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CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY

COLIN GUILLARMOU, ANTTI KUPIAINEN, REMI RHODES, AND VINCENT VARGAS

ABSTRACT. Liouville conformal field theory (denoted LCFT) is a 2-dimensional conformal field theory
depending on a parameter v € R and studied since the eighties in theoretical physics. In the case of the
theory on the 2-sphere, physicists proposed closed formulae for the n-point correlation functions using
symmetries and representation theory, called the DOZZ formula (for n = 3) and the conformal bootstrap
(for n > 3). In a recent work, the three last authors introduced with F. David a probabilistic construction
of LCFT for « € (0,2] and proved the DOZZ formula for this construction. In this sequel work, we give
the first mathematical proof that the probabilistic construction of LCFT on the 2-sphere is equivalent to
the conformal bootstrap for v € (0, \/5) Our proof combines the analysis of a natural semi-group, tools
from scattering theory and the use of the Virasoro algebra in the context of the probabilistic approach (the
so-called conformal Ward identities).
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1. INTRODUCTION

1.1. Overview. Conformal Field Theory in dimension 2. There are essentially two approaches to
Quantum Field Theory (QFT) in the physics literature. In the first approach the quantum fields are (gen-
eralized) functions O(t,z) on the space-time R¥! (d = 3 for the Standard Model of physics) taking values
in operators acting in a Hilbert space H of physical states. Matrix elements of products of field operators
at different points (| [Tn-, Ok (tk, 2k )|1h) where ¢ € H (the “vacuum” state) are (generalized) functions on
RN(@+1)  Physical principles (positivity of energy) imply that these matrix elements should have an analytic
continuation to the Fuclidean domain where t; € iR and be given there as correlation functions of random
fields O(y) defined on y € R™ where n = d + 1. In the second approach, based on a path integral and due to
Feynman, these correlation functions are formally given as integrals over a space of (generalized) functions
on R™ with the formal integration measure given explicitly in terms of an action functional of the fields.
The Euclidean formulation serves also as a setup of the theory of second order phase transitions in statis-
tical mechanics systems where now n < 3. In this case one expects the correlation functions to possess an
additional symmetry under the conformal transformations of R"™ and the QFT is now a Conformal Field
Theory (CFT).

In practice most of the information on QFT obtained by the physicists has been perturbative and given
in terms of a formal power series expansion in parameters perturbing a Gaussian measure (and pictorially
described by Feynman diagrams). In CFT however there is another, nonperturbative, approach going under
the name of Conformal bootstrap. In this approach one postulates a set of special primary fields O, (y) (or
operators O, (t,x) in the Hilbert space formulation) whose correlation functions transform as tensors under
the conformal group. Furthermore one postulates a rule called the operator product expansion allowing to
expand a product of two primary fields inside a correlation function (or a product of two operators in the
Hilbert space formulation) as a sum of primary fields with explicit coefficients depending on the three point
correlation functions, the so called structure constants of the CFT.

In the case of two dimensional conformal field theories (d = 1 or n = 2 above) the conformal symmetry
constrains possible CFT’s particularly strongly and Belavin, Polyakov and Zamolodchikov [BPZ84] (BPZ
from now on) showed the power of the bootstrap approach by producing explicit expressions for the correla-
tion functions of a large family of CFT’s of interest to statistical physics among them the Ising model. In a
nutshell, BPZ argued that one could parametrize CFT’s by a unique parameter ¢ called the central charge
and they found the correlation functions for certain rational values of ¢ where the number of primary fields
is finite (the minimal models). During the last decade the bootstrap approach has also led to spectacular
predictions of critical exponents in the physically interesting three dimensional case [PoRyVi].

Giving a rigorous mathematical meaning to these two approaches and relating them has been a huge
challenge for mathematicians. On an axiomatic level the transition from the operator theory on Hilbert
space to the Euclidean probabilistic theory was understood early on and for the converse the crucial concept
of reflection positivity was isolated [OsSh73, OsSh75]. Reflection positivity is a property of the probability
law underlying the random fields that allows for a construction of a canonical Hilbert space where operators
representing the symmetries of the theory act. Reflection positivity is one of the crucial inputs in the present
paper.

However on a more concrete level of explicit examples of QFT’s mathematical progress has been slower.
The (Euclidean) path integral approach was addressed by constructive field theory in dimensions d + 1 < 4
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using probabilistic methods but detailed information has been restricted to the cases that are small per-
turbations of a Gaussian measure. In particular the 2d CFT’s have been beyond this approach so far. A
different probabilistic approach to conformal invariance has been developed during the past twenty years
following the introduction by Schramm [Sch00] of random curves called Schramm-Loewner evolution (SLE).
This approach, centred around the geometric description of critical models of statistical physics, has led
to exact statements on the interfaces of percolation or the critical Ising model; following the introduction
of SLE and the work of Smirnov, probabilists also managed to justify and construct the CFT correlation
functions of the scaling limit of the 2d Ising model [ChSm12, CHI15] (see also the review [Pell9] for the
construction of CFT correlations via SLE observables).

Making a mathematical theory of the BPZ approach triggered in the 80’s and 90’s intense research in the
field of Vertex Operator Algebras introduced by Borcherds [Bo86] and Frenkel-Lepowsky-Meurman [FLM89]
(see also the book [Hu97] and the article [HuKo07] for more recent developments on this formalism). Even
if the theory of vertex operator algebras was quite successful to rigorously formalize numerous CFTs, the
approach suffers certain limitations at the moment. First, correlations are defined as formal power series
(convergence issues are not tackled in the first place and are often difficult); second, many fundamental
CFTs have still not been formalized within this approach, among which the CFTs with uncountable col-
lections of primary fields and in particular Liouville conformal field theory (LCFT in short) studied in this
paper. Moreover, the theory of Vertex Operator Algebras, which is based on axiomatically implementing
the operator product expansion point of view of physics, does not elucidate the link to the the path integral
approach or to the models of statistical physics at critical temperature (if any).

In their seminal work, BPZ were in fact motivated by the quest to compute the correlations in LCFT.
LCFT had been introduced previously by Polyakov under the form of a path integral in his approach to
bosonic string theory [Po81]. Since then, LCFT has appeared in the physics literature in a wide range of
fields including random planar maps (discrete quantum gravity, see the review [Koll]) and the supersym-
metric Yang-Mills theory (via the AGT correspondence [AGT10]). Recently, there has been a large effort
in probability theory to make sense of Polyakov’s path integral formulation of LCFT within the framework
of random conformal geometry and the scaling limit of random planar maps: see [LeG13, Mier13, MS20a,
MS20b, MS20c¢, DiDuDuFa, DuFaGwP{S, MiGw] for the construction of a random metric space describing
(at least at the conjectural level) the limit of random planar maps and [DMS14, NS] for exact results on
their link with LCFT!. In particular, the three last authors of the present paper in collaboration with F.
David [DKRV16] have constructed the path integral formulation of LCFT on the Riemann sphere using
probability theory. This was extended to higher genus surfaces in [DRV16, GRV19]. In this paper, we will
be concerned with LCFT on the Riemann sphere.

LCFT depends on two parameters 7 € (0,2) and g > 0%, In this paper we prove that for v € (0,1/2) the
probabilistic construction of LCFT matches the bootstrap construction envisioned in [BPZ84]. The proof is
based on the spectral analysis of a self-adjoint unbounded operator, the Hamiltonian of LCFT, defined on
the canonical Hilbert space of LCFT obtained from reflection positivity®. The Hamiltonian is defined for all
v € (0,2). For v € (0,/2) it is of the form of a Schrédinger operator acting in the L2-space of an infinite
dimensional measure space. It has a non trivial potential term which is a positive function for v € (0,/2).
For ~ € [\/57 2) the potential is no more a measurable function and this case requires essential novel ideas
(note however that the Hamiltonian still is defined and self adjoint). Although the range + € (0, V/2) is not
totally satisfactory®, LCFT in this range of v is a highly nontrivial CFT with an uncountable family of
primary fields and a nontrivial OPE and we believe the proof of conformal bootstrap in this case provides a

1t is beyond the scope of this introduction to state and comment all the exciting results that have been obtained recently
in this flourishing field of probability theory.

2The non interacting case p = 0 which corresponds to Gaussian free field theory has been extensively studied by Kang-
Makarov [KM13].

3The importance of understanding the spectral analysis of the Hamiltonian of LCFT was stressed by Teschner in [Te01]
which was an inspiration for us.

4The authors of [GRSS20] informed us of an ongoing project to extend their results on the torus conformal blocks to the
case of the sphere; provided this extension is performed, Theorem 1.1 below will also hold in the case v = /2 by a continuity
argument. In the framework of statistical physics, this corresponds to the uniform spanning tree model.



4 COLIN GUILLARMOU, ANTTI KUPIAINEN, REMI RHODES, AND VINCENT VARGAS

highly nontrivial test case where a mathematical justification for this beautiful idea from physics has been
achieved. Also, the methodology developped in this paper will enable to prove a similar statement for LCFT
on the torus [GKRV].

Probabilistic approach of Liouville CFT. LCFT, which depends on two parameters v € (0,2) and p >0
(called cosmological constant), is the theory of a distribution valued random field ¢ defined on the Riemann
sphere C = Cu {o0}. The physically and mathematically interesting fields in LCFT are exponentials of
the so-called Liouville field ¢, also called “vertex operators” V,(z) = e®®(?) in physics, and their n-point
correlation functions ([T;L; Vi, (2i))~,u. Here, the points z; € C are distinct, o; € C and (-),,, denotes an
expectation (or average) with respect to a measure defined on an appropriate functional space. One specific
feature of LCFT on the sphere is that the underlying measure of the theory has infinite mass, i.e. (1),,, = oo.
In the physics literature, the formal path integral definition of the correlations for distinct z; € C and «; € C
is given by

(1.1) (E Vi (2i) )y, = [4;((:_41{ (Hea@(zz )e_SL(¢)D¢,

where
e D¢ denotes the formal “Lebesgue measure on the space of functions ¢ : C — R obeying the
asymptotics d)(a:) ~ —2Q1n|x| with Q = 2 + 7.
o the Liouville action is given by: S(¢) = 1= f<c (|V(;5(J:)|2 +4mpe?®®)) dz, where dz is the standard
flat Lebesgue measure and V the standard (flat) gradient.
LCFT is an interacting field theory because of the non quadratic term 47ruew(m) in the action. This inter-
action term is related to the uniformization of Riemann surfaces, as the classical action Sy, (¢) has critical
points leading to metrics with constant Gaussian curvature. Since the Lebesgue measure on infinite dimen-
sional space is ill defined, the measure e 5*(#)D¢ and the formula (1.1) for the correlations are formal.
The recent work [DKRV16] gives a rigorous mathematical meaning to the measure e 51(®)D¢ via prob-
ability theory as we now describe. We first introduce the Gaussian Free Field (GFF) X on C; we suppose
the GFF is defined on the probability space (£2,%,PP) (with expectation E[.]). For all s <0, the GFF is a
random distribution in the Sobolev space WS((C) on the sphere C defined by
WH(C) = {feS'(C) | X (1+M)°[{f,ur)r2f* < 0o}
k>0
where (ug)k >0 denotes the orthonormal basis of eigenfunctions of the Laplacian on ® equipped with a
Riemannian metric with volume measure g(«)dz, with eigenvalues A, and Lg = L*(C, g(x)dz) (with scalar
product (-,-)rz). LCFT correlation functions turn out to have an explicit dependence on g [DKRV16] and
using this freedom one can use the GFF with the following covariance kernel

(1.2) E[X(2)X(y)] =1n +1In|z|y +In|yls = G(z,y)

1
'l
with |z|+ = max(|z|,1) (in this case the background metric is g(x) = ﬁ) Note that, since the GFF is not

defined pointwise, the above covariance is an abuse of notation which is standard in probability theory.
With these notations, the rigorous definition of the Liouville field ¢ is ¢(z) = ¢+ X (x) — 2Q In|z|, under the
measure

(13) 2N ) o B,
2
where as before 41 >0,7¢€(0,2), Q=7 + % and M, (dx) = e”X(”)‘%E[X(”)Q]ﬁTﬁ is a random measure on C.

Hence we set for F' continuous and non negative on WS(C)

(1.4) (F())+y0 = fR e2E[F(c+ X - 2Qn|]y)e e M (O] de.

eve

5In the recent paper [KRV20], the authors considered the measure 2 e 2@¢e=#e" "M~ (C) dc @ P instead.
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Since the GFF is not defined pointwise, the measure M, is defined via a renormalization procedure. Specif-
ically, it is given by the following limit called Gaussian multiplicative chaos (GMC, originally introduced by
Kahane)
i 7X@ B BIX ()7 4T
(1.5) M, (dz):=1lim e 2 7
€0 |1‘|+
where X (z) = X * 0, is the mollification of X with an approximation (6. )¢ of the Dirac mass dp; indeed,
one can show that the limit (1.5) exists in probability in the space of Radon measures on C and that the
limit does not depend on the mollifier 6.: see [RoVal0, RhVal4, Bel7] for example. The condition + € (0,2)
stems from the fact that the random measure M, is different from zero if and only if v € (0,2). For v
fixed in (0,2), LCFTs associated to different >0 and p’ > 0 yield equivalent theories for ¢: hence, LCFT
depends essentially on the parameter «. Finally, the variable c € R is absolutely crucial here. It stems from
the fact that the GFF on C is defined modulo a constant but in LCFT one has to include the constant as
a dynamical variable to ensure conformal invariance.
The measure (1.3) defines an infinite measure on the Sobolev space W*(C) for all s < 0. Following
[DKRV16], the n-point correlations can be defined for real valued «; via the following limit

(1.6) <HVW'£(Zi)>7;M = Pi%(qvai,e(zi))'y,u
i= i=

where z1,..., 2, € C are distinct,

(1.7) Vi o(2) = |2 400 2o Xe ()= S BIXc(2)7)

and A, is called the conformal weight of V,

(1.8) Aa:%(Q—%), acC.

The limit (1.6) exists and is non trivial if and only if the following bounds hold

(1.9) Y >2Q, a; <Q, Yi=1,...,n (Seiberg bounds).
i=1

One of the main results of [DKRV16] is that the limit (1.6) admits the following representation in terms of
the moments of GMC

(1.10) (ﬁVai(zi»%u :7"1( [

1<j<j’ <n

1

PEFPRE

)M‘SF(S)E[Z“"]

Ziljirw, T is the standard Gamma function and (recall that |z|, = max(|x|,1))

z= [ 1T oz, (da)
e\ict [z —zipes )77 .

We stress that the formula (1.10) is valid for correlations with n > 3, which can be seen at the level
of the Seiberg bounds (1.9)". Also it was proved in [DKRV16, Th 3.5] that these correlation functions
are conformally covariant. More precisely, if z1,--, z, are n distinct points in C then for a Md&bius map
P(z) = 22 (with a,b,c,d € C and ad - be = 1)

cz+d

where s =

(L11) <H Vo (0(2))) e = ﬁW(zi)rmw ( kH Vo (5))y 1

61 fact, one can extend the probabilistic construction (1.10) a bit beyond the Seiberg bounds but the extended bounds
also imply n > 3. We will not discuss these extended bounds in this paper.

"For special values of the a;, expression (1.10) is equivalent to certain moments of a natural Gibbs measure associated
to X: this observation is the base of a recent work in physics by Cao-Rosso-Santachiara-Le Doussal [CRSL] which builds on
[DKRV16].
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Because of relation (1.11), the vertex operators are primary fields in the language of physics. Let us now
turn to the conformal bootstrap approach to LCFT.

DOZZ formula and Conformal Bootstrap. The conformal bootstrap construction of LCFT postu-
lates an exact formula for the 3-point correlation functions, the celebrated DOZZ formula [DoOt94, ZaZa96]
discovered by Dorn, Otto, Zamolodchikov and Zamolodchikov in the 90’s and defines the higher order cor-
relation functions via a recursive procedure. In contrast to the probabilistic construction of the correlations,
the bootstrap formalism involves the correlations when the vertices V,(z) have their parameter « in the
line S := Q +iR*, called in physics the spectrum of LCFT® (for a mathematician, the way physicists define
the spectrum can be confusing; indeed, we will see later that one can interpret the spectrum of LCFT as
a labelling of generalized eigenstates of an unbounded and self-adjoint operator whose mathematical spec-
trum is in fact 2(Ay)aes = [%2, o0) where A, is defined via (1.8): see Theorem 1.3 for an exact statement).
More specifically, let us denote the correlations in the bootstrap formalism by ([T}, Va, (zi)),]?fl’ft. With this
notation, the bootstrap assumption leads to the following definitions:

e DOZZ proposal for the 3-point function: the 3-point correlation functions can first be reduced
to taking the points (21,22, 23) = (0,1, 00) by using conformal covariance (1.11) of the correlations
functions under the action of Mobius transformations (in PSLy(C)). Then they are defined for
a; € S in [DoOt94, ZaZa96] by

00 1 C
(112) (Val (O)Vaz (1)Va3 (Oo))'Eys,,u b= §CRSZZ(Q1, a2, 0‘3)J

where CR Szz(al, e, 3) is an explicit special function involving the Barnes Gamma function, which
is analytic in the variables aj,as, a3 € C (with a countable number of poles): see appendix A for
the definition.

¢ Bootstrap to compute the 4-point function from the 3-point function: the 4-point corre-
lations are defined for ay, g, a3, a4 € S from the 3-point function by the expression

(Vo (0)Vay (2) Vo (D) Ve, (c0))Boot

¥oh

(1.13) = 8% fo CPVH (an,02,Q = iP)CYOP(Q +iP, g, ) 2B @rir=Bea=8e2) | Fp (2) Pd P
where Fp are holomorphic functions in z called (spherical) conformal blocks. The conformal blocks
are universal in the sense that they only depend on the conformal weights A,, = % (Q - %) and the
central charge of LCFT ¢, = 1+6Q?'". We will not give an exact definition of Fp in this introduction
as it requires the introduction of material from representation theory of the Virasoro algebra: see
(1.72) and (1.73) for the exact definition. More generally, the n-point function can be obtained by
a similar iterative process in terms of the m-point functions for m < n.

While based on physics heuristics, there are strong theoretical motivations and supporting evidences
that the the DOZZ proposal (1.12) and the bootstrap formula (1.13) are the right formulas LCFT should
satisfy. Since the DOZZ formula is analytic in aq,as, a3 € C, one should expect that the probabilistic and
the bootstrap construction coincide on the domain of validity of the probabilistic construction, i.e. for real
aq, g, ag satisfying the Seiberg bounds (1.9). This is indeed the case: in a recent work [KRV20], the last
three authors proved that the probabilistically constructed 3-point correlation functions indeed satisfy the
DOZZ formula.

The present work aims to complete the program of relating the probabilistic construction of LCFT to
the bootstrap construction by proving the relation (1.13). In order to relate both constructions, one must
also perform an analytic continuation of (1.13); more specifically, the DOZZ formulas and the conformal
blocks entering the definition (1.13) can be analytically continued from «; € S to real «; satisfying the

8See [CuTh, BCT82, GeNe84] for arguments in physics about what the spectrum of LCFT should be. We will prove this
fact in further details later in the paper: see Theorem 1.3.

9The % has been added here because of our convention to define the Liouville field: see the footnote in (1.3).

10T his dependence is not explicit in our notations but the reader should keep in mind that a fully explicit notation for

Fp(z) would rather be Fp(cr,Aa;, Aas, Aasz, Day, 2)-
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condition «a; < @ for all i € [1,4] along with a3 + as > @ and ag + ay > Q. For these real values of
a; we still denote CRSZZ and Fp the analytically continued expressions and the analytically continued
(Vo (0) Ve, (2) Vo (1) Ve, (oo))s‘f;ft is therefore still given by expression (1.13). The main result of this paper
is the following theorem proving that the conformal bootstrap formula (1.13) is the right one, in the sense

that the probabilistic construction of the 4-point function produces the same exact formula:

Theorem 1.1. Let v € (0,v/2) and a; < Q for alli € [1,4]. Then the following identity holds for oy + s > Q
and az +ay > Q

(1.14) (Vay (0) Vo, (2)Vas (1) Ve, (00) )y = (Vaay (0) Ve, (2) Vg (1) Vary (°°)>7Bf;10t'

The condition 7 € (0,1/2) is a limitation of our proof but the conditions a; + o > Q and as + ay > Q are
essential. Indeed, if a1 + ag < @ the analytic continuation of (1.13) from «; € S requires adding an extra
term (cf. the discussion on the so-called discrete terms in [ZaZa96]).

Although the conformal bootstrap Theorem 1.1 is stated for the 4-point correlation function, we empha-
size that our method is constructive and allows to prove the relation between the n-point functions and the
m-point functions for m < n. In order to keep the length of the paper reasonable, we will not state these
generalizations explicitly since the bootstrap formulas for the higher order correlations are rather compli-
cated.

Conformal blocks and relations with the AGT conjecture. Let us mention that it is not at all
obvious that the bootstrap definition of the four point correlation function, i.e. the right hand side of (1.14),
exists for real «; satisfying the condition «; < @ for all i € [1,4] along with a; + as > Q and as + ayq > Q.
Indeed, first the conformal blocks are defined via a series expansion

(1.15) Fp(z) = iﬁnz”

where the coefficients (,,, which have a strong representation theoretic content, are non explicit and given in
terms of the inverse matrix of a scalar product on a finite dimensional space (a subspace of the vector space
which appears in a representation of the Virasoro algebra): see (1.73) for the exact definition of 3,,. Hence,
it is not at all obvious that the series (1.15) converges for |z| < 1. Second, it is not clear that the integral in
P e R* of expression (1.13) is convergent. As a matter of fact, in the course of the proof of Theorem 1.1, we
establish both that the radius of convergence'' of (1.15) is 1 for almost all P and that the integral (1.13)
makes sense.

To the best of our knowledge, the proof of the convergence of the conformal blocks is new and we expect
that the result holds for all P, although we do not need such a strong statement for our purpose. Let us
mention here the recent work of Ghosal-Remy-Sun-Sun [GRSS20] which establishes a probabilistic formula
involving moments of a GMC type variable for the so-called toric conformal blocks in the case of the torus
T2, which play an analogous role for LCFT on T? to the spherical conformal blocks considered in Theorem
1.1 (in particular, they obtain existence of the blocks for all values of the relevant parameters).

The AGT correspondence [AGT10] between 4d supersymmetric Yang-Mills and the bootstrap construc-
tion of LCFT (on any Riemann surface) conjectures that Fp(2) coincides with special cases of Nekrasov’s
partition function. Since Nekrasov’s partition function for A = 2 gauge theory in 4d is explicit, a proof of
the conjecture would give an explicit formula for 3, in (1.15). However, even admitting this conjecture, it
remains difficult to show that the radius of convergence of the conformal blocks Fp is 1 because Nekrasov’s
partition function gives a representation of 3,, in terms of a complicated sum over pairs of Young diagrams
which is hard to study directly: see for instance the work of Felder-Miiller-Lennert [FLM89] for convergence
statements on the Nekrasov partition function. The AGT conjecture has nonetheless been proved in the
case of the torus (for the corresponding toric conformal blocks) by Negut [Nel6] following the works of
Maulik-Okounkov [MaOk12] and Schiffman-Vasserot [ScVal3]. However, these papers consider conformal

Hyye acknowledge here an argument that was given to us by Slava Rychkov in private communications. Convergence of
conformal blocks defining series is topical in physics, see [PRER12, HoRy13, KQR20].
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blocks (1.15) and Nekrasov’s partition function as formal power series in the z variable and do not ad-
dress the issue of convergence; also, their method does not extend to the case of the Riemann sphere or to
Riemann surfaces of genus greater or equal to 2 (see also Fateev-Litvinov [FL10] and Alba-Fateev-Litvinov-
Tarnopolsky [AFLT11] for arguments in the physics literature which support the AGT conjecture on the
torus or the Riemann sphere).

Crossing Symmetry. Let us say a few more words on the bootstrap construction and the relation with
what is known as crossing symmetry. The bootstrap construction is based axiomatically on the existence of
a decomposition that should be seen as an asymptotic expansion of the “product” V,,(0)V,,(2) as z - 0:
in the language of physics, it is called an operator product expansion of V,,(0)V,,(z) around z = 0. Our
proof of identity (1.14) is in fact based on a rigorous formulation of this operator product expansion as a
decomposition in a Hilbert space. More specifically, we rigorously construct the “product” as a vector in
an appropriate Hilbert space (the vector is given by expression (1.22) below); the mathematical version of
the operator product expansion then corresponds to a decomposition of the vector on an appropriate basis
of the Hilbert space. Within the bootstrap methodology, a similar decomposition is axiomatically supposed
to hold for V,,(2)Va;(1) when z — 1. Both of these expansions (z - 0 or z - 1) can be inserted into the 4
point correlation functions and equality of the resulting expressions is axiomatically supposed and referred
to as crossing symmetry in the physics literature. More specifically, the bootstrap construction of LCFT
assumes that the following crossing symmetry identity holds

A+ C’?SZZ(ala Qg, Q - zP)C’]YDSZZ(adv Oy, Q + Z"F))|Z|2(AQH‘P_AQI_AG‘Q)|-¢.1’:’(2”)|2d‘1:)

(1L16) = [ CPO(ay,2,Q - iP)CEY (1,01, Q + iP)|L = 2 (Arr~Besd)| Fp (1 - 2)Pap

where Fp is obtained from Fp by flipping the parameter «; with as. The crossing symmetry identity (1.16),
which is essential for the bootstrap construction of LCFT to be meaningful, is a very strong constraint and
seems very hard to prove directly. However, it follows directly from our work since one has by conformal
covariance (1.11) of the probabilistic construction of the correlations

(Va, (0) Vi, (Z)Vag(l)vag(oo»v,u = (Vas (0)Va, (1 - Z)Val(l)vozs(oo»%w

This yields the following immediate corollary:
Corollary 1.2. The bootstrap construction of LCFT satisfies crossing symmetry for ~ € (0, \/5)

Let us also mention that Teschner has given strong arguments in [Te01] which suggest that the bootstrap
construction of LCFT satisfies crossing symmetry.
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1.2. Outline of the proof. In the sequel, we suppose that the GFF on the Riemann sphere X is defined
on a probability space (2,3, P) (with expectation E[.]) where = Qp x Qp x Qpe, ¥ = E7 ® 3¥p ® Xpe and
P is a product measure IP = Pt ® Pp ® Ppe. At the level of random variables, the GFF decomposes as the
sum of three independent variables

(117) X:P(p+XD+XDc

where Py is the harmonic extension of the GFF restricted to the circle ¢ = X|r defined on (Qr, X1, Pr) and
Xp, Xpe are two independent GFFs on D and D° with Dirichlet boundary conditions defined respectively
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on the probability spaces (Qp, Xp, Pp) and (Qpe, Epe, Ppe)'?, i.e. with covariance the Green kernel Gp (-, -)
(and Gpe(+,-)) associated to the Laplacian with Dirichlet boundary conditions. At this stage, let us just
mention the following symmetry property for the distribution of the two GFFs Xp, Xpe
(1.18) XDC(i) (Law) x(2).

z

The GFF satisfies a spatial domain Markov property which implies that we may view it as a Markov
process in the “time” variable t - X (e™*-) with state space the Sobolev space W*(T) with s < 0, i.e.
generalized functions f(0) = ¥,,c7 fne'™® such that
1f e ey = 2o Lfal?(Inl + 1) < co.

nez
The process gives rise to an Ornstein-Uhlenbeck semigroup on L?(Qr) whose generator is a positive self-
adjoint operator P. The operator P is essentially an infinite dimensional harmonic oscillator: see (1.32)
below for the exact definition. This operator P has only discrete spectrum consisting of eigenvalues with
finite multiplicity. Similarly one may look at the Liouville field in the “time” variable ¢t ~ ¢(e™*-) under
the LCFT measure (1.4): in this context, LCFT inherits the Markov property from the GFF and by a
Feynman-Kac formula (see Section 2.6) it gives rise to a Markov semigroup in L?(R x Qr) (equipped with
the measure dc ® Pt) generated for v € (0,1/2) by the operator

1 1
(1.19) H=—583+ §Q2+P+,ue"YCV
where V' is a positive potential whose expression is

(1.20) V= [% BW(G)—?E[s@(f?)z]dg_
0

2 2
In expression (1.20), the measure 1?0 E[2(")7]149, which is the GMC associated to ¢, is again defined

via a renormalization procedure similar to (1.5). The measure e'“”(e)‘glE[“’(ef]d@ is different from 0 if and
only if v € [0,4/2) and V belongs to L?(Qr) if and only if v € (0,1). For v € [/2,2), LCFT also gives rise to
a Markov semigroup in L?(R x Q) but the interaction term is no longer a function and in particular there
is no simple expression for the corresponding operator. The operator (1.19) in the absence of the c-variable,
i.e. the operator P + pV, was first studied in [Ho71] and was shown to be essentially self-adjoint on an
appropriate domain provided v € (0,1).

In the sequel, we will denote by (:|-)2 the standard inner product associated to L?(R x Q) and | - |2
the associated norm. The connection between the correlation functions of LCFT and the semigroup e *H
comes from reflection positivity, a property intimately linked to the decomposition (1.17) and the symmetry
property (1.18) which allows to express correlation functions as scalar products in L?(Rx€r) by conditioning
on the variable ¢. In particular for the 4-point function we can first use its conformal covariance (1.11) under
Mobius transformations to reduce to the case where the points are (0, z, 2’, 00) with |z| < 1 and |2'| > 1. We
then write for oy + g > Q and agz + ay > Q

(1.21) (Voq (O)Vaz(Z)Vocg(zl)vm;(oo))%u = |z,|_4Aa3 (Ua1,a2 (O’ Z)) |Ua47a3 (07 %))2

where Uy, a,(0,2) and Ua, a, (0, 1) are vectors in L?(R x Qr) given by the following probabilistic formula
for all |z1],|22| < 1 and all real o, 8 < Q

(122) Ua.ﬁ(zla 22) _ e(a+ﬂ—Q)ceaPap(zl)+ﬁP<p(zQ)+aBGm(21722)(1 _ |Zl‘2)% (1 _ |22|2)§
< [e_ue»yc I e'y(xGD(m,zl)+’y/3GD(m,z2)M’Y(dx)]
»

where E,[-] := E[-|Xr] denotes the conditional expectation with respect to the GFF on the circle (recall Py
is the harmonic extension of ¢ in (1.17)). Let us emphasize here that (1.21) and (1.22) are valid in the full
range v € (0,2). The L*(R x Q) vector U, (0, 2) should be seen as a rigorous definition of the product of

12With a slight abuse of notations, we will assume that these spaces are canonically embedded in the product space (€2, %)
and we will identify them with the respective images of the respective embeddings.
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the two vertex operators V,,(0)V3(z) where the case 8 = 0 corresponds to a single vertex operator V,,(0); in
the sequel we will denote U, (0) := Uy 0(0, z) hence we have (using Py(0) = 0)

(1.23)

Ua(0) = @ @B, [emhe™ e Dty d) ]

Our proof of the bootstrap formula (which works in the case v € (0,4/2)) can then be summarized as
follows:

(1.24)

BFor Pe R*, one can check that a = Q +iP produces the eigenvalue 2A, =

e First, we show that U,(0), defined probabilistically in (1.23) for real o < @, can be analytically

extended to the half-plane Re(a) < @ and they are generalized eigenfunctions of H, more precisely
(H-2A,)U,(0) = 0. They are not in L*(R x Qr) but belong to weighted L*(R x Qr)-spaces with
exponential weights with respect to c¢. The operator H has only absolutely continuous spectrum,
equal to [Q?/2,00), and we prove that H can be diagonalized by using the continuous family
Ug+ip(0) for P e R*™® and the so-called descendant fields obtained by the action of an algebra
of operators, called the Virasoro algebra and generated by the Virasoro generators (L, )nez and
(Zn)n€Z7 on the family Ug,;p(0). This action can be encoded by non-trivial pairs of Young diagrams
(v,7) so that descendant fields, denoted ¥g+ip, 7, can be parametrized by those pairs of Young
diagrams. When this pair is null (v = 7 = @), we have Ugip00 = Ug+ir(0) and these fields
are called the primary fields. The descendant fields are not really orthonormal, which means that
the decomposition of the spectral measure Ep of H in terms of Ug.;p(0) and its descendants
(Yo1ipy,m)vw involves some matrix coefficients Fo.;p(v, ') (Gram Matrix) called the Shapovalov
form in representation theory; this aspect needs a bit of representation theory of the Virasoro
algebra. The next subsections summarize this part.

Second, we write the L?(R x Qr)-product of the vectors Ua, a,(0,2) and Ug,a,(0, &) under the
form

1 1
(Uauaz (0’ Z) | Ua4,a3 (Oa ?))2 = ‘/l; <dEPUa1,Oéz (07 Z) | Uoc4,043 (07 ?))2

1

1
% , 'ﬁzy:/ = fR+ <U0417a2 (03 Z) | \PQ+1'P7V’75')2<\IIQ+Z'P7V77| Ua37a4 (Oa ?)>2Fé-1+iP(Vv V,)Fé-lH'P(”jﬂ ’Vv,) dp
using the spectral resolution Ep of H (the spectral theorem for H). Here, ¥g,;p, 3 are not in
L*(R x Qp) but Uny.0,(0,2)Wqsip o € L' (R x Qp) so that the pairing (Un, .0, (0,2) |V oripu )2
makes sense.

Third, for each fixed P € R*, we establish the so-called Ward identities: they encode the conformal
symmetries of LCFT. Concretely they express the scalar products of descendant fields

(Ual,az (07 Z) | \IIQ+iP7Vfl7>2

in terms of differential operators applied to the scalar product involving primary fields

(Ua,a2(0,2) [Ug+ir(0))2-

This is an important step in our proof and we refer to Proposition 1.10 below for an exact statement.
The main issue here is that we have no probabilistic representation of the descendants ¥, , » for o
on the spectrum line @ +iR*. So we prove that the descendant fields can be analytically continued
to real values of a < @) provided that « is very negative: this is what we call the probabilistic region
as for those a’s we are able to prove a probabilistic formula involving the Stress Energy Tensor
(SET) for the descendant fields ¥, , ,+ of U,(0). One can then exploit this probabilistic formula
to prove Proposition 1.10 using Gaussian integration by parts. The case a = @ + iP can then be
deduced by an analytic continuation argument. The Ward identities of Proposition 1.10, along with
a proper recombination of the terms in the spectral decomposition (see (1.59) below for the spectral
decomposition) enable to recover the formula of the conformal blocks. On the other side, our proof
shows convergence almost everywhere in P of the series (1.15) that defines the conformal blocks.

Q2+P2

5— hence in the spectrum [Q2%/2,00) of H.




CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 11

In the next subsections of the introduction, we shall explain more in details these few aspects and state
precisely the needed Theorems we are going to prove in the paper.

1.3. Spectral resolution of the Hamiltonian H. One of the main mathematical inputs in our proof
comes from stationary scattering theory. Let us start here by a toy model explaining the intuition about
the spectrum of H, first elaborated by Curtright and Thorn [CuTh] (see also Teschner [Te01] for a nice
discussion of the scattering picture). Consider first the trivial case p = 0. The spectrum of the operator
—%83 + %Q2 +Pis [%QQ, o) and a complete set of generalized eigenfunctions diagonalizing H is given by
e'’P°® with P e R and ® an eigenfunction of P. Next consider the operator where V is replaced by 1. The
operator —%83 + 1e7€ is a Schrodinger operator with potential tending to 0 as ¢ - —co and to oo as ¢ - oo.
It describes scattering from a wall and it has a complete set of eigenfunctions fp, P € R*
efe+ R(P)e e ¢ - o0

o)~ Cen
where R(P) is an explicit coefficient called the reflection coefficient'®. Obviously the eigenfunctions of the
V =1 operator are fp®. For V # 1 the ¢ and the ¢ variables are coupled. Since V is positive and P has
compact resolvent we expect the above picture will stay qualitatively the same as for V' =1 and indeed we
prove that H has a spectral resolution in terms of a complete set of generalized eigenfunctions ¥g.ip.mn,
where P € R* and the labels m,n are the same as for the eigenfunctions of P: this means that one can
write the Identity (and more generally a functional calculus, i.e. F(H) for F € C2(R)) in terms of these
eigenfunctions — see Theorem 1.3.

We will now give the precise definition of the operator (1.19) and state our result on its spectral properties.
Given two independent sequences of i.i.d. standard Gaussians (z,), > 1 and (yn)n > 1, the GFF on the unit
circle is the random Fourier series

(1.25) (0) = > ppem?
n#0

where for n >0
1
(1.26) Pn = ﬁ(wn +iYn),  Pon =Py

One can easily check that ]E[H(pH%VS(T)] < oo for any s < 0 so that the series (1.25) defines a random element
in W?*(T). Moreover, by a standard computation, one can check that it is a centered Gaussian field with
covariance kernel given by'®

(1.27) ELp(0)o(0)) =10 [~ .

The underlying probability space here is Qr = (IRQ)N*. It is equipped with the cylinder sigma-algebra
Y= B®N*, where B stands for the Borel sigma-algebra on R? and the product measure

(1.28) Pri= ® !

—e_%(g”iwi)dxndyn.
n>1 2w
Here Py is supported on W*(T) for any s < 0.
The Hilbert space L?(Qr,Pt) (denoted from now on by L?(Qr)) has the structure of Fock space. Let
P c L?(Qr) be the linear span of the functions of the form F(z1,y1, -, 2n,yn) for some N > 1 where F is
a polynomial on R?Y. On P we define the annihilation and creation operators

(129) Xn = axna X-* = _813n + Ty,

n

(1.30) Y, =0y,, Y, = =0y, + Yn-

14 This coefficient is a simplified version of the (quantum) reflection coefficient which appears in the proof of the DOZZ
formula [KRV19].
15Gince the field @ is not defined pointwise, recall that this is a slight abuse of notation.
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where * denotes the adjoint. These are closable (see e.g. [ReSil], VIIL.11) and adjoint of each other and
form a representation of the algebra of canonical commutation relations on L?(Qr):

(131) [Xna X:n] = 6nm = [YnaY:n]
with other commutators vanishing. The operator P is then given on P as
(1.32) P-= Z (XXX, +YY,)

n=1

(only finite number of terms in the sum contributes when acting on P) and extends to an unbounded self-
adjoint positive operator on L2(Q2r). Let k = (k1,ks,...) € N+ be such that k, = 0 for all n large enough
and 1 similarly. The set of such sequences, i.e. sequences of integers with only a finite number of positive
integers, will be denoted A/. Define the polynomials (here 1 € L*(27) is the constant function)

(1.33) dra = [T(X5)k (Y ) 1.

Equivalently, ¢y = 1, Heg, (2,,)Hey, (y,) where (Heg)y > o are the standard Hermite polynomials. Then,
using (1.31), one checks that these are eigenstates of P:

(1.34) P = (k| + 1P = Aara.

where we use the notation

(1.35) k| := > nk,
n=1
for k e V. Tt is also well known that the family {¢i = tia/| ¢l r2(@n) ) (where | - ||z2¢q,) is the standard
norm in L?(Qr)) forms an orthonormal basis of L?(Q7).
For all v € (0,v/2), one can define a GMC type random measure associated to the exponential of .
More precisely, define the regularized field

(1.36) eM@O)= Y pue™?
In| < N

which is a.s. a smooth function. Then the GMC measure m, can be defined as the following weak limit of
Radon measures

(1.37) m-(df) = lim evw(N)(e)—ﬁlE[sa(N)(e)Q]de
N*)OO

where the above limit exists almost surely, see [Ka85, RhVal4, Bel7] for instance on the topic. The multi-
plication operator V in (1.19) is then defined as the total mass of the measure:

(1.38) V =m (T) = fo 7 o (d9).

It is known ([RhVal4]) that for vy <v/2, Ve L%7€(QT) for all € > 0.

If v € (0,1) the domain of V' contains P since for F' € P we have F € L9(Qr) for all ¢ < oo and therefore
VF e L?(Qr). The Liouville Hamiltonian (1.19) maps C¢°(R) ® P to L?(R x Q) and since C°(R) ® P
is dense in L?(R x Q) it is possible to extend H into a self-adjoint operator on some domain D(H) by
completion of the corresponding quadratic form.

If v € [1,v/2), P is no longer contained in the domain D(H) but the domain of the quadratic form
still contains C§°(R) ® P so that H can be extended into a self-adjoint operator similarly. In both cases,
this extension, that we also denote H, is called the Friedrichs extension: see subsection 2.4 for the exact
definition. If ~y € [\/5,2), the potential V' makes sense only as a measure and furthermore this measure is
not only absolutely continuous with respect to the Gaussian measure. This case is problematic and will not
be treated in this paper.

Here is our main result on its spectrum (here c_ = min(c, 0)):
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Theorem 1.3. Let v € (0,\/2). The Liouville Hamiltonian (1.19) defined on Cs°(R) ® P has a canonical
self-adjoint extension to a domain D(H) c L?*(R x Qr) (the Friedrichs extension); the spectrum of H is

absolutely continuous and given by the half-line [%2, ). Each E ¢ [%2, o0) is of finite multiplicity (in the
sense of absolutely continuous spectrum) and there is a complete family of generalized eigenstates Vo ip k1 €
Nesoe° L2(R x Q) labeled by P € RY and k,1€ N such that (recall the definition of A in (1.34))
2 2
P

HYg.ipx,1= (% 5t )\kl)‘I’Qﬂ'P,k,L

Moreover Vg ipx1 is a complete family diagonalizing H in the sense that for each ui,us € e‘sC*LQ(R x Q1)
for some § >0

1 oo
(1.39) (u1 |ug)s = > /0 (u1 |V Qeirk1)2(¥Q+ipk,1 | uz)2d P

27 k,1eN

The Vg ipx,1 are scattering states and will be discussed more in Sect 1.6. Let us make a useful analogy
with the Laplacian in R": the Ug,;p k1 are similar to the plane waves P which diagonalize Agn, with
w e S" and P € R* - those are not in L?(R"™) but rather in e?IL2(R™), just as Wq,;pi1 belongs to
e *¢- L?(R x Q) in our case. The Fock space L?(Qr) plays in some sense the role played by L?(S"™!) for the
diagonalization of Ag~, the main difference is that for R™ each spectral value E' € R* has infinite multiplicity
(as an element of the continuous spectrum). Actually, in terms of spectrum, our operator H is more similar
to a Laplacian on a half-cylinder, i.e. -9 + Agn-1 on R* x S"~! with Dirichlet condition at 0. Although
we shall not need it, the formula (1.39) actually extends to all uy,us € L?(R x Q7), but in that case, since
VoiiPk,1 are not in L?(R x Qr) the quantity (uj, ¥g+ipk,1)2 does not make sense; however the sum and
integral (1.39) make sense similarly to the way Plancherel formula holds on L?(R™) using approximation of
uy,us by sequences in e5C-L2(R x Q) for some 0 > 0.

We notice however that proving Theorem 1.3 involves a good amount of work (the whole Section 4). The
main difficulty comes from the fact that the potential V' appearing in H lives on an infinite dimensional
space (here Q) and moreover it is not bounded above and below by positive constants: one rather has
V e LP(Qr) for some p > 1 for v < /2. This weak regularity and unboundedness of the potential make the
problem tricky.

1.4. Diagonalization of the free Hamiltonian using the Virasoro algebra. We start by explaining
the diagonalization of the free (i.e. non interacting) Hamiltonian H® which corresponds to the case u = 0
in (1.19). That can be done directly by using the orthonormal basis of Hermite polynomials 1y of L?(r)
combined with Plancherel formula for the Fourier transform on the real line: for each uq,us € ede- 12 (RxQr)
for some 0 > 0, one has

(1.40) (uilush = o= 3 [ (m]ePalale v uz) dP.

21 v IR
It will be useful however to use another basis for L?(€21) which respects its underlying complex analytic
structure and will be useful in constructing a representation on L?(R x Q1) of two commuting Virasoro
algebras. This will be crucial for our argument in order to identify the combinatorial structure of the
Liouville Hamiltonian. To do this, we will use the complex coordinates (1.26) and denote for n >0

O = i = ﬁ(aﬂin - iaun) and 0_p = 0 = \/E(awn + iayn)-
Opn : Op_p, :

We define on C*°(R) ® P the following operators for n > 0:
A, = ;’an, A_, = %(&n - 2np,)
A, = %B,n, A, = g(an - 2np_y)
Ag=Ap=1(0:.+Q).

These are closable operators in L?(R x Q) satisfying

(1.41) A*=A_,, A
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Furthermore A,1=0 and A,,1 =0 for n >0 and we have the commutation relations

(1.42) [An, An] =500 -m = [An, A, [An, Al =0.

Thus A,, and A, (n>0) are annihilation operators and A_, creation operators. As before let k,1e€ A/ and
define the polynomials
(1.43) = [[ A Al 1
n>0

Then 7y and 7y are orthogonal if k # k" or 1 #1” and the 7y’s with |k| +|1] = N span the eigenspace of P
with eigenvalue N. We denote 7y = 7ia/| 7w 2 () the normalized eigenvectors. )

To summarize, this basis realizes a factorisation of L?(2r) as a tensor product of two Fock spaces: let F
be the completion of the linear span of [],,. AFn1 and F analogously. Then the map

(1.44) U:FeoF - L*(Qr)

where U(A*21® A 1) = 7y is unitary.
Define the normal ordered product by : A, A, = ApA,, if m>0and A, A, if n >0 (ie. annihilation
operators are on the right) and then for all n € Z

(1.45) L) =-i(n+1)QA, + > A, Ay,
meZ
(1.46) i% =—i(n+ I)Q.Kn + Z ‘A, A,
meZ

These are well defined on C*°(R) ® P (since only a finite number of terms contribute) and they are
closable operators satisfying

(1.47) (LYY =1L

—-no

(L) =12,
Furthermore the vector space C*(R) ® P is stable under LY and L for all n € Z; on C*(R) ® P the L

satisfy the commutation relations of the Virasoro Algebra:

(1.48) (L0, L0 ] = (n=m)L oy, + 5 (0% = 1)

where the central charge is
cp =1+ 6@2.

These commutation relations can be checked by using the fact, on C*°(R) ® P, only finitely many terms
contribute in (1.48) and using the commutation relation (1.42). LY satisfy the same commutation relations
(1.48) and commute with the L2’s. Note also that

(1.49) Ly=1(-02+Q*)+2) A_A,
n>0
(1.50) Ly=1(-0?+@*+2> A_A,,
n>0
so that one can easily check that the p = 0 Hamiltonian HY := —%83 + %Q2+P has the following decomposition
H’ =L + L.

Remark 1.4. In the terminology of representation theory, we have a unitary representation of two com-
muting Virasoro Algebras on L?(R x Qr) (unitary in the sense that (1.47) holds) and this representation is
reducible as we will see below by constructing stable sub-representations.

LoExplicitly: fy = [1,s0(—in)kntinhnoln 1 lower order terms.
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First, for a € C, we define the function on R x L?(Qr)
(1.51) Valc, ) = el@e,

For € C, these are eigenstates of H?, they never belong to L?(R x Q1) but rather to some weighted spaces
Pl L2 (R x Qr) for B> |Re() — Q|, we then call them generalized eigenstates. We have

L8¢o¢ = nga = AM%

1.52 .
(52 L2t =L2thy =0, n>0,

where A, is the conformal weight (1.8). In particular Ag.;p = i(P2 +Q?). By definition ), is a highest
weight state with highest weight A, for both algebras. Before defining the so-called descendants of v, we
introduce the following definition:

Definition 1.5. A sequence of integers v = (v;); >0 is called a Young diagram if the mapping i = v; is
non-increasing and if v; = 0 for i sufficiently large. We denote by T the set of all Young diagrams. We will
sometimes write v = (V;);eq,k) where k is the last integer i such that v; >0 and denote by |v|:= ¥, 5 1 v; the

length of the Young diagram'”.

Given two Young diagrams v = (v )ie[1,x] @and ¥ = (7;)e[1,5] We denote

L’ =L L%, L2, =12 L%,
and define
(1.53) Yo =L, L0 va.
The vectors 94,7 are called the descendants of ¢, and also belong to some weighted spaces el L2, Then
(1.54) Vo = Qoo

where Q,, 7 is a polynomial: indeed, this follows from the fact that [A,,,e(®=@¢] = [A,,,e(®"@)¢] = 0 for
all n # 0, [0, (@] = e(e=Q)¢(q — Q)Id and that finitely many applications of A, and A, to 1 is a
polynomial in P. Since the operartors L,, and L,, are built out of the Ay and Ay respectively they respect
the decomposition (1.44) and in Section 2.7 we show that for a = Q + iP the scalar products in L?({r)
factorise as follows
(1.55) (Qq+iPyv | Qq+iPy ) L2(0r) = OOl Foerir (v, V' ) Fouir (U, 7)
where the matrices Fg.;p(v,v") for |v| = |V/| = j are invertible for each j € N and they depend on P +iQ:
more precisely they are polynomials in the weight Ag.;p = $(P?+Q?) and in the central charge cr,. In this
context, Fo.;p is called the Schapovalov form associated to the conformal weight Ag.;p. By using (1.52)
and the commutation relations (1.48) with n =0, we directly see that

LYo+ipyy = (Agwip + |[V)Vqripws:  Lovgsipvw = (Aguip +[7)Voripyy
and thus since H? = LY + LY

HO¢Q+¢P,V,E = (%(P2 +Q%) + v+ P)YQ+ipu,o-

The polynomials Qq+;p,,» With || +|P] = N span the same space as i or ¥ above with |k| + || = N. Let
Mgﬂp be the matrix of change of basis from the basis Qq+;p,» indexed by v,7 € T such that |v|+|P] = N
to the basis ¥ (1.34) indexed by k,1 € N such that |k| +|1| = N:

(1.56) Vk,1e N with Mg = N, i = > MYipiavs Qovipys-

v, T, |v|+|[T7]=N
We have, as matrices on the set |v| + |7 = [V/| +|7| = N

(1.57) (MG,ip) MG ip) v 57 = OO F i hip (Vs V) FQ iy (B, 7)

7T his length should not be confused with the length (1.35) of a sequence of integers.
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where Fé}rip(y, V") := 0 when |v| # ||, while if [v| = |v| = j € N we set Fé}rip(y, V") to be the matrix elements
of the inverse of the matrix (Fq4ip(v,v"))y,vrer; with Tj:= {v € T ||v] = j} the set of Young diagrams of
length j.

Then, using the representation (1.40) and decomposing the basis 1y in terms of the new basis Qg+ipy,u7»
we directly obtain that

(158) <U1 |u2>2 = i Z / U1 |¢Q+1P v! T/”) <wQ+zPu v |u2>2FP+zQ(V v )FP+1Q(~ ~,) dP.

2m v, U\

e

1.5. Diagonalization of the Hamiltonian using the Virasoro algebra. Now we rewrite the diagonal-
ization of the Liouville Hamiltonian for p # 0 in Theorem 1.3 using the the Free Field case. Let us define
for v,7 e T with [v|+|V'|= N
Voiirwr= ), (Mbuip)idvoVasirkit.
k1 \a=N

Notice that in the above definition, we have used the same general notation ¥ for two different variables;
one can distinguish them by looking at the subscripts which belong to different spaces. Then using Theorem
1.3, we get

2 2
P -
HVg.ipupy = (% + > + v+ |V|)‘I’Q+z‘P,u,ﬁ
and, using in addition (1.57), we see that for all uy, us € ede-1.2 (Rx€Qr) with 6 > 0, we have the decomposition
1

(159) (u1 |’U,2)2 = % Z / Ul |\IJQ+7,P v ’[/">2<\IJQ+'L'P,V,T7 | u2)2FC_2<1F’L-P(V7 I/,)Fé}rip(’177 ’17,) dP.
v,u,v \TeT

Remark 1.6. For the reader with a background on representations of the Virasoro algebra, this result is
consistent with the existence of a one-parameter (here ji) family of Virasoro representation modules Vaq,,p.u
on Lz(R x QT) ((J/fld a copy vAQJriPaM Of VAQHP;M) such that

® ~
(1.60) L2(R xQr) = ./[O o) Vag.irn ®Vagp.udP.

We will not construct such modules in this paper as it turns out that we can bypass their use by means of
analytic continuation of the vectors Yg.ip,,.» in the variable o = Q+iP as discussed in the following section
where we explain the link between the Liouville semigroup and LCFT.

1.6. Liouville Semigroup, LCFT and Conformal Bootstrap. The basic building block of LCFT is
the Gaussian Free Field (GFF) X on C with covariance given by (1.2). Let us note here only that X can be
viewed as a random element in a Sobolev space W*(C) for s < 0 so that the functions w — [ X (w, ) f(z) dz
with f € C*(C) are measurable. Recall the definition of LCFT expectations (1.4) for non negative F :

WQ(C) — C. Let us recall here the following proposition which is the change of coordinates formula for
LCFT (or KPZ formula, proved in [DKRV16, Th. 3.5]):

Proposition 1.7. Let ¢ : C — C be a Mobius map and (|F($)|)y.. < co. Then
(1.61) (F(¢otp+QmY]))yp = (F())y.p-

The connection between LCFT and the Hilbert space L?(R x Q) discussed in the previous subsection
comes from a positivity property of the linear functional (), , called reflection positivity. Briefly, for B c C
Borel set, let Ap be the sigma-algebra in W*(C) generated by the functions g ~ (g, ¢+ f) with f € C§(B)
and c € R ((-,-) stands for duality bracket) and let F denote the Ap-measurable complex valued functions
F: WS((C) - TR . Let 6:C — C be the reflection at the equator:

(1.62) 0(z)=1/z
and extend 6 to F: W*(C) - C by
(1.63) (OF)(g) = F(g 0 0).
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Let D = {|z| < 1} be the unit disk. Recall that ¢ = ¢+ X —2QIn|.|; and let F2 denote the subset of Fp
made up of those F such that (|[F(c+ X)OF(c+ X)|),,, < oo. For F,G € F3 we define

(1.64) (F,G)p = (OF(c+ X)G(c+ X))y,

Reflection positivity is the statement:

Proposition 1.8. The sesquilinear form (1.64) is non-negative: for all F € F2
(F,F)p =2 0.

The canonical Hilbert space Hp of LCFT is then defined as the completion of .7:]]% /N, where Ny is the null
space Ny = {F € Fp | (F, F)p = 0}, with respect to the sesquilinear form (1.64). In Section 2, we construct a
map

(1.65) U: Fp— L*(RxQr)

which descends to a unitary map from Hp onto L?(R x Qr), denoted also by U.
The dilation z € C - s4(2) = gz maps D to itself for |¢| < 1 and it extends to a map on distributions
X eW*(C) by X - X os,. We then define for F' e Fp,

(1.66) (SqF)(X) =F(c+ X osq+Qloglql).
In Proposition 2.5 we show that S, extends to Hp and defines a strongly continuous contraction semigroup
(1.67) SqSq = Sqq

t

with the operator norm |S,| < 1. Taking ¢ = e™* with ¢ > 0 we then prove that

(1.68) US, U1 =¢™

where H is the self-adjoint operator defined in (1.19) generating a contraction semigroup e *¥. These
observations lead to the formula (1.21) with

Ua,p(z1,22) = U (Va,e(21) Vs e (22)),
this limit being computed with the Girsanov transform applied to the field Xp to get the exact formula

(1.22).
The completeness relation (1.59) then yields

(1.69)
(Va, (O)Vaz(Z)Vas(zl)va4(°°))77u = |Z,|_4Aa3 <Ua17a2 (0,2)] Uas,as (0, %))2 =

oo 1
-4Aq -1 -1 ~ ~
|Z,| 3 ~Z A (Ual»az (07 Z)|\IJQ+iP7V'77'>2<\I/Q+iP,V7§|Ua47a3 (0’ ?))QFQH'P(V? V,)FQH’P(Vv V,) dp.
v, o T
Now, a crucial step in the proof is, for each v,7, the analytic extension of the eigenvectors ¥g,;p, 7 of H
in the parameter o := Q + iP:

Proposition 1.9. For each v,U € T with |v| +[D] = A, there is a connected open set Wy c {Re(a) < Q}
containing (—oo0,Q — AJu (Q +iR) for some A >0 such that
aeWyrU,,5¢ | eﬂc‘LQ(R x Q)
BL0
is analytic except possibly at a discrete set D c Q + iR. More precisely, on each compact subset K c W,
there is 5 <0 such that oo = W, 5 € ePe-L? is analytic in K\ D.

This Proposition is a consequence'® of Propositions 3.16 and 3.18. In fact, we show even more there,
since we prove that the ¥g,,p, » admit a meromorphic extension across the imaginary line Re(a) = Q
(where « lives in some Riemann surface). Quite remarkably, one can give probabilistic expressions of the
eigenvectors U, . for real negative a € (—oco0, @ — A]. Exploiting these expressions along with conformal

L8yye emphasize that the parameter « in Propositions 3.18 and 3.16 is not the same as the a of Proposition 1.9 when
|v] + 7] > 0: they are reladed by (a - Q)2 = (ay - Q)% - 2.
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invariance properties (the so-called Ward identities), we can give exact analytic expressions for the scalar
products (Vs 5| Uay,a,(0,2))2 when o < Q — A, and these expressions admits analytic continuation in
a € W up to our line of interest @ +iR. This is the content of our second main result. For v = (v;)e[1,4] 2
Young diagram and some real A; A’ A" we set

k
o(AALA V) =T A - A+ A+ Y 1),
j=1 u<j

With this notation, we can state the following key result:

Proposition 1.10 (Ward identities). For all P such that o = Q +iP belongs to Wy, thus in particular for
P >0, the scalar product (Vgiip,u5 | Uy as(0,2))2 is explicitly given by the following expression

(170) (‘I’Q-%—iP,V,'I)' | Ual,ag (07 z))Q = 'U(Aal 5 Aaz ) AQ+in U)U(Aal ) Aag ’ AQ+i1:'a V)
1 —
« 501,3,8“(0417 s, Q+ iP)glVllel|Z|2(AQ+iP—Aa1—Aaz)

where A, are conformal weights (1.8) and CBSZZ(Q17QQ,Q +iP) are the DOZZ structure constants (see
appendiz A for the definition).

As an immediate corollary of the above Proposition and the completeness relation (1.69), we get the
main result of this paper by letting 2’ go to 1:

(Val (O)Voéz (Z)VOC3 (1)V(14 (OO))

1
(1.71) = [ P a1, 02,Q - iP)CDY (g, 00, @ + PP A0t~ B0 B0 Fp () 2P
where Fp are the so-called (spherical) holomorphic conformal blocks given by
n=0
where the (3, have the following expression
(173) ﬂn = Z U(AalaAamAQH’PaV)Fé-lH'P(Vv V/)U(Aa4>Aa37AQ+iP>V’)-
V], [=n

We prove, using the spectral decomposition and positivity arguments, that the sum (1.72) converges for
almost all P (with respect to the Lebesgue measure) in z € D.

1.7. Organization of the paper. The paper is organized as follows. In Section 2, we will introduce the
relevant material on the Gaussian Free Field and the construction of the Liouville semigroup; we will also
recall the OS reconstruction theorem which relates LCFT to the Liouville semigroup. In Section 3, by general
arguments on semigroups, we will prove the decomposition 1.3. In Section 4, we will prove the main result
of the paper Theorem 1.1 using the material proved in Sections 3, 5 and 6. In Sections 5 and 6, we will
prove the Ward identities for the correlations of LCFT. Finally, in the appendix, we will recall the DOZZ

formula and gather auxiliary results (analyticity of vertex operators).

1.8. Notations and conventions: All sesquilinear forms are supposed to be linear in their first argument,
antilinear in their second one. In the paper, many different scalar products will appear; here we recall the
main notations:

e (.|.)2 will denote the scalar product in L?(Rxr), the space of (complex) square integrable functions
which depend on (c,¢) and (.|.)r2(0.) will denote the scalar product in L?(Qr). The associated
norms will be denoted |.|2 and |.|z2(q,) respectively. More generally, we will also consider the
standard spaces LP(R x Qr) and L?(Qr) for p > 1 where the norms are denoted ||.|, and [.[ s (qy)-

e (.,.)p will denote the scalar product associated to reflexion positivity. The completion with respect
to this scalar product (after taking the quotient by null sets) will be denoted Hp.

e For functions f, g defined on the circle, we define (f, g)t := 027T f(0)g(0)df and for functions f,g
defined on the unit disk, we define (f, g)p = [ f(x)g(x)dz.
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e We will work with different Green functions: the (Dirichlet) Green function Gp(z,y) = In ||1 wll for

— 1 __ We will also denote
|619_618 ‘

Gpf(x) = [D Gp(z,y)f(y)dy for some function f on D and Grf(e?) = 027T GT(ew,eiel)f(ew,)dG'
for some function f on T.

z,y € D and the Green function on the unit circle qu(e’o,e”’ ) =1In

We will also denote the expectation of LCFT by (.).,,. When we consider a quantity with respect to the
GFF theory (which corresponds to p = 0), we will put a subscript or superscript 0: for example the associated
Hamiltonian will be denoted H® or the unitary map Uy.

2. RADIAL QUANTIZATION

The main purpose of this section is to explain the isometry U in (1.65) mapping the LCFT observables
to states in the Hilbert space L?(R x Q) and the relation (1.68) between the two semigroups. We start by
a discussion of the various GFF’s.

2.1. Gaussian Free Fields. Recall that the GFF on the Riemann sphere X decomposes as the sum of
three independent variables

(21) X=P((p)+X]D)+X]D)c

where P is the harmonic extension of the circle GFF ¢ defined on Qr and Xp, Xpe are two independent
GFFs defined on D and D¢ with Dirichlet boundary conditions. We now recall the exact definition of the
three variables.

Dirichlet GFFE on the unit disk. The Dirichlet GFF Xp on the unit disk D is the centered Gaussian distri-
bution (in the sense of Schwartz) with covariance kernel Gp given by

(2.2) G (,2") = B[ X () Xp(2')] = In =27

o —a'|

Here, Gp is the Green function of the negative of the Laplacian Ap with Dirichlet boundary condition on
T = 0D and Xp can be realized as an expansion in eigenfunctions Ap with Gaussian coefficients. However,
it will be convenient for us to use another realization based on the following observation. Let, for n € Z

2m . .
Xn(t) — \/0‘ efanXD(e—tJrzO)%
Then we deduce from (2.2)

1 =lt=t'lln] _ o=(t+t")Inl
(23) E[Xn(t)Xm(t,)] _ { 2|n|6n,—m(e (& ) n+0

tat n=m=0

Thus {X,,}n >0 are independent Gaussian processes with X_,, = X, and X, is Brownian motion. We can
and will realize them in a probability space Qp s.t. X, (¢) have continuous sample paths. Then for fixed ¢

(24) X]D) —t+19) ZX (t)ezne
nez

takes values in W*(T) for s <0 a.s. and we can take the map t e R* - Xp(e™**") e W*(T) to be continuous
a.s. in Qp.

The Dirichlet GFF Xpe on the complement D¢ of I can be constructed in the same way. Recalling the
reflection (1.62) 6 : C — C with respect to the unit circle #(z) = 1/z wee have the relation in law

(2.5) Xpe "2 Xpob

or in other words Xpe.(e!**) faw Xp(e ), t > 0.
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Harmonic extension of the GFF on T. The second ingredient we need for the decomposition of the GFF
(2.1) is the harmonic extension Py of the circle GFF defined on z ¢ D by

(2.6) (Pp)(2) = 3 (pnz" +@n2")

n>=1
and on z € D¢ by (Py)(1/Zz) so that we have
Pyp=(Pyp)ob.

Py is a.s. a smooth field in the complement of the equator with covariance kernel given for z,u € D

B(PR))(PO)(@)] = 3 3 ~ ()" + (z)") = -1 - =1

n>0

and for z €D, u € D¢
E[(Pp)(2)(Pe)(u)] = -In[1 - z/ul.

Harmonic extension of the GEF on T. One can check that adding the covariances in the previous subsections
we get that the field X defined by (2.1) has the covariance

(2.7) E[X(2)X(y)] =1n +Injz|s + In|y|+

1
[z -yl
Furthermore X is given as a process X; € W*(T)
Xi(0) = XD(67t+i0)1t>0 + Xpe (67Hw)1t<o + (Pgo)(e"ﬂ”a)

In the sequel, we will sometimes write Xﬂg)l) = Xp and X]]g)Q) = Xpe o 6 which are two independent GFFs
in the unit disk.

2.2. Reflection positivity.

Reflection positivity of the GFF. Recall that (-|-)o denotes the scalar product in L?(R x Qr), the notation
E, = E[.|X7] and the definitions introduced in Subsection 1.6. Let F, G € Fp be nonnegative. The sesquilinear
form (1.64) becomes at =0

(2.8) (F,G)D’O:[Re’QQCE[(@F)(c+X)G(c+X)]dc:[Re’2QCIE[F(c+X(2))G(c+X(l))]dc

where X = X]I(;) + Py. Hence by independence of XH(;)

(F,G)po= [ e CRBE,[F(c+ X + Po)IB,[G(c+ X + Pg)]lde
(2.9) — (U FIUsG)2
where the map Uy : Fp - L?(R x Qr) is given by
(2.10) (UoF)(c,¢) = e B [F(c+ Xp + Py)].
We then have
Proposition 2.1. The sesquilinear form (2.8) extends to

Fp?={F € Fo| [UgF 2 < 0o}

and this extension is non negative

(2.11) (F,F)po >0

for all F € .7-"]8’2 and the map Uy in (2.10) descends to a unitary map Uy : fg’Q/Ng - L?(R x Qr) where
N = {F e F§ | (F, F)p, = 0}.
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Proof. By (2.9) Uy extends to an isometry so we need to show it is onto. Denote (f,g)p = [p f(x)g(z)dx
and (f,g)r = 027r f(6)g(0)do and consider F € Fp of the form

(2.12) F(c+X) = p((c+X’g)D)e(C*'va)D_%(vaDf)D.

where p € C°(R), g, f € CF (D). We take g rotation invariant i.e. g(re?) = g(r) and f s.t. fo% f(re?®ydo =0
for all 7 € [0,1]. Then {c, f)p =0 and (Pp, g)p = 0 and we get

(UoF)(c,p) = e_ch<P‘P’f>DE[p(c+ (XD,g)D)e(X”“f)”_%(f’GDf)D]
(2.13) = e e POIE p(c+ (Xp, g)p)]

where we observed that (Xp,g)p and (Xp, f)p are independent as their covariance vanishes. Indeed, by
rotation invariance of g, the function O(r,0) := [, g(x)Gp(z,re’)dz does not depend on 6 hence

E[(Xp,9)o(X0. /)o] = [ [ Goen)g(@)f )y
- flr[% Fre®O(r, 0)dodr
0 0
:fo TO(T’O)fo F(re®)dodr = 0.

Let h e C=(T) and f. € C°(D) and g be given by g.(re?) = e 'n(1="), fo = hge where 7 is a smooth
bump with support on [1,2] and total mass one. Then lim_o( P, fo)p = (i, h)r and lim_o E((Xp, gc)3) = 0
so that

lim(UoF) (e, ) = e p(e)el )"

where the convergence is in L?(R x Q). Thus the functions e~?¢p(c)e{?M7 are in the image of Uy for all
p€C(R) and h € C°°(T). Since the linear span of these is dense in L?(R x Q1) the claim follows. O

Remark 2.2. Note that this argument shows Uy extends from .7-']3)’2 to functionals of form F(c+ X|r) and
then

(UoF)(c, ) = € “F(c+ ).

Reflection positivity of LOFT. Next we want to show reflection positivity for the LCFT expectation (1.4).
The GMC measure M, can be defined as the martingale limit

2
oo
(2.14) M, (dr) = lim X T RN gy

where in Xy we cut off the series (2.4) and (1.25) defining X]I(»i) and ¢ respectively to finite number of terms
[n| < N. We claim that

M,(C) = MV(D) + M2 (D)
where Mw(i) are the GMC measures of the fields X ) = Xu()i) + Py, i=1,2. Indeed,

2 2 2
[ RO g = [ DT g = [ WO F IR0 gy,
< De D

Thus, for nonnegative F,G € Fp
(F.G)p = (OF G+, = (Uo(IF)[Us(IG))2
where

= omhe” M (D).

Let F2 be the set of F € Fp such that |[UF |3 < co. From the above considerations, we arrive at:
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Proposition 2.3. The sesquilinear form (1.64) extends to F2, is nonnegative and given by
(2.15) (F,G)p = (UF|UG),

for all F,G € .7-"]%) where

(2.16) (UF)(c,0) = (Uo(FI))(c, ) = € CE [F(c+ X)e e M),

X = Xp + Py and M., is its GMC measure. Define Ny := {F € F2|(F,F)p = 0}. Then U descends to a
unitary map

U:Hp — L*(R x Qr)
with Hp := m (the completion with respect to (.,.)p).

Proof. We need to show U is onto. This follows from U(I7'F) = UyF and the fact that Uj is onto. O
Remark 2.4. From Remark 2.2 we conclude that U extends from Fp to functionals F(c+ X|r) for which
(UF)(c,p) =F(c+p)U1

or, in other words, for f € L*(R x Qr)
(2.17) Ulf=(U1)Yf

2.3. Dilation Semigroup. For ¢ € C and f a function (or a distribution) on C define the dilation map Sq
by

(54/)(2) = f(q2).
Let |g| < 1. Then we can define the action of s, on measurable functions on W*(C) by
SyF:ueW(C) = S,F(u) = F(squ+QIn]g|).

The reason for the @ In|g|-factor is the Mdbius invariance property of LCFT [DKRV16]. Recall that Mobius
maps ¢ : C - C act on volume measures dv,y(x) = g(z)dz as ¥ vy = e¥v, where

p=Ingot+2Iny’|
We have then:

Proposition 2.5. The map S, extends to a contraction on Sq: Hp — Hp i.e for all F ¢ Hp

(2.18) (S¢F,SqF)p < (F, F)p.
The adjoint of Sy is Sy = Sg i.e. for all F,G € Hp
(2.19) (S¢F,G)p = (F, SzG)p.

Finally the map g € D - S, is strongly continuous and satisfies the group property
(2.20) SqSq = Sqq'
so that g €D — Sy is a strongly continuous contraction semigroup.

Proof. Let us start with (2.43). It suffices to consider F,G € Fj real. Then
1
(SgF, G =(F((c+ X(q—g_:) + QgD < 1)G((c+ X (@) < 1))y

S(F (00 00)(5) + Qg ()] +2Qn g ()] + 2@ aDjg < 1)
<G((e+ (60 Ug) @) + QI luj()| + QInla)) i < )
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where ¢z(u) = & and thus Y5 = =. We apply Proposition 1.7 (change of coordinate formula) with tg:

(84, G =(F (6 969) (=) + @i (2] + 20 i ()] + 2Q M < 1)
< G(e+ (90 ) (@) + QU (a) + QM la) )y < 1))

1 1
={EF(e(2) +2Q I [g(2)+2Q g < )G (e + &(q2) + QInla])) e < 1))
:(F, SqG)]D).
The group property (2.20) is obvious.

1
To prove the contraction, denote for F € Fp, the seminorm | F|p := (F, F)p. Then we have

1S¢F | = (SgF, SgF)p = (F, Sjg2 F)p < [Flp [Sigp Fllp -
Iterating this inequality we obtain
—k
1SFllp < IFIE?" 1Sz FIZ
Recall that
(G, O)p = (Uo(IG)[Up(IG))s = /R ¢ 2R[E,[1G]*]de
and then by Cauchy-Schwartz applied to E,[.]
E[E,[IG)’] = B[E,[I* GI*°] <E[E,[IG°]E,[1]]
so that
(G, G < (Uo(IG*)|Uol)2 = (UG?|U1)2 = (G?),
Hence
k1 o k-1
1S F o < IFIE2 (S )22, = |FISZ(F2)2,

where we used again the M&bius invariance of (-}, ,. Taking k — oo we conclude |S;F|p < |F|p for F € Fp
which satisfy (F?2).,, < co. Such F form a dense set in Fp. Indeed, let F' € Fp with |[F|p < oo and let
Fr = Fljpj<g. Then (F3). ,, < o and

|F - FRHD_HFIIF\>RHD IE1B1L5 > rIB

and Hl\F| > RH]D) = <1F > R@l‘p| > R) (|F|9|F|> -0 as R — 00.

Hence (2 18) holds for all F' € Fp w1th | F|lp < oo. This implies S, maps the null space Ny to Ny and thus
Sy extends to Hp so that (2.18) holds.

Finally to prove strong continuity, by the semigroup property it suffices to prove it at ¢ = 1 and by the
contractive property we need to prove it only on a dense set. Since

|SF = FI§ = |SoF I + | FlIf ~ (SeF, F)p ~ (F,SqF)p < 2| F|[f = (SgF, F)p ~ (F. 54 F)p

it suffices to prove (S,F,F)p — (F,F)p as ¢ - 1 on a dense set of F. Take F' = GI™! so that UF = UpG.
Then

(F8,F)p = [ PO B(OGGe M) e
which converges as ¢ - 1 to (F, F') (use P(M, (D |¢|D) >€) >0 as g > 1). O

In particular we can form two one-parameter (semi) groups from S,. Taking g = e™* we define T} = S,-:.
Then Ty, s = Ty Ts so Ty is a strongly continuous contraction semigroup on the Hilbert space Hp. Hence by
the Hille-Yosida theorem

(2.21) USeU™! = ¢7tHs

where the generator H, (in the case p = 0, we will write HY) is a positive operator with domain D(H.,)
consisting of ¢ € L?(R x Q1) such that lim;_ %(e‘tH* —1)% exists in L?(R x Qr). H, is the Hamiltonian
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of LCFT. Taking ¢ = €'® we get that o - S,io is a strongly continuous unitary group so that by Stone’s
theorem

USuiaU ™" =M
where I, is the self adjoint momentum operator of LCFT. As we will have no use for II, in this paper we
will concentrate on H, from now on. Let us emphasize here that it is defined in the full range « € (0, 2).
Our next goal is to show that for v € (0,4/2): H, = H, where the Hamiltonian H will be defined as the
Friedrichs extension of (1.19).

2.4. Quadratic forms and the Friedrichs extension of H. In this subsection, we suppose that
v € (0,4/2) which ensures that V ¢ L'**(Qr) for some € > 0. Here we consider the quadratic forms
associated to (1.19) and construct the Friedrichs extension of H. Recall that the underlying measure on the
space L2(R x Q) is de x P, with Qp = (R2)N', ©p = BEN (where B stands for the Borel sigma-algebra on
R?) and the probability measure Pt defined by (1.28). Also, recall the GFF on the unit circle ¢ : Q — W*(T)
(with s < 0) defined by (1.25). Finally let us denote by S the set of smooth functions depending on finitely
many coordinates, i.e. of the form F(z1,y1,...,%n,yn) With n > 1 and F ¢ C*((R?)"), with at most
polynomial growth at infinity for F and its derivatives. Obviously S is dense in L?(Qr, X1, Pr).
Let us introduce the bilinear form (with associated quadratic form still denoted by Q) for x>0

(2.22) Q(u,v) := %E fR (85u8617 +Q*ut + 2(Pu)v + 2,ue”cVu17)dc

with V defined by (1.38) for % < 2 and furthermore V' > 0. Here u,v belong to the domain D(Q) of the
quadratic form, namely the completion for the Q-norm in L?(R x Qr) of the space

(2.23) C = Span{y(c)F |y € C°(R) and F € S}.

The completion is the vector space consisting of equivalence classes of Cauchy sequences of C for the norm
|u]o = \/Q(u,u) under the equivalence relation v ~ v iff |u, — v,|o — 0 as n — oo. This space is a
Hilbert space, which embeds injectively in L?(R x Qr) by the map j : [u] = lim,_co u,. Indeed, u, is
Cauchy for L2(R x Q) since |ty = tm] 2 < V2Q 7 |ty — Um0, it thus converges in L?(R x Q). Moreover
1 imy, wp |22 < V2Q ' limy, |us|lo thus j is bounded. Finally if j([u]) = 0, then for (uy,), a representative
Cauchy sequence of [u], we have u,, - 0 in L?(R x Q1) and using

1 ye 1
5 10c e = )13 + [Pt ) 3+ pal eV (= ) 13 < Qutn =ttt = ),

one has the convergence in L?(R x Qr) of d.u, — v, PY2u, - w and (e7°V)"2u - 2 for some v,w, z €
L?(R x Q7). For each ¢ € C, we have as n — oo

<6cun7 90)2 = (una _ac(p> - 07 <P1/2un7 90)2 = <un7 P1/2<P>2 - 0, ((e'ch)l/Qur“ L)0>2 = <Un7 (e’\/cv)l/24p>2 -0

by using that (V)2 e L?(R x Qr), thus v = w = z = 0 by density of C in L?>(R x Q). This implies that
|un|o — 0 and thus j is injective. Obviously Q is closed on D(Q) and lower semi-bounded Q(u) > Q*|u[3/2
so that, by [ReSil, Theorem 8.15], there is a unique self-adjoint operator denoted H called the Friedrich
extension and with domain D(H), such that Q(u,v) = (Hulv)s for v € D(Q) and u in D(H). Recall that this
operator is defined as follows: D(H) is made of those u € D(Q) such that there exists some constant C' > 0
satisfying Vv € D(Q), Q(u,v) < C|v|z2, in which case there exists an element denoted Hu € L*(R x Qr) such
that
Q(u,v) = (Hulv)s.

If we let D(Q)’ be the dual to D(Q) (i.e. the space of bounded conjugate linear functionals on D(Q)), the
injection L?(RxQr) c D(Q)’ is continuous and the operator H can be extended as a bounded isomorphism

H:D(Q) > D(Q)".

Moreover D(H) = {u € D(Q)|Hu € L*(R x Q7)} and H! : L?(R x Qr) - D(H) is bounded. Furthermore,
by the spectral theorem, it generates a strongly continuous contraction semigroup of self-adjoint operators
(e™); >0 on L2(R x Q). When 1 =0, we write Qg and HP respectively instead of Q and H.
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We define the space
D(e"V) = {ue L* (Rx Qp)|e"Vue L*(Rx Qr)}.
The multiplication operator €’V is closed on D(e?“V): indeed, if ¢,, € D(e7°V') converges to ¢ in L? and
eV, - ¢ in L?, then ¢’ = €7°V almost everywhere. If v < 1 (thus V € LP(Qr) for some p > 2), D(e°V)
clearly contains the dense space C and furthermore C is a core for ¢7°V defined on D(e7¢V'). For 7y € [1,v/2),
since V is no longer in L?*¢(Qr) for some € > 0, D(e?°V) does not contain C anymore. Yet, it contains the
set e 7°V =1 x C, which can be seen to be a dense subset of L?(R x Q1) by using that V! e LP(Qr) for all
p < co. It is then straightforward to check that, for F' e D(H®) n D(e7¢V),

HF = (H® + pe”V)F.

2.5. Dynamics of the GFF. The goal of this subsection is to prove the relation H? = H in the case j1 = 0
i.e. we want to show

Proposition 2.6. For all f e L>(Rx Q) and all t >0
(2.24) UoSert Uy f =™ f
Proof. Recalling (2.4) we have the independent sum
(2.25) X]D)(Z) = B—log|z| + Y(Z)
where B; is Brownian motion and Y has zero average on circles. We then have, for |g| = e,
(2.26) (UoS,Us  F)(c,9) = e LR [eQC B f(c 4 B, - Qt, Ppo s, +Y o5,)].
First we consider functions of the form (recall the notations page 18)
f(cvso) — e%(tp7h>T*m<h’GTh>T¢(c)
where ¢ € C5°(R) and h € C*(T) with h(0) = .0 hne'™® and h_,, = h,. Recall that
, 1 . ,
Grh(e®) == > —(hne™ + h_pe7?)
n>1
and for g(0) = ¥,,.0 gne™? with g_,, = g
1
<h7 GTQ)T = 27(2 Z *(hngfn + hfngn)'

n>1"M

Then by independence
(UOSqUo_lf)(C, <P) _ eﬁ(Pcposq,h)T—m(h,GTh)TE[eQ(Bt—Qt)w(C + By — Qt)]E[eﬁ(Yosq,h)T]
where (Pposg, h)r = f027r(Pgo)(qew)h(0)d9 and (Y osg, h)r similarly. Let G, Gy and Gp,, be the covariances
of X, Y and Py respectively. From the decomposition in independent fields for the GFF
X=Pp+Xp=Pp+Y +B
we get, for |z] = |2'| = 1,
Gy (qz,42") = G(gz,42") - Gpy(g2,92") +log(lgz| v qz"])
=G(z,2") - Gpy(qz,q2")
= Gr(z,2") - Gpy(gz,q2').

(h,Gyosqh)

. 1 1 _
Hence using E[e37 (Yosa:h)] = ¢2en? " we conclude

Grhg)

1 _ 1
(UoSaUy (e, ) = 27 PPl zamz e Grhalr g QB0 (0 4 B, - Q)]

where
hq — Z (q—nhneinQ + qnhine—inQ).

n>0
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The expectation is given by the Girsanov transform

E[e25-0y(c + B, - Qt)] = e T B[y (c + By)] = (e % @yp) ().

Hence we have obtained

(2.27) (UoSqUs™ 1) (e, 0) = = 1 s (o Gehals ( b loglal(-02+Q%) ) (o),
Now we use this identity to compute UyS,Uy"! over a dense set. Let

(2.28) U,(p) = e% ¢:h)r= 5502 (h.Grh)r = ¢Zn > 1(Pnhontoonhn=gs (hnhonthohon))
Then

- o= (9 htg)r 2(2 202m)2 (h,Grh)r= 2(2 202m)2 {9,Gr9)r (zflr>2 (hGrg)r _ 5, 51 5 (hng-n+gnhn)
(2.29) (Yn|¥y)r2(0. = Ele e =e e .
As before let k = (ky, ko, ...) € N be such that k; = 0 for all i large enough and define polynomials

(2.30) o= I1 (V2n0h_,)" (V200,)"

n31 kp! lp!

U |n=0-

Differentiating (2.29) we get
(Cxalér 1) L2 (0n) = Ok e O1 1

/QTL n

From (2.28) we see that the highest power monomial in & is equal to [T, >4 T f 0 ) @l pln

and thus &1 = i|k|+“|7rk,1 is a complete set of orthonormal eigenfunctions of P (recall 7y was introduced as
the nomalization of (1.43)). In conclusion, by differentiating identity (2.27) we get for ¢ = e~

_ _ 1 52,02 )
UOSqUol(Fk,l’ll}) — qZ nknqznlnﬂ-k’le2 log“ﬂ( 6(;+Q )w —e tH (ﬂ-k,l’(/})'

Thus we have shown that the semigroups UpS,-:Us! and etH’ agree on the dense set of functions my 19
with ¢ € C5°(R). The claim (2.24) in the case p =0 follows. O

Decompose W*(T) =R @ W;;(T) where f € W§(T) has zero average: fOQTr f(6)dé = 0. From the decompo-
sition (2.25) we deduce that H? has the following expression

(2:31) (@M F)(e0) = e T E [f(c + By, (Po+ Y) (e )]

In the sequel, we will denote () := (Pp + y)(e—tﬂ'e)‘
Finally, we have the simple:

Proposition 2.7. The following properties hold:

L . Q%t g0
(1) The measure dc x Py is invariant for e"z e H .

QQ

(2) e ™’ egtends to a continuous semigroup on LP(R x Qr) for all p € [1,+00] with norm e~ = ! and it
is strongly continuous for p € [1,+00).
(3) etH’ ea:tends to a strongly continuous semigroup on e *“L?*(R x Qr) for all o € R with norm

(5%,

Proof. 1) This is a consequence of (2.31): indeed the processes B and Y are independent and describe
two dynamics for which the measures de and PP are respectively invariant. 2) follows from (2.31), Jensen’s
inequality and the fact that dc ® Pp is invariant for H?. 3) The map K : f — e ®°f is unitary from

L3R x Qp) » e *“L2(R x Q). We have Ke™H' K1 = M5 =000) o~HO iy implies the claim. O

Remark 2.8. The basis (1.33) for the eigenfunctions of P consists of products of eigenfunctions for each
harmonic oscillator X, and Y, which are Hermite polynomials in the variables x,, and y,. We do not use
this representation since the my 1 basis matches better with the Virasoro representation theory as we’ll discuss
in the next subsection.
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Remark 2.9. List the eigenvalues A = k| + |1] of P in increasing order A1 < Aa < ... and let P; be the
corresponding spectral projectors. Since each \; is of finite multiplicity and \; - o0 as ¢ - oo the semigroup
e P =%, e P, and the resolvent (z-P)™1 = ¥,(2 - X)L P; are compact if t >0 and Iz 0 since they are
norm convergent limits of finite rank operators.

2.6. Dynamics of LCFT. In this subsection we suppose that v € (0,1). The goal of this subsection is to
prove the relation H, = H for p > 0 where H denotes the Friedrichs extension, i.e. we want to show that
the LCFT semigroup (2.21) agrees with the semigroup generated by H:

(2.32) eMef =™y

for all fe L?(RxQr).
Recall that V defined in (1.38) belongs to V' e L™(Qr) for r < 722 Next consider the semigroup e~*H+. We

start by writing the chaos measure in terms of the process Z; = (¢ + By, ;) on W#(T) given by (2.31). The
function V : W*(T) - R* given by

V(p) = ]\1/1_120 fT ew(m(@)—gE[s&(m(@)Q]dg
is measurable since the limit is in L"(Qr) for r < 'y% and we get that conditionally on ¢ = ¢q (by making
the change of variables dx = rdrdf = e **dsdf with r = |z| = e~* and —l;IE[Bf] -25=-9Qs)
e"“M, (D) law fooo eW(CJ'BS_QS)V(cpS)ds.
Let now f € L?(R x Q7). Recall that from (2.17) we have U™ f = U~! f where
U(e,p) = (U1 () = (Upe M) (ep) = e @R [TV (]
By the Markov property of (B; — Qt, ;) we have the equality
U(c+ By — Qt, ) = e QHBQRQY e )= lG‘W(HBVQS)V(“’S)ds|Bt - Qt, 0]
By exploiting this Markov property we get the following Feynman-Kac formula for e *H+ f
e f2US U f
:e_QCEp[f(c + By —Qt, )V (c+ By - Qt, 0 )e™ Jg PRIV (4 )ds
B L P |
= R, [eQ(C+B*_Qt)f(c + By - Qt,pp)e™" Jo eW(HBS_QS)V(“’S)dS]

_Q% _ [t er(etEs) s
(2.33) =e 2 E¢[f(c+Bt,g0t)e #Jo Vips)d ],

where in the last line we used the Girsanov formula. As a consequence of this formula and similarly to H°
we have

Proposition 2.10. The following properties hold:

2
e "+ extends to a continuous semigroup on x Q1) for a € +oo | with norm e_QTt and it
(1) e extends t t group on LP(R x Q) for all p € [1, +oo] with
is strongly continuous for p € [1,+00).
e "7+ extends to a stron continuous semigroup on e~ x Q1) for all a € with norm
2) e ™M+ extends t trongly conti g “I2(R x Q 1 R with
a2 Q2

eCr =)t

Proof. Using in turn (2.33) and V > 0, we see that [e ™ f], < e ™™ |f||, so that the claim 1) follows
from Proposition 2.7. The same argument works for 2). ]

Recall Subsection 2.4 where we defined the domains D(H®) (with p = 0) and D(e7¢V).

Proposition 2.11. For v € (0,v/2) and pu >0, we have the relation H, = H. Furthermore, if v € (0,1), H
is essentially self-adjoint on D(H®) nD(e?°V), C is a core for (H°, D(H®)) and for (e7°V,D(e¥*V)).
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Proof. Let us first establish the claim for v € (0,1). Let A:= {f | f = e g, g e L= (RxQr)nL'(RxQ7)}. By
the spectral theorem, using the spectral projectors 1j y1(H.) for large N, we see that (H. +i)e ™ s (L2 (Rx
Qr)) is dense in L?(R x Q) so that, by density of L= (R xQr)n L} (RxQr) in L?(R x Q) and boundedness
of (H, +i)e ™+ Ais dense in L2. So H, is essentially self-adjoint on A by [ReSil, Coro. of Th. VIIL3].
Now we claim that A c D(e?*V). Indeed, fix p,q > 1 such that E[V?!] < oo and ]% + % = 1. We have by

Hoélder inequality for f := e~ tHx ge A
VI = [ e BV g de
< E[V2p]1/p[6270E[|€_tH*g|2q]1/q de.

By using in turn Jensen and Holder inequalities (with conjugate p’,¢’) in (2.33) we get (with ¢, =0V ¢)
2 t 1/q
Bl )7 < B[ By lg(c + B I, fexp(-n [ PV (p,)ds] ]
0
Pt t ae
< BB lg(c+ Bup)P Y | E[Balexp(-n [ eIV (p,)ds) )00
0

2 b 1/(qq")
<V 12 s g (Elexp(u(2g = 1)’ [PV (p)ds])

Now we want to evaluate the ¢ decay of the last expectation. For arbitrary n > 0, using the inequality
u"e™™ < C,, for u > 0 and for some constant C,, >0 (in what follows, C' will denote a generic constant and
we will indicate as subscripts the parameters it depends on), we deduce (with ¢, =0V ¢)

t t
E[exp(—u(2q—1)f/f0 MBIV () ds] <Cu,n,q,q'67"'yc*E[(fO eV (ps)ds)™]

—n-yc
< Cun,g g€

where in the last line we used the fact that GMC measures admit moments of negative order [RhVal4].
Summarizing, for arbitrary n > 0,

._an
1€V 118 < Chmagat LV [ 1912 206277 e

1
7

. 1-
<O;un,q,q’ﬂtE[VQI)]l/pHgngP'(fewc_;iqic+ dc) "

where the last line was obtained with Jensen and by choosing n > 2qq’. By noticing that | g3 g < 00 because
ge LR x Q) n LY (R x Qr), we deduce |7V f[|3 < co. This shows that A c D(e7°V).

Now we show that .4 ¢ D(H). For this, we first observe that C defined by (2.23) is a core for H: indeed,
this results from the density of H°(C) in L?(R x Q1) by [ReSi2, Th. X.26]. To prove this density, expand
each F e L? along the Hermite polynomials (1.33) (which belong to S)

F= ;Fkl(c)wkl with ;/ |Fk1(C)|2 de < oo.

For each N and each k,1 find a sequence of smooth compactly supported functions gl((]lv) such that

(-2 + Q% +2Ma)g)) = 2Fa  as N > oo in L(R)
[R |(-0% + Q% + 2)\k1)gl({]lv)(c)|2dc <4 / |Fia(c)]? de
Then set FOY) = Dkl < N gl((jlv)(c)zbkl. Then HOF(V) = ikl < N (=0%2+Q? +2)\k1)g1((jlv)(c)1/1k1 converges to
Fas N - oo in L?(R x Q7).

Finally, observe that C c D(e’“V) and that H,g = H’g+¢e7°Vg for g € C (this is easily seen by differenti-
ating (2.33) with respect to t). Therefore, for each f e .4 and geC

(fIHg)2 =(fH.g)2 ~ (fle”Vg)2 = (H. flg)2 = {7V flg)2 < Clg]l2-
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Since C is a core for H? the above relation extends to g € D(H?) and this shows that f € D(H°). As H is
an extension of H, restricted to D(H®) nD(e7°V), this completes the proof of our claim.

It turns out that we are not able to establish self-adjointness of H for « € [1,/2), mainly because C is no
longer a core for €7°V. So we will just show that the semigroup associated to H satisfies the Feynman-Kac
formula. For this, we will first regularize the potential to make it smoother so as to establish easily the
Feynman-Kac formula for the regularized potential. Then we will pass to the limit by removing the cutoff
on the potential.

We will use the following convention: recall that ¢;(0) := (Py +Y)(e™*?). We will denote by ¢, the
Fourier modes of the field ¢;, namely
(2.34) 0:(0) = Y pnpe™.

nez
To regularize the field, we will use the frequency cutoff approximation for N > 1

N n
(2.35) el 0) = Y pne™.
neZ,n| < N

We denote by V) := V(gp(()N)) the regularized potential. We have the relation
v _ f 2T e MO B 0)] 49
0

with V) = QO((JN) the field defined by (1.36). Let us denote by Q") the quadratic form defined by (2.22)
with V replaced by V) and H™) the associated operator (i.e. the Friedrichs extension of Hy + ueVCV(N)
defined on C). Let us now prove that the semigroup MY gatisfies the Feynman-Kac formula. For this,
we use Kato’s strong Trotter product formula (see [ReSil, Theorem S.21 page 379]) applied to the self-
adjoint operators Hy and ¢’V since the domain D(QW)) of the quadratic form Q) (defined in
Subsection 2.4) is dense in L?(R x Qr) and satisfies D(Q™)) = D(Qp) N D(Qy- vy ), where D(Qyny) = {f |
|e7e/2(VIN)I/2 £y < +00} is the domain of the quadratic form associated to the operator of multiplication
by e7V™) | we have the identity
lim (67%H°67%“ewv(m)" = e tHY

where the limit is understood in the strong sense (i.e. convergence in L?(Rx ) when this relation is applied
to f e L2(R x Qr)). Now we compute the limit in the left-hand side. For f € L?(R x Qr) we have

_t _tuerey (N _02 _, RN
(2.36) (emnHoemnne VI f = @R[ e+ Brpr)e ]

with R:L (M) the Riemann sum

n(N) _ N (et B (V)
R, - ﬁ;ev( +Byyy )V((pk:t/n)'

The right-hand side of (2.36) converges in L?(R x Qr) towards the same expression with R}’ () replaced by

fot eW(CJ’BS)V(gpgN))dS: indeed this can be established by using Jensen and the fact that, almost surely, the

s(N)

Riemann sum R} converges almost surely (for all fixed ¢) towards the integral fot eV(e+Bs) V(gogN))ds

since the process s — eV(”BS)V(gogN)) is continuous. This provides the Feynman-Kac representation
(2:37) M f o PR [ f(o By et TV,

The next step is to pass to the limit as N — oo. For this we need to show that HY) converges towards
both H and H, in the strong resolvent sense (see the definition in [ReSil, page 284]). We use the criterion
[ReSil, Theorem VIII.19] which tells us that it is enough to check, for some fixed a € C with Im(«) # 0 and
Re(a) > 0 and for all f e L?(R x Qr), that the resolvent RV f converges towards the resolvents associated
to both H and H,.

Convergence in the strong resolvent sense towards H, is obvious thanks to the Feynman-Kac for-
mula (2.37): indeed, since v < 2, standard GMC theory (see [RhVal4] for general theory, here direct
L?-computations also do the job because v < \/2) ensures the convergence in probability of the potential
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fot (B (o)) ds towards fot eV (e+B)V (o, )ds. It is then easy to check that, for o€ C with Im(a) # 0
and Re(a) > 0, the resolvent

RgN)f = /oo e_“te_tH(N)fdt
0

converges in L?(R x Qr) towards [~ e”*'e ™ f dt.
Now we check convergence in the strong resolvent sense towards H. Let us fix f € L?(R x Qr). Then the
resolvent RgN) f satisfies

(2.38) voe DO, a(RLVf,0)e + QRN £,0) = (f,v)s.
Taking v = RgN) f and then considering the real part of this relation, we deduce
Re(a)[REYVf15 + QU (REYV f) =Re((f, REV f)2)
<IREV 2512

Re(O{) N 1
gi R( ) 2 2
5 P IRCOS1E + oS 13
which leads to the following a priori estimate
Re(a) 1
2.39 — RM 12+ 9MRM f) < 2.
(239 s RS+ @OREY ) < s 113

We deduce that the sequence (RgN)f, PRV ¢, (eVCV(N))l/QRgN)f)n is bounded in L?(R x Qr)3 so that
we can extract a subsequence weakly converging towards the triple (u,p,w) € L?(R x Qr)3. In fact, as
explained above, we already know that convergence in the first component occurs in the strong sense.
Furthermore, P2 being a closed operator, we have p = PY?u. Finally, since V) converges to V almost
surely, we have w = €122, and, furthermore, Fatou’s lemma entails that

le2V12u)3 < liminf 72 (V) PRI £,
The liminf above is finite because of (2.39). Hence u € D(Q). Taking v € C in (2.38) and passing to the limit

as N — oo (notice that (e7°V¥))1/2y converges towards (e7°V)/2v in the strong sense in L(R x Qr)) we
get

(2.40) VoeC, afu,v)y+ Qu,v)={(f,v).
with R, f = u and R, the resolvent of H. This completes the argument. O

2.7. Basis in L?(Qr). We will now study the completeness and analytic continuation of the polynomials
Qa7 defined in (1.54) and (1.53). Recall the basis (2.30) of L?(Qr) given by the normalized polynomials
(1.43):

Tk, = HA_kK_ﬂHilz(QT)A_kK_]l
where A_y = [1,, A*~. Denote k| = ¥ nk,. Then
Proposition 2.12. We have

(2.41) Qowr= 3 S8 D me
I|=luf 1=

where the matriz Sl((ay) s a polynomial in «. Furthermore
(2.42) (QZQ—&,V,'17|Qa,u’,D”>L2(QT) = 5|l,‘7‘,/|5|;7‘7‘;7/‘Fa(1/, V’)Fa('ﬁ, 'ﬁ/)

where the matriz Fo(v,v") is a polynomial in « as well. The functions Qg are linearly independent for
o # oy, s where

where r,s € N* with rs < max(|v|,[7]).
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Proof. Recall that Ag = %(80 +@Q). Hence Agt), = %“wa. This implies
LY, va = (LY 1)t

where L%, n € Z act in L?(Qr) and are given by the expression (1.45) where we replace Ay by %(a +Q)

i.e.

Lo . Z'(a - Q - nQ)An + Zm#n,O A A, nz0

no %(Q_%)+2Zm>OA—mAm n=0
Hence
(2.43) (LY)* = L2290
and L9 satisfies (1.48); in particular for a = Q +iP we have (L%@+F)* = L%9*” One can show (by
recursion on the number of operators and using (1.48)) that for all ¢,...,¢; € N* such that ¢; + -+ ¢, > 0
that
(2.44) L)% Ly®1=0, L)%-L)1=0
Let Lo := L. LY. Then (LY@ %)* = L% and since L and L commute we have

(2.45) (Q2q-aw. 7 Qauw ) 12(0x) = <1|ig’aE9§Lg’aL9ﬁ1>L2(QT)'

If || > |V| or [P] > [7| then we get that (2.45) is equal to 0 by using (2.44). The case |[v| < [v'] or [7] < [7] can
be dealt similarly and yields 0 also. Hence in what follows we suppose that |[v| = [v/| and |7] = |[7].
Since L%1 =0 for n > 0 we get by commuting the (Lg;_c‘)l <j <k to the right thanks to (1.48)

(2.46) LIL%1= Y ap(Lg™)*1
k>0
where the coefficients aj, are determined by the algebra (1.48) and are independent of « (note that for (2.46)
to hold it is crucial that |v| = [v/]). Since (Ly*)*1 = A¥ and A, = 5(Q - 5) we conclude
LS’O‘L?’VOfl = MCEN)(V, V")
where N = |[v| and the matrix MM is a polynomial in A, and thus in «. Repeating the argument for
L2°L%51 yields (2.42) with
F,(v,v') = Méll/')(l/, V).
The determinant of the matrix MS" is given by the Kac determinant formula (see Feigin-Fuchs [FF84])
N
(2.47) det MM =ry ] (Aa-A,, )T
r,s=l;rs < N
where ky does not depend on « or ¢p,, p(M) is the number of Young Diagrams of length M and

2
ar’S:Q—rl—sf.
2 9

The factorisation (2.41) follows in the same way from the fact that the the A and the A algebras commute.
The matrix Sl((ay) is given by

Sl(cau) = Akl HZ}"(QT)<1|AkL87a1>L2(QT)~
Since ‘
[An L] = 0~ g0+ 1)Q,

where Af = % and AY = A,, for n#0 and Lg’o‘l = A, we conclude
Sl((ay) = sk (@)
where sk, (@) is a polynomial in «. Note also that completeness of 7y ; implies

Fo(v,v') = %: sk (2Q — @) sk, ().
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(Il
The proposition shows that F,, (v,7") is a non singular matrix for o # . s and so in particular Fg;p(v,v")
is a non singular matrix.

2.8. Stress Energy Field. In this section we construct a probabilistic representation for the Virasoro
descendants (1.53). It is well known that this can be done in terms of a local field, the stress-energy tensor,
formally given for z € D by

(2.48) T(2):= QX (2) - (9.X(2))* + B[(9.X(2))?].

The stress tensor does not make sense as a random field but can be given sense at the level of correlation
functions as the limit of a regularised field. Then T.(z) is defined by (2.48) with X replaced by the mollifi-
cation X, = X # 6, with 0, = 6%0(2) where 6 is smooth with compact support of average 1, i.e. [ 0(z)dz = 1.
We denote also by T(z) the complex conjugate of T(2).

The action of the Virasoro generators will be expressed in terms of the states

k i k i
(2.49) Uo(T1T(us) [TT (i) F) = lim Uo(TTTe(ws) [TTe(vi) F)
i=1 i=1 e i=1 i=1
Let § < 1. We introduce the set &5 defined by
(2.50) & :={f e CF (D) | f(e™™) = > fu(t)e™, with f, € C§°(0,00) and f, =0 for |n| large enough}.

nez

We will study the limit (2.49) for F' e Fsp where (recall that (u, v)p := [pu(z)v(z)dz)

l
(2.51) Fsp = {H(gi,c+ X)De<f’c+X>D; 120, f,gi € 55}

i1
Note that for f € & then f_, = f, since f is real. Hence
(X f=2r Y [ X0 ult)dt
0

nez

where X,, are the Fourier components of X and the sum is finite. We note that UyF € 65|0|L2(R x Q) for
B>|fo- Q| and is in the domain of the Virasoro algebras since it depends on a finite number of ¢,,. Let

(252) B(; = {(u,v) € Cm+n|5 < |uj|, |1}j| <1, V] ij’, Uj F Ujr,Vj F Vjr, Us F Uj'}
We have the simple:

Proposition 2.13. Let F € Fsp be of the form [1;{c+ X, g:)pef "X with f,g; € Es. Then the limit (2.49)
exists in ePI'L2(R x Q) for B> |fo— Q| where fo = (f,1)p and defines a function holomorphic in u and anti
holomorphic in v in the region Bs taking values in e®l’'L?(R x Qr).

Proof. To keep the notation simple we consider only the case j =0 in (2.49) and the case where F € Fyp is
of the form F = e!/:*X)» with f € &. By replacing f by f+ Y, Aigs with g; € & and differentiating at A; = 0
we can deduce the result in the general case. For such F' we have

(2.53) (UoF)(c,p) = e(fo-Q@)e (Po.f)b , 3 (f.Gpf)n

By Gaussian integration by parts the right hand side is a sum of terms

(254)  constx [T((0% Poc(ui)) TT(0%* 0 G e (g, u)) 5 ([T 084 (G e ) () Up F
i j<k l

where a;, bk, ¢ € {1,2}, b;, djr, e; € {0,1,2}, d; € {1,2} and we denoted Gp ¢ = 0 * Gp. Since only Gp (2, 2")
with z # 2’ enters here, one can deduce that the limit of the Gp  terms exists. From (2.2) we get

1 1 )

(2.55) 9.Gp(z,u) = -3 ( T
zZ—U z - z
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Hence the limit of the second product in (2.54) is holomorphic since bjx, ¢jr > 0. For the third product, we
get convergence to terms of the form

[ 0G0, 2)f(2)dz = =5 3 (™ fuau™)
n=0

or its 9, derivative where f,, = (f,u™)p and f_, = (f, 4" )p and the sum is finite and holomorphic. Finally, the
first product converges to a holomorphic function g(u) taking values in L?(Qr) and g(u)UpF € e?I1L2(R x

Q).
O

We use the following notation for contour integrals of f: D — C for § >0

2m 2
g NS 5o W9y -i0
?%zlzé rf(z)dz:= 15/0 F(6e*”)e”do, ﬁ{z‘:é f(z)dz:=1id /0 f(6e*)e™do
Then we have

Lemma 2.14. Let F € Fsp and 8’ > . Then for alln >0

(2.56) 1 AUN(T(2)F)dz = L UgF, - Jql§ » 27 U(T(2)F)dz = L2, Ug F.

27 2|57 2mi

Proof. Here again (for simplicity) we consider the case where F' € Fyp is of the form F = et X with
f € &s. Let us write the integration by parts terms explicitly. First

Un(9-X (2) F) =0. Pp(2)Up F + [D 0.Gp(z,u) f (u)duUpF

From (2.2) we get
1 1

Z—-U z—

(2.57) 9.Gp(z,u) = —=(

oo
5 ) -1 Z(unz—n—l +an+lzn)
n=0

1 2
u

which converges since |u| < |z| < 1. Therefore
[ oGtz fwdu= =4 3 (£ + faz)
n=0

where f,, = (f,u™)p and f_, = (f,@")p for n > 0. Recalling (2.6), we have obtained

(2.58) Up(0:-X(2)F) = Y (non2"" = 3 (fuz ™"+ frn12™))UoF
n =0

(2.59) =3 2" (ngnlnso = 3 f-n)UoF
nez

By (2.60)

(2.60) (UsF)(c, ) = (Fo=Q)e T pso(Pnfnte-nfn) 3 (F:Goflo

so that

Uo(azX(Z)F) = (_%f0271 + Z Znil(n@nln>0 - %a—n))UOF

n#0
(2.61) =iy 2" TALUGF
nez
where we recalled that Ag = £(9. + Q). Hence
(2.62) Up(QI2X (2)F) =-iQ > (n+1)2" A, UyF.

nez
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Next consider the quadratic terms in 7"

Uo(((0:X(2))? -E[(0. X (2))*])F) = (8ZP<p(z) + [DGZGD(z,u)f(u)du)QUOF
= (nZE:ZZn_l(mpnlvwo - %f—n))QUOF
= Z Zn+m_2(_A—nA—m + %6m,—n1m>0)UOF

== > 2 A AL, UG P
where we used (2.58) in the second step, (2.61) in the third step and A, Ay = A, Ay + 5 for m >0 in

the last step. The sum converges in e’l1L2(R x Q). Combining this with (2.62) the claim (2.06) follows
upon doing the contour integral. The claim for T is proved in the same way. (|

Let us introduce some notation for the general correlations (2.49). Denote u = (u1,...u;,) € D¥. We define
nested contour integrals for f:D* xDJ — C by

2.63 jg f u,v)dvdu := yg f ~y§ _ f(u,v)doy...dv;duy ...du
(2.63) luj=5 J|v|=5 /(W) lunl=si Jjusl=61 T, |=3; |v1|=61f( )don Eha g

where 8 := (01,...,0;) with 0 < d; <--- <0 <1 and similarly for 8. Furthermore we always suppose 0; # :5;
for all i,j. Next, for € € (R*)* and € € (R*)’ we set Te(u) := [1%, 7%, (u;) (and similarly for the anti-
holomorphic part) and given two Young diagrams v = (v;)1 <i <k, 7 = (¥i)1 <4 < j, we denote u'™ =[] ug_”i
and v177 = 1—[@1—%. Recall that the limit (2.49) exists; in fact, the proof of Proposition 2.13 extends to
show existence of the limit (2.49) where [1%, T.(u;) is replaced by T.(u) and one takes the successive limits
lim := lim --- lim . With these notations we have:

e—0 e1—>0 €ex—0

Proposition 2.15. Let F' € Fsp be of the form F = et X ith, fe&s and with § < 01 A 81. Then

i A 2

(2.64) (2mi) ™+ j,§ y ?f | W VITU(T(T(v)F)avdu = L2, LU P,

Proof. For simplicity consider the case with only T insertions. We proceed by induction in k. By Lemma
2.14 the claim holds for k = 1. Suppose it holds for k£ — 1. Introduce the following regularization for 7T'. Let
p € C(R) be a smooth bump at origin with compact support such that p(s) = p(=s) and pe(s) = e p(2).

Let z = ¢ ¢ D and define f.. € € (recall (2.50)) by fe.n(s) = S 2 pe(t - 8)e™ for |n| < €t and 0
otherwise. Define

(2.65) X(2) = (X, fodn= 3 (per X)) = T (fooop(a:)Xn(t-rex)dx)emo

|n|<e |n|<et

and let T.(z) then be defined by 2.48 with X replaced by X,. We have the following covariance for u = e~*¢%?’
with e™* < e

ET|M S— n ’Ln 1 —€Ex|N —(s+ n lTl -0’
E[X()X(w)]= 3 o |(fp(x)e | \dx) ~(s=t)[n] ,in(0-0') _ (fp(m)e | |dx)e (s+0)ln] 4in(9-0")

0<|n|<e- 2|n‘

+pr(x)(t+ex)dx
I e e e A e O [EO A Cl

O<n<e~1 2n

(2.66) —1In|z|
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Obviously the statement about the existence of the limit in Proposition 2.13 holds also with this regular-
ization and by taking successive limits lim == lim ---lim hence we have

e—0 e1—>0 €x—0

jlgl 5u1_”UO(T(u)F)du = lim lim

ek —0€ex—>0 J|u|=8

u' " Uo (T, (ug) Ter (0F) F)du
= elki-,I_I,lo s u' M Uo (T (ug) T (uk)F)du
where €* = (e1,...,€ex-1). Now T.x (u*)F € F5,. Hence by Lemma 2.14
%m_ 9|§u g, MU (T ) Tt () ) = L, U (T () )

and therefore

(2mi)~k ?fm:a u' Uy (T (ug ) Ter (") F)du =L_,, ((2m')-‘c+1 ﬁf (uk)l_”kUO(Tek(uk)F)duk)

uk|=8"
where u* = (u1,...,up_1), oF = (61,...,0k-1) and v¥ = (v1,...,v4_1). By the induction hypothesis the term
o\ — 7’/k
(2.67) (2mi) 7+ 9%1 e (0 U (T (u) F)ut

converges to L_,» Uy (F) as €* goes to 0. By integration by parts, one can expand (2.67) into a sum of contour
integrals of terms of the form (2.54) (where in this context the Green function is regularized in a different way,
i.e. but cutting out high frequency modes: see expression (2.66)). Using expression (2.66)'? (and a similar
expression for E[ X (u;)Xc(u;)]) one can then show that (2.67) is equal to G & ((©;)|j| < N)UoF where N is
fixed (independent of €¥) and G . is a polynomial of bounded degree (independent of €®) with coefficients
depending on € (this can be seen by first integrating with respect to u; then uy etc...). From the previous

considerations, one can also see that the coefficients of G'_x converge to those of ﬁL_l,,H---L_V1 UoF when

€* converges to 0. This strong form of convergence of G« ((gpj)m < n)UoF towards L_,, _,---L_,, UpF' implies

then that L_,, (Gek((goj)m < N)UoF) converges to L_,, -~ L_,, U F. O

In the sequel we will apply Proposition 2.15 to the function

F= Se—t Uo—lwa =@ f02"(c+X(eft+w))%—aQt

where ¥, (c, @) = ela=Q)e (in this case integration against a function f € & is replaced by an average on a
circle but the previous considerations apply also). Then UpF = e’tHOwa = e 2oy, Thus we arrive to the

representation for the Virasoro descendants

(2.68) N ) ﬁt s }1% |:gul‘”x‘fl"”Uo(T(u)T(V)Se—fU& " )dvdu

where now et < §; A dy.

3. SCATTERING OF THE LIOUVILLE HAMILTONIAN

In this section, we suppose that 7 € (0,1/2) and we develop the scattering theory for the operator H on
L?(R x Qr) with underlying measure dc® P (where H denotes the Friedrichs extension constructed in 2.4).
This operator has continuous spectrum and can not be diagonalized with a complete set of L*(R x Qr)-
eigenfunctions. We will rather use a stationary approach for this operator, in a way similar to what has
been done in geometric scattering theory for manifolds with cylindrical ends in [Gu89, Me93]. The goal
is to obtain a spectral resolution for H in terms of generalized eigenfunctions, which will be shown to be
analytic in the spectral parameter. In other words, we search to write the spectral measure of H using these
generalized eigenfunctions, which are similar to plane waves (e*«%) AeRwesn-1 in Euclidean scattering for
the Laplacian A, on R™. In our case, the generalized eigenfunctions will be functions in weighted spaces
of the form e?*-L?(R x Qr) with particular asymptotics at ¢ = —co. Let us explain briefly the simplest
one, corresponding to the functions ¥, := ¥, 00 = U(V,(0)) defined in the Introduction and represented

9Here we use the fact that our regularization is a high frequency cutoff.
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probalistically by the expression (1.23) when « < @ is real. For a € (Q —v/2,Q), they will be the only
eigenfunctions of H in e #*- L2(R x Qr) for B> Q — « satisfying

(H-2A)0, =0, U,=eD4y  with ue L*(RxQp).
One way to construct them will be to take the limit (see Proposition 3.7)

U, = thjg e—tH(@QtA(,e(a—Q)C)

where we observe that e tH' e(a-@¢ = o=2tAa(a-Q)e g, that, formally speaking, ¥, is the limit of the

intertwining e’tHetHO(e(o"Q)c) as t - +o0o0. An alternative expression is to write them as

(3.1) U, =D (0) = (H=-2A4) " H(H-2A,) (el Dy (e))

where x € C*(R) equal to 1 near —oco and 0 near +oo (see (3.22)) and Lemma 3.5); here we notice that
ele=@ey(¢) is not L?(R x Q) but one can check that (H - 2A,)(e(*@¢x(¢)) € L? so that we can apply
the resolvent R(a) = (H - 2A4)7" to it, and (H - 2A,) " (H - 2A,)(e{*@¢x(¢)) € L? is not equal to
(el*=@)ex(c)). Our goal will be to extend analytically these ¥,, (and their descendants ¥, 1 1) to Re(a) < Q
and in particular to the line « € @ + 7R corresponding to the spectrum of H. To perform this, we see that we
need to extend analytically the resolvent operator R(«) to Re(a) < @, which will be the main part of this
section. In fact, we shall show that R(«) extends analytically on an open set of a Riemann surface covering
the complex plane, containing the real half-plane Re(a) < Q. We note that the functions ¥, k1 will be
expressed as the elements in the range of some Poisson operator denoted P(«), mapping (some subspaces
of) L?(Qr) to weighted spaces e #* L?(R x Q) for some 8 > 0 depending on . The results proved here
hold in some cases for geometric scattering in finite dimension [Gu89, Me93], but we are not aware of some
results of this type in quantum field theory where the base space is infinite dimensional. The main difficulty
will be to deal with the fact that the potential V' is not bounded and the fact that the eigenfunctions of P
(Hermite polynomials) have LP (1) norms which blow up very fast in terms of their egenvalues.

In this section, we shall start by describing the resolvent of H in the probabilistic region {Re((a-Q)?) >
(%} acting on weighted spaces e’ L? for 3 € R and deduce the construction of the W, k1 in this region.
Next, we will show that the resolvent R(«) admits an analytic extension in a neighborhood of {Re(«) < @}
(for @ on some Riemann suface ). We shall use these results to prove the analytic continuation of the
U, k1 to Re(a) < @ and we shall finally construct the scattering operator S(a) in Section 3.3 and write the
spectral decomposition of H in terms of the ¥, k1 in Theorem 3.22 (written in terms of Poisson operator
in this section).

In what follows, we will mostly consider the L? (or LP) spaces on {21 or on R x Qp respectively equipped
with the measure Pt or dc® P, which we will denote by L?(Qr) or L?(R x Q) for short. When the space
is omitted, i.e. we simply write L2, this means that we consider L?(IR x Qr): this will relieve notations in
some latter part of the paper. Recall that we denote by (-|-)2 the standard scalar product associated to
L*(R x Qr,dc ® Pt) and | - |2 the associated norm; in general our scalar products will always be complex
linear in the left component and anti-linear in the right component. Given two normed vector space F and
F, the space of continuous linear mappings from F into F will be denoted by L(FE, F) and when E = F we
will simply write £(E). The corresponding operator norms will be denoted by | - |z(g,7) or | - | z(z)-

The operator H is made up of several pieces. The first piece is the operator P defined in (1.32), which is a
self-adjoint non-negative unbounded operator on L?(Qr). It has discrete spectrum (Ak1)k,1e7, but to simply
the indexing we shall order them in increasing order (without counting multiplicity) and denote them by

o(P) ={X;j[7 e N, Aj < Ajia )
We denote by

(3.2) Ej = {F € L*(Qr) | 1o, (P)F = F} = EPk ker(P - )\;)
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the sum of eigenspaces with eigenvalues less or equal to Ay and Il : L? (1) — E}, the orthogonal projection.
We also will use the important fact

(3.3) E; c LP(Qr), Vp<oo.
We shall consider a measurable potential V : Q0 — R that satisfies for all € >0
(3.4) V>0, Vel 5(Qr)c L (Qr), Vge[l,o0), Ve LI(Qr).
In particular, we shall use the important fact that the operator of multiplication by V satisfies for all € > 0
(3.5) ¥e>0, V:E,e L7 (Qr) is bounded .

We then consider the operator that we introduced by (1.19) (here we include the p inside V' to simplify the
notation)

1 1
(3.6) H:H0+ewvz—§af+§Q2+P+ewv.

The quadratic form associated to H is the form Q defined in Section 2.4, with domain D(Q). We will consider
the self-adjoint extension associated of H on D(H") nD(e7¢V), which is also the extension obtained using
Q. An important fact that we shall use is that, if D'(Q) is the dual of D'(Q), then

(3.7) e?°V2: LX(Rx Qp) > D'(Q).
First, we show a useful result for the spectral decomposition.

Lemma 3.1. The operator H does not have non-zero eigenvectors w e D(H). If v € (0,1), the spectrum of

H is given by c(H) = [%2, o) and consists of essential spectrum.

Proof. In the case vy € (0,1), the space C is included in D(H). It is then easy to check that o(H) = [%2, 00)
consists only of essential spectrum by using Weyl sequences (e?Px(27"¢)/wy)n € N where y € C°(R) have
support in [—%, —1] and equal to 1 on some interval, with w, = ||x (27" L2(r)-

Let u € D(H) such that Hu = Au with X € [%2,00). Then u € D(Q) (hence d.u € L?), and it satisfies

Q(u,v) = (Au|v), for all v e D(Q). Now we claim
Lemma 3.2. Assume we are given f € L* such that O.f € L?. Consider u € D(Q) such that

(3.8) Q(u,v) = (f|v)e, VYveD(Q).
Then d.u e D(Q) and
(3.9) Q(0.u,v) = (D.f V)2 — (veZ VEule? Viv)y, VYoeD(Q).

We postpone the proof of this lemma and conclude first. Consider next (3.8) with f = Au and choose
v = 0.u € D(Q) to obtain Q(u,d.u) = (Au|d.u)e = 0. Also, choosing v = u in (3.9) we obtain Q(d.u,u) =
(Neu|u)g —~|e V%uH%. These relations imply |eZ Vzu|2 = 0, hence u =0 as V > 0 almost surely. O

Proof of Lemma 3.2. For h > 0, introduce the translation operator T}, : L? - L? by Tyv = v(c + h,-) and
the discrete derivative operator Dy : L? — L% by Dyv = (Tj,v — v)/h. Note that T}, maps D(Q) into itself,
that |Dpv|e < |0.v]2 and we have the discrete IPP (Dju|v)e = —(u| D_jv)s for all u,v € L?. Now we can
replace v by D_pv in (3.8) and use discrete IPP to obtain

(3.10) Q(Dpu,v) = (Dpf - (T1(e7°V) = 7°V)Dpu — Dp(e7V)u|v)e, VYveD(Q).

Next we choose v = Dju and, using repeatedly the inequality |(f|g)2| < [ f[3 + 5=||gl|3 for arbitrary e > 0,
we obtain the a priori estimate (for some constant C' >0 depending only on ~

1 9 oy [1-e
O(Dpu, Dyu) < (1 Dnf I3+ | Diul3) + |~ —

< C(H@cfﬂg + Q(u,u)) + CeQ(Dpu, Dpu)

1, ae 1 e 1
(3.11) |(Zlle® VTl +cle® VEDyul3)
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for all & > 0 small, and therefore the last term can be absorded in the left hand side if € > 0 is small enough.
Then, writing (3.10) for A and &', subtracting and then choosing v = Dpu — Dpru, we find

Q(Dpu - Dpu, Dpyu— D) < C(|Dif = Do f 3 + |h = B |Q(u,u) + |h = B'|Q(Dh-nryt, Din-prywt)).-

Using (3.11) with h replaced by h—h’ to bound the last term, we obtain that the sequence (Dpu);, is Cauchy
for the Q-norm. Hence the limit d.u belongs to D(Q). O

When € [1, V/2) the spectrum is also [Q?/2,00) and is made of essential spectrum, and this will follow
from our analysis of the resolvent: in fact we will show for € (0,1/2) that the spectrum of H is absolutely
continuous.

3.1. Resolvent of H. To describe the spectral measure of H and construct its generalized eigenfunctions,
the main step is to understand the resolvent of H as a function of the spectral parameter, in particular when
the spectral parameter approach the spectrum. Due to the fact that the spectrum of H starts at Q2 /2, it
is convenient to use the spectral parameter 2A, where A, = 5(Q - 5) and a € C. That way we have with
a=Q+ip
H-2A,=-307+P+eV - 1p?

where p € R plays the role of a frequency: in particular 2A,, € [Q?/2,00) if and only if p € R. The half-plane
{a e C|Re(a) < Q} is mapped by A, to the resolvent set C\ [Q?/2,00) of H and will be called the physical
sheet. By the spectral theorem

R(a) = (H-2A,)"': L*(R xQp) -~ D(H)

is bounded if Re(«) < Q. Our goal is to extend this resolvent up to the line Re(«) = @ analytically, and we
will actually do it in an even larger region. The price to pay is that R(«) will not be bounded on L? but
rather on certain weighted L? spaces, where the weights are ¢”¢ in the region ¢ < — 1, with 8 € R tuned
with respect to a.

Resolvent and propagator on weighted spaces in the probabilistic region. Our first task is to understand the
resolvent on weighted spaces in a subregion of Re(«) < @, that we call the probabilistic region due to the
fact that the resolvent can be written in terms of the semigroup e *H

Let p: R - R be a smooth non-decreasing function satisfying

p(c)=c+aforc< -1, p(c)=0fore>0, 0<p' <1
for some a € R. We have for 5 > 0 the inclusion of weighted spaces
PPOL2 (R x Q) ¢ L2 (R x Q1) c e PPOL2(R x Q).
The weighted spaces e7(¢) L2 (Rx€r) are obviously Hilbert spaces with product (u, v),s, 12 = (e #Pu, e PPv),.

Lemma 3.3. Let S eR. If Re((a—Q)?) > 5% and Re(a) < Q, the resolvent R(a) = (H-2A,)"! extends to
a bounded operator

R(a): e L*(R x Qr) - e PPD(H),
R(a): e ?’D'(Q) » ¢ PPD(Q)
which is analytic in o in this region. The operator H: e PPL? - e PPL? is closed with domain e’ﬁpD(H), it

is a bijective mapping e PPD(H) — e PP L% with inverse R(a). Moreover, for a € (—c0,Q) and 0 < B < Q-a,
the resolvent is bounded with norm |R()| z(e-srr2y < 2((r=Q)? = )" and is equal to the integral

3.12 R(a) = e tH* 280 gy
( )
0

tH

where e is the semigroup on e PPL? obtained by Hille- Yosida theorem with norm

Q2%-p2
(313) Vit > 0, ||€_tH Hc(e—BpLZ) < e_t 2



CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 39

The integral (3.12)converges in L(e PP L?) operator norm and e ™ : PP L2 — e PPL2 extends the semigroup
defined in (1.68) and (2.21). Finally, e ™ : e#PD'(Q) - D'(Q) and e : PD'(Q) - D'(Q) are bounded
and for each € > 0 there is some constant C. >0 such that for all t >0

_ _ Q282
(3.14) le™ | £esrmiay) + e | £iesenrcayy < Cee™ 279

Proof. Consider the operator for 8 € R, acting on the space C (defined in (2.23)),
2
Hp = /(O e () = H - £-(p/(c))* + 2" (c) + Bp' (c) O
Let u € C, then we have (using integration by parts)
2
Re(Hsu|u)z = Q(u) - 2 |o'ul3 + 25" ul u)2 + BRe((p/0u | u))
2
(3.15) = Q(u) - [ p'ul3
2 252 e 1
> Q(u) - & [ull3 = L5 ul3 + $10cull3 + [P Pull + e V|3,
where Q was defined in Section 2.4. Consider the sesquilinear form Q, g(u,v) = ((Hg - 2A,)u|v)s defined

on C. We easily see that if -Re(2A,) > ’82_2Q2, then

{ue L*(Rx Q1) | Qa5(u,u) < oo} =D(Q).

Let D'(Q) be the dual of D(Q) (note that L? c D'(Q)). By Lax-Milgram, if -Re(2A,) > '82;@2, then for
each f' € D'(Q), there is a unique u € D(Q) such that

(3.16) VueD(Q),  Qap(uv)=f(v), Qu)”* <CIf o)

for all v € D(Q), where C’ > 0 depends only on Re(2A,) and 2. This holds in particular for the linear form
f" v e (f|v)2 with norm || f/|proy < C||f||2 for some C' > 0 depending on Re(2A,) and 2. We define

R(a)(e PP f) := ePPu, this gives a bounded linear operator

(3.17) R(a):ePD'(Q) » e ?*D(Q) c e PrL?

inverting the bounded operator ¢??(H - 2A,)e™#? : D(Q) - D'(Q). Moreover, by (3.15), its weighted
L?-norm is bounded by

(3.18) IR ()] ge-sorzy < 2(Re((a - Q)% - 82)) ™! = (£52 - 2Re(A)) ™!

Using D(Q) c e#*D(Q) and the uniqueness property above, this means that for f € L?, we have R(a)f =
R(«)f and thus R(«) is a continuous extension of R(a) to the Hilbert space e™??L2. The analyticity in a
comes from Lax-Milgram, but can also alternatively be obtained by Cauchy formula (for ¢ > 0 small)

f{(a)f: L[l Mdz

27 J|z—al=e 2z —«

which holds for all f € C (since R(a)f = R(a)f for such f), and can then be extended to e #?L? by density
of C in e#?L% The domain D(e’?He ") = {u € D(Q)|e’?He PPu € L2} of the operator e’’He * is
actually equal to D(H) = {u € D(Q) |Hu € L?} since

(3.19) e PPH(PPu) = Hu - %z(p'(c))Qu - gp"(c)u - Bp'(c)du

with p’ € C°(R) (thus p'(¢)d.u € L? for u € D(Q)). The operator H : e **D(H) — ¢ PPL? is thus closed.
By Hille-Yosida theorem, there is an associated bounded semigroup e "™ on e#?L2, and by density of
L? c e PPL? when § > 0, it is an extension of the e semigroup on L? . Let us check that the resolvent
can be written as an integral of the propagator. For f € C c L?, we have

R(a)f = R(a)f = /Oooe’tH”QA“fdt.
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2 2
By Hille-Yosida theorem and (3.17), we have |e™*H lz(e-prr2y < e_tQ 2/3 , so that the integral above con-
verges if Q —a > 3 (for a € (—00,Q)) as a bounded operator on e #? L2, showing the desired claim by density
of Cin e PPL2.
We conclude with a e?#D’(Q) bound for R(«) and e ™. First, we note using (3.19) that for u € D(Q)
Qa5 (u, w))| = (Tm(2A0)| = 52) [ull3 ~ §[9cul3,
which implies

ae 1
(Qus ()| > == (e Jul? + L0l + [PY2ul3 + [ ¥V 3ul3).

7%
cy = min( - 2Re(z) + 2|Im(z)| + @’ —2Re(z) + %)

This in turn gives that, provided Re(-2A,) + [Im(2A,)] + w >0, R() : e PPL? - ¢ PPL? is also

well-defined, analytic in o and bounded, and moreover satisfies for |A,| > 1 and Re(A,) < %\Im(Aa)|

IR() [ £(esor2) < ClAGI™

where C' > 0 is a uniform constant. First, for each ¢ > 0, there is C. > 0 such that for all f € e#?D(Q),
u:=R(a)f

Q(uyu) < CoRe(Qu s (us0)) < Celfur] f)a < 2

if ea,, >0, thus for ¢, >0

(3.20) [(H = 2) | e(eomiey) < 226
H(H_Z)71H£(6’59L2 <C.cf!
Let us consider a contour I' = T'guI'y uT'_ ¢ C with a := QL-p -, 'y ==a+iN + eTBRY ¢ C and

Ty =a+i[-N,N] for some N >0 large enough so that ¢, >0 on I', and where T" oriented clockwise around
[a,+00). Using the holomorphic functional calculus, we have

1
i f e (H-2)dz
27 Jr,ur.

and the integral converges both in £(e™??L?) and L(e‘ﬁpD(Q)) using (3.20), with bound

le” ™ |e-sop0) < Ce™*
for some some C' depending only on ¢ > 0. Using duality, this gives (3.14). |

In what follows, we will always write R () for the resolvent, for both the operator acting on L? or acting
-Bpr2
on e .

Poisson operator in the probabilistic region. For £ € N, we shall define the Poisson operator Py(«) in the
resolvent set. This operator is a way to construct the generalized eigenfunctions of H: it takes an element
F e E; c L*(Q7) and produces a function u = Py(a)F solving (H - 2A,)u = 0 with a prescribed leading
asymptotic in terms of F' as ¢ > —oo.

We will denote by /- the square root defined so that Tm(y/z) > 0 if z € C\ R*, i.e. Vrei? = \/ret?/? for
6 €[0,27) and r > 0. We note the following elementary property, which will be useful in the following.

Lemma 3.4. For z € C\R*, the following map is non-decreasing
zeRY »Imv2 -z

Proof. If Arg(z) € (w/2,7) this is because for zo > z1, m > Arg(z — x2) > Arg(z - z1) > 7/2 and |z -
xa| > |z — 1| so, using that sin is increasing on (0,7/2) we get sin(Arg(z — x2)/2) > sin(Arg(z - x1)/2)
so Im/z==x2 > Im\/z— ;. If Arg(z) € (m,37/2), we have 37/2 > Arg(z — x1) > Arg(z —x2) > 7 and
|z — 2| > |z — x1] so using that sin is decreasing on [7/2,7] we get sin(Arg(z — 22)/2) > sin(Arg(z — z1)/2)
and thus Im\/z =3 > Im\/z = 2;. Now if Arg(z) € (0,7/2), let X; +1iY} := \/z—x; with X;,Y; >0 (since
/Z — Z; has argument in (0,7/2)) and write z = 2 +4y. Assume Y; > Y, then y = Im(z -x;) = Y; X for both
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N Re(a) =@

FIGURE 1. The blue region corresponds to the set of parameters o € C such that Re((« -
Q)?) > 32, i.e. region of validity of Lemma 3.3 (here 3 = 1 on the plot).

j=1,2, so it would imply X; < X5 and o — 21 = X7 - Y2 < X2 - Y2 = x — 25 which leads to a contradiction
as xp > 1. Finally if Arg(2) € (37/2,27), let X; +iY; = /z—x; with ¥; >0 and X; <0 (since \/z=x; has
argument in (7/2,7)) and write z = x + iy. Assume Y; > Y5, then y = Im(z - z;) = Y;X; for both j=1,2 so
|X1] < |Xo| and z - 21 = X7 - Y2 < X2 - Y = 2 — x5 which leads to a contradiction as z3 > z;. O

Let x € C*(R) be equal to 1 in (-c0,a — 1) and equal to 0 in (a,+o0) for some a € (0,1/2), then for
a =@ +ip with Im(p) > 0 we choose

(3.21) Be > jg}lauxelm\/p2 —2X\; =v/2 =Im\/p? -2X\¢ - /2, and B, > 0.
Then for Re((a - Q)?) > 82 we define

PZ(O[) . { EZ = @§=0 ker(P - )\j) — e*(52+’y/2)pD(Q)
(8:22) F=Yocj<eFy v XF()-R()(H-28.)(xF(a)),
. 4
with F_(«) := Z Fjeic\/m.
j3=0

We will show in the following Lemma that this definition makes sense by using Lemma 3.3. Before going
to the proof of it, recall that Imy/p? —2X; > 0 for Re(o) < @ by Lemma 3.4, and note that the condition
Re((a-Q)?) > 87 implies that Imy/p2 —2); > Im(p) > B, for all j = 0,...,£. We then emphasize that the
main reason for Py(a)F to be defined and non-trivial is that xF_(a) € e~ (#*7/2rD(Q) \ e #PD(Q) and
(H-2A,)(xF-(a)) € e P*D'(Q) so that R(a)(H-2A,)(xF-(«)) is well-defined but not equal to xF_(a).

Lemma 3.5. For each £ €N, let 8, > 0, then the operator Pe(a) is well-defined, bounded and holomorphic
in the region

(3.23) {a =Q+ipeC|Re(a-Q) <0, Re((a-Q)*) > 57, Be>Im\/p? -2\, - 7/2}
and it satisfies in e~ (Pe+7[2PDI(Q)
(3.24) (H-2A,)Py(a) =0,

and in the region ¢ < —1, one has the asymptotic behaviour, with F; := (II; -II;,_1)F,

4
(3.25) Po(Q)F = 3 Fie" VP 2% L B (), Fi(a)ee?D(Q).
j=0
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: Re(a) =@Q Near spectrum : Re(a) =Q
I regions (3.65)
| - |
(
| !
|

----------- | R k

—=d T
| -

__________ | R (
( [
| |
| |
I Probabilistic |
: | regions (3.23) :
| |
| |
I I

FIGURE 2. Left picture: regions of definition of the Poisson operator Py(«) (for the plot, we
take v = 1/2 and S, is optimized to obtain the largest possible region). Right picture: regions
of definition of the Poisson operator Py(«) with £ > 0 (for the plot we take Ay = 4,y = 1/2
and (B, optimized).

Proof. First we observe that (Hp - 2A,)F_(«) = 0 thus
(H-2A,)xF-(a) = =3X"(c)F-(a) + "V xF_(a) = X' (c) 0. F-(v).
We note that x’, x”" have compact support in R, and also for each u € D(Q)

|<X6’YC+BEPVF,(04),U>| < Slipz Heplm\/p2_2)\evl/2Fj1R7 (©)]2]1r- (0)670/2‘/—1/2““2 < C’Q(U)l/2
j X

thus, since Fj € LP(Qr) and V2 € L2*(Qg) for all p < oo and € > 0, we obtain that
YF_(a) e PP D(Q),  (H -2A,)xF-(a) € e P°D'(Q).

This shows, using Lemma 3.3, that R(a)(H - 2A,)(xF-(a)) is well-defined as an element of e#*D(Q),
with holomorphic dependence in «, provided Re((a-Q)?) > 8. By construction, it clearly also solves (3.24)
in e—(ﬂzw/?)pD'(Q). 0O

Note that the error term F,(«) in (3.25)is smaller than the bigger term in F_(a) but is not necessarily
neglectible with respect to all terms of F_(«).
We also notice that where they are defined, we have for j > 0, >0

(3.26) Perj(@)e, = Pe()]E,-
In (3.22), the definition of the operator Py(a) seemingly depends on the cutoff function x. In fact, we
can show that this is not the case. We state a lemma below in this direction

Lemma 3.6. For { € N, 3y satisfying (3.21) and for Re((a — Q)?) > B7 the definition of the operator
Pe(a) |, does not depend on x.

Proof. Pick two functions y, x satisfying our assumptions and denote by Pz‘(a),’Pz‘(a) the corresponding
Poisson operators. Set d(x) := x — X. Then observe that for F' € E,

Pr(e)F =P (a)F = d(x) F-(e) = R(a) (H - 2A4) (d(x) F- (o).
Now we note that d(x)F-(a) € D(Q) since d(x)(¢) =0 for ¢ ¢ (-1,a) for some a >0 and V'/2F e L*(Qr).

Then R(a)(H-2A,)(d(x)F-()) = d(x)F-(a) since (H-2A,) : D(Q) — D'(Q) is an isomorphism, hence
PX(a)F -Pf(a)F =0. 0
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We can also rewrite the construction of the Poisson operator using the propagator.

Proposition 3.7. We claim:
1) Let £ €N and let F e L?(Qr) nker(P - \;) for j < L. Then we have the identity

Pe(a)F = lim etQA“e_tH(eiCVpz_”‘jx(c)F)

t—+o0
in e~ B+12DeD'(Q) provided Re((a - Q)?) > 52 with 5 > Im(\/p? - 2)\;) — /2 and o = Q + ip. Furthermore
if Im(\/p? — 2X;) >~y then we can take x =1 in the above statement.
2) Let F € L*(Qp) nker(P). If a € R with a < Q, then dc® P almost everywhere

Po(a)F = tggloo elt?ha eftH(e(an)CF).
Proof. We first prove 1). Recall that H = Hg + ¢7°V. We have
(H-2A0)(x(c)e™°F) = x(c)e™ MV E - X(c) Fe'°
where v; := \/m and Y(c) := $x"(c) +iv;x'(c) € C°(R), and this belongs to e##D’(Q). Using Lemma
o Po(a)F = x(c)e™i°F = R(a) (VY yF - Xei°F)
provided Re((a - @Q)?) > 2 for any B > Im(v;) — v/2. Noticing that the bound (3.13) remains valid with
V =0, we can make sense of u(t) = e""Ho(y(c)e™i°F) as an element in e ??L3(R; E;) for any By > Im(v;).

Then ) X
(O +2A4)u(t) = e tHo (-Hp +2A,) (x(c)e™°F) = e tHo (e °Fx(c))

thus we get by integrating in ¢
. . t .
e_t(HO_2AO‘)(X(C)erCF) :X(c)ezuch 4 A 6_5(H0_2A°‘)(echFY(C))dS
=x(¢)ei°F + (1 — et o280\ R () (e3¢ FX(c))

where Ro(a) := (Hg - 2A,)7! is defined also on e L? by taking the proof of Lemma 3.3 in the case of the
trivial potential V = 0. We also note that e ™o (e™i°Fx/(c)) and e ™Ry (a)(e™°F¥(c)) are in L*(R; E;)
since HoF' = (Q*/2+ \;)F (and Y € C°(R)), i.e. all terms above are functions of ¢ with values in E;.

We next claim that

. . t .
e—tH(X(C)echF) - e—tHo (X(C)BWJCF) _ / e—(t—s)He'ycve—sHo (X(C)echF)dS.
0

(3.27)

Indeed, first, all terms are well-defined due to the fact that e™*Ho(x(c)e®i°F) € e PP L?(R; E;) and (3.5)
so that €7Ve *Ho(x(c)e™i°F) € e”7?D’(Q). Then the identity above is obtained since both terms solve
(0; + H)u(t) = 0 in e PoPD’'(Q) with u(0) = x(c)e™°F in e #rD(Q). By applying twice (3.27), we thus
obtain

e HH-280) (0 ()i ) Ly (¢)ere F — f2a fot e~ (= H ey =sHo (4 ()05 )
+ (1 M2 DRy (a) (e FX(c))
=x(c)e™i°F - /:e_(t_s)(H_QA“)(e“’CVX(c)ei”ch)ds
+ (1= M2 DRy (a) (e FX(c))

t .
_ \/O‘ e—(t—s)(H—ZA(,)e’ch(l _ e—s(Ho—QAa))RO(a)(eluj CF%(C))dS

Using (3.13) and (3.14) (applied with both V' > 0 and V = 0) and Re((a - Q)?) > 5%, we have as bounded
operators on respectively e #?D’(Q) and e PPL?
t
lim e~ (=) (H=2480) g g - tlim (1-¢e'H220R(a) = R(a)
—+00

t—+o0 JO

lim (1-¢ o282 R () = Ro(a).

t—+oo
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This gives in particular in e #?D’(Q)

t , ,
lim e~ (=D E=280) (7eY 3 (0)e™i°F)ds = R(a) (e7°V x(c)e™i°F).

t—+o0 JO

Similarly one has in e #?D’(Q)

t , .
lim e~ (=IE-280) ey R () (e FX(c) )ds = R(a)e" VR () (e FX(c)).

t—+o00 JO

Finally we claim that

¢ .
lim e (=) (H28a) ey o=s(Ho=280) R () (e™9° FX(c) )ds = 0.

t—+o0 JO

Indeed, we can apply Lebesgue theorem if one can show
Ve 28Ry (0) (¢ PR () ooy < ¢

e~ (t=9) (H-244)

for some 6 > 0, since | £(e-8epr(Q)) — 0 by (3.14). But this estimate follows again from (3.13)
with V' =0 and the fact that Ro(a)(e®i°Fx(c)) € e ??L?(R; E;), which in turn implies that

Ve s Hom2AIR () (e FR(c)) € °PD'(Q).
We have thus proved that
Jim e 22 (3 ()¢5 F) =x()e™°F = R(a)e™*V (¢ Fx(c) + Ro(a) (e FX(c)))
+Ro (@) (" FX(c)).
We conclude by observing that
R(a)(e”’CVxei"ch - )’Zei”ch) = —Ro(a)(ei”chi) + R(a)e”CV(Xei”ch + Ro(a)(ei”chjz(c))),

which can be established by applying (H - 2A,) to this equation and using the injectivity of (H-2A,) on
e ?PD(Q) under our condition on a, .

Notice that for Im(y/p? —2X;) > ~, we have e(i”ﬂ'+7)61(07+w)(0) € L?(R) so that the above argument
applies with y = 1.

Now we prove 2). As F e L?(Qp) nker(P - )\g), we may assume F = 1 without loss of generality. With our
assumptions, we can write o = Q + ip with p = i(Q — «) and choose (Q —«a) > 5> (Q — ) — . By applying
1), we get that

Pe(a)l = lim et2A"‘e_tH(e(a_Q)cx(c))

t—+o00

in e #7L?, hence dc ® P almost everywhere (up to extracting subsequence). We have to show that we can
replace x by 1. For this we will use the probabilistic representation (2.33): we have

'8 TH(D(1x(c)) ) =e VB [Sent (e (1~ x(e)))e M D]
:etZAae(a—Q)cEw[ea(Xt(O)—Qt)(l —x(c+ X,(0) - Qt)))e‘”M”(Df)].
By Girsanov’s transform this expression can be rewritten as

etQAae—tH(e(an)C(]_ - X(c))) :e(a—Q)cEW[(l - x(c+X:(0) - (Q-a)t))exp(-p fDC |z|’WM»Y(dZ))]~

Recalling that xy =1 on (-oo0,a — 1) and that ¢ » X;(0) evolves as a Brownian motion independent of ¢,
then estimating the exponential term by 1 we obtain

|et2A“ e’tH(e(a’Q)c(l - X(c)))| < 6(0‘7Q)CIP(C +X¢(0) - (Q-a)t > a- 1)'

The result easily follows from this estimate. O
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Meromorphic extension of the resolvent near the L? spectrum. We denote by Z the Riemann surface on which
the functions p — /p? —2; are single valued for all j. This is a ramified covering of C with ramification
points {i\/Q_)\j|j € N}, and in which we embed the region Im(p) > 0 that we call the physical sheet. We
will call 7 : Z — C the projection of the covering. The construction of Z can be done iteratively on j, as
explained in Chapter 6.7 of Melrose’s book [Me93]. The map p — « := Q + ip from Im(p) > 0 to Re(a) < Q
(now called the physical sheet for the variable «) extends analytically as a map Z — X where X is an
isomorphic Riemann surface to Z (it just amounts to a linear change of complex coordinates from p to
«). We shall also denote by 7 : ¥ - C the projection. Finally we choose a specific function x of the form
indicated previously but we further impose that y € C*°(R) is equal to 1 in (-co0, -1+ ) and equal to 0 in
(0,+00) (for some small 6 > 0).
The goal of this section is to show the following:

Proposition 3.8. Assume that v € (0,v/2) and let 8 <~/2. Then the following holds true:
1) The resolvent R(a) := (H - 2A,)7! is bounded as a map L*(R x Qr) - D(H) for Re(a) < Q and for
k > 0 large enough, the operator (H - 2Aﬂ(a))’1 admits a meromorphic continuation to the region

{a=Q+ipeS|ln() <A/, Vi< k,Imy/p? - 2%, > —min(B,/2 - B)}
as a map
R(a): ?PL3(R x Q) » e P D(H), R(a):e?’VIL2(R x Q) —» e #7D(Q)

and the residue at each pole is a finite rank operator.
2) If f e ePPL2(R x Qr) n e3PV 2 L2(R x Qr), then for o as above and not a pole, one has in ¢ <0

(3.28) R(a)f = i aj(a, fe " VP2 4 Ga, f),
j=0

with a;(a, f) e ker(P = \;), and G(a, f),0.G(a, f) € e’ L?(R_; Ey) + L*(R_; E ), all depending meromor-
phiclaly in o in the region they are defined.

3) There is no pole for R(a) in {a € ¥|Re(a) < Q} N U2 {Q + Zm} and @ £ Z\/ﬁ can be at most a
pole of order 1.

First, we recall the notation for the orthogonal projectors
IO, = 19,5, (P) : L*(Qr, P) > L*(Qr, P)

and we denote by Ej their range (which are Hilbert spaces) and Ej}. the range of 1 —1IIj. Since V' € LP(Qr)
for some p > 1 and RanFE}y, c L9(Qr) for all ¢ < oo, the following operators are bounded

(3.29) Vi, : L2(Qr) > L2(Q1), VY2 : L2(Qr) > L*(Qr).

2 2
To prove this Proposition, we will construct parametrices for the operator H - 2A, = H - Q% in
several steps and will split the argument. More concretely, we will search for some bounded model operator

R(a): e’PL*(R x Q) - ¢ #7D(Q), holomorphic in « in the desired region of 3, such that
(H-2A,)R(a) =1-K(a)

where K (o) € L(e’?L?(R x Qr)) is an analytic family of compact operators with 1 — K(ayg) invertible at
some ag belonging to the physical sheet. Then the Fredholm analytic theorem will imply that (1 -K(a))™!
exists as a meromorphic family and R(a) := R(a)(1 -K(a))™" gives us the desired meromorphic extension
of R(«). Our strategy will be based on that method with slights modifications. The continuous spectrum
of H near frequency (Q? + p?)/2 € R* will come only from finitely many eigenmodes of P, namely those Aj
for which 2); < p?. This suggests, in order to construct the approximation R(a) to split the modes of P
depending on the value of Im(a - Q). The parametrix will be constructed in three steps as follows:

e First, we deal with the large eigenmodes for the operator P in the region c € (~o0,0] of L*(R x Q).

We will show that this part does not contribute to the continuous spectrum at frequency (Q%+p?)/2,
and we shall obtain a parametrix for that part by energy estimates.
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e Then we consider the region ¢ > — 1 where we shall show that the model operator in that region
(essentially H on L?([-1, 00)xQr) with Dirichlet condition at ¢ = 0) has compact resolvent, providing
a compact operator for the parametrix of that region.

e Finally, we will deal with the ¢ < 0 region corresponding to eigenmodes of P of order O(|p|?),
where there is scattering at ¢ = —oco for frequency (Q? + p?)/2, producing continuous spectrum. The
parametrix for this part is basically the exact inverse of Hg — 24, restricted to finitely many modes
of P.

For s > 0 and I c R an open interval, we will denote by H*(I;L?(Qr)) the Sobolev space of order s in
the c-variable
H(I; L () = {u e L (I < Qp) [ V] < 6€ = (€)°F(u)(€) € L2 (I x )}

where F denotes Fourier transform in ¢, and similarly Hg(I; L?(Qr)) will be the completion of C2°(I; L?(Qr))
with respect to the norm [[(£)* F(w)| £2(r;22(00))-

1) Large P eigenmodes in the region ¢ < 0. Let y € C* (R, [0, 1]) which satisfies x(c) =1for c< —=1+4§
for some ¢ € (O,%) and x(c) =0 in [-1/2,00) and ¥ € C*(R,[0,1]) such that ¥ = 1 on the support of
x and supp(Y) ¢ R™, and we now view these functions as multiplication operators by x(c) on the spaces
ePPL2(R™ x Q). We will first show the following

Lemma 3.9. 1) There is a constant C > 0 depending only on |Y'|e, |X" |eo such that for each k € N, there is
a bounded operator

RE(a) : L2(R; E}) - LA(R™; E})
holomorphic in o = Q +ip € C in the region {Re(a) < Q} u{|a—QJ* < A}, with

TRE(a)x : L*(R x Qp) - L*(R; Ef) n D(H), TRE(a)x:D'(Q) - D(Q) nL*(R; E})
bounded, so that
(3.30) (H- L2O5RE(0)(1-T)x = (1 -TL)x + Li(a) + Ki(a)  and  YRE()ITyy =0

with Li(a) : D'(Q) —» L*(R7;E}) and Ki(a) : D'(Q) — e’PL?(R; Ey) bounded and holomorphic in o as
above for each 0 < B <~/2. In the region where [p?| < \i, one has the bound

(3.31) 1L () ) < O

and K3 (a) is compact as a map L*(R x Qr) — €’?L?(R; Ey,).

2) Let B € R, then in the region Re((a — Q)?) > B2 — 2X\; + 1, the operator Ri(a) : e PPD'(Q) —
e PP(L2(R7; E+) nD(Q)) is a bounded holomorphic family, Ki(a) : e PPL2 (R x Qr) » e PPLA2(R™; Ey) is a
compact holomorphic family, Li(a): e PPL2(R x Q) - e PP L*(R™; E}) is bounded analytic with norm
C(1+15)
VRe((a-Q)2) +2X\;, - 32
for some C >0 depending only on |X'|e and |X"'|co-

Proof. For uwe C(R™; E;) nC and for each >0, we have for each € > 0

ILx ()l e-sor2) <

2
(3.32) Qu) > §0culiz + (S + (1 =)M)ulfe + [P ulfe + [V 2uf?

and therefore the quadratic form Qj(u) := (Hu|u) is positive and bounded below by %’”HUHZLQ on (if € is
chosen small enough)

Cr, =Span{¢(c)F|¢ e CF(R™) and F € Sn Ej }.
This form is associated to the symmetric operator (1-II;)H(1-II;) on the dense subspace C;, of L*(R™; E})
and it extends to the domain D(Q;;) obtained by completion of C; with respect to Qj in the Hilbert space
L?(R~; E}); notice that D(Qf) = D(Q)nL2(R™; E}) by using that V2T : L*(Qr) - L*(Qr) continuously.
We also have Hj (R™; E{) nD(Q) c D(Q4) for the same reason.
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There is a self-adjoint extension denoted Hj, of the operator (1 —1II;)H(1 -1I;) on the domain
D(H;, ) {ueD(Qy)|(1-Tx)Hu e L*(R™; By)}

and the spectrum is contained in [ - Ak, 00) due to (3.32). It will be said to have Dirichlet condition at
¢ =0, by analogy with the Lapla(nan on finite dimensional manifolds. We can see that D(Hj) embeds into
D(H) using the natural embedding E} — L*(Qr): indeed, for u e D(H;) ¢ D(Q;) c D(Q), we have

Hu = Hyu + "Il (Vu).
Now, since e 2 V2y e L2 (R- x Qr), we have by Holder inequality with p € (1,2)
Je 1
LWl qnde <IVI 2, o 65 VEulRaga,) < o0
and Il : LP(Qr) — L?(Qr) is bounded for all p > 1, thus
fR_ 1N T (V) |32 ey e < 0.

Thus the resolvent Ry («) := (Hj, — M)’1 (with a = Q +1ip)

r(a): L*(R7; By) ~ D(Hy) r(@) : D'(Qx) > D(Qk)
is well-defined and bounded if p € C is such that p® ¢ [2\, o), with L? norm
(3.33) IR (@) 2y < 2/A for [p]* <

It is also holomorphic in « in {Re(a) < Q} U {Ja— Q> < A\x}. We also notice that D'(Q) c D'(Q;) since
D(Q;) c D(Q), so this gives by embedding

#(a)(1-10) : L*(R™ x Qr) ~ D(H) r(e)(1-11;) : D'(Q) > D(Q)
with the same properties. Using (3.32) with u = R} («) f we also obtain that
4
(3.34) IR (@) e <350 for b < M2

Thus, using the natural embedding E{ — L*(Qr) and that I1,Ho = HoIlg, we get for a = Q +ip

2 2
(H - 525 )¥R; (@) (1-Th)x =(1 - T)x - 5[02, KR (@) (1 - TT)x + €7 I VR (@) (1 - Ty ) x
=(1-TI)x + Ly () + K (o).
Since [02,X] is a first order operator with compact support in ¢ commuting with II, we notice that
Li(a):D'(Q) » L*(R7; E}) and we can use (3.34), (3.33) to deduce that there is C' > 0 depending only on
IX' oo, | X" oo such that
ILi (@) 2y < CA?
as long as [p?| < A. Let us now deal with Kt («). First, notice that Kt () maps D'(Q) to e?”L*(R™; Ey),
so we would like to prove some regularization property in ¢ to deduce that K (o) is compact on L2 (or
some weighted L? space). Since V/? ¢ L? for some p > 2 and I, : LI(Qr) — LZ(QT) for all ¢ > 1, we have
Vi == I, V*9)2 . [2(Qr) - B, ¢ L?(Qr) for some ¢ > 0 small depending on p. Let Ag = -0%. We claim
that there is € > 0 small such that for each A >1
(3.35) e TP (A+ Ap)Pe KL () : L2(R x Q) - L2(R; Ey,)
+ Ar)F2XV,VI-92RE (@) (1 - x) is bounded on L2 We can
use Stein complex interpolation with the complex family of operator
T, =7 P(A% + Ap) FXVAV T RE(a)(1 - X)
for Re(z) € [0,1]. The bound for Re(z) = 0 is equivalent to a bound for z = 0, that is Ye??/2V; V2R (o) (1~
X) € £L(L?), and this bound follows from the fact that YR () (1-x) : L? - D(Q). The bound for Re(z) = 1 is
equivalent to the bound for z = 1, that is Vk(A2+AR)1/2~R (a)(1-x) € L(L?). But O.XYRj (a)(1-x) € L(L?)
and | (A% + AR)I/QU”La(R) = |Ocul3. + A%|ul?,, so we obtain the desired result. For 11,5 € C, the bound
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(Top1 |2)2] < €€l so we can apply Phragmen-Lindelof theorem to deduce (3.35). Next, for A > 1 large
enough depending on v and x € C*(R) with support in R™ and equal to 1 on supp(¥X), the operator

X (A2 + Ag) 5T L2(R; By) » ?P L2 (R; Ey,)
is compact if 3 </2: indeed, we can compute directly that the Schwartz kernel x of (A% + Ag)~2 is
e-1
k(c,d')=Cacle—c| Kot (ale-er))

for some constant C'4 ¢ # 0, where K, (x) is the modified Bessel function of second kind, satisfying K, (z) =
O(e™/[\/z) as x — +oo0 and K, (z) = O(z”) as ¢ » 0 if v < 0. Thus, taking A > 2+, the Schwartz kernel of
€7 (A% + Ag) 2e "2 77 is bounded above by (for some uniform Cye>0)

Cyele- C'|e—1ew(6)/266p(6')/41R7 (c).

It is then easy to see this is compact as announced since it maps boundedly L?(R; E}) to e%pHS (R7; Ey),
and this last space injects compactly to L?(R x Qr) by using that Ej has finite dimension. We conclude
that Kj (a) is compact as a map L?(Rx Q) —» eﬁpL2(R x Q). Moreover Kj (a),Lj(a) are holomorphic in
a € C in the region {Re(a) < @} u {|a - Q> < A\x} since R} («) is. This concludes the proof of 1).

Let us next consider the region {Re(a) < Q}, and we proceed as in Lemma 3.3. Let Hy, 4 := ePPHEe PP
for B € R which is also given by

ko= Hi+ (L-10) (= 5 (0'(€)? + 50"(e) + 8o (0)0e)
and the associated sesquilinear form on D(Q;)
2
Qi 5 () = Qi (w) = Bl p'ull} + 50" u, u)2 + BlOcu, p'u)a.
Note that on D(Qj), we have

2 2_p2 e L
Re(Qj 5(u) = Qi(u) = G [[ull3 > 510cul3 + (T35 + M) [ul3 + e V2ul?.

This implies by Lax-Milgram, just as in the proof of Lemma 3.3, that if Re((a - Q)?) > 3% — 2\, then for
each f e D'(Qy), there is a unique u € D(Q;;) such that

(3.36) ePP(HE - 2A,)e PPu = f, and if f e L?
2| fll2 2[f12
Re((a-Q)?) + 2\ - 2’ VRe((a-Q)%) + 2\, - B2
In particular, this shows that, for Re((a - Q)?) > 8% - 2\;, R}() extends as a map
Rip(o) : 7 D'(Qf) = e77'D(Q})

with |Rj (@) | zerrrzy < 2(Re((—Q)?) +2A, — 7)1, If we further impose that Re((a—@Q)?) > % —2X, +1
then, since e?[0,,ePP] = —Bp’ and using (3.37),

(3.37) Julz <

[0cull2 <

2 loo (1 +181) + X" oo
VRe((a - Q)?) +2X; - 52
Finally, the same argument as above for Ki(a) shows that for Re((a - @)?) + 2\, — % > 1, the operator
K} (a) is compact from e ??L*(R x Qr) to e PP L?(R™; Ey). O

1L ()| (e-sor2) <

Remark 3.10. We notice that the operators Ry (o), Kj. (), Li(a) lift as holomorphic family of operators
to the region {a € L|Re(m()) < Q,|m(a) = Q|? < A} by simply composing with the projection 7 : Y — C.
2) The region ¢ > - 1. Next, consider the operator H - Q2;p2 on L?([-1,00); L?(Qr)) with Dirichlet
condition at ¢ = -1 (i.e. the extension associated to the quadratic form on functions supportedin ¢ > - 1),
and x € C*(R;[0,1]) such that (1-x) =1 on supp(1-x) and 1-x supported in (-1, 00) (otherwise stated,
Xx=0o0n (-1+§,+00) and x =1 on (—o0,—-1) ).




CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 49

We will construct a quasi-compact approximate inverse to H in [-1, 00) by using energy estimates and
the properties of V', in particular the fact the region where V' > 0 is small are somehow small. We show the
following:

Lemma 3.11. There is a uniform constant C >0 and a bounded operator, independent of «,
R, : L*([~1,00) x Qp) - Hy([~1, 00); L*(Qr)),
satisfying
(1-0R.(1-x) : L*(R x Or) > D(H), (1-0R.(1-x):D'(Q) » D(Q)
and fora=Q+ipeC and k> 1
(H-252) (1= )R (1-3) = (1-2) + Ke(@) + Lo i(@)

where K, (o) : L2 (R x Qp) —» L*([-1,00) x Q1) compact and holomorphic in « € C, and the operator
L, k() : L*(R x Q) — L?([-1,00) x Q) is bounded and holomorphic in « € C, such that

(3.38) 1L k(@) ey < CA+PA),  [Las(@)? ] oeeey < O+ PN + 1+ pl AR

for some uniform constant C depending only on x. Moreover L, y(a) and K, y(a) are bounded as maps
D'(Q) » L*([~1, 00) x Or).

Proof. We consider the quadratic form
Q. (u) = 0cull + [ul3 + [P2ul3 + |2V Eul

with domain the Hilbert space D(Q,) obtained by completing C, := {u € C|u =0 in ¢ < -1} with the norm
Q4 (u) and let D'(Q,) be the dual Hilbert space. We have the natural inclusion D(Q,) ¢ D(Q) and
D'(Q) c D(Q.). Note that for v e C,, ((H- %2 + Du,u)e = Q4 (u). We obtain the self-adjoint extension of
H- %2 +1 on L?([-1,00) x Qr) with domain D(H,) = {u € D(Q,)|Hu € L?} (corresponding to Dirichlet
condition at ¢ = —1) and the bound above implies that there is a bounded inverse
R, : L*([-1,00) x Q) - L*([-1, 00) x Q) satisfying (H-Q?* + 1)R, =1d

and 3[0R. f[5+ R f15 + [PVPR 5+ |7PVIPR, £I3 < | 13,
that is Ry : L?([-1,00) x Q) - D(H,) c D(Q,). Moreover R, : D'(Q,) - D(Q,) is bounded. Note that
there is a natural inclusion D(H,) c D(H) by using the inclusion [-1,00) c R. We would like to prove that
R, is compact or quasi-compact. We have

2 2 N N 2 N
(H - “57) (1= )R (1-x) =(1-x) + 5[02, F]R (1 -2) = (5 - D1 - )R (1-x).
=(1-x)+ K +K3(a).

Notice that K!, K?(«) are bounded as maps D’'(Q) — L? by using that [0%, %] : D(Q) - L? is bounded.

+ c
We can use the orthonormal basis (¢k1)k1en Of eigenfunctions of P defined as the normalization of (1.33).

Then we use the fact that ¢y € L(Q2r) for each ¢ < oo to obtain, with TLju = Yy 1cn A < )\j(u | 1)2tia and
7€ (1,00),
(3.41) Il ey < Mul2ny Y, [twalorrn) < Cillul 2o

k,leN,
Akl < A

(3.39)

(3.40)

where C; > 0 is a constant depending only on j,r but not on u. Now, by Cauchy-Schwarz and Holder
inequality, we write for u =R, f

© e ) © e V3| ulul
[1 e [yul|72(q,)de < [1 e E(T)dc

(3.42) g([:o]E(V’1|Hku|2)dc)%([:o e“’CE(V|u|2)dc)%

oo 1
—g\ L —aN L
SEVOF ([ Milnayde)’ < CEQ) 5113
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where we used the bound (3.39), the bound (3.41) with 7 = 2p if 1/p+1/q = 1, and the fact that V! e LI(Qr)
for some g > 2. Now we claim that bootstrapping this argument gives the estimate

(3.43) &7/ ul3 < CRE(V-0)7 | £[3.
Indeed, define recursively the sequence a1 = a”2+1 (n = 0) with ag = 0, or equivalently a,, =1 -27". Then
the same argument as above produces the relation, using again Cauchy-Schwartz and Holder inequality,
1
< An41YC 2 < e Te V2 |Hku||u|
[1 e pu) 72(qnyde < [1 e 7%?2 E(i‘/% )dc

1
2

<7 e ([ o)

oo 1

SEDVIN 2

<E(V™?)2 Hfl\z([1 emcnnku||i2pm?)dc)
1
2

- =+ < a c
<CEV O [ e Ihul}e oy de)

This recursive relation can be solved to produce the bound

-n+1

oo o\ L
[ e il gy de < (GEVDE) 113

Our claim (3.43) then follows from monotone convergence theorem.
We deduce that

(3.44) IR, : L([-1,0) x Qp) » e~ 2 L*([-1, 00): Ey,)

is bounded. By using again (3.41) and the fact that V' € L9(Qr) for some ¢ > 1, this also implies using Holder
that

[ee] c l oo ¢
[1 e’ ‘|V2Hkul|%2(ﬂ—;r)dc<C]%HVHL‘I(Q’JI) [1 e’ HHkuH%?(QT)dO
Using (3.39) and (3.44), this implies that
(3.45) PVI2(1-)R, : L? > L2,

is bounded. The argument above shows that if u € D(Q,), then e?/?V/2(1 - II;)u € L?. But since II;
commutes with d., P, we deduce that

ueD(Q,) = HrueD(Q,).
Let us now consider the operator Ry , == (1 -1II;)R,. Let u =R, f with f e L?, then we claim that
Nl (1= Tyl + 51061~ Theyul3 + e V2 (1~ Ty )ul3
< =T0R) £, (1= T )ua] + (€T VE(L - I )u, e T V2T u)y|
< =Tl (U= Tyl + 5l V(= Tpul3 + e VETkul3).
To prove this, we first take ¢ € C2°((-1,); E;) (for j > k), compute ((H - %2 +1)(1-Tg)ep, (1 -TIg)u) =
Q,((1-T)p, (1 -TI;)u) (the pairing is D'(Q.) x D(Q,)), then use that
(H-9 +1)(1-T) e, (1-T)u) = ((1-TH) (H - 2 + 1), (1-T)u) - (€72V 3T, 72V 3 (1 - T Ju)s

and finally let ¢ converge to u in D(H, ), which gives the desired bound by using also (3.45). This gives the
bound

e 1 e 1
(346) Mgl (1=TIp)u|3 + 310e(1 = T)ul3 + e V2 (1-T)ul3 < | 2] (1 - Tk)uls + e V2 TTul3.
Now we do the same computation with (1 —II;) replaced with I and get

e L e L
(3.47) T3 + $10:Teul3 + 3 e VETul3 < | fll2[Teulz + e V2 (1 =TI )ul3.
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Combining (3.46) and (3.47) and using |u]2 < || f]2, we obtain (the bound is not optimal)

2
Vv

Since [92, %] = X" + 2%/, and X' = 0 on supp(1 - x), we have (K})? =0 and |K}|,(r2) < C (using (3.39))
for some uniform C depending only on X. By combining with (3.48), we deduce that

H(K}r + (]- - Hk)KE(O‘))Hﬁ(LQ) < C(l + |p|2)\;1/2)7
[+ (1= TL)KZ (@) |eqrz) < CU(L+ PN + (14 )40

(3.48) IRY e fll2 = (1 =T )ul2 <

for some uniform C' depending only on Y. Next we consider the operator IT; K2 (). Recall that, by (3.39),
(3.49) QeI R,y : L*([-1,00) x Qr) > L*([-1,00); E},)

is bounded. Now we claim that the injection

(3.50) Fyi={uee s L*([-1,00); Ey) [ dou € L*([~1,00); Ex)} » €& L*([~1,00) x Q1)

is compact if we put the norm |u| g, = [e> uls + |@ecu]z on Fj. Indeed, consider the operator nrld : Fy —
e 3°L*([-1,00); E)) where nr(c) = n(c¢/T) if n e C&((-2,2)) is equal to 1 on (-1,1) and 0 < n < 1.
Since Ej has finite dimension, this is a compact operator by the compact embedding H'([-1,7); E}) —
e T°L?([-1,00); E}), and as T — oo we have

e (ru-w)§ < ¥ [ (- nr)2 e ulfaqnde < e F ul,

thus the injection (3.50) is a limit of compact operators for the operator norm topology, therefore is compact.
By (3.44) and (3.49), the operator IR, : L*([-1,00) x Qr) — e 3°L?*([-1,00) x Q) is compact. We get
that the operators defined by (3.40) are such that

K2 (o) : L*(R x Q) - L*(R_ x Ey,)
is compact. This complete the proof by setting K, 1 () = ;K2 () and L, j(a) = K + (1 - Ix)K2(a).
The holomorphy in a € C is clear since K2 (a) is polynomial in a. O

Remark 3.12. As above, the operators R., K, (o) and Ly y(a), lift as holomorphic family of operators

to X.

3) Small P eigenmodes in the region ¢ < 0, where there is scattering. We will view the potential
2

€7V as a perturbation of the free Hamiltonian Hy := —%83 + % +P on L?(R™ x Q) with Dirichlet condition

at ¢ =0. We show (recall that 7 : ¥ — C is the covering map)

Lemma 3.13. 1) Fiz k and 0 < 8 <~/2. The operators

(3.51) Ry (a) = (Hy - L2250, : PP L2 (R™ x Q) » e P L2(R7; Ey)
defined for Im(p) >0 can be holomorphically continued to the region
(3.52) {a=Q+ipeX|Vj <k, Im\/p?-2)\; > -5}

This continuation, still denoted Ry,(a) : ePPL?(R x Qr) — e PPL?(R™; Ey), satisfies
YR (a)x : P LA(R x Qr) = ¢ 7P(L*(R™; By) N D(Q)),
(H- %)XJRIC(OZ)X =px + Kp,1(a) + Kg 2 (a)
where Ky 1(e), Kg2(a) are such that for Imm > —min(8,v/2 - B)
Kpi(a): PP L2 (Rx Qp) » e’PL*(R x Q)
Kpo(a):ePPL* (R x Qr) - °PD'(Q)

are holomorphic families of compact operators in (3.52), and we have K ;(a)(1 -1I;) = 0 for i = 1,2,
(1- Hk)KkJ(a) =0 and Hk-KkQ(Oz) =0.
2) If f € ePPL?, then there is Cj, > 0 depending on k, some aj(a, f) and G(a, f) € HY(R; Ey,) depending
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linearly on f and holomorphic in {a = Q+ip e X|Vj < k,Imy\/p? — 2\; > —min(B,v/2-B)} such that in the
region ¢ < 0

(3.53) Rie(a)f)= Y ajla, fe™VF =N 1+ G(a, f),

Aj S A
|G (@, () 2@n) + 10:G(, £)(€)|12(r) < Cke™ e PTL £
3) For each B € R, the operator Ry («) extends as a bounded analytic family
Ri(a): e PPLA(R x Q) - e PP (L3(R™; Ey) n D(Q))
in the region Tm(p) > |8 and Ky 1() : e PPL2(R x Q1) » e PPL2(R x Qr), Kia(a) : e PPLER x Qp) —
e PPD'(Q) are compact analytic families in that same region.
Proof. We first consider Hg on (-o0,0] with Dirichlet condition at ¢ = 0. Using the diagonalisation of P

on Ej, we can compute the resolvent (Hg - %)_1 on Ej by standard ODE methods (Sturm-Liouville
theory): for Im(p) > 0, this is the diagonal operator given for j < k and f € L*(R™) and ¢; € ker(P - \;)

2 c —ic'\/D2—2X; N g
ﬁqﬁj( [oo sin(c\/p? - 2);)e PP=2N £ (N de
+ foe_”\’pg‘z’\" sin(c’\/p? - 2)\j)f(c')dc')

where our convention is that \/z is defined with the cut on R*, so that \/p? = p if Im(p) > 0. For j = 0, that
is ¢g = 1, for each 8 > 0 the resolvent restricted to Fy admits an analytic continuation from Im(p) > 0 to
Im(p) > -3, as a map

(Ho - L2 f(0)g, =

(H, - Q22+p2 )—1HO . 6—5\0\L2(R_ xQr) —> e'Blcle(R_;Eo).

This is easy to see by using Schur’s lemma and the analyticity in p for the Schwartz kernel
ko(e,d) =T s n e PUED gin(ep)eiP + Lo s o e PUTHED gin (¢ p)e'eP
of the operator Hoe_ﬁlcl(Ho—%)_le_ﬁ‘c‘Ho that we view as on operator on L?(R™). Moreover, one directly
also obtains that it maps e Pl1L2(R™ x Qp) - e Pl H2(R~; Ey) n H} (R™; Ey). Similarly, the operators
(Ho - L) 16,(8;,-) : e PAL2 (R x Q) - /IL2(R™; Co)
are analytic in p, which implies that
Ry (a) = (Hy - L2 ML : e L2 (R x Qp) » P H2(R™; By) 0 HY (RT3 Ey)

admits an analytic extension in p to the region {p € Z|Vj > 0, Im(M) > —f} of the ramified Riemann
surface Z. By using the fact that V'/2II; € £(L*(Qr)) and P21I, € £(L?(2r)), we deduce that

WRi(a)x: e LR x Qp) > (LA (R Er) 0 D(Q))
is bounded. We have (using IRy () = R («))

(H- %)YRM@)X =TI x - 3[07, Xk R (@) x + €7 VIL YRy ().
=TIy + (02, Xk Ry () x + €7 T VIL YRy () x + €7°%(1 - T, ) VI YRy () x
=IIx + Ki1(a) + K 2()

where Ky, 2(a) = e7°Y(1 - ;) VIL YRy () x satisfies 11K 2(a) = 0. The operator [02, ¥]II Ry (a)x is
compact on e PI¥IL2(R; L?(Qr)) since €?1[H2,X] is a compactly supported first order operator in ¢, Ej =
Im(I1;) is finite dimensional in L?(Qr) and Ry (o) : e PL2(R™ x Q) —» Pl H?(R™; E}) (this amounts to
the compact injection H?([-1,0]; E},) — H'(R™; E})). Moreover, the operator e#~ /2l ¥Ry, (o) ye Pl is
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also compact from L?(Rx€Qr) to L?(R x E},) by using the same type of argument as for proving the compact
injection (3.50): indeed, one has the pointwise bound on its Schwartz kernel restricted to ker(P - ;)

Ik, (c, )| < 06(5—7/2)|C|—3|C'|(elm(\/P2—2/\j)(|C|—|C'|) n e—Im(\/PZ—QAJ)(lclJrlC'l)) L > i
+ QBB (I FTTRNHeD | AmIIRN Dy g
We see that for Im(y/p? - 2\;) > 0, if 0 < 8 < /2, this is bounded by Cmax(e('gﬂm)lcl_mc,‘, (a<5_"7/2)|°"|_5‘c‘)7

and is thus the integral kernel of a compact operator on L?(IR™) since it is Hilbert-Schmidt (the kernel being
in L2(RxR)). If now Im(y/p? - 2);) < 0, the same argument shows that a sufficient condition to be compact

is that
Imy/p? - 2X; > - and Im\/p? - 2\; > - /2.

But the multiplication operator V'/2: L?(R; E},) - L?*(R;Qr) is bounded since IVullz2(any < Crlulz2can
by using that the eigenmodes of P are in L?(Qr) for all ¢ < oo and V € L" () for some r > 1. Since
e7PV2 L2(R™ x Qr) - D'(Q) is bounded, we deduce that if 0 < 3 < ~/2

VYR (a)x : P L?(R x Qp) — °PD'(Q)
is a compact operator. We also note that, since II, V2 : L?>(Qr) - Ej, is bounded,
VI VILLXRE (o) x : €?P L2 (R x Qp) —» €?PL?(R™; Ey)
is compact, thus Ky, 1 () : e#PL2(R x Qp) — #?L*(R™; E}) is also compact. This proves 1).

Now, if f € e’PL?(R; E}) we have for ¢ < 0 and writing f = i <k fi with f; eker(P - \j;)

—w p 2>\
(Re(@/)(0) =2 ¥ e / sin (/7 =2 )X(¢) f5()de!
(3.54) J<k —2y o

sin (c NP2 -2\ ) f;(c)dd
7 < < k \ p - 2>\ [ ) ’
and the term in the second line, denoted G(c), satisfies for ¢ < -1

GO aqony <2 8 [ eI A B0 £ () |y
j<kIT™®

<Oy ”e—ﬁchHQe—BICL

and the same bounds hold for |9.G(c)| 12(q,); this completes the proof of 2).
We remark that if Im(p) > 0, then the operator

(Ho - %)7lﬂk : GB‘C‘LQ(H( x Qr) - eﬁlclLQ(Ri; Ej)

is bounded and analytic in p, provided 0 < 8 < min; < , Im(y/p? — 2);) = Im(p). Indeed, this follows again
from Schur’s lemma applied to the Schwartz kernel

Ties en e PUIED gin (e /p? - 2/\j)e_iclV G Lo > e PUTID gin (¢! \/p? - 2, )eieVPIm2A
Using again that V211, : B, — L2(€r) is bounded, this implies that
Ry (o) : e?IL2(R™ x Qp) > /N L2(R™; E,) n D(Q))

is an analytic bounded family in p in the region 0 < 8 < Im(p). The same argument works with 0 < —3 < Im(p)
in case 8 < 0. The operator Ky, 1(a): e PPL2(R x Qp) - e PPL?(R x Qr) is compact by the same argument
as above since it is Hilbert-Schmidt and Ky, o(a) : e #PL2(R x Q1) — ¢ #PD'(Q) is compact. O

4) Proof of Proposition 3.8. For 8 € R, define the Hilbert space for fixed k
Hyp = P L*(R; Ey,) ® L*(R; E})
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with scalar product

(P Vs = [ € ML T paanyde+ (1= TR £, (1= T Ve

We now fix 3 and 3’ as in the statement of Proposition 3.8. We now use the operators of Lemma 3.9, Lemma
3.11 and Lemma 3.13: let x; %, X be the cutoff functions of these Lemmas and let ¥ € C*(R) equal to 1 on
supp(%X) and supported in R™. We define

R(a) = XRi(m(a)x + (1= DR (1= x) + XRu()x - ¥R () Ky 2(a)
which in {a = @ +ip € ¥|Vj < k,Im\/p?-2X; > -3} is bounded and holomorphic (in «) as a map
R(): Hyp > Hyp_pnePPD(Q). Tt moreover satisfies the identity
(H- QATF(Q))]’::{(@) =1+ Li(m(a)) + Ki(m(a)) + Ky g (m(@)) + Ly g (m(a)) + Kg 1 ()
- (Li(m(@)) + Kip(m(@)) K 2(a)

where Lj (7(a)) and Ki(7(a)) are the operators of Lemma 3.9 with ¥ (resp. x) is replaced by Y (resp. X).
Let us define

(3.55) Ki(a) = Kia(a) + Ky i(m(@)) + Ki(n(a) - (Li(n()) + Ki(m(a) Kz (a).

By Lemma 3.9, Lemma 3.11 and Lemma 3.13, Kz () : Hi.p = Hi,p is compact and holomorphic in « (recall
that Ky, ;(a)(1-1I;) = 0). Let us also check that

Ki(a):e??VIL3(R x Qp) — Hpp and R(a): e?PVELA (R x Qp) —» e PPD(Q)

are bounded. First, since e2?V 2 L2 ¢ D'(Q), Lemma 3.9 and Lemma 3.11 show that K, i(m(a))+K;(m(a))
is bounded as map e2?V 2 L% - M, and that YRz (7(a))x+(1-x)R+(1-x) is bounded as map e3PV2L? >
D(Q); second, 11,V 2 : L2(Qr) - L2(Qr) is bounded thus K (o) : e3PV2L2(RxQr) - Hy, 5 is bounded as
well as YRy (a)x : e3?V2L2(R x Qp) » e #?D(H) (using Lemma 3.13) and XRi()Kp 2 (o) : ePViL? >
D(H), finally proving the desired claim.

Now if |1(a) - Q* < )\,19/4 and if k is large enough, the operator Ly, (a) := Li (7()) + Ly 1 (a) is bounded
as map

(3.56) Li(a): Hip > L*(R; Ey) Li(a) s D'(Q) ~ Hup

(and thus as a map e2”V2L% - Hy. ) with holomorphic dependance in «, and with bound (recall (3.31)
and (3.38))
ITk ()0, g r2(miEr) < 1/2-

In particular, (1 +fk(a))(l —fk(a)) = 1—ik(a)2 is invertible on #H}, g with holomorphic inverse given by
the Neumann series }72 L (a)¥; we write (1+Tx()) == (1 -Li(a))(1-Ly(a)?)!, with Ty (a) mapping
boundedly Hj, g — Hy, 3. Moreover we have

(H - 2A7(0))R(a) (1 + Ty (a)) = 1+ Kp(a)(1 + Tr(a))

and the remainder K(a) := Ki(a)(1 + Ty(a)) is now compact on Hy, 5, and 1+ K(a) is thus Fredholm of
index 0. )

Let pg = iq for some g > f3, the operator H - % being self-adjoint on its domain D(H) and non-negative,
H- % is invertible with inverAse denoted R(ay) if ag = Q +ipo = Q — ¢g. Now, let (¢;); < C ,}A{k’ﬁ be
an orthonormal basis of ker(1 + K(ag)*), and (¢;); <7 ¢ Hi,p an orthonormal basis of ker(1 + K(ap)).

2 2
For each j, there is w; €e D(H) such that (H - Q 2+p0 Ywj =1;. If 0 € C*(R) equal 1 in ¢ € (-o0,-1) and is
supported in ¢ € R™, we have in D’'(Q)

(3.57) (Ho - L0 0uy; = 0; — 07V, — 1[02, 0]w;
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and this implies by projecting this relation on Ej, with II; that, setting v, 5 = IIx¢; and ¢j{k = (1-1Ig)e,,
similarly w; = ITyw; and wj.k = (1-Ix)w;,

2 2
(3.58) (Ho - L322 0w; ), = 01 5, — 07T (Vwy) — 1[62,0]w; ..

Due to the fact that V € LP(Qr) for some p > 1 and ?*/2V2w; € L? since w; € D(Q), then e7°Il;(Vw;) €
P22 (recall IIj, : L'*¢(Qr) — Ej, ¢ L?(Qr) is bounded). Since [0?,6] is a first order differential operator
with compact support, we get [0, 0]w; 1, € L. This shows in particular that 6w; x € H*(R™; Ex)nH} (R™; Ex)
and since FE}, is finite dimensional, it is direct to check that

R (Q + ipo) (Ho — L220)0uw, 4 = fuw;
with Rg(Q +1ipg) the operator of Lemma 3.13. We obtain in the region ¢ € R~
Ow; i = Ry (Q +ipo) (0 — 0™ T (Vw;) — 1[92, 0]w; 1)
Using the properties of Rg(«) in Lemma 3.13 and in particular (3.53), we see that for each 0 < 3 < /2
Ow; € P L*(R™; Ey)
and thus we deduce that
wj e P L*(R; By,) ® L*(R; E) = Hy .-

If we consider the finite rank operator W defined by W f := Z;-Izl wi(f,0j)n,  for f € Hy g, we have as
operators

J
2 2
(H-S5P)W =Y with Y[ = Y 0(f.05)m,,-
j=1
But now it is direct to check that 1+ K(ag) +Y is invertible on Hp g and we obtain that
(H-20(0))(R(a)(1+ Ti(a)) + W) =1+ K(a) + Y.

The remainder K(a) == K() +Y is compact on Hy, g, analytic in « in the desired region and 1+ K(a) is
invertible for a = ag, therefore we can apply the Fredholm analytic theorem to conclude that the family of
operator (1+K(a))™" exists as a meromorphic family of bounded operators on Hy, g for a in {a=Q +ip e

Sr(a)- QP < )\,16/4, Vi< l@ImM > -3} except on a discrete set of poles with finite rank polar part.
We can thus set
(3.59) R(a) = (R(a)(1+Tr(a)) + W)(1+K(a)) ™"
which satisfies the desired properties. To get boundedness e3?V 2 L2 (R x Qp) - e PPD(Q), we write
R(a) = R(a) - R(e)(Ky(a) + Ly(a))

and we have seen that Ky (a)+Lj(a) : e2°V2 L2(RxQp) - Hy. s is bounded and R(a) : e2PV2 L2 (Rx Q) -
e ?PD(Q) is bounded. We can use the mapping properties of R(a) and W, together with (3.53) to deduce
3.28).
( Wl finally need to prove that there is no pole in the half plane Re(«) < @ except possibly at the points
a=0Q+ zm First, by the spectral theorem, one has for each f € e’?L? ¢ L? with 8 > 0 and each «
satisfying Re(a) < Q

Clfl2
Im(a)[.[Re(e) - Q)
which implies that a pole ag = Q +ipy with pg ¢ {i\/Q_)\j|j > 0} on Re(a) = Q must be at most of order
1, while at pg = :t\/Q_)\j it can be at most of order 2 on X. Since R(a)(1 + Ty (ar)) + W is analytic, a pole
of R(«) can only come from a pole of (1 + K(a))™", with polar part being a finite rank operator. We
now assume that pg ¢ {i\/ﬁﬂj > 0}. Let us denote by Z the finite rank residue Z = Resy,R(«). Then

[R() flleorz < CR(a)f|2 <
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(H- %)Z = 0, which means that each element in Ran(Z) is a w € e”??D(H) such that (H- %)w =0.
There are finite rank operators Zo, ..., Zx on Hy g so that for ¢ € C*((-c0,-2),;[0,1])

N N
VZ = YIrR(0)Zn = Y, VOLRL(a0)XZy + YR (0)Zo + Y Zy2
n=0

n=1
where Z > is a finite rank operator mapping to Hy g c L% For f € H}.,3, the expression of PRy (ap)f is
explicit from (3.54), and one directly checks by differentiating (3.54) in « that it is of the form (for ¢ < -2)
= —ie\/pR-2X; | &
(OER(a0) ()= X X Tjm(a, e VI 1 Cla, f)
)\j g >\k m g n
for some @jm (o, f) € ker(P - \;) and XG(ao, f) € Hy s satisfying HYG (o, f) € Hy 5. This implies that,
in ¢< -2, we Ran(Z) is necessarily of the form
w= Y > bj,mcmefic\’pgfw‘j +G
j<km<N
for some b;.,, € ker(P - \;) and G € H;, 3 with HG € Hy, g. Using that Y(¢)e?Ilx(Vw) € e?°L?, we see from
2 2
the equation (Hg — %)Hk(w) = —e7°II(Vw) that

(HO _ %)( Z Z bj,mcme—ic\/pg—z\j)

A< Am<N <0

eefer?

and by using the explicit expression of Hy, it is clear that necessarily b ,, = 0 for all m # 0. Then we may
apply Lemma 3.15 with u; = ug = w to deduce that b, = 0, and therefore w € D(H), which implies w = 0
by Lemma 3.1.

It remains to show that a = Q + Z\/ﬁ is a pole of order at most 1. To simplify, we write the argument
for @ = @, the proof is the same for all j. The method is basically the same as in the proof of [Me93,
Proposition 6.28]: the resolvent has Laurent expension R(a) = (a - Q)™2Q + (a - Q)™ 'R/(«) for some
holomorphic operator R’(a) near o = Q and Q has finite rank, then we also have |R(a)d|> < |Q - o™
for a < Q and all ¢ € C, thus we can deduce that

Q¢ = lim (a-Q)*R()9.

The limit holds in e %" L? for all 6 > 0 small, but the right hand side has actually a bounded L?-norm, so
Q¢ € L? and thus Ran(Q) c L?. Since we also have HQ = 0 from Laurent expanding (H - 2A,)R(a) = Id
at a = @, we conclude that Q =0 by using Lemma 3.1. O

The resolvent in the physical sheet on weighted spaces. We shall conclude this section on the resolvent of
H by analyzing its boundedness on weighted spaces e #?L? in the half-plane {Re(a) < Q}. We recall that
Lemma 3.3 was precisely proving such boundedness but the region of validity in « of this Lemma was not
covering the whole physical-sheet, and in particular not the region close to the line Re(«) = Q. Just as in
Lemma 3.5, the main application of such boundedness on weighted spaces is to define the Poisson operator
Pe(a), and we aim to define it in a large connected region of {Re(«a) < @} relating the probabilistic region
and the line a € @ + iR corresponding to the L2-spectrum of H.

Proposition 3.14. Let 8 € R and Re(a) < Q, then the resolvent R(«) of H extends as an analytic family
of bounded operators

R(a):e PP L3R x Qp) - e ?*D(Q) R(a): eGPV L2(R x Qp) - e PPD(Q)
in the region Re(a) < Q -]
Proof. We proceed as in the proof of Proposition 3.8: we let for Re(a) < Q
R(a) = Ry (a)x + (1= R4 (1 - x) + TRi(a)x - XRy () K 2(e)

and we get
(H- Q%)ﬁ(a) =Id+ Kk(/\) + Ek(a)
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where we used the operators of the proof of Proposition 3.8 (see (3.55) and (3.56)). Now we take Re(a) < Q
and |@Q - af < A for some fixed constant A > 0 that can be chosen arbitrarily large, and we let k > 0 large
enough so that
(3.60) A*+1< min(i A, A > (16°C2(1+C2) +1)(|8] + 1)

' 16(1+Cy)" "% 7 ! 2 ’
where the constant C7, Cy above are the constants respectively given in Lemma 3.9 and Lemma 3.11. The
conditions in (3.60) ensures both the condition Re((a — Q)?) > % —= 2\ + 1 of Lemma 3.9 is satisfied and
the operator YR} (a)x : e #PD'(Q) - e PP(L*(R™; E}) nD(Q)) is a bounded holomorphic family, and the
norm estimate appearing in 2) of Lemma 3.9 gives

C1(1+18)) __ 1
VRe((a-Q)2) + 20— f2  16(1+Ca)’

The condition |3]| < @ — Re(a) (equivalent to Im(p) > |S|) makes sure that we can apply 3) of Lemma 3.13:
in particular the operator Ry (a): e ??L2(R™ x Q) —» e PP(L?(R™; E;) n D(Q)) is a bounded holomorphic
family. Also, Lemma 3.11 ensures that (1-¥)R,(1-x):e?*D'(Q) - ¢ #PD(Q) is a bounded holomorphic
family (note that both cutoff functions (1 - x) and (1 — x) kill the ¢ > —oo behaviour and this is why
Lemma 3.11 extends to weighted spaces e #?L2(RxQr)). Also the first condition in (3.60) ensures the norm
estimate (as given by (3.38))

(3.61) IL5 ()| g(e-por2y <

ool =

(3.62) ILs k(@) 2erzy <20, Ly k(@) 22y <
As a consequence

R(a):ePPL? - e PPD(Q)
is bounded and holomorphic in U := {a € C||Q - o] < A,Re(a) < @ —|B|}. Furthermore (3.61) and (3.62)
provide the estimate

[(L k(@) + Li(@)? | oeso 2y < 1/2.

Moreover, 2) of Lemma 3.9, Lemma 3.11 and 3) of Lemma 3.13 also give that Ky () is compact on the
Hilbert space e #?L2(R x Q7). Exactly the same argument as in the proof of Proposition 3.8 gives that

Q*+p?
2

for some T}, bounded holomorphic on e#? L2 in U. Since by Lemma 3.3 we know that (H-2A,,) is invertible
on e PP L2 for some ag € U, one can always add a finite rank operator W : e #? L2 — ¢#PD(H), so that

(H-2A)(R(a)(1+Tg(a)) + W) =1+K(«)

(H- )R(a)(1+Tr(a)) =1 +Ki(a)(1 +Tr(a))

for some compact remainder K(a) on e™?L?, analytic in o € U in the desired region and 1 + K(a) being
invertible for a = aig € U. This implies by analytic Fredholm theorem that

R(a) = (R(a)(1+ Tr(a)) + W)L+ K(a) ™ : e PPLER x Q) > e #PD(Q)

is meromorphic for a € U. Now, using the density of the embeddings el®PL? ¢ L? c e71#IPL? and using that
R(a) is holomorphic in U as a bounded operator on L?, it is direct to check that R(a) : e #?L? —» ¢ #7D(Q)
is analytic in U. Since A (and thus U) can be chosen arbitrarily large as long as the constraint Re(«) < Q|3
is satisfied, we obtain our desired result. To prove that R(a) maps (2 92V 2 L2(R x Qr) to e #*D(Q), we
proceed as in the proof of Proposition 3.8 and write

R(a) = R(a) - R(a)(K(a) + Li(a)).
Using one more time that IT,e2”Vz € L(L%(R x Q7)), we get that
Ry (0): e G PVIL2(R™ x Qp) > e PP(L2(R™; Ey) nD(Q))
Kj2(): eGPV IL2(R x Qp) » e PPD(Q)
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are bounded, and thus R(a) : e3PV 2 L2(Rx Q) » e #PD(Q) is bounded by combining with the already
described mapping properties of Rj; () and R (). The same arguments (just as in the proof of Proposition
3.8) also prove that that operators Ky (o), Ly(c) are bounded as operators e(2=9#V 2 [2  ¢=#rD(Q), thus
we obtain that R(a) : e(Z"9PV 3 L2(R x Q) - ¢ ##D(Q) is bounded. O

3.2. The Poisson operator. We have seen in Lemma 3.5 that it is possible to construct a family of
Poisson operators Py(«) in what we called the probabilistic region, which contains a half line (—oco, Q — ¢;)
for some ¢, > 0 depending on £. The construction was using the resolvent acting on weighted L2-spaces. In
this section, we will use Proposition 3.8 and Proposition 3.14 to prove that the Poisson operators extend
holomorphically in « in a connected region of Re(a) < @ containing the probalistic regin and the line Q+iR.

Regime close to the continuous spectrum of H. We first start with a technical lemma that allows to define
the Poisson operator on the continuous spectrum @ + ¢R:

Lemma 3.15. Let peR and for m =1,2, let u,, € e L*(R x Qr) with § >0 such that:
1) for each 0 € C*(R;[0,1]) supported in (a,+oc0) for some a € R then Qu,, € D(Q)
2) wu,, satisfies
(H- %)um = rm € L*(R x Q7).
Set k =max{k > 0|2\x < p*}. Then u,, has asymptotic behaviour
(3.63) = 3 (ahe VPN b VN ) 4 Gy,

3,225 < p?

with al,,bl, € ker(P - \;), and both Gy, 0.Gyy, € 2P L*(R x Qr) + L2(Qp; E}t). Then we have
(ur|ra) = (riua) =i Y 2= 2x({ad | ad)reqan) - (0] 1B} paany ).
7,225 < p?

Proof. Let 8 € C*(R) be non-negative satisfying 07 = 1 on [T, c0) and supp(6r) c [-T —¢,00) where T'> 0
is a large parameter and £ > 0 small, and let 67(-) = (- + 1). In particular we have 070 = Op. First,
Orun, € HY(R; L?(Q21)) satisfies

(H - Q2;p2 )(5Tum) = ’QVTT’m - %[83, 5T]um € Lz(R X Q’]l‘)

thus Oru,, € D(H) (we used that [02,07] is a first order differential operator with compactly supported
coefficients). This implies, using [H, 6716 =0 = 07[H, 0], that

(ul, 7‘2) - (7‘1, UQ) :Tlim (GTul,H(gTuQ)) - <H(§TU1),9T’LL2)
(3.64) R
== lim 3([0C, Or]ur, uz).

We write u,, = ul, + G, by using (3.63). Then we claim that, as T — oo,
([02,07]ui, Ga)| + [{[0Z,07]G1, uz)| — 0.

Indeed, we have (|u?|+]0.uf|)Ga € L' (RxQr) and (|G1|+]0.G1|)ug € L' (RxQr), and the support of [0, 6]
is contained in [T - 1,-T]. We are left in (3.64) to study the limit of ([0?,07]u?,u}). But now we have
[02,07]ud = 04l + 205048 and for fixed T > 0 it is direct to check, using integration by parts and the fact
that (Fp— L2 )u0 = 0 that

([602’9T:|U’(1)7ug> :fT 160(9T<8Cu(1)3u(2)>l/2(91r) _9T<ugaacUg>L2(Q1r))dc

(0 (~T), u(~T)) L2y — (W (=T, Y (~T)) 13-
A direct computation gives that this is equal to
2i Z Vp* - 2Aj((b{,b§)L2(QT> - (a{ﬂ%)m(m))-
JiA; < p?

This completes the proof. ([l
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Now we extend the construction of the Poisson operator (3.22) in a neighborhood of the line spectrum
ae@+iR.

Proposition 3.16. Let 0 < 3 <~v/2 and £ € N. Then there is an analytic family of operators Py(a)
Py() : By » e PPD(Q)

in the region

(3.65) {a e C|Re(a) < Q,Im\/p? - 2, < B} u{a = Q+ip|p e R\ [-v/2X, V/2M( ]},

satisfying (H - Q2gp2 YPe(a)F =0 and

(3.66) Pu(a)F = Y (Fye VP2 4 Ff (a)e VP20 ) 4 Gy (a, F)
J<L

with F} = Hye@-xj)F, Fj(a) € ker(P = X;), and Ge(o, F),0.Go(a, F) € e3P L2(R x Qr) + L2(R; E}).
Moreover, for each 0 € C°(R), one has 0P;(a)F € D(H). Such a solution u € e‘gpLz(R x Qr) to the

equation (H - QZ;I’Q Ju = 0 with the asymptotic expansion (3.66) is unique. The operator Py(a) admits a

meromorphic extension to the region

(3.67) {a=Q+ipe|vjeNo,Imy/p>=2); € (8/2-7,5/2)}

and Py(a)F' satisfies (3.66) in that region. Finally, F/(a) depends meromorphically on o in the region
above.

Proof. We start by setting u_(a) := Z?:o }*_']-_ceic\/pZ_Q’\J7 and let xy € C*(R) equal to 1 in (—o0,—1) and with
supp(x) c R™. We get
1
(H - L5 (xu- (@) = =X (e)u-(a) =X ()u-() + €V yu_(a).
The first two terms are in eN?L2(R x Q) for all N, the term €7V yu_(a) belongs to €2V 2 L(R x Qr)
if Im(y/p? - 2);) < 7/2 by using V1/2Fj‘ € L?>(Qr). We can thus define, using Proposition 3.8 (with k > ¢
large enough), if Im(/p? - 2X;) € (-min(B3, % - 8),7/2) for all j <k and |r(p)[* < )\,19/4
2 2
us(@) = R(a)(H - L52) (xu-(@)) € e ’D(Q)

so that u(«) = xu-(a) —us(a) solves (H- %)u(a) =0 in e 2#D(Q). We use Proposition 3.8 with k > ¢
large enough, and we see that u,(«) is of the form, in ¢ <0,
u(@) = Y Gi(a, F)e VP2 L G(a, F) = S @(a, F)e VP20 1 Gy(a, F)
J<k Jj<t

with @; (o, F) e ker(P-);) and G(a, F'), 0.G(a, F') € e7P L*(R_xQp)+L*(R_; E}) and G¢(a, F) € ePP L*(R_x
Qr) + L*(R_; E}) if Re(a) < Q. Here we have used the fact that Im\/p? — 2); > 0 (since either Re(a) < Q
or p? < 2); for all j > ¢ if a = Q +ip with p € R\ [-2v/2X;,1/2)¢]) to place all terms corresponding to all
¢ < j < k, which belong to L?(R; E}), in the remainder term G(c, F'). This shows that

(368) Pg(Oz)F - u(a) _ X(C) Z Fj—eic\/pQ—Z)\j _ R(a)(H - 2Aa)(X(C) Z Fj‘eic\/p’z—?)\j)

Jj<t j<e
satisfies all the required properties. The analyticity in a except possibly at the points @ +1i./2); for j € Ny
follows from Proposition 3.8, in particular 3) of that Proposition. At the points @ +1i+/2);, the analyticity

is a consequence of the Lemma 3.17, in particular (3.70) and the fact that @ + Z\/E is at most a pole of
ordre 1 of R(«) and a;(c, ). We notice that the expression of Py(«) is the same as in (3.22), thus when
the regions of a considered in Lemma 3.5 and here have an intersection, then this corresponds to the same
operator, by analytic continuation.

The uniqueness of the solution with such an asymptotic is direct if Re(«) < Q: the difference of two such
solutions would be in D(Q) and the operator H has no L? eigenvalues (Lemma 3.1), hence the difference is
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identically 0. For the case o = Q + ip with p € R, denote by 4(«) the difference of two such solutions. Then
() can be written under the form

a(a)= Y Ff(a)e ™VP 2 4 Gy(a, F)
<t
where Fj*(a) e ker(P - \;) and Gy(a, F) € (O L2(R x Qp) + L*(R; E}). We can split the sum above as
Yian, <p?t Ljprej < 2ng o Thesum 3; oo 5 < 9y, -+ belongs to some e L? as well as its 0, derivative. We
can use Lemma 3.15 to see that 3,05, < 2 ||ﬁ‘;(a)\|2L2(QT) =0, hence again i(a) € L? and we can conclude
as previously.

The meromorphic extension of Py(«) is a direct consequence of the meromorphic extension of R(«) in
Proposition 3.8. |

We notice that for o = Q + ip with p € R, the function P(@)F is another solution of (H — @)u =0
satisfying
P@F = Y, (Fre P e Fr@)e V) + Go(@, F).
i<e
This implies that for each F'=}; < , F; € Ey, there is a unique solution u = Py(a)F to (H- %)u =0 of
the form
(3.69) Po(a)F = ‘;[ (Fjre—ic\/p‘z_xj N f‘jj"(a)eic\/pT_Aj) +Gy(a, F)
J <X
with Gy(a, F) € egp(C)LQ(R x Qr) + L*(R; E}) and F\j* e Cp;, and Py(a) extends meromorphically on an
open set of 2 just like Py(a).

Lemma 3.17. Let £ €N, 0< 8 < and « in (3.65), the Poisson operator Py(«) can be obtained from the
resolvent as follows: for F =% ; < F; € Ey and ¢ € ePrL?

(3.70) (Pe(@)F,p)a =i Y /02 =20 (Fy ,a5(@, )

i<e L2(Qr)

where a;(a, @) are the functionals obtained from (3.28), holomorphic in o and linear in .

Proof. Let a = Q +ip with p € R~ ([=v2\r, V2] Uj > ¢ {£1/2);}) and let us take F' = ¥, <, F; with
F; e Ker(P - \;) for j < {. Then from the construction of Py(a)F" (with a function x = x(c)) in the proof
of Proposition 3.16

(Pu(a)Fp) = 3 Fye VP Ny o) - (R(a)(H-24,) 3 Fye V7 Ny o)
i< e i<t

X

= ( > Fj_eicmx, gp) - ((H -2A,) ), Fj—eic\/mx,R(a)gp>.
J<t jst

Here we used R(a)* = R(@) = R(2Q — «). Let 07 be as in the proof of Lemma 3.15. We have
lim (67(c)(H-2A,) ¥ Fye' VP Ny R(@)y)

j<t
icy/ . L. N L _
:< ZE Fjiew P2*2)\]X7<p> - 5 ’II‘LH;< Zl Fj € v 2>\'7X7'9¥R(a)§0)
Jj< j <

= Jim (¥ Fy eV 0 0. R(@)e).

Toee i<
Using now the asymptotic form (3.28), the last two limits above can be rewritten as
lim (3 F VPN OR@)g) = Jim 3 (£ 0y (@) V)
j <L i<

T—oo
=X

lim { 3 7P 00 R(@)p) = Jim T (F7 VTN, 0ra; (@ 0)0(eVPT)

Toeo 0 j<e
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and this easily yields
(Pula)F,0) =i Y /P? = N (Ffa5(@, )
Jj<!

where a; are the functional obtained from (3.28). The result then extends holomorphically to the region
(3.65) and meromorphically to (3.67) O

L2(r)

The Poisson operator far from Re(a) = Q. We have seen in Lemma 3.5 that the Poisson operator can be
defined far from the spectrum. The problem is that the region of analyticity of Py(«) in Lemma 3.5 does
not intersect (for ¢ large at least) the region of analyticity of Py(a) from Proposition 3.16. The proposition
below extends the construction of the Poisson operator to a region overlapping both regions in Lemma 3.5
and Proposition 3.16 (see figure 3).

Proposition 3.18. For ¢ fixed, the Poisson operator Py(«) of Lemma 3.5 extends analytically to the region
(3.71) {a =Q+ip| Re(a) < @, Im(p) > Im(y/p? - 2X¢) - 7/2}
Proof. As before, for F = Z?:o F; e By with F; e Ker(P - )j), we set u_(a) =%, < @Fj_eicva_Q)‘J, and let
x € C°(R) equal to 1 in (—o0,-1) and with supp(x) c R™. We get

(H - 257 (xu_(a) = ~3x"()u(0) = X'(€)Deu—(a) + €7Vyu_(a) € eTVIERDY L [2(R x 0).

Using Proposition 3.14, we can thus define, with the same formula as in Lemma 3.22 and Proposition 3.16,
the Poisson operator

us(a) = R(a)(H - T52) (xu-(a)) € VP20 (),
Pe(a) F = u_(a)x - us(a)
in the region
Im(p) = Re(Q — &) > 1_n<a>l§Im\/p2 —2X; — /2 =Im\/p? - 2\, — /2.
j<
([l

Remark 3.19. Notice that this region of holomorphy is non-empty and connected, as for £ and |p| = R > X\
Ae
Im(p) —Im\/p? = 2Xp + /2 = v/2 + O(E) > 0.

3.3. The Scattering operator.

Definition 3.20. Let £ € N and a = Q+ip with p € R\ (—/2Xg,v/2)\¢). The scattering operator Sy(«) : Ey —
Ey for the £-th layer (also called £-scattering operator) is the operator defined as follows: let F' = ¥, < , Fj € E,

(with Fj € Ker(P - \;)) and let F; := (p? = 20;)"VAE;, then we set

Yi< e Ff (@)@ =20)',if p> V2N,
ngéFf(Oé)(pQ—Q/\j)l/{ if p<—v2Xg.
where F]*(a),ﬁj‘f(a) are the functions in (3.66) and (3.69). We will call more generally

S(Oé) . U€72)\e<;02 ker(P — )\J) - U@72A2<p2 ker(P — )\J)
’ FeE, = Sg(a)F

Sg(a)F = {

the scattering operator, where we use Sy(a)|g,, = Se(a) for £ < L.

Let us define the map wy : ¥ — X by the following property: if r;(a) = \/p? — 2); are the analytic functions
on ¥ used to define this ramified covering (with a = @ +4p in the physical sheet), then wy(«) is the point in
3 so that

rj(we(a)) = { ;;gét)l) ii f;’

As a consequence of Proposition 3.16 and Lemma 3.15, we obtain the
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Near spectrum
region (3.65)

Re(a) =@
Analyticity
region (3.71) for
e S P
—— - 4 — E(a)
> |
— - - \
— ~ — 4
|
: ‘ Probabilistic ’

region (3.23)

FIGURE 3. The green colored region correspond to the region (3.71) of validity of Lemma
3.18 for the analyticity of the Poisson operator Py(«) with ¢ > 0 (for the plot, we take
A =4, v=1/2). It overlaps the probabilistic (3.23) and near spectrum (3.65) regions.

Corollary 3.21. For each ¢ € N, the (-th scattering operator Sy(a) is unitary on E; if a = Q +ip (peR)
is such that A < p* <min{\; | A\¢ < \;}. It also satisfies the functional equation

(372) Sg(Oz)Sg(Lug(Oz)) =1Id.

Moreover it extends meromorphically in (3.67) if B < ~. It also satisfies the following functional equation
for each F = Z§'=o F;eE,

4 4
(3.73) Pe(@) Y (0* = 2X) Y Fy = Pp(wie(a))Se(a) S F;.

J=0 J=0

Proof. The unitarity of Sy(«) on the line Re(«) = @ follows directly from Lemma 3.15 applied with u, =
Pi(a)F. The functional equation (3.72) reads S;(a)S¢(2Q — &) = Id on the line Re(a) = @ and that comes
directly from the uniqueness statement in Proposition 3.16 on the line. The extension of S(«)) with respect
to o comes directly from the meromorphy of the a;(c, F') in Proposition 3.8. The functional identity extends
meromorphically under the formula (3.72). The functional equation (3.72) also comes from uniqueness of
the Poisson operator. (Il

Theorem 3.22. For each j € N, let (hjx)p-1,... k(j) be an orthonormal basis of kerp2(q.)(P — X;). The
spectral resolution holds for all ¢, ¢’ € PP L?(Qp x R) with 5> 0

(oo, ;iz)fo (01P,(@ + /T2 e ) 2o (@ i/ 20, e | )

As a consequence the spectrum of H is absolutely continuous.
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Proof. We recall the Stone formula: for ¢, ' € e??L? for >0

1 .. *° 2 .
(plee = lim [T(E-G - t-ie) = (-G~ i) o )it
1

~ i - OMWH-@-lf)’l-<H—@+ie>*11w|w'>pdp
- o [TUR@ - in) ~R@Q-ip)) ]| ol

21

Here o = @ + ip (with p > 0) has to be viewed as an element in 3 obtained by limit Q +ip — € as € — 0*
and, if £ is the largest integer such that 2\, < p?, we write @ for the point wy(«) on X. For a = Q +ip with
p e R*, we have for € e#PL? with 3> 0

%«R(a) ~R(@))¢ o) = Im(R(a)p]| )
=Im(R(a)(H-2A,)R(@)p | o)
= Im((H - 2A,)R(@)¢ | R(@)¢)

Here we have used that (H - 2A,)R(@) = Id on €?L? provided p € R and that (R(@)p|¢’) = (o, R(a)¢’)
for ¢ |y’ € ePPL2, this last fact coming from the identity R(@) = R(«a)* for Re(a) < Q and passing to the
limit Re(a) — Q. Let O7(c) as in the proof of Lemma 3.15. We have

(H-2A.)R(a)p, R(@)p) = lim (67(H-2A,)R(a)p, R(@)¢)
= Jim (0rR(@)p[p) + lim 3([07,07]R(@)¢|R(@)¢p).

Using (3.28) and arguing as in the proof of Lemma 3.15, as T' > oo we get
((H-24,)R(@)¢, R(@)¢) =(R(@)p, ¢) + 3 lim Z H%(Wp)l\m(m)@ G . RN

-3 hm Z Haa(a,s&)Hm(Qf)e%TV PN (T VTN g

=(R(a)p, p) —i Z VD2 =20 (@ 9)[72q,)-

We conclude that

(3.74) -Im(R(@)¢, ) = 5 > VP* - 2)]05(@,9) 720,y

j<€

By Lemma 3.17, we have

(3.75) Po(a)' o =—i Y aj(@ )\/p?-2)\;.

Jj<tL

By polarisation and by denoting II; the orthogonal projectors on Ker(P - A;), we deduce from (3.74) and
(3.75) that

“In(R@p )=} 3~

]<€\/p _2>\

Rewriting Py(a)*¢ = ¥4 OZk(J)(go,Pg(a) k)2hjk, we obtain

(TLPe( ) o, I Pe(a)*©") L2 (0r)-

k()

oo 4
. . p
{p )2 =5 f Z vaxevzxan (P) 2 Z(%7’12(62+Zp)hjkh(*”"%@Hp)hjk)zﬂdp'
3=0 k=1 )




64 COLIN GUILLARMOU, ANTTI KUPIAINEN, REMI RHODES, AND VINCENT VARGAS

This finally can be rewritten, using (3.26), as

, 1 & k(5) . : »
(o, ¢")2 =5 Z f I vamim) () X0 {0 Pe(Q + ip) i) (', Pe(Q + ip) i) —=—=1dp
T 20 k=1 P72

(o)

k()
. >3 P _ p
) kzl (o P @+ i)hie) (' P (@ + iphin) == 7y dp

ZquQﬁ)x(@ﬁu

J=0

l\D‘IH
||M8
\

where we performed the change of variables in the last line r = \/p? — 2A;. O

4. PROOF OF THEOREM 1.1

We write the spectrum o(P) of P in increasing order, without repeating multiplicity, and denote the
eigenvalues by 0= Ao <--- < \; <..., and we recall from Section 1.3 that (¢ )k 1en is an orthonormal basis
of L?(Q1) with Pty = M. First, in Theorem 3.22, we prove that for any function uy, us € ede-1.2 (RxQ)
with § > 0,

(ug [uz)e f (u1 [Pj(Q +in/ P%+2X)hia)2(P; (Q + i/ P? + 2 )1 | uz)2d P
Jj= OkleN

AkI=Aj
(4.1) -

f (u1 | ¥g+irk1)2{VQwirk,1|u2)odP
27T =0k, leN
>\k1 )\

where, to simplify the notations, we have defined for each k, 1,

Uoripk1 = Pi(Q + i/ P? + 2Ma)Yia

for j € N satisfying A\; = Ax1. Now, we will perform a change of basis to recover the bootstrap formalism. Let
us fix an eigenvalue A; for the operator P. As in Section 1.5, we set the following definition for the Liouville
descendant fields for P (possibly complex): for each v, € T, there is j € Ny such that |[v]| +[7] = \; € o(P),
we then define

1
(4.2) VQripyp = EH; . (MQ_HP)k] 7V Q+iPk,1
b Akl

where the matrix M ’..p are defined by the change of basis of (1.56). Just as in (1.58), it is direct to see by
using this change of ba81s in (4.1) that

(4.3) (ur|ug)2 = lnr;o Z f uy | VQripu )2 (‘I’QHPV | u2)2 FQ+1P(V v )Fc;gmv(g v )dP
L—ooo VU,V UeT,
\u|+\u| <N,

/o7 |17
where the coefficients Fé}rl p(v, V") are matrix coefficients defined right below equation (1.57). To justify the
formula, we can write (4.1) as a limit of Z;»V:O fOL and notice that for each (v,7,v',7") € T with |v| + |7] =
V'] +[7] = A; the matrix valued function P~ Fgl,;p(v,1") is continuous in P.
Let us define, for NV € N, the sets
Tn={veT||lv|=N}.
Next, we notice that the matrices (Fg+ip(v,v"))ueTy appear as Gram matrices in (1.55) and can thus be
taken to be positive definite (Fg.;p are defined up to sign in (1.55)): indeed, for each 7 of length [7] = N’,
one has Fg.;p(v,v)Fg4ip(7,7) > 0 by (1.55), thus we can choose all the Fg.;p to satisfy Fo,,p(v,v) > 0 for
all [v| = N and all N, but for each ¥ the matrix (Fg1ip(v, V') FQ+ip(V, 7)), reTy is non-negative as the Gram
matrix of the vectors (Qq+ip,u.7)very and thus positive definite since (Fg+ip (v, 1)) ety 1S also invertible.
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In particular, one can define the matrices (Fé}ﬁg(y, V")) u.veTy to be the square root of the positive definite
matrix (Fgi;p(¥,v"))vurer - We then define the new elements for v € Ty and 7 € Ty

-1/2 -1/2 ,~
Hgipvy = Z FQ+/iP(V7 Vl)\I/Q+iP,u1,V2FQ+/iP(Va v2).
[v1|=N,|v2|=N"

One can first notice that for all u1,us € €®- L?(R x Qr) with § >0, L >0, N € N, we have

L
@) [T Y (wlHourur)a Houirwy|uz)dP
O <N PN

N L
= Z Z A (ul |\IIQ+Z'P7V17V2)2( \I/QH'P,V&M |u2>2Fé1—iP(V13 V3)Fé-1¢—iP(V2ﬂ V4)dP

7,3'=1 V1,V2,V3,V4
[v1l=lv3l=d,lval=lvgl=5"

and similarly

L
(4.5) fo > {wi|Howirym)2{ Hovirww|uz)2d P

V+P| < N
L -1 -1
= ) > fo (1 |V Quipwi,vs)2{ YQuiPws s [U2)2 F i p(V1,v3) Fyip(v2, va)dP
j+j’ < N V1,V2,V3,V4

[v1l=lv3l=d,lval=lvgl=3"

L
=[ > (u | Yripk1)2(Yoripk |uz)2d P,
O klia <N

Now, we claim that for all u,us € % L2(R x Qr) for some & > 0, we have

L
(46) (U1 |U2)2 = hm hm Z (u1 |HQ+7:P7V,’D’>2< HQ+iP,V7g|UQ)2dP.
LreoN=eo J0 L < NP < N

In the case u; = ug = u, the limit (4.6) is just a consequence of the inequality
L L L
fo > NulHqiiryw)ol*dP < fo > WF|Hgripyw)2ldP < f >, WulHguirwp)of*dP

lv|+[7] < N \‘u|| <, O plspl< 2N
7l <

along with identity (4.5) and (4.1). In the general case, we can take the difference of (4.4) and (4.5), use
the Cauchy-Schwarz inequality and the results for the u; = uo case to deduce that the difference tends to 0
as (N,L) — oo. Then (4.3) allows to conclude that (4.6) holds.

For |z1|,|22| <1 and |23|,|24| > 1, the 4-point correlation function is given by

_ _ 1 1
(4.7) (Vay (21) Vay (22) Vs (23) Vo, (24)>%u = 23] s |24 18es (Ual,az (21, 22) | Uas,as (57 ZT3)>2

where recall that for |z;|,|z;] < 1
Uai,ocj (Zia 253 Cs 90) = hn& Ecp[vai,e(zi)vaj,e(zj) exp ( - ’ueVC A M’Y(dx))]

By using the Girsanov theorem, one gets the following explicit expression
o2 o2
Uiy (762536, 0) = (1= |22) T (1= |25]2) 7 elirei@egaiPelei)rasPolz)raia; Golzi2))

X E¢[exp( — e’ /H; e'yo‘iGD(z’zi)+'Y°‘-7GD(I’Z-7)Mv(dz))].

The formula (4.7) can be extended to the case |z4| = oo by taking the limit |z4] - oo of both sides multiplied
by |z4[*®«4, and we define

<Va1(zl)VOtQ(22)V03(23)V064(00)>"/’# ::‘ hlm |Z4|4Aa4(Val(Zl)Vaz(ZQ)Vag(ZB)V(XAL(OO))')/,/,L
Z4|—>00
1
. [~40ay
_|Z3| <U(¥1,Oz2(21722)|U04470t3(07 ZS)>2
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We want to compute the right hand side for z; = 0, 29 = z with |z| < 1, 23 = 2’ with /| > 1 and let 2" - 1,
and we recall that for |z| < 1 the vector U, a,(0,2) € €2~ L2(R x Q) for some § > 0 if a; + o > Q, and the
same holds for Ua, , (0, %) if a3 + ay > Q. Using the identity (4.6) and (4.4), we get

(4.8)

(Ual,ag(zl,ZQ) | Uay.as (()’ %))2 -

L

(Ner)ILOO Z A <Ua17012 (07 Z) | \IIQ+iP7V»V> <\I/Q+1PV v |U(X470¢3 (0 - ))QFQHP(V v )FQ+1P(~ ~,) dp.
’ v,o VT eT,
[v'|=|v] < N,
7171 < N

Now, we can give ezact analytic expressions for the scalar products (Ua, ,(0,2) | ¥g+ipy.5)2. This is the

content of Proposition 1.10, proved in Section 5. For v = (v;);c[1,5] @ Young diagram and some real numbers
AA AT Tet

v(A A A" V) = H(Z/JA, A+ A"+ ).
J= u<j

With this notation, we can state that for P > 0, the following expression holds
(Uay,az (0, Z) |V Q+ipw,v)

C’R/CL)ZZ(OZL az, Q - iP) PP Banirmfor=Bea)y (AL A, Agrip, V)V(Aay, Ay, Aguip, V)
where A, = 5(Q - 5) are conformal weights and CPO%%(q, ap,Q — iP) is the constant defined in (A.3).
Let us now take as = a9 and o = ay, with aq +as > Q as before and choose 2’ = % with ¢ € (0,1). In view of

the above considerations then (4.8) is, up to the multiplicative factor |tz|~22e1 7282 the limit as N, L — oo
of

L o~ ~
LB g 0, iR TS MG ) gl )
0 v,UeT, 1/’,'17’67—7
v < NP1 'S N o/ 2o, 5 2171

X’UAOL)AIX7A +iP;VUAa7AOz;A +’iP7’ﬁvAaaAa7A +iP7V,vAa7Aa7A +iP717, dP
( 1 20 2Q 1 21 2Q 1 27 82Q 1 PR
2

= [0 |CDOZZ(a17a27 _ZP)| |t’z|2AQ+1P Z ﬁn(AQ+2P7AalaAazaAoc27Aa1)(zt)n
n=0

where the coefficients (3, are given by

/Bn(AQHPa Aal ) Aaz y A(X?, y Acm) = Z U(Aal ) Aaz y AQHP’ V)Fé-lH'P(Va V,)U(A(M, Aa37 AQ+1’P7 V,)-
v,v'eT,
If 2 € (0,1) the above expression is increasing in the variables N, L and zt since §,, > 0, but since it is also
bounded by its limit, it implies that the series

(o)

z Znﬁn(AQ+iPa Aal 5 Aag ) Aaga Aal )
n=0

is convergent for |z| < 1 for almost all P > 0 and

(Val (O)Vaz (Z)Vaz (%)Val (°°)>'y,u =
2

)

t4Aa2|tZ|—2Aa1—2Aa2) A\ CDOZZ(a17a2? _iP)|2|tz|2AQ+iP Z ﬁn(AQ+iP7Aa17Aag;AagvAal)(Zt)n

The formula then extends to ¢ = 1 by continuity.
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Next, in the general case (Vy, (0)Va, (2)Va, (1/t)Va,(00)),,, with |z| <1 and ¢ < 1. We have by Cauchy-
Schwartz
BH(AQJriPPv Aal ) Aaw Aa:;a A014) < \/5n(AQ+iP’ AOél ) Aaz ) Aag ) Aal )\/ﬁn(AQJriP? AO‘M AO% ’ AO@ ’ A‘M)
1
g 5 (ﬂn(AQ+iP7 Aoq 5 Aag ) Aaz ) Aal) + 5n(AQ+iP7 A(hu Aa:p Aasa A(Jz4))~

We can then take (4.8) and get similarly to the previous case that

1
(Ve (0)Viag (2) Vg (5)Veay (00)) 0 = #1500 72 B0 7280 [ 2800 7280
2
dP.

N
> Bu(zt)"

n=1

L
x (NhLI;“ 0 CRSZZ(QL g, Q —iP)CPO%%(ay, a3,Q - iP)|tz|?AexiP
,L)—>oo

where 8, = 8o (AQwir, Aoy, Days Aays An, ). We can use Cauchy-Schwarz and the estimate above for the
case a; = ay and as = a3 to see that the sum/integral are convergent and the limit exists. This achieves
the proof by finally taking ¢t — 1" (note that CPO%%(ay, a3,Q - iP) = CRSZZ(ag, ay,Q+1iP) by (A.3)): we
obtain the boostrap formula (1.71).

5. PROBABILISTIC REPRESENTATION OF THE POISSON OPERATOR

In Section 3 we constructed the generalized eigenstates (by means of the Poisson operator) of the Liouville
Hamiltonian H on the spectrum line @+iR and showed that these generalized eigenstates can be analytically
continued in the parameter o = @ +ip to the physical®’ region Re(a) < Q. It turns out that for « real in the
physical region, which we will call probabilistic region, we will be able to give a probabilistic representation
for the generalized eigenstates. The probabilistic representation of the Poisson operator will be instrumental
to reveal the combinatorial relations between the generalized eigenstates, which are encoded in the Ward
identities. Then we will analytically continue these relations back to the spectrum line.

5.1. Highest weight states. Recall the definition (1.51) of the highest weight state 14 (c, @) = e{®~@° for
a € C of the u = 0 theory. From Proposition 3.7 item 2 (applied with F' = 1), we know that for o € R with
a < @, the state

(5.1) U, =Po(a)l
is given by the large time limit

(5.2) U, = tlim thA“e_tHl/)a, dc®P a.e.

where A, denotes the conformal weight (1.8). In physics (or representation theory) terminology the state U,
is the highest weight state corresponding to the primary field V,,. Combining (5.2) with the Feynman-Kac
formula (2.33) leads to the probabilistic representation for o < Q

(5.3) Uy(c,p) = e(o‘_Q)cEw[eXp( - pe’ fD |.Z‘|_’YQM,Y(C1£)):|.
We recall here that the integrability of |z|™7* with respect to M, (dx) are detailed in [DKRV16].
Remark 5.1. In forthcoming work, we will show that, for « € (%,Q), we have as ¢ > —oo

U, (e, o) = ela=@e 4 e(Q_O‘)cR(oz) + e(Q_O‘)co(l)

with o(1) - 0 in L*(Q1) as ¢ - —oo with R the reflection coefficient defined in [KRV20], which thus appears
as the scattering coefficient of constant functions: for £ =0 is given by So(«) = R(a)Id. More generally, we
will show that the scattering matrix is diagonal.

206 avoid confusion, we recall that, in scattering theory, ” physical region” refers to the region where the resolvent operator
is L2?-bounded.
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5.2. Descendant states. Recall that for y = 0 we have the Virasoro algebra descendant states given by
Yo (€:0) = Qaw(p)el e
where 9, . are eigenstates of the operator P:
PQovw=(V+[7])Qawr
so that
H0,,5 = (284 + V] + [P]) Y-

From Proposition 3.7 we infer the following
Proposition 5.2. Let a < —W AQ —~. Then the limit

(5.4) lim et(QA"“+‘”|+W|)e_tHwa7,,,g =V, .,

t—+o0 7
exists in e PPL2(R x Qr) for f>Q —a—1.

Proof. Write |v| + |7] = A; for some j. We apply Proposition 3.7 item 1 but we have to make a small
notational warning: indeed recall that in Section 3, eigenvalues are parametrized by 2A, whereas here
eigenvalues correspond to 2A, + V| + |[7] = 2A, + A;. So let us call o the « in the statement of Proposition
3.7, and write it as o’ = Q +ip with p? = 2)\; — (Q —@)? (p € iR) in such a way that

204 =2A, + );, otherwise stated \/p? - 2); =i(Q - ).
Let £>1,j</and F=Q,,» (and x = 1). Then the limit (5.4) exists in e #?L? if 8 > Tm\/p? - 2N -v=
Q-a-v>0and —p? > 32. In conclusion we get a < Q—~ (first condition) and —p? > (Q —a—)?. Substituting

p? =2)\; - (Q - )? in the latter, we arrive at the relation (Q —a)? —2\; > (Q — a—v)?, which can be solved
to find our second condition. O

5.3. Ward Identities. In this section we state the main identity relating a LCFT correlation function with
a V,, insertion to a scalar product with the descendant states ¥, , 5 given by (5.4) (recall our convention
for contour integrals in (2.63)). We recall the representation (2.68) of the free field states

Vo = eZA“s(27ri)_k_jj1‘§‘ s 9|§\ z;,111_”\71_'17U0(T(u)T(V)Se—sUo_lwol)d\_/du

where s > 0 arbitrary, e™* < §; A 8} (and Se-sUy ', = e®(c*B:s=Q9)) and the integrand is defined as the limit
Uo(T()T(v)Se-sUy b)) = lim lim, Uo(Te(u) Ty (v)Se-sUg tha).-
The meaning of the limit is as follows. The state on the RHS is given by
22 Up(Te(W)Te (V) Se-+Ug o) = e, (0,1, v) (7"

where ¢, . (-,u,v) € L*(Qr) do not depend on s. Furthermore

(5.5) lim lim g, ¢ (0,1, V) = qa(p,u,v)

e—0€'—0
where the convergence is in L?(2) (and pointwise a.s.) uniformly in u,v on compact sets in the region
(5.6) Oy ={e* <|ujl,|v;| < 1, wj #ujr,vj #vj j+j', uj vy}

for all s > 0. Finally the limit g,(-,u,v) is analytic in u and anti-analytic in v on Oy for all s > 0. We have
then

Lemma 5.3. We have

e UN(T ()T (v)Se-:Uj 'ba ) = lim llirr%) e "UN(Te(W) T (v)Se-:Ug b))

where the limit is in e PPL2(R x Qr) for all B> Q - a, uniformly in (a,v) € O, and the LHS is analytic in
u and anti-analytic in v on Og.
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Proof. Convergence of e"™(q, . +14) in e ??L*(R x Qr) follows from the L?({2r) convergence (5.5) and
(3.13) applied with 5> Q - «. ]

The following lemma gives a probabilistic expression for eitH’l/)a_’lapI

Lemma 5.4. Let §;, A ?5}5 <e7t. Then

e—(QAa +v|+|7])t

—-tH _
e 1/}a,u,i7 = (27Ti)k+j

By B g0V TR (T@T (Vo) O v
where
E%(T(U)T(V)Va(O)e_#e’YCMV(D\Dt)) = lir% llln%) Ego(Te(u)Tel(V)Va(o)e_“e’yc]v{w(D\Dt))

and the limit exists in e PP L2(R x Qr) for all B> Q — a and is analytic in u and anti-analytic in v.

Proof. For the sake of readability we write the proof in the case when 7 = 0. Thus, consider
2A,8
e24a

(5.7) Va0 = mie Jq|§u y ul Uy (T(w) S+ Us "o )l

By Lemma 5.3
&MU (T(w)Se-+ U5 ') = limn e M0 (Te(w) S, U5 )
= lim U (T () (S U o) M0 ®))
= 1im U (Se (Te(u) (S Ug b Yo M)
=lim e U (Tove(e7 ) (Seroe Uy ') See (40 P))
=2 Qi B (Tomre(e ) (ot Ug M )7 M0 (0200
i=e 2" QB (T (e70) (Seront U Mpg )e e M (D))

where we used Se-+(Te(n)) = e 2 T,~i(e"tu). By Lemma 5.3 the last expression is analytic in u and since

eQA“Se_tHUO(T(u)S’e-sUo‘lea) is independent on s we can take the limit s - oo. For this we note that
St Uo_ldja = (e (t+5)Q) pa(1,X (77" ))r _ 6—2Aa(s+t)eacea(1,X(e't's~))T—%a2E(17X(€""S~))%
so that
e?AaSELP (T(e—tu) (Se—s—t Uo—lwa)e_ue’YC]\/ffy(D\Dt) )) — e—?Aat]ELP(T(e—tu)Va(O)e_ue"fcMw (]D)\]D)t)))

and the last expression is analytic in u. Hence by a change of variables in the u-integral

e_tHl/J 262A7043 —?g ul—l/e—tHU (T(U)S —SU_lw )du
a,v,0 (27T7,)k =5 0 esUp [
—(2A4+|v|)t
_€ 1-v —QcE T V(0 —pe? M., (D\Dy) d
g (0 02
—-(2A4+|v|)t
:6 1-v —QC]E T V(0 —pe? M., (D\Dy) d
) ﬁl‘ﬂu e sa( (w)Va(0)e ) u
where in the last step we used analyticity to move the contours to |u| = 4. O

In what follows, for fixed n > 1, we will denote
(5.8) Z:={z=(21,...,2n)|Vi# ], 2z # z; and Vi, || <1}.
Denoting 0(z) = (0(#1),...,0(2,)) € C” we have 02 = {(z1,...,2,) |Vi # ], zi # zj and Vi, |z] > 1}.
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For a = (a1, ..., ay) € R™ such that a; < @ for all ¢ we define the function Uy (z) : R x Q1 - R by
(5.9) Ua(z,c,p) = lil% e_QCEw[( H Vai’e(zi))e_“ewa”(D)], forzeZ
i i=1
where V,, . stands for the regularized vertex operator (1.7). Let us set

(5.10) 5=

.

M

=1

Remark 5.5. It follows directly from the construction of correlation functions that for z € 02
(Var(0) TT Ve, )y = (TT 124 )(WalUa(8(2)))s
i=1 i=1

and these expressions are finite if a+ s >2Q and o, ; < Q.

Lemma 5.6. Let z € 0Z. Then almost everywhere in ¢, and for all R >0
Ua(0(2)) () < (D00 (1)
where A € L?(Qr).

Proof. Let r = max; [0(z;)| and ¢(p) = infrep, Po(x) and o(p) = sup,.p, Po(x) with D, the disk centered
at 0 with radius 7. Then

Ua(0(2))(c,0) < CeQeelcra(@))spne’ Pz

where the expectation is over the Dirichlet GFF Xp and

z- [ a- |2[2)F eZe G 0G AL (d2)
where M, p is the GMC of Xp. For ¢ <0 we use the trivial bound

Ua(0(2))(c, ) < Cels e (9
and for ¢ > 0 we note that Z has all negative moments so that for a >0
Ee*? =E(aZ) " (aZ)"e *? < nlE(aZ)™ < Cpa™

implying

Ua(0(2))(c, ) < CHGC(S*Q*W)esa(w)*nw(%)
Since e*7(#)7(¢) ig in L2(P) for all s,n the claim follows. O

Define now the modified Liouville expectation (with now D; the disk centered at 0 with radius e™*)

(5.11) (F), = fR ¢ Q[ (e, X)e e MO0 e,
Also, in the contour integrals below, forvectors 8, 8 registering the radii of the respective contours, we will

put a subscript ¢ when these variables are multiplied by e, namely §; := e7*é and similarly for ;. Then
we get

Corollary 5.7. Let ze 0Z. For a € R as in Proposition 5.2 and o+ Y ; o; > 2Q), we have
(5.12) (Vo Ua(b(2)))2
(5.13) :(ﬁ|zi|4ﬂw) . ﬁ lim ﬁ, . ﬁ{v T @T )V 0) ZﬁVai(zi))thdu.
Proof. Combining Proposition 5.2 and Lemma 5.6 the existence of the limit
(Vo Ua(0(2)))s = lim eCA= WD Wy, U6 (0(2)))s
follows. By Lemma 5.4 the RHS is given by the RHS of (5.12). a

Here is the main result of this section:
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Proposition 5.8. Let ze€ 0Z. For a € R as in Proposition 5.2 and oo+ Y ; o; > 2Q and for all i a; < Q, we
have in the distributional sense

(Ve (0@ = ([T ) % Du D (Ve (0) [T Vo (20

where the differential operators D,,, Dy are defined by

(514) Dl, =D,,k ...Dl,1 and DUZD,‘;]. "'D171
where for n e N
& 1 (n-1)
(515) Dn = ; ( - Zln_l 821‘ + Z,Ln Aaz)
= 1 (n-1)
(5.16) D, _; (- = 0. + = Ad,)
Proof. Section 6 will be devoted to the proof of this proposition. O

5.4. Proof of Proposition 1.10. We are now in position to deduce the structure of 3 point correlation
functions involving descendant fields. For this we first need the following lemma concerning analycity of
Ua(z) in the parameter o € C", proved in Appendix B.1

Lemma 5.9. For fized z € Z the mapping a — Uy (z) € €? P L2(R x Q1) extends analytically over a complex
neighborhood Ay, in C™ of the set {a e R" | Vi,a; < Q}, for arbitrary 8’ < Re(s) - Q (recall (5.10)). This
analytic extension is continuous over (o, z) € Ay x Z.

The first conclusion we want to draw is the fact that the pairing of ¥, with Uy (6(z)) (in the case n = 2)
is related to the DOZZ formula when « is on the spectrum line @ + iR.

Lemma 5.10. Here we fiz n =2 and we consider z € 0Z. The mapping (o, ) = (U |Un(0(2)))2 is analytic
over the set
{(, ) | Q- g <Re(a) < Q,Re(a+a; +a3) >2Q,a e A3}

and, over this set, we have the relation

(\I/a|Ua(9(Z))>2 — |2:1|2A042—2Aa+2A041 |z1 _ 22|2Aa—2Aa1—2Aa2 |Z2|2Aa1—2Aa+2Aa2 %O']YD,SZZ(O‘7 al,a2).

In particular this relation holds for = Q +iP with P € (0,+00) and aq,as € (—00, Q) with a1 + as > Q.

Proof. By Proposition 3.16, the mapping o — ¥, € e 3PL2 (R x Q) is analytic provided that 0 < 8 <+ in
the region {a € C| @ - Re(«) < 3/2}. Combining with Lemma 5.9 (with n = 2) produces directly the region
of analycity we claim. Furthermore when all the parameters are real, by Remark 5.5 we have

(Va(0)Var (21) Ve (22)) . = (LT il 2 )(WalUa (8(2))

Also, for real parameters, the RHS coincide with the DOZZ formula [KRV20], namely

(Va(0)Vay (21)Vay (22) )0 = |21 [Re2 72807280 | — o PAam2B01 72805 |5 2Rar 28280, LODOZ (o 0y ).

This proves the claim. (Il

Now we would like to use Ward identities, i.e. Proposition 5.8, to express the correlations of descendant
fields with two insertions (¥, ,,5|Uq(6(2)))2 (here with n = 2) in terms of differential operators applied to
to correlation of primaries (¥, |Uq(6(2z)))2 when the parameter « is close to the spectrum line o € Q + iR.
This is not straightforward because Proposition 5.8 is not only restricted to real values of the parameter
but also because the constraint on «, which forces it to be negatively large, implies to have n large in order
for the global Seiberg bound a + Y, a; > 2@ to be satisfied. Transferring Ward’s relations close to the line
spectrum is thus our next task.

For this, recall Proposition 3.18 (and its remark just below) that establishes analycity of the mappings
ar VU, ,5€ e PPL2(R x Qr) and a — ¥, € e PPL2(R x Q) are analytic over a connected domain A,7cC
such that
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e A, contains a complex neighborhood of the spectrum line {&=Q +iP | P € (0,+00)} over which
B < 0 can be chosen arbitrarily close to 0, see Propositions 3.16, 5
e A, contains a complex neighborhood of the half-line {a e R | o < (—W) A(Q—-7)} over which
B < Q—Re(a) —~ (as explained in Proposition 5.2).
Therefore, for arbitrarily fixed n and z € 62, the pairings (a,a) = (¥4, 5|Ua(6(2)))2 and (a,a) ~
(¥o|Ua(0(z)))2 are holomorphic in the region A, 5 © A = {(a,a) € A, 5 x A, | B <Re(s) - Q}. Now we
want to make sure that the subsets
S={(a,a)|Via;eRand a; < Q,s-Q >0,a=Q +iP with P € (0,+00)}

and
Rop:={(a,a) | ViaybeRand o; < Q,a+s-2Q >0, e Ry < (—W) AMQ-7)}

are both non-empty and in the same connected component of A, ©.Af;. For this, we can choose a continuous
path ¢ : [0,1] - C joining both sets and a complex neighborhood A, c A, of this path such that
SUPgeq, B < +oo (B being a function of ). Now we choose n large enough in such a way that (n-1)Q >
sup,py 8 and (n-2)Q > (W) A (v - Q). These two conditions makes sure that S and R, » are both
non-empty and in the same connected component of A, 7 © AJ,.

Now we exploit the Ward identities, valid on R, 3. Let us consider a smooth compactly supported function
@ on 0Z. The mapping

(0.0) € Ay @ A = [ (Vo 5lUa(0(2)))2(2) da

is thus analytic. Furthermore on R,  and by Proposition 5.8, it coincides with the mapping

(0,0) € A5 © Ay > [ (Va(0) TT Ve (200, D303 (0() [T 2412 )
=1 =1

= [ (LT )0 o (0(2)))2DED; () [ 4+ )

=1

where we have introduce the (adjoint) operator D7 by

[ Ds@a(z)dz= [ f(2)Dip(2)dz

for all functions f in the domain of D,, and all smooth compactly supported functions ¢ in C" (and similarly
for Dy). Therefore both mappings are analytic and coincide on R, thus on the connected component of
A, © Ay containing R, and finally on S. Notice that, on S, we can take all the «;’s equal to 0 but the
first two of them provided they satisfy a1 + as > Q. This fact being valid for all test function ¢, we deduce
that the relation

(VQuipwmlU(Va, (0(21))Va, (0(22))))2
=%CRSZZ(Q +iP, a1, ag) 2|0 |zg |12

< Dy]jﬁ(|21|2Aa2—2AQHp—2Aal |21 - Z2|2AQ”F—2A(11—2A(12 |Z2|2Aa1—2AQH-p—2Aa2)

holds for almost every 21,29 and aq,as < @ such that a; + as > @, and thus for every zq, 20 € 02 as both
sides are continuous in these variables. From this relation and after some algebra, sending zo — oo, we end
up with the claimed relation. O

6. PROOF OF PROPOSITION 5.8

6.1. Preliminary remarks. Before proceeding to computations, we stress that the reader should keep in
mind that the SET field T'(u) is not a proper random field. In particular the expectation in (5.12) is a
notation for the object constructed in the limit as € - 0 and ¢ — oo. In LCFT the construction of the
correlation functions of the SET is subtle. This was done in [KRV19] only for one or two SET insertions.
However the situation is here much simpler and we will not have to rely on [KRV19]. The reason is that we
need to deal with correlation functions with a regularized LCFT expectation (-); where we have replaced
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M,(C) by M,(C~D,) in (5.11), and all the SET insertions that we will consider are located in D, which
as we will see makes them much more regular than in the full LCFT.

The regularized SET field T (u) is a proper random field and its correlation functions in the presence of
the vertex operators are defined as limits of the corresponding ones with regularized vertex operators

(6.1) (Te() T (V)Va (0) TT Ve, (20))e = lim (Te(u) T (v) Ve (0) T Vs e (20) )1

i=1 e i=1
The existence of this limit follows from the representation of the expectation on the RHS as a GFF expec-
tation of an explicit function of a a GMC integral [DKRV16]. And in particular the limit is independent
of the regularization procedure used for the vertex operators. For simplicity we will use in this section the
following:

(6.2) Va,e(x) - 67604(256(;0) - |:L‘|;4Aoz€aceaxE (2)-%EX. (z)? (1 . O(e))

where X, is the same regularization as in T.. The O(e) will drop out from all terms in the € - 0 limit and
will not be displayed below.

The proof of Proposition 5.8 consists of using Gaussian integration by parts to the the T, (u) and T,/ (v)
factors in (6.1) to which we now turn.

6.2. Gaussian integration by parts. (6.1) is analysed using Gaussian integration by parts. For a centered
Gaussian vector (X,Y,...,Yy) and a smooth function f on RY, the Gaussian integration by parts formula
is

E[X f(Y1,...,YN)] = ]ZV: E[XY:]E[Orf(Y1,...,YN)]
k=1

Applied to the LCFT this leads to the following formula. Let ¢ = ¢ + X — 2Qlog|z|; be the Liouville field
and F a smooth function on RY. Define for u,v € C

(6.3) C(u,v) :—1L7 Cee(u,v) = /pe(u—u')pef(v—v')C(u',v')dudv
2u-v

with (p)e a mollifying family of the type p.(-) = € 2p(|-|/€). Then for z,21,..., 25 € C
N

(6.4)  (0:0c(2)F(der(x1), ... de(xn)))e = ) Cerer (2,2 )(OnF (der(21), ..., der (2N)))e
k=1

Gl [C Ceo(2,2)(Vo(2)F($er(71), ..., der(zn)))ed

where F in the applications below is such that all the terms here are well defined. Note that 9,G(u,v) =
C(u,v) + %u’llmbl. The virtue of the Liouville field is that the annoying metric dependent terms u’ll‘u|>1
drop out from the formulae. This fact is nontrivial and it was proven in [KRV19, Subsection 3.2], for the
case t = oo with F' corresponding to product of vertex operators. The proof goes the same way to produce
(6.4) with a finite t.

The first application of this formula is a direct proof of the existence of the €, € — 0 limit of (6.1) which
will be useful also later in the proof. We have

Proposition 6.1. The functions (6.1) converge uniformly on compact subsets of (u,v,z) e Dy x Dy x 0Z

(6.5) i (T ()T (Va0 [TV ()b = (T T (V) [T Ve ()

i=1

where the limit is analytic in u € O and anti-analytic in v € Oy.

Proof. We consider for simplicity only the case 7 = 0. The LHS is defined as the limit ¢’ - 0 in (6.1) but
we will for clarity work directly with €’/ = 0 as it will be clear below that this limit trivially exists. Indeed,
the functions C. ¢ (u,v) are smooth for €,¢’ > 0 and they converge together with their derivatives uniformly
on |u| < e %, Jvu| > e for all s>t to the derivatives of C(u,v).
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We will now apply (6.4) to all the ¢, factors in the SET tensors in(6.5) one after the other. To make this
systematic let us introduce the notation

(01; (927 03) = (8z¢57 33%, (8z¢5)2 - E(az¢e)2)
Applying the integration by parts formula to 9,¢.(ux) (or to 92¢.(uy) if i = 2 below) we obtain

k n k-1 n
<U1 Oi; (u;)Va(0) 11 Va, (20))e = z; ({0i, (u)O;, (w) } l_k[l Oi; (u;)Va(0) q Ve, (zi))e

+:z(:)az({(9¢k(Uk)¢(zz)} HkOj(uj)Va(O) nvm(zi))t
7 [ {{0u ()6(2)} TT O35 Va0)V2 (@) [T Ve, (1) e
' gk i#l

where ap = @ and zp = 0 and the contractions are defined by

{O1(w)O1(v)} = 0,C e (u,v) {O2(u)O02(v)} = auazz;CE,e(uaw)
{O01(u)O3(v)} = 201(v)0uCe,e (u, v) {01 (u)O2(v)} = 9 Cc e (u,0)
{O3(u)O1(v)} = O1(w)FyCe e (u,v) {O2(w)O1(v)} = 0,0, Ce e (u,v)
{O3(u)O3(v)} =201 (u)O1(v) 0, Ce (u,v) {O2(w)O3(v)} = 201 (v) 04,0y Ce e (u, v)

{03(u)02(v)} = O1(u) 95 Ce e (u, )
etc. Similarly
{O1(w)d(2)} = Ceo(u,z), {O2(u)p(2)} = uCeo(u,z), {Os(w)d(x)} = O1(u)Ceo(u, ).

Since T. = Q05 — O3 we can iterate the integration by parts formula to obtain an expression for
(Te(u)Va(0) TT7q Vi, (2:))t as a sum of terms of the form

m

(6.6) CTJ0"Cec(ta,up) [] 8 Ceo(tta,2) [C 10" *Ce (s 21 )(Va (0) 1‘[1 Vo () ﬁ Ve, (2i) )edx

a,f a,l t ok i=1

where the products run through some subsets of the index values. We have for all compact K c D,

sup  sup|9,0% Ce o(u, 7)| < o0.

ueK,xeCy €

Hence the expression (6.6) is bounded together with all its derivatives in u uniformly in € by
(6.7) Cfcm(va(()) TTVa(25) T] Vs (20) e,
: j=1 i=1

which by the lemma below is finite. The limit of (6.6) and all its derivatives exist by dominated convergence.
Clearly the Oy derivatives vanish so the limit is analytic in u. |

We need the following KPZ identity for the a priori bound (6.7) (recall (5.10))
Lemma 6.2. The functions x € C} - (Vo,(0) 1721 Vo (24) TTi2y Vi, (2:))e are integrable and

(6.8) IR0 ﬁw:ci) H Vau(e)hedx =€ [ (Va(0) H Vi (20))udx

where C = (py) ™ TI7% " (o + 5+ v1 - 2Q).
Proof. See [KRV19, Lemma 3.3]. Briefly,

2Q-

<va(0)f{vai<zi)>t:u f‘“<va(o>ﬁvai<zi)>tlu_1

and the LHS of (6.8) equals (=0,)™(Va(0) ITiL; Va, (2i)):- O
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The representation (6.6) will not be useful for a direct proof of the Ward identity due to the V,, insertions.
We will rather use the integration by parts inductively, first to T.(u) which corresponds to the largest
contour in the contour integrals in expression (5.12), and by showing then that at each step the V,, insertions
give rise to the derivatives in the Proposition 5.8. We give now the inductive step to prove this claim, stated
for simplicity for the case 7 = 0. For this, we introduce the (adjoint) operator D} defined (by duality) by

[ Duf@e(z)dz= [ @Dz dz
for all functions f in the domain of D,, and all smooth compactly supported functions ¢ in C™. Then

Proposition 6.3. Let v € C°(0Z2) be a smooth compactly supported function in 0Z c C* and define

7w = [ (e b ul_”(T(u)Va(O)ileai(zi))tdu)cp(z)dz.

Then for v*) = (1, ... yVk=1)
Ti(v,9) = (W™, D}, o) + By (v, 0)

where

(69) (@) < Ol [V ) [T Ve () ot

Proof of Proposition 5.8. Iterating Proposition 6.3 we get
n [
Ti(r,9) = [ (Va(0) [T Ve, (2000 D)z + Bu()
i=1

where Bi(p) satisfies

k n
Bilg) <C Y et [V (0) T] Va, (20))e Dy, D, o(2)|dz

=1 i=1
where by convention D;, D} ¢ = ¢ if £ = k. The functions z — (V,(0) [TiL; Va, (2:)): are continuous on
6Z and converge uniformly as t - oo on compact subsets of 2 to the function (V,(0) [T, Vi, (2;)). Hence
T:(v,-) converges in the Frechet topology of D'(0Z) to the required limit since Bi(p) goes to 0 as t goes to

infinity (recall that a + || -2 <0). O

6.3. Proof of Proposition 6.3. We start the proof of Proposition 6.3 by applying Gaussian integration
by parts formula twice to the T'(uy). This produces plenty of terms which we group in four contributions:

(6.10) (T(u)Va (0) ﬁ Vi (2))s = R(w,2) + M(u,2) + N(u,2) + D(u,7).

In R(u) we group all the contractions with C'(ug,u;) between ug and ug, I < k and ug and 0. These terms
do not contribute to the contour integral of the uy variable since they give rise to integrals of the form

55 w7 (ug, = )™ (ug — w) Cduy,
[uk|=e~* 55

where v,w € {0,uy,...,ux_1} and a +b > 2. Since |v|,|w| < e7*§) and v} > 0, this integral vanishes. We
conclude
(6.11) 95 u R(u, z)duy, = 0.
[uk|=e~" 05

For the benefit of the reader we display all the terms in R(u,z) in the Appendix B.

Let us now introduce the notations u'®) = (u1,...,up_1) and w9 := (uy, ..., up_1,ups1,. .., up_1). The
second contribution in (6.10) collects the contractions hitting only one V,, :

Qo Oz; 1

2 4 (up — 2, )2 (T(u(k))Va(O)ﬁVai(zi))t.

(6.12) M(u,z) = Y (

p=1
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We can then do the uy integral explicitly to obtain

(6.13) / (ﬁ j%ul:st lll*VM(u,Z)du)gb(z)dz
(614) -/ (il”’;p;lAa,,)<T(u<’“>>va<0)ﬁvaxzi))t@(z)dz

Note that this term contains the constant part of the differential operator D,, .
The third contribution is given by terms where all contractions hit V,:

_ﬁ_MVQ) 1

N(w 2 =(“T -1 (T (®)Va(0)V; () [T Ve (2 s

C: (uk - $)2 i=1

_ c m(T(u(k))Va(O)Vv(x) Ii Vi, (2i)) da.

Finally D gathers all the other terms

(6.15)

9
(6.16) D(u,z) = ;ﬂ(u,z)
with
k-1 n a n
filwz)=- e; ;zz=:1 (ug - ugg(pw - 2p) (Va0 E Vel )l
D53 O (0.X (u) TPV (0) [TV (20
0=1p=1 \Uk — up)? (uk, — zp) i=1
T3(u,z) = - Z: %W(T(u(’“))%(o) 17__1 Vai (2i))e
Tu(u,z) = ?p;% e (ug = 2p) (ug — ) (T (@) 111 Vada)h de
u,z)=-— 3 apap’ 1 u(k) - Zi
TS( ’ ) p#%;:l 4 (uk _Zp)(uk; —Zp/)<T( )Va(O)EVal( z))t
u,z)= 5 ! u(€7k) X - Z; x
Ts(u,2) = pQy 2 Je, Gar—an)?(un =) (1( Wa (0)V4( )EVM( i))ed
k-1 1

Tr(u,2) =~y

= Joe (u —ue)?(ug — ) (0-X (ue) T (0P Vo (0)V5 (2) ﬁ Vo, (2i))e dz

Ty = 10 [ MO0V, () [T Ve ()

(6.17) Ty(u,z) = -~ T (™), (0)V, (x)V, (z) ﬁ Va, (2))e da.

7 1
4 \/Ct ¢ (ur — ) (ug —x’)<
We need to show that N and D will give rise (after contour integration) to the 9,,-derivatives in the
expression D, (T (u*)V,(0) [T, Va, (2:))¢. To show this we need to analyse N further.
Regularizing the vertex insertions (beside the V,, insertion, we also regularize the V,’s for later need) in
N(u,z) given by (6.15), and performing an integration by parts (Green formula) in the x integral we get

1 n
N(u,2z) =-plim | 8,———(T( ")V, (0)V, (2) [ Vas,e(2i))e da
e~0JC  up - i=1

“By(w,2) +jylim [ — (T (P)Wa (0)0,60 () Vs o () [] Vi e (22))
e~0JC, up, — i1

=B,(u,z) + N(u,z)
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where the boundary term appearing in Green formula has € - 0 limit given by

(6.18) Bi(u,z) :=ip (T(u(k))V (0)V, (x)HVa z))e Az

|z|=e~* U —
and we used (1.7) to write
0xVy.e(2) = a0z0c () V().

In N(u,z) we integrate by parts the 9,¢.(x) and end up with

N(u,2) =~ Qs z i TV, @) [T Ve (s
+ 2 e, T m)tx PRE (8. X (ug) T (u RV, (0)V, (2) ﬁ Va, (2:))e dz
B0 [ s MOV @) [T Ve ()i da
ey, o VOV, @V, @) T Ve () da
raling Z o, i Ceo(@ 2TV OV () q Voie(zi))e da
(6.19) = Tg(u, z) +Tr(u,z) + Tg(u,z) + To(u) + Ty (u,z)

where again we took the € — 0 limit in the terms where it was obvious. In particular this identity proves
that the limit on the RHS, denoted by T, (u,z), exists. The numbering of these terms and the ones below
will be used when comparing with (6.17).

Derivatives of correlation functions. We want to compare the expression (6.10) to derivatives of the function
(T(u™)V,(0) Ty Vi, (2:))e. We need to treat separately the cases vy > 2 and vy = 1.

Case v > 2. We have

Lemma 6.4. Let

L(wz)=3 — 0. (T)Va(0) [T Vi z)):.

p=1 Uk ~ Zp i=1

Then limeo I.(u,z) := I(u,z) exists and defines a continuous function in z € 0Z satisfying

(6.20) f (ﬁ ﬁl\:&, ul_”I(u,z)du)QB(z)dz =T,(v® D, ©)

for all o € C(0Z) with D, =D = (n-1)Y; Ag, 2"

Proof. We have

n

I(u,z)=) %(T(u(k))VQ(O)azpqﬁe(zp) ﬁ Vare(z)) = Ko(u,2) + L (u,z)

p=1 Uk — Zp i=1
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where we integrate by parts the 0., ¢(z,) and K.(u,z) collects the terms with an obvious € — 0 limit
K(u,z):

n k-1 a n
Klmz)=—§;p10%_2%(f_uwgﬁwu““)mxmllmuugp
n k-1 a n
+ ——— (0 X ()T (a“P)Vo (0) [V, (20))e
p=1¢=1 (ur = 2p) (2p — up) i1
- i %(%(T(u(k))va(o) ﬁ Vozi(zi))t
p=1 Uk~ 2p)zp i=1
2 Oy 1 u® n .
p#%’::l 2 (Uk: _Zp)(zp —Zp')<T( )Va(o)gvai( z))t

=:D1(u,2) + D2(u,2) + D3(u,2) + D5(u,2),
whereas
1
Uk — 2Zp

Le(u,z) = —py ) oy f
p=1 Ce

Since Cp(2p,7) = —2 —— and since it is not clear that ——(T'(u*)V,(0)V, (2) [Ti; Vi, (2:)): is integrable

2 zp—T Zp—

ce,oczp,x><T<u<k>>va(o>vw<x>ﬁvai&(zmtdx.

the € - 0 limit of L. is problematic?'. However, we can compare it with the term Tj in (6.19). Writing
1 1 Zp— T

= +
up—2zp up - (ug—2zp)(ug — )’

we conclude that L. converges:
n
lim L (u,2) = - piy f
61—I>% <(u,z) /L’Yel_l)%;ap( C
Zp— %

C (uk = 2p) (ur — )
=Ty(u,2z) + Ty(u,z).

G TPV 0)V () [T Ve (200

+ Uk — i=1

o )T (O Va OV, () [TV (2} )

Indeed, setting z = z, — = the function

z 1 z  du
(=) Cenlzp) = =5 [ o) =55 [ o) f, Srdr == [ p(r)Lqayerdr

Z+y 2¢2 =1 z+7Tu U

is uniformly bounded and converges almost everywhere to —3.
The same argument can be repeated to the smeared functions to show that (because convergence is
uniform over compact subsets of 62)

lmif(%>%EMM%®ﬁ%AMWﬂWMﬁm@

e—>0p= Uk — Zp

exists. Then integrating 9, by parts and using that lim_o(T(u*)V;, (0) T, Va,,e(2:)): exists we conclude

(67

§09) == [T W) T Vo i) 3. 02, (——2—p(2) )d2
i=1 p=1 Uk — 2p
which proves (6.20). O
We have obtained the relation
9 3
(6.21) N(u,z) - I(u,z) = By(u,z) + Y T;(u,z) - Y D;(u,z) - D5(u,z) - Ty(u,z).

=6 i=1

21Actually7 this fact was shown in [KRV20] without the SET insertions and could be proven here as well but we will follow
another route because the recursion to prove this extension is painful.
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Let us consider the expression

K (u,2) =(T(w)Va (0) [T Vi (20)): - I(u,) ~ M(u, )

i=1
=R(u,z) + N(u,2z) + D(u,z) - I(u,z).
By (6.13) and (6.20) we have
(6.22) / (J<1|§| s ul_”K(u,z)du)go(z)dz =T (v,p) - T(u(k),Dchp).
uj=0¢
On the other hand combining (6.10), (6.16) and (6.21) we obtain
3 9
(6.23) K=R+) (Ti-D;)+Ts - D5+ ) (T; + T]) + By.

i=1 i=6
Now some simple algebra, see Appendix B gives:

(6.24) Ty =-Ty, T5=Ds

(6.25) 9‘5 o (T 2) £ T (7)) dug =0 = 6,78
ug|=e"*dy

(6.26) jlg ‘ up " (Ty(u,z) - Di(u,z)) duy =0 i=1,2,3.
ug|=e tey

Hence using these relations and (6.11) we conclude

f ( 9‘2“:& u1J’K(u,z)du)¢(z)dz = [ (ﬁq:at u14/Bt(u7z)du)g5(z)dz = By(v, 0).

Thus to prove Proposition 5.8 for v, > 2 we need to prove the bound (6.9) for B;(v, ¢). Recalling (6.18) we
get by residue theorem

-v (R -V, = =
?\gu L, W Bi(u) du = o ?\5“ (1«)|:5<’°>(u(k))1 7|§w L ’“(T(u(k))Va(O)V,Y(x)EVm(zi))tdxdu.

By (6.6) (at € =0 and an extra V,,,,, (2n+1) = V4 (x)) the expectation on the RHS is a sum of terms of the
form

[ 1@ 2.0 (Va (0)V, (@) T Vo () T Ve (20))elx
¢ =1 i=1

where

1 1

I(u(k),x,z,x):CH H H ! H :

o, (UO‘ - uﬁ)kaﬁ a,i (ua - Zi)lai a,l (ua - xf)ma[ @ (Ua - l')na

where Y. kog + X lak + X Mar + X, ng = 2(k — 1). Performing the u-integrals in the order ug_1,ug_2,... by the
residue theorem we get

ﬁ(k)l 6(”(u(k))l’”(k)f(u(k),x,z,:17)du => C(a,b,c)z™ szb“ [Tz
u =0, V4 A

t

with a + Y by + ¥ ¢; = [ V)| Since |z¢| > e and |z| = ™ we conclude

m n

| §1§ ul’”Bt(u, z)du| < Cet"=2) max sup (Va(0)V4 () H Vy(xe) H Va, (21))edx.
[ul=6, m < 2(k-1) |g|=e-t JCT -1 i=1

By Lemma 6.2

Sy VOV @) TTVa ) [T Ve ()b = AV 00V, ) [T Vo e < Claf 77 = €,

7
where we used the formula (1.10) and this estimate is uniform over the compact subsets of z € 2. Hence

| lul=6 u'™By(u,z) du| < Cetvl+a=2)
u|=0¢

as claimed.
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Case vy, = 1. Here we need to regularize also the Liouville expectation: let (-}, . be as in (5.11) except we
replace €7°M.,(C;) by the regularized version i V, (x)dz. We use following variant of Lemma 6.4.

Lemma 6.5. Let

n

I'(u,2) = ui 0. (T(W)Va (0) [ Varre (2 e

k p=1 i=1

Then lim_o I/(u,2) := I'(u,2) exists and defines a continuous function in z € 02 satisfying

(6.27) f (W s, ul_"I'(u,z)du)@(z)dz =T,(v™,D; )

for all p e C(0Z).

Proof. The proof is similar to Lemma 6.4 but cancellations occur for other reasons and we explain how.
First, the integration by parts gives

I'(u,z) = K/(u,z) + L.(u,z)

where lim._,g K! = K’ exists and is given by

K'(uz)=-3 TPV (0) [T Vo ()

- Uk(zp — Uy i=1
Qp

k(2p —we)?

(0= X (ug) TP )V, (0) [T Vs (20)):
u =1
- i e 1 <T(u"“>)va(0)ﬁvai(zi)>t

S0 L @), (0) [TV (2))

B p#p’=1 2 Uk(Zp - ZP') i=1
=:C1(u,2) + C3(u,2z) + C3(u,2z) + Cs(u,2)

whereas

/ WY < =
Le(u,z) = T Zlap [C Ce e (2p, o) (T (VL (0) V() 1_{ Vi ,e(2i))t,c dz
© p= t i=

is the term that needs analysis. Let us define

Bl(u,z) = i (T (™), (0)V, () ﬁl Va, (2))e d.

g Jjaj=et
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Then
Bi(wz) =~ Llim § (T@O)Va(0)V o) [] Ve e(z))rcdr
U €20 Jlz|=et i=1
- im f Do (T (P)YVo (0)V, e (@) ] Vi e (2)) e dt
uy, -0 Je, i1
nQy k_lf 1 (4.k) -
s (T, (0)V Vo (2))d
2 [ e TV (@) [T Vo, ()
SYS L X () T @YWL 0V () [TV, (2} da
ug =3 JC (7 —ug)? i=1
Yo 1 n
nge [ STV OV () [ Ve, () e

n n
~ i > ap [ Ceclpa)(T@PWa(0)Vyew) [ Vo (2i) e da
U 20,5 Ce i=1
=: Pﬁ(uaz) + P7(11,Z) + Pg(u,Z) + P4(U,Z)
This proves the existence of lim¢_g L. = L' = P, and furthermore
(628) Ilzlir%lel2014-02+C3+C5+B£—P6—P7—Pg.
The claim (6.27) follows as in Lemma 6.4. O

Let us consider the expression

K'(u,2) =(T(u)V,(0) ﬁ Ve, (i) + I'(u,2) - M (u,z)
=R(w,z) + N(u,z) + D(u,z) + I'(u,z).

By (6.13) and (6.27) we have

(6:29) S (§,, v K @adu)e)ds=T0:0) - TS, D)
uj=0¢
On the other hand combining (6.10), (6.16) and (6.21) we obtain
9 3 8
(6.30) K=R+N+YT;+» C;+C5-Y P+ By
i=1 i=1 i=6

As before it is easy to check that the following relations hold (see Appendix B)

(6.31) 7‘5 e Tz dug =0 fori=4,5,9
ug|=eteg
(6.32) y% | (T;(u,z) + C;(u,z)) duy, =0 fori=1,2,3
up|=e tey
(6.33) o (T;(u,z) - Pi(u,z))duy =0 fori=6,7,8
ug|=e~teg
(6.34) ?f Cs(u, z) duy =0
|uk|:e’tek
(6.35) ﬁ[ o N(uz)dug =0
ug|=e teg

We can now conclude as in the case v, > 1. O



82 COLIN GUILLARMOU, ANTTI KUPIAINEN, REMI RHODES, AND VINCENT VARGAS

APPENDIX

APPENDIX A. THE DOZZ FORMULA

We set £(z) = F(l ) where I' denotes the standard Gamma function. We introduce Zamolodchikov’s
special holomorphic function T3 (2) by the following expression for 0 < Re(z) < @Q

“(.Q 2, (sinh((£ -2)4))2\ at
(A1) W)= ) ((2_2)6 " (% s (4) )t'

The function T% is then defined on all C by analytic continuation of the expression (A.1) as expression
(A.1) satisfies the following remarkable functional relations:

z 1=z z wzzzzzl%z’lwz.
(A.2) Ta(z+o ) 5( )( ) P Ta(2), Ta +7) 5(7 )(2) T3 (2)

The function T% has no poles in C and the zeros of T% are simple (if v2 ¢ Q) and given by the discrete set

(-2N- %N) u(Q+ 3N+ %N) With these notations, the DOZZ formula is defined for a1, as, a3 € C by the
following formula where we set & = a1 + as + ag

2 .2 2Q-a T5(0)T2 ()Y 2 ()Y (as)
A. DOZZ (g, 003) = (7 T2y =) - 2 2 2 _
(A8) om0 =(nn (D) (5] 7) T T @) T (3 e (5 - T3 (3

The DOZZ formula is meromorphic with poles corresponding to the zeroes of the denominator of expression
(A.3). Note that it is symmetric in o1, ag, a3 and real valued when «; are real.

APPENDIX B. INTEGRATION BY PARTS CALCULATIONS

R-terms. Here we list explicitly the terms in the integration by parts formula in the proof of Proposition
6.3 giving zero contribution to the contour integral:

R(u,z) :=3Q Z(Uk_ 7 (T (M), (0>Hval(zz>

-2Q Z (Uk -u )3 T(U(M))azX(“@)Va(O) ﬁ Ve, (z0))t

i=1
)V () ] Ve, (o)

k‘ i=1
k-1 1
_Q2 Z

0,041 (uk - ug)3(uk - Ugf)3

<T(uﬁxf”’€>va(o>ﬁlvaxzmt

i QQ;Z.ll (ux - w)sl(uk Ty X we)T (" *)V,(0) ﬁl Vi (20
_ Qajz_jll m (T (a9, (0) ﬁ Vo ()
_ eke GG O X 00X () TN ) [T ()
' O‘];Z_ll o X TV [TV 0
a1

- T @P)Va(0) [ Ve i)

k =1



CONFORMAL BOOTSTRAP IN LIOUVILLE THEORY 83

Proof of (6.24)-(6.26). The claim T = -Tj results from the relation

1 _ 1 ( 1 1 )
up —x)(up — ' Cr-af Up — T  Up —x
( )(

and the fact that the mapping (z,2") = (T(u®™)V,(0)V, (2)V; (2') TT1; Va, (2:))¢ is symmetric.
Also, T5 = D5 comes from the relation

1 1

()
(up = 2p) (U — 2pr)  2Zp— 2Zp UKL — Zp  Up — Zp

and a re-indexation of the double sum.
Using
1 ) 1 1 . 1
(ur —ue)?(up =) (up—ue)®(ue—x)  (up—we)(@-ue)® (2 -ue)?(uk - )
we find that

T7 +T7 = IWZ[

satisfies

L U u(e’k) x - Zi x
e e i e e UM R

95 up " (Tr(u,2) + Th(u,z)) duy, = 0
\uk\:e“(?k

by moving the contour to oo (v > 1 is used here).
Using that
1 1 1

ug (ug — ) - x(ug — ) - _u;Tx

and ¢|uk|=e‘“5k u}{”’“ iduk =0 for v, > 1 we deduce that

qu u,lc_”’“ (Ts(u,z) + Tg(u,2z)) duy, = 0
|uk|:e“§k

The relation
1 _ 1 1 1 1

(wr—ue)(un—2)  (un—we)(ue—2)  (un—u)2(@—ue)®  (up—wr)(u—2)°  (up—)(ue—2)°

entails in the same way (6.25) for i = 6.
Finally the relations (6.26) follow by computing residues at the pole u = z,,.

Proof of (6.31)-(6.35).
The relations (6.31) and (6.35) holds because all the corresponding T;(u) are holomorphic in wuy € Dy.
For (6.34) we observe that

i ﬁ“k‘=e—t6k 05(11) dUk T i %<T(Uk)va(0) zlf{ Vai (Zz))t

21 p#p'=1 2 (Zp ~~p )

OépOépl

and that this expression is null for antisymmetry reasons. (6.32) and (6.33) follow from the residue at z,
and z respectively

k-1 n
ﬁ[ ‘ Ti(u,z) dug =20 Y. > Qo (T (MY ( O)HVm(z, ) = ﬁ{ | C1(u,z) dug
ug|=e~teg ug|=e~teg

¢=1p=1 (Zp ug)3 i=1
k-1 n
§£ Ty(u,z) duy = — 270 Z — (0. X (u) T (), (O)HVOH(ZZ ), = yS Cs(u, ) duy,
Juk|=eteg (=1 p=1 zp—u ) Jug|=e—tey

aap 1

f T3(u,z) duy =27i Z
[uk|=e~*ex

p=1 Zp

@O [[VarG)he == f Cs(u,a)dus,
i=1

[uk|=e ey
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thus proving (6.32). Finally, we compute

-1 1

=1 Jc, (z—ue)3

1
211
1
211
1

2mi

k n
ﬁ{ et Ts(u,2) dug = - pQy (TN, (0)V, (@) [T Ve (20))e da = Po(u,2)
ug|=e"teg ¢ =1

k-1 n
55 T7(u,z) dug, =py %(@X(W)T(u(e’k))VQ(O)VW(LE)HVai(zi))t dx = P;(u,2z)
[uk|=etex iaJee (- w) i=1

Fn, Ttz du == 250 [T @OV, () [TV () = Po(u.2)

Y

1 n
— Cy(u,z)duy =
271 ﬁlkhe*ek 4( Z) Uk M’sz;l 2

o TV ) ﬁ Vi (2)): de = Pa(u,2).

B.1. Analyticity of the vertex operators. Recall the definition of Uy(2z) in (5.9) for z € Z and real «;’s
such that a; < Q. It is plain to see that U, (z) agrees with the following slightly different regularization

(o4

Ugoles(z) — khm Uh?,lces(z)

where
5

n i ¢
Ugl’)lies(z) = eZi ai_chZi OziPV?(Zz')ELPI:( H € @i XD,c, (Zi))e—lwﬂY Mv(Dk):I
=1

where ¢, = 2"“, Xp,e, is the circle average of the Dirichlet GFF and Dy is the unit disk with small holes
removed around each insertion, namely Dy := D~ UL, B(z;,€;). Recall that we get the following explicit
expression by using the Girsanov theorem:

(B.l) Ugoles(z) — e(Z_’;le aj=Q)c X i Pp(2:)+ i, OéiajG]D(Zi,Zj)E<p I:e,ﬂewc fe Tty oiGple=) pp (dz)] .
We fix kg such that the open balls B(z;,27%°) are disjoint and included in D. Set O™ = {a € R™; a; < Q, Vi}.
Then we have the following analyticity result:

Proposition B.1. The (random) function a - UL'(z) admits an analytic extension in a complex neigh-
borhood of O™ such that for all real ov € O™ there exists some € > 0 (depending on o) and (non random,)
C,C >0 satisfying

hol hol
sup |Uq%i5(2) = Ualip ko (7))
Be[-e,e]™

i - c ; ks P —pe’c eV Zio1 @i Gp(@:2) N (da
< O(1+evc)e(zj=1 0j=Q)e O SUPi SUP (., ko) ‘P(“)Ew [6 H kaO ~+(dz) .

Proof. To simplify we will suppose that n =1 and z; = 0 and set Gp 1 (0,u) = E[Xp,e, (0) Xp(u)]. This is no
restriction as the same analysis can be performed around each insertion in case n > 1. In this context, we
get by using the Markov property of the Dirichlet GFF that:

holes hol
Us%iga = Uatip (2]

= e(a’Q)C|E¢ I:Gl(j-;iﬁ)z/Qe(aﬂ'B)X]D,ekﬂ(O) (e—ue“’cMﬂ,(DkH) _ e—ue"’cM,Y(ID)k)):I |
< e(a_Q)c2(k+1)Bz/2|Ew I:(e—ue"rc ka+1 e’Ym1Gu},k+1(ﬂ°=0)M_y(dw) 3 e_ue'yc .[Dk e'valGlD,k+1(a:,0)M7 (dx))] |
= (U2 [((mhe ™ (VatdVa) _ mne™Yi) ).

where we have set

Yk:/ ewa(m)elem,em((Lm)M,Y(dx) and 5yk:f e”P“"(m)emlG“v’”l(‘)’“)M,y(dx).
Dy D

e \Diy1
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Now, we consider the cases 0Y; > 1 and Y, < 1. By FKG inequality for the Dirichlet GFF, we have
E, [115Y,C>1|6"“'57 Vi _ e*#e“(kaYk)”
< 2B, [Lymre e V]
<2E, [15y,51] By [e—/te'YCYk]
<2E, [(6Y%)"] E, [ewewcyk] .

Next, we choose 8> 0 and n >0 such that 2(’”1)52/21&0 [(6Y)"] < CeVT Pl < o P90k with 9 > 0.
In the case 0Y}, < 1, we get (using the inequality 21, < 13 < 2" for x> 0 and then FKG for the Dirichlet
GFF)

2(k+1)ﬁ2/2E [ -pne?°Yy e—,ue'yc(Yk+6Yk)|]

1sv, < 1le
< 2(k+1)ﬂ /QMe’y(‘]E []lb'Yk < 16Yne_’ue’YCYk:|
< 2(k+1)/3 /2 pe”°E E, [(5Yk)ne—ue”Yk]

< 202 R [(6Y3) T B, [ Y]
< 027k e MSuPL < ¢ PW(U)Ew [e—ue’chk] .

Gathering the above considerations, we get

Va5 1 = Ullig n(2)] < Ol @270 (14 7)1 < cn PO [0 ]

This shows that the (random) analytic function U, hilfg (z) converges as k — oo with probability 1 and for

all ¢ towards an analytic function that satisfies

(U5 ot — Uil 5, (2)] < Cel@De(1 4 ¢70)e 71 P4 PP [ o).
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