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❛❞❞✐"✐♦♥❛❧ "♦♦❧ "♦ ❜❡""❡* ✉♥❞❡* "❛♥❞ ❡♥"*♦♣② ♥♦✐ ❡✱ ❛♥❞ ✇❤✐❝❤ ♠❛② ❜❡❝♦♠❡ ❛

❝♦ "✲❡✛❡❝"✐✈❡ ❛❧"❡*♥❛"✐✈❡ ❢♦* ❡♥❣✐♥❡❡*✐♥❣ ❞❡✈❡❧♦♣♠❡♥" ✳ ❚♦ "❤✐ ♣✉*♣♦ ❡✱ ▼❛*✲

❜❧❡ ❛♥❞ ❈❛♥❞❡❧✬ ♠♦❞❡❧ ❬✶✸❪ ✇❛ ❛❞❛♣"❡❞ "♦ ❣❡" *✐❞ ♦❢ ✐" ✐♥✐"✐❛❧ ❧✐♠✐"❛"✐♦♥ ✳

■" ✇❛ ❡①"❡♥❞❡❞ "♦ "❤❡ ♥♦♥✲❧✐♥❡❛* *❡❣✐♠❡ ❢♦* ❝♦♠♣❛❝" ♥♦③③❧❡ ❬✸✻❪ ❛♥❞ ✐♥ "❤❡

❧✐♥❡❛* *❡❣✐♠❡ "♦ ♥♦③③❧❡ ♦❢ ❛*❜✐"*❛*②  ❤❛♣❡ ✐♥ ✶❉ ✭♥♦♥✲❝♦♠♣❛❝" ❛  ✉♠♣"✐♦♥✮✱

❢♦* ❜♦"❤  ✉❜❝*✐"✐❝❛❧ ❛♥❞ ❝❤♦❝❦❡❞ ♥♦③③❧❡ ❬✸✼✕✹✶❪✳ ▼♦*❡ *❡❝❡♥"❧②✱ "❤❡ ❝♦♠♣❛❝"

 ♦❧✉"✐♦♥ ✇❛ ✉ ❡❞ ❛ ♣❛*" ♦❢ ❛ ♠♦❞❡❧ ❢♦* ❜♦"❤ ❞✐*❡❝" ❛♥❞ ✐♥❞✐*❡❝" ❝♦♠❜✉ "✐♦♥

♥♦✐ ❡ ✇❤✐❝❤ ✇❛ ❝♦♠♣❛*❡❞ "♦ ❡①♣❡*✐♠❡♥"❛❧ *❡ ✉❧" ❬✹✷❪ ❛♥❞ ✇❤✐❝❤ ❤❛ ❜❡❡♥ ❡①✲

"❡♥❞❡❞ "♦ ♥♦♥✲✐ ❡♥"*♦♣✐❝ ♥♦③③❧❡ ✢♦✇ ❬✹✸❪✳ ❚❤❡ ♣*❡ ❡♥❝❡ ♦❢ ❝✐*❝✉♠❢❡*❡♥"✐❛❧ ✇❛✈❡ 

❤❛ ❛❧ ♦ ❜❡❡♥ ✐♥❝❧✉❞❡❞ ❬✶✱ ✹✹❪✳ ❍♦✇❡✈❡*✱ ❧✐♠✐"❛"✐♦♥ *❡♠❛✐♥ ❛♥❞ ✐"  ❡❡♠ *❛❞✐❛❧

✈❛*✐❛"✐♦♥ ♥❡❡❞ "♦ ❜❡ "❛❦❡♥ ✐♥"♦ ❛❝❝♦✉♥" "♦ ✐♥❝*❡❛ ❡ "❤❡ ❛❝❝✉*❛❝② ♦❢ ❡ "✐♠❛"❡❞

❡♥"*♦♣② ♥♦✐ ❡ ❧❡✈❡❧ ✳

❙✉❝❤ "*❛♥ ✈❡* ❡ ✈❛*✐❛"✐♦♥ ♦❢ "❤❡ ✢♦✇ ✇❡*❡ ✜* " ❝♦♥ ✐❞❡*❡❞ ✐♥  "✉❞✐❡ ❢♦❝✉ ✐♥❣

♦♥ "❤❡ ❝♦♥✈❡❝"✐♦♥ ♦❢ ❡♥"*♦♣② ♣❡*"✉*❜❛"✐♦♥ ✐♥ ❝❤❛♥♥❡❧ ✢♦✇ ❬✶✻✱ ✹✺✱ ✹✻❪✳ ❚❤❡②

"②♣✐❝❛❧❧② ❛✐♠ ❛" ❡✈❛❧✉❛"✐♥❣ ❡♥"*♦♣② ✇❛✈❡ ❛""❡♥✉❛"✐♦♥ ❜❡"✇❡❡♥ "❤❡ ❝♦♠❜✉ "♦* ❛♥❞

"❤❡ "✉*❜✐♥❡  "❛❣❡ ♦* ♥♦③③❧❡ ✇❤❡*❡ ❡♥"*♦♣② ♥♦✐ ❡ ✐ ❣❡♥❡*❛"❡❞✳ ◆♦✐ ❡ ❧❡✈❡❧ ✇❡*❡

❢♦✉♥❞ "♦ ❜❡  "*♦♥❣❧② ❛✛❡❝"❡❞ ❜②  ❤❡❛* ❞✐ ♣❡* ✐♦♥ ♦❢ "❤❡ ❡♥"*♦♣② ♣❡*"✉*❜❛"✐♦♥ ✱

✇❤✐❧❡ ❞✐  ✐♣❛"✐♦♥ ♣*♦✈❡❞ ♥❡❣❧✐❣✐❜❧❡✳ ❚✉*❜✉❧❡♥" ❛♥❞ "❤❡*♠❛❧ ❡✛❡❝" ❤❛✈❡ ❛❧ ♦ ❜❡❡♥

✐♥✈❡ "✐❣❛"❡❞ ❬✹✻✕✹✽❪✱ ❛ ✇❡❧❧ ❛ "❤❡ ✐♠♣❛❝" ♦❢ ❡♥"*♦♣② ❞✐ ♣❡* ✐♦♥ ❛" "❤❡ "✉*❜✐♥❡

♦✉"❧❡" ♦❢ ❛ *❡❛❧ ❡♥❣✐♥❡ ❬✹✾❪✳ ■♥ ❛❞❞✐"✐♦♥✱ ❡♥"*♦♣② ❞✐ ♣❡* ✐♦♥ ❤❛ ❜❡❡♥ ♠♦❞❡❧❡❞

✸



σ1 σ2

P−

1 P+

2

✭❛✮

P−

1 P+

2

P+

1

✭❜✮

P−

1
P+

2

P−

2

✭❝✮

❋✐❣✉)❡ ✶✿ ❉✐❛❣)❛♠/ ♦❢ 2❤❡ ✇❛✈❡/ ♣)❡/❡♥2 ❢♦) ❡❛❝❤ ❢♦)❝✐♥❣ 2②♣❡ ✐♥ 2❤❡ /✉❜/♦♥✐❝ ❝❛/❡✳ ✭❛✮

❡♥2)♦♣✐❝❀ ✭❜✮ ✉♣/2)❡❛♠ ❛❝♦✉/2✐❝❀ ✭❝✮ ❞♦✇♥/2)❡❛♠ ❛❝♦✉/2✐❝ ❢♦)❝✐♥❣✳

✐♥ ❜♦$❤ ♥♦③③❧❡ ❛♥❞ $✉,❜✐♥❡ ❣❡♦♠❡$,✐❡/ ❜② ❝♦♠♣✉$✐♥❣ ❛♥ ❛$$❡♥✉❛$✐♦♥ ❢✉♥❝$✐♦♥/

❢,♦♠ ♠❡❛♥ ✢♦✇ ✈❛,✐❛❜❧❡/ ❬✺✵✕✺✸❪✳ ❚❤❡/❡ ❡♥$,♦♣② ❝♦♥✈❡❝$✐♦♥ ♠♦❞❡❧/ ♣,♦✈✐❞❡

$❤❡ ❛$$❡♥✉❛$✐♦♥ ♦❢ $❤❡ ❡♥$,♦♣② ✇❛✈❡✱ ✇❤✐❝❤ ❝❛♥ $❤❡♥ ❜❡ $❛❦❡♥ ✐♥$♦ ❛❝❝♦✉♥$ ❛/

❛♥ ✐♥♣✉$ ♣❛,❛♠❡$❡, $♦ ❡♥$,♦♣② ♥♦✐/❡ ♠♦❞❡❧/✳ ❍♦✇❡✈❡,✱ ✐$/ ❡✈❛❧✉❛$✐♦♥ ,❡♠❛✐♥/

❞✐//♦❝✐❛$❡❞ ❢,♦♠ ❡♥$,♦♣② ♥♦✐/❡ ❣❡♥❡,❛$✐♦♥✱ ❢♦, ✇❤✐❝❤ ❝♦♠♣❛❝$ ♦, ✶❉ ♠♦❞❡❧/

♥❡❣❧❡❝$✐♥❣ ,❛❞✐❛❧ ✈❛,✐❛$✐♦♥/ ❛,❡ ✉/❡❞✳

■♥ $❤✐/ ♣❛♣❡,✱ ❛ ✷❉✲❛①✐/②♠♠❡$,✐❝ /❡♠✐✲❛♥❛❧②$✐❝❛❧ ♠♦❞❡❧ ✐/ ❞❡✈❡❧♦♣❡❞ $♦ ♣,♦✲

✈✐❞❡ ❛ ❢❛/$ ❛♥❞ ❛❝❝✉,❛$❡ ❡✈❛❧✉❛$✐♦♥ ♦❢ ❡♥$,♦♣② ♥♦✐/❡ ✐♥ ♥♦③③❧❡ ✢♦✇✳ ❚❤✐/ ♠♦❞❡❧✱

♥❛♠❡❞ ❈❍❊❖K❙✲◆♦③③❧❡ ✭♥♦♥✲❝♦♠♣❛❝' ❤❛)♠♦♥✐❝ ❡♥')♦♣② ♥♦✐-❡ ♣)❡❞✐❝'✐♦♥-✮✱ ✐♠✲

♣,♦✈❡/ ❡①✐/$✐♥❣ ♠♦❞❡❧/ ❜② $❛❦✐♥❣ ✐♥$♦ ❛❝❝♦✉♥$ $❤❡ ,❛❞✐❛❧ ✈❛,✐❛$✐♦♥ ♦❢ ❜♦$❤ $❤❡

♠❡❛♥ ✢♦✇ ❛♥❞ ❡♥$,♦♣② ✢✉❝$✉❛$✐♦♥/ ❞✐,❡❝$❧② ✐♥ $❤❡ ♥♦✐/❡ ❣❡♥❡,❛$✐♦♥ ♣,♦❝❡//✳

❚❤❡ ♣❛♣❡, ✐/ ♦,❣❛♥✐/❡❞ ❛/ ❢♦❧❧♦✇/✳ ❚❤❡ ❛♥❛❧②$✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥$/ ❛♥❞ ♣,♦❝❡❞✉,❡

❢♦, ♥✉♠❡,✐❝❛❧ ,❡/♦❧✉$✐♦♥ ❛,❡ ♣,♦✈✐❞❡❞ ✐♥ /❡❝$✐♦♥ ✷✳ ❚❤❡ ❛❝❝✉,❛❝② ♦❢ $❤❡ ♠♦❞❡❧

✐/ ❡✈❛❧✉❛$❡❞ ✐♥ /❡❝$✐♦♥ ✸✱ ✐♥ ✇❤✐❝❤ $❤❡ ♥♦✐/❡ ❣❡♥❡,❛$❡❞ ❛♥❞ /❝❛$$❡,❡❞ $❤,♦✉❣❤

/✉❜/♦♥✐❝ ♥♦③③❧❡ ✢♦✇ ✐/ ❝♦♠♣❛,❡❞ $♦ ,❡❢❡,❡♥❝❡ ❈❆❆ ❞❛$❛✳ ❚❤❡ ❢❛✐❧✉,❡ ♦❢ $❤❡ ✶❉

♠♦❞❡❧/ $♦ ,❡❝♦✈❡, ♥✉♠❡,✐❝❛❧ ,❡/✉❧$/ ✐/ ❞❡♠♦♥/$,❛$❡❞✳ ❚♦ ❡♥❞✱ ❝♦♥❝❧✉/✐♦♥/ ❛♥❞

♣,♦/♣❡❝$/ ❛,❡ ❞,❛✇♥ ✐♥ /❡❝$✐♦♥ ✹✳

✷✳ "#❡%❡♥'❛'✐♦♥ ♦❢ '❤❡ ✷❉ ♠♦❞❡❧

❚❤❡ ✷❉✲❛①✐/②♠♠❡$,✐❝ /❡♠✐✲❛♥❛❧②$✐❝❛❧ ♠♦❞❡❧ ❈❍❊❖K❙✲◆♦③③❧❡ ❢♦, ❡♥$,♦♣②

♥♦✐/❡ ✐♥ ♥♦③③❧❡ ✢♦✇ ✐/ ♣,❡/❡♥$❡❞ ✐♥ $❤✐/ /❡❝$✐♦♥✳ ❋✐❣✉,❡ ✶ ❣✐✈❡/ $❤❡ ❞✐✛❡,❡♥$ ✇❛✈❡/

✐♥✈♦❧✈❡❞ ✐♥ $❤❡ /✉❜/♦♥✐❝ ❝❛/❡✳ ■♥ ❞✐❛❣,❛♠ ✭❛✮✱ ♥♦,♠❛❧✐/❡❞ ❡♥$,♦♣② ✢✉❝$✉❛$✐♦♥/

❛,❡ ♥♦$❡❞ σ = s′/cp✳ ❆/ $❤❡② ❛,❡ ❛❝❝❡❧❡,❛$❡❞ ❢,♦♠ ♣♦/✐$✐♦♥ ✶ ❛$ $❤❡ ✐♥❧❡$ $♦ $❤❡

♦✉$❧❡$ ♥♦$❡❞ ✷✱ ❡♥$,♦♣② ♥♦✐/❡ ✐/ ❣❡♥❡,❛$❡❞ ✐♥ $❤❡ ❢♦,♠ ♦❢ ❛❝♦✉/$✐❝ ♣❡,$✉,❜❛$✐♦♥/

♣,♦♣❛❣❛$✐♥❣ ✉♣/$,❡❛♠ ❛♥❞ ❞♦✇♥/$,❡❛♠ ,❡/♣❡❝$✐✈❡❧②✱ ❛♥❞ ✇❤✐❝❤ ❛,❡ ♥♦$❡❞ P−

1

❛♥❞ P+

2 ♦♥❝❡ ♥♦,♠❛❧✐/❡❞✳ ❚❤❡ $,❛♥/❢❡, ❢✉♥❝$✐♦♥/ [P−

1 /σ1] ❛♥❞ [P+

2 /σ1] ❛,❡ ✉/❡❞

$♦ ❞❡/❝,✐❜❡ $❤❡/❡ ✇❛✈❡/✱ ❣❡♥❡,❛$❡❞ ❜② $❤❡ ❛❝❝❡❧❡,❛$✐♦♥ ♦❢ σ1 $❤,♦✉❣❤ $❤❡ ❞♦♠❛✐♥✳

■$ ❝❛♥ ❛❧/♦ ❜❡ ✐♥$❡,❡/$✐♥❣ $♦ ❢♦,❝❡ $❤❡ /②/$❡♠ ❛❝♦✉/$✐❝❛❧❧② $♦ ✐♥✈❡/$✐❣❛$❡ $❤❡

♣,♦♣❛❣❛$✐♦♥ ❛♥❞ /❝❛$$❡,✐♥❣ ♦❢ ❛❝♦✉/$✐❝ ✇❛✈❡/ $❤,♦✉❣❤ $❤❡ ♥♦③③❧❡✱ ✐♥ ♣❛,$✐❝✉❧❛,

❛/ ♥♦✐/❡ /♦✉,❝❡/ ♦$❤❡, $❤❛♥ ❡♥$,♦♣② ♥♦✐/❡ ❛,❡ ♣,❡/❡♥$ ✐♥ ❡♥❣✐♥❡/✳ ❋✐❣✉,❡ ✶ ✭❜✮

✹



✐❧❧✉#$%❛$❡# $❤❡ ❝❛#❡ ✐♥ ✇❤✐❝❤ $❤❡ ✇❛✈❡ P+

1 ✐# ✐♥❥❡❝$❡❞ ✉♣#$%❡❛♠ ❛♥❞ ❋✐❣✳ ✶ ✭❝✮ $❤❡

❝♦♥✜❣✉%❛$✐♦♥ ✐♥ ✇❤✐❝❤ $❤❡ ✢♦✇ ✐# ❡①❝✐$❡❞ ✇✐$❤ P−

2 ✱ ♣%♦♣❛❣❛$✐♥❣ ❢%♦♠ $❤❡ ♦✉$❧❡$

♦❢ $❤❡ ❞♦♠❛✐♥✳ ❇♦$❤ ❝❛#❡# %❡#✉❧$ ✐♥ ✇❛✈❡# P−

1 ❛♥❞ P+

2 ♣%♦♣❛❣❛$✐♥❣ ✉♣#$%❡❛♠

❛♥❞ ❞♦✇♥#$%❡❛♠ %❡#♣❡❝$✐✈❡❧②✱ ❛# ✇✐$❤ ❡♥$%♦♣✐❝ ❢♦%❝✐♥❣✳ ❚❤❡#❡ ✇❛✈❡# ❝❛♥ ❛❧#♦

❜❡ ❝❤❛%❛❝$❡%✐#❡❞ ✉#✐♥❣ $%❛♥#❢❡% ❢✉♥❝$✐♦♥#✿ [P−

1 /P+

1 ] ❛♥❞ [P+

2 /P+

1 ] ✐♥ $❤❡ ❝❛#❡

♦❢ ✉♣#$%❡❛♠ ❛❝♦✉#$✐❝ ❡①❝✐$❛$✐♦♥✱ ❛♥❞ [P−

1 /P−

2 ] ❛♥❞ [P+

2 /P−

2 ] ❢♦% ❢♦%❝✐♥❣ ❢%♦♠

❞♦✇♥#$%❡❛♠✳

■♥ ❛ ✜%#$ ✐♥#$❛♥❝❡✱ $❤❡ ♦❜❥❡❝$✐✈❡ ♦❢ ❈❍❊❖G❙✲◆♦③③❧❡ ✐# $♦ ❡#$✐♠❛$❡ $❤❡ ♣%❡#✲

#✉%❡ ❛♥❞ ✈❡❧♦❝✐$② ✢✉❝$✉❛$✐♦♥# ✐♥ ♦%❞❡% $♦ ❝♦♠♣✉$❡ $❤❡#❡ $%❛♥#❢❡% ❢✉♥❝$✐♦♥# ❢♦%

❡♥$%♦♣✐❝✱ ✉♣#$%❡❛♠ ❛❝♦✉#$✐❝ ♦% ❞♦✇♥#$%❡❛♠ ❛❝♦✉#$✐❝ ❢♦%❝✐♥❣✳ ❚❤✐# ♠♦❞❡❧ ✐#

❛❞❛♣$❡❞ ❢%♦♠ ❩❤❡♥❣✬# ✇♦%❦ ❬✺✹✱ ✺✺❪ ✐♥ ❝✉%✈✐❧✐♥❡❛% ❝♦♦%❞✐♥❛$❡# $♦ ❝②❧✐♥❞%✐❝❛❧ ❝♦✲

♦%❞✐♥❛$❡# ✇❤✐❝❤ ❛%❡ ✇❡❧❧ #✉✐$❡❞ $♦ ❛①✐#②♠♠❡$%✐❝ ♥♦③③❧❡ ✢♦✇✳ ❚❤❡ ❣♦✈❡%♥✐♥❣

❡S✉❛$✐♦♥# ♦❢ $❤❡ ♠♦❞❡❧ ❛%❡ ❞❡$❛✐❧❡❞ ✐♥ #❡❝$✐♦♥ ✷✳✶ ❛♥❞ $❤❡ %❡#♦❧✉$✐♦♥ ♣%♦❝❡## ✐#

❣✐✈❡♥ ✐♥ #❡❝$✐♦♥ ✷✳✷✳

✷✳✶✳ ❋✉♥❞❛♠❡♥*❛❧ ❛,,✉♠♣*✐♦♥, ❛♥❞ ❡0✉❛*✐♦♥,

❈❍❊❖G❙✲◆♦③③❧❡ ✐# ❜❛#❡❞ ♦♥ $❤❡ ❊✉❧❡% ❡S✉❛$✐♦♥# ❛♥❞ ♦❜❡②# $❤❡ ❢♦❧❧♦✇✐♥❣

❛##✉♠♣$✐♦♥#✿

✶✳ ❛❧❧ ✈✐#❝♦✉# $❡%♠# ❛%❡ ♥❡❣❧❡❝$❡❞✱ ✈❡%✐❢②✐♥❣ $❤❡ ❊✉❧❡% ❡S✉❛$✐♦♥#✱

✷✳ ♣%❡##✉%❡ ❛♥❞ ✈❡❧♦❝✐$② ✢✉❝$✉❛$✐♦♥# ❛%❡ #♦❧❡❧② ❞✉❡ $♦ ❛❝♦✉#$✐❝#✱ $❤❡%❡❜② ♥❡✲

❣❧❡❝$✐♥❣ ✈♦%$✐❝✐$② ✢✉❝$✉❛$✐♦♥#✱

✸✳ $❤❡ ♠❡❛♥ ✢♦✇ ✐# ❝♦♥#✐❞❡%❡❞ ✷❉✲❛①✐#②♠♠❡$%✐❝✱ ✇✐$❤ ✈❛%✐❛$✐♦♥# ✐♥ $❤❡ ❛①✐❛❧

❛♥❞ %❛❞✐❛❧ ❞✐%❡❝$✐♦♥#✱

✹✳ ❛❝♦✉#$✐❝ ✇❛✈❡# ❛%❡ ❝♦♥#✐❞❡%❡❞ ♦♥❡✲❞✐♠❡♥#✐♦♥❛❧ $❤%♦✉❣❤♦✉$ $❤❡ ❞♦♠❛✐♥✱ ❛#

%❛❞✐❛❧ ♠♦❞❡# ❛%❡ ❝✉$✲♦✛ ❜② $❤❡ ❞✉❝$ ❛♥❞ ❛③✐♠✉$❤❛❧ ♠♦❞❡# ❛%❡ ♥❡❣❧❡❝$❡❞✱

❛##✉♠✐♥❣ ❛❧❧ ✜❡❧❞# ❛%❡ ✷❉✲❛①✐#②♠♠❡$%✐❝✱

✺✳ ♣❡%$✉%❜❛$✐♦♥# ❛%❡ #♠❛❧❧✱ ❛❧❧♦✇✐♥❣ $❤❡ ❧✐♥❡❛%✐#❛$✐♦♥ ♦❢ ❡S✉❛$✐♦♥#✳

■♥ ♦%❞❡% $♦ ❡#$✐♠❛$❡ ❡♥$%♦♣② ♥♦✐#❡✱ $❤❡ ❡♥$%♦♣② ✢✉❝$✉❛$✐♦♥# s′ ♥❡❡❞ $♦ ❜❡ ❝♦♠✲

♣✉$❡❞ $❤%♦✉❣❤♦✉$ $❤❡ ❞♦♠❛✐♥✱ ❛# ✇❡❧❧ ❛# $❤❡ ♣%❡##✉%❡ ❛♥❞ ✈❡❧♦❝✐$② ✢✉❝$✉❛$✐♦♥#

p′ ❛♥❞ u′
✇❤✐❝❤ ❝❤❛%❛❝$❡%✐#❡ $❤❡ %❡#✉❧$✐♥❣ ♦♥❡✲❞✐♠❡♥#✐♦♥❛❧ ❛❝♦✉#$✐❝ ✇❛✈❡#✳ ❆#

❡♥$%♦♣② ✐# ♣✉%❡❧② ❝♦♥✈❡❝$❡❞✱ ✐$ ❝❛♥ ❜❡ ❝♦♠♣✉$❡❞ ♥✉♠❡%✐❝❛❧❧② ❢%♦♠ ♠❡❛♥ ✢♦✇

S✉❛♥$✐$✐❡# ❢♦❧❧♦✇✐♥❣ ❛ ♣%♦❝❡❞✉%❡ ❞❡#❝%✐❜❡❞ ✐♥ $❤❡ ♥❡①$ #❡❝$✐♦♥✳ ❚❤✐# ❧❡❛✈❡# $✇♦

✉♥❦♥♦✇♥#✱ #♦ $❤❛$ $✇♦ ❡S✉❛$✐♦♥# ❛%❡ ♥❡❡❞❡❞✳ ▼❛## ❝♦♥#❡%✈❛$✐♦♥ ❛♥❞ ♠♦♠❡♥$✉♠

✐♥ $❤❡ ❛①✐❛❧ ❞✐%❡❝$✐♦♥ ❛%❡ ❝❤♦#❡♥✱ ❛# ✐$ ✐# $❤❡ ♠❛✐♥ ❞✐%❡❝$✐♦♥ ♦❢ $❤❡ ✢♦✇ ❛♥❞ $❤❡

❞✐%❡❝$✐♦♥ ♦❢ ❛❝♦✉#$✐❝ ✇❛✈❡ ♣%♦♣❛❣❛$✐♦♥✳

■♥ ✐$# ✐♥$❡❣%❛❧ ❢♦%♠✱ $❤❡ ❝♦♥$✐♥✉✐$② ❡S✉❛$✐♦♥ ❝❛♥ ❜❡ ✇%✐$$❡♥✿

∂

∂t

∫

V

ρdV =

∫

A

[ρux](x)dA−

∫

A

[ρux](x+ dx)dA ✭✶✮

❚❤❡ %❛❞✐❛❧❧② ❞❡♣❡♥❞❡♥$ ✢♦✇ ✈❛%✐❛❜❧❡# ❛%❡ %❡❞✉❝❡❞ $♦ ♦♥❡✲❞✐♠❡♥#✐♦♥❛❧ S✉❛♥$✐$✐❡#

❜② ❛✈❡%❛❣✐♥❣ ♦✈❡% ❡❛❝❤ #❡❝$✐♦♥ ♦❢ ❛%❡❛ ❆ ✉#✐♥❣ $❤❡ ❢♦%♠✉❧❛✿

z =
1

A

∫

A

zdA ✭✷✮

✺



❛♥❞ ❛❢$❡& '♦♠❡ '✐♠♣❧✐✜❝❛$✐♦♥'✱ ❊1✳ ✭✶✮ &❡❞✉❝❡' $♦✿

∂ρ

∂t
+

∂ρux

∂x
= −

1

A
ρux

dA

dx
✭✸✮

❙❡❝$✐♦♥❛❧ ❛✈❡&❛❣✐♥❣ ✐' ❛❧'♦ ❛♣♣❧✐❡❞ $♦ $❤❡ ❛①✐❛❧✲♠♦♠❡♥$✉♠ ❡1✉❛$✐♦♥✱ ✇❤✐❝❤

✇&✐$❡'✿

∂ux

∂t
+ ux

∂ux

∂x
+ ur

∂ux

∂r
= −

1

ρ

∂p

∂x
✭✹✮

❇♦$❤ $❤❡'❡ ❡1✉❛$✐♦♥' ❛&❡ ❧✐♥❡❛&✐'❡❞ ✉'✐♥❣ ✢♦✇ ✈❛&✐❛❜❧❡ ❞❡❝♦♠♣♦'✐$✐♦♥ ✐♥$♦ ♠❡❛♥

❛♥❞ ♣❡&$✉&❜❡❞ 1✉❛♥$✐$✐❡'✱ '✉❝❤ ❛' f = f0 + f ′
✳ ❇❡❝❛✉'❡ ♦❢ $❤❡ ♦♥❡✲❞✐♠❡♥'✐♦♥❛❧

❛❝♦✉'$✐❝' ❛''✉♠♣$✐♦♥✱ $❤❡ &❛❞✐❛❧ ✈❡❧♦❝✐$② ✢✉❝$✉❛$✐♦♥ u′
r = 0 ♠✴' ❛♥❞ '❡❝$✐♦♥❛❧

❛✈❡&❛❣✐♥❣ ♦❢ ❛❝♦✉'$✐❝ ✢✉❝$✉❛$✐♦♥' ❛♠♦✉♥$' $♦ u′
x = u′

x ❛♥❞ p′ = p′✳ ■♥ ❛❞❞✐$✐♦♥✱

$❤❡ ❡1✉❛$✐♦♥' ❛&❡ ❣✐✈❡♥ ✐♥ $❡&♠' ♦❢ ❡♥$&♦♣② ❛♥❞ ♣&❡''✉&❡ ✢✉❝$✉❛$✐♦♥'✱ s′ ❛♥❞ p′✱
&❛$❤❡& $❤❛♥ ❞❡♥'✐$② ♣❡&$✉&❜❛$✐♦♥' ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣&❡''❡❞ ❛' ρ′ = p′/c20 − ρ0s

′/cp✱
✇✐$❤ c0 $❤❡ ✈❡❧♦❝✐$② ♦❢ '♦✉♥❞ ❛♥❞ cp $❤❡ ❤❡❛$ ❝❛♣❛❝✐$② ❛$ ❝♦♥'$❛♥$ ♣&❡''✉&❡✳ ❚❤❡

❝♦♥$✐♥✉✐$② ❛♥❞ ♠♦♠❡♥$✉♠ ❡1✉❛$✐♦♥' ✐♥ $❤❡ ❞✐&❡❝$✐♦♥ ♦❢ $❤❡ ✢♦✇ $❤❡♥ ✇&✐$❡✿

A

(

1

c20

)

∂p′

∂t
+

d

dx

[

A

(

u0x

c20

)]

p′ +

[

A

(

u0x

c20

)]

∂p′

∂x
+

dAρ0
dx

u′

x +Aρ0
∂u′

x

∂x

=
∂

∂x

[

A(ρ0u0x)
s′

cp

]

+A
∂

∂t

(

ρ0
s′

cp

)
✭✺✮

∂u′
x

∂t
+ u′

x

(

∂u0x

∂x

)

+ u0x

∂u′
x

∂x
+

(

1

ρ0

)

∂p′

∂x
+

[

u0x

γp0

∂ux0

∂x
+

u0r

γp0

∂ux0

∂r

]

p′

=

[

u0x

∂ux0

∂x
+ u0r

∂ux0

∂r

]

s′

cp

✭✻✮

◆♦$❡ &❛❞✐❛❧ ✈❛&✐❛$✐♦♥' ♦❢ $❤❡ ✢♦✇ ❛♣♣❡❛& ♦♥ $❤❡ &✐❣❤$ ❤❛♥❞ '✐❞❡ ❛♥❞ ✐♥ $❤❡ ❧❛'$

$❡&♠ ♦♥ $❤❡ ❧❡❢$ ❤❛♥❞ '✐❞❡ ♦❢ ❊1✳ ✻✱ ❛✛❡❝$✐♥❣ $❤❡ ❡♥$&♦♣② ♥♦✐'❡ '♦✉&❝❡ $❡&♠

❛♥❞ ❛❝♦✉'$✐❝ '❝❛$$❡&✐♥❣ &❡'♣❡❝$✐✈❡❧②✳ ◆❡①$✱ $❤❡ ❤❛&♠♦♥✐❝ &❡❣✐♠❡ ✐' ❝♦♥'✐❞❡&❡❞ ✐♥

♦&❞❡& $♦ ❡❧✐♠✐♥❛$❡ $❡&♠' ✐♥✈♦❧✈✐♥❣ $❡♠♣♦&❛❧ ❞❡&✐✈❛$✐✈❡'✳ ❯♥❞❡& $❤✐' ❝♦♥❞✐$✐♦♥✱

✢✉❝$✉❛$✐♦♥' ❝❛♥ ❜❡ ✇&✐$$❡♥ ✐♥ $❤❡ ❢♦&♠✿

u′

x(x, t) = û(x)eiωt
✭✼✮

p′(x, t) = p̂(x)eiωt
✭✽✮

s′

cp
(x, t) = σ̂(x)eiωt

✭✾✮

✇❤❡&❡ û, p̂ ❛♥❞ σ̂ ❛&❡ $❤❡ ❝♦♠♣❧❡① ❛♠♣❧✐$✉❞❡' ♦❢ $❤❡ ✈❡❧♦❝✐$②✱ ♣&❡''✉&❡ ❛♥❞ ♥♦&✲

♠❛❧✐'❡❞ ❡♥$&♦♣② ✢✉❝$✉❛$✐♦♥'✳ ❚❤❡ ❛♥❣✉❧❛& ❢&❡1✉❡♥❝② ✐' ♥♦$❡❞ ω = 2πf ✱ ✇✐$❤ f
$❤❡ ❢&❡1✉❡♥❝②✳ ❚❤❡ ♠❛'' ❝♦♥'❡&✈❛$✐♦♥ ❛♥❞ ♠♦♠❡♥$✉♠ ❡1✉❛$✐♦♥'✱ ❊1'✳ ✭✺✮✲✭✻✮✱

❝❛♥ ✉❧$✐♠❛$❡❧② ❜❡ ✇&✐$$❡♥✿

(

A

(

1

c20

)

iω +
d

dx

[

A

(

u0x

c20

)])

p̂+

[

A

(

u0x

c20

)]

∂p̂

∂x
+

dAρ0
dx

û+Aρ0
∂û

∂x

=
d

dx

[

A(ρ0u0x) σ̂
]

+Aiωρ0σ̂

✭✶✵✮

✻



✭✶✮ ▼❡❛♥ ✢♦✇

✐♥+❡,♣♦❧❛+✐♦♥

✭✷✮ ❙+,❡❛♠+✉❜❡

❣❡♥❡,❛+✐♦♥

❙♣❛+✐❛❧ ❡♥+,♦♣②

✈❛,✐❛+✐♦♥

✭✹✮ ❆✈❡,❛❣✐♥❣

♦✈❡, ,

✭✸✮ ❙♣❛+✐❛❧

❡♥+,♦♣② ✈❛,✐❛+✐♦♥

✭✻✮ ▲✐♥❡❛, <②<+❡♠

+♦ <♦❧✈❡

✭✺✮ ❙♣❛+✐❛❧

❞✐<❝,❡+✐<❛+✐♦♥

✭✼✮ ❆❝♦✉<+✐❝ ✇❛✈❡ ❝♦♥<+,✉❝+✐♦♥

+,❛♥<❢❡, ❢✉♥❝+✐♦♥<

❋✐❣✉$❡ ✷✿ ❘❡)♦❧✉,✐♦♥ ♣$♦❝❡)) ♦❢ ❈❍❊❖5❙✲◆♦③③❧❡✳

[

u0x

γp0

∂ux0

∂x
+

u0r

γp0

∂ux0

∂r

]

p̂+

(

1

ρ0

)

∂p′

∂x
+

[

iω +

(

∂u0x

∂x

)]

û+ u0x

∂û

∂x

=

[

u0x

∂ux0

∂x
+ u0r

∂ux0

∂r

]

σ̂

✭✶✶✮

❊C✉❛+✐♦♥< ✭✶✵✮✲✭✶✶✮ ❢♦,♠ ❛ <②<+❡♠ ♦❢ +✇♦ ❡C✉❛+✐♦♥< ❛♥❞ +✇♦ ✉♥❦♥♦✇♥< û ❛♥❞

p̂✳ ■+< ♥✉♠❡,✐❝❛❧ ,❡<♦❧✉+✐♦♥ ✐< ❞❡+❛✐❧❡❞ ✐♥ +❤❡ ♥❡①+ ♣❛,❛❣,❛♣❤✳

✷✳✷✳ ◆✉♠❡&✐❝❛❧ ✐♠♣❧❡♠❡♥-❛-✐♦♥

❚❤❡ ,❡<♦❧✉+✐♦♥ ♣,♦❝❡<< ♦❢ ❈❍❊❖O❙✲◆♦③③❧❡ ✐< ♠❛❞❡ ♦❢ +❤❡ <+❡♣< ❣✐✈❡♥ ✐♥ ❋✐❣✳ ✷

❛♥❞ ❞❡<❝,✐❜❡❞ ✐♥ +❤✐< <❡❝+✐♦♥✳ ■♥ <+❡♣< ✶✲✸✱ +❤❡ ✐♥♣✉+ ✈❛,✐❛❜❧❡< ♦❢ ❊C<✳ ✭✶✵✮✲✭✶✶✮

❛,❡ ♣,♦❝❡<<❡❞✳ ❙+❡♣< ✹✲✻ +❤❡♥ ❡♥❛❜❧❡ +❤❡ <②<+❡♠ ♦❢ ❡C✉❛+✐♦♥< +♦ ❜❡ <♦❧✈❡❞

♥✉♠❡,✐❝❛❧❧②✱ ❜❡❢♦,❡ ♣♦<+✲♣,♦❝❡<<✐♥❣ <+❡♣ ✼✳

❙-❡♣ ✶✳ ❚❤❡ ♠♦❞❡❧ ✉<❡< +✇♦✲❞✐♠❡♥<✐♦♥❛❧ ♠❡❛♥ ✢♦✇ ✜❡❧❞< ❛< ❛♥ ✐♥♣✉+✳ ❚❤❡② ❝❛♥

❜❡ ♦❜+❛✐♥❡❞ ❜② ❛♥② ♠❡+❤♦❞✱ +②♣✐❝❛❧❧② ❈♦♠♣✉+❛+✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝< ✭❈❋❉✮✿

❊✉❧❡, <✐♠✉❧❛+✐♦♥✱ ❘❆◆❙✱ ♦, ❡✈❡♥ ▲❊❙ ❢♦, ✐♥<+❛♥❝❡✳ ❚❤❡<❡ ✜❡❧❞< ♠✉<+ ❜❡ ✐♥✲

+❡,♣♦❧❛+❡❞ ❜② +❤❡ ✉<❡, ♦♥+♦ ❛ ✷❉✲❛①✐<②♠♠❡+,✐❝ <+,✉❝+✉,❡❞ ♠❡<❤✳ ◆♦+❡ +❤❡ ✉<❡

♦❢ ♦♥❡✲❞✐♠❡♥<✐♦♥❛❧ ♠❡❛♥ ✢♦✇ ,❡<✉❧+❡❞ ✐♥ +❤❡ <❛♠❡ +,❛♥<❢❡, ❢✉♥❝+✐♦♥< ❛< +❤♦<❡

♣,❡❞✐❝+❡❞ ❜② ❛ ♦♥❡✲❞✐♠❡♥<✐♦♥❛❧ ♠♦❞❡❧✳

❙-❡♣ ✷✳ ■♥ ♦,❞❡, +♦ ❝♦♠♣✉+❡ ❡♥+,♦♣② ✈❛,✐❛+✐♦♥< ✐♥ +❤❡ ❢♦❧❧♦✇✐♥❣ <+❡♣✱ +❤❡ ♠❡❛♥

✢♦✇ ✜❡❧❞< ❛,❡ ,❛❞✐❛❧❧② ❞✐✈✐❞❡❞ ✐♥+♦ <+,❡❛♠+✉❜❡< ❜② +❤❡ ♠♦❞❡❧ ✉<✐♥❣ ❛ +✐♠❡

♠❛,❝❤✐♥❣ ♠❡+❤♦❞✳ ■♥ +❤❡ ❝❛<❡ ♦❢ +✉,❜✐♥❡ ✢♦✇✱ <+,❡❛♠❧✐♥❡< ✇❡,❡ ❛❧<♦ ✉<❡❞ ❜②

▲❡②❦♦ ❡+ ❛❧✳ ❬✺✷❪ +♦ +❛❦❡ +,❛♥<✈❡,<❡ ♠❡❛♥ ✢♦✇ ✈❛,✐❛+✐♦♥< ✐♥+♦ ❛❝❝♦✉♥+✳ ❚❤❡②

❝♦♠♣✉+❡❞ +❤❡ ❞❡❧❛② ❝♦♠♣❛,❡❞ +♦ ✶❉ ✢♦✇ ❛+ ❛ ♣♦✐♥+ ❞♦✇♥<+,❡❛♠ ♦❢ +❤❡ ❜❧❛❞❡ ,♦✇✱

✐♥ ♦,❞❡, +♦ ❡<+✐♠❛+❡ +❤❡ ,❡<✉❧+✐♥❣ ❛++❡♥✉❛+✐♦♥ ♦❢ ❡♥+,♦♣② ♣❡,+✉,❜❛+✐♦♥<✳ ■♥ +❤❡

♣,❡<❡♥+ <+✉❞②✱ +❤❡ ♠♦❞❡❧ ❢♦, ❡♥+,♦♣② ♥♦✐<❡ ✉<❡< ♠❡❛♥ ✢♦✇ ✈❛,✐❛❜❧❡< +❤,♦✉❣❤♦✉+

✼



✵✳✵✸ ✵✳✻✸

▼❛❝❤ ✭✲✮

❋✐❣✉$❡ ✸✿ ❈♦♥+♦✉$ ♦❢ +❤❡ ▼❛❝❤ ♥✉♠❜❡$ ❛✈❡$❛❣❡❞ ❜② +❤❡ ♠♦❞❡❧ ✐♥ +❤$❡❡ 7+$❡❛♠+✉❜❡7 ❞❡❧✐♠✐+❡❞

❜② 7+$❡❛♠❧✐♥❡7 ✭❞❛7❤❡❞ ❧✐♥❡7✮ ✐♥ +❤❡ ❝♦♥✈❡$❣❡♥+ 7❡❝+✐♦♥ ♦❢ +❤❡ ♥♦③③❧❡✳

+❤❡ ❜❧❛❞❡ ♣❛11❛❣❡ ❞✐4❡❝+❧②✳ ❚❤❡② ❛4❡ 1❡❝+✐♦♥❛❧❧② ❛✈❡4❛❣❡❞ ✐♥ ❡❛❝❤ 1+4❡❛♠+✉❜❡✱

✇❤✐❝❤ ✐1 ✐❧❧✉1+4❛+❡❞ ❢♦4 ✸ 1+4❡❛♠+✉❜❡1 ✐♥ ❋✐❣✳ ✸✳

❙!❡♣ ✸✳ ❆1 ❡♥+4♦♣② ✐1 ❛ A✉❛♥+✐+② ❝♦♥✈❡❝+❡❞ ❜② +❤❡ ♠❡❛♥ ✢♦✇ ✇✐+❤♦✉+ ❛++❡♥✉❛✲

+✐♦♥ ♦4 ❞✐1+♦4+✐♦♥ ✐♥ 1✉❜1♦♥✐❝ ✢♦✇ ❣♦✈❡4♥❡❞ ❜② +❤❡ ❊✉❧❡4 ❡A✉❛+✐♦♥1✱ +❤❡ ❡♥+4♦♣②

✢✉❝+✉❛+✐♦♥1 ❛4❡ +❤❡♥ +4❛♥1♣♦4+❡❞ ♥✉♠❡4✐❝❛❧❧② ✉1✐♥❣ +❤❡ ♠❡❛♥ ✈❡❧♦❝✐+② ❜② ✐♥+❡✲

❣4❛+✐♦♥ ❛❧♦♥❣ ❡❛❝❤ 1+4❡❛♠+✉❜❡✿

s′

cp
(l, t) =

s′

cp

(

l = 0, t−

∫ l

0

dζ

‖u(ζ)‖

)

✭✶✷✮

❆ 1✉✣❝✐❡♥+ ♥✉♠❜❡4 ♦❢ 1+4❡❛♠+✉❜❡1 ✐1 4❡A✉✐4❡❞ +♦ ❛❝❝✉4❛+❡❧② ❝❛♣+✉4❡ +❤❡ 4❛✲

❞✐❛❧ ✈❛4✐❛+✐♦♥ ♦❢ +❤❡ ❡♥+4♦♣② ♣❡4+✉4❜❛+✐♦♥1✳ ❚❤❡ ♠❡1❤ ♠✉1+ ❛❧1♦ ❜❡ ❞✐1❝4❡+✐1❡❞

❡♥♦✉❣❤ ✐♥ +❤❡ ❛①✐❛❧ ❞✐4❡❝+✐♦♥ +♦ ♣4❡✈❡♥+ ❡♥+4♦♣② ✇❛✈❡ ❞✐1♣❡41✐♦♥ ❡44♦41✳ ❉✐❢✲

❢❡4❡♥+ ♣❤❛1❡1 ❝❛♥ ❜❡ ❝❤♦1❡♥ ✐♥ ❡❛❝❤ 1+4❡❛♠+✉❜❡✱ 1♦ +❤❛+ ❛♥② 4❛❞✐❛❧ ❞✐1+4✐❜✉+✐♦♥

♦❢ +❤❡ ❡♥+4♦♣② ✢✉❝+✉❛+✐♦♥1 ❝❛♥ ❜❡ 1❡+ ❛+ +❤❡ ✐♥❧❡+✳ ■♥ +❤✐1 ♣❛♣❡4✱ ♦♥❧② ♣❧❛♥❛4

❡♥+4♦♣② ✇❛✈❡1 ❛4❡ ❝♦♥1✐❞❡4❡❞✳

❙!❡♣ ✹✳ ❲✐+❤ ❜♦+❤ ♠❡❛♥ ✢♦✇ ✈❛4✐❛❜❧❡1 ❛♥❞ ❡♥+4♦♣② ✢✉❝+✉❛+✐♦♥1 ♦❜+❛✐♥❡❞ ✐♥ +✇♦

❞✐♠❡♥1✐♦♥1 +♦ +❛❦❡ 4❛❞✐❛❧ ✈❛4✐❛+✐♦♥1 ✐♥+♦ ❛❝❝♦✉♥+✱ +❤❡② ❝❛♥ ❜❡ 1❡❝+✐♦♥❛❧❧② ❛✈❡4✲

❛❣❡❞ ❛1 ❞❡1❝4✐❜❡❞ ✐♥ 1❡❝+✐♦♥ ✷✳✶✱ ❛1 ❛❝♦✉1+✐❝ ✇❛✈❡1 ❛4❡ ❛11✉♠❡❞ ♦♥❡✲❞✐♠❡♥1✐♦♥❛❧✳

❚❤❡ 1②1+❡♠ ♠❛❞❡ ♦❢ ❊A1✳ ✭✶✵✮✲✭✶✶✮ ❝❛♥ +❤❡♥ ❜❡ 1♦❧✈❡❞✳

❙!❡♣ ✺✳ ❚♦ +❤✐1 ❡♥❞✱ 1❡❝♦♥❞ ♦4❞❡4 1♣❛+✐❛❧ ❞✐1❝4❡+✐1❛+✐♦♥ ✐1 ❛♣♣❧✐❡❞ ✐♥ +❤❡ ❛①✐❛❧

❞✐4❡❝+✐♦♥✳ ❚❤❡ ❡A✉❛+✐♦♥1 ❛4❡ ❡✈❛❧✉❛+❡❞ ❛+ +❤❡ ❝❡♥+4❡ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥+ ♥♦+❡❞ ck✱
✇❤✐❧❡ +❤❡ ✉♥❦♥♦✇♥1✱ +❤❛+ ✐1 +❤❡ ♣❡4+✉4❜❡❞ ✢♦✇ ✈❛4✐❛❜❧❡1 p̂ ❛♥❞ û✱ ❛4❡ 1♦✉❣❤+ ❛+

♥♦❞❡1 k✳ ❚❤❡♥✱ ✉1✐♥❣ +❤❡ 4❡❧❛+✐♦♥1✿

fck =
fk+1 + fk

2
✭✶✸✮

∂

∂x
fck =

fk+1 − fk
∆xck

✭✶✹✮

✇❤❡4❡ ∆xck ✐1 +❤❡ 1✐③❡ ♦❢ ❡❧❡♠❡♥+ ck ✐♥ +❤❡ ❛①✐❛❧ ❞✐4❡❝+✐♦♥✱ +❤❡ ❝♦♥+✐♥✉✐+② ❛♥❞

♠♦♠❡♥+✉♠ ❡A✉❛+✐♦♥1 ✭✶✵✮✲✭✶✶✮ ❜❡❝♦♠❡✿

λ1
ck
p̂k + λ2

ck
ûk + λ3

ck
p̂k+1 + λ4

ck
ûk+1 = ŜC

ck
✭✶✺✮

φ1
ck
p̂k + φ2

ck
ûk + φ3

ck
p̂k+1 + φ4

ck
ûk+1 = ŜM

ck
✭✶✻✮

✽



✇❤❡#❡ p̂k ❛♥❞ ûk ❛#❡ '❤❡ ♣#❡))✉#❡ ❛♥❞ ✈❡❧♦❝✐'② ✢✉❝'✉❛'✐♦♥ ❛♠♣❧✐'✉❞❡) ❡✈❛❧✉❛'❡❞

❛' ♥♦❞❡ k✱ λj
ck
❛♥❞ φj

ck
❛#❡ ❝❡❧❧✲❝❡♥'❡#❡❞ ❝♦❡✣❝✐❡♥') ❛' ❡❧❡♠❡♥' ck ✇❤✐❝❤ ❞❡♣❡♥❞

♦♥ '❤❡ ♠❡❛♥ ✢♦✇ ✈❛#✐❛❜❧❡)✱ ❛♥❞ '❤❡ )♦✉#❝❡ '❡#♠) ŜC
ck
❛♥❞ ŜM

ck
❛#❡ ❛❧)♦ ❡✈❛❧✉❛'❡❞

❛' '❤❡ ❝❡♥'❡# ♦❢ ck✳ ❚❤❡)❡ ❝♦❡✣❝✐❡♥') ❝❛♥ ❜❡ ❡①♣#❡))❡❞ ❛)✿

λ1
ck

=

(

1

2

[

A

(

1

c20

)

iω +
d

dx

[

A

(

u0x

c20

)

]]

−
A

∆x

(

u0x

c20

)

)

ck

✭✶✼✮

λ2
ck

=

(

1

2

dAρ0
dx

−
Aρ0
∆x

)

ck

✭✶✽✮

λ3
ck

=

(

1

2

[

A

(

1

c20

)

iω +
d

dx

[

A

(

u0x

c20

)

]]

+
A

∆x

(

u0x

c20

)

)

ck

✭✶✾✮

λ4
ck

=

(

1

2

dAρ0
dx

+
Aρ0
∆x

)

ck

✭✷✵✮

φ1
ck

=

(

1

2

[

(

u0x

γp0

∂u0x

∂x

)

+

(

u0r

γp0

∂u0x

∂r

)

]

−
1

∆x

(

1

ρ0

)

)

ck

✭✷✶✮

φ2
ck

=

(

1

2

[

iω +

(

∂u0x

∂x

)

]

−
1

∆x
u0x

)

ck

✭✷✷✮

φ3
ck

=

(

1

2

[

(

u0x

γp0

∂u0x

∂x

)

+

(

u0r

γp0

∂u0x

∂r

)

]

+
1

∆x

(

1

ρ0

)

)

ck

✭✷✸✮

φ4
ck

=

(

1

2

[

iω +

(

∂u0x

∂x

)

]

+
1

∆x
u0x

)

ck

✭✷✹✮

ŜC
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ŜM
ck

=

(

[(

u0x

∂u0x

∂x

)

+

(

u0r

∂u0x

∂r

)]

σ̂

)

ck

✭✷✻✮

◆♦'✐❝❡ '❤❡ ❛❝♦✉)'✐❝ )♦✉#❝❡ '❡#♠) ŜC
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❝❛♣❛❝✐5② 6❛5✐♦✱ ✐♥ ❛❣6❡❡♠❡♥5 ✇✐5❤ 5❤❡ ♠♦❞❡❧✬D ❛DD✉♠♣5✐♦♥D✳ ❈♦♥❞✐5✐♦♥D ❛6❡ ❜❛D❡❞

♦♥ 5❤♦D❡ ❛5 5❤❡ ❡①✐5 ♦❢ ❛ ❝♦♠❜✉D5✐♦♥ ❝❤❛♠❜❡6 ✭γ = 1.315✱ ❚ inlet = 1300 ❑✱

✉x,inlet = 12.53 ♠✴&✮ ❛♥❞ ♦♥ ❛,♠♦&♣❤❡0✐❝ ❝♦♥❞✐,✐♦♥& ❛, ,❤❡ ♦✉,❧❡, ♦❢ ,❤❡ ❞♦♠❛✐♥

✭6outlet = 1013256❛✮✳ ❙♣❛,✐❛❧ ❞✐&❝0❡,✐&❛,✐♦♥ ✐& ♦❢ &❡❝♦♥❞ ♦0❞❡0 ✐♥ &♣❛❝❡ ❛♥❞ ❛

♣&❡✉❞♦✲,0❛♥&✐❡♥, ✜0&, ♦0❞❡0 &❝❤❡♠❡ ✐& ✉&❡❞ ✐♥ ,✐♠❡✳ ❋✐❣✉0❡ ✹ &❤♦✇& ,❤❡ ▼❛❝❤

♥✉♠❜❡0 ,❤0♦✉❣❤♦✉, ,❤❡ ✷❉✲❛①✐&②♠♠❡,0✐❝ ❞♦♠❛✐♥✳ ❋♦0 ,❤✐& &✉❜&♦♥✐❝ ♦♣❡0❛,✐♥❣

♣♦✐♥,✱ ,❤❡ ▼❛❝❤ ♥✉♠❜❡0 0❡❛❝❤❡& ❛ ♠❛①✐♠✉♠ ♦❢ 0.66 ❛, ,❤❡ ,❤0♦❛,✱ ✐, ✐& E✉✐,❡

❧♦✇ ✉♣&,0❡❛♠ ❛, 0.02 ❛♥❞ ❡E✉❛❧ ,♦ 0.34 ❞♦✇♥&,0❡❛♠✳ ❈♦♥✈❡0❣❡♥❝❡ ✐& ✈❡0✐✜❡❞

❛♥❞ ,❤❡ 0❡❧❛,✐✈❡ ♠❛&& ✢♦✇ 0❛,❡ ❡00♦0 ✐& &♠❛❧❧❡0 ,❤❛♥ 8.10−5
✪✳

❚❤❡&❡ ♠❡❛♥ ✢♦✇ ✜❡❧❞& ❛0❡ ✐♥,❡0♣♦❧❛,❡❞ ♦♥,♦ ❛ &,0✉❝,✉0❡❞ ♠❡&❤✱ ❛& ❞❡&❝0✐❜❡❞

✐♥ ,❤❡ ✜0&, &,❡♣ ♦❢ ,❤❡ ♠♦❞❡❧✬& 0❡&♦❧✉,✐♦♥ ♣0♦❝❡&&✳ ❚❤❡ ❝♦00❡❝, ❞✐&❝0❡,✐&❛,✐♦♥ ♦❢

,❤❡ ✢♦✇ ✐& ✈❡0✐✜❡❞ ❜② ✈❛0②✐♥❣ ❜♦,❤ ,❤❡ ♠❡&❤ &✐③❡ ❛♥❞ ,❤❡ ♥✉♠❜❡0 ♦❢ &,0❡❛♠✲

,✉❜❡&✱ ✇❤✐❝❤ ❛❧&♦ ❛✛❡❝,& 0❛❞✐❛❧ ❞✐&❝0❡,✐&❛,✐♦♥✳ ●♦♦❞ ❝♦♥✈❡0❣❡♥❝❡ ♦❢ ,❤❡ ,0❛♥&❢❡0

❢✉♥❝,✐♦♥& ✇❛& ❢♦✉♥❞ ✇✐,❤ ❛ 750, 000 ❡❧❡♠❡♥, ♠❡&❤ ❛♥❞ ✺✵ &,0❡❛♠,✉❜❡&✳

❚❤❡&❡ ♣❛0❛♠❡,❡0& ❛0❡ ✉&❡❞ ❢♦0 ✸ ❝❛&❡&✿ ♦♥❡ ✇✐,❤ ❡♥,0♦♣✐❝ ❢♦0❝✐♥❣ ,♦ ❡&,✐♠❛,❡

❡♥,0♦♣② ♥♦✐&❡ ❧❡✈❡❧&✱ ❛♥❞ ,✇♦ ✇✐,❤ ✉♣&,0❡❛♠ ❛♥❞ ❞♦✇♥&,0❡❛♠ ❛❝♦✉&,✐❝ ❢♦0❝✐♥❣

0❡&♣❡❝,✐✈❡❧② ,♦ ❞❡♠♦♥&,0❛,❡ ,❤❡ ❛❝❝✉0❛,❡ ♣0♦♣❛❣❛,✐♦♥ ❛♥❞ &❝❛,,❡0✐♥❣ ♦❢ ❛❝♦✉&,✐❝

✇❛✈❡& ♠♦0❡ 0✐❣♦0♦✉&❧②✳ ■♥ ❡❛❝❤ ❝❛&❡✱ ♣❧❛♥❡ ✇❛✈❡& ❛0❡ ✐♥❥❡❝,❡❞ ✇❤✐❝❤ ❝♦00❡&♣♦♥❞&

✶✶



 ♦ "❡  ✐♥❣  ❤❡ "❛♠❡ ❡♥ *♦♣② ✇❛✈❡ ♣❤❛"❡ ✐♥ ❛❧❧  ❤❡ " *❡❛♠ ✉❜❡" ✇❤✐❝❤ ❢♦*♠  ❤❡

❝♦♠♣✉ ❛ ✐♦♥❛❧ ❞♦♠❛✐♥✳ ❚*❛♥"❢❡* ❢✉♥❝ ✐♦♥" ❛*❡  ❤❡♥ ❝♦♠♣✉ ❡❞ ❢♦* ❢*❡7✉❡♥❝✐❡"

❜❡ ✇❡❡♥ ✵ ❛♥❞ ✶✵✵✵ ❍③ ✇✐ ❤ ❛ " ❡♣ ♦❢ ✶✵ ❍③✳

✸✳✷✳ ❈❆❆ ♠❡'❤♦❞+

▲✐❦❡  ❤❡ ♠♦❞❡❧✱ ❈❆❆ *❡7✉✐*❡" ♠❡❛♥ ✢♦✇ ✜❡❧❞" ❛" ❛♥ ✐♥♣✉ ✳ ❚❤❡ "❛♠❡ ✷❉✲

❛①✐"②♠♠❡ *✐❝ ♠❡❛♥ ✢♦✇ ✜❡❧❞" ❛*❡ ✉"❡❞✱ ❛❢ ❡* ✐♥ ❡*♣♦❧❛ ✐♦♥ ♦♥ ♦ ❛ ✸❉✲" *✉❝ ✉*❡❞

❈❆❆ ❣*✐❞✱ ✐♥ ♦*❞❡*  ♦ *❡❞✉❝❡  ❤❡ ♣♦""✐❜✐❧✐ ② ♦❢ ❡**♦* ✇❤❡♥ ❝♦♠♣❛*✐♥❣ ❛♥❛❧② ✐❝❛❧

❛♥❞ ♥✉♠❡*✐❝❛❧ *❡"✉❧ "✳ ❚❤❡ ❝♦♠♣✉ ❛ ✐♦♥  ❤❡♥ ❛❧❧♦✇" ❝♦♥✈❡❝ ✐♦♥ ♦❢ ✢♦✇ ♣❡* ✉*✲

❜❛ ✐♦♥" "✉❝❤ ❛"  ❤❡ ✐♥❥❡❝ ❡❞ ❡♥ *♦♣② ✇❛✈❡✱ ❛" ✇❡❧❧ ❛" ❛❝♦✉" ✐❝ ❣❡♥❡*❛ ✐♦♥ ❛♥❞

♣*♦♣❛❣❛ ✐♦♥✳ ❚❤✐" "❡❝ ✐♦♥ ❛✐♠" ❛ ♣*❡"❡♥ ✐♥❣ ❈❆❆ ♥✉♠❡*✐❝❛❧ ♣❛*❛♠❡ ❡*" ❛♥❞

♣♦" ✲♣*♦❝❡""✐♥❣ ❧❡❛❞✐♥❣  ♦  ❤❡ ❝♦♠♣✉ ❛ ✐♦♥ ♦❢  *❛♥"❢❡* ❢✉♥❝ ✐♦♥"✳

✸✳✷✳✶✳ ◆✉♠❡*✐❝❛❧ "❡ ✲✉♣

❚❤❡ ❖◆❊❘❆ ❝♦❞❡ "❆❜*✐♥❆❴✈✵ ❬✺✼✱ ✺✽❪ ✐" ✉"❡❞ ❢♦* ❡♥ *♦♣② ✇❛✈❡ ❝♦♥✈❡❝ ✐♦♥

❛♥❞ ❛❝♦✉" ✐❝ ♣*♦♣❛❣❛ ✐♦♥✱ ❛" ✇❡❧❧ ❛" ❣❡♥❡*❛ ✐♦♥ ❛♥❞ ❝♦♥✈❡❝ ✐♦♥ ♦❢ ✈♦* ✐❝✐ ②✳

❚❤❡ ❊✉❧❡* ❡7✉❛ ✐♦♥" ❛*❡ "♦❧✈❡❞ ✐♥  ❤❡✐* ❧✐♥❡❛* ❢♦*♠✱ ✇❤✐❝❤ ❝♦**❡"♣♦♥❞"  ♦  ❤❡

♠♦❞❡❧✬" ❛""✉♠♣ ✐♦♥"✳ ❚❤❡ "✐♠✉❧❛ ✐♦♥" ❛*❡ ♠❛❞❡ ✐♥  ❤❡  ✐♠❡ ❞♦♠❛✐♥✱ ❛♥❞  ❤❡

❝♦♥"❡*✈❛ ✐✈❡ ✈❛*✐❛❜❧❡" ❛*❡ "❡♣❛*❛ ❡❞ ✐♥ ♦ ♠❡❛♥ ❛♥❞ ✢✉❝ ✉❛ ✐♥❣ ❝♦♥ *✐❜✉ ✐♦♥"✳

❙✐① ❤ ♦*❞❡* ✜♥✐ ❡ ❞✐✛❡*❡♥❝❡ ✐" ✉"❡❞ ❢♦* "♣❛ ✐❛❧ ❞✐"❝*❡ ✐"❛ ✐♦♥ ✇✐ ❤  ❡♥ ❤ ♦*❞❡*

❡①♣❧✐❝✐ ✜❧ ❡*✐♥❣✱ ✐♥ ♦*❞❡*  ♦ ❛✈♦✐❞ ♥✉♠❡*✐❝❛❧ ❞✐"♣❡*"✐♦♥ ❛♥❞ ❞✐""✐♣❛ ✐♦♥ ❛♥❞

 ♦ ❛❝❝✉*❛ ❡❧② ❝❛♣ ✉*❡ ❛❝♦✉" ✐❝"✳ ❆  ❤✐*❞ ♦*❞❡* ❡①♣❧✐❝✐ ❝♦♠♣❛❝ ❘✉♥❣❡✲❑✉  ❛

"❝❤❡♠❡ ✐" ✉"❡❞ ✐♥  ✐♠❡✳ ❇♦✉♥❞❛*② ❝♦♥❞✐ ✐♦♥" ❞❡*✐✈❡❞ ❜② ❚❛♠ ❡ ❛❧✳ ❬✺✾✱ ✻✵❪

❢*♦♠  ❤❡ ❛"②♠♣ ♦ ✐❝ "♦❧✉ ✐♦♥" ♦❢  ❤❡ ❧✐♥❡❛*✐"❡❞ ❊✉❧❡* ❡7✉❛ ✐♦♥" ❛*❡ ✉"❡❞ ❜♦ ❤

 ♦ ❧✐♠✐ *❡✢❡❝ ✐♦♥ ❛  ❤❡ ❜♦✉♥❞❛*✐❡" ♦❢  ❤❡ ❞♦♠❛✐♥ ❛♥❞  ♦ ✐♥❥❡❝ ❡♥ *♦♣✐❝ ♦*

❛❝♦✉" ✐❝ ♣❧❛♥❡ ✇❛✈❡"✳ ❚❤❡ ✸❉✲" *✉❝ ✉*❡❞ ♠❡"❤ ✐" ♠❛❞❡ ♦❢ ✜✈❡ ❞♦♠❛✐♥" ❛♥❞ ❛

 ♦ ❛❧ ♦❢ 2, 500, 000 ♥♦❞❡"✳ ■ ✐" ❞❡"✐❣♥❡❞  ♦ ❤❛✈❡ ❛ ❧❡❛" ✶✻ ♣♦✐♥ " ♣❡* ❛❝♦✉" ✐❝

♦* ❡♥ *♦♣✐❝ ✇❛✈❡❧❡♥❣ ❤ ❛  ❤❡ ❤✐❣❤❡" ❢*❡7✉❡♥❝② ❝♦♥"✐❞❡*❡❞✳ ❚❤❡  ✐♠❡✲" ❡♣ ✐"

"❡  ♦ 8.10−8
"❡❝♦♥❞" "♦  ❤❡ ❈❋▲ ♥✉♠❜❡* *❡❛❝❤❡" ❛ ♠❛①✐♠✉♠ ❛ 0.73✳ ▼✉❧ ✐✲

❤❛*♠♦♥✐❝ "✐♠✉❧❛ ✐♦♥" ❛*❡ ✉"❡❞  ♦ ❧✐♠✐ ♥✉♠❡*✐❝❛❧ ❝♦" ✱ ✇✐ ❤ ❢*❡7✉❡♥❝✐❡" *❛♥❣✐♥❣

❢*♦♠ 100  ♦ 1000 ❍③ ✇✐ ❤ ❛ " ❡♣ ♦❢ 100 ❍③✳ ❚✇♦ ❤❛*♠♦♥✐❝ "✐♠✉❧❛ ✐♦♥" ✇✐ ❤

❡♥ *♦♣② ❢♦*❝✐♥❣ ❛*❡ ❛❧"♦ ✉"❡❞ ❜♦ ❤  ♦ ✈❛❧✐❞❛ ❡  ❤❡ ♥✉♠❡*✐❝❛❧ ♠❡ ❤♦❞♦❧♦❣② ❛♥❞

 ♦ ❢❛❝✐❧✐ ❛ ❡ ❛♥❛❧②"✐" ♦❢  ❤❡ *❡"✉❧ "✳

❱❡*✐✜❝❛ ✐♦♥" ❛*❡ ♠❛❞❡ ✉"✐♥❣ ❡♥ *♦♣✐❝ ❢♦*❝✐♥❣✳ ▼❡"❤ ❝♦♥✈❡*❣❡♥❝❡ ✐" ✈❡*✐✜❡❞✱

❛" ✇❡❧❧ ❛"  ❤❡ ❛❣*❡❡♠❡♥ ❜❡ ✇❡❡♥  ❤❡  *❛♥"❢❡*✲❢✉♥❝ ✐♦♥" ♦❜ ❛✐♥❡❞ ✉"✐♥❣  ❤❡ ❤❛*✲

♠♦♥✐❝ ❛♥❞ ♠✉❧ ✐✲❤❛*♠♦♥✐❝ ❈❆❆ "✐♠✉❧❛ ✐♦♥"✳ ■♥ ❛❞❞✐ ✐♦♥✱ ❡♥ *♦♣② ❝♦♥"❡*✈❛ ✐♦♥

 ❤*♦✉❣❤  ❤❡ ❞♦♠❛✐♥ ✐" ✈❡*✐✜❡❞ ✉"✐♥❣  ❤❡ *❛ ✐♦ σ2/σ1✳ ■ ✐" ❥✉" ✉♥❞❡* ✵✳✾✽ ♦♥ ❛✈✲

❡*❛❣❡✱ ❝♦**❡"♣♦♥❞✐♥❣  ♦ ❛ ♠❛①✐♠✉♠ ♥✉♠❡*✐❝❛❧ ❞✐""✐♣❛ ✐♦♥ ♦❢  ❤❡ ❡♥ *♦♣② ✇❛✈❡"

♦❢ 2✪✱ ✇❤✐❝❤ ✐" ❛""✉♠❡❞ ♥❡❣❧✐❣✐❜❧❡✳

❆" ✇✐ ❤  ❤❡ ♠♦❞❡❧✱  ❤❡  ❤*❡❡ ❝❛"❡" ♦❢ ❡♥ *♦♣✐❝✱ ✉♣" *❡❛♠ ❛❝♦✉" ✐❝ ❛♥❞ ❞♦✇♥✲

" *❡❛♠ ❛❝♦✉" ✐❝ ❡①❝✐ ❛ ✐♦♥ ❛*❡ "✐♠✉❧❛ ❡❞ ✉"✐♥❣ ❈❆❆✳ ❈♦♥"✐❞❡*✐♥❣ ❛❧❧  ❤*❡❡ ❢♦*❝✲
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❞✐♠❡♥1✐♦♥❛❧ ♠♦❞❡❧ ❬✶✼✱ ✸✾❪ ❛♥❞ ▼❛$❜❧❡ ❛♥❞ ❈❛♥❞❡❧✬1 ❝♦♠♣❛❝, 1♦❧✉,✐♦♥ ❬✶✸❪✳

❧❡✈❡❧< ❛(❡ ✐♥ ❣♦♦❞ ❛❝❝♦(❞❛♥❝❡ ✇✐8❤ ❈❆❆✳ ❚❤❡ ❛♠♣❧✐8✉❞❡ ♦❢ [P1
−/σ1]nr ✐< ♥❡✈✲

❡(8❤❡❧❡<< ♦✈❡(❡<8✐♠❛8❡❞ ❜② 8❤❡ ♠♦❞❡❧ ❛8 ❤✐❣❤ ❢(❡*✉❡♥❝②✱ ❛❜♦✈❡ ❛❜♦✉8 800 ❍③✱

✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❝❛✉<❡❞ ❜② 8❤❡ <8(♦♥❣❡( ❛<<✉♠♣8✐♦♥< 8❛❦❡♥ ❜② ❈❍❊❖J❙✲◆♦③③❧❡

❝♦♠♣❛(❡❞ 8♦ ❈❆❆✿ ♦♥❡✲❞✐♠❡♥<✐♦♥❛❧ ❛❝♦✉<8✐❝ ✇❛✈❡< ❛♥❞ ♥❡❣❧✐❣✐❜❧❡ ✈♦(8✐❝✐8②✳ ❚❤❡

♣❤❛<❡ ♦❢ 8❤❡ 8(❛♥<❢❡( ❢✉♥❝8✐♦♥< ❤❛< ❛ ❧❛(❣❡ <❧♦♣❡ ❞✉❡ 8♦ ❛ ❧♦✇ ❝♦♥✈❡❝8✐♦♥ <♣❡❡❞✱

❜✉8 ✐8 ✐< <❤♦✇♥ ❜❡8✇❡❡♥ ❬✵✱ ✷π❪ ✐♥ ❋✐❣✳ ✺ 8♦ ❛❧❧♦✇ ❝♦♠♣❛(✐<♦♥ ♦❢ 8❤❡ ❞✐✛❡(❡♥8

♠❡8❤♦❞<✳ ❆❧❧ ♣❤❛<❡< ❛❣(❡❡ ✐♥ 8❤❡ ❝♦♠♣❛❝8 ❧✐♠✐8 ❜✉8 8❤❡(❡ ❛(❡ <♠❛❧❧ ❡((♦(< ✐♥ ✶❉

❛8 ❤✐❣❤ ❢(❡*✉❡♥❝② ❝♦♠♣❛(❡❞ 8♦ 8❤❡ 8✇♦✲❞✐♠❡♥<✐♦♥❛❧ ❛♣♣(♦❛❝❤❡<✳ ❚❤❡<❡ ❧❛88❡(

♠❡8❤♦❞< ❛(❡ ✐♥ ❣♦♦❞ ❛❣(❡❡♠❡♥8✱ <❤♦✇✐♥❣ ❝♦♥✈❡❝8✐♦♥ ❛♥❞ ♣(♦♣❛❣❛8✐♦♥ ❛(❡ ❝♦(✲

(❡❝8❧② ❛❝❝♦✉♥8❡❞ ❢♦( ❜② ❈❍❊❖J❙✲◆♦③③❧❡✳ ❖✈❡(❛❧❧✱ ♦♥❡ ❝❛♥ ❝♦♥<✐❞❡( ❈❍❊❖J❙✲

◆♦③③❧❡ ❣✐✈❡< ❛ ❣♦♦❞ ❡<8✐♠❛8❡ ♦❢ 8❤❡ ❡♥8(♦♣② ♥♦✐<❡ ❣❡♥❡(❛8❡❞ ✐♥ 8❤❡ ❉■❙❈❊❘◆

♥♦③③❧❡✳

❚❤✐< ❝♦♠♣❛(✐<♦♥ ❤✐❣❤❧✐❣❤8< 8❤❡ <✐❣♥✐✜❝❛♥❝❡ ♦❢ (❛❞✐❛❧ ❡✛❡❝8< ♦♥ ❡♥8(♦♣② ♥♦✐<❡✱

❛< 8❛❦❡♥ ✐♥8♦ ❛❝❝♦✉♥8 ❜② ❈❍❊❖J❙✲◆♦③③❧❡✳ ❚❤❡② ❝❛♥ ❜❡ ❞✉❡ 8♦ 8❤❡ 8✇♦✲
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❋✐❣✉$❡ ✻✿ ▼❡❛♥ ❛①✐❛❧ ✈❡❧♦❝✐0② ✭❧❡❢0✮ ❛♥❞ ♣$❡77✉$❡ ✭$✐❣❤0✮ ♣$♦✜❧❡7 ✉7❡❞ ❜② 0❤❡ ✷❉ ♠♦❞❡❧

❈❍❊❖B❙✲◆♦③③❧❡ ❛❢0❡$ 7❡❝0✐♦♥❛❧ ❛✈❡$❛❣✐♥❣ ❛♥❞ ❜② ❛ ✶❉ ♠♦❞❡❧ ❬✶✼✱ ✸✾❪✳

✶❉ ♠♦❞❡❧

✷❉ ♠♦❞❡❧

❈❆❆

✵✳✵✶σ ✭✲✮✿ ✲✵✳✵✶

❋✐❣✉$❡ ✼✿ ❈♦♥0♦✉$ ♦❢ 0❤❡ ♥♦$♠❛❧✐7❡❞ ❡♥0$♦♣② ✢✉❝0✉❛0✐♦♥7 σ ✐♥7✐❞❡ 0❤❡ ❉■❙❈❊❘◆ ♥♦③③❧❡ ✐♥

✶❉ ✭0♦♣✮ ❛♥❞ ♦❜0❛✐♥❡❞ ❛♥❛❧②0✐❝❛❧❧② ❛♥❞ ♥✉♠❡$✐❝❛❧❧② ✐♥ ✷❉ ✭❜♦00♦♠✮ ❢♦$ ❤❛$♠♦♥✐❝ ❢♦$❝✐♥❣ ❛0

✶✵✵✵ ❍③✳

❞✐♠❡♥&✐♦♥❛❧✐9② ♦❢ ❡✐9❤❡= 9❤❡ ♠❡❛♥ ✢♦✇ ♦= 9❤❡ ❡♥9=♦♣② ✇❛✈❡✳ ❋✐❣✉=❡ ✻ =❡♣✲

=❡&❡♥9& ♦♥❡✲❞✐♠❡♥&✐♦♥❛❧ ♠❡❛♥ ✢♦✇ D✉❛♥9✐9✐❡& ❛❧♦♥❣ 9❤❡ ♥♦③③❧❡ ❛①✐&✱ ❛& ✇❡❧❧

❛& 9✇♦✲❞✐♠❡♥&✐♦♥❛❧ ✈❛❧✉❡& ❛✈❡=❛❣❡❞ ♦✈❡= ❡❛❝❤ &❡❝9✐♦♥ ✐♥ 9❤❡ &❛♠❡ ✇❛② ❛& ❢♦=

❈❍❊❖(❙✲◆♦③③❧❡✳ ❚❤❡=❡ ❛=❡ ♦♥❧② &❧✐❣❤9 ❞✐✛❡=❡♥❝❡& ❜❡9✇❡❡♥ 9❤❡ ✶❉ ❛♥❞ ✷❉ ❛✈✲

❡=❛❣❡❞ ✈❛❧✉❡&✱ &♦ 9❤❛9 9✇♦✲❞✐♠❡♥&✐♦♥❛❧ ♠❡❛♥ ✢♦✇ ❡✛❡❝9& ❞♦ ♥♦9 ❛♣♣❡❛= 9♦ ❜❡

=❡&♣♦♥&✐❜❧❡ ❢♦= 9❤❡ ❧♦✇❡= ❡♥9=♦♣② ♥♦✐&❡ ❧❡✈❡❧&✳ ❋✐❣✉=❡ ✼ &❤♦✇& 9❤❡ ♥♦=♠❛❧✐&❡❞

❡♥9=♦♣② ✢✉❝9✉❛9✐♦♥ ❝♦♥9♦✉=& ✉&❡❞ ❜② 9❤❡ ✶❉ ❛♥❞ ✷❉ ♠♦❞❡❧&✱ ❛& ✇❡❧❧ ❛& 9❤♦&❡

♦❜9❛✐♥❡❞ 9❤=♦✉❣❤ ❈❆❆✳ ❋✐=&9 ♥♦9❡ 9❤❡ ❝♦♥9♦✉=& =❡&✉❧9✐♥❣ ❢=♦♠ 9❤❡ ♥✉♠❡=✐❝❛❧

❛♥❞ ❛♥❛❧②9✐❝❛❧ ❛♣♣=♦❛❝❤❡& ✐♥ ✷❉ ❛=❡ ✐♥ ❛❣=❡❡♠❡♥9✱ ✈❡=✐❢②✐♥❣ ❡♥9=♦♣② ✇❛✈❡ ❞✐&✲

♣❡=&✐♦♥ ✐& ❝♦==❡❝9❧② ❝♦♠♣✉9❡❞ ❜② ❈❍❊❖(❙✲◆♦③③❧❡✳ ❙❡❝♦♥❞❧②✱ ✉♥❧✐❦❡ 9❤❡ ♠❡❛♥

✢♦✇ D✉❛♥9✐9✐❡& ✐♥ ❋✐❣✳ ✻✱ 9❤❡ ♥♦=♠❛❧✐&❡❞ ❡♥9=♦♣② ✢✉❝9✉❛9✐♦♥ ❝♦♥9♦✉=& ✉&❡❞ ❜②

9❤❡ ✶❉ ❛♥❞ ✷❉ ♠♦❞❡❧& ❞✐✛❡= &✐❣♥✐✜❝❛♥9❧②✳ ■9 &❡❡♠& 9❤❡ 9✇♦✲❞✐♠❡♥&✐♦♥❛❧ ♥❛9✉=❡

♦❢ 9❤✐& ❡♥9=♦♣② ✇❛✈❡ ❧❡❛❞& 9♦ &♦✉=❝❡ ❞❡❝♦==❡❧❛9✐♦♥ ❛9 &✉✣❝✐❡♥9❧② ❤✐❣❤ ❢=❡D✉❡♥❝✐❡&

❛& ✐9 ✐& ❛❝❝❡❧❡=❛9❡❞ 9❤=♦✉❣❤ 9❤❡ ♥♦③③❧❡✱ ✇❤✐❝❤ ❡①♣❧❛✐♥& 9❤❡ =❡❞✉❝9✐♦♥ ♦❢ ❡♥9=♦♣②
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❋✐❣✉$❡ ✽✿ ◆♦$♠❛❧✐-❡❞ ❡♥0$♦♣② ✢✉❝0✉❛0✐♦♥- ✉-❡❞ ❜② 0❤❡ ✷❉ ♠♦❞❡❧ ❈❍❊❖=❙✲◆♦③③❧❡ ❛❢0❡$ -❡❝✲

0✐♦♥❛❧ ❛✈❡$❛❣✐♥❣ ❛♥❞ ❜② ❛ ✶❉ ♠♦❞❡❧ ❬✶✼✱ ✸✾❪✳

♥♦✐(❡ ✐♥ *✇♦ ❞✐♠❡♥(✐♦♥( ♦❜(❡.✈❡❞ ✐♥ ❋✐❣✳ ✺✳ ❚❤❡ ❡✛❡❝* ♦❢ *❤✐( (♦✉.❝❡ ❞❡❝♦.❡❧❛✲

*✐♦♥ ✐( ❛❧(♦ ✐❧❧✉(*.❛*❡❞ ❜② ❋✐❣✳ ✽✳ ■♥ *❤❡ (❛♠❡ ✇❛② ❛( ❋✐❣✳ ✻ ❢♦. ♠❡❛♥ @✉❛♥*✐*✐❡(✱

✐* .❡♣.❡(❡♥*( *❤❡ ❛①✐❛❧ ❡✈♦❧✉*✐♦♥ ♦❢ ♥♦.♠❛❧✐(❡❞ ❡♥*.♦♣② ♣❡.*✉.❜❛*✐♦♥( ✐♥ ❛ ✶❉

♥♦③③❧❡ ❛♥❞ (❡❝*✐♦♥❛❧❧② ❛✈❡.❛❣❡❞ ✐♥ ✷❉✳ ■* (❤♦✇( .❛❞✐❛❧ ✈❛.✐❛*✐♦♥( ♦❢ *❤❡ ✢♦✇

❧❡❛❞ *♦ ❛ (✐❣♥✐✜❝❛♥* .❡❞✉❝*✐♦♥ ✐♥ *❤❡ ❛♠♣❧✐*✉❞❡ ♦❢ ❡♥*.♦♣② ✢✉❝*✉❛*✐♦♥( ❢.♦♠ *❤❡

❝♦♥✈❡.❣❡♥* ♣❛.* ♦❢ *❤❡ ♥♦③③❧❡✱ ❝♦..❡(♣♦♥❞✐♥❣ *♦ ❛ ✇❡❛❦❡. (♦✉.❝❡ (*.❡♥❣*❤✳

▲✐❦❡ ✇✐*❤ ❡♥*.♦♣② ❢♦.❝✐♥❣✱ *.❛♥(❢❡. ❢✉♥❝*✐♦♥( ❝♦..❡(♣♦♥❞✐♥❣ *♦ ✉♣(*.❡❛♠ ❛♥❞

❞♦✇♥(*.❡❛♠ ❛❝♦✉(*✐❝ ❡①❝✐*❛*✐♦♥ ❛.❡ .❡♣.❡(❡♥*❡❞ ✐♥ ❋✐❣✳ ✾ ❛♥❞ ❋✐❣✳ ✶✵ .❡(♣❡❝✲

*✐✈❡❧②✳ ❘❡(✉❧*( ❢.♦♠ ❈❍❊❖R❙✲◆♦③③❧❡ ❛.❡ ✐♥ ❣♦♦❞ ❛❣.❡❡♠❡♥* ✇✐*❤ ❜♦*❤ ❈❆❆

❛♥❞ ▼❛.❜❧❡ ❛♥❞ ❈❛♥❞❡❧✬( ❝♦♠♣❛❝* (♦❧✉*✐♦♥ ❬✶✸❪✱ ✇❤✐❝❤ ❝♦♥✜.♠( *❤❡ ❣♦♦❞ (❝❛*✲

*❡.✐♥❣ ♦❢ ❛❝♦✉(*✐❝ ✇❛✈❡( ❜② *❤❡ ♠♦❞❡❧✳ ❉❛*❛ ❢.♦♠ *❤❡ ♦♥❡✲❞✐♠❡♥(✐♦♥❛❧ ♠♦❞❡❧

❛❧(♦ ❛❣.❡❡( ✇✐*❤ *❤❡(❡ *✇♦✲❞✐♠❡♥(✐♦♥❛❧ .❡(✉❧*(✱ ❝♦♥✜.♠✐♥❣ *❤❡ ✈❛❧✐❞✐*② ♦❢ *❤❡

♦♥❡✲❞✐♠❡♥(✐♦♥❛❧ ❛❝♦✉(*✐❝( ❛((✉♠♣*✐♦♥ ♠❛❞❡ ✇✐*❤✐♥ ❈❍❊❖R❙✲◆♦③③❧❡✳

✹✳ ❈♦♥❝❧✉(✐♦♥(

❚❤❡ (❡♠✐✲❛♥❛❧②*✐❝❛❧ ♠♦❞❡❧ ❈❍❊❖R❙✲◆♦③③❧❡ ❢♦. ❡♥*.♦♣② ♥♦✐(❡ ✐♥ (✉❜(♦♥✐❝
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❊♥❣✐♥❡✱ ✐♥✿ ✷✵<❤ ❆■❆❆✴❈❊❆❙ ❆❡(♦❛❝♦✉:<✐❝: ❈♦♥❢❡(❡♥❝❡✱ ❆■❆❆ ❆✈✐❛<✐♦♥✱

♥♦✳ ❆■❆❆ ✷✵✶✹✲✸✸✷✶✱ ❆<❧❛♥<❛✱ ❯❙❆✱ ✷✵✶✹✳

❬✸✸❪ ❇✳ ❙❝❤✉:<❡(✱ ●✳ ●♦(❞♦♥✱ ▲✳ ❙✳ ❍✉❧<❣(❡♥✱ ❉②♥❛♠✐❝ ❚❡♠♣❡(❛<✉(❡ ❛♥❞

>(❡::✉(❡ ▼❡❛:✉(❡♠❡♥<: ✐♥ <❤❡ ❈♦(❡ ♦❢ ❛ >(♦♣✉❧:✐♦♥ ❊♥❣✐♥❡✱ ✐♥✿ ✷✶:<

❆■❆❆✴❈❊❆❙ ❆❡(♦❛❝♦✉:<✐❝ ❈♦♥❢❡(❡♥❝❡✱ ♥♦✳ ❆■❆❆ ✷✵✶✺✲✷✽✶✾✱ ❉❛❧❧❛:✱ ❯❙❆✱

✷✵✶✺✳

❬✸✹❪ ❈✳ ❑✳ ❲✳ ❚❛♠✱ ❙✳ ❆✳ >❛((✐:❤✱ ❏✳ ❳✉✱ ❇✳ ❙❝❤✉:<❡(✱ ■♥❞✐(❡❝< ❈♦♠❜✉:<✐♦♥

◆♦✐:❡ ♦❢ ❆✉①✐❧✐❛(② >♦✇❡( ❯♥✐<:✱ ❏♦✉(♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞ ❱✐❜(❛<✐♦♥ ✸✸✷ ✭✷✵✶✸✮

✹✵✵✹✕✹✵✷✵✳

✷✷



❬✸✺❪ ❈✳ ❑✳ ❲✳ ❚❛♠✱ ❙✳ ❆✳ .❛//✐1❤✱ ◆♦✐1❡ ♦❢ ❍✐❣❤✲♣❡/❢♦/♠❛♥❝❡ ❆✐/❝/❛❢= ❛= ❆❢=❡/✲

❜✉/♥❡/✱ ❏♦✉/♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞ ❱✐❜/❛=✐♦♥ ✸✺✷ ✭✷✵✶✺✮ ✶✵✸✕✶✷✽✳

❬✸✻❪ ▼✳ ❍✉❡=✱ ❆✳ ●✐❛✉N✉❡✱ ❆ ◆♦♥❧✐♥❡❛/ ▼♦❞❡❧ ❢♦/ ■♥❞✐/❡❝= ❈♦♠❜✉1=✐♦♥ ◆♦✐1❡

❚❤/♦✉❣❤ ❛ ❈♦♠♣❛❝= ◆♦③③❧❡✱ ❏♦✉/♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝1 ✼✸✸ ✭✷✵✶✸❛✮ ✷✻✽✕

✸✵✶✳

❬✸✼❪ ❙✳ ❘✳ ❙=♦✇✱ ❆✳ .✳ ❉♦✇❧✐♥❣✱ ❚✳ .✳ ❍②♥❡1✱ ❘❡✢❡❝=✐♦♥ ♦❢ ❈✐/❝✉♠❢❡/❡♥=✐❛❧ ▼♦❞❡1

✐♥ ❛ ❈❤♦❦❡❞ ◆♦③③❧❡✱ ❏♦✉/♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝1 ✹✻✼ ✭✷✵✵✷✮ ✷✶✺✕✷✸✾✳

❬✸✽❪ ❲✳ ▼♦❛1❡✱ ▼✳ ❏✳ ❇/❡❛/✱ ❈✳ ▼❛♥③✐❡✱ ❚❤❡ ❋♦/❝❡❞ ❘❡1♣♦♥1❡ ♦❢ ❈❤♦❦❡❞ ◆♦③③❧❡1

❛♥❞ ❙✉♣❡/1♦♥✐❝ ❉✐✛✉1❡/1✱ ❏♦✉/♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝1 ✺✽✺ ✭✷✵✵✼✮ ✷✽✶✕✸✵✹✳

❬✸✾❪ ❆✳ ●✐❛✉N✉❡✱ ▼✳ ❍✉❡=✱ ❋✳ ❈❧]/♦✱ ❆♥❛❧②=✐❝❛❧ ❆♥❛❧②1✐1 ♦❢ ■♥❞✐/❡❝= ❈♦♠❜✉1=✐♦♥

◆♦✐1❡ ✐♥ ❙✉❜❝/✐=✐❝❛❧ ◆♦③③❧❡1✱ ❏♦✉/♥❛❧ ♦❢ ❊♥❣✐♥❡❡/✐♥❣ ❢♦/ ●❛1 ❚✉/❜✐♥❡1 ❛♥❞

.♦✇❡/ ✶✸✹ ✭✶✶✮ ✭✷✵✶✷✮ ✶✶✶✷✵✷✳

❬✹✵❪ ■✳ ❉✉/_♥✱ ❙✳ ▼♦/❡❛✉✱ ❙♦❧✉=✐♦♥ ♦❢ =❤❡ ◗✉❛1✐✲♦♥❡✲❞✐♠❡♥1✐♦♥❛❧ ▲✐♥❡❛/✐③❡❞ ❊✉✲

❧❡/ ❊N✉❛=✐♦♥1 ❯1✐♥❣ ❋❧♦✇ ■♥✈❛/✐❛♥=1 ❛♥❞ =❤❡ ▼❛❣♥✉1 ❊①♣❛♥1✐♦♥✱ ❏♦✉/♥❛❧

♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝1 ✼✷✸ ✭✷✵✶✸✮ ✶✾✵✕✷✸✶✳

❬✹✶❪ ❈✳ ❙✳ ●♦❤✱ ❆✳ ❙✳ ▼♦/❣❛♥1✱ .❤❛1❡ ./❡❞✐❝=✐♦♥ ♦❢ =❤❡ ❘❡1♣♦♥1❡ ♦❢ ❈❤♦❦❡❞

◆♦③③❧❡1 =♦ ❊♥=/♦♣② ❛♥❞ ❆❝♦✉1=✐❝ ❉✐1=✉/❜❛♥❝❡1✱ ❏♦✉/♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞ ❱✐✲

❜/❛=✐♦♥ ✸✸✵ ✭✷✶✮ ✭✷✵✶✶✮ ✺✶✽✹✕✺✶✾✽✳

❬✹✷❪ ❊✳ ❘♦❧❧❛♥❞✱ ❋✳ ❉❡ ❉♦♠❡♥✐❝♦✱ ❙✳ ❍♦❝❤❣/❡❜✱ ❚❤❡♦/② ❛♥❞ ❆♣♣❧✐❝❛=✐♦♥ ♦❢

❘❡✈❡/❜❡/❛=❡❞ ❉✐/❡❝= ❛♥❞ ■♥❞✐/❡❝= ◆♦✐1❡✱ ❏♦✉/♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝1 ✽✶✾

✭✷✵✶✼✮ ✹✸✺✕✹✻✹✳

❬✹✸❪ ❋✳ ❉❡ ❉♦♠❡♥✐❝♦✱ ❊✳ ❘♦❧❧❛♥❞✱ ❙✳ ❍♦❝❤❣/❡❜✱ ❆ ●❡♥❡/❛❧✐1❡❞ ▼♦❞❡❧ ❢♦/ ❆❝♦✉1✲

=✐❝ ❛♥❞ ❊♥=/♦♣✐❝ ❚/❛♥1❢❡/ ❋✉♥❝=✐♦♥ ♦❢ ◆♦③③❧❡1 ✇✐=❤ ▲♦11❡1✱ ❏♦✉/♥❛❧ ♦❢ ❙♦✉♥❞

❛♥❞ ❱✐❜/❛=✐♦♥ ✹✹✵ ✭✷✵✶✾✮ ✷✶✷✕✷✸✵✳

❬✹✹❪ ■✳ ❉✉/_♥✱ ❆✳ ❙✳ ▼♦/❣❛♥1✱ ❖♥ =❤❡ ❘❡✢❡❝=✐♦♥ ❛♥❞ ❚/❛♥1♠✐11✐♦♥ ♦❢ ❈✐/❝✉♠✲

❢❡/❡♥=✐❛❧ ❲❛✈❡1 ❚❤/♦✉❣❤ ◆♦③③❧❡1✱ ❏♦✉/♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝1 ✼✼✸ ✭✷✵✶✺✮

✶✸✼✕✶✺✸✳

❬✹✺❪ ❚✳ ❙❛==❡❧♠❛②❡/✱ ■♥✢✉❡♥❝❡ ♦❢ =❤❡ ❈♦♠❜✉1=♦/ ❆❡/♦❞②♥❛♠✐❝1 ♦♥ ❈♦♠❜✉1=✐♦♥

■♥1=❛❜✐❧✐=✐❡1 ❢/♦♠ ❊N✉✐✈❛❧❡♥❝❡ ❘❛=✐♦ ❋❧✉❝=✉❛=✐♦♥1✱ ❏♦✉/♥❛❧ ♦❢ ❊♥❣✐♥❡❡/✐♥❣

❢♦/ ●❛1 ❚✉/❜✐♥❡1 ❛♥❞ .♦✇❡/ ✶✷✺ ✭✷✵✵✸✮ ✶✶✕✶✾✳
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