — o and

lim sup E[2(X)] -E[2(X)]| = lim [E[2(X™)] - E[2(X)]].

72—00

Let A € £ Owing to Proposition 6.1, up to the extraction of another subsequence, we

can assume that (Xai’TAZ,CEi) converges in distribution to some (X4,¢) in (C7H 7 x
CrCl) x CrCL. Now we write

E[e(X7)] - E[2(X)]| < [E[0(X™)] - E[o(X™™)]

+ ‘}E [@(T"““g”)] ~E [(I)(X)]‘ .
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First, we have
o] - B[] 50 P(aie) < 7).

By Lemmas 7.2 and 7.3, since A € £, 77 (€%") A2T converges in distribution to 75 (¢") A27T.
Then, by Portmanteau’s Theorem for closed sets, we have

limsup P (14 (¢*) < T) <P (7a(¢") < T).

(2

Since ® is a continuous bounded function, we have

lim [E [ (X ™) | —E[0(X)]| = [E[o(X0)] - E[o(X)]].

Recall that X < Sa(Yy), and that Y 4xX (by Section 7.3). Thus, we get

E[2(Xa)] - E[®(X)]| = E[2(Sa(Ya)] - E[2(Y2)]|
<o P (TA(YA) < T) .

Since TA(Y3) 4 TA(XA) = 7A(¢") by Lemma 7.5, we finally get for A € £
limsup |E [2(X")] —E[®(X)]| <o P (7a(¢) < T).
e—0

Since ¢! € C7CL, we have P (r(¢') < T) T 0. Recall that we can take this limit
—00

since £ contains arbitrarily large A’s. Therefore, we have

E[¢(X")] — E[e(X)].

e—0

This concludes the proof that X~ converges in distribution to X, and in particular that
p° converges in distribution to p in CrH, 7.

8 Strong convergence

In this section, we establish the second convergence result stated in Theorem 2.1, namely
the convergence in L%L%. Given Section 7 and Proposition 6.1, it is sufficient to prove
that the sequence (pe’TA)E>O is tight in LZL2.

Recall that w, denotes the modulus of continuity of a H, ?-valued continuous process
p. Then, using Theorem 5 in [33], the set

K = {p € LHL | plyg e < R and ¥ > 0,1,(6) < (o)}

where R > 0, ¢/ > 0 and 7(0) 7 0, is compact in L2 L2. Using Prokhorov’s Theorem,

the tightness of (pg’T/Ex)DO in L2.L2 will follow if we prove that for all n > 0, there exists
R > 0 and ¢’ > 0 such that

lim lim sup P (wpsﬂs\ (0) > 77) =0, (77)

-0 0
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and
sup P (HpE’TA ‘!LQTHq/ > R) <. (78)
I3 x

Equation (77) is a direct consequence of (69). It remains to prove (78). Owing to
the Markov Inequality, it is sufficient to prove that, for some o’ > 0, we have

supE [HpE’Tf\HL%HU,] <al. (79)
IS xT
Let ¢° = €0y f¢ + a(v) - V. f¢. Owing to Assumption 3, we can use an averaging lemma

(Theorem 2.3 in [3| with f(t) = fe(et), g(t) = ¢°(et) and h = 0 until the time T" A 75)
and by rescaling the time, we get

TATS
e P R Ol P
0
T ATR . T ATR .
$€|f§|2Lg+JO £ O] gy dt + fo 955 [} 2001

where, using the Cauchy-Schwarz inequality,

€,

lo FER MO (1) + LLfR (1)

Oz = L2(M1)

< R0 gy [TEE Ol + IO -
Then Assumption 4, (23), and Proposition 3.6 lead to (79) with o’ =
Kpg are compacts, Prokhorov’s Theorem yields, using (77) and (78),
tight in L2.L2.
Given Section 7, this concludes the proof of the convergence in distribution of p® in
LZL2 to p the solution of (18).

%. Since the sets
that (pE’T/g\)DO is
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