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The Best Contestant Can Often Lose

In a competition, the main goal is to (hopefully) find out the best contestant out of several ones. In various real world scenarios, it has become customary to repeat several rounds, where each round eliminates the worst-performing contestant. The process is repeated until a single contestant remains. This contestant is declared winner of the competition. This is the case of TV talent shows, for instance. We formalize this problem and show that under some conditions, the (on average) best contestant can often lose.

Preliminaries

In what follows, we formalize our problem. We assume an integer number n ≥ 2 of contestants. For contestant i ∈ {1, . . . , n}, we define a random variable x i to represent the position of contestant i. We assume that contestant i is (on average) better than contestant j if and only if

E[x i ] < E[x j ].
(We refer the reader to [START_REF] Ross | Introduction to Probability Models[END_REF] for an introduction to the field of Probability.)

We now describe a competition, which has n -1 rounds. At the beginning of the competition, we let the set of active contestants S = {1, . . . , n}. At each round, we draw independent random positions x i for all contestants i ∈ S. We then eliminate (from S) the contestant i ∈ S with largest position x i . (If there is more than one contestant, we choose one arbitrarily.) We repeat this process n -1 times, i.e., until S contains one contestant. The single contestant in S is declared winner of the competition.

Next we fully describe the random variables x 1 , . . . , x n . We assume x 1 = 0 with probability 3/4, and x 1 = n + 1 with probability 1/4. For i ∈ {2, . . . , n}, we assume x i = (n + i -1)/4 with probability 1/2 and x i = (3n + i + 1)/4 with probability 1/2. Given the above, we can compute the expected positions for all contestants:

E[x 1 ] = 0 × 3 4 + (n + 1) × 1 4 = n + 1 4 , ∀i ∈ {2, . . . , n} : E[x i ] = n + i -1 4 × 1 2 + 3n + i + 1 4 × 1 2 = 2n + i 4 . Therefore E[x 1 ] < E[x 2 ] < • • • < E[
x n ] and thus, contestant 1 is the (on average) best contestant. At the same time, in a competition round, if we draw value x 1 = 0, we have x 1 < x i for all i ≥ 2 and thus, contestant 1 is not eliminated. On the other hand, if we draw value x 1 = n + 1, we have x 1 > x i for all i ≥ 2 and thus, contestant 1 is eliminated.

While contestant 1 is best on average, its performance has a a slightly higher variability compared to the other contestants. We can observe this by computing the variance of the positions for all contestants:

Var[x 1 ] = 0 2 × 3 4 + (n + 1) 2 × 1 4 -E[x 1 ] 2 = 3(n + 1) 2 16 , ∀i ∈ {2, . . . , n} : Var[x i ] = n + i -1 4 2 × 1 2 + 3n + i + 1 4 2 × 1 2 -E[x i ] 2 = (n + 1) 2 16 .

Main Result

Next we state our main result. Proof. Consider any round with a set of active contestants S. For the moment, assume that {1} ∈ S. Contestant 1 is eliminated from S if and only if x 1 > x i for all i ∈ S -{1}. Thus:

P[∀i ∈ S -{1} : x 1 > x i ] = P[∀i ∈ S -{1} : x 1 > x i | x 1 = 0] × P[x 1 = 0]+ P[∀i ∈ S -{1} : x 1 > x i | x 1 = n + 1] × P[x 1 = n + 1] = 0 × 3/4 + 1 × 1/4 = 1/4 . (1) 
From the above, it is clear that contestant 1 is not eliminated from S with probability 3/4, and thus remains in the set S in the next round. More formally,

P[∃i ∈ S -{1} : x 1 < x i ] = 1 -P[∀i ∈ S -{1} : x 1 > x i ] = 1 -1/4 = 3/4 . (2) 
Let p(r) be the probability that contestant 1 loses the competition among the r players in S, i.e., r = |S| ≥ 2 and {1} ∈ S. We can define the following recursive formula for p(r). From eq.( 1) and eq.(2), we have: 

Theorem 1 .

 1 The (on average) best contestant loses the competition with probability p(n) = 1 -(3/4) n-1 . The function p(n) is increasing and lim n→∞ p(n) = 1. For concreteness, we reproduce some values of p(n): ) ≈ 0.6836 ≈ 0.9249 ≈ 0.9822 ≈ 0.9958 ≈ 0.9990 ≈ 0.9998 ≈ 0.9999

p( 2 )

 2 = 1/4 ∀r > 2 : p(r) = 1/4 + 3/4 p(r -1) Solving the recurrence relation above, we have p(r) = 1 -(3/4) r-1 . Finally, the initial S fulfills |S| = n and we prove our claim.