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Abstract

We introduce Markov Random Geometric Graphs (MRGGs), a growth model for temporal
dynamic networks. It is based on a Markovian latent space dynamic: consecutive latent points
are sampled on the Euclidean Sphere using an unknown Markov kernel; and two nodes are
connected with a probability depending on a unknown function of their latent geodesic distance.

More precisely, at each stamp-time k£ we add a latent point X} sampled by jumping from
the previous one X;_1 in a direction chosen uniformly Yj and with a length 7, drawn from an
unknown distribution called the latitude function. The connection probabilities between each
pair of nodes are equal to the envelope function of the distance between these two latent points.
We provide theoretical guarantees for the non-parametric estimation of the latitude and the
envelope functions.

We propose an efficient algorithm that achieves those non-parametric estimation tasks based
on an ad-hoc Hierarchical Agglomerative Clustering approach, and we deploy this analysis on a
real data-set given by exchange of messages on a social network.

1 Introduction

In Random Geometric Graph (RGG), nodes are sampled independently in latent space R?. Two nodes
are connected if their distance is smaller than a threshold. A thorough probabilistic study of RGGs
can be found in [26]. RGGs have been widely studied recently due to their ability to provide a powerful
modeling tool for networks with spatial structure. We can mention applications in bioinformatics [17]
or analysis of social media [I8]. One main feature is to uncover hidden representation of nodes using
latent space and to model interactions by relative positions between latent points.

Furthermore, nodes interactions may evolve with time. In some applications, this evolution is given
by the arrival of new nodes as in online collection growth [24], online social network growth [4} 20],
or outbreak modeling [32] for instance. The network is growing as more nodes are entering. Other
time evolution modelings have been studied, we refer to [28] for a review.

A natural extension of RGG consists in accounting this time evolution. In [I2], the expected length
of connectivity and dis-connectivity periods of the Dynamic Random Geometric Graph is studied:
each node choose at random an angle in [0, 27) and make a constant step size move in that direction.
In [30], a random walk model for RGG on the hypercube is studied where at each time step a vertex
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Figure 1: Graphical model of MRGG model: Markovian dynamics on Euclidean sphere where we
jump from X} onto Xg11. The Yj encodes direction of jump while r; encodes its distance, see .

is either appended or deleted from the graph. Their model falls into the class of Geometric Markovian
Random Graphs that are generally defined in [9].

As far as we know, there is no extension of RGG to growth model for temporal dynamic networks.
For the first time, in this paper, we consider a Markovian dynamic on the latent space where the new
latent point is drawn with respect to the latest latent point and some Markov kernel to be estimated.

Estimation of graphon in RGGs: the Euclidean sphere case Random graphs with latent
space can be defined using a graphon, see [25]. A graphon is a kernel function that defines edge
distribution. In [3I], Tang and al. prove that spectral method can recover the matrix formed by
graphon evaluated at latent points up to an orthogonal transformation, assuming that graphon
is a positive definite kernel (PSD). Going further, algorithms have been designed to estimate
graphons, as in [2I] which provide sharp rates for the Stochastic Block Model (SBM). Recently, the
paper [§] provides an non-parametric algorithm to estimate RGGs on Euclidean spheres, without
PSD assumption.

We present here RGG on Euclidean sphere. Given n points X;, Xo,..., X, on the Euclidean
sphere $971, we set an edge between nodes i and j (where 4,5 € [n], i # j) with independent
probability p((X;, X;)). The unknown function p : [-1,1] — [0, 1] is called the envelope function.
This RGG is a graphon model with a symmetric kernel W given by W (z,y) = p({x,y)). Once the
latent points are given, independently draw the random undirected adjacency matrix A by

Aij ~Bp((Xi, X)), i<

with Bernoulli r.v. drawn independently (set zero on the diagonal and complete by symmetry), and

set
1 . 1
Toi=— (X0, X5); jepy - and - Toi= —A, (1)

We do not observe the latent point and we have to estimate the envelope p from A only. A standard
strategy is to remark that T, is a random perturbation of T, and to dig into T, to uncover p.

One important feature of this model is that the interactions between nodes is depicted by a simple
object: the envelope function p. The envelope summarises how individuals connect each others given
their latent positions. Standard examples [7] are given by p.(t) = 1>} where one connects two
points as soon as their geodesic distance is below some threshold. The non-parametric estimation

of p is given by [8] where the authors assume that latent points X; are independently and uniformly
distributed on the sphere, which will not be the case in the present paper.

A new growth model: the latent Markovian dynamic Consider RGGs where latent points
are sampled with Markovian jumps, the Graphical Model under consideration can be found in Figure[l}
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Figure 2: Non-parametric estimation of envelope and latitude functions using algorithms of Sections
and 3 We built a graph of 1500 nodes sampled on the sphere $2 and using envelope and latitude
(dot orange curves) defined in Section [5| by . The estimated envelope is thresholded to get a
function in [0, 1] and the estimated latitude function is normalized with integral 1 (plain blue lines).

Namely, we sample n points X1, Xs, ..., X, on the Euclidean sphere $¢~! using a Markovian dynamic.
We start by sampling randomly X; on $¢~!. Then, for any i € {2,...,n}, we sample

e a unit vector Y; € $971 uniformly, orthogonal to X;_;.

e areal r; € [—1,1] encoding the distance between X; 1 and X, see (3)). r; is sampled from a
distribution f. : [—1,1] — [0, 1], called the latitude function.

Xi=rixXic1+4/1—-12xY;. (2)

This dynamic can be pictured as follows. Consider that X;_; is the north pole, then chose uniformly
a direction (i.e., a longitude) and, in a independent manner, randomly move along the latitudes (the
longitude being fixed by the previous step). The geodesic distance «y; drawn on the latitudes satisfies

then X is defined by

;i = arccos(r;) , (3)

where random variable r; = (X;, X;_1) has density f.(r;). The resulting model will be referred to as
the Markov Random Geometric Graph (MRGG) and is described with Figure

Temporal Dynamic Networks: MRGG estimation strategy Seldom growth models exist
for temporal dynamic network modeling, see [28] for a review. In our model, we add one node at a
time making a Markovian jump from the previous latent position. It results in

the observation of (A4; ;)1<j<i—1 at time T'=1,

as pictured in Figure |1} Namely, we observe how a new node connects to the previous ones. For such
dynamic, we aim at estimating the model, namely envelope p and respectively latitude fz. These
functions capture in a simple function on = [—1, 1] the range of interaction of nodes (represented
by p) and respectively the dynamic of the jumps in latent space (represented by fr), where, in
abscissa 2, values r = (X;, X;) near 1 corresponds to close point X; ~ X, while values close to —1
corresponds to antipodal points X; ~ —X;. These functions may be non-parametric.

From snapshots of the graph at different time steps, can we recover envelope and latitude functions?
This paper proves that it is possible under mild conditions on the Markovian dynamic of the latent
points and our approach is summed up with Figure [3]
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Figure 3: Presentation of our method to recover the envelope and the latitude functions.

Define A(T},) := (A1,...,A\,) and resp. )\(Tn = (5\1, ce :\n) the spectrum of T}, and resp. T, see
(1). Building clusters from XT,), Algorithm [1] (SCCHEI) estimates the spectrum of envelope p while
Algorithm [2[ [2] (HEiC, see Section in Appendix) extracts d eigenvectors of T}, to uncover the
Gram matrix of the latent positions. Both can then be used to estimate the unknown functions of

our model (see Figure [2).

Previous works Non-parametric estimation of RGGs on Euclidean sphere has been investigated
in [8] with i.i.d. latent points. Estimation of latent point relative distances with HEiC Algorithm has
been introduced in [2] under i.i.d. latent points assumption. Phase transitions on the detection of
geometry in RGGs (against Erdos Rényi alternatives) has been investigated in [7].

For the first time, we introduce latitude function and non-parametric estimations of envelope and
latitude using new results on kernel matrices concentration with dependent variables (see Appendix).

Outline Sections [2] and [3]| present the estimation method with new theoretical results under
Markovian dynamic. These news results are random matrices operator norm control and resp. U-
statistics control under Markovian dynamic, shown in the Appendix at Section [H and resp. Section[G]
The envelope adaptive estimate is built from a size constrained clustering (Algorithm [1)) tuned by
slope heuristic @, and the latitude function estimate (see Section is derived from estimates
of latent distances r;. Section [5| investigates synthetic and real data experiments. Our method can
handle random graphs with logarithmic growth node degree (i.e., new comer at time T = n connects
to O(logn) previous nodes), referred to as relatively sparse model, see Section

Notations Consider a dimension d > 3. Denote by || - |2 (resp. (-,-)) the Euclidean norm (resp.
inner product) on R¢. Consider the d-dimensional sphere $¢71 := {z € R? : ||z||2 = 1} and denote
by o the uniform distribution on $¢~!. For two real valued sequences (uy,)nen and (v, )nen, denote
u, = O(vy) if there exist k; > 0 and ng € IN such that Vn > ng, |u,| < k1o,

n—oo
Given two sequences z, y of reals-completing finite sequences by zeros—such that ), 2?2 + y? < oo,

we define the {5 rearrangement distance do(z,y) as
2 o 2
K2

where & is the set of permutations with finite support. This distance is useful to compare two
spectra.

2 Nonparametric estimation of the envelope function

One can associate with W (z,y) = p({z,y)) the integral operator Ty : L?($91) — L2($9-1):

Vg e L8, Vo € 7, (Twg)(e) = / 9(y)p({,y))do(y),

Sd—l

where do is the Lebesgue measure on $¢~ 1. The operator Tyy is Hilbert-Schmidt and it has a countable
number of bounded eigenvalues A} with zero as only accumulation point. The eigenfunctions of Ty,
have the remarkable property that they do not depend on p (see [I0] Lemma 1.2.3): they are given



by the real Spherical Harmonics. We denote H; the space of real Spherical Harmonics of degree [
with dimension d; and with orthonormal basis (Y} ;);e[4,] where

1 ifl=0
dp :=dim(H;) =< d =1
(l+c§—1) _ (l+lf53) otherwise.

We define also for all R € N, R := ZZR:O d;. We end up with the following spectral decomposition

plzy) = "pf > V@)Y =D praGy((z,y), (4)

>0  1<j<d; k>0

where A(Tw) = {p§,p3,--.. 05,0}, ..., D}, ... } meaning that each eigenvalue p; has multiplicity

dy; and Gf is the Gegenbauer polynomial of degree k with parameter § := % and ¢ 1= %

(see Appendix . Since p is bounded, one has p € L?((—1,1),ws) where the weight function wg is
defined by wg(t) :== (1 — t2)f~2  and it can be decomposed as p = Dok> chng and the Gegenbauer
polynomials GZ are an orthogonal basis of ws(t) := (1 — t2)8-3.

Weighted Sobolev space The space Z;, ((—1,1)) with smoothness s > 0 is defined as the set of
functions g = ;5 g,’;cng € L?((—1,1),wp) such that

- 1/2
Dy = | D dilgi P (14 (0 28)7) | <o
=0

gl

2.1 Integral operator spectrum estimation with dependent variables

One key result is a new control of U-statistics with latent Markov variables (see Section and it
makes use of a Talagrand’s concentration inequality for Markov chains (see [I]). This article follows
the hypothesis made on the Markov chain (X;);>1 by [I]. Namely, we referred to as “mild conditions”
the assumption that latitude function f. is bounded away from 0 with ||fz]|c < co; and the first
and the second regeneration times associated with the split chain to have sub-exponential tail. Those
assumptions are fully described in section [G]

Theorem [I] is a theoretical guarantee for a random matrix approximation of spectrum of integral
operator with dependent latent variables. Theorem [3]in Appendix [H] gives explicitly the constants
hidden in the big O below which depend on the spectral gap of the Markov chain (X;);>1.

Theorem 1 Assume mild conditions on the Markov chain (X;);>1 and assume the envelope p has
reqularity s > 0. Then, it holds

0,0,...) and Rop = [(n/ log2(n)) FFET | where Ay, ..., A are the

eigenvalues of T,, sorted in decreasing order of magnitude.

with ANBert(T,,) = (A1, ..., Mg

Lopt ’

Remark In Theorem [I]and Theorem [2] note that we recover, up to a log factor, the minimaz rate
of non-parametric estimation of s-regular functions on a space of (Riemannian) dimension d — 1.
Even with i.i.d. latent variables, it is still an open question to know if this rate is the minimax rate
of non-parametric estimation of RGGs.

Eq. shows that one could use an approximation of (p})r>1 to estimate the envelope p and Theorem
states we can recover (pf)r>1 up to a permutation. The problem of finding such a permutation is
NP-hard and we introduce in the next section an efficient algorithm to fix this issue.



2.2 Size Constrained Clustering Algorithm

Note the spectrum of Ty is given by (p;);>0 where p; has multiplicity d;. In order to recover envelope
p, we build clusters from eigenvalues of T,, while respecting the dimension d; of each eigen-space
of Ty . In [8], an algorithm is proposed testing all permutations of {0,..., R} for a given maximal
resolution R. To bypass the high computational cost of such approach, we propose an efficient
method based on the tree built from Hierarchical Agglomerative Clustering (HAC).

In the following, for any vy,...,v, € R, we denote by HAC({v1,,...,vs},d.) the tree built by a
HAC on the real values v, ..., v, using the complete linkage function d. defined by VA, B C R,
d.(A, B) = maxg,ec 4 maxpep ||a — b||2. Algorithm [1] describes our approach.

Algorithm 1 Size Constrained Clustering for Harmonic Eigenvalues (SCCHE).

Data: Resolution R, matrix 7}, = %A, dimensions (dj)f_.

1. Let 5\1, ceey A be the eigenvalues of T,, sorted in decreasing order of magnitude.
2. Set P = {5\1, .. '75‘1%} and dims = [do, d1,...,dR].

3. while All eigenvalues in P are not clustered do

o tree + HAC(nonclustered eigenvalues in P, d..)

5. for d e dims do

6: Search for a cluster of size d in tree as close as possible to the root.

7 if such a cluster Cy exists then Update(dims, tree,Cq,d).

s: for d e dims do

o: Search for the group C in tree with a size larger than d and as close as possible to d.
10: if such a group exists then Update(dims, tree,C, d) else Go to step

Return: Cdo,...,CdR,{j\R+1,...,5\n}

Update(dims, tree,C, d).
1: Save the subset Cy consisting of the d eigenvalues in C with the largest absolute values.
2: Delete from tree all occurrences to eigenvalues in Cy and delete d from dims.

2.3 Adaptation: Slope heuristic as model selection of Resolution

A data-driven choice of model size R can be done by slope heuristic, see [3] for a nice review. One

main idea of slope heuristic is to penalize the empirical risk by « pen(R) and to calibrate £ > 0. If
the sequence (pen(é)) 7 Is equivalent to the sequence of variances of the population risk of empirical
risk minimizer (ERM) as model size R grows, then, penalizing the empirical risk (as done in @), one
may ultimately uncover an empirical version of the U-shaped curve of the population risk. Hence,
minimizing it, one builds a model size R that balances between bias (under-fitting regime) and
variance (over-fitting regime). First, note that empirical risk is given by the intra-class variance

below.

Definition 1 For any output (Cq,, .- .,Cay, A) of the Algorithm SCCHE, the thresholded intra-class
variance is defined by

2
R
IR::% >y Afdi SN >N,

k=0 AECa,, F vecy, XeA

and the estimations (Pi)r>0 of the eigenvalues (pj)k>0 is given by

1 )
VEeN, pp=1< 9% ercdkA if k€{0,..., R} -
0 otherwise.



Second, as underlined in the proof of Theorem [I| (see Theorem |3|in the Appendix), the estimator’s
variance of our estimator scales linearly in R.

Hence, we apply Algorithm SCCHEI for R varying from 0 to Rpax := max{R >0 : R < n} to
compute the thresholded intra-class variance Tr (see Definition |1)) and given some k > 0, we select

R
R(k) € argmin {ZR + /@—} . (6)
RE{0,....Rimax } n

The hyper-parameter k controlling the bias-variance trade-off is set to 2k¢ where kg is the value of
k > 0 leading to the “largest jump” of the function x — R(k). Once R:= R(2kp) has been computed,
we approximate the envelope function p using (see (14) in Appendix for the closed form). In
Appendix [D] we describe this slope heuristic on real data and our results can be reproduced using
the notebook Experz'mentsﬂ

3 Nonparametric estimation of the latitude function

3.1 Our approach to estimate the latitude function in a nutshell

In Theorem [2] (see below), we show that we are able to estimate consistently the pairwise distances
encoded by the Gram matrix G* where
N 1
G* = - (<Xi’Xj>)i,je[n] .
Taking the diagonal just above the main diagonal (referred to as superdiagonal) of G, we get estimates
of the i.i.d. random variables ((X;, X;—1))sc;c,, = (Ti)9<,;<,, Sampled from f,. Using (#;)y.,,, the

superdiagonal of nG, we can build a kernel density estimator of the latitude function f-. In the
following, we describe the algorithm used to build our estimator G with theoretical guarantees.

3.2 Spectral gap condition and Gram matrix estimation

The Gegenbauer polynomial of degree one is defined by Gf (t) = 2pt, Vt € [-1,1]. As a consequence,
the Gram matrix G* is related to the Gegenbauer polynomial of degree one by

1

¢ :2ﬂn

d
(Gxu X)) = LS VX)Yia(X), ™)
k=1

BhjEn] N

using the addition theorem (see [10, Lem.1.2.3 and Thm.1.2.6]). Denoting V* € R™"*¢ the matrix
with columns v} = ﬁ (Y1,6(X1), ..., Y1,5(Xy)) for k € [d], (7)) becomes
* 1 * *\ T

We will prove that for n large enough there exists a matrix V € R"*? where each column is an
eigenvector of T},, such that G := éf/f/—r approximates G* well, in the sense that the norm ||G* — G|
converges to 0. To choose the d eigenvectors of the matrix 7}, that we will use to build the matrix V,
we need the following spectral gap condition

A* =

= min_|p} —p}| > 0. 8
pein [p7 = pil > (8)

This condition will allow us to apply Davis-Kahan type inequalities.

Thttps://github.com/quentin-duchemin/Markovian-random-geometric-graph


https://github.com/quentin-duchemin/Markovian-random-geometric-graph
https://github.com/quentin-duchemin/Markovian-random-geometric-graph

Now, thanks to Theorem |1 I, we know that the spectrum of the matrix T, converges towards the
spectrum of the integral operator Ty . Then, based on @ one can naturally think that extracting
the d eigenvectors of the matrix T,, related with the eigenvalues that converge towards pj, we can
approximate the Gram matrix G* of the latent positions. Theorem [2] proves that the latter intuition
is true with high probability under the spectral gap condition . The algorithm HEiC [2] (See
Section [E . for a presentation) aims at identifying the above mentioned d eigenvectors of the matrix T,
to build our estimate of the Gram matrix G*.

Theorem 2 Assume mild conditions on the Markov chain (X;);>1, assume A* > 0, and assume
that graphon W has regularity s > 0. We denote V e R4 the d eigenvectors of the matrix T,
associated with the eigenvalues returned by the algorithm HEIC and we define G = éVVT. Then for
n large enough and for some constant D > 0, it holds with probability at least 1 — 5/n?,

R ZsFd—1
IG* — Gl < D (”) . (9)
log®(n)

4 Relatively Sparse Regime

As highlighted in [2], one can use the algorithm HEIC to estimate the underlying dimension d by
running the algorithm with different dimensions and keeping the one that leads to the larger gap (as
defined in Algorithm . Although this paper deals with the so-called dense regime (i.e. when the
expected number of neighbors of each node scales linearly with n), our results may be generalized to
the relatively sparse model connecting nodes ¢ and j with probability W(X;, X;) = (.p((Xi, X;))
where ¢, € (0, 1] satisfies limninf ¢nn/logn > Z for some universal constant Z > 0.

In the relatively sparse model, one can show following the proof of Theorem [I] that the resolution

1
should be chosen as & = (e )™ Specifying that X' = (p.pf...pi.p5...) and

T, = A/n, Theorem |1 becomes for a graphon with regularity s > 0

2 * /\(Tn) _ ( nCn )2“—25_1
HE (A’ G ) _O< 1+ Gy log”n )

5 Experiments

Experiments with simulated data We tested our method using d = 3 and considering the
following functions

g(1—2;2,2) ifxz>0

g(1+x;2,2) otherwise ’ (10)

1
p:x— 1>, and fg:zr—>{%
2
where g(-;2,2) is the density of the beta distribution with parameters (2,2). Figure [4 (a) presents
the d9-error between the spectra of the true envelope (resp. latitude) function and the estimated
one when the size of the graph is increasing. In Figure (b), we propose a visualization of the
clustering performed by SCCHEi with n = 1000 and R = 4. Blue crosses represent the R eigenvalues
of T,, with the largest magnitude, which are used to form clusters corresponding to the five-first
spherical harmonic spaces. The red circles are the estimated eigenvalues (Pr)o<r<a (plotted with
multiplicity) defined from the clustering given by our algorithm SCCHE (see ) Those results
show that SCCHE;] achieves a relevant clustering of the eigenvalues of T,, which allows us to recover
the envelope function (see Figure [2](a))
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Figure 4: Non-parametric estimation of envelope and latitude using algorithms described in Sections
and [3| In (a), bars represent standard deviation of d5 errors between true and estimated functions.

Experiments with real data We test our algorithm on real data provided by [29] and collected
from a social network involving students at University of California, Irvine. The dataset includes
dated messages between users. We consider a self-avoiding random walk starting from the student
that first sent a message and where we always move to the addressee of the older message sent by the
current user. If at some point all the contacts of the current user have been already seen, we restart
the random walk following the same procedure with the remaining users. A portion of this walk
between two restarts is called an excursion. We keep only the excursions of length at least 20, which
leads to a graph with 302 nodes where two nodes are connected if the corresponding users exchanged
at least one message. Working with a dimension d = 3, we apply our algorithm on this network.
Figure (a) presents the estimated envelope function which proves that students who share messages
have most of the time latent representations which are highly correlated. Figure (b) shows the
estimated latitude function. The peak at 0 corresponds to the transitions in the self-avoiding random
walk where we restart the process by choosing a new user. The right tail of the distribution is slowly
decreasing and remains strictly positive, corresponding to transitions of the random walk where we
stay in the same group of contacts (i.e. without restarting the random walk). The higher the average
number of contacts per user, the smaller the peak at 0 of the latitude function and the larger the
right tail of the distribution. Those results can be reproduced using the notebook Ea:perimentsm and
Appendix |§| gives the details of the slope heuristic used to choose the resolution R. In Appendix
we propose another application of our algorithm with another dataset.

Figure 5: We run Algorithm SCCHEi with

d = 3 and R = 3. Figure (a) shows the
it estimated function p which was rescaled in
o order to have 1 as maximum value on [0, 1].
v For the latitude function, we removed 10%
of the (#;); with the largest magnitude and
we rescaled those remaining so that the max-
imum magnitude is 1. Normalizing to get
a density on [-1,1], we obtain the latitude
function presented in Figure [5| (b).
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Appendix

Guidelines for the Appendix
Sections [A] to [C} Basic definitions and Complements

In Section [A] we recall basic definitions on Markov chains which are required for Section [B] where we
describe some properties verified by the Markov chain (X;);>1. Section [C| provides complementary
results on the Harmonic Analysis on $9~! which will be useful for our proofs.

Sections [D] to [F} Algorithms and Experiments

Section [D] describes precisely the slope heuristic used to perform the adaptive selection of the model
dimension R on real data. Section provides a complete description of the HEiC alogorithm used to
extract d-eigenvectors of the adjacency matrix that will be used to estimate the Gram matrix of the
latent positions. Section [F]is another application on real data of our algorithms where no significant
dependence structure is revealed by the estimation the latitude function even if the RGG model still
provides interesting information through the estimation of the envelope function.

Sections [G] to [l Proofs of theoretical results

Thereafter, we dig into the most theoretical part of the Appendix. In Section [G] we provide a
full description of the assumptions we made on the Markov chain (X;);>1 and which we have been
referring to so far by mild conditions. Section [G]is also dedicated to the proof of a concentration
result for a particular U-statistic of the Markov chain (X;);>1 that is an essential element of the
proof of Theorem [I] which is provided in Section [H] Finally, the proof of Theorem [2] can be found in
Section [Il

A Definitions for general Markov chains

We consider a state space F and a sigma-algebra Y. on E which is a standard Borel space. We denote
by (X;)i>1 a time homogeneous Markov chain on the state space (E,X) with transition kernel P.

A.1 Ergodic and reversible Markov chains

Definition 2 [27, section 3.2] (¢-irreducible Markov chains)

The Markov chain (X;);>1 is said ¢-irreducible if there exists a non-zero o-finite measure ¢ on E
such that for all A C E with ¢(A) > 0, and for all x € E, there exists a positive integer n = n(x, A)
such that P™(x, A) > 0 (where P™(x,-) denotes the distribution of X,41 conditioned on X1 = x).

Definition 3 [27, section 8.2/ (Aperiodic Markov chains)

The Markov chain (X;)i>1 with invariant distribution 7 is aperiodic if there do not exist m > 2
and disjoint subsets Aq,..., Ay C E with P(x,A;41) =1 forallz € A4, (1 <i<m—1), and
P(z, A1) =1 for all x € Ay, such that w(A1) > 0 (and hence w(A;) > 0 for all i).

Definition 4 [27, section 8.4 (Geometric ergodicity)
The Markov chain (X;)i>1 is said geometrically ergodic if there exists an invariant distribution
and functions p: E — (0,1) and C : E — [1,00) such that

1P (z,) — 7||lrv < C(z)p(x)", Vn>0, rT—aex € F,
where ||pll7v = sup ey [1(A)].

Definition 5 [27, section 3.3] (Uniform ergodicity)
The Markov chain (X;);>1 s said uniformly ergodic if there exists an invariant distribution = and
constants 0 < p <1 and L > 0 such that

|P"(x,-) — w||lrv < Lp", Vn >0, r—aex € E,

where [[llzv = sup sex lu(A)].
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Remark: A Markov chain geometrically or uniformly ergodic admits a unique invariant distribution.
Definition 6 A Markov chain is said reversible if there exists a distribution 7 satisfying
m(dx)P(z, dy) = m(dy)P(y, dx).

A.2 Spectral gap

This section is largely inspired from [I4]. Let us consider that the Markov chain (X;)i > 1 admits a
unique invariant distribution 7 on $471.
For any real-valued, X-measurable function h : E — R, we define w(h) := [ h(z)w(dz). The set

Lo(E, 2, 7) := {h:7(h?) < oo}

is a Hilbert space endowed with the inner product

(hi,ho)r = /hl(x)hg(x)w(da:)7 Yhy, hy € L2(E, S, 7).

The map

H ’ ”7" the £2<Ea Eaﬂ-) = ||hH7T = <h7h>ﬂ'7
is a norm on Ly(E, X, 7). | - ||x naturally allows to define the norm of a linear operator T on
Lo(E, X, m) as

No(T) = sup{[|Thllx : [[Allx =1}

To each transition probability kernel P(z, B) with 2 € E and B € ¥ invariant with respect to m, we
can associate a bounded linear operator h — [ h(y)P(-,dy) on Lo(E, %, 7). Denoting this operator
P, we get

Ph(z) = /h(y)P(x,dy), Ve € E, Vh € Ly(E, X, 7).

Let £3(m) := {h € Lo(E,X,m) : w(h) = 0}. We define the absolute spectral gap of a Markov
operator.

Definition 7 (Spectral gap) A Markov operator P reversible admits a spectral gap 1 — X if

Ph||x
A= sup { ||||h|||| : heLy(n), h# O} <1

The next result provides a connection between spectral gap and geometric ergodicity for reversible
Markov chains.

Proposition 1 [23, Prop 1.2]

A reversible, ¢-irreducible and aperiodic Markov chain is geometrically ergodic if and only if P admits
a spectral gap.

13



B Properties of the Markov chain

Let P be the Markov operator of the Markov chain (X;);>1. By abuse of notation, we will also denote
P(z,-) the density of the measure P(z,dz) with respect to do, the uniform measure on $¢~1. For
any x,z € $¢71, we denote Rz € R%*? a rotation matrix sending = to z (i.e. RZz = 2) and keeping
Span(z, z)* fixed. In the following, we denote eq4 := (0,0,...,0,1).

B.1 Invariant distribution and reversibility for the Markov chain
Reversibility of the Markov chain (X;);>1.
Lemma 1 For all v,z € 897!, P(x,2) = P(z,2) = P(eq, RSx).

Proof of Lemma/[]

Using our model described in section |2} we get Xo = rX; + v/ 1 — r2Y where conditionally on X7,
Y is uniformly sampled on S(X;) := {¢ € $¢! : (g, X;) = 0}, and where r has density f. on
[—1,1]. Let us consider a gaussian vector W ~ N (0, I;). Using the Cochran’s theorem and Lemma

we know that conditionally on X7, the random variable % is distributed uniformly on

S(X).

Lemma 2 Let W ~ N(0,1;). Then, HVI;I//Ilz is distributed uniformly on the sphere $7~ 1.

Denoting £ the equality in distribution sense, we have

L W—<VV,X1>X1 R§1W/—<R§1W/,X1>X1
Xo=rXy+V1-12 =rX;+V1-r2 2 2 ,
W = (W, X1) X1l2 IRREW! — (REEW, X1) X1 o

where W' := RifW Note that W’ € R? is also a standard centered gaussian vector because this
distribution is invariant by rotation. Since (RQW’,XQ = (W', X3) and ||R§;q||2 = |\q|l2, Vg € $¢71,

we deduce that . W (W X)X
Xo—1rX; = L 1—1r2 ! . 11
2N B VI e G Xl ()

Ri((f is the rotation that sends X; to X5 keeping the other dimensions fixed. Let us denote a; := X7,

. Xo—1X4
2 = XXl

R? given by a := (ay,as,...,aq). Then, the matrix of Rﬁf in the basis a is

r —/1 —1r2 OLQ
V1—1r2 r 0;—2

0g—2 04—2 I o

and complete the linearly independent family (aj,a2) in an orthonormal basis of

We deduce that
—1
(R§;> (Xo —rX1) = R (Xp — 7X1)

Xo —1rX
:||X2—rX1|2R§j( 2 1)

[ X2 =Xl
= ||X2 - TX1H2R§fa2

= [|Xo — rXi]2 {—\/ 1—1r2a; + 7"02:|

= —V 1 — 7"2||X2 — 7"X1||2X1 +TX2 — T'2X1
= *(1 - T2)X1 + TXQ — T2X1
= —X1 + T‘XQ.
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Going back to , we deduce that

W — (W, X3) X,
X 77"X +41 12
o WO X)Xl ()

where W = —W' is also a standard centered gaussian vector in R%. Thus, we proved the first equality
of Lemma (1| Based on we have,

R;gW (W, X2) R, Xo
RedX —rRedX + 1 2
' ’ W — (W, X5) Xa||»

—reg+/1—12 §§2YV _ <RXQI~/V’ ca)ed ,
[RE,W — (R, W, ea)eall

which proves that P(eq, Rjix1) = P(x2, 1) for any x1, 21 € $9-1 hecause R;gQW is again a standard

centered gaussian vector in R?.
|

Invariant distribution of the Markov chain.

Proposition 2 The uniform distribution on the sphere $¢~ is an invariant distribution of the
Marokv chain (X;);>1.

Proof of Proposition[3
Let us consider z € $¢°1. We denote do = dog the Lebesgue measure on $9-1 and dog_; the

Lebesgue measure on $772. Using [10} section 1.1], it holds by := [y, do = 13&72) We have

do(x)
/xesdl Pl Z)T

d
= / P(eq, Rix) o(z) (Using Lemma [1)
Tesd 1 bd

d
= / P(eq, x) o(z) (Using the change of variable  — RZ%x)
zeSd 1 bd

/W/ P(ed,{ sl eab(sma)“dedgd;(é) (Using [10, Eq.(1.5.4) Section 1.5])
0 Jgd—2 d

1
1 do’dfl 1
= r)dr X —_— = —,
/4 felr) /SH ba—1  ba bq

which proves that the uniform distribution on the sphere is an invariant distribution of the Markov
chain.
[ |

B.2 Ergodicity of the Markov chain

Lemma 3 We consider that fp is bounded away from 0. Then, the Markov chain (X;);>1 is
¢-irreducible and aperiodic.

Proof of Lemmal[3
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Considering for ¢ the uniform distribution on $¢~!, we get that for any 2 € $¢~! and any A C $¢~!
with ¢(A4) >0

P(z,A) = /EA P(a@z)d%iz)

d
:/ P(eq, Ry z) o(z) (Using Lemma [I))
z€A ba

d
zERZA ba
(Using the change of variable z — R5?z with R{*A = {R5%a : a € A})

dog—1(§)
)1 ea dr 22218 g
/re[ 1,1] /5€Sd 2 M mrenia bg—1bq

since ¢ is invariant by rotation, ¢(A4) > 0 and f, is bounded away from 0.

Let us prove now that the chain is aperiodic. Suppose that A; and A, are disjoint subsets of E both
of positive o measure, with P(z, A3) =1 for all € A;. Consider any = € A;, then since A; must
have positive Lebesgue measure, we have P(x, A1) > 0 which concludes the proof.

|

Lemma 4 We consider that fr is bounded away from 0. Then the Markov chain (X;);>1 uniformly
ergodic.

Proof of Lemma . The condition on f, implies that for all z € $¢~1, the density P(x,-) with respect
to the Lebesgue measure on $9~1 is strictly positive everywhere. This implies that the Markov chain
(Xi)i>1 is uniformly ergodic (see [I1, section 1]).

|

Remark: From Lemmas (I and [3| and Proposition [2| we know that the Markov chain (X;);>1 is
¢-irreducible, aperiodic and reversible with unique invariant distribution the uniform distribution on
the sphere. Thanks to Proposition |1, we deduce that the Markov chain has a spectral gap if and only
if the chain is geometrically ergodic. With Proposition 4} we know that the Markov chain (X;);>1
is uniformly ergodic and thus is geometrically ergodic. Hence, (X;);>1 has a spectral gap. In the
following subsection, we show that this spectral gap is equal to 1.

B.3 Computation of the spectral gap of the Markov chain
Keeping notations of Appendix [A] let us consider h € £3(co) such that |||, = 1. Then

178l = /mesdl ( /y o T dy)h(y))2 do(x)
/meSd—l (/yESd_l P (f”vy)h(y)da(y)>2 do(x)

2
/ (/ P(ed,dex)h(y)da(y)> do(xz) (Using Lemma [1)
zegd—1t yegd—1

2
/ (/ P(eq, J;)h(y)do(y)) do(xz) (Using the rotational invariance of o)
zefd—1 yegd—1

st (ea,2)° < /y i h(y)do(y)>2 do(x)
0,

where the last equality comes from h € £3(o). Hence, the Markov chain (X;);>; has 1 for spectral
gap.
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C Complement on Harmonic Analysis on the sphere

This section completes the brief introduction to Harmonic Analysis on the sphere $¢~! provided in
Section 2] We will need in our proof the following result which states that fixing one variable and
integrating with respect to the other one with the uniform measure on $4~! gives ||[W — Wg||3.

Lemma 5 For any x € $%°1,
Exnr[(W = Wg)*(z, X)] = |[W — Wg|3,
where T is the uniform measure on the $971.

Proof of Lemma[3

Ex o [(W — Wi)2(, X)] = / (W — Wi)? (2, y)m(dy)

2

/y(Zper ) (dy)

r>R =
= / Z prlprrz Z Z YT’1 11 7“1 ll( )YT2J2( )YT2 lz( )”T(dy)
Yri,ra>R l1=112=1
= Z prlprg Z Z YT1,11 T2J2 /thll T2 lz( )ﬂ—(dy)
r1,ro>R 11=113=1

Since f Y, 1(y)Y pm(dy) is 1if r =7’ and | =’ and 0 otherwise, we have that

d
Banl(OV — Wi, X)) = X002 5 Vol
>R =1
=Y (p;)*d, (Using [I0, Eq.(1.2.9)])
r>R
= [[W — Wrlf3.
]
Let us consider 3 := 952 and the weight function wg(t) := (1 — ¢2)?~ 2. As highlighted in section

any envelope function p € L?([—1,1],wg) can be decomposed as p = Zk OpkckGﬂ where Glﬁ is
the Gegenbauer polynomial of degree [ with parameter 8 and where ¢ := 2k+ _2 . The Gegenbauer
polynomials are orthonormal polynomials on [—1, 1] associated with the welght functlon wg.

The eigenvalues (p)r>0 of the envelope function can be computed numerically through the formula

wz0. 5= (%) [ sciOusa, (13

r($)
T(3)I(5-3%)
function p thanks to the identity

p=_ Vdp; =Y piaGy. (14)

1>0 HG HL2( Lilwg) >0

where by := with I' the Gamma function. Hence, it is possible to recover the envelope
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For R > 0, let us define R = ka“zo dy, which corresponds to the dimension of the space of Spherical
Harmonics with degree at most R. We introduce the truncated graphon Wx which is obtained from
W by keeping only the R first eigenvalues, that is

v,y € 8T Wa(z,y) ZPkZYkl )Yiea(y
Similarly, we denote for all ¢ € [0,1], pr(t) = ZkR:O chkGf (t).

D Slope heuristic on real data

We propose a detailed analysis of the slope heuristic described in section[2.2]on the real data presented
in section |5} We recall that R(k) represents the optimal value of R to minimize the bias-variance
decomposition defined by @ for a given hyperparameter . Figure |§| shows the evolution of R(H)
with respect to x which is sampled on a logscale. R(m) is the dimension of the space of Spherical
Harmonics with degree at most R(x). Our slope heuristic consists in choosing the value k¢ leading
to the larger jump of the function k — ]:2( ). In our case, Figure |§| shows that kg = 1073, As
described in Section the resolution level R selected to cluster the eigenvalues of the matrix T is
given by R(2k). In our case, we choose R = 3.

30 4

Figure 6: We sample the parameter x on
a logscale between 107° and 10~! and we
compute the corresponding R(x) defined in
(G). We plot the values of R(k) with respect
101 to k. The larger jump allows us to define k.

N
w
max jump

logyo(ko)
75‘.0 —l‘l.S 74‘1.0 -3.5 73‘.0 72‘.5 72‘.0 —i.S 71‘.0
logio k

E Reminder on Harmonic EigenCluster( HEiC)

Before presenting the algorithm HEiC, let us define for a given set of indices iy, ...,iq4 € [n]
Ga $81,...,%¢) := min max |\ — A
pi(Toia ) i@ {i1,eeesia} GE{i1,emvia} Ai = A

Algorithm 2 Harmonic EigenCluster(HEiC) algorithm.
Data: Adjacency matrix A. Dimension d.

o (Asert L sty «— eigenvalues of T), sorted decreasing order.
D SRS P Vs
s Initialize ¢ = 2 and gap= Gap, (Tn, 1,2,...,d).
+ while i <n —d+1do
s if Gapy(Ty;i,e+1,...,i+d—1) > gap then
o e L e )
o 1=1+1
Return: Aq, gap.

18



F Results on the Gowalla dataset

We propose another application of our algorithm on a friendship dataset provided in [I3] and collected
from Gowalla, a popular location-based social network where users share their locations by checking-in.
Our graph contains 6,442, 890 nodes, corresponding to all the check-ins between February 2009 and
October 2010, ordered by timestamps. Two nodes in our graph are connected if the corresponding
users are friends on Gowalla. Results are provided with Figure [7| working with a dimension d = 3.
Figure [7](a) presents the estimated envelope function while (b) shows the estimated latitude function.
Figure [7](b) looks like a centered normal distribution with a small variance. Therefore, we cannot
conclude that there is a dependence between the latent representations of two consecutive nodes in
the graph.

10 0.08

0.07

08 0.06

0.05
0.6

0.04

04 0.03

0.02
0.2

0.01

00 0.00

-100 -075 -050 -025 000 025 050 075 100 -100 -075 -050 -025 000 025 050 075 100

(a) Envelope function. (b) Latitude function.

Figure 7: Presentation of the results working with the dataset from [13]. On a graph with 6,442, 890
nodes, we run the algorithm SCCHEIi with d = 3 and R=2to get a clustering of the largest Ropt
eigenvalues of T),. Figure (a) shows the estimated function p which was first rescaled (in order to
have 1 as maximum value on [0,1]) and then thresholded (to have positive values). For the latitude
function, we removed the tail of the distribution by considering the 95% fraction of the (#;); with the
smallest magnitude and rescaling them so that the maximum magnitude is 1. The estimated latitude
function is presented with Figure 7| (b).

G Concentration inequality for U-statistics with Markov chains

In this section, we prove a concentration inequality for a U-statistic of the Markov chain (X;);>1
which is a key result to prove Theorem[l} In the first subsection, we describe precisely the assumptions
made on the Markovian dynamic, namely [Assumption A|and [Assumption B| Those conditions allow
us to fall into the framework of [I, Section 3] and to use a Talagrand’s concentration for Markov
chains.

G.1 Assumptions and notations for the Markov chain

Assumption A The latitude function f is bounded away from 0 and || fz]|co < 0.

guarantees that there exist d,,,dy > 0 such that
Ve € $471 VA € B(STY),  6,v(A) < P(x, A) < Syv(A),

for some probability measure v (e.g. the uniform measure on the sphere 7). [Assumption Alalso
implies that there exists a small set, namely there exists a set C € B(S?~!) such that

Vo e $47t Im, P™(x,C) > 0.
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One can take m = 1 and C' = $%~!. The latter has the important consequence that the Markov chain
(X:)i>1 is uniformly ergodic (see [II], section 1]), with associated constants L >0 and 0 < p < 1
(see Definition [f)).

We introduce some additional notations which will be useful for the proof of the next subsection in
particular to apply Talagrand concentration result from [I]. We extend the Markov chain (X;);>1 to
a new (so called split) chain (X,, R,) € 891 x {0, 1}, satisfying the following properties.

e (X,), is again a Markov chain with transition kernel P and initial distribution 7 We recall
that 7 is the uniform distribution on the $¢-1.

o if we define T} = inf{n > 0: R, = 1},
Tiv1 =inf{n>0: Rp4...iTi4n = 1},
then T1,T5, ... are well defined, independent moreover 15,73, ... are i.i.d.
e if we define S; = T4 + --- + T;, then the "blocks"
Yo =(Xy,...,X1,),

Y; = (XSiJrlv R 7XSi+1)7i > O’

form a one-dependent sequence (i.e. for all i, o((Y});<i) and o((Y});>:) are independent).

Moreover, the sequence Y7, Ys, ... is stationary and the variables Yj, Y7,... are independent.
In consequence, for f: $9~1 — R, the variables

Sit1

Zi:Zi(f): Z f(Xj)7 1>1,

j=Si+1
constitute an i.i.d. sequence.

e the distribution of T} depends only on 7, P, C, §,,, v, whereas the law of 75 only on P, C, é,,
and v.

To derive concentration of measure inequality, we assume the exponential integrability of the

regeneration time described with [Assumption B

Assumption B ||T1]|y, < oo and ||T3|ly, < oo, where || - ||y, is the 1-Orlicz norm introduced in
Definition Bl

Definition 8 For o > 0, define the function ¥, : Ry — Ry with the formula v, (x) = exp(za) — 1.
Then for a random variable X, the a-Orlicz norm is given by

[ X[lpo = inf {A >0 Efgpa ([ X|/A)] < 1}

G.2 Concentration inequality of U-statistic for Markov chain

One key result to prove Theorem [I]is the concentration of the following U-statistic

Ustat(n) = > [(W =Wg)*(Xs, X;) — [W = Wa3].

1<i<j<n

Lemma 6 Let us consider v € (0,1) satisfying log(e/v) < n/log®n. Then it holds with probability
at least 1 — 1y,

_ 2 1
Ustar(n) < MW (log(e/~) Vlogn),

where M > 0 only depends on constants related to the Markov chain (X;)i>1, namely 6y, dp, | T1—T1 |,
ET, | T1lly, s [ T2lly, . L and p.
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Note that ||W —Wg||3 corresponds to the expectation of the kernel (W — Wg)?(-, -) under the uniform
distribution on $¢~! which is known to be the unique invariant distribution 7 of the Markov chain
(Xi)i>1 (see Appendix . More precisely, for any 2 € $?~1, it holds

IW = Wal3 = Ex~a[(W = Wr)*(z, X)] = E(x,x)~rer (W = Wr)*(X, X')],

see Lemma [5| for a proof. Our proof is inspired from [16, Section 3.4.3] where a Bernstein-type
inequality is shown for U-statistics of order 2 in the independence setting. Their proof relies on the
canonical property of the kernel functions which endowed the U-statistic with a martingale structure.
We want to use a similar argument and we decompose Usqt (1) to recover the martingale property for
each term (except for the last one). Considering for any [ > 1 the o-algebra G| = 0(X1, ..., X)), the
notation IE; refers to the conditional expectation with respect to G;. Then we decompose Ugiqr(n) as
follows,

Ustat( ZZ i—ks1[(W = Wr)*(Xi, X;)] — B _p[(W — Wr)*(Xi, X;)])
k=11i<j
) (B, [(W = WR)* (X4, X)] — [|W — WE3) . (15)

1<J

where t, is an integer that scales logarithmically with n and that will be specified latter. By
convention, we assume here that for all £ < 1, Ex[] := E[-]. Hence the first term that we will consider
is given by

Un = Z h(Xi, Xj-1, X;),

1<i<j<n

where for all z,y,z € $¢~1,
ey,2) = (W = Wi (,2) — [ (W = W), 0) Ply. du).

We provide a detailed proof of a concentration result for U,, by taking advantage of its martingale
structure following the work of [16, Section 3.4.3]. Reasoning by induction, we show that the ¢, — 1
following terms involved in the decomposition ((15)) of Ui (n) can be handled using a similar approach.
Since the last term of the decomposition as not a martingale property, another argument is
required. We deal with the last term exploiting the uniform ergodicity of the Markov chain (X;);>1
which is guaranteed by (see the previous Subsection or [27, Theorem 8§]).

G.3 Concentration of the first term of the decomposition of the U-statistic

Martingale structure of the U-statistic Defining Y; E ' h(X; X;_1,X;), U, can be
written as U, = 37, Yj. Since

E; 1 [Y;] = E[Y; [ X1,...,X;-1] =0,
we know that (Ug)r>2 is a martingale relative to the o-algebras Gj, | > 2. This martingale can be
extended to n = 0 and n = 1 by taking Uy = U; = 0, Go = {0,879 !}, G; = o(X;). We will use the

martingale structure of (U,,),, through the following Lemma.

Lemma 7 (see [16, Lemma 3.4.6])
Let (Up,, G),m € N, be a martingale with respect to a filtration Gy, such that Uy = Uy = 0. For
each m > 1 and k > 2, define the angle brackets AX, = A* (U) of the martingale U by

Al =Y B [(Us = Ui-n)Y)
i=1
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(and note A¥ =0 for all k). Suppose that for X >0 and all i > 1, E[eMVi=Vi-1l] < 0o, Then

_ kAR /1
(em = Um0 A Am/k', Gm) ,me N,

is a supermartingale. In particular, Ele,,] < Ele;] = 1, so that, if AF, < wk, for constants wk, >0 ;
then o
E[e)\Um] < eXkz2 ,\kwfn/k!.

For all £ > 2 and n > 1, we have :

n 7j—1 k
AE =" | > WX, X1, X)
j=2 i=1

<VF.= ZE] 1Zh X;)

n
<dm Z E;_
=2

where the random variables (X7); are i.i.d. with distribution v.

Zh(xi,Xj_l,X;.)
=1

Lemma 8 (see [16, Fx.1 Section 3.4]) Let Z; be independent random wvariables with respective
probability laws P;. Let k > 1, and consider the space H = {(f1(Z1),..., fn(ZN)) @ fi € LF(P)}.
Then the duality of LP spaces and the independence of the variables Z; imply that

N 1/k N
(ZE [|f,-(ZZ-)|’“]> = sup S Efi(Z)6(Z:)],
i=1 SN ElE(Z) R/ kD=1
where the sup runs over & € LF/(F=1(P;).

Then by the duality result of Lemma [8]

n j—1

(VEVE <bprsup D> Ty
fE»CkJ 2 1=1

h(Xi, Xj-1, X§)§j(X§)]

where Ly, = {f:(é‘g,...,gn)st V2<j<nm,¢; e LMD () with ZIE|§ |k/k b= }

n—1
=dusup > Y By | (X, X, X;)gj(X;)]
§€LK {1 j—it1
If we define the random vectors X; fori =1,...,n — 1 on R" by

Xz' = (07 e ,07 ]’L(X“ Xi,$i+1), ey h(Xi7X7L_17l‘n))7

and for & = (&,...,&) € [Ti_y ¥~V (v), the function fe(ha, ..., hn) = Y7y [ hy(2)&;(2)dv(x),
then setting F = {fe : ZJ SB[ (X )|k/(k 1 =1}, we have

n—1
(VA" < darsup |3 fe(Xs)

fer iz

Using a similar approach, one can prove that

O SUP ng )| < (V,f)l/k.

fer

By the separability of the LP spaces of finite measures, F can be replaced by a countable subset Fj.
To upper-bound the tail probabilities of U,,, we will bound the variable V,* on sets of large probability
using Talagrand’s inequality. Then we will use Lemma [7] on these sets by means of optional stopping.
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Application of Talagrand’s inequality for Markov chains Let us denote

n—1

fo

= sup
feF

and let us define the asymptotic weak variance

ot = supVarZ, (f)/ETy.
ferF

We also consider 7 = [Tt [y, V || T2]ly, and by = sup ;e £ | f]loo-

Now, we define for all i € [n], V; = (0,...,0, Xp,—it1,...,Xpn) € R™. Then, thanks to the reversibility
of the Markov chain (X;);>1, V; is a Markov chain with transition kernel directly given by the
transition kernel of (X;);>1: P. Since X is 0(V},—;4+1) measurable, we can apply Theorem 7 from [I],
and we get that for any ¢t > 0,

I t
P(Z > KE[Z] +t) < Kexp <—Kmm (ngg 73(ETy) by logn>> '

We deduce that for any ¢ > 1,

& 1/k S (Sﬂ 1/k < _i : i t
]P<(Vn) > 5 KE[(V) HéMt) = Re | mg M oz ST T logn ) )

which implies that for any = > 0,

<(Vk)1/k fSM E[(Vf)l/k] +3m na,zca: + Spm® (BETy) ™ by, log n) < Kexp (—%) .

m

K is a universal constant that we will assume equal to 1 to simplify notations. Using the change of
variable x = ku with v > 0 in the previous inequality leads to

< 0
P (U (VEYE > SM (V)R] 1 Gy ok + Sagkur® (BTy) b, 10gn> < 1.62¢7

k=2 m
because

oo 1 u 1 _u 1_|_\/5_u .

1Akz_2exp(—ku)<1/\e( 5 (e /\eu_1>e < e S 162

Bounding b;. Using Holder’s inequality we have,

n

by, = sup max sup Z E [h(z,y, X;)&(X7)]
e BlE(XPIR/Gm=1 * my o

n 1k (k—1)/k
< sup max sup Z (E\h(x,%XJ’)]k) <E|§] {k/(k U)
T Bl (X G-=1 " @y Ty
1/k (k=1)/k
< sup maxsup Y B|h(r,y, X)[" Z B g ()
SI L EG (X)) R R-b=1 ¢ wy \ T j=i+1
1/k

n

< max sup Z E |h($aanJ/‘)‘k

K3
LY\ j=i+1

< (B2Ak72)1/k,
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where

and

B? :=nb” where b* = max {||Ex:~, [2°(,-, X")]||_

A= [l < 2|p - prl%

Bounding the variance.

E[Ty)o? = supVar ( Z fX

i=T1+1

= sup Var
E€Ly

)

< 2(B2AM2)* BTy - 1)),

; H]EX”NW I:hQ(X//a ) )] Hoo} .

i Z ;1 [h(Xi, X

i=T1+1 j=i+1

X5)6(X5)]

where the last inequality comes from the following (where we use twice Holder’s inequality),

T>

>

To n
SN B h(X X,

i=T1+1 j=i+1

X7)&5(

X3)]

2

SN Biallh(X, X, X))V R (X[ B D]k k

i=T1+1 j=i+1

T2 n

D0 2 Eialn(Xs X5 XM

i=Th+1 \j=i+1

S B allh(X, X,

i=T1+1 \j=i+1

sup E
EELy
< supk
E€ELy
< suplk
EELy
< E
<

Now notice that for all 81,6 > 0 and 0 < € < 1 by convexity,

(91+92>k ( 01 €€
= +
1+4+e€ 1+e€

so that

0, + 92)k

By symmetry, this inequality holds for all € > 0, that is, for all 61,05,¢ > 0,

(B2AM2)* M BT, — 1)),

< (1+e)f oy +

(01 + 92)k

XN

1/k

_192)k -

1+e€
e_(k_l)(l + €)F1g%

< (14e)*1or +

1/k

2

(1+e

1+e

j=i+1

k

07 +

E[l¢; (X

€

1+e

= (1+e* o7

1)](5710]26.

Nk/k ln

e kok,

Using this inequality twice and the bounds obtained on by and o gives for u > 0,

On
Oum

24

k

(BV)* 4 dar\fnotku + dakur® (ETy) by log n

(k—1)/k

+ (14 e Hk1pk,

2



5
< 5ﬂ (BV)'* 4 /200, (B2AR2) /5|1 Ty — Ty || (BTy) /2 nku
m
k
+ Oprkur® (ETy) "1 (B2 AF2)Y* logn
k
< (A4t <§M> EVF 4+ (14 hHF! [5MkUT3(ET2)1(B2Ak2)1/k logn
k
+ V205 (B2ARHYR | Ty — Ty |2 (ET) "2 Vnku
k
< (14t (‘;M> EVF + (14 e D226 ku) 3% (ETy) ~* B2A* 2 logh n
m
+ (14 11 4 e HYE 15k, B2 AR 2| Ty — Ty |5 (BTy) ~%/2 (2nku)*/2.
So, setting
5 k
wh = (14 e)! ((SM> EVF + (14 e )2 2(6ku) 3% (ETy) ~* B2 A* 2 log" n
m

+ (24 e+ e Y15k, B2 AR 2| Ty — Ty |5 (BTy) ~%/2(2nku)*/2,

we have

P(VF<wk vk>2)>1-1.627", (16)

where the dependence in u of w¥ is leaved implicit.

Upper-bounding U,, using the martingale structure Let
T+1:=inf{l € N: V> wk for some k > 2}.

Then, the event {T" <1} depends only on X1, ..., X; for all [ > 1. Hence, T is a stopping time for the
filtration (G;); where G; = o((X;);e) and we deduce that U/ := Ujar for 1 = 0,...,n is a martingale
with respect to (G;); with Ul = Uy = 0 and U] = U; = 0. We remark that U]T — UJT_1 =U; -U;1
if T > j and zero otherwise, and that {T > j} is G;—1 measurable. Then, the angle brackets of this
martingale admit the following bound:

AEUT) =) B (U] - U )
j=2
<Vy(Uh)
= B |U; = Uy [l
=2
n j-1 k
=D B | AKX X1, Xp)| Loy
j=2 i=1
n—1
=2
n—1
<wk Z Ir—; + 17>,
j=2
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since, by definition of T, ij < wk for all k on {T > j}. Hence, Lemmaapplied to the martingale
UL implies

Also, since V¥ is nondecreasing in n for each k, inequality implies that
P(T<n)<P (V,iC > wfl for some k > 2) <1.62¢~".

Thus we deduce that for all s > 0,

P(U, >s) <PUL>s,T>n)+P(T <n)<e Mexp —w, | +1.62e7". (17)

The final step of the proof consists in simplifying exp (Zk>2 /]\C—Twﬁ)

A¥ k A¥ k-1 oM § k
T Wn = Z H(l +e) <5m> EV,
k>2 k>2
/\k
+ D @t e )TN BEAN Ty — Ty |5 (BT2) M2 (2nku) 2
E>2
k
+)° %(1 + e )22 (5 ku) P 3R (ETy) ~* B2 A2 10gk n
k>2

= aj + az + as.
Bounding a3. Using the inequality k! > (k/e)*, we have noting 6(¢) := e(1 + e 1)2(ETy) 7304,

az < Z M1 4 e 1225 reu) 2 (BTy) * B2 A2 log" n

k>2

= Z M1+ e H)725(e)*uk B2 A 2 1ogh n
k>2

= N1+ e 1)725(e)*u®B? log® n Z Mes(e)Euk AR logh n

k>0
(B +e ) ud(e) logn)2 A2
B 1 —uMXAd(e)logn ’

for A < (uAd(e)logn) .

Bounding a;. We use the inequality k! > k*/2 because (k/e)* > k*/2 for k > €2 and for k smaller,
the inequality follows by direct verification. Defining n(e) := v/2(2 + € + ¢ )| To — T4 || (ETy) /2,
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we have

ay <Y M2+ e+ e )6y BPAN? Ty — T |5 (BTy) /2 (2nu) /2

k>2
= Z M2+ e+ e () B2 AR 2 (nu)F/?
k>2
=2+e+e ) Ine)?B*(nu /\QZ)\k (e)F AF (nu)*/?

k>0
_ 2+ e+ e )" (An(e)B)’ nu
1 — AAn(e)yv/nu ’

for A < (An(e)y/nu)~L.

Bounding a;. Let us recall that

EZ]EJ )

s ; )
Thus denoting x = §,

m

k

Zh XZ,X] 1, —EZE iy Nj—1, ) Xj—l’Xj

<E|Xj1,X, [ A(1+€)k|Cy l} -1+ E)KE‘XJ 1LX; HOJH — 1>,
=2

where C; = Zz;ll h(Xi, Xj-1,X;) and where the notation E|x, , x, refers to the expectation
conditionally to the o-algebra o(X;_1, Xj).

Now we use a symmetrization trick: since e* —z —1 > 0 for all z and since e®l +e~#l = @ 4 g—az
adding | x,_, x,lexp (=A(1 + €)x[C;])] + A1 + e)kE|x,_, x,[|Cj]] — 1 to a; gives

J— 17
1 - [N HIRC; —A(1+€)kC;
@ = ].7"‘61[3]2:; <E|Xj1, -1 +E\XJ 1,X [e -1 (18)
Let us consider some j € {2,...,n}. Conditionally on o(X;_1,X;), C; is a sum of bounded functions

(by A) depending on the Markov chain ﬂ We denote

v (Xj-1, X ZEXW X;)|X;_1,X,] < B

and V = Y7, Bof(X; 1, X;) < C?B*F=Y (with C? = nB?).
Remark that
Ex; mr [ Xy, X1, X)X -1, X]
= Ex,or [(W—Wg)*(X;, X;) — E; 1 [(W — Wgr)*(Xi, X;)] | Xj-1,X]

- / (W — Wr)*(z:, X, )m(dry)
// (W = Wa) (25, 2;)7(ded) P(X, 1, da;)

W — Wr||3 — [|W — Wr]3
= ()7

2Strictly speaking, we consider the time reversal Markov chain starting at X1 which has the same kernel due to
the reversibility of the chain.
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where we used that
Ve € $7, Exar (W = Wg)*(X,2)] = Exnr[(W = Wg)?(z, X)] = [|[W — Wg|f3,

as stated by Lemma [5| We will use a Bernstein inequality for Markov chain (see [19]). Note that
the time reversal Markov chain with kernel P starting at X;_;, that we consider here, admits the
uniform distribution on $97! has invariant measure. Moreover, its spectral gap is equal to 1 (see
Appendix . Finally, notice from Taylor expansion that (1 —p/3)(e? —p — 1) < p?/2 for all p > 0.
We can now apply [19, Eq.(4.5) Thm 1.1] with ¢ = A(1 + €)x and ¢ = A (using their notations). We
get that for A < [(1+ €)x(A4/3 + B/v/2)]

AHO)RIC ]

e S aw)

A\
=
>

o [ XA+ R0 (X1, X5)
=0 X |SPA T AN + o)m/3 '
Considering A < [(1+ €)x(A4/3 + B/v2)]7!, e < 1 and using (18], this leads to

2 A2(1+ €)%k%v; (X1, X;)
< — E J\Ag—1, g _1
a ST {eXp ( 2 — 2AN(1 + )k /3
2 f: N2E(1 4 €)2RR2RY
(2 —=24AX1 + €)r/3)k
N2F(1 4 )2k 202 B2(k-1)
2 —2AN(1+€)r/3)F
(14 €)C?\2k2
1—AXN1+4€)r/3 = N2(1+¢€)2Kk2B?/2
(1+€)C2A2K2
T 1-M1+er(A/3+B/V2)
Putting altogether we obtain

A
=
o

k=1
2

1+ek:1

Mg

)\k X <)\2w2>
exp —w, | <exp )

k! 1—-Ac
k>2
where
W=00+eY2Ch+ (1+e+e ) 2n(e)Bvnu+ B(1 + e 1)~ ud(e) logn,
and

¢ = max {(1 + €)k(A/3 + B/V?2), An(e)v/nu, Ad(€)ulog n] .

Using this estimate in and taking s = 2W/u + cu and A = /u/(W + ¢y/u) in this inequality
yields
P (U, > 2W+/u + cu) < 2.62¢ "

By taking € = 1/2, we deduce that for any u > 0, it holds with probability at least 1 — e! =%
> hiy(Xi, X))
i<j
< V6CKVU 4 680 || Ty — Ty ||(ET2) Y2 By/nu + 6edy (ETy) ™ 73 Bu®/? log n
+ g(A + 3B)u+ 9AS || Ty — T1 ||(BET2) ™Y 2/nu/? + 12A(ETy) L r3edpu? logn,
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Using
B<vnA, C=viB<nA and A<2|p-pzrlX,

it holds with probability at least 1 — e' =%,
Z hij(Xi, X;) <A [Mon\/ﬂ + Mynu + Myvy/nlog(n)u®? + Ms log(n)uﬂ
i<j

with
My =6k, M =68y|Ts — T1||(ETy) "2 + 3k,

My = 96p || To — T1||(BT)~Y2 + 6edp (BTy) " 7%, and My = 12(ETy) " 730y,

Let us consider some v € (0,1). Then, denoting M = 8max(My, M1, M, M3), we have with
probability at least 1 — -,

ﬁ > hi (X, X5)

i<j
M _ 2 3/2 2
Mlip = prls nlog (e) V v/nlognlog (e) V log(n) log <e> . (19)
2 n(n—1) gl v v
In particular, for any v € (0, 1) satisfying log(e/v) < n/log?n it holds with probability at least 1 —,

2 lp — prll3 e

—_ hi i (X, X;) < M———=21 - . 20

n(n—l)Z ( i) n og ~ (20)
1<g

G.3.1 Reasoning by descending induction with a logarithmic depth

As previously explained, we apply a proof similar the one of the previous subsection on the t¢,, first
terms of the decomposition ‘ Let us give the key elements to justify such approach by considering
the second term of the decomposition , namely

D (B [(W = Wr)A (X, X)) — By o [(W — Wa)*(Xi, X;)])

1<J
n—2 n n—1
= > ) XL X0, X 1)+ Y g(Xa)
i=1 j=i+2 o
n—2 n—1 n—1
= > > MOXL X X))+ ) g(Xa), (21)
i=1 j=i+1 im1
where
AO02) = [ O = WP, w)PCesd) = [ (V= Wi (a,0) P2y, )
and

ﬂ@=/mﬁ4%ﬂ%wﬂ%w%wW—Wﬂ§

We can upper-bound directly Z?;ll g(X;) by 2n||p — pr||%, and we aim at proving a concentration
result for the term

n—2 n—1 n—1j5—1
SN 5 SRTIE TSNS 3) LIRSS
i=1 j=i+1 =2 i=1

using an approach similar to the one of the previous subsection. One can use exactly the same sketch
of proof.
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e Martingale structure

Using the notation Yj(l) = 23;11 AW (X;, Xj-1,X;), we have U,(Ll_)l = Z;l:_zl Yj(l) which shows

that (Ur(Ll))n is a martingale with respect to the o-algebras ;. Indeed, we have IE)j_l[Yj(l)] =0.

e Talagrand’s inequality

One can use the same duality trick to show that the V,* can be controlled using a sum of
functions of the Markov chain (V;);>1 (as defined in the previous section).

e Bounding exp(wk\F/k!)
The terms as and a3 can be bounded in a similar way. For the term a1, we only need to show
that h(1) satisfies Ex,r|hM(X;,y,2)] = 0, Vy,z € $?~1 in order to apply as previously a
Bernstein’s type inequality.

EXiNﬂ'|h(1)(Xiv Y, Z)]

- / m(dx;) (/w(w — Wr)? (24, w) P(z, dw) — /w(W - WR)Q(xmw)Pz(y,dw)>
— [ (Pletw) [ ()07 = Wa(ew) - Pgaw) [ w08~ Wa o))

i T

= |W — Wg|3 - |W — Wg|3 (Using Lemma )
=0.

e Conclusion of the proof
The key remark is that the constants A and B are respectively bounded by 2||p — pr||%, and
2n|lp — prl|% as previously. This allows us to get a concentration inequality strictly similar to
the one of the previous subsection, namely for any v € (0, 1) satisfying log(e/v) < n/ log? n, it
holds with probability at least 1 — -,

2

2
(XX X <MM1 ey
n(n_ 1) ( 19 Vi 1 j) — n Og ,y

Going back to , we get that for any v € (0,1) satisfying log(e/v) < n/log®n it holds with
probability at least 1 — 7,

Z (Bj1 [(W = Wg)*(Xi, X;)] — Ej2 [(W — Wgr)*(Xi, X;)])

_ 2 _ 2
< yle panlog(e)%np prl (22)
n y n

One can do the same analysis for the ¢, first terms in the decomposition (I5). Hence for any v € (0,1)
satisfying log(e/7) < n/log?n, it holds with probability at least 1 — ,

SO (B [V — W) (X0, X))] — By [(W — Wi)*(X:, X))

k=1 i<j

_ 2 _ 2
< Mtnw log (e> +8(tn — 1)%_ (23)
n ~ n

G.3.2 Bounding the remaining statistic with uniform ergodicity

In the previous steps of the proof, we decompose U, in t, + 1 terms (see ) The martingale
structure of the first ¢,, terms of this decomposition allowed us to derive a concentration inequality
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for each of them. It remains to control the last term of this decomposition, namely

D (Bt [(W = Wr)*(Xi, Xj)] = [W = Wg3),

1<j

where t,, = |glogn| with 0 < ¢ < (log(1/p))". Using our convention which states that for all k < 1,
Ex[-] := E[], we need to control

5
- 52

where (X7); are i.i.d random variables with distribution 7 (the uniform distribution on $?~1'), and

independent of (X;);>1 (see Lemma [5). We deduce that

Lo [(W = WR)2(X4, X5)] — |[W — Wr3)

M

3 s
,_. »—A

M: HM=

Ej ., [(W=Wg)*(Xi, Xj) — (W = Wr)*(X;, X})] ,

\ I
+

> By [(W = Wr)* (X, X5)] = [W = Wl3)

n— n
> > Bj—t, [(W = Wr)*(Xi, X;) — (W — Wr)*(X;, X})]|
=1 j=(i+1)V(tn+1)

n—1 nAt,
+ 30N [E[W - Wr)A(Xi, X))] — W — Wal3]
i=1 j=(i+1)

< (1) +(2)+ (3) + (4) + 2ntn|lp — prllZ.,

Wlth, denoting Hij = Ej—tn [(W - WR)2(X¢, X]) - (W - WR)Q(Xi, XJ/)],

tn 2ty
=> Y [Hyl <2¢%log?(n)|W — Wa|Z,

i=1 j:(tn+1)

tn n
Z Z [l
i=1 j=(2t,

n—1 nA(tn+1i)

Yo > [Hil < 2qnlog(n)|W - Wg|Z,

i=tn+1 j=itl

@:= > Y [Hyl
i=tn+1j=t,+i+1

Let us upper-bound (2) and (4) to conclude the proof. First note that for i < j — t,, it holds

—t, (W = WR)*(X:, X)) :/ o 1(W - Wr)*(Xi, 2) P (X4, , d2).
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We start by upper-bounding (2),

@ =3 3 (B [V - Wl (X, X;) — (W — Wi)2(X,, X))

i=1 j=2t,+1
tn n
S Z sup Z |Ej—tn I:(W_WR)Q(‘I%’X]) - (W_WR)Q(J:MX]/):H
=1 TESIT S o
tn n
< Y sup / (W — Wg)2(x4, 2) (P (X, dz) — m(dz))
i=1 €871 o 1 1Yz
tn n
< W =WrIZYS D [P (X, dz) — m(dz)|
i=1 j=(2t,+1) "7
tn n
< W -WrlZ) > L™
i=1 j=2t,+1

< ||W- WRHgontant".

where L > 0 and 0 < p < 1 are constants related to the uniform ergodicity of the Markov chain (see
Definition . With analogous computations, we upper-bound the term (4)

W= 3 B, [ = WX X,) — (W — Wa)*(X,, X))
i=tn+1j=t,+i+1

n—1 n

< > sup Y By, (W= Wa)2 (2, X;) — (W — We)* (2, X))]|
imt, +1TEST oy T
n—1 n
< sip Y / (W — W) (@i, 2) (P (X0, dz) — n(d2))
i=t,+1 28T g T 1z
n—1 n
< W-Welk Y Y | P! (X, dz) — 7(d2))|

i=tp+1j=tp+i+1 z

n—1

< W-wrlZ YD D> Lt

i=tn 1 j=tntitl
< W = Wr|Zn*Lp™.

We deduce that

2
=T 2 (Bien (W = W) (X, X,)] = [W = Wh3)
1<j
log? Ln2 palos(n)
< 10(1+q+ ¢A)|W — W2, B TP
n(n —1)
= W = WrlZO(n " log®n), (24)

because p?1°8(") = O(n~1). Indeed,

npd o8 = ppaloelr) — pltaloglp)

with 1+ glog(p) < 0 because we choose ¢ such that 0 < ¢ < (log(1/p))~*.

We proved that the last term of the decomposition can be bounded by M'||[W —Wg||2n~ ! log?(n)
where M’ is a constant that depends only on L and p. Coupling this result with the concentration
result concludes the proof of Lemma @
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H Proof of Theorem [

The proof of Theorem [I| mainly lies in the following result which is proved in Appendix Coupling
the convergence of the spectrum of the matrix of probability T;, with a concentration result on the
spectral norm of random matrices with independent entries (see [5]), we show the convergence in
metric do of the spectrum of T,, towards the spectrum of the integral operator Tyy .

Theorem 3 Let us consider v € (0,1) satisfying log(e/v) < (n/log?n) A (n/(13R)). Then it holds
with probability at least 1 — y,

logn )1/2

< 2llp—prl2+8\/ =In(e/v) + M|p — prllc T(log(e/w)\/logn

b

3| =

where M > 0 only depends on constants related to the Markov chain (X;)i>1 (see Lemma @
First part of the proof for Theorem [I] We start by establishing the convergence rate for
d2 (A(Tw ), M(T},)) . We keep notations of Theorem Let us consider v € (0, 1) satisfying (n/log® n) A

(n/(13R)), and assume that p € Z4,((=1,1)) with s > 0.
Let us define the event

In(e/v)

logn
+ Mllp — prllscy/ = (log(e/7) Vogn) '/ }

Using Theorem [3] it holds P (Q(«)) > 1 — v. Remarking further that

3| =

Qv) 12{52 (A(Tw), MT»)) <2[lp — prll2 +8

o (A(TW)7 /\(Tn)) < d2 (/\(Tw),O) + 02 (07 /\<Tn)) < ||pH2 + \/'E < \[24‘ \/'Ea
we have

= E[B(NTw), \(T) Lo + (1 + v2)*nP(Q(y)°)
< cllp— prll3 + e Tog(e/) + ellp — prl " (loge/) Vlogn)

+ (1 +V2)%ny,

A

where ¢ > 0 is a constant that does not depend on R, d or n.

Since
1+ Ek(k+28))° _
— — )2d (— <C d)R™2%* 25
lp —prl3 ];(pk) KA h(E£28)F ~ (p,s,d) ; (25)
and since _
R=O(R"Y), (26)
we have choosing v = 1/n?
log(n log®(n
BIBOTw) AT < D' [ 4 R gy g2 PE 1)), (27)

where D’ > 0 is a constant independent of n and R.
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Let us show that choosing R = [ (n/ log? (n))>7%1 | concludes the proof.
Since ||GY]loo = G¥ (1) = di /¢y, we get that

R R
Iprllee < 3" IplerGi (1) = - pilde < VR|prle.
k=0

k=0

and using , we deduce that

lp = prllco < lIPlloo + PRIl <1+ V2R. (28)
Hence, becomes
1 - log?
E[53(\(Tw), M(T))] < D" [R—QS N Ogn(”)} :

where D" is a constant that does not depend on n or R.
1
Choosing R = [ (n/ logQ(n)) 2sT4=1 | and using (26) we get

E[63(A(Tw), A(Z,))]

y ( n )z«rZ?zS—l_'_z( n )fz‘idl—l log?(n)
log(n) log?(n) "

< ()T
- log”(n) '

Second part of the proof for Theorem Let us recall that in the statement of Theorem
AFort (T),) is the sequence of the R, first eigenvalues (sorted in decreasing absolute values) of the
matrix 7}, where Rop: is the value of the parameter R leading to the optimal bias-variance trade off,

namely

Mert(T) = (M., A5 ,0,0,...).

opt’
1

From the computations of the first part of the proof, we know that Rop = [ (n/log®(n)) ***~" |. That

corresponds to the situation where we choose optimally R and it is in practice possible to approximate

this best model dimension using e.g. the slope heuristic. Therefore, do ()\(TW), Aftopt (Tn)) is the

quantity of interest since it represents the distance between the eigenvalues used to built our estimates
(pr)r and the true spectrum of the envelope function p. Since R = O (Rd_l) for all integer R > 0,

we have Rypt = O ((n/ log? (n))%) We deduce that for n large enough 2R,,; < n and using |8,
Proposition 15] we obtain

b (A (1), N(Tw, )

52 (M), A(Tw,, ) ) + /2Bt = T

IN

< 6 (MT) N(Tw)) + 6 (A(Tw) N, )) + /2Rt 1Ty — Tl (29)

where A(Tw,, )= (A1,...,A%; ,0,0,...). Let us consider v € (0,1). Using Theorem we know
opt opt
that with probability at least 1 — v it holds for n large enough

G2 (A(Tn), M(Tw))

logn
== 1n(e/y) + Mp = Proyelloe\/ —— (log(e/7) Vlogn)

Ropt 1/2

< 2P — PRyl +8
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Using (25), and the fact that R = O(R%1), it holds with probability at least 1 — 1/n?,

9 _1logn _,log?n
55 (A(Tn)a/\(’]rw)) S c |:Rop2t‘ + Rgptl i +MRgpt1 8 :|

< (M')*(n/log? n) i,

where ¢ > 0 is a numerical constant and M’ > 0 depends on constants related to the Markov chain
(Xi)i>1 (see Theorem [3| for details). Moreover,

—2s
03 (ATw) A(Twr,,)) = Ip = P, I3 < Clos, d) RS = O ((n/1og?m)7501) - (30)
where we used . Finally, using the concentration of spectral norm for random matrices with

independent entries from [5], there exists a universal constant Cy > 0 such that it holds with
probability at least 1 — 1/n?,

3 log(n3)
+C .
V2n 0 n

Using again R = O(R1), this implies that for n large enough, it holds with probability at least
1—1/n?

10 = Tl <

2Rop | T = Tol < D(n/ log® )=+,

where D > 0 is a numerical constant.
From (29), we deduce that P(Q) > 1 — 2/n? where the event € is defined by

~ 2 —2s
0= {3 (Mo (1), M (T, ) < (O )2+ D4 2) (0 10g? myzr |

Remarking finally,

By (Mort (1), A(Pw,, ) < 82 (T, 0.0) + 82 (0.A(T) < llpllo + Vi < V24 Vi,

we obtain
E (03 (Ao (1), ATy, )| (31)
< B[ (M (1), A(Twy,,)) 19] + P@)(V2+ vi)?
< (C(p, s,d)/2+ D+ M’)2 (n/ log? n) T ¥i=T + 2(\[2;72‘%)2
- 0 ((n/ log? n)T) . (32)

Using the triangle inequality, (30 and leads to

E (63 (A (1), A(Tw) ) | < 3E [83 (N (1), (T, )) | + 35 (M(Twi, ). A(Tw) )

=0 ((n/ log? n) 231(21571) ;

which concludes the proof of Theorem [T}
|
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H.1 Proof of Theorem [3|
We follow the same sketch of proof as in [§].

Let R > 1 and define,

1
P = —
k.l T
Erm = ((Qrts @rrr) = 0.0 1)) (5 k) e (R, 11 i}, UEfL.. dy} €
Xpn=[Po1,P11,P19,...,Pra,] € R,

[Yk,l(X1)7 S 7Yk,l(Xn)] € R",

RxR
R™,

App = (XpoXnn)"? with A%, = Idg + Enp,
KR = Dla’g()‘l(TW)v R )‘R(TW))v

k
Trn=) i) Pui(®r)| = XpnKpXg, € R

Trn=((1- 0i,))TRn)ijem) € R™™™,
T;\’, n = AR nKRA; n € IR,RXR

Z D Z Yo (@) Y (
It holds

1/2
S2(MTw), M(Twy)) <Z dr(pr) ) .

k>R

We point out the equality between spectra of the operator Ty, and the matrix Kr. Using the SVD
decomposition of Xg ,, one can also easily prove that A(Tgn) = A(T%,,). We deduce that

62 (MTwy), M(Trn)) = 02 (MER), NTr.,)) < Tk, — Krllr = |ArnKrArn — Krl|F,

with the Hoffman-Wielandt inequality. Using equation (4.8) at (|22] p.127) gives

82 MTw,)s MTrn)) < V2 Kg|pllEral = V2| Wrl2| Egnl.-

Using again the Hoffman-Wielandt inequality we get

=1

" 1/2
- - 1
2(ATrn) MTrn)) < |Thn — Trullr = lnz Z WR(Xiin)2‘| )

and
1/2

~ ~ 1
62 (MTrn) MT0)) < T = Tullr = | =5 S_(W = We)*(Xi, X;)
i#j
Now, we invoke Lemmas [0} [I0] and [6] to conclude the proof. Proofs of those lemmas are provided in

Appendix [H.2] [H:3] and [G] respectively.

Lemma 9 Let us consider v > 0 and assume that 13R1n(e/y) < n. Then it holds with probability
at least 1 —

[ ERnll < 4

In(2/7).

3| =
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Lemma 10 Let R > 1. We have
1 & 1 (& :
o ZWR(Xsz‘)z = (szdk> .
i=1 k=0
For any ~ € (0,1) with log(e/) < (n/log>n) A (n/(13R)), it holds with probability at least 1 — =,
d2 (A(Tw ), A(T))
<8 (NTw), N(Twi)) + 62 (N Twi): ML) + 82 (MTrn): i)

+ 82 (ATra), A(T2))

R 1/2
44/ 1n(2/)+\/§< d(*)2> b=
Y kzzo kP Jn

logn
+M|p — prllacy/ = (log(e/) Vogn)'/*

R

> pids

k=0

IN

+2[p — prll2

3 | o

)

where M > 0 depends only on constants related to the Markov chain (X;);>1.
Now remark that

1/2

R /2, g _
< (Z dk) (Z dk(PZ)2> = \/EHPR”%
k=0 k=0

R
szdk
k=0

and that
Ip&ll3 < lpl3 <2, (33)

because pg is the orthogonal projection of p, and |p| < 1.
We deduce that

62 (M(Tw ), MT}))
—prll2+4

R 2R
< 2 —1In(2 —
< 2fp Vo) 4
logn
+ Mp = prlloc |/ == (log(e/) V logn)*/?
R
< 2lp—prlls + 8|/ = In(e/)
logn
+ Mp = prloey/ =2 (log(e/7) V logn)'/* (34)

H.2 Proof of Lemma
Observe that nEg, =Y. | (Z;Z — Idy) where for all i € [n], Z; € R% is defined by
Z; = Z(Xi) = (YO,l(Xi)7 Y1,1(Xi), Y1,2(Xi), ceey Yl,d1 (Xi)7 cee »YR,l(Xi): ) YR,dR (Xz)) .

By definition of the spectral norm for a hermitian matrix,

1 n
T T
=N zz] |z -1
x (n £ i >.’L‘

We use a covering set argument based on the following Lemma.

1 n
I > Z:Z] —Idg| = max

=1
p z, |12l
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Lemma 11 (see [15])
Let us consider an integer D > 2. For any €y > 0, there exists a set Q C
(14 2/€0)P such that

SP=1 of cardinality at most

VOZESD717 quQv ||aiq”2 < €o.
We consider @) the set given by Lemma with D = d and ¢y € (0,1/2). Let us define 2o € $9*
such that |z Ernvo| = ||Er.n|l and go € Q such that ||zg — goll2 < €o. Then,
|x(;rER,nxO| - ‘Q(—)FER,nqo‘ < |x(;rER,nxO - Q(—)FERJLC]O‘ (by triangle inequahtY)

= |$(TER,n(3€O —qo) — (g0 — $0)TER,nQO|
< zoll2[|Ernlllzo — qoll2 + g0 — zoll2l| Er,n ll|0]l2
< 26| ERnll-

which leads to
25 Ernwol = || Ernll < 00 Erngol + 260l| Ernll.

Hence,

| Egnll < max |q" Eg nql.

1 —2¢p q€Q

We introduce for any g € @ the function

n

1 1
Foio=(x1,...,2,) — EZqT (ZiZZ-T —1)q:= Equ(:ci),
i=1

i=1

where fy(z) =q' (Z(2)Z(z)" —1)q.

Let us consider ¢t > 0. We want to apply Bernstein’s inequality for Markov chains from [I9, Theorem
1.1]. We remark that E[f,(X)] = 0 and that || f,]lcc < R — 1. For all m € [R], we denote ¢,, = Y.
with 7 € {0,..., R} and [ € [d,] such that m =1+ ", d; — 1. Then, for any z € $¢~!, and for all

k1€ R, (Z(@)T2(2))?) ;= et G126 (2)? 0k (x) = Réu(2)dn(x) = R (Z(2)Z(x)7), , where
we used [10, Eq.(1.2.9)]. We deduce that

Ex[fo(X)*) = Exlg' Z2(X)Z(X) " aq" Z(2)Z(2) "q] — 2Ex[q" Z(X)Z(X) q] +1
Exlq" (Z(X)Z(X)")?q] — 24" Ex[2(X)Z(X) ] q +1

—_—— —_—

=R-Z(X)Z(X)T =Id
— R g ELZ(X)Z(X) g~ 1
=R-1.

Using that the Markov chain (X;);>1 has a spectral gap equals to 1 (see Appendix [B.3)), we get from
[19, Eq. (1.6)] that

-n 2
P (|Fy(X)] > t) =P (lg" Erngl > 1) < 2exp (4(1% T+ io(ﬁz - 1)t> ’

which leads to
T T —nt?/(R—1) R
P (%16%( l¢' Erng| > t) <P qg? l¢' Erng| >t | <2exp (4—1—1016 (142/e0)™.

. N nt? /2 _ -1 . R _ 20 1)1
Choosing ¢y = 2 (exp F DR 1)  in order to satisfy (1+2/ep)™ = exp(nt*(R—1)"'(4+

(R—1)R(4+10¢
10t)~1/2), we get
T —nt?
P max|¢g Frnq| >t) <2exp| —=——"""7—7—].
1€Q (R—1)(8+20¢t)
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We deduce that if 2 In(2/ @)R < n, it holds with probability at least 1 —

R

-
Er gl <161/ =1In(2/a).
I;leaglq Rnq| < nn( /)

Assuming that 2001n(7)R? In(2/a) < n® in order to have 1/(1 — 2¢q) < 1/4, it holds with probability
at least 1 —

max \qTER7nq| <4

1
In(2 .
1 —2¢ qe@ n(2/e)

IER Al <

3 | o

H.3 Proof of Lemma [10]

Reminding that for all z € $9~! and for all & > 0, Z?ﬁl Yi.i(z)? = di (see Corollary 1.2.7 from [10]),
we get

Il
SRS
& Il
M= =
3
ek
QU
o
N———
[}

I Proof of Theorem [2

Proposition (3| is the counterpart of Proposition 1 in [2] in our dependent framework. This result is
the cornerstone of Theorem [2] and is proved in Appendix

Proposition 3 We assume that A* > 0. Let us consider v > 0 and define the event

Then for n large enough,
PE)>1—~/2.

Moreover, on the event £, there exists one and only one set A1, consisting of d eigenvalues of Tn,
whose diameter is smaller that A* /2 and whose distance to the rest of the spectrum of T, is at least
A*/2. Furthermore, on the event &, the algorithm HEiC returns the matriz G = 1VV—'—, where V
has by columns the eigenvectors corresponding to the eigenvalues in A;.

In the following, we work on the event £. Let us consider v € (0, 1).

We choose R = (n/log®n) ZeFa=T Reminding that Wg is the rank R approximation of W, the Gram
matrix associated with the kernel Wg is

Zpkzq)kl O1)" = XpnKrXp, € RV
k=0 1=
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where

1
b = —
k.l NG
Xrn=[®0,1,P1,1,P12,...,Pr x| € R™? and
KR = Diag()\l(']I‘W)7 ey )\R(Tw))

[Yk,l(X1)7 A ,YkJ(Xn)] S Rn,

Let us denote now V (resp. Vi) the orthonormal matrix formed by the eigenvectors of the matrix 7T,
(resp. Tr,n). We have the following eigenvalue decompositions

Tn = ‘7A‘7T and TR,n = VRAR‘}Ea

where A = diag(A1, ..., A,) are the eigenvalues of the matrix T, and where

Ar =605, D5, DRy DR, 0,...,0) € R™ where each pj has multiplicity dy. Then, we note
by V € R"*? (resp. Vi) the matrix formed by the columns 2, ..., d of the matrix V (resp Vg). The
matrix V* € R"*? is the orthonormal matrix with i—th column ﬁ (Y11(Xi),...,Y1.4(X;)). The
matrices G*,G,Ggr and G __. are defined as follows

proj
* 1 * *\ T
G* = —=V* (V")
C1
1 T
G:=—VV
C1
1 T
GR = fVRVR
C1
* _ * *\ T y7*\—1 *\ T
Goroj =V ((VF) V)TV
G,0; 18 the projection matrix for the columns span of the matrix V*. Using the triangle inequality
we have
||C;’*_G(||FS ||G* pTOJ||F+||Gp’(()J GRHF_FHGR_GHF

Step 1: Bounding ||G—Gg||r. Since the columns of the matrices V and Vg correspond respectively
to the eigenvectors of the matrices T, and Tr ,, applying the Davis Kahan sinus Theta Theorem
(see Theorem ' ) gives that there exists O € R%*? such that

23/2”1-‘77, - TR,nHF

— <
VO~ Vallr < =

where A 1= mingco2.3,....ry [PT — Pil > A% = mingew, k21 [p7 — pj|- Using Lemma we get that
1
|G~ Grllr = QHVO(VO)T —VeVg llr <2|VO = Va||r.

Hence, using the proof of Theorem [1, we get that with probability at least 1 — 1/n?,

C n Sstd—1
IG — Grllr < 2VO — Villr < () ,
A \log2n

where C' > 0 is a constant.

Step 2: Bounding ||G* — G, :|lr- To bound ||G* —

oroj |, we apply first Lemma [13| with
B = V*. This leads to

PTOJ

1G™ < lda — (V) TV p < Vd|Idg = (V¥) V7.

pro_]”F
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Using a proof rigorously analogous to the proof of Lemma [J] it holds with probability at least 1 —
and for n large enough,

I1s — (V)T < 4y OB

We get by choosing v = 1/n? that it holds with probability at least 1 — 1/n?,

[dg — (V) TV < ¢

Y

dlog(n)
n
where C’ > 0 is a universal constant.

Step 3: Bounding ||G%,.. — Grllr. We proceed exactly like in [2] but we provide here the proof

proj
for completeness. Since GZ,., . and G are projectors we have, using for example [0, p.202],

proj
1G5 ro; = Grllr = 201G;,0,Gl - (35)
We use Theoremwith E=Gy.,;, F'= G%, B=Tgr, and A =Tg, + H where

H = XR,HKRXEJL - XR,nKRXR,na

where the columns of the matrix X R,n are obtained using a Gram-Schmidt orthonormalization process
on the columns of Xg,. Hence there exists a matrix L such that Xg,, = Xg,(L~1)". This matrix
L is such that a Cholesky decomposition of X;JLX R,n Teads as LLT.
A and B are symmetric matrices thus we can apply Thoerem [f] On the event £, we can take
S1=(M\ — %,)\1 + %) and S = R\(A\ — %, A+ %). By Theoremwe get

A= Bllr _ [[H|Fr

* 1 _
”GprojGR”F S A - Ax (36)

We only need to bound || H|| .
1H|lr < |27 TKrL™ = Krllp| X Xral
< KRlIFILTLTT = g lI1XE X Rl (37)

where the last inequality comes from Lemma [I4] From the previous remarks on the matrix L, we
directly get

1, ~1
LT —Tdgll = | (X Xron) = Tdgll-
Using the notations of the proof of Theorem [3] which is provided in Appendix [H.I] we get
I LT ~ 1l X g X ronll = 1 X X — 1Azl = | Eronll-
Noticing further that ||[Kg|/% < > <0(®@5)%dr = [|pll3 < 2 (because |p| < 1), becomes
IH|r < V2| Bl (38)
Using Lemma [0} it holds with probability at least 1 —« and for n large enough,

1Bl < 4 % n(2/). (39)

Since R= 0 (Rdil) and R=0 ((n/ log? n) 2”1‘1’1), we obtain using , , and that

with probability at least 1 — 1/n? it holds

Cd n 25;;71
G, .. — Ggrllr =2|G%,,,Gullr < — | ——
H proj RHF || proj RHF—A* <1og2(n)) )

where Cy > 0 is a constant that may depend on d and on constants related to the Markov chain
(Xi)iz1-
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Conclusion. We proved that on the event &£, it holds with probability at least 1 — 3/n?,

e\
* < e
6" =~Gle <D ()

where D1 > 0 is a constant that depends on A*, d and on constants related to the Markov chain
(Xi)i>1. Moreover, Eq. from the proof of Proposition (3| gives that on the event £, we have

25Vd|T, — T

A 1 T Ao~
— = = — <
IG=Gllr = ZIVVT = VP T|p < =22

Using the concentration result from [5] on spectral norm of centered random matrix with independent
entries we get that there exists some constant Do > 0 such that with probability at least 1 — 1/n? it

holds 1
|G~ G|lr < D, Zgn.

Using again Proposition [3} we know that for n large enough, P(€) > 1 — 1/n%. We conclude that for
n large enough, it holds with probability at least 1 — 5/n?,

G*—Gllp < Ds [ —u S
* <
| |r < Ds <log2(n)) :

for some constant D3 > 0 that depends on A*, d and on constants related to the Markov chain
(Xi)i>1 (see Theorem [3| for details).
|

I.1 Proof of Proposition

First part of the proof Let us consider v > 0.
Using the concentration of spectral norm for random matrices with independent entries from [5],
there exists a universal constant Cy such that

- 3v2D, logn
P (nTn ) < 22 +cov‘fl”> <,

where denoting Y = T}, — T},, we define D := mMaxi<;<n E?Zl Y ;i (1 —Y; ;). We deduce that for n
large enough, it holds with probability at least 1 — /4,

R (A*)2
T~ Tl < Y (40)
Using now Theorem |1} it holds with probability at least 1 — /4 for n large enough
2 TFd—T *
5y (M), \(Tw)) < € (128" <A 41
8
n

Putting together and , we deduce that for n large enough,

P(E)>1—n/2.
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Second part of the proof In the following, we work on the event £. Since A* > 0 by assumption,
we get that p] = A\] = --- = A} is the only eigenvalue of Ty with multiplicity d. Indeed, all eigenvalue
py, with £ > d has multiplicity d > d and p{j has multiplicity 1. Moreover, from , we have that
there exists a unique set of d eigenvalues of T},, denoted A;,, Ai,, ..., A;,, such that they are at a
distance least 3A*/4 away from the other eigenvalues, i.e.

3A*

V1 —vo] > 1

min max (42)
VL EAT)\{ iy shig s iy} V2 €{ g s Aig s hiy }

Let us form the matrix V' € R"*¢ where the k-th column is the eigenvector of T}, associated with
the eigenvalue \;,. We denote further G := VV /d. Let V € R™*? be the matrix with columns
corresponding to the eigenvectors associated to eigenvalues 5\1-1 , ;\iQ, ceey 5\id of T}, and G := VVT/d.
Using Theorem 4] there exists some orthonormal matrix O € R such that

2% min{Vd||T,, — To||, | T — Tollr}

VO~ Vllr < :
Denoting Aot > Aot > ... > A%t (resp. A3t > Aot > ... > As"t) the sorted version of the
eigenvalues Aj;, Ay, ..., Ai, (resp. 5\1-1,5\1-2, e S\id), we have
d sort \ sort 2 v
Z (Alk o Aik >
k=1
< |[VVT —VVT||p (Hoffman-Wielandt inequality [6, Thm VI.4.1])

A

2|1VO - V|r (Using Lemma [12))

28 min{Vd| T, — T, |, | T — Toll <}

=~ 9 AA A

. 28 min{VaT, - Tl 1T - L} (sing @) (43)
< A*/8. (Using (40))

Using the triangle inequality, we get that

A

*

A= ~ min_ R Cmax |y — | >
VI EXNTn)\{Aiq s Aig s Aiy F V2 €{ Aiq  Aig sy Aiy }

(44)

We proved that on the event &, the eigenvalues in Ay := {);,,..., \;,} are at distance at least A*/2
from the other eigenvalues of 7}, (see (@4)) and are at distance at most A*/8 of the eigenvalues
Aiys- -5 Ny, of Th,. We could have done this analysis for different eigenvalues. Let us consider some
k> 0. Eq. shows that on the event &, there exists a set of dy, eigenvalues of T;, which concentrate
around pj; and such that it has diameter at most A*/4. Weyl’s inequality (see [6, p.63]) proves
that there exist dj, eigenvalues of T}, that are at distance at most A* /4 from pj. If we consider now
a subset L # A; of d eigenvalues of T),, then the previous analysis shows that there exists some
eigenvalue \ of T}, which is not in L and that is at distance at most A*/4 from one eigenvalue in
L. Using (42)), we deduce that Algorithm (HEiC) returns G = VVT /d where the columns of V
correspond to the eigenvectors of T,, associated to the eigenvalues in Aj.

|

1.2 Useful results

Lemma 12 Let A, B be two matrices in R"*% then

IAAT = BB |[r < (|A] + |IBIDIA ~ Bl r.
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IfATA=BTB=1d then
|AAT — BBT||p <2|A - Bllp.

Proof of Lemma[13

|AAT = BB'|p = [I(A— B)A" + B(AT —=B")|r
= AA=B)"|r+(B-A)B'|F
< (A ® Id,)vec(A — B)||z + ||(Idg @ B)vec(A — B) |2
< (|A® Idy|| + [|Ida @ BJ|) |A — Bl|r
= (Al +BIDIIA = Bl F,

where vec(-) represent the vectorization of a matrix that its transformation into a column vector and
® is the notation for the Kronecker product between two matrices.
]

Theorem 4 (Davis-Kahan Theorem) Let ¥ and 32 be two symmetric R™ "™ matrices with eigenvalues
AL > Ay > o>\, and 5\1 > 5\2 >0 > 5\n respectively. For 1 <r < s <n fixed, we assume that
min{A._1 — A, As — As—1} > 0 where g := 00 and A\py11 = —c0. Letd=s—r+1 and V and 1%
two matrices in R™? with columns (Vy,Vypy1,...,0s) and (Op,Dpy1,...,0s) respectively, such that
Sv; = A\ju; and $0; = \ji;. Then there exists an orthogonal matriz O in R¥>*? such that

2%2 min{ V|2 - 2|, | - ]lr)

VO -V <
| Ie =< min{Ar—1 — Ay As — Aot}

Lemma 13 Let B be a n X d matriz with full column rank. Then we have
|BB" —B(B"B)"'B'"||p = ||Ids — B" B||p.
Proof of Lemma[13 Using the cyclic property of the trace, we have
IBBT —~ B(B"B)"'B' |} = B (Ida — (B"B)™") B" %

=Tr(B(Ida— (B"B)"')B'B(Idy— (B"B)"")B")
=Tr(B'B(Idy— (B"B)"")B'B(Idy — (B"B)™"))
=Tr ((B'"B—1Id4) (B"B - Idy))
= |[1dg — B B|%.

|

Theorem 5 (see [0, ThmVIL.3.4]) Let A and B be two normal operators and Si and Sz two sets
separated by a strip of size §. Let E be the orthogonal projection matrix of the eigenspaces of A
with eigenvalues inside S1 and F be the orthogonal projection matrix of the eigenspaces of B with
etgenvalues inside Sy. Then

1 1
|EFIr < SIEA - B)F|lr < <]IA = Bl

Lemma 14 (Ostrowski’s inequality) Let A € R™*" be a Hermitian matriz and S € R¥*"™ be a
general matrixz then

ISAST — Allp < | Allp x |87 ~ 1d,|.
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