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CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY

COLIN GUILLARMOU, ANTTI KUPIAINEN, REMI RHODES, AND VINCENT VARGAS

ABSTRACT. The conformal bootstrap hypothesis is a powerful idea in theoretical physics which has led to
spectacular predictions in the context of critical phenomena. It postulates an explicit expression for the
correlation functions of a conformal field theory in terms of its 3-point correlation functions. In this paper we
give the first mathematical proof of the conformal bootstrap hypothesis in the context of Liouville theory,
a 2-dimensional conformal field theory studied since the eighties in theoretical physics and constructed
recently by F. David and the three last authors using probability theory. The proof is based on a probabilistic
construction of the Virasoro algebra highest weight modules through spectral analysis of an associated self
adjoint operator akin to harmonic analysis on non compact Lie groups but in an infinite dimensional setup.

“We developed a general approach to CFTs, something like
complex analysis in the quantum domain. It worked very well
in the various problems of statistical mechanics but the
Liouville theory remained unsolved.”

— Alexander Polyakov, From Strings to Quarks (2008)
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1. INTRODUCTION

1.1. Overview. There are essentially two approaches to Quantum Field Theory (QFT) in the physics
literature. In the first approach the quantum fields are (generalized) functions @(t,:z:) on the space-time
R (d = 3 for the Standard Model of physics) taking values in operators acting in a Hilbert space H of
physical states. Matrix elements of products of quantum fields at different points (1] Hiv:l (’jk(tk,xk)W)
where 1) € # (the “vacuum” state) are (generalized) functions on R™N(4*1) Physical principles (positivity
of energy) imply that these matrix elements should have an analytic continuation to the Fuclidean domain
where t;, € iR and be given there as correlation functions of random fields O(y) defined on y € R™ where
n =d+ 1. In the second approach, based on the so-called path integral approach due to Feynman, these
correlation functions are formally given as integrals over a space of generalized functions on R", called fields,
with the formal integration measure given explicitly as a Gibbs measure with potential a functional of the
fields. The Euclidean formulation serves also as a setup for the theory of second order phase transitions in
statistical mechanics systems where now n < 3. In this case one expects the correlation functions to possess
an additional symmetry under the conformal transformations of R™ and the QFT is now a Conformal Field
Theory (CFT).

In practice most of the information on QFT obtained by physicists has been perturbative, namely given
in terms of a formal power series expansion in parameters perturbing a Gaussian measure (and pictorially
described by Feynman diagrams). In CFT however there is another, nonperturbative, approach going under
the name of Conformal bootstrap. In this approach one postulates a set of special primary fields O, (y) (or
operators O, (t,x) in the Hilbert space formulation) whose correlation functions transform as conformal
tensors under the action of the conformal group. Furthermore one postulates a rule called the operator
product expansion allowing to expand the product of two primary fields inside a correlation function (or a
product of two quantum fields in the Hilbert space formulation) as a sum running over a subset of primary
fields called the spectrum with explicit coefficients depending on the three point correlation functions, the
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so called structure constants of the CFT (see Section 1.3). Hence the correlation functions of a CFTs are
determined in the bootstrap approach if one knows its spectrum and the structure constants.

In the case of two dimensional conformal field theories (d = 1 or n = 2 above) the conformal symmetry
constrains the possible CFTs particularly strongly and Belavin, Polyakov and Zamolodchikov [BPZ84] (BPZ
from now on) showed the power of the bootstrap hypothesis by producing explicit expressions for the
correlation functions of a large family of CFTs of interest to statistical physics among which the CFT that
is believed to coincide with the scaling limit of critical Ising model. In a nutshell, BPZ argued that one
could parametrize CFTs by a unique parameter ¢ called the central charge and they found the correlation
functions for certain rational values of ¢ where the number of primary fields is finite (the minimal models).
During the last decade the bootstrap approach has also led to spectacular predictions of critical exponents
in the three dimensional case [PoRyVi]. The reader may consult [Ga] for some background on 2d CFTs.

Giving a rigorous mathematical meaning to these two approaches and relating them has been a huge
challenge for mathematicians. On the axiomatic level the transition from the operator theory on Hilbert
space to the Euclidean probabilistic theory was understood early on and for the converse the crucial concept
of reflection positivity was isolated [OsSh73, OsSh75]. Reflection positivity is a property of the probability
law underlying the random fields that allows for a construction of a canonical Hilbert space where operators
representing the symmetries of the theory act. Reflection positivity is one of the crucial inputs in the present
paper.

However on a more concrete level of explicit examples of QFTs mathematical progress has been slower.
The (Euclidean) path integral approach was addressed by constructive field theory in dimensions d + 1 < 4
using probabilistic methods but detailed information has been restricted to the cases that are small per-
turbations of a Gaussian measure. In particular the 2d CFTs have been beyond this approach so far. A
different probabilistic approach to conformal invariance has been developed during the past twenty years
following the introduction by Schramm [Sch00] of random curves called Schramm-Loewner evolution (SLE).
This approach, centred around the geometric description of critical models of statistical physics, has led
to exact statements on the interfaces of percolation or the critical Ising model; following the introduction
of SLE and the work of Smirnov, probabilists also managed to justify and construct the CFT correlation
functions of the scaling limit of the 2d Ising model [ChSm12, CHI15] (see also the review [Pell9] for the
construction of CFT correlations via SLE observables).

Making a mathematical theory of the BPZ approach triggered in the 80’s and 90’s intense research in the
field of Vertex Operator Algebras (VOA for short) introduced by Borcherds [Bo86] and Frenkel-Lepowsky-
Meurman [FLM89] (see also the book [Hu97] and the article [HuKo07] for more recent developments on this
formalism). Even if the theory of VOA was quite successful to rigorously formalize numerous CFTs, the
approach suffers certain limitations at the moment. First, correlations are defined as formal power series
(convergence issues are not tackled in the first place and are often difficult); second, many fundamental CFTs
have still not been formalized within this approach, among which the CFTs with uncountable collections
of primary fields and in particular Liouville conformal field theory (LCFT in short) studied in this paper.
Moreover, the theory of VOA, which is based on axiomatically implementing the operator product expansion
point of view of physics, does not elucidate the link to the the path integral approach or to the models of
statistical physics at critical temperature (if any).

In their seminal work, BPZ were in fact motivated by the quest to compute the correlation functions
in LCFT, which had been introduced a few years before by Polyakov under the form of a path integral
in his approach to bosonic string theory [Po81]. Although BPZ failed to carry out the bootstrap program
for LCFT?!, this was successfully implemented later in the physics literature by Dorn, Otto, Zamolodchikov
and Zamolodchikov [DoOt94, ZaZa96]. Since then, LCFT has appeared in the physics literature in a wide
range of fields including random planar maps (discrete quantum gravity, see the review [Koll]) and the
supersymmetric Yang-Mills theory (via the AGT correspondence [AGT10]). Recently, there has been a
large effort in probability theory to make sense of Polyakov’s path integral formulation of LCFT within
the framework of random conformal geometry and the scaling limit of random planar maps: see [LeG13,
Mier13, MS20a, MS20b, MS20c, DiDuDuFa, DuFaGwP{S, MiGw] for the construction of a random metric

ISee Polyakov’s citation [Po08] at the beginning of this paper.
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space describing (at least at the conjectural level) the limit of random planar maps and [DMS14, NS]
for exact results on their link with LCFT?. In particular, the three last authors of the present paper in
collaboration with F. David [DKRV16] have constructed the path integral formulation of LCFT on the
Riemann sphere using probability theory. This was extended to higher genus surfaces in [DRV16, GRV19].
In this paper, we will be concerned with LCFT on the Riemann sphere.

LCFT depends on two parameters 7 € (0,2) and g > 0°. In this paper we prove that for all vy € (0,2) and
1> 0 the probabilistic construction of LCFT satisfies the hypothesis of the bootstrap approach envisioned in
[BPZ84]. In particular we determine the spectrum of LCFT and prove the bootstrap formula for the 4-point
function in terms of the structure constants that were identified by the last three authors in [KRV20]. LCFT
for vy € (0,2) is a highly nontrivial CFT with an uncountable family of primary fields and a nontrivial OPE
and we believe the proof of conformal bootstrap in this case provides the first nontrivial test case where
a mathematical justification for this beautiful idea from physics has been achieved. Let us emphasize that
determining the spectrum and the structure constants of LCFT is the cornerstone of the deep link between
LCFT and representation theory via exact formulae for correlation functions. Indeed they lead to exact
formulae for n point correlation functions on the sphere and pave the way towards understanding bootstrap
formulae for higher genus surfaces [GKRV].

In a nutshell, our proof uses reflection positivity to construct a representation of the semigroup of dilations
in C on an explicit Hilbert space associated to LCFT. Its generator, called the Hamiltonian of LCFT, is
a self-adjoint unbounded operator. It has the form of a Schrodinger operator acting in the L2-space of
an infinite dimensional Gaussian measure with a non trivial potential which is a positive function for
v € (0,4/2) and a measure for v € [v/2,2). We perform the spectral analysis of this operator to determine
the spectrum of LCFT * and show that the bootstrap formula for the 4 point correlations functions can be
seen as a Plancherel formula with respect to its spectral decomposition. We obtain exact expressions for the
generalized eigenfunctions of the Hamiltonian by deriving conformal Ward identities for LCFT correlation
functions which reflect the underlying symmetry algebra of LCFT (i.e. the Virasoro algebra).

1.2. Probabilistic approach of Liouville CFT. Let us start with the physicists formulation of LCFT.
It is a theory of a random (generalized) function ¢ : C - R called the Liouville field. One is interested in
averages of functionals F' of ¢ formally given by the path integral

(L) (Foi= [ F(0)e @Dy,

where Sy, is the Liouville action functional

51(0) = L [ (0.0 + muer®)) a2

and where dz denotes the Lebesgue measure on C. It depends on two parameters 7 € (0,2) and p > 0 (called
cosmological constant). The notation D¢ refers to a formal “Lebesgue measure” on the space of functions
¢ : C - R obeying the asymptotic

6(2) = -2QMnl]

with Q = 2 + 3. This asymptotic is formally required by conformal invariance whereby the field ¢ should
’Y A

be thought to be defined on the Riemann sphere C = CuU {oo}. The physically interesting expectations in

LCFT are the n-point correlation functions

(1.2) <ﬁvai<zi>>w

2Tt is beyond the scope of this introduction to state and comment all the exciting results that have been obtained recently
in this flourishing field of probability theory.

3The case p = 0 is different and corresponds to Gaussian Free Field theory; for the study of a related model, see Kang-
Makarov [KM13].

4The importance of understanding the spectral analysis of the Hamiltonian of LCFT was stressed by Teschner in [Te01]
which was an inspiration for us.
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of the exponentials of the Liouville field V,,(2) = e**(*) called “vertex operators” in physics. In (1.2) the
points z; € C are distinct and «; € C.

The recent work [DKRV16] gave a rigorous mathematical meaning to the correlation functions (1.2) via
probability theory as we now describe. As usual the quadratic part of the action functional can be interpreted
in terms of a Gaussian Free Field (GFF). We consider the GFF X on C with the following covariance kernel

(1.3) E[X(2)X(2")]=In +1n|zly + In|2'|4 = G(2,2")

b
|z = 2|
with |z]+ = max(|z|,1). This GFF can be defined as a random generalized function on a suitable probability
space (2,%,P) (with expectation E[.]): see Section 3.1. As is readily checked with the covariance (1.3)

X(2) e x (1/2) so that the GFF is naturally defined on the Riemann sphere C = C U {co}. Furthermore it
defines P almost surely an element in the space of distributions D’(C).

The second ingredient needed for making sense of the path integral is the following Gaussian multiplicative
chaos measure (GMC, originally introduced by Kahane [Ka85])

2
(1.4) M,,(dz) := lim eWXJZ)”TE[Xe(Z)ZJd—i
=0 |Z|+

where X, = X * 0, is the mollification of X with an approximation (6.)eo of the Dirac mass dg; indeed,
one can show that the limit (1.4) exists in probability in the space of Radon measures on C and that the
limit does not depend on the mollifier 6.: see [RoVal0, RhVal4, Bel7] for example. The condition « € (0, 2)
stems from the fact that the random measure M., is different from zero if and only if 7 € (0,2). With these
definitions the rigorous definition of the Liouville field ¢ is

(1.5) d(z) =c+X(2)-2QIn|z|+
and the expectation (1.1) for F' continuous and non negative on D'(C) is defined as °
(1.6) (F@r= [ @BIF(e+ X -2Qmm]|)e MO de.

The variable ¢ € R stems from the fact that in the path integral (1.1) one wants to include also the constant
functions on C which are not captured by the GFF. Indeed, it is needed to ensure conformal invariance of
LCFT [DKRV16]. We remark also that the expectation (-),,, is not a probability measure as (1), , = oo
[DKRV16].

Following [DKRV16], the n-point correlations (1.2) can be defined for real valued «; via the following
limit

(a7 (TT Vo )= i ([ Ve (200

=1 =1
where z1,..., 2z, € C are distinct,

02
(1.8) Va,e(z) _ |z|;4AaeaceaXe(z)—T]E[Xe(Z)2]
and A, is called the conformal weight of V,
(1.9) Aa:%(Q—%), aeC.
The limit (1.7) exists and is non trivial if and only if the following bounds hold

n
(1.10) Zai > 2Q, a; <Q, Vi=1,...,n (Seiberg bounds).
i=1

One of the main results of [DKRV16] is that the limit (1.7) admits the following representation in terms of
the moments of GMC

(1.11) (lﬁvai(zi»%u :7_1( [1

1<j<j’<n

1

5 = 25

)M“"F(S)E[Z_s]

5In the recent paper [KRV20], the authors used a convention where the RHS is multiplied by 2.
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Z?:lf';irm7 I is the standard Gamma function and (recall that |z|, = max(|z|,1))

7= [ B ES DY
1= 1|‘T ’2'/|’YOZI 7 .

We stress that the formula (1.11) is valid for correlations with n > 3, which can be seen at the level
of the Seiberg bounds (1.10)°. Also it was proved in [DKRV16, Th 3.5] that these correlation functions
are conformally covariant. More precisely, if z1,---, z, are n distinct points in C then for a Md&bius map
¥(2) = 20 (with a,b,¢,d € C and ad - be = 1)

cz+d
(1.12) HVaz(w(Zl)) Yo HW) (z)| 25 Hval(zl

Because of relation (1.12), the vertex operators are primary fields in the language of CFT. The Mobius
covariance implies in particular that the three point functions are determined up to a constant, called the
structure constant, which we write as

(1.13) (Vs (0)Vaus (1)Vay (00) by = Hin ful 202 (Vo (0) Vo (1) Vi (1))

where s =

Similarly the four point function can be reduced to a function of one complex variable defined by
(1.14) (Ve (0)Vay (2) Vs (1) Vs (00) )0 ¢ = aim [ul 224 (Viy (0)Vary (2) Vi (1) Ve, (1) ),

Let us now turn to the conformal bootstrap approach to LCFT.

1.3. DOZZ formula and Conformal Bootstrap. In theoretical physics conformal field theory is a quan-
tum field theory with conformal group symmetry. In particular one then postulates existence of primary
fields whose correlation functions transform covariantly under conformal maps (Mdbius transformations in
the two dimensional case). The basic physical axiom of conformal field theory apart from this covariance is
the operator product expansion (OPE for short). Denoting the primary fields still as V, (z) for « € R™ then,
in very loose terms and cutting many corners, the OPE is the identity

(1.15) Va(z)Var (2') = ;Scfa,<x,x’, Va)Va(x)

where S labels a special set of primary fields called the spectrum of the CFT and the C’B o are differential
operators completely determined by the conformal weights of the fields V,,, V., Vg and hnear in the structure
constants Cpqg (defined in general analogously to (1.13)). The identity (1.15) is assumed to hold once
inserted in the correlation functions. Obviously a repeated application of the OPE allows to express an
n-point function of the CFT as a sum of products of the structure constants. Hence to “solve a CFT” one
needs to find its structure constants and spectrum. To find these, the following approach where the 4-point
function” (1.14) plays a fundamental role has been extremely fruitful. Applying the OPE (1.15) in (1.14)
to ay and as leads to a quadratic expression in the structure constants. Applying the OPE instead to as
and a3 yields another quadratic expression and equating the two produces a quadratic equation for the
structure constants. Varying aq, ..., a4 results in a set of quadratic equations labeled by 4-tuples of o; € S
(for LCFT see (1.17)). These 4-point bootstrap equations pose strong constraints on the spectrum and the
structure constants and have been used to great effect e.g. in the case of the 3-dimensional Ising model
[EPPR12a, EPPR12b]. In two dimensions their study in the case when one of the fields V,, is a so-called
degenerate field led in [BPZ84] to the discovery of the minimal models (2d Ising model among them) and
their spectra and structure constants.

The motivation for the BPZ paper [BPZ84] was to solve the bootstrap equations for LCFT but in
this they were unsuccessful [Po08]. The spectrum of LCFT was conjectured in [CuTh, BCT82, GeNe84|
to be continuous S = Q + iR, and an explicit formula (see Appendix B) for the structure constants, the
DOZZ formula, was postulated by Dorn, Otto, Zamolodchikov and Zamolodchikov [DoOt94, ZaZa96]. A

6In fact, one can extend the probabilistic construction (1.11) a bit beyond the Seiberg bounds but the extended bounds
also imply n > 3. We will not discuss these extended bounds in this paper.
"In d > 2 the four point function is a function of two complex variables.
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derivation based on the degenerate 4-point bootstrap equations was subsequently given by Teschner [Te95]
and further evidence for the formula was given in [Te01], [Te04]. The DOZZ expression which we denote
by Cﬁgzz(al,ag, a3) is analytic in the variables aq, as, a3 € C (with a countable number of poles) and one
is led to expect that it coincides with the probabilistic expression (1.13) on the domain of validity of the
probabilistic construction, i.e. for real aq, a9, as satisfying the Seiberg bounds (1.10). This is indeed the
case: in a recent work [KRV20], the last three authors proved that the probabilistically constructed 3-point
correlation functions satisfy the DOZZ formula:

1
(VOt1 (O)V(Xz (Z)VOé3 (oo)>’Y,H = §CRSZZ(051’ a2, a3)8'

Given that the spectrum is § = @ + iR, the formula (1.15) (where the sum becomes an integral) leads
formally to the following bootstrap conjecture for the 4 point correlation functions

(Vo (0)Vay (2) Vay (1) Vay (00)) 75

Vbt

1 [e3s)
(1.16) =% fo CPU" % (a1, 00,Q — iP)CRV2(Q + 0P, a3, g |2 Brir=Ben=Re2) | Fp (2)PdP

where Fp are holomorphic functions in z called (spherical) conformal blocks. The conformal blocks are
universal in the sense that they only depend on the conformal weights A,, and Ag,;p and the central
charge cf, = 1+6Q? of LCFT, i.e. Fp(2) = F(ern, Aayy Aays Aagy Aoy, Agrip, 2); see Subsection 8.1 for the
exact definition.

The second hypothesis on the bootstrap approach i.e. the fact that the OPE may be applied in the two
ways explained above goes under the name of crossing symmetry. More specifically, it is the conjecture that
the following identity holds for real z € (0,1)

/R OOV (a1, 0,Q — iP)CYY H (ag, a, Q + i P) |z Arir =B 8ed)| Fp (2)PdP

S aT

(1.17) :f C’BSZZ(ag,ag,Q—iP)CESZZ(al,a4,Q+iP)|1—z|2(AQ”P_A“3_A"2)|fp(1—z)|2dP
R+ :

where Fp is obtained from Fp by flipping the parameter a; with ag. As explained above this identity is a
very strong constraint in LCFT.

1.4. Main result on conformal bootstrap. In this paper, we justify rigorously the bootstrap approach
to LCFT by constructing the spectral representation of LCFT; as an output, we prove the bootstrap and
crossing formulas described in the previous subsection.

To understand our approach to the spectrum of LCFT it is useful to draw the analogy with the harmonic
analysis on a Lie group G and in particular the Plancherel identity on L?(G). For a compact G, L*(G)
is decomposed into a direct sum of irreducible (highest weight) representations of G whereas in the non-
compact case also a continuous family of representations (a direct integral) appears. This decomposition is
related to the spectral decomposition of a self-adjoint operator (the Laplacian) acting on the Hilbert space
L?(G). In 2d CFT, Osterwalder-Schrader’s method of reflection positivity provides a canonical Hilbert space
where the symmetry algebra of 2d CF'T, the Virasoro algebra, acts. The role of the Laplacian is played by
a self adjoint operator, a special element in the Virasoro algebra called the Hamiltonian of the CFT. In
the case of “compact CFTs” (examples being the minimal models of BPZ) the spectrum of this operator is
discrete whereas in case of “non-compact CFTs” the spectrum is continuous. Our proof is based on finding
the spectral resolution of this operator using scattering theory and representation theory of the Virasoro
algebra, leading to a Plancherel type identity as a rigorous version of the OPE.

The main result of this paper is the following theorem proving that the conformal bootstrap formula
(1.16) holds for the probabilistic construction of the 4-point function:

Theorem 1.1. Let vy € (0,2) and a; < Q for all i € [1,4]. Then the following identity holds for oy + ag > Q
and az +ay > Q

(1.18) (Va, (0) Ve, (Z)Vas (l)VlX4(OO)>’Y»# = (Va, (0)Va, (Z)Vag (DVa, (°°)>~Ey;3¢0t~

8The % factor here is a general global constant which can be absorbed in the definition of the probablistic construction: see
footnote associated to (1.6).
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The conditions a; + as > @Q and ag + a4 > @ are essential. Indeed, if a1 + ag < @ the analytic continuation
of (1.16) from «; € S requires adding an extra term (cf. the discussion on the so-called discrete terms in
[ZaZa96]). The second main input to the bootstrap hypothesis, namely the crossing symmetry conjecture
(1.17), follows directly from our work since one has by conformal covariance (1.12) of the probabilistic
construction of the correlations

(Va, (O)Vaz(z)Vag(l)Va4(°°)>7,# = (Vi (0) Ve, (1 = 2) Voo, (1)Va4(°°)>7,u

whereby we get the following corollary:
Corollary 1.2. The bootstrap construction of LCFT satisfies crossing symmetry for v € (0,2).

This result seems to be very hard to prove directly, however let us also mention that Teschner has given
strong arguments in [Te01] in that direction.

Remark 1.3. We have stated the bootstrap conjecture as the statements (1.16) and (1.17) since these are
the crucial relations following from the OPE axiom (1.15) used by physicists to study CFTs. However,
as explained above the OPE axiom (1.15) leads also to a recursive computation of the n-point correlation
functions for all n. Likewise, the approach in this paper can be extended to n >4 by a n— 3-fold application
of the Plancherel identity. Hence the spectral analysis of the LCFT Hamiltonian is the crucial result of this
paper. In order to keep the length of this paper reasonable, we will discuss these generalisations elsewhere,
in particular for the case of LCFT on the complex torus where the n-point formuli are mathematically quite
appealing [GKRV].

1.5. Conformal blocks and relations with the AGT conjecture. Let us mention that it is not at all
obvious that the bootstrap definition of the four point correlation function, i.e. the right hand side of (1.18),
exists for real a; satisfying the condition a; < @ for all i € [1,4] along with a; + @2 > Q and az + ay > Q.
Indeed, first the conformal blocks are defined via a series expansion

(119) ]:P(Z) = ioﬂnzn

where the coefficients §,,, which have a strong representation theoretic content, are non explicit : see (8.2)
for the exact definition of 3,. Hence, it is not obvious that the series (1.19) converges for |z| < 1. Second, it
is not clear that the integral in P € R* of expression (1.16) is convergent. As a matter of fact, in the course
of the proof of Theorem 1.1, we establish both that the radius of convergence” of (1.19) is 1 for almost all P
and that the integral (1.16) makes sense. To the best of our knowledge, the proof of the convergence of the
conformal blocks is new and we expect that the result holds for all P, although we do not need such a strong
statement for our purpose. Let us mention here the recent work [GRSS20] which establishes a probabilistic
formula involving moments of a GMC type variable for the conformal blocks of LCFT on the complex torus
thereby proving the existence of the torus blocks for all values of the relevant parameters. Convergence of
conformal blocks defining series is also topical in physics, see [PRER12, HoRy13, KQR20).

The AGT correspondence [AGT10] between 4d supersymmetric Yang-Mills theory and the bootstrap
construction of LCFT conjectures that Fp(z) coincides with special cases of Nekrasov’s partition function
[NeO4]. In particular this leads to an explicit formula for 5, in (1.19). However, even admitting this con-
jecture, it remains difficult to show that the radius of convergence in (1.19) is 1: see for instance [FLM18].
The AGT conjecture has been proved as an identity between formal power series in the case of the torus in
[Nel6] following the works [MaOk12, ScVal3] but this does not address the issue of convergence. See also
[FL10, AFLT11] for arguments in the physics literature which support the AGT conjecture on the torus or
the Riemann sphere.
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2. OUTLINE OF THE PROOF

In this section we give an informal summary of the proof of the bootstrap formula with pointers to precise
definitions and statements.

2.1. Reflection positivity. The LCFT expectation (1.6) is an expectation in a positive measure but it
has another positivity property called reflection positivity (or Osterwalder-Schrader positivity) that allows
us to express the correlation functions of LCFT in terms of a scalar product in the physical Hilbert space of
LCFT. This task is carried out in Section 3 and outlined now. The construction of the Hilbert space is based
on an involution acting on observables F. For this, we consider the reflection at the unit circle 8 : C - C

(2.1) 0(z)=1/z

which maps the unit disk D to its complement D°. We promote it to an operator © acting on observables
F~ OF by

(2.2) (OF)(6) = F(¢00-2Qn]-).

This allows us to define a sesquilinear form acting on a set Fp of observables F' that depend only on the
restriction ¢lp of ¢ to the unit disk (i.e. F(¢) = F(¢|p)) by

(2.3) (F.G)p = (OF($)G(0)),s .G e F.

Note that ©F is an observable depending on the restriction ¢|pe of ¢ to the complementary disc D so that
the scalar product of two observables on the disk D is given by the LCFT expectation of their product
when one of them is reflected to D°. Reflection positivity is the statement that the sesquilinear form (2.3)
is nonnegative:

(Fv F)]D) = 0

see Proposition 3.3. The canonical Hilbert space Hp of LCFT is defined as the completion of Fp, quotiented
out by the null set Ny = {F € Fp|(F, F)p = 0}, with respect to the sesquilinear form (2.3). This space can
be realized in more concrete terms as follows.

2.2. Hilbert space of LCFT. The space Hp can be realized as an L? space on a set of fields on the
equatorial circle T = 9D using the domain Markov property of the GFF. To do this let ¢ = X|r be the
restriction of the GFF to the unit circle. ¢ can be realized (see Section 3.1) as a (real valued) random
Fourier series

(2.4) e(0) = Y. one™
n#0
with ¢, = ﬁ(mn +1yy, ) for n >0 where x,,y, are i.i.d. unit Gaussians. ¢ can be understood as a random

element in a Sobolev space W*(T) with s <0 (see (3.3)) and as the coordinate function in the probability
space Qr = (]RQ)N* equipped with a cylinder set sigma algebra and a Gaussian probability measure P (see
(3.6)). The GFF X (1.3) can now be decomposed (Section 3.1) as an independent sum

(2.5) X' Py + Xp + Xpe

where Py is the harmonic extension of ¢ to C and Xp, Xpe are two independent GFFs on D and D¢ with
Dirichlet boundary conditions. In Proposition 3.3 we show that there is a unitary map U : Hp — L?(R x Qr)
given by

(2.6) (UF)(¢,p) = e LB, [F(c+ X)e e MD]
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where I, is expectation over Xp in the decomposition X|p = Xp + Py. Hence Hp can by identified with
L*(Rx Q7). The operator U then allows us to write the 4 point function in terms of the scalar product (-|-)2
in L2(R x Qr), namely, we have for |z| < 1

(2.7) (Ve (0)Vaa (2) Vs (1) Vary (00)) 10 = (U (Ve (0)Vary (2)) | U (Vers (0) Vary (1)) ),

The bootstrap formula is then obtained by expanding this scalar product along the eigenstates of a self
adjoint operator H on L?(R x Q7), the LCFT Hamiltonian to which we now turn.

2.3. Hamiltonian of Liouville theory. For ¢ € C with |g| < 1, the dilation map z € C — s4(2) = ¢z maps
the unit disc to itself and it gives rise to a map S, : Fp — Fp by

(2.8) SqF(9) := F(¢osq+Qlnlg|)

for F' € Fp. In Proposition 3.6 we show that these operators satisfy S;Sy = S¢¢ and g — S, descends to a
strongly continuous semigroup on Hp. Taking ¢ = e~* for ¢ > 0, we get a contraction semigroup on L?(Rxr)
via the unitary map U in (2.6), given by the relation

(2.9) e™M-yUs, .U

The generator of the semi-group is a positive self-adjoint operator H with domain D(H) c L?(R x Qr),
called the Hamiltonian of Liouville theory.

To get a more concrete representation for H we use a probabilistic Feynman-Kac representation for e~
It is based on the well known fact that the GFF X (e **%) for ¢ > 0 can be realized as a continuous Markov
process

tH

te X (") = (Br,pe() e W*(T)

with s < 0. Here we decomposed W#(T) = ReW{(T) where W (T) has the n # 0 Fourier components. In this
decomposition B; is a standard Brownian motion and the process ¢; gives rise to an Ornstein-Uhlenbeck
semigroup on W (T) (i.e.the harmonic components evolve as independent OU processes), whose generator
is a positive self-adjoint operator P. The operator P is essentially an infinite sum of harmonic oscillators
(see (4.4) for the exact definition). This leads to the expression for the Hamiltonian when p =0
0 Lo 1
(2.10) H" :=H], = —50:+5Q°+P
defined on an appropriate domain where the first two terms come from the Brownian motion, see Section 4
for further details.

Using the formula (2.6) we then deduce a Feynman-Kac formula for the LCFT semigroup in Proposition
5.1) which then formally gives H as a ”Schrédinger operator”

(2.11) H=H+ eV (p)

where the potential is formally given by
(2.12) V() = f% ew(a)-ﬁm[w(ef]dg.
0

In Section 5.2, we give the rigorous definition of (2.11) which actually is quite subtle and nonstandard.
The operator (2.11) is defined as the Friedrichs extension of an associated quadratic form. For + € [0,/2)
V is a well defined random variable defined as the total mass of a GMC measure on T associated to ¢.
For v € [v/2,2) however, this GMC measure vanishes identically and V can no longer be considered as a
multiplication operator: it has to be understood as a measure on some subspace of L?(Qr) but it still gives
rise to a positive operator.

We mention here that the operator (2.11) in the absence of the c-variable, i.e. the operator P + pV,
was first studied in [Ho71] and was shown to be essentially self-adjoint on an appropriate domain provided
v €(0,1), condition under which V is a random variable in L?(Q7).
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2.4. Spectral resolution of the Hamiltonian. One of the main mathematical inputs in our proof comes
from stationary scattering theory, see Section 6. It is based on the observation that the potential e?“V
vanishes as ¢ - —oo so that H-eigenstates should be reconstructed from their asymptotics at ¢ - —oo, region
over which they should behave like H'-eigenstates.

The spectral analysis of HY is simple. The spectrum {0 < A; < ...\ <...} of the operator P is given by
the natural numbers \; = k and each eigenvalue has finite multiplicity, see Section 4.1. The corresponding
eigenspace ker(P - \y) is spanned by a family (hjr);-o,.... (k) of finite products of Hermite polynomials in
the Fourier components (¢n, )nez+ in (2.4), providing an orthonormal basis {h;x }ken,;j < 7(k) of L?(Q1). The

spectrum of HY is then readily seen to be absolutely continuous and given by the half-line [%2, +00) with a
complete set of generalized eigenstates

(2.13) ‘I’%H'P,jk(ca p) = elpchjk(@L

with P e R, ke N, 5 < J(k) and eigenvalue %(Q2 +P2)+ )\ = 2Ag+ip + A, where Ag.,p is the conformal
weight (1.9).

In physics, the spectrum of H was first elaborated by Curtright and Thorn [CuTh] (see also Teschner
[Te01] for a nice discussion of the scattering picture). To explain the intuition, let us consider a toy model
where only the c-variable enters, namely the operator %(—5‘3 + Q%) + pe’ on L2(R). It is a Schrédinger
operator with potential tending to 0 as ¢ > —oo and to +oo0 as ¢ — +o0. Thus for ¢ — —oco the eigenfunctions
should tend to eigenfunctions of the ;= 0 problem i.e. to a linear combination of e**’¢. Indeed, the operator
has a complete set of generalized eigenfunctions fp, P € R*, with asymptotics

fp(c) ~ e+ R(P)e™™* as ¢ - oo

and fp(c) > 0 as ¢ - +oo. These eigenfunctions describe scattering of waves from a wall (the exponential
potential €7 acts as a wall when ¢ - +00) and R(P) is an explicit coefficient called the reflection coefficient'".

For the operator H we expect the same intuition to hold: an eigenfunction ¥(c, ¢) of H should, as ¢ > —oo,
tend to an eigenfunction of H? of the same eigenvalue. Indeed we prove (see Theorem 6.25) which uses a
different labelling) that to each H® eigenvector \IIOQ +ip,jk I (2.13) there is a corresponding H eigenvector
Vo+ip,jk With the same eigenvalue

(2.14) HUG.ip ik = (2A04ir + M)V Quir jks

and these form a complete set for P € R,, k € N, j < J(k). Applying the spectral decomposition of H to
(2.7) using this basis leads to

(2.15) <Va1(O)Vaz(Z)Vas(l)vm(oo))%u =

J (k)

f U(Vay (0)Vaz (2)) 19 Quip, i) 2{ ¥ Quip,jk | U (Vay (0)Vay (1)) )2d P.
2 keN §=0

Proving this spectral resolution for H is the technical core of the paper and involves a considerable amount
of work (the whole Section 6). The main difficulty comes from the fact that the potential V' appearing in
H acts on the L2-space of an infinite dimensional space R x Qr and moreover V is not even a function for
v e [\/5, 2) as discussed in the previous subsection. This weak regularity and unboundedness of the potential
make the problem quite non-standard.

2.5. Analytic continuation. The spectral resolution (2.15) is not yet the bootstrap formula. Indeed, it
holds under quite general assumptions on V. To get the bootstrap formula from (2.15) we need to connect the
scalar products in (2.15) to the DOZZ 3-point functions CRI?ZZ(al, o, Q —1P) and CBSZZ(O@, ayg,Q +1iP)
respectively. The probabilistic 3-point function C, (o, a2, ) is defined only for « real and satisfying the
Seiberg bounds a; < @, as < Q, a < Q, ay+as+a > 2Q and CDOZZ(OZ17OZ2, Q-iP) is an analytic continuation
of this probabilistic expression. Our strategy then is to analytlcally continue the eigenfunction ¥q.;p i to
real values of @ +iP so that we can use the probabilistic construction of the LCFT and in particular its
conformal invariance to derive identities that allow to determine the above scalar products.

10This coefficient is a simplified version of the (quantum) reflection coefficient which appears in the proof of the DOZZ
formula [KRV19, KRV20].
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In Section, 6 we show that the eigenfunctions can be analytically continued to ¥ j; which are analytic in
a in a connected region which contains both the spectrum line a € @ +iR, and a half-line | — oo, Ax] c R for
some Ay < Q. This analytic continuation still satisfies the eigenvalue problem (2.14) (with @ +iP replaced
by «) but it has exponential growth in the ¢ variable as ¢ — —oo and it does not contribute to the spectral
resolution (compare with eigenfunctions e of the operator —92 which are associated to the L? spectrum
only for a € iR).

Im oax
1

1
Analyticity region .
L k— Spectrum line

: Q+1iR
[}
Probabilistic region :
:
---------- R i Ry
Q-X ¢ Q Re o

FIGURE 1. Analytic continuation of eigenstates and probabilistic region.

The crucial point we show is that the analytically continued H-eigenfunctions ¥, j; can be obtained by
intertwining the H-eigenfunctions for « in some complex neighborhood of the half-line ] - 0o, A;,] that we
call the probabilistic region (see Figure 1):

. ajk = lim et 7otk )be - ntertwining

2.16 Vo n = ] (Ratdi)tetHgO Intertwini
where ¥ k= e(O“Q)Chjk are the analytically continued eigenfunctions of HY (see Proposition 7.2 which has

a different labelling). Furthermore, combining (2.16) with the Feynman-Kac formula one finds (Section 7.1)
for A, =0 (then J(0) =0, hoo(¢) =1 and we denote ¥, o for ¥, o) that

(2.17) \I/a,O = U(Va(o))

where U is the unitary map (2.6). Hence the “non-spectral” eigenfunctions ¥, ¢ for a € R have a probabilistic
interpretation in LCFT whereas the “spectral” eigenfunctions ¥, 0 do not have one. In the physical
literature the correspondence between local fields and states in the Hilbert space is called the state-operator
correspondence and in LCFT this correspondence is broken. The spectral states ¥g,;p o do not correspond
to local fields and they are called macroscopic states whereas the non-normalizable states ¥, ¢ correspond
to the local field V,, and are called microscopic states, see [Se90] for a lucid discussion.

The relation (2.17) leads to

(2.18) <U<ﬁvai<zi>> W 0)s = {( H Voo (20))Va(00))1

for {a;}, a satisfying the Seiberg bounds (the scalar product in (2.18) still makes sense since the vector on
the left has sufficient decay in the c-variable to counter the exponential increase of ¥, ). Note in particular
that (2.18) is defined only if n is large enough since the Seiberg bound requires Y; a;; > 2Q — a > 2Q — Ay.
To understand the case k >0 we need to discuss the conformal symmetry of LCFT.

2.6. Conformal Ward Identities. The symmetries of conformal field theory are encoded in an infinite
dimensional Lie algebra, the Virasoro algebra. In the case of GFF this means that the Hilbert space L?(R x
Qr) carries a representation of two commuting Virasoro algebras with generators {L9},.z and {L2},,cz (see
Section 4.4). In particular the GFF Hamiltonian is given by H? = L + Eg and the HO eigenstates ‘I/?gnp,jk
for fixed P can be organized to a highest weight representation of these algebras. In concrete terms the
highest weight state \1122 +ip,o Satisfies

0,0 700 0 0 g0 700
(2.19) LoVgiipo = Lo¥quiro = AQH‘P‘I’QH‘P,Ov LoVGiiro = LaVquipo =0, n>0,
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and given two non-increasing sequences of positive integers v = (vq,...,v;) and U= (71,...,77), k,l € N and
setting LY, =LY, L%, and L%, =LY% L% the states
, 2 A

(2.20) \IIOQ+Z'P,V,7 = Lgvigﬁ Vo+ipo,

are eigenstates of H? of eigenvalue F = 2Aq+ip + X, vi + ;75 and, for fixed F, span that eigenspace. Thus
at each eigenspace there is a nonsingular matrix M (Q +iP) relating the vectors \IJOQ +ipyw and \I/?Q +ipjk and
furthermore we show (Proposition 4.9) that this matrix is analytic in the variable o = @Q + i P. Setting
Vo= M(a)uzjrVa.jn

k.j
the vectors Wqg,;p,» are a complete set of generalized eigenvectors of H and they can be used in the
identity (2.15) (with appropriate Gram matrices), see Section 8. Furthermore ¥, , 7 provides an analytic
continuation of Wg.;p, & to the half line o < @ — A for some A > 0 and it is intertwined there with the
corresponding vector ¥Y  _ by the relation (2.16).

a,V,U

The bootstrap formula (1.16) is a consequence of the following fundamental identity (see Proposition
7.12)

(2.21)  (QuiPws |U(Va, (0)Va, (2)))2 = d(ar, 02,1, 7)CEV%% (0, az, Q + iP) 271 | H(B@ir=Ray ~Ros)

where the function d is an explicit function of the parameters that will contribute to the conformal blocks.
To prove (2.21) we consider the scalar product (¥ o.;p,5|U([Tj1 Va, (2i)))2 where z; e D and ;o > Q+ A
and analytically continue it from o = Q +iP (P €R,) to a € (2Q - X, a;,Q — A). For such o we prove the
Conformal Ward Identity (see Proposition 7.11)

(2-22) <U(H Ve (ZZ)) | \I/a,ufﬁ>2 = D(a7 a, vV, U)(H Ve (zi)voz(oo))'y,u

i=1 i=1
where a = (a1, ..., ay) and D(a, o, v,7) is an explicit partial differential operator in the variables z;. Using
(2.18), continuing back to a = @ +iP and taking a; — 0 for ¢ > 2 we then deduce (the complex conjugate
of) (2.21).

The proof of (2.22) occupies the whole Section 7. It is based on a representation of the states \IISW,;

in terms of V,,(0) and the Stress-Energy-Tensor (SET) in Proposition 7.23. Let us briefly explain this for
v =n,7 =g ie for the state L, ¥, ;. We have W), ; = UgV4(0) where Up is the map 2.6 for yu = 0. The SET
is given in the GFF theory by the field

(2.23) T(2) = QX (2) - (0:X(2))* + E[(9:X(2))?],

defined through regularization and limit. Then we prove
1
R — 55 AU (T(2)Va (0))dz
’ 2mi,

where the integration contour circles the origin in D. Plugging this identity to the intertwining relation (2.16)
and using the Feynman-Kac formula one ends up with a contour integral of the SET insertion in LCFT
correlation function. This is analyzed by Gaussian integration by parts and results in the Ward identity.

2.7. Organization of the paper. The paper is organized as follows. In Section 3, we will introduce the
relevant material on the Gaussian Free Field and explain the construction of the Hilbert space as well as the
quantization of dilations; the Liouville Hamiltonian is then defined as the generator of dilations. This section
uses the concept of reflection positivity. In Section 4, we study the dynamics induced by dilations in the
GFF theory (i.e. 4 =0) and recall the basics of representation theory related to the GFF. In Section 5, we
study in more details the Liouville Hamiltonian: we establish the Feynman-Kac formula for the associated
semigroup and identify its quadratic form, which allows us to use scattering theory to diagonalize the
Liouville Hamiltonian in Section 6. In Sections 7 and 9, we will prove the Conformal Ward identities for
the correlations of LCFT: in a way, this can be seen as an identification of the eigenstates of the Liouville
Hamiltonian. In Section 8, we will prove the main result of the paper Theorem 1.1 using the material proved
in the other sections. Finally, in the appendix, we will recall the DOZZ formula and gather auxiliary results
(analyticity of vertex operators).
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2.8. Notations and conventions. We gather here the frequently used notations:

(.)y,u denotes the LCFT expectation (1.6).

X, ¢, ¢ denote respectively the GFF (1.3), the Liouville field (1.5) and the GFF on T (2.4).
(27, P1) denotes the probability space (3.5) with measure (3.6).

LP(Qr) for p > 1: complex valued functions 1 (¢) with norm |- | zr(q,)-

LP(R x Qr) for p > 1: complex valued functions (¢, ¢) with norm || - ||,.

(}')£2(0y): scalar product in L*(Qr).

(-|-)2: scalar product in L?(R x Q).

e [P(R x Q). Weighted LP-space equipped with the norm | f| epc rr := |67 £,
C* (D) denotes the set of smooth functions on the domain D.

C (D) denotes the set of smooth functions with compact support in D.

(.,.)p denotes the scalar product (3.16) associated to reflexion positivity

‘Hp: Hilbert space associated to (.,.)p.

(f,9)T = 0277 f(0)g(6)dd denotes the scalar product on L2(T).

(f.9)p =[5 f(x)g(x)dz denotes the scalar product in L*(DD).

All sesquilinear forms are linear in their first argument, antilinear in their second one.

For integral operators on some measure space (M, p) we use the notation (Gf)(z) = [ G(z,y) f(y)u(dy).

GFF quantities as opposed to corresponding LCFT ones will carry a subscript or superscript 0: for example
the Hamiltonians are H° (GFF) and H (LCFT).

3. REFLECTION POSITIVITY

In this section we prove the reflection positivity of the LCFT and explain the isometry U (2.6) mapping
the LCFT observables to states in the Hilbert space L?(R x Q1) as well as the semigroup in (2.9). We start
by a discussion of the various GFF’s.

3.1. Gaussian Free Fields. We will now define the fields entering the decomposition (2.5).

GFF on the unit circle T. Given two independent sequences of i.i.d. standard Gaussians (2, ), >1 and
(Yn)n > 1, the GFF on the unit circle is the random Fourier series

(3.1) p(0) = 3 pne™
n#0

where for n >0
1 ) _
(3-2) Pn = ﬁ(xn +iYn)s  Pon =Py

Let W*(T) c CZ be the set of sequences s.t.
(3.3) lelfs(zy = 2 lenl?(In] + 1)** < co.
neL

One can easily check that E[|¢||?,. (T)] < oo for any s < 0 so that the series (3.1) defines a random element
in W*(T). Moreover, by a standard computation, one can check that it is a centered Gaussian field with
covariance kernel given by

(3.4) ELp(0)o(0)) =In [~ .

We will view ¢ as the coordinate function of the probability space

(3.5) Qp = (R)Y
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which is equipped with the cylinder sigma-algebra Y = B®N" | where B stands for the Borel sigma-algebra
on R? and the product measure

1
(3.6) Pri= @ —e 2ntv)dg, dy,.
n>1 2
Here Py is supported on W#(T) for any s <0 in the sense that Pp(p € W*(T)) = 1.

Harmonic extension of the GFF on T. The next ingredient we need for the decomposition of the GFF (2.5)
is the harmonic extension Py of the circle GFF defined on z € D by

(3.7) (P)(2) = 3 (pnz" +@nZ")

n>1
and on z € D¢ by (Py)(1/z) so that we have
Py =(Pyp)ob

where 0 is the reflection in the unit circle (2.1). Py is a.s. a smooth field in the complement of the unit
circle with covariance kernel given for z,u € D

B(Pe)(:)(P)(W)] =} ¥ —((:0)" + (zu)") = ~In1 - 2

n>0
and for z €D, u e D¢

E[(Pp)(2)(Pe)(u)] = -In[1 - z/ul.

Dirichlet GFF on the unit disk. The Dirichlet GFF Xp on the unit disk D is the centered Gaussian distri-
bution (in the sense of Schwartz) with covariance kernel G given by

1 - 27|

(3.8) Gp(z,2") = E[Xp(z)Xp(z')] =1n

|z - ']

Here, G is the Green function of the negative of the Laplacian Ap with Dirichlet boundary condition on
T = 0D and Xp can be realized as an expansion in eigenfunctions of Ap with Gaussian coefficients. However,
it will be convenient for us to use another realization based on the following observation. Let, for n € Z

2 .
Xa(h) = [ xp () 4L,
Then we deduce from (3.8)
1 “[t=t'lln| _ o=+t
(39) E[Xn(t)Xm(t,)] _ Q\HI(S/"*’m(e e ) n+0
t A t n=m-= 0

Thus {X,,}» >0 are independent Gaussian processes with X_,, = X, and X, is Brownian motion. We can
and will realize them in a probability space (Qp,Xp,Pp) s.t. X, (t) have continuous sample paths. Then
for fixed t

(3.10) Xp(e ™) = 3 X, ()™,

nez

takes values in W*(T) for s <0 a.s. (defined in (3.3)) and we can take the map t € R* = Xp(e ") e W*(T)
to be continuous a.s. in Qp. Decompose W*(T) = Re@W(T) where f € W (T) has zero average: [ f(0)df = 0.
Then

Xp(e™*") = (B, Y1)

where B; is Brownian motion and Y;(6) = ¥,,.0 Y (t)e™? is a continuous process in W§(T), independent of
B;. The Dirichlet GFF Xpe on the complement D¢ of D can be constructed in the same way (in a probability
space (Qpe, Xpe, Ppe)) and we have the relation in law

(3.11) Xpe 2 Xp o

or in other words Xpe(e!*%) law Xp(e %), t > 0.
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GFF on the Riemann sphere. One can check that adding the covariances in the previous subsections we get
that the field X defined by (2.5) has the covariance

(3.12) E[X(2)X(y)] = In |1:i +Injal, +lnlyl,

Yl
which coincides with (1.3). In the sequel, we suppose that the GFF on the Riemann sphere X is defined on
a probability space (£2,3,P) (with expectation E[.]) where Q = Qr x Qp x Qpe, ¥ = X719 Xp ® Xpe and P is
a product measure P = Pt ® Pp ® Ppc. At the level of random variables, the GFF decomposes as the sum
of three independent variables

(313) X=P(p+X]D)+XDc

where Py is the harmonic extension of the GFF restricted to the circle ¢ = X|r defined on (Qr, X1, Pr) and
Xp, Xpe are two independent GFFs on D and D¢ with Dirichlet boundary conditions defined respectively on
the probability spaces (Qp,¥p, Pp) and (Qpe, Xpe, Ppe)''. We will write E,[-] for conditional expectation
with respect to the GFF on the circle ¢ (instead of := E[-|Xr]). We will view X in two ways in what follows:
as a process X; € W*(T) (s <0)

(3.14) Xi(0) = Xp(e ") 1o + Xpe (7)o + (Pyp) (e711+7).
and as a random element in D’'(C). In the sequel, we will denote for ¢ > 0:
(3.15) ©:(0) = Pp(e ) + Y, ().

3.2. Reflection positivity. Let D = {|z| < 1} be the unit disk. Recall the definition of the Liouville field
(1.5) which is given on D by ¢(z) = ¢+ X (z) = ¢+ Xp(2) + Pp(z). Let Ap be the sigma-algebra on R x
generated by the maps ¢ —, (¢, g)p for g € C5°(D) and we recall the notation (¢, g)p = [ 9(2)¢(2)dz. Let
Fp be the set of Ap-measurable functions with values in R.

For F,G € Jp such that the following quantities make sense (see below), we define (recall (2.2))

(3.16) (F,G)p = (OF (¢)G())r.u-

Reflection positivity is the statement that this bilinear form is non-negative, namely (F, F)p > 0. In what
follows, we will study this statement separately for the GFF theory (1 =0) and for LCFT.

Refiection positivity of the GFF. Here we assume p = 0. Let F,G € Fp be nonnegative. The sesquilinear
form (3.16) becomes at =0

(3.17) (F,G)po = fR e 2R[(OF)(8)G(d)]de = fR 2R[F(c+ X@)G (et XD)]de

where we denoted X = Xﬂgi) + Py with Xﬂg)l) = Xp and Xﬂg}z) = Xpe o # which are two independent GFFs in
the unit disk. Hence by independence of XH(;)

(F,G)po = /R e 2XR[E[F(c+ X2 + Po)|E,[Gle+ XD + Pp)]lde
(3.18) = (U F|UyG)s
where the map Uy is defined by
(3.19) (UoF) (e, ) = e By [F(c+ Xp + Pyp)]

and we recall IE, denotes expectation over Xp. Such a map is well defined on nonnegative F' ¢ Fp and
extended to .7-']3’&7 which is defined as the space of F € Fp such that Uy|F| < oo dc ® Pr-almost everywhere.
Let Fo? = {F e Fo® | |Ug F |2 < 00}

HWith a slight abuse of notations, we will assume that these spaces are canonically embedded in the product space (2, %)
and we will identify them with the respective images of the respective embeddings.
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Proposition 3.1. The sesquilinear form (3.17) extends to .7-'11(;’2. This extension is non negative

(3.20) VE e 72, (F,F)po = 0.

Let F° INQ be the Hilbert space completion of the pre-Hilbert space F'> NG with N§ == {F € FY* | (F, F)p =
0}. The map Uy in (3.19) descends to a unitary map Uy : Fy> INO - L*(R x Q).

Proof. By (3.18) Uy descends to an isometry on fﬂg’Q/./\/(? so we need to show it is onto. We take F' of the
form

(3.21) F(c+X) = p((c+X’g)D)e(c‘*'va)D_%(vaDf)D.

with p e C°(R) and g, f € C3° (D) with the further conditions that g is rotation invariant i.e. g(re®) = g(r),
and that fOQﬂ f(re?)dh = 0 for all r € [0,1]. Then (¢, f)p = 0 and (P, g)p = 0 and we get

(UoF)(c, ) = e*ch(Pw,f)mE[p(C + <XD’gm)e(xnyf)mf%(fﬂnf)n]
(3.22) = e e POIE [ p(c+ (X, g)p)]

where we observed that (Xp,g)p and (Xp, f)p are independent as their covariance vanishes. Indeed, by
rotation invariance of g, the function O(r,0) == [, g(2)Gp(x,re"?)dz does not depend on 6 hence

EHXD,SJ)D(XDJ)D]:/D/E)Gm(fay)g(x)f(y)dy
- folrfo% Fre®O(r, 0)dodr

1 27 .
= / rO(r,0) f f(re®)dedr = 0.
0 0
Let h e C*(T), f. € C°(D) and g, be given by g.(re?) = e 1n(+=2), f. = hg. where 7 is a smooth bump

€

with support on [1,2] and total mass one. Then lim._o(Pep, fo)p = (¢, h)r and lim._o E((Xp,g:)3) = 0 so
that

lim(UgFe) (e, ) = ¥ p(e)el ™
where the convergence is in L?(R x Q). Thus the functions e"?¢p(c)e!¥™)T are in the image of Uy for all

peC&(R) and h e C*°(T). Since the linear span of these is dense in L?(R x Qr) the claim follows. O

Remark 3.2. Note that this argument shows that Uy extends from .7-']3’2 to functionals of form F(c+ Xr)
and then
(UoF)(e,0) = e F(c+ ).

Reflection positivity of LCFT. Next we want to show reflection positivity for the LCFT expectation (1.6)
with 1> 0. The GMC measure M., defined in (1.4) can also be constructed as the martingale limit
2

.
(3.23) M, (dz) = Jim e'YXN(I)77E[XN(m)2]|x|:4 dx.
where in Xy we cut off the series (3.10) and (3.7) defining XH(;) and Py respectively to finite number of
terms |n| < N. We claim that

M,(C) = MV(D) + M2 (D)

where MV) are the GMC measures of the fields X = Xu(»i) + Py, i =1,2. Indeed, we take the limit N — oo
in

2 2 2
[ RO @ g = [ DT g = [ WO TR0 gy,
< De D

Thus, for nonnegative F,G € Fp
(F,G)p = (OFG)y = (Uo(IF) |Uo(1G))2
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where
I = e—MeWCMA,(]D)) .

Let F5° be the space of F' € Fp such that Uy(|F|I) < oo dc ® Pr-almost everywhere. Let F2 = {F ¢
F | Uo(FI)|2 < oo}. From the above considerations, we arrive at:

Proposition 3.3. The sesquilinear form (3.16) extends to F3, is nonnegative and given by

(3.24) (F,G)p =(UF|UG)
for all F,G € F3 where
(3.25) (UF)(eg) = (Uo(FD)(e.9) = & @B [F (e + X)e M),

X = Xp + Py and M., is its GMC measure. Define Ny := {F € F2|(F,F)p = 0}. Then U descends to a
unitary map
U:Hp - L*(RxQr)

with Hp := m (the completion with respect to (.,.)p).

Proof. We need to show U is onto. This follows from U(I7'F) = UyF and the fact that Uy is onto. |
Remark 3.4. From Remark 3.2 we conclude that U extends from Fp to functionals F(c+ Xr) for which
(UF) (¢, p) = F(c+ ) x (UL)(c+ )

or, in other words, for f € L*(R x Qr)
(3.26) Ultf=(U1) "

3.3. Dilation Semigroup. Recall the action of the dilation map (2.8) on Fp. The reason for the Q1In|qg|-
factor is the Mobius invariance property of LCFT [DKRV16]

Proposition 3.5. Let 1 : C — C be a Mébius map and let F be a functional on D'(C) so that (1F' (D)), <
oo. Then

(3.27) (F(¢ov+ QW)= (F (&) u-
We have then:

Proposition 3.6. The map S, descends to a contraction S, : Hp — Hp:

(3.28) VF € Hp, (SgF,SqF)p < (F, F)p.

The adjoint of Sy is Sy = Sg i.e. for all F,G € Hp

(3.29) (S¢F,G)p = (F, S3G)p.

Finally the map q €D — S, is strongly continuous and satisfies the group property
(3.30) SqSq = Sqq

so that g €D~ Sy is a strongly continuous contraction semigroup.
Proof. Let us start with (3.29). It suffices to consider F,G € F2 real. By definition
(SgF.G)p = (F(9 0005, +Qnlgl - 2Q0 0 57)G()), 1= (F(6)G(9)).s
where ¢(z) :=In|z|. Applying Proposition 3.5 with ¢ = s; we get
(F(9)G(0))ys = (F(po 53+ Qna)G(¢ 0 55+ Qnla]).
But
F(posg+Qlnlg)) = F(poszofos,+2QIn|g—2Qlos,) = F(pob-2QL)

and therefore (F($)G(¢))y.. = (F,S3G)p as claimed.
The group property (3.30) is obvious.
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1
To prove the contraction, denote for F € Fp, the seminorm | F|p := (F, F)p. Then we have
L 1 1 1
1SgFllp = (SgF, SgF)p = (F, Sz F)py < [ F g [1Sjq2F -
Tterating this inequality we obtain
ok —k
|SeFllp < [Flp 2 [SigpeFlI3 -
Recall that
(G,G)p = (Uo(IG)|Us(IG))2 = fR e 29R[E,[IG]*]de
and then by Cauchy-Schwartz applied to E,[.]
E[E,[IG]"] = E[E,[I* GI* )] < E[E,[IG°|E,[]]

so that
(G, G)p < (Uo(IG*)|UoD)2 = (UG?|U1 )2 = (G®) 1.
Hence
ok k-1 ok k-1
194F [p < [Fll5 % ((Sqee F)*)2 0 = IFI5? (F?)2,

where we used again the M6bius invariance of (-),, ,. Taking k — co we conclude Sy F|p < ||F|p for F e Fp
which satisfy (F?),, < oco. Such F form a dense set in Fp. Indeed, let F € Fpp with |F|p < oo and let
Fr = F1jp<g. Then (F2)., . < oo and

|F = Frl3 = 1FLe > &2 < IFIILE > rIE

and 1y 3 = (L > 2OLy > 1) < 2 (|FIO1F]) = 0 as R~ oo.

Hence (3.28) holds for all F € Fp with |F|p < oo. This implies S, maps the null space Ny to Ny and thus
Sy extends to Hp so that (3.28) holds.

Finally to prove strong continuity, by the semigroup property it suffices to prove it at ¢ = 1 and by the
contractive property we need to prove it only on a dense set. Since

|SF = Flg = |SeF I + | FlIf ~ (SeF, F) ~ (F, 54 F)p < 2| F[[f = (SgF, F)p = (F. 54 F)p

it suffices to prove (S,F,F)p — (F,F)p as ¢ - 1 on a dense set of F. Take F = GI™* so that UF = UpG.
Then

(F,S,F)p = fR e 2QRE(QGGe e My (DD ) g
which converges as ¢ - 1 to (F, F)p (use P(M,(D\ |g/D) >¢€) -0 as g - 1). O

In particular we can form two one-parameter (semi) groups from S,. Taking g = e™* we define T} = S,-.
Then Ty, s = Ty Ts so Ty is a strongly continuous contraction semigroup on the Hilbert space Hp. Hence by
the Hille-Yosida theorem

(3.31) USe-U™! = ¢7tHs

where the generator H, (in the case u = 0, we will write H?) is a positive self-adjoint operator with domain
D(H.,) consisting of ¥ € L?(R x Q) such that lim,_g %(e‘tH* ~ 1)) exists in L?(R x Qr). The operator H,
is the Hamiltonian of LCFT. Taking ¢ = e'® we get that a ~ S,ia is a strongly continuous unitary group so
that by Stone’s theorem

US, iUt = gl

where I, is the self adjoint momentum operator of LCFT. As we will have no use for II, in this paper we
will concentrate on H, from now on. Let us emphasize here that it is defined in the full range v € (0,2).
One of our next tasks will be to show that for v € (0,2): H, = H, where the Hamiltonian H will be defined
as the Friedrichs extension of (2.11).
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4. GAUSSIAN FREE FIELD: DYNAMICS AND CFT ASPECTS

4.1. Fock space and harmonic oscillators. The Hilbert space L?(Qr,Pt) (denoted from now on by
L?(Qr)) has the structure of Fock space. Let P ¢ L*(Qr) (resp. S c¢ L?(Qr)) be the linear span of the
functions of the form F(zy,y1,--, 2n,yn) for some N > 1 where F is a polynomial on R?Y (resp. F €
C*((R?)N) with at most polynomial growth at infinity for F' and its derivatives). Obviously P c S and
they are both dense in L?(Qr).

On S we define the annihilation and creation operators

(4.1) Xy =0z, X5 =-0z +Tn,
(4.2) Y,=0,,, Y,=-0, +Yn
They are formally adjoint of each other (see e.g. [ReSil, VIIL.11] for more about the closure of these

operators, which we will not need here) and form a representation of the algebra of canonical commutation
relations on S:

with other commutators vanishing. The operator P is then given on S as
(4.4) P-= Z n(X;X,+YY,)
n=1

(only finite number of terms in the sum contributes when acting on §) and extends uniquely to an unbounded
self-adjoint positive operator on L%(Qr): this follows from the fact that we can find a complete system of
eigenfunctions in P, as described now. Let A be the set of non-negative integer valued sequences with only
a finite number of non null integers, namely k = (ky, ko,...) e N iff k e N¥ and k,, = 0 for all n large enough.
For k,1€ N\ define the polynomials (here 1 € L?(Qr) is the constant function)

(4.5) U = [J(X5) " (Y5) "1 eP.

Equivalently, ¢y = [1,, Hex, (2, )He;, (yn) where (Hep)r > o are the standard Hermite polynomials. Then,
using (4.3), one checks that these are eigenstates of P:

(4.6) Piia = ([k] + 1)1 = Mata.

where we use the notations

(4.7 k|:= > nk,, A= |k|+]]]

n=1
for k,1 € M. Tt is also well known that the family {ty = @kl/HzﬁleLz(QT)} (where | - | 2(q,) is the standard
norm in L?(Qr)) forms an orthonormal basis of L?(Qr). Finally we claim

Proposition 4.1. The operator P generates a strongly continuous semigroup of self-adjoint contractions
(7)1 >0 on L*(Qr) with probabilistic representation, for t >0,

VieL?(Qr), e f=Ey[f(p)]
with (p)e >0 the process defined by (3.15).

Proof. The fact that P generates a strongly continuous semigroup of self-adjoint contractions results from
the fact that P is self-adjoint and nonnegative. Since (1x1)x1 form an orthonormal basis of L?(Qr), it
suffices to study the semigroup on this basis. Obviously e *F )y = e ¥/, Furthermore the decomposition
(3.14) together with the covariance structure (3.9) (and recalling the decomposition (3.1)4(3.2) of the field
) entails that the law of ¢, (see (3.15)) conditionally on ¢ is given by

pi(0) = Z>:0 Weme + % Weiw



CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 21

where x,(t), yn(t) are independent Ornstein-Uhlenbeck processes. In particular for each fixed ¢, there are
two independent sequences of independent standard Gaussians (Z,, ), and (), such that, for n > 1

law cond. on ¢ _p¢ / _ _ law cond. on ¢ _pn¢ \/7_7
xn(t) = e Ty + 1-¢€ 2tnxn7 yn(t) = e Un + l1-e Qtnyn-

Finally, we recall the following elementary result: given Y a standard Gaussian random variable, the standard
Hermite polynomials (Heg)r >0 on R, z € R and u,v > 0 such that u? + v* = 1 then

(4.8) E[Hey (uz +vY)] = uFHey ().
Using this lemma and our description of the law of X, it is then plain to deduce that
e P = Ep[tia(pi)] = ey,

Hence our claim. O

Remark 4.2. List the eigenvalues A = k| + |1| of P in increasing order Ay < Ag < ... and let P; be the
corresponding spectral projectors. Since each \; is of finite multiplicity and \; — oo as i — oo the semigroup
e P =3, e Py and the resolvent (z—P)7' = X,(2 - X\i) " P; are compact if t >0 and Iz # 0 since they are
norm convergent limits of finite rank operators.

4.2. Quadratic form. Introduce the bilinear form (with associated quadratic form still denoted by Q)

(4.9) Vu,veC, Qo(u,v):=3E /R (acuacz‘) +Q%ub + 2(Pu)1‘))dc
with

(4.10) C = Span{y(c)F | € C(R) and F € S}.

We claim

Proposition 4.3. The quadratic form (4.9) is closable (and we still denote its closure by Qo with domain
D(Qo)) and lower semibounded: Q(u) > Q?|ul|3/2. It determines uniquely a self-adjoint operator H®, called
the Friedrichs extension, with domain denoted by D(H®) such that:

D(H") = {ueD(Qo)|3C > 0,¥v e D(Qo), |Qo(u,v)| < Clv]2}
and for v e D(H®), H is the unique element in L*(R x Qr) satisfying
Qo (u,v) = (Hulv)s.

Proof. Recall that the closability of the quadratic form means that its completion with respect to the
Qp-norm embeds continuously and injectively in L?(R x Q7). Its completion is the vector space consisting
of equivalence classes of Cauchy sequences of C for the Qp-norm under the equivalence relation u ~ v iff
Qo(uy —vy) > 0 as n - oo. This space is a Hilbert space. Let us show that it embeds injectively and
continuously in L*(R x Qr) by the map j : [u] = lim,, e u,. Indeed, u,, is Cauchy for L*(R x Qr) since
[tn = um |3 < 2Q72Qo(un — vy,), it thus converges in L?(R x Q). Moreover | lim,, u,[3 < 2Q72lim,, Qo (u,)
thus j is bounded. Finally if j([u]) = 0, then for (u,), a representative Cauchy sequence of [u], we have
un = 01in L?(R x Q) and using

1
iuac(un - um)”% + HP1/2(un - um)”% < Qo(un = Um, Up — um):

one has the convergence in L?(R x Qr) of d.un - v and PY?u,, - w for some v, w € L*(R x Qr). For each
p €C, we have as n — oo

<8cun7 @)2 = <un7 —8c§0> - 07 (Pl/Quna 90)2 = <Un,P1/2<,0>2 - Oa

thus v = w = 2z = 0 by density of C in L?(R x Q). This implies that Qq(u,) — 0 and thus j is injective.

Let us now consider the closure Qp with domain D(Qq). Obviously it is closed and lower semi-bounded
Qo(u) = Q*|u|3/2 so that the construction of the Friedrichs extension then follows from [ReSil, Theorem
8.15). O
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If we let D(Qp)’ be the dual to D(Qy) (i.e. the space of bounded conjugate linear functionals on D(Qy)),
the injection L?(R x Q1) c D(Qp)’ is continuous and the operator H® can be extended as a bounded
isomorphism

H':D(Qy) - D(Qo)".

We alsohave D(H®) = {u € D(Qp)|H € L?(R x Q7)} and (H°)™' : L2(R x Q1) - D(H) is bounded.
Furthermore, by the spectral theorem, it generates a strongly continuous contraction semigroup of self-
adjoint operators (e "), >0 on L2(R x Q).

4.3. Dynamics of the GFF. The goal of this subsection is to prove the relation H? = H’, i.e. we want to
show

Proposition 4.4. For all f € L*(R x Qr) and all t >0

2

(4.11) UpSe-tUg f =™ f = e B[ f(c+ Brog)]
Proof. Recalling (3.10), we have the independent sum
Xp(e™™) = B, + Yi(6)
where B; is a Brownian motion and Y; has zero average on the circle. We then have
(UoSe-tUg " (e p) = B [P e+ By - Q1 Pp(e™™) + Yi())]
2

e~ T B[ f(c+ By, Po(e ) + V()]

where we have used the Girsanov transform to obtain the last equality. Since B; and Y; are independent

2 o2 -
conditionally on ¢, this last quantity is also equal to et (G —F) P f by using Proposition 4.1. Furthermore,

2 32
for f € C, it is plain to see that the mapping ¢ — e‘t(%_T)e_tPf solves the Cauchy problem d,u = —H%
2 ,9(2‘
with u(0) = f. Hence e t(F—F)tPf o o~tH f O
Finally, we have the simple:
Proposition 4.5. The following properties hold:
—tH°

o , @’
(1) The measure dc x Pt is invariant for ez e

(2) e’ cqtends to a continuous semigroup on LP(R x Qr) for all p € [1,+o0] with norm e_%z'E and it
is strongly continuous for p € [1,+00).

(3) et extends to a strongly continuous semigroup on e *“L%(R x Q) for all o € R with norm

8(%_&2)75.

Proof. 1) This is a consequence of (4.11): indeed the processes B and Y are independent and describe

two dynamics for which the measures dec and P are respectively invariant. 2) follows from (4.11), Jensen’s

inequality and the fact that dc ® Pr is invariant for H®. 3) The map K : f + e @f is unitary from

LR x Q) » e *L2(R x Q7). We have Ke™H' K1 = M5 =000) o~H iy implies the claim. O

Remark 4.6. Using the decomposition L*(Qr) = @y 1 ker(P — A1), the operator HY is unitarily equivalent

2
to the direct sum @kvl(—éaf + % +Ak1), each of these operators being a shifted Laplacian on the real line R.
Consequently (using Fourier transform in c), H® has no L*-eigenvalue, its spectrum is absolutely continuous
and the family (echz/)k’l)P’k,l form a complete family of generalized eigenstates diagonalizing HO.
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4.4. Diagonalization of the free Hamiltonian using the Virasoro algebra. We start by explaining
the diagonalization of the free (i.e. non interacting) Hamiltonian H® which corresponds to the case = 0 in
(2.11). As explained in Remark 4.6, that can be done directly by using the orthonormal basis of Hermite
polynomials g of L?(Qr) combined with the Plancherel formula for the Fourier transform on the real line:
for each ui,us € L2(R x Qr), one has

(4.12) (uy |ug)g = L D fR (uy | €T Yra)2 (e ra | ug)a dP.

27 k,1eN

It will be useful however to use another basis for L?(€21) which respects its underlying complex analytic
structure; this new basis, made up of H-eigenstates, will be generated by the action on L?(R x Qr) of two
commuting unitary representations of the Virasoro algebra (as motivated in the end of Subsection 2.4). We
follow below the Segal-Sugawara construction for the Fock representation of the Heisenberg algebra. Let us
emphasize that the material we introduce here is standard; to keep the paper self-contained, we recall the
main properties of the construction and just give sketches of the proofs (see for instance [Go09, KaRa] for
more details).

Fock representation of the Heisenberg algebra. We will work on the vector space

(4.13) Coo :=Span{y(c)F |1 € C*(R) and F € S}.

(not to be confused with C which is a subset of Cs) and use the complex coordinates (3.2), i.e. we denote
forn>0

0
- 9n

= \/ﬁ(amn - Zayn) and 0, = 9 0 = \/E(aa:n + Zayn)
P-n

Oy, :

We define on Cq the following operators for n > 0:
A, =10, A, =1(0.,-2np,)
A, =10, A, =1(0n-2np_,)
Ag=Ap=1(0.+Q).

Their restrictions to C are closable operators in L?(R x Q) satisfying (on their closed extension)
(4.14) A=A, A =A_,.

Furthermore A,1 =0 and A,1 =0 for n > 0. It is easy to see that the space Co is stable by the operators
A, A, and we have the commutation relations on Ce,

(415) [A7L7Am:| = gan,—m = [AnaA’m]7 [AnaAm] =0.

Thus A,, and A, (n > 0) are annihilation operators and A_n,K_n creation operators. By identifying
canonically S (defined in the beginning of subsection 4.1) as a subspace of Co, it is plain to check that S is
stable under the action of these operators. As before, let k,1€ A/ and define the polynomials

(4.16) = [ AFR AL 1.
n>0

Then 7y and 7 are orthogonal if k # k" or 1 #1” and the 7i’s with |k| +|1] = N span the eigenspace of P
in L?(Qr) with eigenvalue N'?. We denote my = 71/ | T | £2(0r) the normalized eigenvectors.

In

L2Explicitly: fy = Hn>0(—in)k"+l"gpﬁ" ¢+ P(pn,9-n) where P is a polynomial in ¢, p—n spanned by monomials of the
! ’

k l .
form [1,50 pn™ @ with kI, <kn, U, <ln and Y50 k) + 10, < Xpso kn + ln-
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Segal-Sugawara construction. Now we use the Fock representation of the Heisenberg algebra to construct
the Virasoro representation. We define the normal ordered product on Co by 1A, A= Ap A, if m>0 and
A, A, if n>0 (i.e. annihilation operators are on the right) and then for all n € Z

(4.17) L) :=—i(n+1)QA, + Y : Ay Ay,
meZ
(4.18) L= —i(n+1)QA,+ Y 1Ay Ay, .
meZ

These operators are well defined on Ce, (since only a finite number of terms contribute) and their restrictions
to C are closable operators satisfying (on their closed extensions)

(4.19) (Lp) =12, (L))" =L,

Furthermore the vector space Co, is stable under LY and L for all n € Z; on Co the LO satisfy the
commutation relations of the Virasoro Algebra (see [KaRa, Prop 2.3]):

(4.20) (L0, L0 ] = (n=m)L oy + 5 (0° = 1)

where the central charge is

e =1+6Q%
These commutation relations can be checked by using the fact that, on Cs, only finitely many terms

contribute in (4.20) and using the commutation relation (4.15). E% satisfy the same commutation relations
(4.20) and commute with the L9’s. Note also that

(4.21) Ly=1(-07+Q*)+23 A_,A,
n>0
(4.22) Lo=1(-02+Q*)+2) A_A,,
n>0
so that one can easily check that the = 0 Hamiltonian H? := —%83 + %Q2+P has the following decomposition

when restricted on Ce _
H’ =L) + LY.
Remark 4.7. In the terminology of representation theory, we have a unitary representation of two com-

muting Virasoro Algebras on L?(R x Qr) (unitary in the sense that (4.19) holds) and this representation is
reducible as we will see below by constructing stable sub-representations.

Diagonalizing H® using the Virasoro representation. Now we explain how to construct the generalized
eigenstates of the free Hamiltonian H® using the families of operators (L?),, and (L%),,. Recall that, for
a € C, we have defined the function

(4.23) W0 (c,p) = el e,

For o € C, these are generalized eigenstates of H?: they never belong to L?(R x Qr) but rather to some

weighted spaces eI/ L2(R x Qr) for 8 > |Re(a) - Q|, hence their name “generalized eigenstates”. We have
Low? =TowY = A, 00

(4.24) 030 _ 700

L,v,=L;V, =0, n>0,

where A, is the conformal weight (1.9). In the language of representation theory (or in the CFT termi-

nology), W0 is called highest weight state with highest weight A, for both algebras. Before defining the

so-called descendants of U9, we introduce the following definition:

Definition 4.8. A sequence of integers v = (v;); >0 is called a Young diagram if the mapping i — v; is

non-increasing and if v; = 0 for i sufficiently large. We denote by T the set of all Young diagrams. We will

sometimes write v = (Vi)ie[[l,k,]] where k is the last integer i such that v; >0 and denote by |v| =Y, 5 1 v; the

length of the Young diagram™. We set T; := {v € T ||v| = j} the set of Young diagrams of length j.

13 This length should not be confused with the length (4.7) of a sequence of integers.
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Given two Young diagrams v = (v;);e[1,5] and ¥ = (7;)e1,;] We denote

0 0 0 70 70 70
L’, =1’ L%, , L, =12 L%,
and define
(4.25) U= =10, 1% v,

with the convention that ¥ = 0. The vectors ¥  _ are called the descendants states of U°. We gather

a,d,d oLV,
in the following proposition ‘their main properties

Proposition 4.9. The following holds:
1) For each pair of Young diagrams v,U € T, the descendant state \I/g,l,’; can be written as

(4.26)

a v, 7 Qa v, y
where Qq 5 € P 1s a polynomial.

2) for all a e C

Lo 5= (Aa + V)W

and thus since H® = LY + L)

al/V7 Loq/gél/l/ (A +|V|)\IIO(I/V

HO\I]?)U/F_ (2A +|V| |g|)\Pauv

3) Completeness: the inner products of the descendant states obey
(4.27) (Q20-a.071Qaw ) L2 (r) = Ol w10, o7 Fa (v, V) Fu (D, 7

where each coefficient F, (v,v") is a polynomial in v, called the Schapovalov form. The functions (Qa.u5)v et
are linearly independent for

2

aé¢{a,s| r,se N rs < max(|v|,|7])} with  aps=Q - 7‘% -5—.
4) the following holds
(4.28) Qowri= 2, Mot

KLK[H[1=N
for some coefficients M k1,5 Polynomial in o € C.
5) Spectral decomposition: if uy,u; € L?(R x Q1) then
1 ~ ~

(429) <U1 |U2>2 o Z f u1 |\IIQ+1P1/ v’ ) <\I/Q+7,Pu U | U2> FP+1Q(V v )FP+ZQ( ,) dp.

v, TeT
Proof. The decomposition (4.26) can be obtained from the definition (4.25) by using that [A,,,e(*~@)*] =
[A,, (e @] = 0 for all n # 0, [0, el* @] = el*=@¢(q - Q)Id and that finitely many applications of A,
and A, to 1 is a polynomial in P. Actually, one can even show that for v a Young diagram
0,
LY, 00 = (L201)w?
where, for a Young diagram v = (vy,--, 1), we define Lo := Lg’la .. LS;CO‘ and the operators L%, n € Z act
in L?(Qr) and are given by the expression (4.17) where we replace Ag by %(a+Q) i.e.
LO,a - ’L(Oé - Q - TLQ)ATL + Zm#n,O An—mAm n#0
" %(Q‘%)+2Zm>OA—mAm n=0
Hence on their closed extensions we have
(4.30) (L) = L9
and L% satisfies (4.20). The reader should notice here that the order in which the v; appear in previous
definition ensures that (L%29-%)* = L%® The operators (L%®), are defined in a similar fashion and

commute with (L2%%),,. Therefore Q, ,» = L?f‘f%’l. Then 2) results from (4.24) and the commutation
relations (4.20) with n = 0.
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Since L% and ig’“ commute we have
(4.31) (Qog-aw| Qaw ) 2(0r) = (1] Eg’aigng’aLgffl)H(Qr)'

Let us now compute the right-hand side. By Lemma A.l, one has for arbitrary ¢i,...,tx € Z such that
t1++tx>0

(4.32) Ly Ly®1=0, L)*-L{%1=0.
Therefore, if |v| > || or [7] > [7/| then we get that (4.31) is equal to 0 by using (4.32). The case |v| < |v

|

or [7| < [V'] can be dealt similarly and yields 0 also. Hence in what follows we suppose that |v| = [¢/| and
71 = 7.
Lemma A.2 establishes that for |v| = |V/|
(4.33) LOL%%1= Y ap(Ly®)k1
k>0

where the coefficients ay are determined by the algebra (4.20) and are independent of «. Since (Lg’a)kl = Ak
and A, = §(Q - §) we conclude
L2oLY%1 = F,(v,0')

where F,(v,1") is a polynomial in A, and thus in «. Repeating the argument for Eg’ai(_)’;,l yields (4.27).

The determinant of the matrix (Fo(¥,v"))yj-p|-n is given by the Kac determinant formula (see Feigin-
Fuchs [FF84])

N

(4.34) det(Fa(v, ' Dijaprien =6in - [1 (Ao = Ag,, )P

r,s=1;rs < N
where ky does not depend on « or ¢p,, p(M) is the number of Young Diagrams of length M and

2
aT7S:Q—rl—sf.
2y

Now we turn to 4). The polynomials Q, ., » with ||+ || = N belong to the space spanned by the basis
Y1 (4.6) (or equivalently the basis mg (4.16)) above with |k| + [I| = N. Let us also stress that item 3)
entails that the space spanned by Q,, ., with |v| +|7] = N is exactly the same as ¢y with |k|+ [ = N as
soon as a ¢ @ - %N* - %N*. Hence the existence of a decomposition of the type (4.28). The fact that the
coefficients of this decomposition are polynomials in o can be more easily seen in the basis 7;: in that case,
the coefficients are given by the scalar products (Qa.v | mk1)22(0,) and one can use the expression (4.16)
together with the commutation relations

[An, L] = 0L, = Sn(n+ DQ -
where A§ = %(a+Q) and A% = A,, for n %0 and Lol = A,. 4) follows.
Now, we specialise the above considerations to the case o = @ + P with P € R. In this case, one has
(4.35) (Qq+iPyv | Qqripy ) L2(0r) = OOl Forip (V. V) Fouir (U, 7)
where the matrices (Fiip(v,v"))y,er; are positive definite (hence invertible) for each j € N and they
depend on P + i(Q): more precisely they are polynomials in the weight Ag.p = %(P2 +@?) and in the central

charge cr. Item 5) then follows from the representation (4.12) and decomposing the basis ¢y in terms of
the new basis Qg+ipy,./. O

5. LiouviLLE CFT: DYNAMICS AND QUADRATIC FORM

The goal of this section is to construct explicitly the quadratic form associated to H, and to obtain a
probabilistic representation of the semigroup. This probabilistic representation, i.e. a Feynman-Kac type
formula, easily follows from the definition of H,, this is done in subsection 5.1 just below. The construction of
the quadratic form is more subtle, especially in the case v € (1/2,2). Indeed we will construct the Friedrichs
extension of the operator (2.11) (restricted to appropriate domain) and we call it H. Then we will show
that H, = H. The main reason why the difficulty to construct the quadratic form increases with - is due to
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the interpretation of the term V in (2.11). For v € (0,4/2) only, it makes sense as a GMC random variable.
Indeed, define the regularized field for k£ > 0

(5.1) (0= 3 puc™
In| <k
which is a.s. a smooth function. Then the GMC random variable V' can be defined as the following limit

(5.2) Vi lim V®,  v® .= f% 2 O)-F B (0)%] 49
0

k—o0

where the above limit exists Pr-almost surely and is non trivial for v € (0,+/2), see [Ka85, RhVal4, Bel7]
for instance on the topic, in which case V' € LP (1) for all p < 5. Forye [V/2,2), the limit V vanishes, in

which case we will rather make sense of the multiplication operator V' as a measure (singular with respect
to Pr): this case is more problematic, see Subsection 5.2.

5.1. Feynman-Kac formula. We consider the semigroup e *H* and start by writing some form of Feynman-
Kac formula for this semigroup.

Proposition 5.1. (Feynman-Kac formula) For f e L*(R x Qr) we have

(5.3) ef=e -5 [f(CJthaSOt)e

where (c+ By, ) is the process on W*(T) defined in subsection 5.1 and DS = {zeD||z| > e™*}.
In particular, for v € (0,+/2)

e fnfc ‘Z|_’YQM'Y(dZ)]

24 t ~(c+Bs

(5.4) e_tH*f — e_QTELp[f(C+ By, got)e_“/ﬂ eV(e+B )V(ups)ds].
where

V(ps) = /QW 7+ O Ele.0)gp,

0

Proof. Let f e L?(R x Qr). By definition we have e ™M+ F = US,-. U~ f, where, from (3.26), we have U™ f =
(U1)7Lf with

U1 (e, ) = (Uoe ™ M) (e, ).
Now we claim that we have for ¢t >0
(5.5) E[e e M| Fpe ] = St (e9°UL)

where D; = {z € D; |z| < e7*}. Indeed, by the domain Markov property of the GFF and conditionally on Foe,
the law of X inside Dy is given by the independent sum

X' P(s-e X) (') + Xp(eh).
As a consequence and using a change of variables by dilation, we get the relation conditionally on Fpe
M, (Dy) "2 Spme My (D),

which gives (5.5). Next, using (5.5), we get

e f2US U f

=" VB [Se-t (U fere M ()]

B (B[S (U e O
O [ (U et PO M R0
=e B[St (e e M ED],

We complete the argument by applying the Cameron-Martin formula to S.-«(e?¢) to get (5.3).
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In the case when v € (0,1/2), we write the chaos measure in terms of the process Z; = (¢ + By, ;). The
function V : W*(T) - R* given by

2 . 9
V() Jim [ O F A0 g

is measurable and we get that conditionally on ¢ = ¢ (by making the change of variables dx = rdrdf =
2
e ?*dsdf with r = |z| = ¢™® and -L-E[B2] - 25 = —7Qs)

t
e M, (DY) la:wf V(BRI Y (5 )ds. O
0

As a consequence of this formula and similarly to H® we have

Proposition 5.2. The following properties hold:

2
(1) e ™+ extends to a continuous semigroup on LP(R x Qr) for all p € [1,+o0] with norm e
is strongly continuous for p € [1,+00).
2) e tHx extends to a strongly continuous semigroup on e ““L%(R x Qp) for all a € R with norm
( gly group
2

2
e(%_%)t.

and it

Proof. Using in turn (5.4) and V > 0, we see that [e " f], < He’tHU|f|Hp so that the claim 1) follows from
Proposition 4.5. The same argument works for 2). ]

5.2. Quadratic forms and the Friedrichs extension of H. Here we construct the quadratic forms
associated to (2.11) and the Friedrichs extension of H in the case « € (0, 2).

Recall that the underlying measure on the space L2(R x Qr) is de x Pp, with Qp = (RN, £y = BV
(where B stands for the Borel sigma-algebra on R?) and the probability measure Pt defined by (3.6). Also,
recall the GFF on the unit circle ¢ : Q@ - W?*(T) (with s < 0) defined by (3.1). Finally recall that S is the

set of smooth functions depending on finitely many coordinates, i.e. of the form F(x1,¥y1,...,Zn,yn) With
n>1and F e C*®((R?)"), with at most polynomial growth at infinity for F' and its derivatives. S is dense
in Lz(Q'H‘).

We will construct the quadratic form associated to H as a limit (in a suitable sense) of regularized
quadratic forms associated with the regularized potential V(*).
For k > 1 and p > 0, we introduce the bilinear form (with associated quadratic form still denoted by Qy)

(5.6) 0" (u,v) := %IE [R (Bcuacﬁ +Q*ut + 2(Pu)v + QMeWCV(k)u@)dc.

Here u,v belong to the domain D(Q®)) of the quadratic form, namely the completion for the Q*)-norm
in L2(R x Qr) of the space C defined by (4.10). Also, it is clear that D(Q®*)) embeds continuously and
injectively in L2(RxQr) (same argument as in the proof of Prop 4.3). Also, since V) >0 it is clearly lower
semi-bounded Q) (u) > Q2| u[3/2 so that the construction of the Friedrichs extension then follows from
[ReSil, Theorem 8.15]. It determines uniquely a self-adjoint operator H®  called the Friedrichs extension,
with domain denoted by D(H®)) such that:

DH®) = {ue D(QM);3C > 0,¥v e D(QM), Q¥ (u,v) < C|v|2}
and for u e D(H®), H®y is the unique element in L?(R x Qr) satisfying
Q™ (u,v) = (H® ujv),.

We also denote by Rg\k) the associated resolvent family. The following result is rather standard but we found
no reference corresponding exactly to our context so that we give a short proof.

Proposition 5.3. The strongly continuous contraction semigroup (e_tH(k))t > o of self-adjoint operators on

L?(R x Qr) obeys the Feynman-Kac formula

Q2

(5.7) Y f 2 B[ f(c+ Brgr)e I TV s,
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where we have, after decomposing the field ps along its harmonics i.e. ps(0) = Yon0 %,neme’

v - [ T O-FEA O with oGP @)= Y pene™.
0
inl < Fonto

Proof. We use Kato’s strong Trotter product formula (see [ReSil, Theorem S.21 page 379]) applied to the
self-adjoint operators Hy and €7V (*): since the domain D(Q*)) of the quadratic form Q) is dense in
L?(R x Qr) and satisfies D(Q*)) = D(Qg) N D(Qy ), where D(Qyvy) = {f | [e?/2(VI)2f||y < +00}
is the domain of the quadratic form associated to the operator of multiplication by "V *) we have the
identity
lim (e—%Hoe*%Mech(k) )n _ e—tH(k)

where the limit is understood in the strong sense (i.e. convergence in L?(RxQr) when this relation is applied
to f € L>(R x Qr)). Now we compute the limit in the left-hand side. For f € L2(R x Q) we have

(58) (e Mo iV f o @B [f (e Brp)e ]
with " the Riemann sum

t n
R?’(k) N Z 67(0+Bﬂ/n)v(k‘)(%t/n).

n j=1

The right-hand side of (5.8) converges in L?(R x Qr) towards the same expression with R:L’(k) replaced by

fot V(B (k) (5, )ds: indeed this can be established by using Jensen and the fact that, almost surely, the

Riemann sum R?’(k) converges almost surely (for all fixed ¢) towards the integral jot eV (B R (p)ds
since the process s = €'(c*BIVF) (4 ) is continuous. This provides the Feynman-Kac representation as
claimed. O

Now our main goal is to construct a quadratic form corresponding to the limit £ — oo of the quadratic
forms (Q™), D(Q™)). For u,v € C, we define

(5.9) Q(u,v) := klim 0" (u,v).

Of course, when 7 € (0,v/2), existence of the limit is trivial as (V) converges towards V in LP(Qr)
for p < 2/7? and ut € C=(R; LY(Qr)) for any ¢ > 1. But treating the case v € (v/2,2) as well requires
another argument: the existence of the limit is guaranteed by the Girsanov transform, namely that for

w=u(T1, Y1 Ty Yn)s 0 =0(T1,Y1 ..., Tn,yn) and k > n the term involving V) in Q) can be rewritten
as
2
(5.10) E f V®ypde = E / f € “Ughist Ushife ded B
R R JO

where the function wugpis, (and similarly for v) is defined by
Ushift (0, €, T1, Y1 - -+, Ty Yn ) = u(c,xl +7vcos(0),y1 —vysin(0) ..., z, + % cos(nB), yn — % sin(n@)).
n n

Hence the term E fR eV ®usde does not depend on k > n. We also denote by Uspife(N) the same as above
except that the first N variables (z1,y1,...,2N,yn) are shifted and other variables remain unchanged.

Also, we denote by R  the resolvent family associated with the Feynman-Kac semigroup e M Let Q,
denote the quadratic form associated to H, with domain {u € L?;lim;_q(u, #)2 < oo}. Using [Sz98,
Section 1.4], Q, is closed. The following lemma is fundamental: though the limit (5.9) makes sense for any
value of v € R, the fact that it can be related to the quadratic form Q, deeply relies on GMC theory, hence
on the fact that ~ € (0,2).

Lemma 5.4. For u,veC, we have Q,(u,v) = Q(u,v). In particular, Q is closable.
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Proof. Let u,v € C, say depending on the first n-th harmonics. From (5.3), we have to show that, as ¢ - 0,
_Q%t

—ue¥C [ . Z—wQ 2
D,:=e 2 fIE[u(chBt,gat)v(c,cp)e ne™ Jog |27 M (d )]dc:(u,v)Q—tQ(u,v)+0(t).

For notational simplicity and only in this proof, let us denote V; := [ z|_7QMw(dz). Then
t

Di= {0} ={e” M)y + (1+0(1) [ Blute+ Bigu(e )V - 1] de
== 1Qo(u,v) + o(t) + (1 +o(1) [ E[(u(c+ Biyipr) - ule,0))u(e, 9) (e = 1) de

- (14 o(1) [ Blute,p)olep)(1- e |de
=: Qo (u,v) +o(t) + (1 +0(1))D} - (1 +0(1))D2.
Let us show that

(5.11) D? :t(1+0(1)),ufe“fc fozﬂE[ushift(c,gp)vshift(c,go)] dedf.

For this and even if it means decomposing u,v into their positive/negative parts, we may assume that u, v
are non-negative. First, we use the inequality 1 —e™ < z for > 0 to get

D} < fech[U(c,w)v(c,w)ue“W]c
27 1 i 2 i
:Mf 670/ f ]E[e”P“"(T'e ") E[Py(re G)Q]u(c,gp)v(c, cp)]dcrl_WQ drdd
0 et

s [ [T [ B e o0l (e )| dert 9 arao
where we have used the Girsanov transform in the last line and the function ul ;s is defined by
Ushift (0, ¢, X1, Y1+« Ty Y ) = u(c,xl +a1,Y1 + 01, Ty F Ay, Yy + bn)7
with ay, := ﬁrk cos(k0) and by, := —%rk sin(kf). Because u, v € C, it is then plain to deduce that D? < t(1+
o()u [ e _/-O2TrE[Ushift(c,QO)’Ushift(C,(P):I dedd. Second, we use the inequality 1 —e™® > ze™® for x > 0 to
get, using again the Girsanov transform,

D} > fEVCE[“(C,@U(C,sﬂ)ue”thef“eWV"]<.3

~ e 2T 1 - ” _He'ycvvtshift 1-+Q
=p € o ot E Ughift (C7 L)O)UShift (C? ©s 7"6)8 der drdf

with Vhift(rei?) .= ij |29z - 7“6“9|’”’2 M, (dz). It remains to get rid of the exponential term in the last
=1+(e™* -1). The
first part produces t(1+ o(1))p [ e¥° IOQW]EI:UShift(C7 ©)Vshifs (¢, <p)] dcdf similarly as above. For the second

e’yc‘/tsh]ft ewvtsh.fc

expectation. So we split the above expectation in two parts by writing e™*

part corresponding to (e‘WWthi“ -1),

2m 1 cy shift
(.12) p [ [T [ E[ulnle p)ehin (e )1 -e ) [ dert 2 drag

2l , , 1/p _eveyshift ( i6 1/q _
<u [ [T [ E[uline )0 ] E[lL e VO] et drag

where we have used Holder’s inequality in the last line for any fixed conjugate exponents p, q. The first ex-

we want to show that it is neglectable. For this, we write

1/p
pectation ¢ E[u;hi&(c, ©)V e (€, 0))P ] is bounded uniformly with respect to r, ¢ and has fixed compact
support in ¢ (because v has so), say [-A, A] for some A > 0. Now we claim that the family of functions
cysshi i 1/q
(c,m) = file,r) = E[|1 — eV (re 9)|q] (this quantity does not depend on 6 by invariance in law

under rotation) converges uniformly towards 0 as ¢ — 0, from which one can easily deduce that the quantity
(5.12) is o(t). Since f; is increasing in ¢ hence monotonic for ¢ in [-A, A]) it is enough to prove this claim
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for a fixed c. Next, recall [DKRV16, Lemma 3.10] the condition of finiteness for integrals of GMC with
singularities: for any a € (0,Q), p>0 and 20 €D

(5.13) B[( [ mm(dz))p] <00 p<2(Q-a).

Taking o =y and zq = e’ the finiteness of the expectation above implies that for fixed r € [$,1] (and fixed
¢) limy_o f¢(c,r) = 0 by using dominated convergence. Now we claim that for fixed ¢ and ¢, the mapping
r+ fi(c,r) is continuous. To see this, for each § > 0 let us introduce the mapping

ey shi i 1/q
Tre [%a 1] = ft,(S(C,’I") = ]E[|1 _ e—p,e'y Vt,g ft(re 9)|q]
where V;E‘ift is the potential with regularized singularity at scale o
Vi ey = [ e = et v 0y M, (d2).
t

Obviously, fis5(c,7) is a continuous function of the variable r. We want to show that the family (f;s)s
converges uniformly towards f; as § - 0. By using the triangular inequality

i) = Fulear)] < B erse V00 _ oo vi ety 1

. , . ) 1/q
< 'ueafch[“/tshlft(relH) _ Vv:gnft r€10)|aq] )

where we have used the inequality |e™® —e™¥| < |z — y|* for any arbitrary « € (0,1] and z,y > 0. We fix «
such that aq < %(Q — ) to make sure that the expectation is finite using the criterion (5.13). By invariance
in law of M, under translation, this quantity does not depend on r and is less than (in fact this is true when
the singularity is at positive distance from the boundary: when the singularity approaches the boundary,
the above quantity is strictly less than the bound below)

2

(5.14) cE[( [l - |z|’72M7(dz))aq]1/q.

By multifractal scaling (see the proof of [DKRV16, Lemma 3.10]), (5.14) is equal C50(Q@ a0 45 one
can check that the exponent is positive under the condition ag < %(Q —y). This establishes the uniform

convergence of (f;s)s towards f; as & - 0 over r € [%, 1]. In conclusion, for fixed ¢, the family (fi(c,-))ss0
is a family of continuous functions that decrease pointwise towards 0 as t — 0. Hence the convergence is
uniform by the Dini theorem. So we have proved (5.11).

Similar arguments can be used to show that D} = o(t). Indeed, we use again the inequality 1 - e~
to get the bound

xr
<z

D < [ € EfJulc + Biygn) - ule,9)llo(e, 9)IVi] de

and then the Girsanov transform and Hoélder to obtain
27 1 . . .
DH<n [ [, [ B[ (b e+ Beb,p) - u T (0,¢,0,0)[0" (0,¢,6, )| doddrde
0 et

2 1 . ) 1/p .
<u [T [ [ OBt b+ Bubp) w4 0,0,0,0)F ] T EL0(0,¢,0,0)[7]1 d6drde
0 e~
with
shift —
w0, 1, Y1 -y T, Y ) = u(c,x1 +a1,Y1 + b1, Ty + Ay, Y + bn)

and

/2 ron 1 /2 rom 1
a = 2F f b cos(kt) 0, b= f In————sin(k6) do.
0 0

. Qi —— . R ——
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Again, the second expectation has compact support in ¢ whereas the second satisfies sup, <, E[|u5hift(t, c+

. 1/p
By, 0,0:) - USh‘ft(O,c,H,go)V’] — 0 ast— 0 since u € C and B; and the first n-th harmonics of the field
(v1)¢ are continuous. One can then easily conclude. O
From the above lemma, the quadratic form (C, Q) is closable. Let D(Q) be the completion of C for the
Q-norm. The completion is the vector space consisting of equivalence classes of Cauchy sequences of C for

the norm |ul g := /Q(u, u) under the equivalence relation u ~ v iff |u,, —v,| g = 0 as n — co. This space is a

Hilbert space. It can be identified with the closure of the space of quadruples {(u,d.u, Pl/zu,ushift); ueC}
in (L?)3 x L2(R x Qp x [0,27],e7dc® Py ® df). D(Q) embeds injectively in L? as it is closed. Now we want
to show that

Proposition 5.5. For v € (0,2), the quadratic form (D(Q), Q) defines an operator H (the Friedrichs
extension), which satisfies H, = H.

Proof. Take F' € C and consider u := R, zF' (resp. ug := Rg\k)F) for A > 0. We will repeatedly use below
the fact that for k large enough wuy shie = Ug shite (k) Since F € C. Indeed, this follows from the Feynman-Kac
formula (by Prop. 5.3)

(5.15) uk:f e_)‘te_tH(k)fdt:/ e OFENE [ F(c+ By, o )e o POV 0dds] gy,
0 0

With this expression, one can see that if f depends on the first N harmonics of the field ¢ then for £k > N
we have ug shift = Ug shifs(k)-
The first step of the proof is to observe that

up >u ask—oo in L*(RxQr).

This follows from the Feynman-Kac representation (5.15)+(5.3) and standard GMC theory that ensures that
]Ot eV By (k) (o )ds converges almost surely towards e7° /Dg |29 M, (dz) for v € (0,2). Furthermore,
since

Mug]3 + Q™ (ur) = (Fyug)

we deduce using Cauchy-Schwartz in the r.h.s. that
(5.16) sup Q) (uy) < +o0.
k

This entails that the sequences (d.uk ) and (Pl/Zuk);€ weakly converge up to subsequences in L?(R x Qr)
and, by (5.10), that (ug i )r Weakly converges in e 7/2L2([0,27] x R x Q). Strong convergence of (uy )y
towards u and weak convergence of (d.ux)r and (Pl/ 2uk)k implies that their respective weak limits must
be d.u and P'/24. The resolvent equation associated to uy reads for v eC

(5.17) Mug, v)2 + QW) (up,v) = (F,v),.

Denote by z a possible weak limit of (u shitt )x in e 7/2L2([0,27] x R x Qr). Passing to the limit in k — oo
(up to appropriate subsequence) produces

R 27

(5.18) 1R fR (0:u0.0 + (Q* + 2))uv + 2(PY2u)P 120 + 20 [ &7 200 de = (F,v)s.

0
Taking v = ux and passing to the limit as k — oo, we get

2
(5.19) 1 fR (19euf? + (@2 + 22)[uf? + 2[P2uf? + 24 f ¢°[2a6)de = (F u)s.

0

By weak limit we have

27
1R [R (19euf? + (@2 + 22)[uf? + 2[P2uf? + 24 / ¢7°|2[26)de
0

27
< limkinf :E f (|acuk|2 +(Q% + 2X\)|ug|? + 2P 2w |? + 2u f eWC|uk7shift|2d9)dc.
R 0
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Also
2
LE [ (10wl + (@7 + 20) el + 2P+ 20 [ € fup aninl?d0)de = (Frun) > (Fu)s

as k — oo. This shows that the weak convergence of the sequence (uy, acuk,P1/2uk7uk7shift)k actually holds
in the strong sense. Also, it is easy to check from (5.18) that the limit is unique. This implies the convergence
of (ug)x in Q-norm toward u, which thus belongs to D(Q). Hence R. » maps C into D(Q) c L*(R x Q)
and it coincides on C with the resolvent associated to Q. Since C is dense in L? (R x Qr), this shows that
both resolvent families coincide, hence their semigroups, quadratic forms and generators too. ([l

Again, we stress that D(H) = {u € D(Q) |Hu € L?>(R x Qr)} and H™! : L?(R x Q) - D(H) is bounded.
Furthermore, by the spectral theorem, H generates a strongly continuous contraction semigroup of self-
adjoint operators (e ™), 5 ¢ on L?(R x Qr).

If we let D(Q)’ be the dual to D(Q) (i.e. the space of bounded conjugate linear functionals on D(Q)), the
injection L?(R xQr) c D(Q)’ is continuous and the operator H can be extended as a bounded isomorphism

H:D(Q) > D(Q)".

Remark 5.6. By adapting some argument in [ReSil, ReSi2] one can prove that H is essentially self-adjoint
on D(H®) nD(e°V) for v €(0,1), condition that ensures that the potential V is in L*(Qr).

6. SCATTERING OF THE LIOUVILLE HAMILTONIAN

In this section, we develop the scattering theory for the operator H on L?(RxQr) with underlying measure
dc ® Pt (where H is the generator of the dilation semigroup studied above). This operator has continuous
spectrum and cannot be diagonalized with a complete set of L?(R x Qr)-eigenfunctions. We will rather use
a stationary approach for this operator, in a way similar to what has been done in geometric scattering
theory for manifolds with cylindrical ends in [Gu89, Me93]. The goal is to obtain a spectral resolution for
H in terms of generalized eigenfunctions, which will be shown to be analytic in the spectral parameter. In
other words, we search to write the spectral measure of H using these generalized eigenfunctions, which are
similar to plane waves (eA«-%) AeRwesn-1 in Euclidean scattering for the Laplacian A, on R™. In our case,
the generalized eigenfunctions will be functions in weighted spaces of the form e #¢-L?(R x Qr) for 8 > 0
with particular asymptotic expansions at ¢ = —oco. Let us explain briefly the simplest one, corresponding to
the functions ¥, := Uy 0,0 = U(V,(0)) defined in the Introduction and represented probabilistically by (7.5)
using the unitary map (3.25) when « < @ is real. For a € (Q - v/2,Q), they will be the only eigenfunctions
of H in e L2(R x Qr) for § > Q — a satisfying

(H-2A,)0, =0, U,=e@De1y  with ue L>(R x Qr).

Similarly, we will construct (in Section 6.5) some eigenfunctions ¥, k1 of H with eigenvalue 2A,, + Ax1, with
U, k1|r+ € L? and asymptotic (for all B € (0,7/2))

\I/Oé’k,]h]g— = e(a_Q)c¢k1 +u, with u € e(a_Q+ﬂ)CL2 (R_ X QT),

where we recall that Ay € N are the eigenvalues of P defined in (4.7) and the corresponding eigenfunctions
i of P appear in (4.5). One way to construct the ¥,, and similarly for ¥, k1, is to take the limit (see
Proposition 6.9)

U, = tll)fg e—tH(GQtAa e(a—Q)C)’

where we observe that e tH’ e(a-Q)c = =2tAag(a-Q)e g4 that, formally speaking, W, is the limit of the

0
—tHetH (e(a

intertwining e “@)c¢) as t - +00. An alternative expression is to write them as

(6.1) W, =D (0) = (H=-2A4) 1 (H-2A,) (el Dy (e))

where x € C*(R) equal to 1 near —oo and 0 near +oo (see (6.20) and Lemma 6.7); here we notice that
ele=@)ey(¢) is not L?(R x Q1) but one can check that (H-2A,)(e(*@ex(¢c)) e L? if v > Q - (and v < 1)
so that we can apply the resolvent R(a) := (H-2A,)7" to it, and (H-2A,) " (H-2A,)(el* @y (¢)) € L?
is not equal to (e(®"@°y(c)). Our goal will be to extend analytically these ¥, (and actually the whole
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family of generalized eigenstates denoted by ¥, k1) to Re(a) < @ and in particular to the line a € Q + iR
corresponding to the spectrum of H. To perform this, we see that we need to extend analytically the
resolvent operator R(«) to Re(a) < @, which will be the main part of this section. In fact, we shall show
that R(«) extends analytically on an open set of a Riemann surface covering the complex plane, containing
the real half-plane Re(a) < Q. We note that the functions ¥, x will be expressed as the elements in the
range of some Poisson operator denoted P (), mapping (some subspaces of) L*(Qr) to weighted spaces
e P-L2(R x Q) for some § > 0 depending on a. The results proved here hold in some cases for geometric
scattering in finite dimension [Gu89, Me93], but we are not aware of some results of this type in quantum
field theory where the base space is infinite dimensional. The main difficulty will be to deal with the fact
that the perturbation V' is quite singular (even for 7 < V/2 where V is a potential, it is not bounded) and
the fact that the eigenfunctions of P (Hermite polynomials) have LP(€Qr) norms which blow up very fast in
terms of their eigenvalues.

In this section, we shall start by describing the resolvent of H in the probabilistic region {Re((a-Q)?) >
(%} acting on weighted spaces €%~ L? for 3 € R and deduce the construction of the W, k1 in this region.
Next, we will show that the resolvent R(«) admits an analytic extension in a neighborhood of {Re(a) < Q}
(for @ on some Riemann suface ). We shall use these results to prove the analytic continuation of the
U, k1 to Re(a) < @ and we shall finally construct the scattering operator S(a) in Section 6.4 and write the
spectral decomposition of H in terms of the ¥, k1 in Theorem 6.25 (written in terms of Poisson operator
in this section).

In what follows, we will mostly consider the L? (or L? ) spaces on Qr or on R x Q7 respectively equipped
with the measure Pt or dc® P, which we will denote by L?(Qr) or L?(R x Q) for short. When the space
is omitted, i.e. we simply write L2, this means that we consider L?(IR x Qr): this will relieve notations in
some latter part of the paper. Recall that we denote by (-|-)2 the standard scalar product associated to
L*(R x Qr,dc® Pt) and | - |2 the associated norm; in general our scalar products will always be complex
linear in the left component and anti-linear in the right component. Given two normed vector space F and
F, the space of continuous linear mappings from F into F will be denoted by L(FE, F) and when E = F we
will simply write £(E). The corresponding operator norms will be denoted by | - | z(g,ry or | - | z(z)-

6.1. The operators H,H’,¢?“V. The operator H is made up of several pieces. The first piece is the
operator P defined in (4.4), which is a self-adjoint non-negative unbounded operator on L?(2r). It has
discrete spectrum (Ak1)k,1enr; but to simplify the indexing we shall order them in increasing order (without
counting multiplicity) and denote them by

U(P) = {)\j |j €N7)\j < >\j+1}.
We denote by

(6.2) Ej:={F € L*(Qr) 1o, (P)F = F} = @k ker(P - )\;)

the sum of eigenspaces with eigenvalues less or equal to Ay and Il : L? (1) — E}, the orthogonal projection.
We also will use the important fact

(6.3) E, c LP(Qr), Vp<oo.

The quadratic form associated to H is the form Q defined in Subsection 5.2, with domain D(Q). We will
consider the self-adjoint extension associated of H obtained using the quadratic form Q. The operator
H’ : D(H) - L? corresponds to the case p = 0, its quadratic form has domain D(Qg) containing D(Q).
We recall that

H:D(Q)~D'(Q), H’:D(Q)-D'(Q)
if D’'(Q) is the dual of D(Q). We then define ¢’V : D(Q) — D’'(Q) by the equation

1 1
(6.4) H:H0+e'ch:—5602+§Q2+P+670V.
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We will define the associated quadratic form
Qevey 1= Q—Qp
defined on D(Q) and remark that

Qevcv(u,u):/];%e'chV(u,u)dc

for some well-defined quadratic form Qy, defined on a domain D(Qy ) c L?(d1) containing Ej, for each
k>0.
For our study of the resolvent of H, we need to introduce the orthogonal projection

Il : L*(Q1) > E,
extended trivially in the ¢ variable as IT : L?(R x Qp) » L?*(R; Ey).

Lemma 6.1. Let x € L(R)nC*(R) with support in (—oo, A) for some A€ R and x' € L=(R) . Then, for
all 8= —v/2 and B’ € R, the following operators are bounded

X, : D(Q) =~ D(Q), XL :D'(Q) - D'(Q)
xe VI, : eﬂ,CL2(R x Qr) - e(ﬁl_ﬁ)c’l)'(Q)7
Y IV : eP=5)D(Q) - e P L2(R; Ey),
e VI, : €7 L2 (R x Qp) - @ =DCL2(R; Ey).
If B > —v/2 then one also has
X VI : ¥ L% (R x Qp) - =D/ (Q).

Proof. For the first operator xIIj, it suffices to check that for u € L*((-o00, A); Ey,), Qevev (u) < Crlul?,.
Since there is Cj > 0 depending on k such that for all F € Ey, Qv (F) < Cy, HFHQLQ(QT), we have

A
Qurev(W) <Cp [ e ulz(anyde < Cra

The extension of xII; to D’(Q) follows by duality, using that II} = II; on L?. Next, we analyze xe?“VTI,.
It suffices to deal with the case 3’ = 0 since ¢ commutes with ¢7°V. Using that for F e L*(R; E;) and

x € L= (R) with support in R™, we have by Cauchy-Schwarz that for all u € D(Q)
A A 1 A 1
@D VE < [ (@ P Qu(Fulde < Ixli=( [ e Qu(ude)’( [ 020y (Fde)

< Cralxle=Flr2Q(u)"/?
for some constant C 4 > 0, provided v+ 25 > 0. The same argument also holds for F' € L*°(R; E}). Finally,
X’V = xe¥ I,V makes sense as a map ¢°°D(Q) — ¢#°D’(Q) using the boundedness II;, : D'(Q) —
D’'(Q). To prove that it actually maps to L? if 4+ 23 > 0, we note that for all v’ € C

|U\|%2(Rxm)~

A
TVt ') =[xV T = | [~ x(e)e™Qu(u,Th(u)de] < Cral = Qe ) V2

where the last bound is obtained as above by Cauchy-Schwarz and the bounds on Qy on FEj. For the last
term xII, VI, we take u € L*(R x Q) and note that for u’ € D(Q)

A
(P T, VI, v )| =|(xe® T, VILu, Mu')| < |[ X(c)e(7+B)CQV(Hku),Hku')dc‘

A
<] [ M@0y ()} Qu (i) 3de] < Cvaul 2] 12
showing that [e°TI,VIIu|s < Cr.alul2. a
First, we show a useful result for the spectral decomposition.

Lemma 6.2. The operator H does not have non-zero eigenvectors w e D(H). If v € (0,1), the spectrum of

H is given by o(H) = [%2, o) and consists of essential spectrum.
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Proof. In the case 7y € (0,1), the space C is included in D(H). It is then easy to check that o(H) = [%2, 00)
consists only of essential spectrum by using Weyl sequences (e?Px(27"¢)/wy)n € N where y € C°(R) have
support in [—%, —1] and equal to 1 on some interval, with w, = ||x(27")| L2(r)-

Let u € D(H) such that Hu = Au with X € [%2,00). Then u € D(Q) (hence d.u € L?), and it satisfies

Q(u,v) = (Au|v), for all v e D(Q). Now we claim
Lemma 6.3. Assume we are given f € L? such that O.f € L?. Consider u € D(Q) such that

(6.5) Q(u,v) = (f[v)2, VveD(Q).
Then O.u € D(Q) and
2m
(6.6) Q(0cu,v) = (0cf | V)2 =7 f ee fo E[ughiftvshire J]dOde, Vv e D(Q).

We postpone the proof of this lemma and conclude first. Consider next (6.5) with f = Au and choose
v = 0.u € D(Q) to obtain Q(u,d.u) = (Au|d.u)e = 0. Also, choosing v = u in (6.6) we obtain Q(J.u,u) =
(NOcu|u)s — [ e¥¢ fOQTr E|usnife|*dfde. These relations imply v [ e7¢ ]0277 E|ugnigs|*dfde = 0. In the case when
v € (0,4/2) then V exists as a fairly defined function and this relation translates into |72V /2y, = 0.
Hence u =0 as V > 0 almost surely. In the general situation v € (0,2), the argument is as follows: the relation
v [ e fo27T E|ugnies|*dfde = 0 implies that Q(u,v) = Qo(u,v) for all v € C. Therefore, u € D(Hy) and u is an
eigenfunction Hy, hence u =0 (cf. Remark 4.6). O

Proof of Lemma 6.5. For h > 0, introduce the translation operator T}, : L? — L? by Tjv := v(c+ h,-) and
the discrete derivative operator Dy : L? — L% by Dyv = (Tj,v — v)/h. Note that T}, maps D(Q) into itself,
that |Drv|2 < |0cv|2, Drusnits = (Dpu)snise and we have the discrete IPP (Dpu|v)s = —(u| D_pv)s for all
u,v € L2. Now we can replace v by D_,v in (6.5) and use discrete IPP to obtain

2m
(6.7) Q(Dyuv) ~(Difov)2 = [ [ EI(The™ ™) Dytanieviin Jd6de

27
(6.8) - [ [ EDu(E uinvain]dbde, Vo e D(Q).

Next we choose v = Dpu and, using the inequality ab < §a2 + ib2 for arbitrary € > 0, we obtain the a priori
estimate (for some constant C' > 0 depending only on 7)

1 2
Q(Dyu, Dyw) < 5(IDwfI3+ [Drul) = (" = 1) [ [ E(e I Dptrsin?)dbde

1 yh _ 1 2 X 2m
(6.9) + §|e ; |(e_1 f f E(e7°|ushift|2)d9dc+ef / E(€76|Dhushift|2)d9dc)
0 0

<(C+ 671)(H8Cf\|§ +Q(u,u)) + C(e + h) Q(Dyu, Dyu)

for all A > 0 small, and therefore the last term can be absorded in the left hand side if €,h > 0 are small
enough. Then, writing (6.7) for A and h’, subtracting and then choosing v = Dyu — Dpru, we find

Q(Dyu - Dyru, Dpu - Dypu) < C(|Dpf = Dope f|5 + | = h'|Q(u, w) + |h = B'|Q(D-prytt, Dip-pryw)).

Using (6.9) with h replaced by h—h' to bound the last term, we obtain that the sequence (Dpu)j is Cauchy
for the Q-norm. Hence the limit d.u belongs to D(Q). O

Remark 6.4. When «y € [1,2) the spectrum is also [Q?/2,00) and is made of essential spectrum, and this
will follow from our analysis of the resolvent: in fact we will show for v € (0,2) that the spectrum of H is
absolutely continuous.

6.2. Resolvent of H. To describe the spectral measure of H and construct its generalized eigenfunctions,
the main step is to understand the resolvent of H as a function of the spectral parameter, in particular when
the spectral parameter approach the spectrum. Due to the fact that the spectrum of H starts at Q2/2, it
is convenient to use the spectral parameter 2A,, where A, = §(Q - §) and « € C. That way we have with
a=Q+ip

H-2A,=-102+P+eV - 1p?
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where p € R plays the role of a frequency: in particular 2A,, € [Q?/2, o) if and only if p € R. The half-plane
{a € C|Re(a) < Q} is mapped by A, to the resolvent set C\ [Q?/2,00) of H and will be called the physical
sheet. By the spectral theorem

R(a)=(H-2A,)"': L*(R x Qr) - D(H)

is bounded if Re(«) < Q. Our goal is to extend this resolvent up to the line Re(«) = @ analytically, and we
will actually do it in an even larger region. The price to pay is that R(«) will not be bounded on L? but
rather on certain weighted L? spaces, where the weights are e’¢ in the region ¢ < -1, with 3 € R tuned
with respect to a.

Resolvent and propagator on weighted spaces in the probabilistic region. Our first task is to understand the
resolvent on weighted spaces in a subregion of Re(a) < @, that we call the probabilistic region due to the
fact that the resolvent can be written in terms of the semigroup e *H

Let p: R - R be a smooth non-decreasing function satisfying

p(c)=c+aforc< -1, p(e)=0forc>=0, 0<p <1
for some a € R. We have for 5 > 0 the inclusion of weighted spaces
ePPOL2 (R x Q) € L2(R x Qp) € e PPEOL2(R x Q).
The weighted spaces e?7(?) L2(Rx€r) are obviously Hilbert spaces with product (u, v)s, 12 == (€ ?Pu, e #Pv),.
Lemma 6.5. Let e R. If Re((a-Q)?) > 82 and Re(a) < Q, the resolvent R(a) = (H-2A,)""! extends to

a bounded operator
R(a): e L*(R x Qr) - e PPD(H),
R():e?D'(Q) - e P"D(Q)
which is analytic in o in this region. The operator H:e PPL? - e7PPL2 is closed with domain e PPD(H), it

is a bijective mapping e PPD(H) — e PP L? with inverse R(«). Moreover, for a € (—0,Q) and 0 < B < Q-a,
the resolvent is bounded with norm |R(a)| g(e-sor2y < 2((x = Q) = %)™ and is equal to the integral

(6.10) R(a) = f e~ tHH1200 gy
0
where e is the semigroup on e PPL? obtained by Hille- Yosida theorem with norm
2,2
(6.11) V20, e ™ ppemsorey <etT

The integral (6.10) converges in L(e PP L?) operator norm and e ™ : e PPL? - e7PP L2 extends the semigroup

defined in (3.31). Finally, e : #PD(Q) - PD(Q) and e ™M : #PD'(Q) - €PD'(Q) are bounded and
for each € > 0 there is some constant Cc >0 such that for allt >0

2,2
Q-8B 76)

(6.12) le™™ ) £ierrnia)) + €™ c(eropr()) < Cee™ 2

Proof. Consider the operator for 3 € R, acting on the space C (defined in (4.10)) and with value in e#?D’(Q),
2
Hp = PO He PP =H - 5 (p/(¢))? + 5p"(c) + B (¢) ..
Let u € C, then we have (using integration by parts)
2
Re(Hgu|u)s = Q(u) = 5 p'ul3 + 5(p"uu)s + BRe((p'Ocu|u)2)
2
(6.13) = Q(u) - 5 [lpul
2 2 2
> Q(u) = G July = S5 Jull3 + 5 10cul3 + [P2ul} + Qenev (u,w),
where Q was defined in Section 5.2. Consider the sesquilinear form Q, g(u,v) := ((Hg - 2A,)u|v)s defined

on C. We easily see that if -Re(2A,) > BQ_QQQ, then

{ue LQ(R x Q)| Qo p(u,u) < o} =D(Q).




38 COLIN GUILLARMOU, ANTTI KUPIAINEN, REMI RHODES, AND VINCENT VARGAS

Let D'(Q) be the dual of D(Q) (note that L? c D'(Q)). By Lax-Milgram, if ~-Re(2A,) > ﬁ2_2Q2, then for
each f' € D'(Q), there is a unique u € D(Q) such that

(614) Vue D(Q)7 QQ,B(U7 U) = f’(’l)), Q(u)1/2 < C,HfIHD'(Q)
for all v € D(Q), where C’ > 0 depends only on Re(2A,) and $2. This holds in particular for the linear form

f" v e (f|v)2 with norm || f/|proy < C||f||2 for some C' > 0 depending on Re(2A,) and 2. We define
R(a)(e PP f) := e PPu, this gives a bounded linear operator

(6.15) R(a):eP"D'(Q) » e PD(Q) c e PP L?

inverting the bounded operator e??(H - 2A,)e ?? : D(Q) — D'(Q). Moreover, by (6.13), its weighted
L?-norm is bounded by

(6.16) IR(@)] £(e-sorz) < 2(Re((a - Q)2 - B)) ! = (L5 —2Re(A,)) !

Using D(Q) c e ??D(Q) and the uniqueness property above, this means that for f € L2, we have R(a)f =
R(«)f and thus R(«) is a continuous extension of R(«a) to the Hilbert space e™??L?. The analyticity in a
comes from Lax-Milgram, but can also alternatively be obtained by Cauchy formula (for ¢ > 0 small)

f Mdz

|z—al=e 22—

~ 1
R(a)f = py
i
which holds for all f € C (since ﬁ(a)f = R(a)f for such f), and can then be extended to e”??L? by density
of C in e #?L2 The domain D(e’?He ?) = {u € D(Q)|e’PHe PPu e L2} of the operator e’ He #* is
actually equal to D(H) = {u € D(Q) |Hu € L?} since

(6.17) e PPH(ePPu) = Hu - %Q(p'(c))2u - Bp"(e)u-Bp'(c)deu

with p’ € C=°(R) (thus p'(¢)d.u € L? for u € D(Q)). The operator H : e #*D(H) - ¢ #PL? is thus closed.
By Hille-Yosida theorem, there is an associated bounded semigroup e ™ on e™#?L?, and by density of
L? c e PPL? when § > 0, it is an extension of the e ™ semigroup on L? . Let us check that the resolvent
can be written as an integral of the propagator. For f € C c L?, we have

R(a)f = R(a)f = fo " et gy

2 2

By Hille-Yosida theorem and (6.15), we have [|e™™| £ -5, 12y < et 2 , so that the integral above con-
verges if Q —a > 3 (for a € (—00,Q)) as a bounded operator on e #? L2, showing the desired claim by density
of Cin e PPL2. _
We conclude with a ¢??D’(Q) bound for R(a) and e . First, we note using (6.17) that for u € D(Q)
i ( Qa5 (u, w))| = (Tm(2A0)| = 52) [ull3 ~ §[0cul3,
which implies
1
(@, 0)] > —=(ea, [l + 30l + [PV2ul3 + Qurer (u,)

V2

Cy = min( - 2Re(z) + 2|Im(z)| + Q2_2352 ,—2Re(z) + @)

This in turn gives that, provided Re(-2A,) + [Im(2A,)] + Q2;352 >0, R(a) : e PPL? - e PPL? is also
well-defined, analytic in o and bounded, and moreover satisfies for [A4| > 1 and Re(Aq) < 3[Im(A,)|
IR() [ g(e-s012) < ClAGI™

where C' > 0 is a uniform constant. First, for each ¢ > 0, there is C. > 0 such that for all f e e#7D(Q),
u:=R(a)f
Ce

CAQ

Q(u,u) < CeRe(Qap(u,u)) < Cellul flof < —|f13
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N Re(a) =@

FIGURE 2. The blue region corresponds to the set of parameters o € C such that Re((« -
Q)?) > 32, i.e. region of validity of Lemma 6.5 (here 3 = 1 on the plot).

if ea,, >0, thus for ¢, >0

(6.18) [(H = 2)"" | £(e-sop(ayy < CLPeM?
[ = 2) Mgz < CucZ.
Let us consider a contour I' = T'guI'y uIl'_ ¢ C with a := 2;ﬂ2 -, 'y ==a+iN + eTBRY ¢ C and

Ty =a+i[-N,N] for some N >0 large enough so that ¢, >0 on I', and where T" oriented clockwise around
[a,+00). Using the holomorphic functional calculus, we have

1
e H o — f e *(H-2)"tdz
21t JT,ur-

and the integral converges both in £(e#?L?) and L(e ?*D(Q)) using (6.18), with bound
le™ | c-sop(0y < Ce™™

for some some C depending only on & > 0. Using duality, this gives (6.12). a

In what follows, we will always write R(a) for the resolvent, for both the operator acting on L? or acting
-Bp2
on e .

Poisson operator in the probabilistic region. For ¢ € N, we shall define the Poisson operator Py(«) in the
resolvent set. This operator is a way to construct the generalized eigenfunctions of H: it takes an element
F e E, c L*(Qr) and produces a function u = Py(a)F solving (H - 2A,)u = 0 with a prescribed leading
asymptotic in terms of F' as ¢ - —oo.

First, we explain in details our convention on square roots in C and since it will be important in the proof
and to avoid confusions for the reader. We will denote by /- the square root defined so that Im(y/z) > 0
if z€ C\R*, i.e. Vre? = /re? for 6 € (0,2r) and r > 0. In particular, one has V22 = z for Im(y/Z) > 0
and this extends holomorphically to z € C. For A € R*, the function V22 — X will be of special interest to us:
it is well-defined and analytic in {Im(z) > 0} U (—v/X,V/A) (since 22 ¢ [\, ) in this region) and it extends
analytically in a neighborhood of the half lines (oo, —v/A) and (V/A,+00), for exemple in z € /X + R e~
and z € -/ + R+ ™9 for § € [0,¢). With that convention, which will be used all along this Section on
scattering for H, we have V22 — XA > 0 if z € (V/\, 00) while V22 = X < 0 if z € (=00, —/X). Later we will view
these functions as holomorphic functions on a Riemann surface.

We note the following elementary property, which will be useful in the following.
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Lemma 6.6. For z € C\R*, the following map is non-decreasing

reR" —»ImvVz - .

Proof. Tt suffices to differentiate in z. O

Let x € C*(R) be equal to 1 in (-oo,a —1) and equal to 0 in (a,+o0) for some a € (0,1/2), then for
a = Q +ip with Im(p) > 0 we choose

(6.19) Be > jg)laxelms/p? -2X; - /2 =Im\/p? - 2X\¢— /2, and S, > 0.

.....

Then for Re((a - Q)?) > 37 we define

_ ol . ,
Po(ar) :{ Ep=@j gker(P-1);) — e (BeerDpD( Q)

F=%0<j<cFj = xF_(a) - R(a)(H-2A,) (xF-()),
(6.20)

e .
with F_(a) i= 3 FjeieVP=2%,
=0

We will show in the following Lemma that this definition makes sense by using Lemma 6.5. Before going
to the proof of it, recall that Imy/p? —2X; > 0 for Re(a) < @ by Lemma 6.6, and note that the condition
Re((a—Q)?) > 7 implies that Imm > Im(p) > By for all j =0,...,¢. We then emphasize that the
main reason for Py(a)F to be defined and non-trivial is that xF_(a) € e~ (#*7/2rD(Q) \ e7#rD(Q) and
(H-2A,)(xF-(a)) € e BPD'(Q) so that R(a)(H-2A,)(xF-(«)) is well-defined but not equal to yF_(«).

Lemma 6.7. For each £ €N, let 8; > 0, then the operator Pe(a) is well-defined, bounded and holomorphic
in the region

(6.21) {a=Q+ipeC|Re(a-Q) <0, Re((a=Q)*) > 87, B > Imy/p? — 2\, - 7/2}
and it satisfies in e~ (PeH/2PD(Q)
(6.22) (H-2A,)Py(a) =0,

and in the region ¢ < —1, one has the asymptotic behaviour, with F; := (II; -I1;,_1)F,
e .
(6.23) Pe(a)F =Y Fje'™VP =22 4 F(a), Fi(a)ee?D(Q).
§=0

Proof. First we observe that (Ho - 2A,)F_(«) =0 thus
(H - 28)XF-(a) = ~5x"()F_(0) + VXF_(a) - X' ()0 F.(a).
We note that x’, x”" have compact support in R, and also for each u € D(Q)

1
2

eV E (@)l < [ @y (R (o) wide< [ e@vnde)( [ e @u(e e yic)
< Q(u) 2 Qurey (PP FL )
and Qevey (ePPF_) < 0o by using (6.21) and the fact that Qy (1) < oo for all ¢ € E;. We obtain that
YF-(a) € " PIDeD(Q), (H - 28,)xF-(a) € #7D/(Q),

This shows, using Lemma 6.5, that R(a)(H - 2A,)(xF_(a)) is well-defined as an element of e ?2*D(Q),
with holomorphic dependence in a, provided Re((a—Q)?) > 87. By construction, it clearly also solves (6.22)
in e~ (Bet/2)P D' (Q). O

Note that the error term F,(«) in (6.23)is smaller than the bigger term in F_(«) but is not necessarily
neglectible with respect to all terms of F_(«).
We also notice that where they are defined, we have for j > 0,£>0

(6.24) Pesj(a)le, = Pe(a)|E, -
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FIGURE 3. Left picture: regions of definition of the Poisson operator Py(«) (for the plot, we
take v = 1/2 and S, is optimized to obtain the largest possible region). Right picture: regions
of definition of the Poisson operator Py(«) with £ > 0 (for the plot we take Ay = 4,y = 1/2
and (B, optimized).

In (6.20), the definition of the operator Py(a) seemingly depends on the cutoff function x. In fact, we
can show that this is not the case. We state a lemma below in this direction

Lemma 6.8. For { € N, 3 satisfying (6.19) and for Re((o - Q)?) > B7 the definition of the operator
Pe(a) g, does not depend on .

Proof. Pick two functions x, x satisfying our assumptions and denote by Pz‘(a),’Pz‘(a) the corresponding
Poisson operators. Set d(x) := x — X. Then observe that for F € F,

Pr(e)F =P (a)F = d(x)F- (o) - R(e) (H - 24,) (d(x) F-(a)).
Now we note that d(x)F-(«) € D(Q) since d(x)(c) =0 for ¢ ¢ (-1,a) for some a >0 and Qy is bounded on
Ey. Then R(ar)(H - 2A4)(d(x)F- () = d(x)F-(cv) since (H-2A,) : D(Q) - D'(Q) is an isomorphism,
hence P (a)F - P, (a)F = 0. O

We can also rewrite the construction of the Poisson operator using the propagator.

Proposition 6.9. The following properties hold true:
1) Let £ €N and let F € L*(Q7) nker(P = \;) for j < £. Then we have the identity

Pe(a)F = lim etQA“e_tH(eicvpz_”‘jx(c)F)

t—+o00
in e~ B+1PD/(Q) provided Re((a - Q)?) > % with B > Im(\/p? - 2X\;) —=7/2 and o = Q + ip. Furthermore
if Im(\/p? — 2\;) >y then we can take x =1 in the above statement.
2) Let F e L?(Qr) nker(P). If a € R with a < Q, then dc® P almost everywhere
Po(a)F = tlim etQAae’tH(e(a’Q)cF).

—+0o

Proof. We first prove 1). Recall that H = Hy + e7“V. We have
(H-20,) (x(e)e™F) = X(e)e™ DV P~ x(c) Fe™*
where v; := \/p? - 2); and ¥(c) := 3x”(c) +iv;x'(c) € C°(R), and this belongs to e PPD'(Q). Using Lemma

6.5,
Po(a)F = x(c)e™i°F = R() (Vi VV\ F - XeVi°F)
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provided Re((a - Q)?) > 3?2 for any 8 > Im(v;) — /2. Noticing that the bound (6.11) remains valid with
V =0, we can make sense of u(t) = e""Ho(y(c)e™i°F) as an element in e ??L%(R; E;) for any By > Im(v;).
Then
(0 +2A0)u(t) = e ™o (“Hy + 2A,) (x(¢)e™i°F) = e o (i Fy(c))
thus we get by integrating in ¢
t
e—t(H0—2Aa) c eil/ch =v(c eiuch i / e—s(Hg—ZAa) eiuch~ )ds
(6.25) (x(e) ) =x(¢) | | ( x(_))
=x(€)e™i°F + (1 - e "Ho22 )Ry () (™ °FX(c))
where Ro(a) := (Hp—2A,)7" is defined also on e™??L? by taking the proof of Lemma 6.5 in the case of the
trivial potential V = 0. We also note that e "o (e™i°F¥(c)) and e ™ oRg(a)(e™°FX(c)) are in L*(R; E;)
since HoF = (Q%/2+ \;)F (and X € C°(R)), i.e. all terms above are functions of ¢ with values in Ej;.
We next claim that

. . t )
e—tH(X(C)ezuch) _ e—tHo (X(C)E“lch) _ ﬁ e—(t—s)He'ycve—sHo(X(C)eluj cF)dS.

Indeed, first, all terms are well-defined: since e *Ho(x(c)e™i°F) e e #PL%(R; E;) n e ??D(Q) one has
e7VeHo(x(c)e™i°F) e e 70PD'(Q), and we can then use (6.12). Then the identity above is obtained since
both terms solve (9; + H)u(t) = 0 in e ??D’(Q) with u(0) = x(c)e?’°F in e #PD(Q). By applying twice
(6.25), we thus obtain

e—t(H—QAa) (X(c)eiuch) :X(c)eiVjCF - etZAa At e_(t—s)He"/CVe_SHO (X(C)eiujCF)dS
N (1 B e_t(H0—2Aa))Ro(a)(eil/chy(C))
:X(C)eiVjCF - /(;t e_(t_s)(H_2Aa)(BVCVX(C)erCF)dS
N (1 B e_t(H0—2Aa))Ro(a)(eil/chy(C))

. )
_ f e_(t_s)(H—ZAa)ech(l _ e—s(Ho—2Aa))Ro(a)(eszFY(c))dS.
0

Using (6.11) and (6.12) (applied with both V # 0 and V = 0) and Re((a - @)?) > 52, we have as bounded
operators on respectively e ??D’(Q) and e PPL?

¢
tlim e~ (=) H-28a) g = tlim (1-e"H22NR(a) =R(a)
—+o0 J( —+00

lim (1 - e {0 28N R (o) = Ro(v).

t—+o0
This gives in particular in e #7D’(Q)
¢ _ .
lim eI E2Ra) (7ey 3 ()i F)ds = R(a)(e7°V x(¢)e™i°F).

t—+o00 JO

Similarly one has in e‘BPD’(Q)

t ) )
Jim [ R ey Ry () (675 FR(e))ds = R(0)TVRo (@) (€7 FR(0)).
Finally we claim that
t )
tEE_noo ; 6—(t—s)(H—2AQ)e'ycve—s(H()fQAa)RO(a)(ezuchjz(C))ds =0.

Indeed, we can apply Lebesgue theorem if one can show
|7 Ve s(Hom28) Ry () (e FX(c)) | esrpr(oy < €7°°

for some & > 0, since [e~(F=9)(H-24a) I ze-80p7(0)) = 0 by (6.12). But this estimate follows again from (6.11)
with V =0 and the fact that Ro(a)(e™°Fx(c)) € e ??L?(R; E;), which in turn implies that

Ve o222 R () ("7 FX(c)) € e’ D' (Q).



CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 43

We have thus proved that
lim e ‘28 (y(c)e™i°F) =x(c)e™i°F - R(a)e”CV(e"’”chx(c) + Ro(a)(ei”chf{(c)))

t—+oo
+Ro (@) (" FX(c)).
We conclude by observing that
R(oz)(e”chei”ch - Yei”ch) = —Ro(a)(ei”chX) + R(a)e”’cV(xei”jCF + Ro(a)(ei”chS((c))),
which can be established by applying (H-2A,) to this equation and using the injectivity of (H-2A,) on

e PD(Q) under our condition on a, 3.

Notice that for Im(y/p? —2X;) > ~, we have e(in+V)C1(07+oo)(c) € L?(R) so that the above argument
applies with y = 1.

Now we prove 2). As F e L?(Qp) nker(P - )\g), we may assume F = 1 without loss of generality. With our
assumptions, we can write a = Q + ip with p = i(Q — «) and choose (Q — ) > 5> (Q — «) —v. By applying
1), we get that

_ 1 t2A, —tH{( (a-Q)c
Pe(a)l = tlgrnoo e e (e X(c))

in e #PL2, hence dc ® P almost everywhere (up to extracting subsequence). We have to show that we can
replace x by 1. For this we will use the probabilistic representation (5.4): we have

e e M (D1 = x(0))) =e VB[St (¢ (1 - x(e)))e M O]
—et28a e(a—Q)cEw[ea(Xt(O)—Qt)(l —x(c+X,(0) - Qt)))e—uMw(Df)]'

By Girsanov’s transform this expression can be rewritten as
€t2Aae—tH(e(a—Q)0(1 - x(c))) :e(a—Q)cEw[(l - x(c+X:(0) - (Q-a)t))exp(-p f@c |Z|—vaM7(dz))].

Recalling that x =1 on (-c0,a - 1) and that ¢ » X;(0) evolves as a Brownian motion independent of ¢,
then estimating the exponential term by 1 we obtain

|et2A“ e_tH(e(a_Q)c(l - X(c)))| < e(o‘_Q)CIP(c +X,(0)-(Q-a)t>a-1).
The result easily follows from this estimate. O

Meromorphic extension of the resolvent near the L? spectrum. We denote by Z the Riemann surface on which
the functions p — \/p? — 2, are single valued for all j. This is a ramified covering of C with ramification
points {:I:\/2_)\j|j € N}, and in which we embed the region Im(p) > 0 that we call the physical sheet. We
will call 7 : Z — C the projection of the covering. The construction of Z can be done iteratively on j, as
explained in Chapter 6.7 of Melrose’s book [Me93]. The map p — « := Q + ip from Im(p) > 0 to Re(a) < Q
(now called the physical sheet for the variable «) extends analytically as a map Z — X where X is an
isomorphic Riemann surface to Z (it just amounts to a linear change of complex coordinates from p to
«). We shall also denote by 7 : ¥ - C the projection. Finally we choose a specific function yx of the form
indicated previously but we further impose that x € C*°(R) is equal to 1 in (-oo,-1+4§) and equal to 0 in
(0,+00) (for some small § > 0).
First, we recall the notation for the orthogonal projectors

Il = 1100, (P) : L*(Qp,P) > L*(Qr, P)

and we denote by Ej, their range (which are Hilbert spaces) and Ej the range of 1 —IIj. The goal of this
section is to show the following:

Proposition 6.10. Assume that v € (0,+/2) and let 0 < § </2. Then the following holds true:
1) The resolvent R(a) = (H - 2A,)7! is bounded as a map L*(R x Qr) - D(H) for Re(a) < Q and for
k > 0 large enough, the operator (H — ZAW(Q))_l admits a meromorphic continuation to the region

{a=Q+ipeX||n(p)] < /\E,Vj <k, Imy/p? - 2X; > -min(B,7/2 - 8)}
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as a map
R(a):e’?L?(R x Qr) - e PPD(H),

and the residue at each pole is a finite rank operator. Moreover, for each v € C*°(R) n L*(R) satisfying
' e L= and supp(v)) c (—o0, A) for some A€R,

R(a)(1-1I)¢: D'(Q) » e PPD(Q).

2) If f € ’PD'(Q) is supported in c € (oo, A) for some A >0 and is such that I, f € e’?L?(R; E},) and
(1-TIg) f € D'(Q), then for « as above and not a pole, one has in ¢ <0

(6.26) R(a)f = Zk: a;(a, f)e VP 4 Glan f),
7=0

with a;(a, f) e ker(P - \;), and G(a, f),0.G(a, f) € e’ L?(R™; Ex) + L*(R™; E+ ), all depending meromor-
phically in o in the region they are defined.
3) There is no pole for R(a) in {a € ¥|Re(a) < Q} N URo{Q £i\/2);} and Q +i\/2); can be at most a
pole of order 1.

To prove this Proposition, we will construct parametrices for the operator H - 2A, = H - % in
several steps and will split the argument. More concretely, we will search for some bounded model operator
R(a):e’?L?(R x Q) - ¢7D(Q), holomorphic in a in the desired region of ¥, such that

(H-2A.)R(a) = 1 - K(a)

where K (o) € L(e’PL?(R x Qr)) is an analytic family of compact operators with 1 — K(ayg) invertible at
some ag belonging to the physical sheet. Then the Fredholm analytic theorem will imply that (1 -K(a))™!
exists as a meromorphic family and R(a) := R(a)(1-K(a))™" gives us the desired meromorphic extension
of R(a). Our strategy will be based on that method with slights modifications. The continuous spectrum
of H near frequency (Q? + p?)/2 € R* will come only from finitely many eigenmodes of P, namely those Aj
for which 2); < p?. This suggests, in order to construct the approximation R(«) to split the modes of P
depending on the value of Im(a - Q). The parametrix will be constructed in three steps as follows:

e First, we deal with the large eigenmodes for the operator P in the region c € (—=00,0] of L?(R x Qr).
We will show that this part does not contribute to the continuous spectrum at frequency (Q%+p?)/2,
and we shall obtain a parametrix for that part by energy estimates.

e Then we consider the region ¢ > -1 where we shall show that the model operator in that region
(essentially H on L?([-1, 00)xQ7) with Dirichlet condition at ¢ = 0) has compact resolvent, providing
a compact operator for the parametrix of that region.

e Finally, we will deal with the ¢ < 0 region corresponding to eigenmodes of P of order O(|p|?),
where there is scattering at ¢ = —oco for frequency (Q? + p?)/2, producing continuous spectrum. The
parametrix for this part is basically the exact inverse of Hg — 2A,, restricted to finitely many modes
of P.

For s > 0 and I c R an open interval, we will denote by H*(I; L?(Qr)) the Sobolev space of order s in
the c-variable

H(I;L*(Qr)) = {ue L*(I x Qp) | V) < £,€ = (€)*F(u)(€) e L*(I x Qr)}

where F denotes Fourier transform in ¢, and similarly Hg(I; L?(Qr)) will be the completion of C2°(I; L*(Qr))
with respect to the norm [[(€)*F(w)| £2(r;22(00))-

1) Large P eigenmodes in the region ¢ < 0. Let x € C*(R, [0, 1]) which satisfies x(c) =1 for c< -1+§
for some & € (0,31) and x(c) = 0 in [-1/2,00) and ¥ € C®(R,[0,1]) such that ¥ = 1 on the support of
x and supp(Y) ¢ R™, and we now view these functions as multiplication operators by x(c) on the spaces
ePPL2(R™ x Q). We will first show the following
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Lemma 6.11. 1) There is a constant C >0 depending only on |X'|eo, |X" |eo Such that for each k € N, there
is a bounded operator

R;(a): L*(R; Ey;) » L*(R™; E})
holomorphic in o= Q +ip € C in the region {Re(a) < Q} U {|a - Q|* < A}, with

YR (a)x: L*(R x Qr) - L*(R; Ej;) n D(H), YR (a)x: D'(Q) » D(Q) n L*(R; Ey)
bounded, so that
(6.27) (H- LRE(0)(1 -y = (1 -0y + Li(a) +Ki(a)  and  YRE(a)ix =0

with Li (o) : D'(Q) - L*(R7;E}) and Ki(a) : D'(Q) — e’PL*(R; Ey) bounded and holomorphic in o as
above for each 0 < B <~/2. In the region where [p?| < A\, one has the bound

(6.28) ILE() | £(zey < ON?

and K} () is compact as a map L*(R x Qr) - PP L*(R; E},).

2) Let B € R, then in the region Re((a - Q)?) > B2 - 2X\; + 1, the operator Ri(a) : e PPD'(Q) —
e PP(LA*(R7; E) nD(Q)) is a bounded holomorphic family, Ki(a): e PPL2 (R x Q) » e PPL*(R™; Ey) is a
compact holomorphic family, Li(a): e PPL2(R x Q) - e PP L?(R™; E}) is bounded analytic with norm
C(1+18))
VRe((a - Q)?) + 2\ - 52
for some C' >0 depending only on |X'|ee and |X"|co-

IL; (a)HE(e Brr2) S

Proof. Let us define Qt the restriction of Q to the closed subspace

D(Q3) :=D(Q) n L*(R™; E}) = D(Q) nker IT;, N ker 7+
where rg+ : L?(Rx Qp) - L?(R* x Q) is the restriction for ¢ > 0. Note that this is a closed form and is thus
the quadratic form of a unique self-adjoint operator Hj, which maps D(Q;) - D'(Q;) and has a domain
D(H3) c D(Q4). For u e D(Q4) we have |[PY/2u|2 > A\ ||ul3, thus for each £ >0
(6.29) Q(u) > 0culda + (5 + (1= D) ul}s + e[ PV2ul 3 + Qe (u,u)

and therefore the quadratic form Qp(u) is bounded below by ’\7"Hu||2LQ on D(Q;) (if € is chosen small
enough). There is a natural injection ¢ : D(Q;) - D(Q) which we view as an inclusion. Let x,X € C*(R)
be equal to 1 in ¢ < =1/2 and supported in (-o0,0). Let ¥, x defined as x but equal to 1 on the support of
x. We view x as the operator of multiplication by x(c) on L?(R x Qr), and similarly for ¥. Let us check
that tx = x¢: D(Hj) - D(H) and for v e D(Hjy,)

(6.30) Hu(xu) = «(Hpxu) + xe" U (Vi(u))

(note that yu € D(Hy) if u € D(Hy) since Hyxu = xHjpu — *X "u — x'0.u). Here we use Lemma 6.1, which
insures that xe7“II;(V¢(u)) makes sense. First, we have for v € D(Qy) that ¢(u) = (1 -1I;)e(u). For such u
and for v € D(Q), one gets

Q(u(xu),v) =3(Be(1 ~ T xut, Be(1 ~ )0} 2wy + %[ (1 = ) xw, (1= T R0) 12 ey +
(P21, P21 )R0) ety + f, X(€)™ (Qu (u (1= 1)) + Qv (u i) e
-0} (v, (1= T)T0) + [ €°Qy (xu, Iew) de
=(Hixu, (1-1)Xv)2 + fRerV(X%HkU) de = (Hy XU, V) 2 (R-xQr) + f Qv (xu, xv) de

where in the last line, 7 := (1 - II;)Xv is viewed as an element in D(Q;). As in the proof of Lemma 6.1,
there is a uniform constant C}. depending only on k, such that

| [ Qv (. Tlw) de| < Cul Qv (i () o]
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which implies that ¢(xu) € D(H) since [(Hyxu,v)r2®-x0.)| < [Hixu|2]v]2. Now we also notice that

[ Qv (. vy de = {7V xaw), ThT0),

where the pairing makes sense since ¢V yi(u) € D'(Q) and IIxxv € D(Q) by Lemma 6.1. Moreover, using
Xx = x and II;, = Il this term is also equal to

(e7Vxe(u), iXv)2 = (xe” T (Vie(u)), v)2.
This shows the formula (6.30).

The spectrum of Hy, is contained in [%2+/\k, o0 ) due to (6.29). It will be said to have Dirichlet condition at

¢ =0, by analogy with the Laplacian on finite dimensional manifolds. The resolvent Ry («a) := (Hj - %)’1

(with a = @ +ip) is well defined as a bounded map
#(a) : L*(R™; By) > D(Hy) k() : D(Qp) » D(Qy)
if p € C is such that p® ¢ [2)\y, o), with L? norm
(6.31) IRG (@) 2cz2y < 2/Ak for [p|* < Ak
It is also holomorphic in o in {Re(a) < Q}u{|a—Q[* < Ax}. We also define the dual map * : D'(Q) - D'(94)
(which also maps L?(R x Qp) —» L*(R™; E}). We get
Ry ()" (1-T;) : L*(R™ x Qp) - D(H) n L*(R; E},) R ()" :D'(Q) » D(Q)

T

with the same properties. To avoid heavy notations, we shall now remove the ¢,¢* maps in the notations so

that we view yRj(a)(1-1I;) as map L*(R™ x Q) -~ D(H) n L*(R; E}).
Using (6.29) with u = Rj(a) f we also obtain that

4
(6.32) [0:Rz ()| £(r2y </ N for [p|* < Ar/2.
Now we fix x, X as defined before the Lemma. Thus, using IT,Hy = HoIl; and (6.30), we get for a = Q + ip

2 2
(H - 2 )¥R; (o) (1 -T)x =(1 - TTy)x - 5[02, ¥R (@) (1 - TI)x + 7RIV R (@) x (1 - TT;)
=(1-TIg)x + Li(a) + Ki ().
Since [02,X] is a first order operator with compact support in ¢ commuting with II, we notice that

Li(a):D'(Q) » L*(R™; E}) and we can use (6.32), (6.31) to deduce that there is C' > 0 depending only on
IX 005 IX]oo such that

ILi ()] 2ez2y < C')\;/Q

as long as [p?| < \g. Let us now deal with K (). First, notice that K& (a) maps D'(Q) to e??/2L*(R™; Ey):
indeed,

H(@)(1-T)x :D'(Q) »D(Q), & XV :D(Q) ~ " *L*(R™; Ey)

using Lemma 6.1 with 8 = 8 = —y/2. We would like to prove some regularization property in ¢ to deduce
that K (o) is compact on L? (or some weighted L? space). First, we have

O.-Hy, = Hj;.0. +ve (1 - )V (1 - 11)
thus applying R («) on the left and right:
Ri ()0, = 0.Rj(a) + YR ()" VR ().

Here the last term really is Ri(a)e?ViR} (), viewed as a bounded map L?(R™; E{) - D(Q;) using
e’V : D(Q) - D'(Q). Therefore (using [d,, V] =0)

9Ky () =vKj () + "Y' VRE (o) (1 - Tg) x
+ X I VR () 0ex — 7" Xk VRE () e VR () x.
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Just as above, the first two terms map D’'(Q) to e"/2L%(R; Ey). Next, d.x : L2 (R x Qp) — D'(Q), Ri(a):
D'(Q) » D(Q) and Ye I,V : D(Q) » L?(R x Qr) are bounded (using again Lemma 6.1), so

eI VRE(a)dex : L2 (R x Q1) — P2 L2(R; E},)
is bounded. Finally, by Lemma 6.1
X I VRE(a) : D'(Qf) » PPLA(R; By), ¢"“VRi(a)y:L* > D'(Q)
is bounded so
FILVRE(a)e’VRE (o) x : L2 (R x Q) » P2 L2 (R; Ey,)
is also bounded and therefore 9Kt (a): L*(R x Qr) - "?2L?(R; E;). This shows that
Ki(a): L2(R x Qr) - P2 H} (R; Ey).

It is then easy to see this is a compact operator on L? as announced since ¢??/ 2H} (R; E) injects com-
pactly into e®?L?(R x Qr) for 3 < /2 by using that Fj, has finite dimension. We conclude that K;(«) is
compact as a map L?(RxQr) - e’ L?(RxQy) if 8 < v/2. Moreover K} (), Lt (a) are holomorphic in o € C
in the region {Re(a) < Q} u{|a— QI* < A} since Ri () is. This concludes the proof of 1).

Let us next consider the region {Re(a) < Q}, and we proceed as in Lemma 6.5. Let Hy, 5 := ePPHEe PP
for B € R which is also given by

2
Hj o= Hi+ (1-1L)( = 5(0'(0)* + 50"(c) + Bp'(¢)0)
and the associated sesquilinear form on D(Q;)
2
Qi 5 () = Qi (w) = Bl p"ull} + 50" u, u)2 + BlOcu, p'u)a.
Note that on D(Q;), we have
2 Je 1
Re(Qt 5(1) > Qf(w) - [l > S10culd + (Z55 + M) [ulf + e VEul3,

This implies by Lax-Milgram, just as in the proof of Lemma 6.5, that if Re((a — Q)?) > 32 — 2\, then for
each f € D'(Q;), there is a unique u € D(Q;) such that

(6.33) ePP(HE - 2A,)e ™ PPu = f, and if f e L?
2| f]2 2| 2
Re((a=Q)?) + 2\, - %’ VRe((a-Q)2) +2\, - 52
In particular, this shows that, for Re((a - Q)?) > 8% - 2\;, R} () extends as a map
Rj (@) : e 7"D'(Q}) » ¢ 7*D(Qy)
with |Ry ()] zeesorz) < 2(Re((a-Q)?) + 2, — %) 7", If we further impose that Re((a-Q)?) > 82 -2\, +1
then, since €°[0,,ePP] = —Bp’ and using (6.34),

(6.34) Jull2 <

[Ocull2 <

20X oo (1 +18]) + IX"|oo
VRe((a-Q)?) +2X - 52
Finally, the same argument as above for Kj(a) shows that for Re((a - Q)?) + 2\, — % > 1, the operator
K} (a) is compact from e ??L*(R x Q) to e PP L?(R™; Ey). O

L (@) 2esorey <

Remark 6.12. We notice that the operators Ry (o), Kj. (), Li(a) lift as holomorphic family of operators
to the region {a € L|Re(m()) < Q,|m(a) = Q|? < A} by simply composing with the projection 7 : % — C.

2) The region ¢ > - 1. Next, consider the operator H - Q2;p2 on L?([-1,00); L?(Qr)) with Dirichlet
condition at ¢ = —1 (i.e. the extension associated to the quadratic form on functions supported in ¢ > - 1),
and x € C*(R;[0,1]) such that (1-x) =1 on supp(1-x) and 1-x supported in (-1, 00) (otherwise stated,
Xx=0o0n (-1+6,+00) and x =1 on (—o0,-1) ).
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We will construct a quasi-compact approximate inverse to H in [-1,00) by using energy estimates and
the properties of V', in particular the fact the region where V' > 0 is small are somehow small. We show the
following:

Lemma 6.13. There is a uniform constant C >0 and a bounded operator, independent of «,
R, : [(R x Or) - D(H),
satisfying
(1- DR, (1-x):D'(Q) ~ D(Q)
and fora=Q+ipeC and k> 1
(H - 52) (1= OR.(1-X) = (1-X) + Ko (@) + L i (a)

where K, j(a) : L*(R x Qp) - L?([-1,00) x Qr) compact and holomorphic in o € C, and the operator
L, ;(a): L*(R x Qp) - L?([-1,00) x Q) is bounded and holomorphic in o € C, such that

635)  |Les(@)leees < CQ+PPN), ILaik(@)lewsy < OO+ HA + O +[p)A!
for some uniform constant C' depending only on x. Moreover Ly ;(a) and K, (o) are bounded as maps

D'(Q) ~ L*([-1,00) x Q).

Proof. We consider R, = (H - %2 +1)71: L? - D(H), which we also view as a map D'(Q) —» D(Q). We
have

(6.36) BI0RI3 + R f13 + [PYRAFI3 + Qv (R £) < 115

We write

can  EGOR(A -0 (1200 + 50 UR(1- ) - (5 - DAL= DR(1- )
' =(1-x) + KL + K2(a).

Notice that K%, K2 («) are bounded as maps D'(Q) — L*(RxQr) by using that [0%, %] : D(Q) - L*(RxQr)
is bounded. By Lemma 6.14, there is 8 > 0 such that have (here ¢, = ¢1.50.)

(6.38) IR, : L*(R x Qp) - e P L*(R; E)

is bounded. Let ¢ € C°(R) non-negative, equal to 1 in [-A, A] and 0 for |¢| > 24 and so that |¢]e + || +
9" |0 <1 (we shall take A - oo later). By using Lemma 6.1, we have

Ty : D(Q) — D(Q)
is bounded: indeed, d.(vYu) = ¥'u + d.u € L? if u e D(Q) and

/RQpQ(c)eVCQV(u,u)dc < Oy 9Q(u,u)

for some C,  depending on «y and .
We are going to show that for all such ¥,

(6.39) J(1 - TR | 2oz < 3/,

which by taking A — oo shows that (1 -1II;)R, has £(L?) norm bounded by 3/v/A. Let u = Ry f with
f € L?, then we claim that

Al (1= TR)ul3 + 106(1 = T )pul3 + 3 Qever (1 - T )pou)
< =T W f 2 (1= T)tullz + 5 Qevev (Mxtpu) + 2| £13
To prove this, we note that, in D’(Q)

(6.40)

(H- %2 +1)(1 - T)u = (1 - T) f + o (Ie™V = VI )u - 29" (1= Mg )u — o' (1 - I,) Oe
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thus pairing with (1 - II)vyu € D(Q), this gives
Q((1 = Mg)pu, (1 - g)ppu) =((1 - k)Y f, (1 - T )du)s - Qevcv(¢ﬂku7¢(1 - Hk)u)
- 3{(¥" (1 - g)u, (1 - O )ppu)s — (9 (1 = i) deu, (1 - I )thu)s
This gives the bound (6.40), using Cauchy-Schwarz, |P/?(1 —Hk)uH%z(QT) > )\kHuH%Q(QT) and the fact that
lulpcoy < Ifl2 (by (6.36)). Now we do the same computation with (1 -TI;) replaced by ITj:
ITbul3 + 2 [0 ITpul3 + 2 Qevey (TMitpu)
< £l [ Tatpufo + § Qevev (1 =T )pou) + 2| £5.
Combining (6.41) and (6.40) and using |lu|2 < | f]2, we obtain

(6.41)

3
Vv

Since [02,%] = X" +2X'0. and ¥’ = 0 on supp(1 - x), we have (K1)? =0 and |K1|2) < C (using (6.36))
for some uniform C depending only on x. By combining with (6.42), we deduce that

[(KE + (1= TR (@) |y < CL+[pPA?),
[+ (1= TL)KZ (@) | eqrzy < CU+ PN + (14 )47

(6.42) [(1=TL) YR, f2 = (1 - Tg)Yule <

for some uniform C' depending only on Y. Next we consider the operator IT; K2 (). Recall that, by (6.36),
(6.43) IR, = I OR, : L*(R x Q) — L*(R x Q)

is bounded. Now we claim that the injection

(6.44) Fjy = {u e e P°L2([~1, 00); Bj) | 8o € L2([~1,00);: E},)} —» ¢~ & L2([~1, 00) x Qp)

is compact if we put the norm |u| g, := [e*ul2 + |O.ullz on F}. Indeed, consider the operator nrld : Fj, —
e’%Lz([—l,oo);Ek) where nr(c) = n(c/T) if n € C((-2,2)) is equal to 1 on (-1,1) and 0 < n < 1.
Since Ej, has finite dimension, this is a compact operator by the compact embedding H'([-1,T); E}) —

e‘%LQ([—l7 00); Fy), and as T — oo we have for u € F,

8, _ il . _
Je5e(ru—uw) B < €T [ (1= 02 ulagade < €T ul?,
thus the injection (6.44) is a limit of compact operators for the operator norm topology, therefore is compact.
By (6.38) and (6.43), the operator II;R,; : L?(R x Qp) — e‘§C+L2([—1, o0) x 1) is compact. We get that
K2 (a) : L*(R x Qr) - L*(R x Ey)

is compact. This complete the proof by setting K, x(a) = ;K2 () and L, () = K + (1 - Iz)K2(a).
The holomorphy in a € C is clear since K2(a) is polynomial in a. O

Lemma 6.14. For a = Q +ip with p € iR*, there is B > 0 such that the resolvent Il R(a) : L?(R x Qp) —
e P+ L2(R x Qr) is bounded.

Proof. We estimate the norm for e #¢*L2(R, x Qr) since the estimate for e #*+ L2(R™ x Q) results from

Proposition 5.2. Recall (6.10) with the representation for the resolvent R(a) = [~ e "H*#28«d¢, valid for

the range of o we consider. A key observation to establish our lemma is the following estimate on e *H,

based on the Feynman-Kac formula (5.3). Here we write for simplicity V; := [y |2[ 79 M, (dz). By using the
Markov property, we get that for f € L2(R x Qr) and a € (0,1),

_ _Q? e
le™™ f| =le” T "By [ f(c+ By, r)e V|
_Q? et
< e TIE[|f(c+ By, gr)le e Vamar]

@2 ) e
(6.45) == 7 B [0 f|(c+ Bay, 9(a-aye)e ™ Vemo].
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Now we want to exploit this relation in the integral representation of the resolvent. Take ¢ € [1,2). By
using in turn the fact that II; has finite dimensional rank (in particular we have equivalence of norms on its
rank) and the continuity of the map Iy : LI(Qr) - LY(Q1) (see [Ja, Th 5.14]), we obtain for some constant
C = C(to,a, k,q,p,7v) which may change along the lines below

Awe2ﬁcE[(Hk fow e—tH+t2Aafdt)2] de

<c [T eeg|(m [ e fdt)q]Q/q de
< CfoooezﬁcE“fowe—tH+t2Aafdt|Q]2/q de.

We are going to estimate this quantity by splitting the dt-integral above in two parts, foto ... and ]t:o e
for some tg > 0, which we call respectively A; and As.
Let us first focus on the first part. Using the relation (6.45) with a = 1/2 produces the bound

4sC fooo ezﬁcEH ,/;to E, [e_%HO |f(c+ Bijz, puya)e ™ Vo] dt|q]2/qdc,

Then Jensen gives the estimate

) t . e 2/q
A1<Cf0 emcfo0E[(€_§H0|f|(c+Bt/z’Wt/Q))qe_q“e Vt/Q] dtde.

Now we use Holder’s inequality with conjugate exponents 2/q,2/(2 - ¢) to estimate the above quantity by

2-q

Ay <Cf0wfoto 6256E[(€_%H°|f|(c+Bt/27%/g))2](E[6_%“eWV‘/2]) * dtde.

Using the elementary inequality 2%e* < C for 6 > 0, we deduce

2-q

oo to 2-q t q
A1<C/O fo @ISR (75 fl(c+ Byya, pup2)) |(B[Vigs]) © dtde.

It remains to estimate the quantity IE[V;;g ] Notice that V;/5 is a GMC over an annulus of radii 1 and e
Hence the quantity to be investigated is less than the same expression with V;,, replaced by a GMC over
a ball of diameter ¢/2 contained in this annulus. Standard computations of GMC multifractal spectrum

[RhVal4, Th 2.14] (also valid for negative moments) then yields that

/2

(6.46) B(V,8) < crv)

where ¥(u) = (2+ l22)u— "’2—2u2 is the multifractal spectrum. Since 1 is continuous and (0) = 0, we can find
6 > 0 such that ¥(-60) > —1. Then, for 28 = 2%9% we deduce that

e rto _t 2 _
Ay <Cf0 fo E[(e 2H0|f|(c+Bt/2,<pt/2)) ]td’( ) dtde
t
<O [ e |30 a
0
2 [ (-0
<clfi [ e ar,

which proves our claim for A, namely the part corresponding to fot”.
Concerning As, we start as above

A= [ " (1, I "ot f)
< Cfoooegﬁc(E[( fooe—tH+t2Aafdt)q:|)2/q de

to

2] de
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2 2
for g € (1,2). For the values of « we consider, we have 2A,, < % - % so that, using Jensen,

<0 [T (E] [T e Bl ) ) ae
to

Let us now fix a € (0,1) small enough such that aQ? < |p|?/2. Then, using (6.45), Jensen and the inequality
e < C for 0 > 0, we deduce

2/

lp|

(o) (o) 2
Ay < C\/O‘ 62(5*70/q)c(E[£ eiTtEga[(eiatHo|f|(C+B(l—a)taW(l—a)t))q‘/v(ie_a)t]dt])
0

Now we can proceed similarly as above by using the fact that for a <1 and all ¢ > 0 sup;., ]E[V(‘fﬂ) ] <o

q
de.

(this quantity is decreasing in ¢t and GMC has negative moments) to get

Ay <0 [T om0 [ e (e B i) T BV ) T ar) e
to

g Cfco eQ(ﬁ"Y«Q/Q)C( fw e_%tE[(e_atHOUCKC*' B(lfa)t,gO(lia)t))Q]q/th)Q/q de.
0 to

For 8 = 0v/q and using Jensen, the above quantity is less than

2
Ip|

oo | |2 oo
C [ et e o ga < clfi3 [ e ar.
to tO
Hence the result. O

Remark 6.15. As above, the operators R., K, k(a) and L, i (a), lift as holomorphic family of operators
to X.

3) Small P eigenmodes in the region ¢ < 0, where there is scattering. We will view the operator

H as a perturbation of the free Hamiltonian Hy := —%63 + %2 +P on L?(R™ x Q) with Dirichlet condition
at ¢ =0. We show (recall that 7 : ¥ — C is the covering map)

Lemma 6.16. 1) Fiz k and 0< 8 <~/2. The operators
(6.47) Ry() = (Ho - L2, ?P LA(R™ x Q) » e PPLX(R; Ey,)
defined for Im(p) > 0 can be holomorphically continued to the region
(6.48) {a=Q+ipeX|Vj <k Imy/p?-2)\; > -5}
This continuation, still denoted Ry () : e#PL2(R x Q) - e PPL2(R™; E},), satisfies
YRy (a)x : P L (R x Qp) > e PP (L*(R7; Ey,) nD(Q)),
(H - S5 XR: (0)x = i + K (0) + Ko (@)
where Ky 1(a), Ki2(a) are such that for Im\/m > -min(8,7v/2 - 5)
Kp1(a): PP L2 (Rx Qp) » e"PL*(R x Q)
Kpo(a):ePPL* (R x Qr) - 7PD'(Q)

are holomorphic families of compact operators in (6.48), and we have K ;(a)(1 -1II;) = 0 for i = 1,2,
(1 - Hk)KkJ(Oé) =0 and HkKk’g(a) =0.

2) If f € €PPL?, then there is Cy > 0 depending on k, some a;(«, f) and G(a, f) € H'(R; E;) depending
linearly on f and holomorphic in {o = Q +ip e ¥|Vj < k,Imy/p? - 2)\; > —min(3,v/2- )} such that in the
region ¢ < 0

(6.49) Rie(a)f)= Y ajla, fe VPN 1 G(a, f),

Aj < A

|G (. /)(O)z2(ary + 10:G (e, () 12(ary < Cre eI f]2.
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3) For each B € R, the operator Ry(a) extends as a bounded analytic family

Ri(a): e PP L*(R™ x Qr) - e PP(L*(R™; Ex) nD(Q))
in the region Im(p) > |8 and Ky 1(a) : e PPL2(R x Q1) — e PPLA(R x Qr), Ky o(a) : e PPL2(R x Q) —
e PPD'(Q) are compact analytic families in that same region.

Proof. We first consider Hy on (-o0,0] with Dirichlet condition at ¢ = 0. Using the diagonalisation of P

on Ej, we can compute the resolvent (Hg — %)_1 on Ej by standard ODE methods (Sturm-Liouville
theory): for Im(p) > 0, this is the diagonal operator given for j <k and f e L*(R™) and ¢; € ker(P - \;)

2, 2 2 ¢ ic'\/p?
(Ho ~ 32°) 7 (0105 = et [ sinteVpP =200 VI f(yae!
NZETvAsAw s
J o |
b [V in (P - 20) ()

where our convention is that \/z is defined with the cut on R*, so that \/p? = p if Im(p) > 0. For j = 0, that
is ¢ = 1, for each 8 > 0 the resolvent restricted to Fy admits an analytic continuation from Im(p) > 0 to
Im(p) > -3, as a map

(Ho - 22 : e L2 (R x Q) - L2 (R By).
This is easy to see by using Schur’s lemma and the analyticity in p for the Schwartz kernel

ko(e,c') =1 s ¢ PUHED gin(ep)e™iP + Lo > o) e PUTHD gin(¢p)eieP

2 2
of the operator Iye I (Hy - < 2~ )~1e~AlelTT, that we view as on operator on L*(IR™). Moreover, one directly

also obtains that it maps e #l1L2(R™ x Qp) » e Pl H2(R™; ) n H} (R™; Ep). Similarly, the operators

2,2 ) _ ¢ _
(Ho - 952)"6(¢;,) : e AL (R™ x Q) » /IL2(R7; Coy)
are analytic in p, which implies that
Ry (a) = (Hy - L2 ML : e L2 (R x Qp) > P H2(R™; By) 0 HY(R™; Ey)

admits an analytic extension in p to the region {p € Z|Vj > 0,Im(y/p? — 2);) > -3} of the ramified Riemann
surface Z. The proof of Lemma 6.1 also shows that Qeey (¥IIxu) < oo if u € L2(R x Qp) and clearly also
Pz11;, € £(L?(Qr)), thus we deduce that

TRy (@)x : e LA (R x Qr) > PULA (R E) nD(Q))
is bounded. We have (using ITxRy () = Ry («) and Lemma 6.1)

2 2
(H - 52)Ry: (a)x =Ix - 502, KITkR(0)x + €7 VILRE () X-
= ix + 5[0, RIMeR (@) x + Mie” VIL AR (@)x + X(1 - )" VIL YRy (@)X
= HkX + Kk’l(a) + Kk-’Q(Oé)
where Ky, 2(a) = ¥(1 - )" VI ¥Ry (a)x satisfies I1, K 2(a) = 0. The operator [02, ¥]II Ry (a)x is
compact on e PIFIL2(R; L?(Qr)) since €?19[H2,X] is a compactly supported first order operator in ¢, Ej =
Im(I1;) is finite dimensional in L?(Qr) and Ry (o) : e PL2(R™ x Q) —» Pl H?(R™; E}) (this amounts to
the compact injection H?([-1,0]; Ex) - H*(R™; Ey)).
The operator e3= 72, YRy, (o) xe P19 is also compact as maps L?(RxQr) - L?(R; Ey,) and L? - D(Q)
by using the same type of argument as for proving the compact injection (6.44): indeed, one has the pointwise
bound on its Schwartz kernel restricted to ker(P - A;)

) AYPS (B=7/2)|c|-BI<'| { JIm(y/p2=2X;) (Ic|-Ic"]) —Im(y/p2-2X;) (Ic|+|c']) ,
|k (c,c)] < Ce (e +e ) e > 1ol
+ Ce(ﬁ*7/2)|0'|*ﬁ\c\(elm(\/PL?)\j)(\C'\*\C\) + e*Im(\/PL?)\j)(\C\*\C'D) ]l\c\ > 1] -



CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 53

We see that for Im(y/p? - 2\;) > 0, if 0 < 8 < /2, this is bounded by C max(eP/Dlel=BIe o (B=/D)Ie'|=Blely
and is thus the integral kernel of a compact operator on L?(IR™) since it is Hilbert-Schmidt (the kernel being
in L2(RxR)). If now Im(y/p? - 2);) < 0, the same argument shows that a sufficient condition to be compact

is that
Imy/p? - 2X; > - and Im\/p? - 2\; > § —~/2.

Combining with Lemma 6.1, we deduce that if 0 < 3 < /2, then
VI xRy (a)x : e”P LA (R x Qr) - D' (Q)
and I, VIL, XRi(a)x : €??L*(R x Qr) » P L?(R™; E},)

are compact operators. Thus Ky, 1 () : e’?L2(R x Qp) — /P L*(R™; E}) is also compact. This proves 1).

Now, if f € e#?L*(R; Ex) we have for ¢ <0 and writing f = ¥, < 5 f; with f; e ker(P - \))

—ic p 2>\
- (Ri(o)x/)(e) 2 T~ [ sin (V) £ (e
’ —zc p 2)\

el S oYY

and the term in the second line, denoted G(c), satisfies for ¢ < -1
HG(C)HLQ(QT) <2 Z f lImV/p?=2X;(e=c")+Be He—ﬂp(c )fj(C,)HLZ’(QT)dC,
J<kTT™®

< Cille™ flze7PH.

and the same bounds hold for |0.G(c)||r2(q,); this completes the proof of 2).
We remark that if Im(p) > 0, then the operator

(Ho - L2210, L2 (R x Qp) > P FIL2 (R )

is bounded and analytic in p, provided 0 < 8 < min; < , Im(y/p? - 2A;) = Im(p). Indeed, this follows again
from Schur’s lemma applied to the Schwartz kernel

Lies ey e PUIED gin (e /p? = 2)\j)e’iclv P2 Lo > e PUeD sin (¢! \/p? - 2, )eieVPI2A
Using again that Il : B}, - L?(Q7) is bounded, this implies that
Ry (a) : e?IL2 (R x Qp) > U L2(R™; E,) n D(Q))

is an analytic bounded family in p in the region 0 < 8 < Im(p). The same argument works with 0 < -3 < Im(p)
in case 8 < 0. The operator Ky, 1(a): e ??L?(R x Qp) - e P?L?(R x Qr) is compact by the same argument
as above since it is Hilbert-Schmidt and Ky, 2(a) : e #?L2(R x Qp) — e #PD’(Q) is compact. O

4) Proof of Proposition 6.10. For 8 € R, define the Hilbert space for fixed k
Hy,g = P L*(R; Ey,) @ L*(R; E})
with scalar product

(s [ Vs = fRe_QBp(C)(ka, I f') L2canyde + (1= T0) f, (1 = T1k) ') 2 (Rxan) -

We now fix 8 and ' as in the statement of Proposition 6.10. We now use the operators of Lemma 6.11,
Lemma 6.13 and Lemma 6.16: let x; %, X be the cutoff functions of these Lemmas and let x € C*°(R) equal
to 1 on supp(%X) and supported in R™. We define

R(a) = ¥R ((a))x + (1 - )R (1 - x) + YR (a)x - XRi () Ki 2(a)
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which in {a = @ +ip € ¥|Vj < k,Im\/p?-2X; > -3} is bounded and holomorphic (in «) as a map
R(): Hyp > Hyp_pnePPD(Q). Tt moreover satisfies the identity
(H- ZAW(Q))ﬁ(a) =1+Li(m(a)) +Ki(m(a)) + Ky g (m(@)) + Ly g (7(a)) + Kg 1 ()
= (Li(m(@)) + K (7(@)) K 2(a)

where L (7(a)) and Ki(7(a)) are the operators of Lemma 6.11 with ¥ (resp. x) is replaced by Y (resp.
X)- Let us define

(6.51) Ki(a) = Kp1(a) + Ky i (m(@)) + Ki(n(a)) = (Li(n()) + Ki(1(a) Ki2().

By Lemma 6.11, Lemma 6.13 and Lemma 6.16, Ky () : Hy 3 — My p is compact and holomorphic in «
(recall that Ky ;(a)(1 -1II;) = 0). We claim that for each ¢ € C*(R) n L*(R) satisfying ¢’ € L= and
supp(¢) c (—oo, A) for some A € R,

(6.52) Ki(a)(1-T1) : D'(Q) » Hrs and R(a)(1-T1;)¢: D'(Q) - ¢ ?’D(Q)

are bounded. Indeed, Lemma 6.11 and Lemma 6.13 show that K, ,(7(«))+Kj(7(a)) is bounded as a map
D'(Q) — Hy,p and that YRy (7(a))x + (1 -x)R+(1-x) is bounded as a map D'(Q) - D(Q), while Lemma
6.1 shows that (1-1I;)y : D'(Q) - D'(Q).

Now if |1(a) - Q* < )\,1/4 and if k is large enough, the operator Ly, (a) := Li (7()) + Ly 1. (a) is bounded
as map
(6.53) Li(e): Hypp — L*(R; E}) Li(a):D'(Q) - Hip
with holomorphic dependance in «, and with bound (recall (6.28) and (6.35))

Hik(a)zuﬂk,@aL?(R;E;) <1/2.

In particular, (1+L(a))(1-Lg(a)) = 1-Li(a)? is invertible on H}, 5 with holomorphic inverse given by
the Neumann series Y72 L ()% ; we write (1+Tg(e)) == (1-Ly())(1-Lx(a)?)!, with Ty (o) mapping
boundedly Hy g — Hi,g. Moreover we have

(H =20, (a))R(a)(1+ Ti(a)) = 1+ Ky (a) (1 + Ti(a))

and the remainder K(a) := Ki(a)(1 + Ty(a)) is now compact on Hy, 5, and 1+ K(a) is thus Fredholm of
index 0. )

Let pg = iq for some g > (3, the operator H— % being self-adjoint on its domain D(H) and non-negative,
H- % is invertible with inverAse denoted R(ay) if ap = Q +ipo = Q — ¢g. Now, let (¢;); < C ’{{k,ﬁ be
an orthonormal basis of ker(1 + K(ap)*), and (¢;); < € Hp,p an orthonormal basis of ker(1 + K(ayp)).

2 2
For each j, there is w; € D(H) such that (H - %)wj =1;. If e C(R) equal 1 in c € (—o0,-1) and is
supported in ¢ € R™, we have in D’'(Q)
_ @ 0 — 07V ws — L[62 .
(6.54) (Ho 52)0w; = 0¢; — 0 Vw; - 5[0z, 0]w;

and this implies by projecting this relation on Ej with Il that, setting ;1 = IIx9); and wj{k = (1 -1g)ej,
similarly w; = IIyw; and wj-’k = (1-TIx)w;

(6.55) (Ho - 2520)0w; 1 = 0 1, — 011, (Vg ) — 1[92, 6w 1.

By Lemma 6.1 with 8’ = 8 = v/2, we see that TI;(e7*Vw;) € €7?/2L2. Since [62,0] is a first order differential
operator with compact support, we get [02, 0w, x, € L? as @'wj’k € D(Q) if § € C*(R) by Lemma 6.1. The
right hand side of (6.55) is then in e#?L2. This shows in particular that 6w;; € H*(R™; Ey,) n HY(R™; Ey,)
and since E} is finite dimensional, it is direct to check that

2 2
Ri(Q +ipo) (Ho — “522)0w; 1 = fw; 1

with Ry (Q +ipo) the operator of Lemma 6.16. We obtain in the region ¢ € R~
Ow; s, = Ri(Q +ipo) (01, — 07 T (Vwy) — 1[92, 0]w; ).
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Using the properties of Ry («) in Part 3) of Lemma 6.16 (applied with —3 instead of ), we see that for
each 0 < f<~/2
Ow; ), € ?PL*(R™; Ey)
and thus we deduce that
wj € e’ L*(R; By,) ® L*(R; E}t) = Hy -

If we consider the finite rank operator W defined by W f := Z}']:1 wilf, 05)n,. 5 for feHy g, we have

2 2 J
(H-LPYW =Y with Y= Y 0(f, 0,15

j=1
But now it is direct to check that 1+ K(ag) +Y is invertible on Hy, g and we obtain that
(H-2A00)(R(a)(1+ Ti(a) + W) =1+ K(a) + Y = 2(Ar(a) = Aoy )W.

The remainder K(a) := K(a) +Y =2(Ar () —Aay )W is compact on Hy 5, analytic in « in the desired region
and 1 + K(«) is invertible for a = g, therefore we can apply the Fredholm analytic theorem to conclude
that the family of operator (1 +K(a))™' exists as a meromorphic family of bounded operators on Hy, 5 for
ain {a=Q+ipeX||r(a) - Q] < )\,16/4, Vj < k,Im\/p? - \; > -} except on a discrete set of poles with
finite rank polar part. We can thus set

(6.56) R(a) = (R(a)(1+Tk(a)) + W)(1+K(a))™

which satisfies the desired properties. To prove the boundedness of R(a)(1 -1l )1 : D'(Q) — e #*D(Q) for
e L=(R) nC*(R) with ¢’ € L= and supp(¢)) c (—o0, A) for A € R, we write

R(a) = R(a) - R(a)(Kx(a) + Li(a))

and we have seen in (6.52) and (6.53)that (Kj(a)+Lx(a)) : D'(Q) - Hy s is bounded and R(a)(1 -1 )1 :
D'(Q) —» e #PD(Q) is bounded, while (1 - 1)y : D'(Q) » D'(Q) by Lemma 6.1. Finally R(a) : Hi s —
e?PD(Q) and the same holds for W. This shows the announced property of R(a)(1 - IIj ). We can use
the mapping properties of R(a) and W, together with (6.49) and (6.56)to deduce (6.26).

We finally need to prove that there is no pole in the half plane Re(a) < @ except possibly at the points
a=0Q+ @m First, by the spectral theorem, one has for each f € e’?L? ¢ L? with 8 > 0 and each «
satisfying Re(a) < Q

Clsle

[Tm(e)|-|Re(e) - Q|

which implies that a pole ag = @ + ipg with pg ¢ {i\/Q_)\jU > 0} on Re(w) = @ must be at most of order
1, while at pg = i\/ﬁj it can be at most of order 2 on X. Since R(a)(1 + Tx(a)) + W is analytic, a pole
of R(«) can only come from a pole of (1 + K(a))™", with polar part being a finite rank operator. We
now assume that pg ¢ {i\/ﬁju > 0}. Let us denote by Z the finite rank residue Z = Resy,R(a). Then
(H- %)Z = 0, which means that each element in Ran(Z) is a w € e *?D(H) such that (H- %)w =0.
There are finite rank operators Zy,...,Zy on Hy g so that for ¢ e C*°((-o0,-2),;[0,1])

[R() fllesor2 < CR(a)f]2 <

N _ N _
YZ =Y YIRR()Zn = ) YINRE(0)XZn + YR () Zo + Y Zy>
n=0

n=1
where Z: is a finite rank operator mapping to Hy s ¢ L2 For f € Hy. p, the expression of 9 Ry () f is
explicit from (6.50), and one directly checks by differentiating (6.50) in « that it is of the form (for ¢ < -2)

OPR(a) ()= X S Gpmla, f)eme VP2 1+ G(ag, f)

)\jg)\kmgn
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for some @ (0, f) € ker(P = \;) and XG(ao, f) € Hy. 5 satisfying HYG (o, f) € Hy 5. This implies that,
in ¢ < -2, w € Ran(Z) is necessarily of the form

w = Z Z bj,mcme—ic\/pg—Q)\j + é
J<km<N
for some bj ,, € ker(Pz— )\2]) and G € My, 3 with HG € Hy, . Using that Y(c)e?“Ix(Vw) € e’°L?, we see from
the equation (Hg — %)Hk(w) = "Il (Vw) that

(HO _ Q22+p(2) )( Z Z bj-’mcmefic\/png)\j)

A< Apm <N cs0

eefer?

and by using the explicit expression of Hy, it is clear that necessarily b, ,, = 0 for all m # 0. Then we may
apply Lemma 6.18 with uq = ug = w to deduce that b, = 0, and therefore w € D(H), which implies w = 0
by Lemma 6.2.

It remains to show that a = Q + z\/m is a pole of order at most 1. To simplify, we write the argument
for @ = @, the proof is the same for all j. The method is basically the same as in the proof of [Me93,
Proposition 6.28]: the resolvent has Laurent expension R(a) = (o - Q)72Q + (a - Q) 'R/(a) for some
holomorphic operator R’(a) near o = Q and Q has finite rank, then we also have |R(a)d|> < |Q - o™
for a < Q and all ¢ € C, thus we can deduce that

Q¢ = lim (a-Q)*R()9.

The limit holds in e ??L? for all § > 0 small, but the right hand side has actually a bounded L?-norm, so
Q¢ € L? and thus Ran(Q) c L2. Since we also have HQ = 0 from Laurent expanding (H - 2A,)R(«) =1d
at a = @, we conclude that Q =0 by using Lemma 6.2. (]

The resolvent in the physical sheet on weighted spaces. We shall conclude this section on the resolvent of
H by analyzing its boundedness on weighted spaces e #?L? in the half-plane {Re(a) < Q}. We recall that
Lemma 6.5 was precisely proving such boundedness but the region of validity in « of this Lemma was not
covering the whole physical-sheet, and in particular not the region close to the line Re(a) = Q). Just as in
Lemma 6.7, the main application of such boundedness on weighted spaces is to define the Poisson operator
Pe(a), and we aim to define it in a large connected region of {Re(a) < Q} relating the probabilistic region
and the line a € @ + iR corresponding to the L2-spectrum of H.

Proposition 6.17. Let € R and Re(a) < Q, then the resolvent R(«) of H extends as an analytic family
of bounded operators
R(a): e PPL* (R x Qr) - ¢ PPD(Q)
in the region Re(a) < Q—|p|, and it satisfies for each 1p € C°(R) @ L= (R) such that 1)’ € L= and supp(¢) c
(=00, A) for some AeR,
R(a)(1-1I)y: e PPD'(Q) - e PPD(Q).
Proof. We proceed as in the proof of Proposition 6.10: we let for Re(a) < Q
R(a) = ¥Ry (a)x + (1= Q)R (1= X) + KR () x ~ XR () Kp2(a)
and we get
2 2 o~ ~ ~
(H- )R (a) = 1d+ Ky (V) + Li(e)
where we used the operators of the proof of Proposition 6.10 (see (6.51) and (6.53)). Now we take Re(a) < Q

and |Q — a| < Ay for some fixed constant Ay > 0 that can be chosen arbitrarily large, and we let k > 0 large
enough so that

\1/2 )
6.57 A2 +1 <min(——F—— AN N> (162C2(1+02) +1)(18] + 1),
(6.57) e <min( et AL > (6°CE(1+ ) + )13+ )
where the constant Cy, C5 above are the constants respectively given in Lemma 6.11 and Lemma 6.13. The
conditions in (6.57) ensures both the condition Re((a - Q)?) > 3% — 2\, + 1 of Lemma 6.11 is satisfied and
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the operator YR} (a)x : e #PD'(Q) - e PP(L*(R™; E}) nD(Q)) is a bounded holomorphic family, and the
norm estimate appearing in 2) of Lemma 6.11 gives

Ci(1+18)) < 1
VRe((a - Q) +2h 2 16(1+C2)

(6.58) ILi(@)ge-sprrzy <

The condition |3] < @ — Re(a) (equivalent to Im(p) > |S|) makes sure that we can apply 3) of Lemma 6.16:
in particular the operator Ry (a): e PPL2(R™ x Q) — ¢ PP(L?(R™; E) n D(Q)) is a bounded holomorphic
family. Also, Lemma 6.13 ensures that (1- )R, (1-x):e?*D'(Q) - ¢ #*D(Q) is a bounded holomorphic
family (note that both cutoff functions (1 - x) and (1 — x) kill the ¢ > —oo behaviour and this is why
Lemma 6.13 extends to weighted spaces e #?L?(R x Q7)). Also the first condition in (6.57) ensures the norm
estimate (as given by (6.35))

(6.59) ILs k(@) 22y <202, Ly r(@)?[ o2y <

| =

As a consequence
R(a):ePPL? - ¢ PPD(Q)

is bounded and holomorphic in U := {a € C||Q - af < Ag,Re(a) < Q —|B|}. Furthermore (6.58) and (6.59)
provide the estimate

[(Li k(@) + Li(@)? | oeso 2y < 1/2.

Moreover, 2) of Lemma 6.11, Lemma 6.13 and 3) of Lemma 6.16 also give that Kk(a) is compact on the
Hilbert space e #?L?(R x Q7). Exactly the same argument as in the proof of Proposition 6.10 gives that
Q+p° = =
(H- T)R(a)(l +Tr(a)) =1+ Kg(a)(1+ Tr(a))
for some T}, bounded holomorphic on e #?L? in U. Since by Lemma 6.5 we know that (H-2A,,) is invertible
on e ?PL? for some o € U, one can always add a finite rank operator W : e #?L? — e’ﬁpD(H)7 so that

(H-2A)(R(a)(1+ Tg(a)) + W) =1+K(«)

for some compact remainder K(a) on e ??L?, analytic in o € U in the desired region and 1+ K(a) being
invertible for a = g € U. This implies by analytic Fredholm theorem that

R(a) = (R(a)(1+ Tr(a)) + W)L+ K(a) ™ : e PPLER x Qr) - e #PD(Q)

is meromorphic for o € U. Now, using the density of the embeddings e!®l?L? ¢ L? c ¢ 18P L2 and using that
R («) is holomorphic in U as a bounded operator on L?, it is direct to check that R(a) : e PPL? —» ¢ PD(Q)
is analytic in U. Since Ag (and thus U) can be chosen arbitrarily large as long as the constraint Re(a) < Q—|8]
is satisfied, we obtain our desired result. To prove that R(a)(1 - II; )% maps e ?*D’(Q) to e ?*D(Q), we
proceed as in the proof of Proposition 6.10 and write

R(a) = R(a) - R(a)(Kx(a) + Li(a)).

We have seen that R(a)(1-II;)y : e ?D'(Q) - e #?D(Q). The same arguments (just as in the proof
of Proposition 6.10) also prove that that operators Ky (o), Ly (o) are bounded as operators e #?D’(Q) —
e PPL? thus we obtain that R(a)(1 -1I;)1 : e ?PD'(Q) - e #*D(Q) is bounded. O

6.3. The Poisson operator. We have seen in Lemma 6.7 that it is possible to construct a family of
Poisson operators Py(«) in what we called the probabilistic region, which contains a half line (—oc0, Q — ¢;)
for some ¢, > 0 depending on £. The construction was using the resolvent acting on weighted L2-spaces. In
this section, we will use Proposition 6.10 and Proposition 6.17 to prove that the Poisson operators extend
holomorphically in « in a connected region of Re(a) < @ containing the probabilistic region and the line
Q +iR.
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Regime close to the continuous spectrum of H. We first start with a technical lemma that allows to define
the Poisson operator on the continuous spectrum @ + iR:

Lemma 6.18. Let pe R and for m = 1,2, let u,, € e L*(R x Q) with § >0 such that:
1) for each 8 € C*(R;[0,1]) supported in (a,+o0) for some a € R then Ou,, € D(Q)
2) U, satisfies

(H — %)um =", € 66PL2(R X QT)
Set k=max{j > 0]2); < p?}. Then u,, has asymptotic behaviour
(6.60) Uy = Z (a_zne—iC\/]ﬂ—Z)\j + bfneic‘/m‘”‘j) +Gp,
7225 < p?
with al,,bl, € ker(P - \;), and both Gy, 0.Gyy, € 2P L*(R x Qp) + L2(Qp; E}t). Then we have
(wilra) = (nlu)=i 3 P2\ (0]l ad)racan ~ (] 1M)ican )
J2Xj <p
Proof. Let 6 € C*(R) be non-negative satisfying 07 = 1 on [T, 00) and supp(fr) c [-T —¢, 00) where T > 0
is a large parameter and £ > 0 small, and let O7(-) = 7(- + 1). In particular we have 0701 = 0. First,
O, € HY(R; L?(Qr)) satisfies

(H - L2 @) = Orr - 2[02, 07 Jupm € L2 (R x Qp)

thus Opu,, € D(H) (we used that [8§,§T] is a first order differential operator with compactly supported
coefficients). This implies, using [H, 07107 =0 = 07[H, 0], that

(ul, 7‘2) - (7‘1, UQ) :Tlim (GTul,H(gTuQ)) - <H(§TU1),9T’LL2)
(6.61) R
== lim 3([0;, Or]ur, uz).

We write ,, = u, + G, by using (6.60). Then we claim that, as 7' — oo,
|<[83ﬂ9T]ug? G2)| + |<[83ﬂ0T]G1?u2)| - 0.

Indeed, we have ([uf]+]0.ul|)G2 € LY(RxQr) and (|G1|+|0.G1|)ug € L (RxQr), and the support of [02, 0]
is contained in [-T - 1,-T]. We are left in (6.61) to study the limit of ([0?,607]u?,uy). But now we have
[02,07]ud = 04l + 20504 and for fixed T > 0 it is direct to check, using integration by parts and the fact

that (Ho - €22)u0 = 0 that

(02,6018, u8) = [~ 0u(0r (0 ud) 120y = B (0, 0ut8) 20 ) e

=(0eu] (-T), uy(=T)) 22y = (W (=T, 8euz(=T)) L2 (2r)-

A direct computation gives that this is equal to

21 Z \/p2—2Aj((b{,bg)L2(QT)—(a{7a%)L2(QT)).

JiA; < p?
This completes the proof. O

Now we extend the construction of the Poisson operator (6.20) in a neighborhood of the line spectrum
ae@+1iR.

Proposition 6.19. Let 0< 8 <~/2 and £ € N. Then there is an analytic family of operators Py(a)
Py() : By > e PPD(Q)

in the region

(6.62) {a c C|Re(a) <Q,Tm\/p2 — 2) < 5} U {Q tipeQ +Z'R‘ ple U (\/zxj,\/zxjﬂ)},
i>e
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continous at each Q +i\/2X\; for j > €, satisfying (H - Q25p2 YPe(a)F =0 and
(6.63) Po()F =Y (Fj‘eic«/pT—Q)\j +Fjj*’(a)e—i0\/p42_2)\j) + Gl F)

jst
with F; = yerpox, F, Ff () eker(P = X;), and Ge(or, F),0.G(, F) € 2P LR x Q) + L2(R; E4). In
particular, Py(a) € e"MVP*=2)*)0D(Q) for all € > 0. Moreover, for each 6 € C=(R), one has 0Py(a)F €
D(H). Such a solution u e e PPL?(R x Qr) to the equation (H - %)u =0 with the asymptotic expansion

(6.63) is unique. The operator Py(a) admits a meromorphic extension to the region

(6.64) {a=Q+ipen|vjeNU{0},Im/p2 =23 € (B/2-7,5/2)}

and Pe(a)F' satisfies (6.63) in that region. Finally, F}/(a) depends meromorphically on o in the region
above.

Proof. We start by setting u_(«) := Z?:o Fjeicvpzﬂ)‘j, and let x € C(R) equal to 1 in (-oo,~1) and with
supp(x) c R™. We get
1
(H - 2325 (xu-(0)) = =5x()u-(a) = X ()deu-(0) + €7V xu_(a).

The first two terms are in eN?L2(R x Qr) for all N, the term e’V yu_(«) can be decomposed (for each
k=) as

I (7 Vxu-(a)) + (1 - TI;) (e Vxu_(a)).
Using that u_(a) = IMzu_(a) if & > £ together with Lemma 6.1, we see that the first term satisfies
I (e7Vxu_(a)) € e’ L2(R™; E},) and the second term (1 —TI;)(e"*V xu_(c)) € e??D'(Q), provided that
B <7/2 and that Imy/p? — ;) < /2 for j < £. We can thus define, using Proposition 6.10 (with k > ¢ large

enough), if Im(\/p? - 2);) € (-min(8, 2 - 8),7/2) for all j < k and |r(p)> < A/*
u () = R(a)(H - £52) (xu_(a)) € e D(Q)

so that u(a) = yu_(a) — uy(a) solves (H - %)u(a) =0 in e 2°D’'(Q). We use Proposition 6.10 with
k > ¢ large enough, and we see that u,(«) is of the form, in ¢ <0,
ui(@) = Y Gi(a, F)e VP2 4 G(a, F) = Y @(a, F)e VP2 4+ Gy(a, F)
J<k J<t
with @;(a, F) e ker(P-);) and G (o, F'), 0.G(a, F) € e#? L2(R™xQp)+L*(R; E}) and Gy(a, F) € PP L2 (R™x
Qr) + L*(R7; E}) if Re(a) < Q. Here we have used the fact that Imy/p% —2X; > 0 (since either Re(a) < Q

or p? < 2); for all j > ¢ if a = Q +ip with p € R\ [-/2X,v/2);]) to place all terms corresponding to all
¢ < j < k, which belong to L?(R; E}), in the remainder term G,(c, F'). This shows that

(665) Pg(O{)F = ’LL(O() = X(c) Z Fj—eicwp2—2)\j _ R(a)(H _ 2Aa)(X(C) Z Fj_eic\/m)

i<t i<t

satisfies all the required properties. The analyticity in a except possibly at the points Q +14./2); for j € Ny
follows from Proposition 6.10, in particular 3) of that Proposition. At the points @ +i,/2);, the analyticity

on the surface ¥ is a consequence of the Lemma 6.20, in particular (6.67) and the fact that @ ii\/2_)\j is at
most a pole of ordre 1 of R(«) and a;(a, ). We notice that the expression of P¢(«) is the same as in (6.20),
thus when the regions of « considered in Lemma 6.7 and here have an intersection, then this corresponds
to the same operator, by analytic continuation.

The uniqueness of the solution with such an asymptotic is direct if Re(a) < Q: the difference of two such
solutions would be in D(Q) and the operator H has no L? eigenvalues (Lemma 6.2), hence the difference is
identically 0. For the case o = Q + ip with p € R, denote by 4(«) the difference of two such solutions. Then
() can be written under the form

()= Y B (@)e ™ VPN 4 Gy(a, F)

J<tL
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where Fj*(a) e ker(P - \;) and Gy(a, F) € e’ L2(R x Qr) + L*(R; E}). We can split the sum above as
Yjoxn, <p?tLjpiej <2xg - Thesum ¥ 0 5 <oy, -+ belongs to some e L% as well as its 0, derivative. We
can use Lemma 6.18 to see that ¥; 55 < p2 ||]3';(a)\|2LQ(QT) =0, hence again i(«a) € L? and we can conclude
as previously.

The meromorphic extension of Py(«) is a direct consequence of the meromorphic extension of R(«) in
Proposition 6.10. O
We notice that for a = Q +ip with p € R, the function P(@)F is another solution of (H - @)u =0
satisfying
e —— = i /pZ-N: . Tr—~ dic/pZ—N- e
P(a)F = ‘;z(Fje P ’\J+Fj+(a)e P )‘J)+Gg(a,F).
J<
This implies that for each F'=}; < o F; € Ey, there is a unique solution u = Py(a)F to (H- %)u =0 of
the form
(6.66) @VUF:Z:@7KW@ZM+Fﬂakm@XM)+@d%F)
it
with Gy(a, F) € egP(C)Lz(R x Qr) + L*(R; E}) and }/7\‘; e Cp;, and Py(a) extends meromorphically on an
open set of 3 just like Py(c).

Lemma 6.20. Let £ €N, 0< < and « in (6.62), the Poisson operator Py(«) can be obtained from the
resolvent as follows: for F =% ; < F; € By and ¢ € ePPL?

(6.67) (Pule)Fog)a =i 3 12 =20 (F7 L a;(@, ) |

i<e L2(Qr)
where a;(a, @) are the functionals obtained from (6.26), holomorphic in o and linear in .
Proof. Let a = Q +ip with p € R\ ([-v2Ar, V2Ae] Uj > ¢ {£1/2A;}) and let us take F' = ¥, <, F; with
F; e Ker(P - ;) for j < (. Then from the construction of Py(a) F' (with a function x = x(c)) in the proof
of Proposition 6 19

(Pu(a)F g = 3 Fye VPN o) - (R(a)(H-24,) 3 Fye VP Ay o)
| <l | <l

X X

(X By o) - (H-24,) Y Fy VP R@)g).
Jj<! i<t

Here we used R(a)* = R(@) = R(2Q - «). Let 67 be as in the proof of Lemma 6.18. We have
lim n (07 ()(H-24,) 3 Fj V7 Yy R(@)y)

i</

=( X ey, w)— 5 dm (3 Fy VP iR @) )

j<e 2T\ 22,
_Ill—r};lo( > Fj_eicvp2_2ij,9}&R(&)np>.
J<e

Using now the asymptotic form (6.26), the last two limits above can be rewritten as

hm ( Z F7 ic\/p? —2X; 79&/’]3‘(5)('0> :’Jll_l;n Z (Fj—ei@ /p2—2)\j’gél’aj(a’go)eic\qﬂfZ/\j)

T—oco oo .
j<t
Tlim < Z Fre wmx 040, R(a)(p) = hm Z (F;eic\/pz*”-f,@'Taj(a,<p)3c(eicvp272>‘j)>
and this easily ylelds
(Pe(a)F o) =i Y. /D= ); <F aj(a,gp)> .
i<e L2(Qr)

where a; are the functional obtained from (6.26). The result then extends holomorphically to the region
(6.62) and meromorphically to (6.64) O
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The Poisson operator far from Re(a) = Q. We have seen in Lemma 6.7 that the Poisson operator can be
defined far from the spectrum. The problem is that the region of analyticity of Py(«) in Lemma 6.7 does
not intersect (for ¢ large at least) the region of analyticity of Py(a) from Proposition 6.19. The proposition
below extends the construction of the Poisson operator to a region overlapping both regions in Lemma 6.7
and Proposition 6.19 (see figure 4).

Proposition 6.21. For ¢ fixed, the Poisson operator Py(«) of Lemma 6.7 extends analytically to the region
(6.68) {a =Q+ipeC | Re(a)<Q, Im(p) > Im(\/p? - 2X¢) - »y/z}
as an function in e~ MP*=2X)+)0D(Q) for all e > 0.

Proof. As before, for F = Z?:o F; e By with F; e Ker(P - A;j), we set u_(a) =} < eFj‘eicV P*=2%5 " and let
x € C(R) equal to 1 in (—o0,-1) and with supp(x) c R™. We get

(H - 2 (xu-(a)) = ~2x"()u-(a) - X' ()deu_(a) + €V xu_().

The first two terms in the right hand side are in eN?L?(R x Qr) for all N > 0 (indeed, compactly supported
in ¢), while the last term can be decomposed as

e Vyu_(a) + (1 - I, ) xe " Vu_(a) € e CIMVPP2Ae9200 L 2(R: ) 4 ¢ CImVP*=20et9/2)0pr Q)

by using Lemma 6.1. Using Proposition 6.17, we can thus define, with the same formula as in Lemma 6.20
and Proposition 6.19, the Poisson operator

us (@) = R(a) (H - C22) (xu_(a)) e £ VPF2Am/20p ),
Pe(a)F = u_(a)x - us ()

Im(p) =Re(Q - o) > mg}gIm\/p2 —2X; —v/2 =Imy\/p? — 2X¢ — /2.
J X

in the region

|
Remark 6.22. Notice that this region of holomorphy is non-empty and connected, as for £ and |p| = R > X,

Im(p) —Im\/p? = 2Xp +v/2 =v/2 + (9(%) > 0.

6.4. The Scattering operator.

Definition 6.23. Let £ €N and o = Q +ip with p € R\ (—/2Xg,v/2X¢). The scattering operator Sy(«) : Ey —
Ey for the (-th layer (also called {-scattering operator) is the operator defined as follows: let F =¥ ; < , F; € Ey

(with Fy € Ker(P = \;)) and let F; := (p? = 20;)"VAE;, then we set

Si< e Fi (@)@ =22)4,ifp> V2,
nggF]*(a)(pz—Q)\j)l/Zl’ if p< =2\
where F; (), Ff (o) are the functions in (6.63) and (6.66). We will call more generally

S(a) == Ueax,<pz ker(P = A;) = Upax,<p2 ker(P = ;)
' Fe Eg [d Sg(a)F

Si()F = {

the scattering operator, where we use S¢(a)g, = Se () for £ < L.

Let us define the map wy : ¥ — X by the following property: if r;(a) = \/p? — 2); are the analytic functions
on ¥ used to define this ramified covering (with a = @ +4p in the physical sheet), then wy(«) is the point in
> so that

, _] -rila) i<,
rj(we(a)) = { rj(a) if j>¢

As a consequence of Proposition 6.19 and Lemma 6.18, we obtain the
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Near spectrum
region (6.62)

Re(a) =@
Analyticity
region (6.68) for
e —_= )
—— - 4 — E(a)
> {
— - - \
— ~ —— 4
|
: ‘ Probabilistic ’

region (6.21)

FIGURE 4. The green colored region correspond to the region (6.68) of validity of Lemma
6.21 for the analyticity of the Poisson operator Py(«) with ¢ > 0 (for the plot, we take
A =4, v=1/2). It overlaps the probabilistic (6.21) and near spectrum (6.62) regions.

Corollary 6.24. For each ¢ € N, the (-th scattering operator Sy(a) is unitary on E; if a = Q +ip (peR)
is such that A < p* <min{\; | A\¢ < \;}. It also satisfies the functional equation

(669) Sg(Oz)Sg(Lug(Oz)) =1Id.

Moreover it extends meromorphically in (6.64) if B < ~. It also satisfies the following functional equation
for each F = Z§'=o F;eE,

4 4
(6.70) Pe(@) Y (0* = 2X) Y Fy = Pp(wie(a))Se(a) S F;.

J=0 J=0

Proof. The unitarity of Sy(«) on the line Re(«) = @ follows directly from Lemma 6.18 applied with u, =
Pi(a)F. The functional equation (6.69) reads S;(a)S¢(2Q — &) =Id on the line Re(a) = @ and that comes
directly from the uniqueness statement in Proposition 6.19 on the line. The extension of S(«) with respect to
a comes directly from the meromorphy of the a;(c, F') in Proposition 6.10. The functional identity extends
meromorphically under the formula (6.69). The functional equation (6.69) also comes from uniqueness of
the Poisson operator. (Il

Theorem 6.25. For each j € N, let (hjx)p-1,... k() be an orthonormal basis of kerp2(q.)(P — X;). The
spectral resolution holds for all ¢, ¢’ € PP L?(Qp x R) with 5> 0

(6.71) (]2 %ij: z:jzl)fo <g0|73 (Q+z\/p +2)\) >< (Q+z\/p2+2)\j)hjk|¢/>dp

As a consequence the spectrum of H is absolutely continuous.
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Proof. We recall the Stone formula: for ¢, ' € e??L? for >0

1 .. *° 2 .
(plee = lim [T(E-G - t-ie) = (-G~ i) o )it

5 I 0°°<[<H-@—z‘erl—<H—%+ie>flw>pdp
- o [TUR@ - in) ~R@Q-ip)) ]| ol

21

Here o = @ + ip (with p > 0) has to be viewed as an element in 3 obtained by limit Q +ip — € as € — 0*
and, if £ is the largest integer such that 2\, < p?, we write @ for the point wy(«) on X. For a = Q +ip with
p e R*, we have for € e#PL? with 3> 0

%«R(a) ~R(@))¢ o) = Im(R(a)p]| )
=Im(R(a)(H-2A,)R(@)p | o)
= Im((H - 2A,)R(@)¢ | R(@)¢)

Here we have used that (H - 2A,)R(@) = Id on €?L? provided p € R and that (R(@)p|¢’) = (o, R(a)¢’)
for ¢ |y’ € ePPL2, this last fact coming from the identity R(@) = R(«a)* for Re(a) < Q and passing to the
limit Re(a) — Q. Let 67 (c) as in the proof of Lemma 6.18. We have

(H-2A.)R(a)p, R(@)p) = lim (67(H-2A,)R(a)p, R(@)¢)
= Jim (0rR(@)p[p) + lim 3([07,07]R(@)¢|R(@)¢p).

Using (6.26) and arguing as in the proof of Lemma 6.18, as T' > oo we get
((H-24,)R(@)¢, R(@)¢) =(R(@)p, ¢) + 3 lim Z H%(Wp)l\m(m)@ G . P

-3 hm Z Haa(a,s&)Hm(Qf)e%TV PN (T VTN g

=(R(a)p, p) —i Z VD2 =20 (@ 9)[72q,)-

We conclude that

(6.72) -Im(R(@)¢, ) = 5 > VP* - 2)]05(@,9) 720,y

j<€

By Lemma 6.20, we have

(6.73) Po(a)' o =—i Y aj(@ )\/p?-2)\;.

Jj<tL

By polarisation and by denoting II; the orthogonal projectors on Ker(P - A;), we deduce from (6.72) and
(6.73) that

“In(R@p )=} 3~

]<€\/p _2>\

Rewriting Py(a)*¢ = ¥4 OZk(J)(go,Pg(a) k)2hjk, we obtain

(TLPe( ) o, I Pe(a)*©") L2 (0r)-

k()

oo 4
. . p
{p )2 =5 f Z vaxevzxan (P) 2 Z(%7’12(62+Zp)hjkh(*”"%@Hp)hjk)zﬂdp'
3=0 k=1 )
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This finally can be rewritten, using (6.24), as

1 & k(5) . :
(@, ¢")2 = “or Z T1 wax v (P) Z<‘P,P€(Q+Zp)hjk><<P'aPZ(Q+Zp)hjk)7p2p o dp
=0 k=1 Y]

:7 Z: /\ﬁ pa 1<¢»Pj(Q+lp)hjk><90 ’Pj(QHp)hjk)TQ/\jdp

:%i (j)fow(w,Pj(Qm/ﬂ+2Aj)hjk)(¢,7>j(Q+i\/r2+2Aj)hjk>dr

where we performed the change of variables in the last line r = \/p? — 2A;. O

6.5. Holomorphic parametrization of the eigenstates. We conclude this section by defining the gener-
alized eigenfunctions W, i1 by using the standard orthonormal basis (1x1)x 1ea of L?(Q1) made of Hermite
polynomials and introduced below (4.7). We set

Vo1 =Pi(Q - V(Q )% = 2Ma)vi

where £ is defined by \; = Ajq and /z is used here with the convention that the cut is on R~ (ie. V Re? =

VRe!? for 0 ¢ (-m,m)). These are eigenfunctions of H with eigenvalues 2A, + Aiq. Using (6. 62) and (6.68)
for the holomorphy of Py(-), we obtain the

Proposition 6.26. Let £ > 0 such that Mg = [k|+|l| = \¢. For each € >0, the function U, 1 € e PPD(Q) is
an eigenfunction of H with eigenvalue 2A, + X for all 8> Q — Re(«), it is holomorphic on the set

(6.74) W, = {a eC\Dy|Re(a) < Q,Re/(Q - )2 -2 >Re(Q-«) - '7/2}

where Dy := Uj > o{Q = 1\/2(X\j = A\¢)} is a discrete set where Vo x1 is continuous in o with square Toot
singularities. The set Wy is a connected subset of the half-plane Re(a) < @, containing (Q +iR) ~ Dy and
the real half-line (—o0,Q — 2)‘5 -3

Finally, one has for P € R, ¥g.ipk1 = P;(Q + iV P? + 2 i1 )i and one can rewrite (6.71) as

1 co
(6.75) (l¢)2=5= % [ (el WquirkalVauirkal ¢ )dP
Ty leN 70

7. PROBABILISTIC REPRESENTATION OF THE POISSON OPERATOR

In Section 6, we constructed the generalized eigenstates ¥, k1 by means of the Poisson operator (see Prop
6.26) of the Liouville Hamiltonian H on the spectrum line « € @ + iR and showed that these generalized
eigenstates can be analytically continued in the parameter o over the region W, defined by (6.74) for
k| +]1] = A¢. As in the case of the H -eigenstates, we will need to perform a change of basis. So, similarly to
Prop 4.9 item 4, we set for v,7 € T Young diagrams, with N := |v| +|7],

(71) \Ija,z/,'l)' = Z M(i\{kl,y’ﬁlpoz,k,la
k,L|k|+]l]=N

with the convention that U, g g = Uy0,0, which will be denoted by ¥,. The (Vy,7), 5 (With v # @ or
7 # @) will be called descendant states. Since the coefficients M)}, 5 are analytic in a € C (see Prop 4.9),
U, satisfy the same holomorphy properties (namely Prop 6.26) as U, 1 provided that |k| +[1] = |v| +|7].
The main goal of this section is to compute the correlation functions of these descendant states and our
strategy can be summarized as follows.

It turns out that for « real in the physical region, which we will call probabilistic region, we will be
able to give a probabilistic representation for the descendant states thanks to the intertwining construction
based on the descendant states W° _ of the GFF theory p = 0:

Otl/V

(7.2) lim ! GAatviP g0

t—+oo
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for o real and negative enough (see Proposition 7.2). Indeed, in Subsection 7.3, we express the free descendant
states in terms of contour integrals of the Stress Energy Tensor (SET) of the GFF theory, which we plug then
n (7.2). Applying the Feynman-Kac formula for the propagator e ™ in the expression (7.2), we obtain a
probabilistic expression for the descendant states ¥, ,,» in terms of contour integrals of SET in LCFT'* (see
Corollary 7.10). The Ward identities (Proposition 7.11) then allows us to translate these contour integrals
in terms of differential operators: more precisely, correlation functions of descendant states ¥, , » can be
obtained in terms of differential operators acting on the correlation functions of primary states ¥,. Finally
we will analytically continue these relations from the region {a € R;a < @} back to the spectrum line and
obtain the consequences in Subsection 7.5 about the structure of 3 point correlation functions involving
descendant states.

7.1. Highest weight states. Recall the definition (4.23) of the highest weight state U0 (c, ) = e(@~@)¢ for
a € C of the p = 0 theory. From Proposition 6.9 item 2 (applied with F' = 1), we know that for o € R with
a < @, the state

(7.3) W, = Po(a)l
is given by the large time limit
(7.4) U, = flim HBe e ™Myl e @ Pr ace.

where A, denotes the conformal weight (1.9). In physics (or representation theory) terminology the state U,
is the highest weight state corresponding to the primary field V,,. Combining (7.4) with the Feynman-Kac
formula (5.4) leads to the probabilistic representation for « < @

(7.5) U, (e, )= e(o‘_Q)CIEV,[eXp( - pe’e fD |m|_'yaMW(dx))].
We recall here that the integrability of |x|77* with respect to M, (dz) is detailed in [DKRV16].

Remark 7.1. In forthcoming work, we will show that, for « € (%,Q), we have as ¢ > —oo
U, (e, o) = ela=@e e(Q_O‘)CR(a) + e(Q_O‘)co(l)

with o(1) = 0 in L*(Qr) as ¢ » —oo with R the reflection coefficient defined in [KRV20], which thus appears
as the scattering coefficient of constant functions: for £ = 0 we have So(a) = R(a)Id. More generally, we
will show that the scattering matrix is diagonal.

7.2. Descendant states. Recall (Subsection 4.4) that for ;=0 we have descendant states given by
\I/g,u,ﬁ(ca ©) = Qa,V,F(W)e(aiQ)C
where 9, , i are eigenstates of the operator P:
PQovw = (W[ +7) Qo
so that
Hoqjg,u,'f] = (QAOé + |V| + |ﬁ|)qjg,u,ﬁ'

From Proposition 6.9 we infer the following

Proposition 7.2. Let a < (Q - m - %) A(Q =7). Then the limit

(7.6) lim ! GAatvi P ~tHg0 g

t—+oo

holds in e~ B2 L2(R x Qr) for B>Q —a—~/2.

MRecast in the language of CFTs, this is somewhat equivalent to stating that descendant states can be obtained via the
action of Virasoro generators on primary states.
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Proof. Write |v| +|P] = A; for some j. We apply Proposition 6.9 item 1 but we have to make a small
notational warning: indeed recall that in Section 6, eigenvalues are parametrized by 2A, whereas here
eigenvalues correspond to 2A, +|v|+|7] = 2A, + A;. So let us call o the « in the statement of Proposition
6.9, and write it as o/ = Q +1ip with p? = 2)\; - (Q — a)? (p € iR) in such a way that

2A4 =2A, + );, otherwise stated \/p? - 2); =i(Q — ).

In particular Imy/p? — 2A; = Q —a > v so that we can choose x = 1 in Proposition 6.9 item 1. Let £ > 1, j < ¢
and F' = Q, 7. Then the limit (7.6) exists in e"(®*7/2PL2 if B> Tm\/p2 —2\; - 7/2=Q —a-~/2 > 0 and
-p* > 3%, In conclusion we get a < Q —7/2 =2/ and -p? > (Q — a — v/2)?. Substituting p? = 2); - (Q - a)?
in the latter, we arrive at the relation (Q — «)? - 2); > (Q — a — v/2)?, which can be solved to find our
condition. (]

7.3. Stress Energy Field. In this section we construct a probabilistic representation for the Virasoro
descendants (4.25). This can be done in terms of a local field, the stress-energy tensor, formally given for
z €D by

(7.7 T(2):= QX (2) - (9.X(2))* + B[(9.X(2))?].

The stress tensor does not make sense as a random field but can be given sense at the level of correlation
functions as the limit of T¢(z) defined by (7.7) with X replaced by a regularized field X, which we take in
the form

(7.8) Xe(2) = (X, fe,Z>D

for suitable test function f. .. We will use two regularizations in what follows. For the first one we take
fez(u) = 6%g(%) with non-negative o € C2°(C) with 9(0) =1 and [ o(z)dz = 1. For this regularization we
have for ¢t > 0 the following scaling relation

(7.9) S T.(2)=e 2T, (et2).

For the second regularization we write z = e7***’ and take f€7z(e’5”9,) = o—p(£2) Ylnj<et e™0=) with
peCZ(R), p(0) =1 and [ p(x)dz = 1. This regularization has the property that T.(z) depends only on
the Fourier components ¢,, with |n| < 1/e when we decompose X = Py + Xp. We denote also by T(z) the
complex conjugate of T'(z).

Our goal is to express the action of the Virasoro generators (4.17) and (4.18) on the state UpF' in terms

of the states
k l
(7.10) Uo( [17(u) UlT(vj)F)

which will be defined as limits of regularized expressions. We start by specifiying a suitable class of F' for
which (7.10) makes sense. Let 6 <1 .We introduce the set & defined by

(7.11)
Es = {f e CF(OD) | f(e7) = > fu(®)e™, with f, € C5°((~1nd, 0)) and f,, = 0 for |n| large enough}.
nez
Define F5 c Fp by
!
(7.12) Fs = span {H(gi,c+ X)De(f’”X)D; 120, f,g; € 85}.

i=1

with [ > 0, f,g; € &. We note that UpF € ellL2(R x Qr) for 3 > |fo — Q| where fo = (f,1)p and is in the
domain of the Virasoro operators L2, L% defined in Subsection 4.4 since it depends on a finite number of
n. Let

(713) 05 = {(u,v) e CMHm |5 < |Uj|,|’Uj| < 1, V] #j,, |Uj| * |Ujl|, |’Uj| * |’Ujl|, |U]| * |1)jr|}.

We have the simple:
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Proposition 7.3. Let F € F5. Then the functions
k o
(w,v) = Uo( [T Te; (ui) [TTer (v)) F)
i=1 j=1

are continuous on Oy with values in emC'LQ(R x Qr) for B > |fo — Q| and converge uniformly on compact
subsets of Os as (€&;); and (€}); tend successively to 0 in whatever order. The limit is independent of the
regularization or the order along which limits have been taken and denoted by (7.10) and it defines a function
holomorphic in u and anti-holomorphic in v in the region Qg taking values in eB‘C‘LQ(R x Q).

Proof. To keep the notation simple we consider only the case j =0 in (7.10) and the case where F € Fy is
of the form F = e!/:*X)» with f € &. By replacing f by f+Y; Aig; with g; € & and differentiating at A; = 0
we can deduce the result for general F'. For such F' we have

(7.14) (UoF)(c, ) = eo=@e (Pl 1 (5.Gofho.
By Gaussian integration by parts (see (9.4)) the right-hand side of (7.10) is a sum of terms
@i i bi J d; e
(715) const x H(a ZP()DQ (ui))bqr H (aujk azkk (fej,uj' 3 G]D)fsk,uk )]D) k) H 61(2 (f6l7ul ) GDf)]D)l UOF
i j<k l

where a;,bjk, ¢ € {1,2}, b;,d;k, e € {0,1,2}, d; € {1,2} and Gp is the Dirichlet Green function (3.8). The
functions (fe, u;, Gb fe;,ui )p and (fe,,u;, Gnf)p converge uniformly on compacts of Os to smooth functions.
From (3.8) we get

L1 1

(7.16) 0.Gp(z,u) = _E(Z—u .

1)

Hence the limit of the second product in (7.15) is holomorphic since bj, ¢;i > 0. For the third product, we
get convergence to terms of the form

/]1-) 9uGp(u,2) f(2)dz = -1 f})(fnu_n_1 + fopou™)

or its 9, derivative where f,, = (f,u™)p and f_, = (f,@")p and the sum is finite and holomorphic. Finally,
recalling (3.7) it is easy to check that the first product converges in L?(Q27) uniformly on compacts of O
to a holomorphic function g(u) and g(u)UpF € e®I¥/L2(R x Qr). O

Now we will consider contour integrals of observables of the type (7.10), for which we use the following
notation: for f: D - C and 6 >0

g, o= | T F(5e)eap, g, feaz=io [ )
Then we have
Lemma 7.4. Let F ¢ Fs and & > 8. Then for alln>0
(7.17) L AU (T(2)F)dz = L0, UpF, 5- 515 AUy (T(2)F)dz = £, Uy F.

2 J|zf=st |2|=6"

Proof. Here again (for simplicity) we consider the case where F' € Fyp is of the form F = et X with
f € &s. Let us write the integration by parts terms explicitly. First

Uo(9.X (2)F) =0, Po(2)U F + [D 9,Gp (2, u) f(w)du Uy F.
From (7.16) we get
(7.18) 0.Gp(z,u) = —% i (uz" s amte)
n=0
which converges since |u| < § < §’ = |z| < 1. Therefore

[ 0-Go(z,w) fu)du =1 S oz ™ 4 fnaz™)
n=0
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where f,, = (f,u™)p and f_, = (f,@")p for n > 0. Recalling (3.7), we have obtained

(7.19) Up(0:X(2)F) = Y (npnz" " = 3(fnz "™ + fn12™))UoF
n=0
= Z Znil(nSOnITDO - %f—n)UOF
nez
By (7.14)
(7.20) (UoF)(c,¢) = (fo=@)c o rso(Pnfrtp-nfn) o3 (f.Gpf)n
so that
Uo(0-X(2)F) = (=5 for " + 3 2" (nnlnso — 30-n))Uo F
n#0
(7.21) =iy 2"ALUGF
nez

where we recall that Ag = (9. + Q). Hence
(7.22) Up(QI2X (2)F) =—iQ > (n+1)2" A, UyF.
nez

Next consider the quadratic terms in T and use Gaussian integrating by parts twice to get
2
Us(((0:X (2))* = BLO:X (2))*)F) = (0:Pe(2) + [ 0.Go(zu)f(u)du) UoF

= (X 2" (nnlnso = 3n)) U F

nez

= Z Zn+m_2(_A—nA—m + %5m,—n1m>0)U0F

==Y MR ALLAL, U P
where we used (7.19) in the second step, (7.21) in the third step and A, A, = A_,,, A, + 5 for m >0 in

the last step. The sum converges in e®l/L?(R x Q). Combining this with (7.22) the claim (7.17) follows
upon doing the contour integral. The claim for T" is proved in the same way. O

Let us now introduce some notation for the general correlations (7.10). Denote u = (u1,...us) € D¥. We
define nested contour integrals for f:DF x DY - C by

7.23 55 qu VAL d\’/du::jg &1{ qu ~?§ _ f(u,v)do; ...dv;duy ... duy.
( : |ul=5 IV‘:éf( ) [uk|=0k [u1]=61 Jvj|=d; [vi|=61 1 )dv J= k

where 8 := (01,...,0) with 0 < d; <+ < <1 and similarly for 4. Furthermore we always suppose 0; # Sj
for all i,j. Next, for € € (R*)* and € € (R*)? we set T.(u) := [1%, 7., (u;) (and similarly for the anti-
holomorphic part) and given two Young diagrams v = (1)1 <i <&, 7 = (7i)1 <4 < j, We denote ul™ =1] ug_""
and v1™7 = [T5} 7", With these notations we have:

Proposition 7.5. Let F € F5 and § < §; /\gl. Then
(7.24) (2mi) k=i j% y ﬁ{ T (T T(v)F)dvdu = 12, L2 U
ul= v|=

Proof. For simplicity consider again the case with only T insertions. We proceed by induction in k. By
Lemma 7.4 the claim holds for k£ = 1. Suppose it holds for k—1. We use the second regularization introduced
above. This entails that T, (u;) € Fs,,, for € small enough. By Proposition 7.3 we have

y‘g s u' VUp(T(u)F)du= lim lim u' U (T, (uk)Te(k)(u(k))F)du

e(k) 50 €0 |u|:5

= 1 j{ U (T (ue) Ty (0 F
e(lgr_{o \u\=5u UO( (ur) T ey (0*) )du
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where we introduced the notation €*) = (ey,...,ex_1), u® = (u,...,up_1). We have, for €*) small enough
that T, (u®))F e F5, . Hence by Lemma 7.4
1

7 f uy " Uo (T (ur) Tooo (W) F)duy, = Loy, Up( Ty (u™) F).
Tl J|uk|=0k

From (7.15) we infer that UO(TE(k)(u(k))F) = P.(e® 0)UyF where Py,(e®), ) is a polynomial in finitely

many variables ¢,, (depending on k) with coefficients continuous in u® (and depending on e(k)). Therefore
we may commute L_,, and the integration to get

(2mi)* 9‘§ U O(T () T (0 F)du = L, ((m‘)-’f+1 9|§
By the induction hypothesis the term

(7.25) L = (2mi) 1 j§

[uo)|=50F)

) .
#)|=6(k) ()= Un(Teawy (u(k))F)du(k)) :

(u(k))l—y(k) UO (Te(k) (u(k))F)du(k)

converges to L_,mUpF as €™ goes to 0. Moreover we claim that, for all fixed k, there exists M, N < oo
st Loy = Qu(e®, ) Uy F where Qi (€™, ) is a polynomial in ¢, with [n| < N and of degree less than M.
Furthermore the coefficients of Qk(e(k),cp) converge as €¥) — 0. Therefore we can commute L_,, and the
limit to get
lim L_,, I.on =L_,, (lg}n Ioy=L_, L_,ayUo(F)=L_,Uy(F)
e(®) =0

e(k) 0

which completes the induction step.

To prove the above claim we use (7.15). Let G be the graph with vertex set {1,...,k} and edges {i,;}
with d;; > 0. Let I' be a connected component of G. Then the number of vertices 7 in I s.t. b; > 0 is no more
than two. Consider a connected component for which the number is two. This corresponds to a subproduct
in (7.15) of the form

-1

(726) fe (ui1 IRE) uiz) = apwéil (uil )ap(péil (u'Ll) H auz‘a auia+1 (ffiayuia ) G]Dfei(”l Uig e )D‘
a=1
We have
M.
OPpc(u)= > an(€)pnu™™
n=1

where M, < oo if € > 0 and a,(€) converges as € — 0. Similarly, for |u| < |u[,
N,
auau’(fe,u7 G]D)fe’,u’)]D) = Z bm(€7 Gl)umu,7m72
m=0
where N, o < oo if €,¢' > 0 and b, (€, €’) converge as €,¢' — 0. Insert these to (7.26). To simplify notation
denote u;, = v, €;, =€q, i, = dg and v;, =1,. The contour integral of fe becomes

ﬁll:dvl_nfs(v)dvz Z <Pn1§0nzan1,m(€)

n1,mn

where

i -1 0. — ) ) L —n:)0.
s o, (E) _ Z Uy ) (m, E) ez(n101+nl01+2i=1 o (mi0;—(m;+2)0;01)+% ;4 (1 m)eldo
[0,27]

mi,...,m;—1>0

and «; = +1 depending on whether |v,| < |va11] or the opposite. The 0 integral gives the constraints nq +
aymy+1-m1=0,n -1 (my—1 +2)+1-m =0 and a;m; —j—1 (mi—1 +2) + (1 -1;) =0fori=2,...,1-1.
The last two imply n; — aymy + C(o,n7) = 0 and combining this with the first constraint we get a,, ,, = 0 if
[n1l, |ni] > C(e,m), where C(a,m) denotes a generic constant depending only on a,n. Convergence of the
an, n, (€) as € - 0 then follows from the convergence of the (a,),’s and (b,,)’s and the fact that a,, , (€)
is a polynomial of these coefficients. This finishes the proof for the case I' has two vertices with b; > 0. The
two other cases are similar. O
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In the sequel we will apply Proposition 7.5 to the function
F=8, Uo_l‘l’g R 02"(C+X(e_t’+i9))%—ocQt

where W0 (¢, ) = e(®"@) (in this case integration against a function f € & is replaced by an average on a

circle but the previous considerations apply also). Then UpF = e~tH’ v = e 2tha UY . Thus we arrive to the
representation for the Virasoro descendants

(7.27) W0, = 2B (2mi) ko 9‘5 y 51|§ U T (T ()T () S Us 02 )dvdu

where now e~ < §; A 4.

7.4. Conformal Ward Identities. In this section we state the main identity relating a LCFT correlation
function with a V,, insertion to a scalar product with the descendant states ¥, , » given by (7.1). We have

Lemma 7.6. We have
e UN(T(0)T(v)Se-: Uy 1Y) = lim lim. e U (Te(0) T (V) Se-s Uy Y
e—~0e'—

where the limit is in e PPL2(R x Qr) for all B > Q — a, uniformly in (u,v) € Op-s (recall (7.13)) and the
LHS is analytic in u and anti-analytic in v on Og-s.

Proof. This follows from Proposition 7.3 and (6.11) applied with 8> Q - «. |
The following lemma gives a probabilistic expression for e‘tH\Iloa’V’g (recall our convention for contour
integrals in (7.23)):
Lemma 7.7. Let §;, A ?5'75 <e7t. Then
ey, T e e (T T Va0 R v
L 2mi)kd Jul=s Jivi=8 ¢ “

where

E@(T(U)T(V)Va(O)e_MeWCMW(D\Dt)) = hl’% 1,11’% E@(TG(U)TE/(V)Va(o)e_p’ewc]\/[w(m’\m’t))
and the limit exists in e PPL?(R x Q) for all B> Q — « and is analytic in u and anti-analytic in v in the
region Oe-t.

Proof. For the sake of readability we write the proof in the case when 7 = 0. Thus, consider

2A48
e2Ba
7.28 W=
( ) a,v,0 (27T7,)k

We use the regularisation T, where (7.9) holds. By Lemma 7.6
e MUy (T(w)Se-Us ' 05 = lim e MUy (Te(u)Se--Us ' ¥
€—

51|§ y ul Uy (T (w) S U5 09 ) du.

= Ll_l,% e_tHU(Te (W) (Some U W0 Yerte™ Mo (]D)))

i U (S (Te(w) (S0 W0 et )

= lim & U (Toe (€7 1) (Serent Ug W) St (e M) )

= e lim By (Torte(€70) (SpronUp WY )& M (200
e e VR, (T (e u)(Se o U W0 )e e M (200

where we used (7.9) in the fourth identity. By Lemma 7.6 the last expression is analytic in u and since

eQA“‘Se_tHUO(T(u)Se-sUo‘lea) is independent on s we can take the limit s - oo. For this we note that

SefsftUo‘lllfg _ ea(c—(t-*—s)Q)ea(l,X(e_t_s‘))T _ e—QAa(s+t)eacea(1,X(e_t_s‘))vﬂ-—%aQIE(l,X(e_t_s N2
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so that
€2AO‘S]E¥;(T(€_tu)(Sefsft Uo—llllg)e—ue'ycM,y (]D)\]D)t))) _ e—QAat]Ew(T(e—tu)Va(O)e_ue’YCM,Y(D\Dt)))

and the last expression is analytic in u. Hence by a change of variables in the u-integral

—tH 3,0 e?hes 1-v —tH 1.0
¢ a,1,0 :W ﬁl‘:&u e UO(T(u)SefsUO \I/a)du

—(2Au +)t

_67 1-v_-Qc 7/~Lewa'y (D\Dt)

- (2mi)k ﬁq:e—t(; u e EW(T(U)Va(O)e )du
—(2A4+v|)t ‘

_67 1-v *QC *,U«GA{LM,Y (D\Dt)

(2mi)k §l|)ru|:5 u e e, (T(U)Va(o)e )du
where in the last step we used analyticity to move the contours to |u| = 4. 0

In what follows, for fixed n > 1, we will denote
(7.29) Z:={z=(21,...,2n)|Vi# ], 2 # z; and Vi, |z] <1}.
Denoting 0(z) = (0(z1),...,0(2,)) € C™ we have 02 = {(21,...,2,) | Vi # ], zi # z; and Vi, |z] > 1}.
For a = (ay, ..., ) € R™ such that a; < @ for all ¢ we define the function Uy(z) : R x Qp - R by
(7.30) Ua(z,c,p) = lir% e_QcEw[( H Vai76(zi))e_“emM”(D)], forzeZ
- i=1
where V,, . stands for the regularized vertex operator (1.8). Let us set
n
(7.31) si= ) o
i=1
Remark 7.8. It follows directly from the construction of correlation functions that for z € 02
(Var(0) TT Ve () = (TT 12 (WalUa(0(2))s
i=1 i=1
and these expressions are finite if a+ s> 2Q and o, a; < Q.
Lemma 7.9. Let z € 0Z. Then almost everywhere in ¢, and for all R >0
Ua(6(2))(c, ) < 7D AN=RD) g ()
where A € L*(Qr).

Proof. Let r = max; [0(z;)| and ¢(p) = infzep, Po(x) and o(p) = sup,.p, Pe(x) with D, the disk centered
at 0 with radius r. Then
Ua(8(z))(c, ¢) < Cem@eelero(@Nsene’ 2

where the expectation is over the Dirichlet GFF Xp and

Z= [ (1| SO AN, b (d2)
where M., p is the GMC of Xp. For ¢ <0 we use the trivial bound

Ua(0(2))(c, p) < Cels@eer(@)s
and for ¢ > 0 we note that Z has all negative moments so that for a >0
Ee*? =E(aZ) " (aZ)"e *? < nlE(aZ)™ < Cpha™

implying

Ua(0(2))(c, ) < Cneds—Q—vn)eso(w)—fm(sa)

Since e*7(¥)=1¥) is in L2(P) for all s,n the claim follows. O
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Define now the modified Liouville expectation (with now D; the disk centered at 0 with radius e™*)
(7.32) (F)e = f 672QCIE[F(C, X)ef“ech”(C\Dt)]dc.
R

Also, in the contour integrals below, for vectors 8, 8 defining the radii of the respective contours, we will
put a subscript ¢ when these variables are multiplied by e™t, namely &; := ¢'d and similarly for d,. Then
we get

Corollary 7.10. Let z € 0Z. For a € R such that o < (Q - m - %) AQ=-7) and a+ Y, a; > 2Q, we

have
(Vour|Ua(0(2)))2
- ﬁ1 e ) x W}g& $os b ul_”vl_",(T(u)T(v)Va(O)lﬁVai(zi))tdvdu.
Proof. Combining Proposition 7.2 and Lemma 7.9 the existence of the limit
(Vo Ua(0(2)))e = lim eCAW D BGE 117, (6(2)))2
follows. By Lemma 7.7 the RHS is given by the RHS of (7.10). O

Here is the main result of this section:

Proposition 7.11. Let z€ 0Z. For a € R such that a < (Q - 2(|VL+|§D - %) ANMQ=-7) and a+Y; o > 2Q and
for alli a; < Q, we have in the distributional sense

(Vo lUa 8@} = (T ) < DB Vo 0) [T Ve ()

i=1

where the differential operators D,,, Dy are defined by
(7.33) D,=D,,...D,, and Dy=Dys...Ds

where for n e N

o 1 (n-1)
7.34 D, = - 0., Ag,
(7.34) Z( Ot )
~ & 1 (n-1)
(7.35) D, =§; (- e 0z, + ED Aa;)
Proof. Section 9 will be devoted to the proof of this proposition. O

7.5. Computing the 3-point correlation functions of descendant states. Now we exploit Proposition
7.11 to give exact analytic expressions for the 3-point correlation functions of descendant states. For this,
we first need to introduce some notation: for v = (v;);e1,5) @ Young diagram and some real A, A", A" we set

k
(7.36) o(A AL A V) =T A - A+ A+ Y 1),
j=1 u<j

With this notation, we can state the following key result:

Proposition 7.12 (Conformal Ward identities). Assume aq, s < Q with ay + as > Q and |z| < 1. For all
P >0, the scalar product (¥ giipu5|Uay 0, (0,2))2 is explicitly given by the following expression

(737) <\I’Q+’iP7Va'VV | UOtl,Oéz (07 Z)>2 = U(A(M ) A@Q ) AQ+Z'Py ﬁ)U(A(h ) Aaz ) AQH'Pa V)
y %ngzz(al’ 09, Q + i P) S P 2B auir =B, ~Bay)

where A, are conformal weights (1.9) and CBSZZ(Q17QQ7Q +iP) are the DOZZ structure constants (see
appendiz B for the definition,).
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The remaining part of this subsection is devoted to the proof of this proposition. We first need the
following lemma concerning analycity of Uy (2z) in the parameter o € C”, proved in Appendix C.1.

Lemma 7.13. For fized z € Z the mapping o~ Uy (2) € eﬁ’pLQ(R x Q) extends analytically to a complex
neighborhood Ap; in C™ of the set {ov € R™ | Vi, < Q}, for arbitrary f' < Re(s) - Q (recall (7.31)). This
analytic extension is continuous in (o, z) € Apy x Z.

The first conclusion we want to draw is the fact that the pairing of ¥, with Uy (6(2)) (in the case n = 2)
is related to the DOZZ formula when « is on the spectrum line @ + iR.

Lemma 7.14. Here we fit n = 2 and we consider z € 0Z. The mapping (a, ) — (Vo|Us(0(2)))2 is
continuous in the set

Z:={(a,a) e Cx A}, | Re(a) < Q,Re(a + o +az) > 2Q}
and analytic in the set Zn{a € C\Dy}. Moreover, in the set E, we have the relation
(\I/a|Ua(9(Z)))2 _ |Zl|2A°‘2 —2A,+204, ‘Zl _ 22|2Aa—2AQ1—2Aa2 |Z2|2Aa‘1—2Aw+2A0‘2 %CRSZZ(Q7 al,ag).

In particular this relation holds for o= Q +iP with P € (0,+00) and aq,as € (—00, Q) with a1 + ag > Q.

Proof. By Proposition 6.26 the mapping o — ¥, ¢ e’gpLQ(R x Qr) is analytic on Wy, i.e. in the region
{a e C~ Dy | Q - Re(a) < 8} and continuous on Dy. Combining with Lemma 7.13 (with n = 2) produces
directly the region of analycity/continuity we claim. Furthermore when all the parameters «, oy, aq are real,
by Remark 7.8 we have

2
(Va(0)Var (21)Vas (2)) = (LT il ™2 )(WalUa (8(2))

Also, for real parameters, the LHS coincide with the DOZZ formula [KRV20], namely

(Va(0)Vay (21)Vay (22))y 0 = |21 [PRe2 7280 72800 | — o PRem2B01 72805 |5 2Rar 287280, LODOZ (o 01y, ).

This proves the claim. O

Now we would like to use the Ward identities, i.e. Proposition 7.11, to express the correlations of de-
scendant fields with two insertions (U, , 5|Ua(0(2)))2 (here with n = 2) in terms of differential operators
applied to to correlation of primaries (¥, |Uqn(6(2)))2 when the parameter « is close to the spectrum line
a € @ +iR. This is not straightforward because Proposition 7.11 is not only restricted to real values of the
parameter but also because the constraint on «, which forces it to be negatively large, implies to have n
large in order for the global Seiberg bound o+ Y; o; > 2Q to be satisfied. Transferring Ward’s relations close
to the spectrum line is thus our next task.

For this, fix a pair of Young diagrams »,7 and ¢ such that Ay = |v| + |[7]. By Proposition 6.26 there
exists a connected open set A, i := Wy n W, c C such that the mappings o= V¥, , 5 € e’BpLQ(R x Q) and
aw U, eePPL2(R x Qr) for B> Q - Re(a) are analytic on A, » and furthermore

e A, contains a complex neighborhood of the spectrum line {& = @ +iP | P € (0,+00)}, with the
discrete set Dy u Dy removed and the mappings extend continuously to Dy u Dy.

e A, contains a complex neighborhood of the real half-line (o0, @ — % -1)

Therefore, for arbitrary fixed n and z € 02, the pairings (a,a) = (¥4, 5|Ua(0(2)))2 and (o, ) —
(¥o|Ua(6(z)))2 are holomorphic in the region A, 7 © A} = {(o, ) € A, 5 x A, | 2Q < Re(s + a)}. Let
us consider the subsets

S={(a,a)|Via,eRand a; < Q,s-Q>0,0 € Q+i(0,00)}, Se=Sn{(a,a)|a¢DyuD,}

and
2A
Rop={(a,a)|Via;eRand a; < Q,a+s-2Q >0, e R,a< (Q - J—%)/\(Q—y)}.
84
They are both in the same connected component of A, » © Af;. Furthermore, S, is obviously non-empty
whereas the condition (n-2)Q > -(Q - 2% - 1) A (Q~7) ensures that R, 7 is non-empty, which we assume

from now on.
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Now we exploit the Ward identities, valid on R, 3. Let us consider a smooth compactly supported function
@ on 6Z. The mapping

(0,0) € Ay © A > [ (WaolUa(0(2)))25(2) dz

is thus analytic. Furthermore on R, » and by Proposition 7.11, it coincides with the mapping

(0,0) € Ay 0 AG = [ (Va(0) [T Ve (200}, DD (s(2) [ ]2 ) s
i=1 1=1

= [ (TTl 2 )l (02)))o D5 () [T 2+ )

i=1

where we have introduced the (adjoint) operator D} by

[ Dui@e()az= [ f(2)D5p(2) dz

for all functions f in the domain of D,, and all smooth compactly supported functions ¢ in C" (and similarly
for ]5;) Therefore both mappings are analytic and coincide on R, 3, thus on the connected component of
A, © Ay containing R, i, therefore on S, and finally on S by continuity. Notice that, on S, we can take
all the a;’s equal to 0 but the first two of them provided they satisfy aq + as > Q. This fact being valid for
all test function ¢, we deduce that the relation

(VQ+ipumU(Va, (0(21)) Va, (0(22))) )2
=10V (Q +iP, oy, )|z 'R0 |21
o Dyf)g(m|2Aa2—2AQ”p—2Aa1 |z1 _ Z2|2AQHP—2AQI—2AQ2 |22|2Aa1—2AQHp—2Aa2)
holds for almost every z1,zs and aq,as < @ such that oy + as > @, and thus for every 21,25 € 82 as both

sides are continuous in these variables. From this relation and after some elementary algebra to compute
the last term, sending zo — oo, we end up with the claimed relation. (]

8. PROOF OF THEOREM 1.1

8.1. Definition of Conformal Blocks. Before proving Theorem 1.1, we give the definition of the confor-
mal blocks (1.19) which is based on material introduced in subsections 4.4 and 7.5. The conformal blocks
are defined as the formal power series

(81> fQ+iP(Aa1 3 Aag 5 AO(3 5 Aa4z) = Z ﬁn(AQ+iPa Aal 3 Aaza AOég 5 Aa4)zn
n=0
with
. . . -1 ) / . /
2
(82) /gTL(AQ+ZP7Ao¢UAa 7ACE37AO¢4) . Z U(AapAagaAQ+1PaV)FQ+'LP(V7V )U(AOA47A(137AQ+1P7V )
[v]|v'[=n

where the matrix (Fé}rip(z/, V') )jv'|=n 18 the inverse of the scalar product matrix (4.27) and the function
v is explicitely defined by expression (7.36). The definition of 8, is not explicit because there is no known
explicit formula for the inverse matrix F, é}rl p and the convergence of (8.1) is an open problem. Below we’ll
prove the series converges in the unit disc a.e. in P.

8.2. Proof of Theorem 1.1. We start with a Lemma on the spectral decompostion:

Lemma 8.1. Let uy,us € *~L?(R x Qr) with 6 >0. Then

L
{uruz)y = o~ lim f (u1 W Qripwp)2(YQuipu o |u2)2 Foltp (v, V) Foiip (7, 7") AP.
TN L=oo o< N jpl=im < N 0
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Proof. We write the spectral representation (6.75) as
(1) SO0 SN AU HE T
8.3 Ui |uz)e = lim — f U1 | Yo+rirk1)2{YQrir k1| u2)2dP.
53 NL=oo 2 i< v IO
Let Fé}ﬁ;(y, V") be the square root of the positive definite matrix (Féiip(z/, V' ))j=p|=n and set for [v] = N,
7= N’

~1/2 “1/2
Hovipvw = > FQ+/1-p(V, Vl)FQ+{L'P(Va ) ¥ QuiPuy v,
[v1|=N,|v2|=N"

where ¥g.ip., 1, are defined in (7.1). We get the identity

Y (ur| Youirk1)2(Yorirkaluz)e = Y. (wi|Howirws)2{ Hovipw |u2)e-
[k|+[1]=N [v|+[7]=N

Hence we have

L L
(8.4) > fo (ur | Hgeippw)2{ Horippw|ug)edP = " [0 (U1 |V ouiirik,1)2(¥ QiK1 | u2)2dP.

[V+H7 < N K+ < N
On the other hand
L
(8.5) (ur|Hgeipww)e{ HQripyw|uz)2dP
0
[v,[7l < N
L -1 -1
= > > /N(u”WQHPWM&h(WQHPMM%hmbﬁbHPumygﬁbﬂPo%VOdP
v1l=lvs| < N |va|=|va] < N 7O
Let w1 = us = u. Then
(8.6)
L 2 L 2 L 2
[0 MulHguruskPdP< [T ulHourushPaP< [ ¥ |(ulHouirws)ldP.
VU< N O <N, O pl+pl < 2N

By (8.4) and (8.3) the limits as L, N — oo of all the three sums in (8.6) are 2m(u|u})2. Hence by polarisation
the limits as L, N — oo of the left hand sides of (8.5) and (8.4) exist and equal 27w (u1 | ug)2. This proves the
claim. (]

Let |z| <1, t€(0,1) and |u| > 1 with u # ¢! .The 4-point correlation function is given as a scalar product

(8.7) (Vs (0) Ve (2) V(17 I Wary (1)) = 485 ] 424 (Ui, 03 (0, 2) | Ul (871 8))
where Uy, q, is defined in (7.30). As in (1.14) we have

<Va1 (O)Vaz (Z)Vas (tfl)V%(oo)),y_’# = 48 (Ual,az (07 Z) | Ua4,a3 (0, t))z'
Recall from Lemma 7.9 that for |2| < 1 the vector Uy, ., (0, 2) € €°- L2(R x Qr) for some § > 0 if a; +as > Q,
and the same holds for Uy, a,(0,t) if a3 + a4 > Q. Using Lemma 8.1 we get

1 .
(8.8) (Ual,az(o, 2) [Ung 5 (0, t))2 = 5o ylim Ivp(ez.)
where
(8.9)
L
IN,L(aazvt) = Z A (Ual,a’z (072) |\IIQ+iP,V7'VV>2(\I/Q+iP7V','Vv' |UCK47043 (O7t)>2Fé-1¢—iP(V’ V,)FéiiP(ga T/)dP
[v'|=lv] < N,

[7=71 < N
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Using Proposition 7.12 for the scalar products we can write this as

L
Inp(a,z,t) = it‘*ﬁus 2R3 =280y | z|~28a; =20, /0 CPO%Z(ay,az,Q + ’L'P)CBSZZ(OM, as,Q +1iP)
. ! —_
|t2‘2AQHP Z Z‘Vltly |U(Aa17AOé27AQ+iPaV)FQ-li—iP(Z/7 V,)U(Aa4aAa37AQ+iPaV,)
l']=lv] < N

A o(Aay s Aoy, Aguir, D) FGLip (7,7)0(Aay, Aoy, Aguir, ')dP
[7=[7] < N

L
= itm%‘m% |z|‘2A“1‘2A“2 A Cﬁgzz(m, s, Q + iP)CRSZZ(om, asz, @+ iP)|tz|2AQ”P
2

N
Z 5n(AQ+iP7Aa17Aa27Aa37Aa4)(2t)n dP
n=1

where we noted that the v factors are real. The coefficients (3, are given by (8.1) so formally the bootstrap
formula follows now by taking N,L — oco. Yet, rigorously, there is still a gap to bridge since we do not
know the convergence of the series (8.1). We adapt here a Cauchy-Schwarz type argument '° to establish
the convergence a.s. in P. For this, we take first a3 = g and a; = ay, with a3 + as > Q. Then

1 _ _
In (o, 00,,a2,01,2,t) = it4A“2|tZ| 2heq ~2hecy

L N 2
1R (1,00, Q = iP)PIEPAF | Y Bu(Bgeips Ay Bz Bass B, ) ()" dP
n=0

If z € (0,1) thi expression is increasing in the variables N, L and zt since (,, > 0; moreover, it converges as
N, L goes to infinity. This implies that the series

oo

Z Znﬂn(AQﬂ'P, Aal ) Aag 9 Aarm Aal )

n=0
is absolutely converging for |z| < 1 for almost all P > 0 and

(Va, (0) Vi, (2) Vi, (fl We (Oo))%,u =

2
1 _ _ © . = n
§t4A”2 |tZ| 28aq20ay \/0\ |ORSZZ(0417 ag,Q - ZP)|2|tz|2AQHP Z BTL(AQ+iP) Aal y Aaz , Aag , Aal )(Zt) ap.
n=0
This leads to the formula (1.18) for the case ag = @y and ay = a4 by using the identity
<Voc1 (O)Vaz (tz)vaz (1)Va1 (Oo))'y,u = ¢ 1B (Voq (O)Vaz (Z)Vaz (t_l)voq (°°)>'wr

For the general case we use Cauchy-Schwartz
1 1
|Bn(AQ+zPP7 Aal 9 AOQ? A(Xsa A044)| g 67L(AQ+iP7 Aoq ) Aaz ) Aazv Aoq ) 2 BTL(AQ+iP7 A(hu A0437 Aa37 AO¢4) 2

1
g §(ﬁn(AQ+iP7 Aal B Aa27 Aa27 Aal) + ﬁn(AQ-*—iPz Aa47 Aaga Aa37 Aa4))~

so that the general case follows from the case a; = a4 and as = as. O

9. PROOF OF PROPOSITION 7.11

9.1. Preliminary remarks. Before proceeding to computations, we stress that the reader should keep in
mind that the SET field T'(u) is not a proper random field. In particular the expectation in (7.10) is a
notation for the object constructed in the limit as € - 0 and ¢ - oo. In LCFT the construction of the
correlation functions of the SET is subtle. This was done in [KRV19] only for one or two SET insertions.
However the situation is here much simpler and we will not have to rely on [KRV19]. The reason is that we
need to deal with correlation functions with a regularized LCFT expectation (-); where we have replaced

15Communicated to us by S. Rychkov.
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M,(C) by M,(C~Dy) in (7.32), and all the SET insertions that we will consider are located in I, which
as we will see makes them much more regular than in the full LCFT.

The regularized SET field T (u) is a proper random field and its correlation functions in the presence of
the vertex operators are defined as limits of the corresponding ones with regularized vertex operators

(9-1) (Te() T (V)Va (0) TT Ve, (20))e = lim (Te(u) T (v) Ve (0) T Vs e (20) )1

i=1 e i=1
The existence of this limit follows from the representation of the expectation on the RHS as a GFF expec-
tation of an explicit function of a a GMC integral [DKRV16]. And in particular the limit is independent
of the regularization procedure used for the vertex operators. For simplicity we will use in this section the
following:

(9.2) Va,e(x) - 67604(256(;0) - |:L‘|;4Aoz€aceaxE (2)-%EX. (z)? (1 . O(e))

where X, is the same regularization as in T.. The O(e) will drop out from all terms in the € - 0 limit and
will not be displayed below.

The proof of Proposition 7.11 consists of using Gaussian integration by parts to the the T.(u) and T,/ (v)
factors in (9.1) to which we now turn.

9.2. Gaussian integration by parts. (9.1) is analysed using Gaussian integration by parts. For a centered
Gaussian vector (X,Y1,...,Yy) and a smooth function f on RY, the Gaussian integration by parts formula
is

E[X f(Y1,...,YN)] = ]ZV: E[XY:]E[Okf(Y1,...,YN)]
k=1

Applied to the LCFT this leads to the following formula. Let ¢ = ¢ + X — 2Qlog|z|; be the Liouville field
and F a smooth function on RY. Define for u,v € C

(9.3) C(u,v) :—1L7 Cee(u,v) = /pe(u—u')pef(v—v')C(u',v')dudv
2u-v

with (p)e a mollifying family of the type p.(-) = € 2p(|-|/€). Then for z,21,..., 25 € C
N

94)  {0:0c(2)F(der(x1), ... de(xn)))e = ) Cerer (2,2 )(OnF (der(21), ... b (2N)))e
k=1

Gl [C Ceo(2,2)(Vo(2)F($er(71), ..., der(zn)))ed

where F in the applications below is such that all the terms here are well defined. Note that 9,G(u,v) =
C(u,v) + %u’llmbl. The virtue of the Liouville field is that the annoying metric dependent terms u’ll‘u|>1
drop out from the formulae. This fact is nontrivial and it was proven in [KRV19, Subsection 3.2], for the
case t = oo with F' corresponding to product of vertex operators. The proof goes the same way to produce
(9.4) with a finite t.

The first application of this formula is a direct proof of the existence of the €, € — 0 limit of (9.1) which
will be useful also later in the proof. We have

Proposition 9.1. The functions (9.1) converge uniformly on compact subsets of (u,v,z) e Dy x Dy x 0Z

(95) i (T ()T (Va0 [TV ()b = (T T (V) [T Ve ()

i=1
where the limit is analytic in u € O and anti-analytic in v € Og-¢.

Proof. We consider for simplicity only the case 7 = 0. The LHS is defined as the limit ¢’ — 0 in (9.1) but
we will for clarity work directly with €’/ = 0 as it will be clear below that this limit trivially exists. Indeed,
the functions C. ¢ (u,v) are smooth for €,¢’ > 0 and they converge together with their derivatives uniformly
on |u| < e %, Jv| > e for all s>t to the derivatives of C(u,v).
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We will now apply (9.4) to all the ¢, factors in the SET tensors in(9.5) one after the other. To make this
systematic let us introduce the notation

(01; (927 03) = (8z¢57 33%, (8z¢5)2 - E(az¢e)2)
Applying the integration by parts formula to 9,¢.(ux) (or to 92¢.(uy) if i = 2 below) we obtain

k n k-1 n
<U1 Oi; (u;)Va(0) 11 Va, (20))e = z; ({0i, (u)O;, (w) } l_k[l Oi; (u;)Va(0) q Ve, (zi))e

+:z(:)az({(9¢k(Uk)¢(zz)} HkOj(uj)Va(O) nvm(zi))t
7 [ {{0u ()6(2)} TT O35 Va0)V2 (@) [T Ve, (1) e
' gk i#l

where o = a and zp = 0 and we introduced the following notation

{01(u)01(v)} = 0, Cc e(u,v) {O02(u) 02 ()} 1= 8,05 Ce e (u, v)

{01 (u)O3(v)} := 201 (v)0y Ce  (u, v) {01 (1) Oz(v)} 1= 02C. (u,v)
{O3(u)O1(v)} = O1(u) 0, Ce c(u,v) {O2(1)O1(v)} := 0,0, Ch  (u,v)
{O3(u)O3(v)} =201 (u)O1(v) 0y Ce c (u,v) {O2(1)O3(v)} = 201 (v) 0,0y Ck e (u, v)

{03(u)02(v)} = 01 (u) 9, Ce e (u, v)
etc. Similarly
{O1(w)d(2)} = Ceo(u,x),  {O2(u)d(x)} = 0uCeo(u,x), {O3(u)g(x)} = O1(u)Ceo(u,z).

Since T. = Q05 — O3 we can iterate the integration by parts formula to obtain an expression for
(Te(u)Va(0) TT7q Vi, (2:))t as a sum of terms of the form

m

(9.6) CTJ 0" Cec(ta,up) [] 8> Ceo(tua, 1) [C 10" *Ce (s 1) (Va (0) 1‘[1 Vo () ﬁ Ve (2i) )edx

a,f a,l t ok i=1

where the products run through some subsets of the index values. We have for all compact K c D,

sup  sup|9,0% C o(u, 7)| < o0.

ueK,xeCy €

Hence the expression (9.6) is bounded together with all its derivatives in u uniformly in € by
(9.7) Cfcm(va(()) TTVa(25) T] Vs (20) e,
: j=1 i=1

which by the lemma below is finite. The limit of (9.6) and all its derivatives exist by dominated convergence.
Clearly the Oy derivatives vanish so the limit is analytic in u. O

We need the following KPZ identity for the a priori bound (9.7) (recall (7.31))
Lemma 9.2. The functions x € C} - (Vo,(0) 1721 V5 (%) TTi2y Vi, (2:))e are integrable and

(9.8) Ve ﬁw:ci) H Vau(e)ldx =€ [ (Va(0) H Vi (20))udx

where C = () ™ TI7% (o + 5+ v1 - 2Q).
Proof. See [KRV19, Lemma 3.3]. Briefly,

2Q—

<va(0)ﬁvai<zi)>t:u f‘“<va(o>ﬁvai<zi)>tlu_1

and the LHS of (9.8) equals (=0,)™(Va(0) ITiL; Va, (2i)):- O




CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 79

The representation (9.6) will not be useful for a direct proof of the Ward identity due to the V,, insertions.
We will rather use the integration by parts inductively, first to T.(u) which corresponds to the largest
contour in the contour integrals in expression (7.10), and by showing then that at each step the V,, insertions
give rise to the derivatives in the Proposition 7.11. We give now the inductive step to prove this claim, stated
for simplicity for the case 7 = 0. For this, we introduce the (adjoint) operator D} defined (by duality) by

[ Duf@e(z)dz= [ @Dz dz
for all functions f in the domain of D,, and all smooth compactly supported functions ¢ in C™. Then

Proposition 9.3. Let v € C°(0Z2) be a smooth compactly supported function in 0Z c C* and define

7w = [ (e b ul_”(T(u)Va(O)ileai(zi))tdu)cp(z)dz.

Then for v*) = (1, ... yVk=1)
Ti(v,9) = (W™, D}, o) + By (v, 0)

where

(99) (@) < Ol [V ) [T Ve () ot

Proof of Proposition 7.11. Iterating Proposition 9.3 we get
n [
Ti(r,9) = [ (Va(0) [T Ve, (2000 D)z + Bu()
i=1

where Bi(p) satisfies

k n
Bi() < Celo 05 [V (0) [] Ve (2))e D, D}, (2) | dz

=1 i=1
where by convention D;, D} ¢ = ¢ if £ = k. The functions z — (V,(0) [TiL; Va, (2:)): are continuous on
6Z and converge uniformly as t - oo on compact subsets of 2 to the function (V,(0) [T, Vi, (2;)). Hence
T:(v,-) converges in the Frechet topology of D'(0Z) to the required limit since Bi(p) goes to 0 as t goes to
infinity (recall that a + |v| -2 <0). O

9.3. Proof of Proposition 9.3. We start the proof of Proposition 9.3 by applying Gaussian integration
by parts formula twice to the T'(uy). This produces plenty of terms which we group in four contributions:

(9.10) (T(u)Va (0) ﬁ Vi (2))s = R(w,2) + M(u,2) + N(u,2) + D(u,7).

In R(u) we group all the contractions with C'(ug,u;) between ug and ug, I < k and ug and 0. These terms
do not contribute to the contour integral of the uy variable since they give rise to integrals of the form

55 w7 (ug, = )™ (ug — w) Cduy,
[uk|=e~* 55

where v,w € {0,uy,...,ux_1} and a +b > 2. Since |v|,|w| < e7*§) and v} > 0, this integral vanishes. We
conclude
(9.11) 95 u R(u, z)duy, = 0.
[uk|=e~" 05

For the benefit of the reader we display all the terms in R(u,z) in the Appendix C.

Let us now introduce the notations u'®) = (u1,...,up_1) and w9 := (uy, ..., up_1,ups1,. .., up_1). The
second contribution in (9.10) collects the contractions hitting only one V,, :

Qo Oz; 1

2 4 (up — 2, )2 (T(u(k))Va(O)ﬁVai(zi))t.

(9.12) M(u,z) = Y (

p=1
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We can then do the uy integral explicitly to obtain

(9.13) / (ﬁ j%ul:st lll*VM(u,Z)du)gb(z)dz
(914) -/ (il”’;p;lAa,,)<T(u<’“>>va<0)ﬁvaxzi))t@(z)dz

Note that this term contains the constant part of the differential operator D,, .
The third contribution is given by terms where all contractions hit V,:

_ﬁ_MVQ) 1

N(w 2 =(“T -1 (T (®)Va(0)V; () [T Ve (2 s

C: (uk - $)2 i=1

_ c m(T(u(k))Va(O)Vv(x) Ii Vi, (2i)) da.

Finally D gathers all the other terms

(9.15)

9
(9.16) D(u,z) = ;ﬂ(u,z)
with
k-1 n a n
filwz)=- e; ;zz=:1 (ug - ugg(pw - 2p) (Va0 E Vel )l
D53 O (0.X (u) TPV (0) [TV (20
0=1p=1 \Uk — up)? (uk, — zp) i=1
T3(u,z) = - Z: %W(T(u(’“))%(o) 17__1 Vai (2i))e
Tu(u,z) = ?p;% e (ug = 2p) (ug — ) (T (@) 111 Vada)h de
u,z)=-— 3 apap’ 1 u(k) - Zi
TS( ’ ) p#%;:l 4 (uk _Zp)(uk; —Zp/)<T( )Va(O)EVal( z))t
u,z)= 5 ! u(€7k) X - Z; x
Ts(u,2) = pQy 2 Je, Gar—an)?(un =) (1( Wa (0)V4( )EVM( i))ed
k-1 1

Tr(u,2) =~y

= Joe (u —ue)?(ug — ) (0-X (ue) T (0P Vo (0)V5 (2) ﬁ Vo, (2i))e dz

Ty = 10 [ MO0V, () [T Ve ()

(9.17) Ty(u,z) = -~ T (™), (0)V, (x)V, (z) ﬁ Va, (2))e da.

7 1
4 \/Ct ¢ (ur — ) (ug —x’)<
We need to show that N and D will give rise (after contour integration) to the 9,,-derivatives in the
expression D, (T (u*)V,(0) [T, Va, (2:))¢. To show this we need to analyse N further.
Regularizing the vertex insertions (beside the V,, insertion, we also regularize the V,’s for later need) in
N(u,z) given by (9.15), and performing an integration by parts (Green formula) in the x integral we get

1 n
N(u,2z) =-plim | 8,———(T( ")V, (0)V, (2) [ Vas,e(2i))e da
e~0JC  up - i=1

“By(w,2) +jylim [ — (T (P)Wa (0)0,60 () Vs o () [] Vi e (22))
e~0JC, up, — i1

=B,(u,z) + N(u,z)
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where the boundary term appearing in Green formula has € - 0 limit given by

(9.18) Bi(u,z) :=ip (T(u(k))V (0)V, (x)HVa z))e Az

|z|=e~* U —
and we used (1.8) to write
0xVy.e(2) = a0z0c () V().

In N(u,z) we integrate by parts the 9,¢.(x) and end up with

N(u,2) =~ Qs z i TV, @) [T Ve (s
+ 2 e, T m)tx PRE (8. X (ug) T (u RV, (0)V, (2) ﬁ Va, (2:))e dz
B0 [ s MOV @) [T Ve ()i da
ey, o VOV, @V, @) T Ve () da
raling Z o, i Ceo(@ 2TV OV () q Voie(zi))e da
(9.19) = Tg(u, z) +Tr(u,z) + Tg(u,z) + To(u) + Ty (u,z)

where again we took the € — 0 limit in the terms where it was obvious. In particular this identity proves
that the limit on the RHS, denoted by T, (u,z), exists. The numbering of these terms and the ones below
will be used when comparing with (9.17).

Derivatives of correlation functions. We want to compare the expression (9.10) to derivatives of the function
(T(u™)V,(0) Ty Vi, (2:))e. We need to treat separately the cases vy > 2 and vy = 1.

Case v > 2. We have

Lemma 9.4. Let

L(wz)=3 — 0. (T)Va(0) [T Vi z)):.

p=1 Uk ~ Zp i=1

Then limeo I.(u,z) := I(u,z) exists and defines a continuous function in z € 0Z satisfying

(9.20) f (ﬁ ﬁl\:&, ul_”I(u,z)du)QB(z)dz =T,(v® D, ©)

for all o € C(0Z) with D, =D = (n-1)Y; Ag, 2"

Proof. We have

n

I(u,z)=) %(T(u(k))VQ(O)azpqﬁe(zp) ﬁ Vare(z)) = Ko(u,2) + L (u,z)

p=1 Uk — Zp i=1
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where we integrate by parts the 0., ¢(z,) and K.(u,z) collects the terms with an obvious € — 0 limit
K(u,z):

n k-1 a n
Klmz)=—§;p10%_2%(f_uwgﬁwu““)mxmllmuugp
n k-1 a n
+ ——— (0 X ()T (a“P)Vo (0) [V, (20))e
p=1¢=1 (ur = 2p) (2p — up) i1
- i %(%(T(u(k))va(o) ﬁ Vozi(zi))t
p=1 Uk~ 2p)zp i=1
2 Oy 1 u® n .
p#%’::l 2 (Uk: _Zp)(zp —Zp')<T( )Va(o)gvai( z))t

=:D1(u,2) + D2(u,2) + D3(u,2) + D5(u,2),
whereas
1
Uk — 2Zp

Le(u,z) = —py ) oy f
p=1 Ce

Since Cp(2p,7) = —2 —— and since it is not clear that ——(T'(u*)V,(0)V, (2) [Ti; Vi, (2:)): is integrable

2 zp—T Zp—

ce,oczp,x><T<u<k>>va(o>vw<x>ﬁvai&(zmtdx.

the € - 0 limit of L. is problematic'®. However, we can compare it with the term Tj in (9.19). Writing
1 1 Zp— T

= +
up—2zp up - (ug—2zp)(ug — )’

we conclude that L. converges:
n
lim L (u,2) = - piy f
61—I>% <(u,z) /L’Yel_l)%;ap( C
Zp— %

C (uk = 2p) (ur — )
=Ty(u,2z) + Ty(u,z).

G TPV 0)V () [T Ve (200

+ Uk — i=1

o )T (O Va OV, () [TV (2} )

Indeed, setting z = z, — = the function

z 1 z  du
(=) Cenlzp) = =5 [ o) =55 [ o) f, Srdr == [ p(r)Lqayerdr

Z+y 2¢2 =1 z+7Tu U

is uniformly bounded and converges almost everywhere to —3.
The same argument can be repeated to the smeared functions to show that (because convergence is
uniform over compact subsets of 62)

lmif(%>%EMM%®ﬁ%AMWﬂWMﬁm@

e—>0p= Uk — Zp

exists. Then integrating 9, by parts and using that lim_o(T(u*)V;, (0) T, Va,,e(2:)): exists we conclude

, w n o
() == [(T@WValO) [TVare )i 3 02, (—2—p(2))dz
i=1 p=1 Uk — Zp
which proves (9.20). O
We have obtained the relation
9 3
(9.21) N(u,z) - I(u,z) = By(u,z) + Y T;(u,z) - Y D;(u,z) - D5(u,z) - Ty(u,z).

=6 i=1

16Actually7 this fact was shown in [KRV20] without the SET insertions and could be proven here as well but we will follow
another route because the recursion to prove this extension is painful.
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Let us consider the expression

K (u,2) =(T(w)Va (0) [T Vi (20)): - I(u,) ~ M(u, )

i=1
=R(u,z) + N(u,2z) + D(u,z) - I(u,z).
By (9.13) and (9.20) we have
(9.22) / (J<1|§| s ul_”K(u,z)du)go(z)dz =T (v,p) - T(u(k),Dchp).
uj=0¢
On the other hand combining (9.10), (9.16) and (9.21) we obtain
3 9
(9.23) K=R+) (Ti-D;)+Ts - D5+ ) (T; + T]) + By.

i=1 i=6
Now some simple algebra, see Appendix C gives:

(9.24) T =Ty, Ts=Ds

(9.25) 9‘5 o (T 2) £ T (7)) dug =0 = 6,78
U =e~t k

(9.26) jlg ‘ up " (Ty(u,z) - Di(u,z)) duy =0 i=1,2,3.
ug|=e tey

Hence using these relations and (9.11) we conclude

J (s K uman)oin= [ (§ wtBi(wm)du)ola)ds = Bi(p)

®
Thus to prove Proposition 7.11 for v, > 2 we need to prove the bound (9.9) for B.(v,¢). Recalling (9.18)
we get by residue theorem

-v (R -V, = =
?\gu W B ) du = o ?\5“ (1«)|:5<’°>(u(k))1 7|§w L ’“(T(u(k))Va(O)V,Y(x)EVm(zi))tdxdu.

By (9.6) (at € =0 and an extra V,,,,, (2n+1) = V5 (x)) the expectation on the RHS is a sum of terms of the
form

[ 1@ x,2.0)(Va (), (@) T Vo () T Ve (20))elx
¢ =1 i=1

where

1 1

I(u(k),x,z,x):CH H H ! H :

o, (UO‘ - uﬁ)kaﬁ a,i (ua - Zi)lai a,l (ua - xf)ma[ @ (Ua - l')na

where Y. kog + X lak + X Mar + X, ng = 2(k — 1). Performing the u-integrals in the order ug_1,ug_2,... by the
residue theorem we get

ﬁ(k)l 6(”(u(k))l’”(k)f(u(k),x,z,:17)du => C(a,b,c)z™ szb“ [Tz
u =0, V4 A

t

with a + Y by + ¥ ¢; = [ V)| Since |z¢| > e and |z| = ™ we conclude

m n

| §1§ ul’”Bt(u, z)du| < Cet"=2) max sup (Va(0)V4 () H Vy(xe) H Va, (21))edx.
[ul=6, m < 2(k-1) |g|=e-t JCT -1 i=1

By Lemma 9.2

Sy VOV @) TTVa ) [T Ve ()b = AV 00V, ) [T Vo e < Claf 77 = €,

7
where we used the formula (1.11) and this estimate is uniform over the compact subsets of z € 2. Hence

| lul=6 u'™By(u,z) du| < Cetvl+a=2)
u|=0¢

as claimed.
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Case vy, = 1. Here we need to regularize also the Liouville expectation: let (-}, . be as in (7.32) except we
replace €7°M.,(C;) by the regularized version i V, (x)dz. We use following variant of Lemma 9.4.

Lemma 9.5. Let I/(u,z) := é Yoy 0: (T(uF) Vo (0) TTiLy Vay,e(2i))t,e. Then lime g IL(u,z) = I'(u,z) ea-
ists and defines a continuous function in z € 0Z satisfying

(9.27) f (m s, ul_l']’(u,z)du)@(z)dz =T,(v™, D} )

for all pe C(0Z).

Proof. The proof is similar to Lemma 9.4 but cancellations occur for other reasons and we explain how.
First, the integration by parts gives

I{(u,z) = K{(u,z) + L.(u,z)

where lim._,g K! = K’ exists and is given by

k-1 Qap ) n
oy TV (O TT Ve 20)

M=

K'(u,z) =-

i
[N

U (9.X () T PYWVa (0) TT Ve (200

k(zp - ug)? i=1

U
a1 n

- (T )V (0) T Ve ()
Uk Zp i=1

(TP () T Vo (20):
pp'=1 2 uk(zp - 2p) i=1
=:C1(u,2) + Co(u,2z) + C3(u,2z) + C5(u,2)

+
M=

=
Il
=
~
Il
—

3
Il
—

o
N

Qup Oy 1

M=

whereas

/ BY -
Le(u,z) = T Zlap[C Ce,e(zp,x)<T(u(k))Va(0)Vw,e(fv)HlVai,e(Zi))t,edw
p= t i=

is the term that needs analysis. Let us define

Bi(u,z) =2 ATV OV () [TV (20))e 7
Uk z|=e"t i=1
Then
Bi(wz) =~ Llim f (T@O)WVa(0)V, o) [ Ve e(z))rcdi

Up €= z|=e-t i=1

=Fhim [ 0T @P)VL(0)V, o (@) [ Virse (20) e d

U €0 JC; i=1
pQy k_lf 1 (6,k) -

=—— —— (T (") V (0)V, (2 Vo, (zi))e dz
T [ G T Va0V @) [T Va0

k-1
il L

72<8zX(u€)T(u(Z7k))Va(O)VV (LU) ﬁ Vai (zi)>t dZE
ug ;71 JC (2 — ue) i=1

—MS —(T «@ a; \ 1

Faur o, 5 TEOWaOV @) Vo ()bl

-l a [ Cecep )T @OV (0)V; (@) T] Ve c(zi) e
p=1 t 1=1

=: Ps(u,z) + Pr(u,z) + Ps(u,z) + Py(u,2)
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This proves the existence of lim.g L. = L' = P, and furthermore
(928) IIZHHSIGIZCl+CQ+03+C5+B£—P6—P7—P8.
The claim (9.27) follows as in Lemma 9.4. O

Let us consider the expression

K'(u,2) =(T(u)V,(0) ﬁ Ve, (i)t + I'(u,2) - M(u,z)
=R(w,z) + N(u,z) + D(u,z) + I'(u,z).

By (9.13) and (9.27) we have

(9-29) / ( ﬁ{l s u' K (u, z)du)@(z)dz =T(v,p) - T(V(k), D}, ¢).
uj=0¢

On the other hand combining (9.10), (9.16) and (9.21) we obtain

9 3 8
(9.30) K=R+N+Y T;+» Ci+C5- Y P, +Bj

i=1 i=1 =6

As before it is easy to check that the following relations hold (see Appendix C)

(9.31) 7‘5 o T ) duwe =0 fori=4,5,9
ug|=eteg
(9.32) 7? | (T;(u,z) + C;(u,z)) duy, =0 fori=1,2,3
Uk =e*t5k
(9.33) 7|§ o (Tiw2) = Pi(w2)) dug =0 for i=6,7,8
url=e e
(9.34) 7|§ | Cs(u,z) dug, =0
ug|=etey
(9.35) 35 N (u, z) duy, =0.
lug|=etey
We can now conclude as in the case vy > 1. O

APPENDIX A. ELEMENTARY LEMMAS ON THE VIRASORO ALGEBRA
Lemma A.1. Let ty,--,tx € Z be such that t; + -+t >0. Then
(A.1) L)*-Ly*1=0, L{*-L)*1=0.

Proof. We will prove this relation by recursion on k and work with L% (the case of the L% is identical).
For k =1, the relation comes from the fact that L(t)’al =0 for t > 0. For k > 2, let j be the biggest index
such that ¢; > 0. If j = k we are done. Otherwise, we have using (4.20) on L?;Q,Lg’a

41
LO,amLO,al =L0’a~~-L07a LO?a LOTQLO’,OL ~~L0’a1
ty tr ty tj—1tie17 tj+2 tk
_(+. . 0, 0, 7 0, 0, 0,
—(tj _tJ+1)Lt1 "'Ltj,lLtj+tj+1Lt]-+2"'Ltk 1

tj—17 tj42

cr
L (= LT L L,

The second term in the above equality is equal to 0 by the recursion hypothesis. The third term in the above
equality is equal to 0 since if ¢; = —t;,1 then we can apply the recursion hypothesis on (t1,-,tj-1, %42, tx)
since in this case t; + -+ +t;_1 + tj4o + -+t = t1 + -+ + t;. Therefore by iterating the above procedure with
the couple (%;,t;12), etc... we end up with

1

LO,a___L[Lal - LO’(X"'LO?Q Lofa --'LO’aLOfal =0. 0
ty tr t1 tj_17 't tr "ty
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Lemma A.2. We suppose that t1,--,tx € Z are such that t1 + -t = 0.

LY LY = Y ap(Ly™)*1
E>0

where the ay only depend on the commutation relations and not on .

Proof. We suppose that for all ¢1,--+, ¢, such that |¢t;| # 0 for all ¢, ¢; + -+ ¢, = 0 and [t1] + - + [t-] < N the
lemma holds. We consider ¢, -+, t such that t; + -+ +t5 =0, |t;| # 0 for all 4 and [t1|+ - + [tx] < N + 1. We
consider j the largest integer such that ¢; > 0. Hence for all [ > j we have ¢; < 0. We have

0,a 0,07 0,a 10, _ 10,0 70,ag10,a 70,0
Ltl Lt]‘ Lt]‘+1 Ltk _Ltl Ltj+1Lt]‘ Ltk
0, 0, 0,
+ (t] - tj+1)Lt1 L Ltk

tj+tj+1

CL .3 0, 0,a 10, 0,
+E(tj_tj)6tj_ Ltla"’LtjiL @ "Ltka~

==tj+1 tis2

If t; = —tj41 then the third term is of the desired form by the recursive assumption; if ¢; # —t;,1 then the
third term is 0. If ¢; + ;41 # 0 then the second term is of the desired form by the recursive assumption. If
not then one can use LYYLY* = L LY + nL® to get

0, 0,a 1 0,1 0,x 0,0 _ .. ) 0,a 10,70, 70, 0,0y 0,a 10,0 70, 10,
(A2)  L®LY® LOOLY® LY = (fy + -+ £ LY L L% L+ L OLY LY LY LY

and one gets the result by the recursive assumption. To conclude the recursion step, one just needs to
iterate the above procedure of shifting the LY to the right on the first term LY®..LY* LY*...L)* and
J 1 J+1 J k
: 0,
using Ltj 1=0.
In the general case (i.e. when some ¢; can be equal to 0), one can shift the Lg’a terms to the left using
(A.2). O

APPENDIX B. THE DOZZ FORMULA

We set £(z) = Flzl(fl ) where I denotes the standard Gamma function. We introduce Zamolodchikov’s

special holomorphic function Y3 (2) by the following expression for 0 < Re(z) < @Q

oo 2 sin Q _ 5 1Y))2
(B.1) 5= [ ((g_z) o Gh((§-95)) )dt

sinh(%) sinh(%) T

The function T3 is then defined on all C by analytic continuation of the expression (B.1) as expression
(B.1) satisfies the following remarkable functional relations:

2 2
(B.2) Ty (z+ g) - e(gz)(%)l-vzrg(z), Ti(+) = E(;z)(g)%z’ll‘%(z).
The function T3 has no poles in C and the zeros of Ty are simple (if 72 ¢ Q) and given by the discrete set

-IN-2N)u(Q + 2N + 2N). With these notations, the DOZZ formula is defined for o, as,as € C by the
2 ¥ 2 o
following formula where we set & = a1 + as + as

Dozz - YA N T (0)T (1) T4 (a2) T4 (as)
(B.3) Oy, (04170427043)_(7T,L’f£(z) (5) ) Y2(5-Q)Y2(5-01)T3(5-a2)T5(5 - as)

The DOZZ formula is meromorphic with poles corresponding to the zeroes of the denominator of expression
(B.3). Note that it is symmetric in ay, @, s and real valued when «; are real.
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APPENDIX C. INTEGRATION BY PARTS CALCULATIONS

R-terms. Here we list explicitly the terms in the integration by parts formula in the proof of Proposition
9.3 giving zero contribution to the contour integral:

k-1 n
R(w7) =30 3 %W(T(u“a’f))va(o) [T Ve (200}

—2QZ oo T, X ) a(O)ﬁVai(zi))t

Q;“ () v<o>nv (=)
k
_Q2 Zl 1

eiepr (= ue)®(up —uer)?

(T *)V,,(0) H Voo (2000

k-1 , n
£ Y O X ()T ()Y (0) [T Vi ()
ooy (ug = we)®(u — upr) i1
k-1 n
- Qo Z:l m(T(u(“))Va(O) E Vi (zi) )t
k-1 ) n
T2 (s W)Ql(uk “up)? (0 X (ue)0- X (ue) T (R V, (0) Hl Va, (20))t
k-1 "
) m(@){(w)nu%)nm) [TV 20
- )V 0) [TV ()
k =1

Proof of (9.24)-(9.26). The claim Ty = —Ty results from the relation

1 1 ( 1 B 1 )
(up —x)(up —a') -2 \up—-z up -2

and the fact that the mapping (z,2") = (T(u®)V,(0)V, (2)V; (2") T2y Va, (2:))¢ is symmetric.
Also, T5 = D5 comes from the relation

1 1

( 1
(ug = 2p) (uk — 2p) 2 — 2y \up — 2

—)
Uk — Zp!
and a re-indexation of the double sum.
Using
1 1 1 1

(wn— w02 —2) (-0 —2)  (wr—u)(@—ue)® (@ ue)2(up - )
we find that

Tr+ Ty = u’ny

satisfies

1

(ug — uz)z(w - x) (u —up)(x —uyp)?

)0 ()T )V O, () [T Ve () da

5‘5 oy (T(0,2) + T (,2)) dug =0
Ug =e~t k

by moving the contour to oo (v > 1 is used here).
Using that
1 1 1

ug(ur — ) - x(ug —x) N _ukx
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and fl —t5, u,lg_”"' iduk =0 for v, > 1 we deduce that

j§ ul e (T (u,2) + TY(u,2)) dug, = 0
[ug|=etdg

u|=e

The relation
1 _ 1 ~ 1 N 1 B 1
(up —uwe)3(uk — ) (up —we)3(ue —x)  (ur —we)?(x—up)?  (ur —ue)(ue—2)%  (ug —x)(ug— )3
entails in the same way (9.25) for i = 6.
Finally the relations (9.26) follow by computing residues at the pole uy = z,,.

Proof of (9.31)-(9.35).
The relations (9.31) and (9.35) holds because all the corresponding T;(u) are holomorphic in uy € Dy.
For (9.34) we observe that

g o, Colwdn == > O T 0) [] Ve (2

2m pip’=1 2 (zp-2p) i=1

QpQp 1

and that this expression is null for antisymmetry reasons. (9.32) and (9.33) follow from the residue at z,
and z respectively

75 T (u,2z) duy, =278 Z Y —r
[uk|=e~teg =1 p=1
k-1

T(u(M))V (0) [TV (20)): = 7|§| C1(u, ) duy,
ug|=e~tey

i=1

io
. Ta(wz)dug =2 zz Y OX T WOV =~ f, . Calwa)an

|ug|=eter

75 Ty(u,z) duy =27 Z —p—(T(u(k))Va(O) T Vi (20)): = - 55 Cs(u, ) duy,
[uk|=e~teg p=1 2 2z i=1

thus proving (9.32). Finally, we compute

1 k-1 1

jé‘k#e—tek TG(u Z) dUk T ,U,Q’y Z ( (u(z’k))Va(O)V’Y(x) Iﬁl Vai (Zl)>t dz = Pﬁ(ua z)

2mi e (z - ug)?

i o B S [ 0 X T OV, () [TV (e = Pr(u.2)
o o, T2 == 58 [T @OV )V, () [TV (2 = Pa(.2)

301 o, Colm) s =y 5 [ WAV OV, () T Ve ()l = P )

C.1. Analyticity of the vertex operators. Recall the definition of Uy (z) in (7.30) for z € Z and real
a;’s such that a; < Q. It is plain to see that Uy (z) agrees with the following slightly different regularization

U‘};oleS(Z) _ khm holes(z)
with U,l;?/lces(z) = eZi a'i_QCeZi a'iPW(Zi)Ew[( ﬁ EI:Ti @i XD,c (z4) )e—MEA'CMw (Dk):l
i=1

where ¢, = 2”“, Xp,e, is the circle average of the Dirichlet GFF and Dy is the unit disk with small holes
removed around each insertion, namely Dy := D~ UL, B(z;,€;). Recall that we get the following explicit
expression by using the Girsanov theorem:

(Cl) U‘l;oles(z) _ 6(2;‘:1 Oéj_Q)CeZi aiPp(zi)+3,<; aiajGﬂ;(zi,zj)ELp [ —pe”e [ eV Zity LGD(I,Zi)M’Y(dZE)] .

We fix ko such that the open balls B(z;, 2"“0) are disjoint and included in D. Set O™ := {a € R™; a; < Q, Vi}.
Then we have the following analyticity result:
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Proposition C.1. The (random) function o — UL'(z) admits an analytic extension in a complex neigh-
borhood of O™ such that for all real ac € O™ there exists some € > 0 (depending on ) and (non random)
C,C > 0 satisfying

hol h 1
sup (UL () - URS5 1, (2)
Be[—e,e]™

~ 7 VI a; Gp(,z;)
< C(l . e’Yc)e(Z?ﬂ aj_Q)Cecsupi supuEB(Ziyz,kO) Pga(u)ELp [ pe ka e 1 D Mw(dx):| .

Proof. To simplify we will suppose that n =1 and z; = 0 and set Gp x(0,u) = E[Xp ¢, (0)Xp(u)]. This is no
restriction as the same analysis can be performed around each insertion in case n > 1. In this context, we
get by using the Markov property of the Dirichlet GFF that:

hol holes
Uaig w1 =~ Uatip i (2)]

- e(a—Q)C|E¢ I:El(ﬁ*l'lﬁ) /Qe(tDH'iB)le,ek+1 (0) (e—uewM«,(Dml) _ e—MewMW(Dk))] |
< @ Qeg(k )2 [(e—ﬂe”“ Sy € L0 OM, (A7) _ e fy, e”‘“"'”’k““*”Mw(dm)] |
X ¥

= e(a—@)cg(k+1>52/2|]E¢ [(ewe””wmm _ e—ue“Yk)] I

where we have set

Ysz eVP“"(m)e”Y"‘lev%u(Ovm)M,y(d:c) and 5yk=f eVP“"(“)e"’o‘lG”‘”v“l(0’“)M7(dx).
Dy D

ENDiy1

Now, we consider the cases dYy > 1 and Yy < 1. By FKG inequality for the Dirichlet GFF, we have
E, []15Yk>1|€7 ek —efﬂew(YkMYk)”
< 2B, [1 o]
B, [Lsy, 1] By [e—uechk]
B, [(8Y)"] By [e" ]
Next, we choose 8 >0 and 7 > 0 such that (k+1)B PR, [(0Y3)"] < CeVPul< e Pe(Wo-0k with 6 > 0.

In the case 0Y; < 1, we get (using the inequality 1, < 13 < 2" for £ > 0 and then FKG for the Dirichlet
GFF)

o(k+1)8% /20 [ pe’Yy _ e—ue“(mém”

sy, <1le”
< olk+1)s® U E, [y, < 18Y,e Y]
< 2(k+1)ﬂ2/2uevcE [( 5yk)n —ue"’“Yk]

2(k+1)’82/2u670E [(6Y3)"] E, [—ue”“Yk]

< CQ—kOB'yc YNSUP|y| < e, Pap(u)E [ He’YCYk] )

N

Gathering the above considerations, we get

U855 1 = Ullig n(2)] < Ol @20 (14 7)< cn PO, [T 0]

This shows that the (random) analytic function U, hilfg . (z) converges as k — co with probability 1 and for

all ¢ towards an analytic function that satisfies

UL o1 = UBSS 1y (2)] < Cel@ D1 4 ¢79)T" ™0« 3 POV [ Vo ] 8
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