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GLOBAL DYNAMICS BELOW THE GROUND STATES FOR NLS
UNDER PARTIAL HARMONIC CONFINEMENT

ALEX H. ARDILA AND REMI CARLES

ABSTRACT. We are concerned with the global behavior of the solutions of the
focusing mass supercritical nonlinear Schrédinger equation under partial har-
monic confinement. We establish a necessary and sufficient condition on the
initial data below the ground states to determine the global behavior (blow-
up/scattering) of the solution. Our proof of scattering is based on the varia-
tional characterization of the ground states, localized virial estimates, linear
profile decomposition and nonlinear profiles.

1. INTRODUCTION

In this paper we study the initial-value problem for the nonlinear Schrodinger
equation under partial harmonic confinement

i0u = Hu+ Nu|?*"u, x€R? teR,
u(0,2) = uo(x),

(1.1)

where u : R xR - C, A € {~1,+1},d>2and 0 < 0 < ﬁ. The operator H is
defined as
H:=-A,+y*—A., z=(y,2) €R" xR,

where 1 <n < d—1. The equation (1.1) arises in various branches of physics, such
as the Bose-Einstein condensates or the propagation of mutually incoherent wave
packets in nonlinear optics. For more details we refer to [27].

As recalled briefly in Section 2, the Cauchy problem for (1.1) is locally well-posed
in the energy space*

By = {u e H'RSC) s Jyullte = [ fPfuta) P < oo},

equipped with the norm

lulls, = (u, Hu) = | Vaullz + lyullZz + [lullZ..
In particular, the linear propagator e~* preserves the Bj-norm. We can use a
contraction mapping technique based on Strichartz estimates to show that (1.1) is
locally well-posed in By (see Lemma 2.1): for any ug € By there exists a unique
maximal solution v € C((=7T-,T4); B1) of (1.1), T+ € (0,00]. Furthermore, the
solution u enjoys the conservation of energy, momentum and mass,

E(u(t)) = E(UO), G(u(t)) = G(“O)a M(u(t)) = M(UO), vt € (_T—aT-l-()i 2)
where E, M and G are defined as '

1 1 A
B(u) = Q/Rd IVaul2dz + 5/]1@ s + /]R jul?+2d,
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and
G(u)=Im [ aVyudr, M(u)= / lu|?dz. (1.3)
Rd Rd
We recall the definitions of scattering and blow-up in the framework of the energy
space Bj.

Definition 1.1. Let u be a solution of the Cauchy problem (1.1) on the mazimal
existence time interval (—=T_,T4). We say that the solution u scatters in By (both
forward and backward time) if T+ = oo and there exist »* € By such that

lu(t) — e™ "9, = lle"u(t) =T |p, 0 ast - oo,

On the other hand, if Ty < 0o (resp. T— < 00), we say that the solution u blows
up in positive time (resp. negative time). In the case Ty < 0o, this corresponds to
the property

IVeu(t)| 2 ray t;: 00.

We refer to the proof of Lemma 2.1 below to see why the momentum does not
appear in the blow-up characterization. In [2], scattering was considered in the
conformal space

S =Bin{f; x> [zlf(x) € LPR)} = H'R) N {f; 2+ |a]f(z) € L2(RY)},
which is of course smaller than By. In the present paper, we investigate the large
time behavior of the solution to (1.1) in Bj, both in the focusing (A = —1) and

in the defocusing (A = 1) case. As a preliminary, we state a result concerning the
small data case.

Proposition 1.2. Suppose ﬁ <o < ﬁ and X\ € {—1,+1}. There exists v > 0
such that if ||uo|| B, < v, then the solution to (1.1) is global in time (Ty = o) and
scatters in Bi.

This proposition follows directly from Lemma 5.1 below. We note that in [2], for
the similar statement in the smaller space X, the lower bound on o was o > d;f& dzn
(see [2, Theorem 1.5]). In terms of the variable y € R™, confinement prevents
complete dispersion. On the other hand, in the variable z € R%~"_ we benefit from
the usual dispersion for the Schrédinger equation posed on R?~". In other words,

scattering is expected somehow as if we considered
10w = —Av + Aov|*7v, zeRI™™,
and the above lemma is the counterpart of small data scattering in H*(R?~") for

L?-critical or supercritical nonlinearities, and the presence of the extra variable y
reads in the upper bound o < ﬁ, to make the nonlinearity energy-subcritical. For

large data, global existence and some blow-up results have been considered in [7].
Moreover, scattering for (1.1), for some o, d and n, was studied in [2,9,21].

Consider the focusing case A = —1, which is the core of this paper. In the case
0 < 0 < 2/d the Cauchy problem (1.1) is globally well-posed, regardless of the sign
of A. Moreover, for small initial data the solution can be extended to a global one
in the case 2/d < 0 < 2/(d — 2). The issue of existence, stability and instability of
standing waves has been studied in [4, 19, 32].

Introduce the following nonlinear elliptic problem

Ho+¢— o9 =0, ¢eBi\{0}. (14)
We recall that a non-trivial solution @ to (1.4) is said to be the ground state solution,
if it has some minimal action among all solutions of the elliptic problem (1.4), i.e.

S(Q) =inf {S(p): ¢ is a solution of (1.4)}, (1.5)
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where the action functional S is defined by

1 2042
2% +2 ||U||LZ+2'

In Lemma 3.2 we obtain the existence of at least one ground state solution (see also
Remark 3.3).

1 1 1
S(u) i= 3 Vaull + S lyuls + 5 lull3: -

Remark 1.3. We could also consider, for any w > 0,
Hep+wp — 9|70 =0, ¢eBi\{0},

up to adapting the notations throughout the paper. We consider the case w =1 for
simplicity.

Our main result consists in establishing a necessary and sufficient condition on
the initial data below the ground state @ to determine the global behavior (blow-
up/scattering) of the solution. As recalled above, when scattering occurs, it is
reminiscent of the nonlinear Schrodinger equation without potential, posed on R4,
With this in mind, we define the following functional of class C? on By,

2 o .
Plu) = ——|IV.ull7: — —— [lull3542, (1.6)
d—n o+1

and we define the following subsets in B!,
K" ={peBi:5(p) <S(Q), P(p)=>0},
K= ={¢eBi:58(p) <S(Q), Plp)<0}.

By a scaling argument, it is not difficult to show that % # (). In our main result,
we will show that the sets KT and K~ are invariant under the flow generated by
the equation (1.1). Moreover, we obtain a sharp criterion between blow-up and
scattering for (1.1) in terms of the functional P given by (1.6). In the case of a
full confinement (n = d), such results were initiated in [34,37]. Of course, in the
absence of fully dispersive direction, the dichotomy concerns global existence ws.
blow-up, and scattering cannot hold. The proof of scattering properties represents
a large part of the present paper.

The assumption o > ﬁ is needed to prove the Lemmas 3.2 and 3.5 (existence
and characterization of the ground states) and the profile decomposition result (see
Proposition 5.4). Thus, in the case A = —1, we assume

2 2
m <o < m
This condition implies that n = 1 in the statement below, a condition which is
reminiscent of [35], where a partial one-dimensional geometrical confinement is
considered (y € T). Also, a step of our proof requires the extra property o > %,
and so we restrict to dimensions 2 < d < 5.

Theorem 1.4. Let A=—-1,n=1,0 > % with % <o < %, and ug € By. Let
u € C(I; By) be the corresponding solution of (1.1) with initial data ug and lifespan
[=(T_,T,).

(i) If up € KT, then the corresponding solution u(t) exists globally and scatters.
(i) If ug € K—, then one of the following two cases occurs:

(1) The solution blows up in positive time, i.e., T4 < oo and
Jim (Va3 = o

(2) The solution blows up at infinite positive time, i.e., Ty = oo and there
exists a sequence {ty} such that ty — 0o and lim¢, oo ||Vau(ty)||2. = oo.

An analogous statement holds for negative time.
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Remark 1.5. We note that if the initial datum satisfies ug € K~ and zug € L*(R?)
(that is, ug € X), then the corresponding solution blows up in finite time (see (4.8)
below for more details, with R = o0). In particular, the condition P(u) > 0 in
Theorem 1.4 is sharp for global existence.

The proof of the scattering result is based on the concentration/compactness
and rigidity argument of Kenig-Merle [28]. In [14], Duyckaerts-Holmer-Roudenko
studied (1.1) with d = 3, ¢ = 1, without harmonic potential, and proved that if
up € HY(R?) satisfies (see also [22] in the radial case)

M (uo) E(uo) < M(Q)E(Q), luoll2[[Vuollze < Q2 VQI| L2,

then the corresponding solution exists globally and scatters in H'(R?), where @ is
the ground state of the equation (1.4). However, it seems that the method developed
in [14,22] cannot be applied to (1.1) with harmonic potential. The main difficulty
concerning (1.1) is clearly the presence of the partial harmonic confinement. In
particular, we cannot apply scaling techniques to obtain the critical element (see
the proof of Proposition 5.4 in [22]). To overcome this problem, we use a variational
approach based on the work of Ibrahim-Masmoudi-Nakanishi [25] (see also [26]).
We mention the works of Tkea-Inu [26] and Guo-Wang-Yao [36] who also obtained
analogous result to Theorem 1.4 for the focusing NLS equation with a potential.
The proof of the blow-up result is based on the techniques developed by Du-Wu-
Zhang [13].

It is worth mentioning that Fang-Xie-Cazenave [15] and Akahor-Nawa [1] ex-
tended the results in Holmer-Roudenko [22] and Duyckaerts-Holmer-Roudenko [14]
in terms of dimension and power. Concerning the scattering theory with a smooth
short range potential in the energy-subcritical case, we refer to [8, 10,23, 31]; see
also [3,30] for scattering theory with a singular potential in the energy-subcritical
case. For other results, see e.g. [5,12,16], and [21] in the case of a partial confinement
leading to long range scattering for small data.

Remark 1.6. The tools that we use also yield scattering results in the defocusing
case A\=41. Ford>2,n=1, and o > % with % <o< d—32, consider ug € By
and u € C(R; By) the solution to

0w = Hu+|ul*"u ; ujy—o = uo.

Then u scatters in By. As pointed out in [14, Section 7] in the case of the 3D
cubic Schrodinger equation without potential, the proof is essentially the same as
for scattering in the focusing case (Theorem 1.4). Also, in this defocusing case, we
simply recover [9, Theorem 1.5], based on Morawetz estimates, where the assumption
o> % was not needed.

Organization of the paper. In the next section we introduce Strichartz estimates
specific to the present context, and show that a specific norm suffices to ensure
scattering. In Section 3, we show variational estimates, which will be key to obtain
blow-up and scattering results in the focusing case. In Section 4, we show the blow-
up results and the global part of Theorem 1.4 (i). Finally, in Section 5 we prove
the scattering part of Theorem 1.4.

Notations. We summarize the notation used throughout the paper: Z denotes
the set of all integers. We will use A < B (resp. A 2 B) for inequalities of type
A < CB (resp. A > CB), where C is a positive constant. If both the relations
hold true, we write A ~ B. We denote by NLS(¢)ug the solution of the IVP (1.1)
with initial data ug.

P

For 1 < p < oo, we denote its conjugate by p’ = o1 Moreover, LP = LP(R%; C)
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are the classical Lebesgue spaces. The scale of harmonic (partial) Sobolev spaces
is defined as follows, see [6]: for s >0

B, = B,(R?) = {u € L2(RY) : H¥/?u € L?(Rd)}

endowed with the natural norm denoted by || - || 5., and up to equivalence of norms
we have (see [6, Theorem 2.1])

lullg, = llullzs + [yl ulZ..

For v € Z, we set I, = w[y — 1,7 + 1). Let 2 L](I,; L,(R?)) be the space of
measurable functions u : R — L7 (R?) such that the norm lwller par,;or (ray)y 1s
finite, with
P _ P
el ng ey = D Nulligcr, s oy
YEL

To simplify the notation, we will use ||ul| ¢ par- When it is not ambiguous. Finally,
we write ||ul|» La(r,;Lr) to signify

YoSY<71

b a(] -7y — E HUHpq LT (RE))
’YUS’YS’YlL (I’Y»Lm) Lt(I’YvLm( ))
Yo<v<m

2. STRICHARTZ ESTIMATES AND SCATTERING

2.1. Local Strichartz estimates and local well-posedness. Denote the (par-
tial) harmonic potential by V(z) = |y|? (recall that z = (y,2) € R™ x R4™"). As
V' is quadratic, it enters the general framework of at most quadratic smooth po-
tentials considered in [18]. In particular, the propagator associated to H enjoys
local dispersive estimates (as can be seen also from generalized Mehler formula, see

e.g. [24])
) 1
—itH
lle 1 Ry Loo (R) S —|t|d/2’ [t| <1,

which in turn imply local in time Strichartz estimates,

1 1

_ 2
lle™* uo|l a(r;Lrrayy < Cq(Dlluoll L2 (ra), . d (5 - ;) , 25T < 4,

where the constant C,(I) actually depends on |I|. Indeed, we compute for instance
—itH (ef|y|2/2v0(z)) = e~ WP/2int (i) (),

Local in time Strichartz estimates suffice to establish local well-posedness in the
energy space, as proved in [7]. We give some elements of proof which introduce
some useful vector fields.

Lemma 2.1. Letd>2,1<n<d-1,0<0< d—32, and ug € By. There exists

40+4

T = T(||luol|,) and a unique solutionu € C([=T,T); Bi)NL @ ([T, T]; L>**+2(R%))
to (1.1). In addition, the conservations (1.2) hold.

FEither the solution is global in positive time, u € C(R4; B1)NL
or there exists T > 0 such that

% . T 2042 d
(Ry; L2 F2(RY)),

loc
IVaeu(t)| 2 ray t;: 00.

dota
If X\ = +1, then the solution is global in time, u € C(R; By) N L, . (R; L2 +2(R4)).

loc
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Sketch of the proof. The proof relies on a classical fixed point argument applied to
Duhamel’s formula

t
u(t) = e Hyy — i)\/ e it=9)H (|ul*7w) (s)ds,
0

using (local in time) Strichartz estimates. The gradient V., commutes with e~#/
since there is no potential in the z variable. On the other hand, in the y variable, the
presence of the harmonic potential ruins this commutation property. It is recovered

by considering the vector fields
A (t) = ysin(2t) —icos(2t)Vy, As(t) = —ycos(2t) —isin(2t)V,,.

We recall from e.g. [2, Lemma 4.1] the main properties that we will use:

(Al(t)) B < sin(2t) cos(2t)> < Y >

As(t))  \—cos(2t) sin(2t) ) \ =iV, /)’

they correspond to the conjugation of gradient and momentum by the free flow,
Al (t) _ e_itH(fivy)eitH, A2 (t) _ 7e—itHy eitH,

and therefore, they commute with the linear part of (1.1): [i0; — H, A;(t)] = 0.

These vector fields act on gauge invariant nonlinearities like derivatives, and we
have the pointwise estimate

14;(#) (Jul*7w) | < [ul*7]A;(t)ul.

Once all of this is noticed, we can just mimic the standard proof of local well-
posedness of NLS in H*(R?) (see e.g. [11]), by considering (A1 (t), A2(t), V) instead
of (Vy, V). The conservations (1.2) follow from classical arguments (see e.g. [11]).

From the construction, either the solution is global, or the Bi-norm becomes
unbounded in finite time. Like in the statement of the lemma, we consider posi-
tive time only, the case of negative time being similar. The obstruction to global
existence reads

Ju(®)la, 5 oo

for some Ty > 0. But a standard virial computation yields

d _
Gz =1 [ alt.2)y- yult 2.
Rd

Cauchy-Schwarz inequality shows that if [|[Vyu(t)| 2 remains bounded locally in
time, then so does ||yu(t)| zz, hence the blow-up criterion. Global existence in the
case A = +1 is straightforward. O

For future reference, we note that

le*u(®)|B, ~ > IA@)u() 172 za)- (2.1)
AG{Id,Al,AQ,VZ}

2.2. Global Strichartz estimates. To prove scattering results, we use global in
time Strichartz estimates, taking advantage of the full dispersion in the z variable,
and of the local dispersion in the total variable z = (y, 2).

Lemma 2.2 (Global Strichartz estimates, Theorem 3.4 from [2]). Let d > 2, 1 <
n<d—1and2 <r< d2—_d2. Then the solution u to (i0y — H)u = F with initial
data ug obeys

(2.2)

lalleg s S Nl zagasy + 1F Wt g g

provided that the following conditions hold:

2 1 1 2 1 1
a2, Z=@d-n)(2-2), k=12 2.3
qk <2 Tk> Dk ( )<2 Tk) (23)
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Moreover, as in e.g. [22] or [35], we will need the following inhomogeneous
Strichartz estimates.

Lemma 2.3 (Inhomogeneous Strichartz estimates). Let d > 2, 1 < n < d — 1.
Then we have

5 ||u||lg/L(ilLT/’

t
/ e 1= Hy (5)ds
0

(ELaLr
provided that q,q € [1,00] and:
2 2 2
2 (-2,
p p r
1 d—-n d—n 1+d—n<dfn ( tabl s)
- - — acceptable pairs
P ” 5 B 5 P p
1 1
—+t<1.
p p

Proof. The proof of the inhomogeneous Strichartz estimates for non-admissible
pairs is a direct adaptation of the proof of Theorem 1.4 in [17]. We emphasize
that we consider the same Lebesgue index in space on the left and right hand sides
in the above inequality, which makes the adaptation of [17, Theorem 1.4] easier. O

We will also need a weaker dispersive property:
Lemma 2.4. Letl1<n<d—1and2<r< d2—ii2. For any ¢ € By,
—itH

lle ol Lrray HT:}OOO'

This result is actually valid more generally if the harmonic potential |y|? is
replaced by a potential bounded from below, as shown by the proof.

Proof. When ¢ belongs to the conformal space, ¢ € X, we consider the Galilean
operator in z (see e.g. [11,20]),

Jo() = 24 20tV = 2it /0G0

Gagliardo-Nirenberg inequality yields

le™ ™l Lr@ay < H7°lle™ Tl Loty | (Vs T (1)) 0|32 may
where § = (d —n) (3 — 1). Since the harmonic potential is non-negative,

1/2

1(Vy, L)) ellL2may S (=g + [y1*) 7, J=(8)e™ " oll2(ra),

1/2 L
/2 commutes with e—*H

and since the operator (fAy + |y|2) , which is unitary on

L?(R%), and

Jz (t) _ eztAz zefztAz — €7ZtHZ€ZtH,

we infer

—i -5
le™ ol Lr(gay < IH°lleolls-
—itH

In view of Sobolev embedding and the fact that e preserves the Bi-norm,

—itH

le™* ol < lle™ el < le™ el = el

the result follows by a density argument. O
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2.3. Fixing Lebesgue indices for the scattering analysis. From now on, we
fix the exponents ¢, p, p, ¢, po, qo, r as follows.

Lemma 2.5. Letdf—n§0<ﬁ, and set
_ do(oc+1) _ do(oc+1)
(172d(72—i—0(d—2)—27 pi2d02—i—a(d—2—n)—2(7102—1—1)7
do(oc+1) do(oc+1)
— Ay — 20 +2
b 20+2—(d—n)o’ =% 12-do " ot

4o +4 _do+4
Po = (d_n)o_v qo = do .

Then the triplet (po, qo,r) satisfies the condition (2.3). Moreover, the triplets (p, q,r)
and (p,q,r) satisfy the conditions in Lemma 2.3.

Proof. That the triplet (po, qo, ) satisfies the condition (2.3) is readily checked.

We note that ¢ € [1,00] iff ¢ € [1,00]. Thus we must check that ¢ > 20 + 1.
In turn this inequality follows provided that 40(c 4+ 1) > (20 + 1)(20 + 2 — do)
and it is equivalent to o > 0.(d) = 2 — d + v/d?> — 12d + 4/4d, a threshold which is
classical in scattering theory for NLS (see e.g. [11]). Since o.(d) < 2/d < 2/(d—n),
the condition is fulfilled. Now we focus on the exponent p. We compute

1 20 +1 1
Z = (d— R
B (=7 7d ™ 20
and thus
2 2 20 1 1
-+ -=(d- =(d— 1—=-—=.
p+f) ( n)20+2 ( n)( r T)
We also have, from the above formula,
1 1 o 2 2
-+ -=(d- <1 i < .
p D ( n)20+2 ) SIee o= 0Ty (d—n—2)4

All that remains is to check that we have acceptable pairs:

l+d—n<d—n<:>i+ d—n <d—n
P T 2 20 40+4 2
Since o > 2/(d — n), we infer that
1 d—n d—n d—n

<

20+40+4 - 4 +40+4’

and the above inequality is satisfied as soon as

d—n d—n
4o 4+ 4 STa
which is trivially the case. Last, we check
l+d—n< dfn<:> d—n <i
D r 2 do+4 20’
which is again the case since
2 2

O

We note that (go,r) corresponds to the admissible pair appearing in Lemma 2.1.
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2.4. Scattering. The interest of the specific choice for (p,q,r) appears in the fol-
lowing lemma.

Lemma 2.6. Let ug € By and u be the corresponding solution of Cauchy problem
4044

(1.1) with w(0) = ug. If u is global, u € C(R;By) N L~ (R; L*+2(R%)), and
satisfies

wller arr < o0,

then the solution w scatters in By as t — +oo.

Proof. We first show that [|Auf|sope - < oo for all A € {Id, Ay, A2, V.}. As
Au € L (R; L"), we need to show that for vy > 1, ||A’U/||€P0> Lao(1,,L7) < 00, the
=70 ’

loc
case of negative times being similar. We consider the integral equation
t
u(t) = e~ 0  Hy () — i)\/ e S H (14270 (5)ds.
™0
Notice the algebraic identities,
1 1 20 1 1 20
+= +=.

Py P P4 G 4
For 1 > 70 > 0, Strichartz estimate (Lemma 2.2) and Holder inequality yield

< —itH 20
Al e S 1A ualrg, s P Ay,
2

S [[Auo|| 2 + HUHegogsﬂLqu||AU||e’;g§7S71quLw

For 79 > 1 so that |ullpr_  pap- is sufficiently small, a bootstrap argument yields
YZ270

lullo_ o S IAuolze S uolls,

uniformly in y1 > 7o, hence Au € (0L L".
Using Strichartz estimates again, we have, for to > t; > 0,

|A(t2)u(ts) — A(ty)u(t)]| > = ] / " H A(s) ([ul2 ) (s)ds

S M4 (P u)]l g
RE?

L2
tquéLr/
S |‘U|‘?§ZtquLT||AU||e:UZt1quLT e 0,
and so, in view of (2.1), e®™u(t) converges strongly in By as t — oo. O

With Duhamel’s formula in mind, we show that the homogeneous part always
belong to the scattering space considered in Lemma 2.6.

Lemma 2.7. Let ¢ € By. Then
le™ |l parr S (1915, - (2.4)

Proof. We recall some details of the proof of [2, Theorem 3.4]. Consider a partition
of unity

Z x(t—my)=1, VteR with suppy C [—m, 7.
YEZ
Lemma 2.2 is actually proven by considering

”wH?quLr = Z ”X( - 7ﬁ)¢||iq(R;Lr(Rd))-
YEZ

By Sobolev embedding,

—i —i 1
Ix(- —~m)e tHZ/JHLq(R;Lr(Rd)) S Ix(c —me tH"/)”WS’k(]R;LT(Rd))v E = 7 S.
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(a3) S (D) -(502)
>

We note the relations

hence p > pg since o d— Therefore,

||€ﬂtH7/1Hequu S lx( = 77T>€7itH"/)||22“W5vk‘(]R;LT(Rd))' (2.5)
If we set k = qo (in order to recover our initial triplet), we find
1 1 d d (1 1 1/d 1
-—=—— =—|=-- —s, hence s:=_-|=-——].
q 20 4do+4 2\2 2042 2\2 o
—_———
=1/qo0

Using
x(-— VW)e_itHl/’HWSv%(R;L (RY)) S S x (- = VW)G_itHl/JHL%(R;LT(Rd))
S lx( = ym)e TH Y| oo ;- (ra))»
the homogeneous Strichartz estimate yields

le™*  llez parr S lIxC = ym)e™ M H* Y]l 0 oo (msr ey S 1] Boe S 10151

: 2 2
SIHC60<S<§,aSE<m§O’<E. [l

3. VARIATIONAL ESTIMATES

From now on, we assume A = —1.

We define on B; the Nehari functional
I(u) = [ VaullZz + llyullfe + llullFz — ul 7713,

In this section we show that the set of ground states is not empty. Moreover, we
prove that I(u) and P(u) have the same sign under the condition S(Q) < S(u),
which plays a vital role in the proof of Theorem 1.4. Here @ is a ground state. To
prove this, we introduce the scaling quantity wi’b by

@i’b(ac) = ey, e 2), z=(y,2) e R" x RI™, (3.1)
where (a, b) satisfies the following conditions
a>0, b<0, 2a+0bd—n)>0, oa+b>0, (a,b)#/(0,0). (3.2)

A simple calculation shows that

v A=)V 0T, IV A V0| 7,
e ”L ][ P [ ||2L'§j+22 = MaBoADFH=n) ) 2082,
lyes*[1Z2 = XDy ..
We define the functionals J** by
J(p) = 1SR
2a + b(d —n) 2a +b(d—n—2)
= AW gz, o 2NN D g e,
2a+ b(d —n)
5 lyel?
N MH@HQ _a(20+2)+b(d—n) |27+
2 L2 20 + 2 Lotz

In particular, when (a,b) = (1,0) and (a,b) = (1,—2/(d — n)) we obtain the func-
tionals I and P respectively. In the next result, we see that J*? is positive near
the origin in the space Bj.
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As a technical preliminary, denote
lully, = IVaulZs + lyulz.
the homogeneous counterpart of the Bi-norm. From the uncertainty principle in vy,
and Cauchy-Schwarz inequality in z,
2
lellz: < ~llyellzVyel e
In particular, [lullp, ~ [lul|p, -

Lemma 3.1. Let (a,b) satisfying (3.2), with in addition 2a + b(d —n) > 0. Let
{vr}rey C Bi\ {0} be bounded in By such that limy_,o lvellz, = 0. Then for
sufficiently large k, we have J%°(vy,) > 0.

Proof. Gagliardo-Nirenberg inequality yields

2a + b(d —n) a(20 4+ 2) +b(d —n)

Jehu) > 2Ry LA Wy e

2a 4+ b(d —n) 9 a(20 +2) +b(d—n) 2042

> 20 g, - LI o,
where C is a positive constant. Since 2a+b(d—n) > 0, we infer that for sufficiently
large k, J%°(vy) > 0. This proves the lemma. 0

Next, we consider the minimization problem

d*" :=inf {S(u) : u € By \ {0}, J""(u) =0}, (3.3)
Ut ={p€B1:5(p)=d™* and J""(u)=0}. (3.4)

Lemma 3.2. Let (a,b) satisfying (3.2), with in addition 2a 4+ b(d —n) > 0. Then
the set U%Y is not empty. That is, there exists Q € By such that S(Q) = d** and
J*(Q) = 0.

Proof. We introduce the functional

B**(u) = S(u) !

"~ a(20+2) +b(d —n)

= 1| Vyul|Zz + 02| Vaull 72 + arflyulfz + enlull7:,

J4P (u) (3.5)

where
1 2a + b(d —n) 1 2a+b(d—n —2)
=—(1- 0 =—(1- 0.
@ ( a(2o+2)+b(dn)) s U 2=y ( ot 1bd—n)) "
To claim that ay > 0, we have used oa + b > 0. From (3.5), it is clear that there
exist constants C1, Cy > 0 such that for all u € By,

Cillulls, < B**(u) < Coflulg, (3.6)

Notice that

d*" = inf {B**(u): uw € By \ {0}, J*"(u) = 0}. (3.7)
Step 1. We claim that d** > 0. Indeed, let u # 0 such that J*®(u) = 0. Then we
have, in view of (3.2) and since 2a + b(d — n) > 0,

lullB, < lull 7522 < IlullE 2,

where we have used Gagliardo-Nirenberg inequality and the uncertainty principle
like in the previous proof. This implies ||u||p, > 1, hence B**(u) > 1 from (3.6).
Step 2. If u € By satisfies J**(u) < 0, then d** < B%*(u). Indeed, as J**(u) < 0,
a simple calculation shows that there exists A € (0,1) such that J%*(\u) = 0. Thus,
by definition of d*®, we obtain

d*® < B**(\u) = A2B*’(u) < B**(u).
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Step 3. We will need the following result that was proved in [4, Lemma 3.4] (see

also [32]): assume that the sequence {uy};—, is bounded in B; and satisfies
limsup [|ug || 752 > C > 0.
k—o0

Then, there exist a sequence {2}y, C R% " and u # 0 such that, passing to a
subsequence if necessary
Tk (Y, 2) = ug(y, 2 — z;) = u  weakly in By.

Step 4. We claim that U®? is not empty. Let {uj},-, be a minimizing sequence
of d*?. Since B**(uy) — d*® as k goes to 0o, by (3.6) we infer that the sequence
{uk},=, is bounded in B;. Moreover, as J%b(uy) = 0 we have

7552 2 luells, 2 B (we) — d** >0,

~

as k — oo. Therefore, limsup,,_, . [|ux|/334% > C > 0. Thus, by Step 3 there exist
a sequence {zx} C R4™™ and u # 0 such that 7., ux, — u weakly in B;. We set
v(z) := 75, up(x). Now, we prove that J%(u) = 0. Suppose that J**(u) < 0. By
the weakly lower semicontinuity of B*" and Step 2 we see that

d** < B**(u) < likm inf B (uy,) = d*°,
— 00

which is impossible. Now we assume that J*®(u) > 0. From Brezis-Lieb Lemma
we get

lim J*(u, —u) = lim {J*"(u,) — J*(u)} = —J*"(u) < 0.

n—oo n—oo
This implies that J%?(u, —u) < 0 for sufficiently large n. Thus, applying the same
argument as above, we see that

d*® < lim B%%(u, —u) = lim {Ba’b(un) - Ba’b(u)} = d*" — B%*(u) < d*?,
n—oo

n—r oo

because B%*(u) > 0. Therefore J%*(u) = 0 and
d** < S(u) = B**(u) < liminf B**(u,,) = d*®.
n— o0

In particular, S(u) = d** and u € U%". This concludes the proof of lemma. 0

Remark 3.3. Lemma 3.2 shows that the set of ground states is not empty. Indeed,
in the case (a,b) = (1,0), from Lemma 3.2 we have that there exists Q € By such
that S(Q) = inf {S(¢) : I(p) =0}. This implies that (see [11, Chapter 8])

S(Q)=inf{S(p): ¢ is a solution of (1.4)}.
Now we define the mountain pass level 5 by setting

B = inf max S(o(s)), (3.8)

o€l s€(0,1]
where I' is the set
I':={o € C([0,1]; B) : ¢(0) = 0,5(c(1)) < 0}.

Lemma 3.4. Let (a,b) satisfying (3.2), with in addition 2a + b(d —n) > 0. We
have the following properties.

(i) The functional S has a mountain pass geometry, that is T # 0 and 8 > 0.

(ii) The identity 8 = d*° holds. In particular, if Q is a ground state, then S(Q) = B.

Proof. (i) Let v € By \ {0}. For s > 0 we obtain

820'-‘,-2
ol 7532

S(s0) = 5ol — 53—
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Let L > 0 such that S(Lv) < 0. We define o(s) := Lsv. Then o € C([0,1]; By),
o(0) = 0 and S(o(1)) < 0; this implies that I' is nonempty. On the other hand,
notice that, by the embedding of By < L?°*2 we have

Lo c 2042
S() > gl - 55 I3+
Taking € > 0 small enough we have
1
5 = = 2 2042 )
2" T2t 0

Thus, if |v]|%, < e, then S(v) > 0. Therefore, for any o € T' we have [|o(1)[|%, > ¢,
and by continuity of o, there exists sy € [0,1] such that o(sg) = . This implies
that

sgl[%ﬁ] S(o(s)) > S(o(sg)) > > 0.

By definition of 3, we see that g > § > 0.
(ii) Let o0 € T'. Since ¢(0) = 0, by Lemma 3.1 we infer that there exists so > 0 such
that J%b(o(s0)) > 0. Also we note that from (3.5) we have

J**(o(1)) = (a(20 +2) +b(d — n)) {S(o(1)) = B**(0(1))}
< (a(20 4+ 2) +b(d —n))S(c(1)) < 0.
By continuity of s — J%%(co(s)), we infer that there exists s* € (0,1) such that
J4%(a(s*)) = 0. This implies that

max S(o(s)) > S(o(s*)) > d+®.

s€[0,1]
Taking the infimum on I', we obtain § > d®?. Now we prove 5 < deb. Tet
¢ € By \ {0} be such that J**(p) = 0. We put f(s) := ¢%*(y, z) for s € R, where
©®? is defined in (3.1). Notice that as ac + b > 0, it follows that S(f(s)) < 0
for sufficiently large s > 0. Since 95S(f(s))|,—g = J**(p) = 0, it follows that
maxgser S(f(s)) = S(f(0)) = S(p). Let L > 0 be such that S(f(L)) < 0. We define

(
Then s +— h(s) is continuous in By, S(h(L)) < 0, S(h(—L)) =0 and
)

Jpax S(h(s)) = S(h(0)) = S(¢).

By changing variables, we infer that there exists o € I' such that max,¢jo,1) S(o(s)) =
S(p). Thus,
f < max S(o(s)) = S(p)

s€[0,1]

for all ¢ € By \ {0} such that J*®(p) = 0. This implies that 8 < d*°. O
Now we introduce the sets K»*% defined by
K" ={peBi:S(p) < B, J"(p) 20},
Kb~ ={pe By :S(p) < B, J"(p)<0}.
Lemma 3.5. The sets K% are independent of (a,b) satisfying (3.2).

Proof. Suppose first that in addition to (3.2), we have 2a + b(d — n) > 0.

It is clear that K%*~ is open in B;. Now we prove that K»* T is open. First, notice
that by Lemma 3.2, if S(¢) < 8 and J%*(p) = 0 then ¢ = 0. Moreover, using the
fact that a neighborhood of 0 is contained in K%** by Lemma 3.1, this implies
that £+ is open in By. On the other hand, since 2a + b(d — n) > 0 (notice that
this implies that Hcpi’bHBl — 0 as A\ = —o0), using the same argument developed
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in the proof of [25, Lemma 2.9] it is not difficult to show that £%** is connected.
Thus, since 0 € K%** and K£*¥+ U K*%~ is independent of (a,b) (see Lemma 3.4
(i), we infer that Kb+ = K¥P'F for (a,b) # (a/,1) such that 2a 4 b(d — n) > 0
and 2a’ + b'(d — n) > 0. In particular we have K%~ = @'~

Now assume that 2a 4+ b(d — n) = 0. We choose a sequence {(a;, bj)};il such
that (a;,b;) satisfies (3.2), converges to (a,b), and 2a; + b;(d —n) > 0 for all j.
Then J% % — J%* and we have

Ka,b,:‘: C U Ica]‘,b]‘,:‘:.
j>1

By using the fact that the right side is independent of the parameter, so is the left,
which finishes the proof. O

The following remark will be used in the sequel.

Remark 3.6. If p # 0 satisfies P(¢) = 0, then S(¢) > B. Indeed, we put ¢" () :=
r%@(y,rz) forr>0. Then

I(¢") = r?(|Vl 2 — r7 ™[0]I 3543 + K,

where

Ky =[IVyellie + llellz: + lyelz: > 0.
From P(p) =0, we see that

r d—mn)o o(d—n o
Iw)=G——Lﬁ—r”>)ﬂiﬁ+Kw

2(c+1)
Since o(d—n) > 2, there exists g € (0,00) such that I( ) =0. This implies that
S(") > B. Moreover, since o(d—n) > 2 and 0,S(¢")|,_ ( %) P(p) =0, it is
not difficult to show that the function r — S(¢"), r € (0, ttams zts mazimum

at r = 1. Therefore,
S(p) = S(e™) = 8.

The next two lemmas will play an important role to get blow-up and global
existence results.

Lemma 3.7. Let o € KT, then

—_

— el < S0 < 5lelk,

[\]

Proof. From Lemma 3.5 we see that () and P(p) have the same sign under the
condition S(p) < 3. Since p € KT, we obtain () > 0, which implies that

lell2552 < llell,-

Therefore,

g
lel735% = —— lIellE,,

1
20 4+ 2
and the proof is complete. O

1 1
Sl > S(0) = 5ol -

Lemma 3.8. If ¢ € K, then
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Proof. We consider ¢ € K~. We put s()) := S((piﬁ?/(dfn)) (see (3.1)). Then
1 ) 64)\/(d—n) ) 1 ) 1 ) eQGA oo
s(N) = 5IVyellze + ———IIVaollL: + 5llellze + Sllyelze — 5 —5 el
2 —n o o o
S () = o N T ol — T 25, (3.9
//()\) _ 8 64/\/(d—n)Hv ||2 _ 20° eQaA” ||2a+2 (3 10)
- (d, n)2 2Pl L2 o+1 @ L20+2" .
Thus, we infer
20 2 4 4
" — _ 20\ 20+2 / < /
S0 = 2 (5 ) I 4 ) S . ()

where we have used that ¢ > 2/(d —n). Since P(p) < 0 and s’(\) > 0 for small
A < 0, then by continuity, there exists A9 < 0 such that s'(\) < 0 for any A € (Ao, 0]
and s’(Ao) = 0. Since s(A\g) > B (see Remark 3.6), integrating (3.11) over (Ao, 0],

we obtain

P(p) = 5'(0) = 5'(0) = s'(Ao) <

(s(0) = s(Ao)) <

d—n d—n

(S(p) = B),

hence the result. O

4. CRITERIA FOR GLOBAL WELL-POSEDNESS AND BLOW-UP

In this section we prove our global well-posedness and blow-up result, that is,
Theorem 1.4 up to the scattering part.

Proof of Theorem 1.4. (i) Let ug € K¥. Since the energy and the mass are con-
served, we have

u(t) e KT UK™, for every t in the existence interval. (4.1)

Here u(t) is the corresponding solution of (1.1) with u(0) = ug. Assume that there
exists tp > 0 such that u(tg) € K~. Since the map ¢ — P(u(t)) is continuous,
there exists t1 € (0,to) such that P(u(t)) < 0 for all ¢t € (t1,t0) and P(u(t1)) = 0.
Thus, by Remark 3.6 we see that if u(t1) # 0, then S(u(t;)) > 8. However, by
(4.1) we have S(u(t1)) < B, which is a absurd. Therefore, u(t) € KT for every ¢ in
the existence interval. Now, by Lemma 3.7 we obtain that ||u(t)||p, ~ S(u(t)) < S
for every t. By the local theory (Lemma 2.1), this implies that u is global and
u(t) € KT for every ¢ € R. The scattering result will be shown in Section 5.

(ii) Similarly as above, we can show that if ug € K, then u(t) € K~ for every
t in the interval [0,75). If T < +o0, by the local theory (Lemma 2.1), we have

lim;_,7, ||[Vu(t)||32 = +0o. On the other hand, if Ty = 400 we prove that there
exists t, — oo such that limy, o0 || Vou(ts)||32 = +oo by contradiction: suppose

ko :=sup || Vyu(t)]| L2 < +oo.
>0

Now we consider the localized virial identity and define

V) = /R s()ult, z)2dx, == (y,2) € R" x R4 (4.2)



16 ALEX H. ARDILA AND REMI CARLES

Let ¢ € CHR4™™). If ¢ is a radial function (that is, ¢(2) = ¢(|2])), by direct
computations we have

V() =2Im | V.¢-V.um, (4.3)
Rd

2
V”(t):4/ Re (V.u, V¢V u) — 7 /AZ¢|u|2”+27/ A2glul®.  (4.4)
Rd oc+1 Jpa Rd

Before continuing the proof of Theorem 1.4 we first state the following result:

Lemma 4.1. Let n > 0. Then for all t < nR/(4ko||uol|r2) we have
/ lu(t, z)>de < n+ or(1). (4.5)
|z[>R

Proof. Fix R > 0, and take ¢ in (4.2) such that

o(r) = {07 0< s <5

2| > R,

where r = |z| and

SIS

From (4.3) we infer that

t
V(t) = V(0) +/0 V/(s)ds < V(0) +t[[¢[| | o]l L2Ko

g ok
< / o a) 2dz + Awollzzko,
2> R/2 R

Moreover, Lebesgue’s dominated convergence theorem yields
[ lu@)Pde = on),
|z|>R/2

and
/ lu(t, z)|>dx < V(t).
2> R

Therefore for given n > 0, if

nRk
1< ——,
4kol|uoll L2

then we see that
[ lutt)de <0+ or(a)
|z|>R
This concludes the proof of the lemma. O

Next we choose another function ¢ in (4.2) such that

2, 0<r<R;
o(r) = {o, r> 2R,

with
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By (4.3), V'(t) and V" (t) can be rewritten as
¢'(r)

V'(t) = 2Im Rde-Vzuﬂ, (4.6)
¢/ ) / ¢N ¢/ )

") = 4 v, 4 _ -V, 4.
Vi =4 | TVl | (5 =05 )1 Ve (4.7)
20 12 ‘b/ 2042 / 2 2

- —n—1)2 otz [ A
22 (@m0 S upre - [ sz
= 4(d — n)P(u) + Ry + Rs + Rs, (48)

where

¢// ¢// /
31:4/ <—2> |Vzu|2+4/ (—2—3> |z - V.ul?
Rd r Rd T T

2 /
Ry=-— /Rd (sb” +(d—n— 1)% —2(d - ”)) Jul 72, (4.9)

Ro=- [ AP
Rd
First we show that R; < 0. Indeed, we can decompose R? into
R = {¢/r* — ¢/ /r® <0}u{¢"/r* —¢'/r® > 0}.

= =:Q)5

On Qg, since ¢’ < 2r,

¢// ¢// /
4/ (— —2) |vzu|2+4/ (—2 — —3) |z -V ul* <0.
01 T N T T
On QQ,

¢/I ¢/I ¢/
/ <— - 2) |V ul? +/ <—2 - —3) |z - V. u|* < / (¢" —2)|V.u*dz < 0.
Qo T Qs T T Rd

Secondly, notice that suppy C [R, ), where

¢"(r) +(d—n—1)

- oo

—2(d—n)‘.

For 204+ 2<¢q < dQ—_dQ, there exists 0 < 6 < 1 such that 2012 = % + g, and

1
T -0 0 -0 0
R3S ||ullpzo+2(z>R) < HUH}A(‘Z‘>R)HUHLZ(\Z\>R) Sko Nl Teasmy.  (4.10)

Finally,
R3 < CR_2||u||%2(|Z|>R) (411)
Combining (4.8), (4.10) and (4.11) we obtain
2042)0 _
V(1) < 4(d — m)P(u(t) + Cllull 220 + OR Julaupry  (412)

where C' > 0 depends only on ||ug||r2, ko and o. By Lemma 4.1 we obtain that for
all t < T :=nR/(4ko||uol2),

V(1) < 4(d = n)P(u(®) + C (1®77 4+ 0 + 0r(1))
and since u(t) € K=, Lemma 3.8 yields P(u(t)) < —52(8 — S(ug)) < 0. Thus,
V"(t) < —16(8 — S(uo)) + C (n<2“+2>9 +0% + oR(1)) : (4.13)
Integrating (4.13) from 0 to T" we infer
V(T) < V(0) + V/(O)T + (~16(8 = S(uo)) + C (n® 27 4 0? + 0p(1)) ) T2,
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Choosing 7 sufficiently small and taking R large enough, it follows that for T =
nR/(4kol||uol|2) we have

—~16(8 = S(uo)) + C (179?452 + 0r(1)) < =8(8 — S(uo)),

and R
U 2
V(T) < V(0)+V'(0)——— + uoR*,

(T) < V(O) +V/(O) gl o
where ( (w0)) )
B — S(uo))n
o =——5—— < 0.
2kguoll7»

Next notice that we have V(0) < og(1)R? and V'(0) < or(1)R. Indeed,

V(0) < / |2 2o () Pl + / 22 () [Pz
|z|<VR VR<|z|<2R

< Rl|uol2> + 432/ luo ()2 da
VE

|z|>VR
=op(1)R%.

Moreover,

vos< | ol ol + /ﬁ el Vs
z|< <|z|<

< VR| o % + 2R/ uo||V 2 uo|da
|z|>VR

= OR(l)R.
Thus we get
V(T) < (or(1) + po) R?,
and for R sufficiently enough, or(1)+po < 0, which is a contradiction since V(T') >
0. The proof of Theorem 1.4 is now complete. (]

5. PROOF OF THE SCATTERING RESULT

In Section 4 we showed that if ug € KT, then the solution is global and belongs
to KT for all t € R. In this section we show that under this condition, the solution
scatters in Bj.

5.1. Small data scattering. We begin with some lemmas complementing the
results of Section 2.4. Recall that the indices considered here were introduced in
Section 2.3. The first lemma covers both the Cauchy problem (ty € R) and the
existence of wave operators (|to| = 00).

Lemma 5.1 (Small data scattering). Suppose 72— < o < 25, A € {-1,1}.

Let ¢ € By. There exists § > 0 such that if el pa, < 4, then for all
ty € [—00, 0], the solution u to

t
u(t) = o ix [ e (uo) (s (5.1)
to
s global for both positive and negative times, and satisfies
lullparr < 2lle™ ez pape.
Y Y

There exists v > 0 such that if ||¢|lB, < v, then ||67”ng||¢qu” <6, and for all
to € [—o0, 00|, the solution u to (5.1) is global for both positive and negative times,
and satisfies

lullz, < 2[#l 5,
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Proof. Denote by

O(u)(t) == e Hp - i)\/ e it=o)H (Jul*7u) (s)ds.

to

First, consider
X = {U S C(R,Bl), ||U||23Lqu S 2||€_itH§0He:f;Lqu,
VA € {1d, A1, A3, Y.}, | Aulls oo o < 2Coll A2 },

where Cj is the constant associated to the homogeneous Strichartz estimate (2.2)
(F = 0) in the case (p1,41,71) = (po,qo,7). Let u € X. In view of the inhomoge-
neous Strichartz estimates (Lemmas 2.3 and 2.5), and since

p=Q2c+1)p, q=Q2o+1)¢, r=20+1),
we have
1e(llezzarr < le™ llegporr + C[lul*ull
< el o + Cllull 2
For § > 0 sufficiently small, the right hand side does not exceed 2J.
Reproducing the estimates of the proof of Lemma 2.6, for A € {Id, A, A5,V .},

IA® (W)l 20 Lao oo < Coll Apllz2 + CrllullFf o | Aull 0 Lao o
Up to choosing § > 0 smaller, we infer
A ()20 oo o < 2C0l|Agl| 2,
and so ® maps X to itself. We equip X with the metric
d(u,v) = |lu=vllgpapr
which makes it a complete space (see e.g. [11]). We then have
1®(w) = @)l g parr S [[Jul*7w = [P0 g

S [ (ul? + 0*7) (u - v)]

5/

L L

S (Nl page + 1012 g ) = ol o,
so contraction follows, up to choosing 6 > 0 smaller, hence the first part of the
lemma.

For the second part, note that in view of Lemma 2.7, for v > 0 sufficiently
small, ||e_itH<p||43Lqu < 4, and we may use the first part of the lemma. Strichartz
estimates also yield, for A € {Id, A1, A2, V. },

| Aull ez < | A@l L2 + CollullF pa e | Aul o pao Lo
Up to choosing 6 > 0 smaller, we infer
|Aul|peorz < 2||Ap]| Lz,

hence the second part of the lemma, from (2.1). O

We now go back to the focusing case, A = —1.

Lemma 5.2 (Wave operators for not so small data). Suppose ﬁ <o< ﬁ. Let

1 € By such that
1 1 1
IVl + e + 5 1013 < 6, (52)



20 ALEX H. ARDILA AND REMI CARLES

where 3 is given by (3.8). Then there exists ug € KT such that the corresponding
solution u(t) of (1.1) with u(0) = ug satisfies

itH _
e u(t) — ¥l 3, ~= 0.

Proof. Consider the integral equation

+oo
u(t) = e My — / e O H (14270 (s)ds =: B(u)(t). (5.3)

t

We first construct a solution defined on [T, 00) for T' > 1 by a fixed point argument
similar to the one employed in the proof of Lemma 5.1. Introduce

Xr = {ue Cm(T = 1),00) B1); uller_,orr < 2™ bl parr,

> Aullpe, o < 2Col6]s, |
A€{ld,A1,A2,V .} -

where Cj is the constant associated to the Strichartz estimate (2.2) in the case
(p1,91,71) = (Po, g0, 7). By Lemma 2.7, [[e” ", papr — 0 as T — oo. There-
fore, choosing 7' sufficiently large is equivalent to 7r%quiring ¢ sufficiently small in
the proof of Lemma 5.1. The proof is then the same, and we omit it. We must now
prove that the solution u is defined for all time.

—itH 2042

Since e conserves the linear energy and [le™"#¢[|7752, — 0 as t — oo (see
Lemma 2.4), we have

. » 1 1 1
S(u(t)) = Jim S(e~") = LIVl + 2wl + 5 vl3 < 5.
lim I(u(t) = lim (e~ )3, — e p]2552) = [4]3, > 0,

Thus, there exists t* sufficiently large such that u(t*) € K. By using the fact that

Kt is invariant by the flow of (1.1) we obtain that u(0) = ug € KT.
By Strichartz estimates, like in the proof of Lemma 2.6,

le* u(t) = lls, ~ > [A#)u(t) — A0)¢]| 2

AG{Id,Al,Az,VZ}

S Y A,

AG{Id,Al,Az,VZ}

S Z ||u||§thLquHAUH@:OZtquLT t:}o 07
Ae{ld,A1,A3, V. }

’

Po aly 7!
0

th L

hence the lemma. O

5.2. Perturbation lemma and linear profile decomposition. We begin with
the following result

Lemma 5.3 (Perturbation lemma). Suppose 7% < o < 7%5. Let @ € C([0,0); By)
be the solution of

10yt — Ha + |a|* 0 = e, (5.4)
where e € Li _([0,00); B_1). Given A >0, there exist C(A) > 0 and £(A) > 0 such

loc

that if u € C([0,00); By) is a solution of (1.1), and if

lallepporr < A, ell g oy <& <e(A),

1 - (5.5)
le™ (w(0) = a(0)) [z ar- <& <e(A),

then [[ullgppapr < C(A) < co.
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Proof. We omit the proof, which can be obtained by suitably adapting the argument
of [15, Proposition 4.7], thanks to the same Strichartz estimates as in the proof of
Lemma 5.1. (]

We need the following linear profile decomposition, which is crucial in the con-
struction of a minimal blow-up solution. This is where the assumption o > ﬁ

becomes o > 72— in order to prove (5.13) below.

Proposition 5.4 (Linear profile decomposition). Suppose df—n <o < ﬁ. Let
{1}y be a uniformly bounded sequence in By. Then, up to subsequence, the
following decomposition holds.

M
or(z) = Zeitinj (y,z - zi) + WM (x) for all M > 1,
j=1

where ti e R, zi € R4, 4J € By are such that:
e Orthogonality of the parameters

[t} = thl+ 2l — 2kl —> 00, forj #¢, (5.6)

o Asymptotic smallness property:

lim <lim ||eitHW,£w|équLT) =0. (5.7)
k— o0 v

M—o0

e Orthogonality in norms: for any fixed M we have

M

Iokl3e = S I 13 + W13 + ox(1), (5.8)
j=1
M .

lonls, = S I3, + W13, +ox(1): (5.9)
j=1

Furthermore, we have
M _
iy .
w252 =" [l g 2552, + |WM 2552, + 0r(1)  for all M > 1. (5.10)
j=1

In particular, for all M > 1

S(or) =28 (4707 ) + ST + o (1) (5.11)
1(gx) = Y1 (109 ) + I(W) + 04 1), (5.12)

We note that cores are present only in the z-variable, not in the y-variable. This
is so because the partial harmonic potential has a confining effect, hence in y, the
situation is similar to the radial setting (as in [22,28]).

Proof. First, we show that there exist § € (0,1) such that
e flezparr SNIB N flfer,. V€ B (5.13)
Indeed, from (2.5) we have

||€7itHf||e§LqLT SlixC = ’Y7T>€7itHf||e§Wwo(R;Lr(Rd)y
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Since o > ﬁ, we have pg < p and thus there exists « € (0,1) such that
—itH —itH
le™ " fllepparr S Ix(- = ym)e™™ FNZrowre a0 ;L may) X
—itH 1—
HX( — ’77'(')6 it f”e:o%/s,qo(R;Lr(Rd))- (514)
By the homogeneous Strichartz estimate we get, like in the proof of Lemma 2.7,

Ix(-— VW)e_itHfHezﬂws,qo(R;Lr(Rd)) S xC - VW)e_itHHsfHeZ“quLr
SN lBe. S NS5, -

Next we interpolate between Sobolev spaces in time, there is 7 € (0,1) such that

(5.15)

lx(-— 7”)67“Hf||Ws,qo(]R;Lr(]Rd)) <
—1 1— —1
||X( - Wﬁ)e tHfHWl’ZZ,qU(R;Lr(Rd))||X(. - Wﬁ)e tHf”’rL]qo(]R;Lr(Rd))' (516)
Moreover, we have

x(-— WW)efitHfHegcwl/quo(R;LT(]Rd)) S |\€7itHH1/2fHé?,°Lq0LT

S He_itHHlmeéioquU

SIHY? £l 22 = [If 1|81 (5.17)
and
lIx (- — Wﬂ)e_ltHfHegoqu(R;Lr(Rd)) Sle™ fllperr- (5.18)
Combining (5.14), (5.15), (5.16), (5.17) and (5.18) we obtain (5.13).
Since we will know that |[WM ||, is uniformly bounded, then to prove (5.7), it
will suffice to show that
lim (lim ||e—“HW,§”|LxU) =0.
M—oo \ k—oo T
We can then essentially repeat the proof of [15, Theorem 5.1], which generalized [14,
Lemma 2.1]. Note that in the confined variable y, the situation is similar to the
radial setting without potential (see e.g. [22, Lemma 5.2]), this is why no core in y
will appear, only cores in z (denotes by z]), due to the translation invariance in z.
Another technical difference is that Sobolev spaces H?® have to be replaced with the
spaces B, defined in the introduction. Unlike in the case without potential, e ="

does not commute with the convolution with Fourier multipliers, nor is unitary on
H?, and this imposes some extra modification in the analysis.

Step 1. First we construct t}v, z,i, ! and VVk1 This is done by adapting [15,
Lemma 5.2]. By assumption, there exists a positive constant A > 0 such that

[oklle, < A We infer [e= gpl|pery S le” P orllrpen, = lollpr < A. Passing
to a subsequence, we define
A= klingo ||€_itH¢k||L?oL;. (519)

If Ay =0, we set ¢/ =0 and W}! = ¢y, for all k > 1. We now suppose that A; > 0.
We introduce a real-valued, radially symmetric function ¢ € C§°(R?) supported in
{€ € RY; €] < 2}, such that (&) =1 for [¢] < 1. For N > 1 (to be chosen later),
in the same fashion as in [21], define the operator

7A+y2 7Az
ST WE-S)

where the first operator is to be understood as a spectral cut-off, since the harmonic
oscillator possesses an eigenbasis consisting of Hermite functions, and the second
operator is a Fourier (in z) cut-off. By considering this operator instead of a
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Fourier cut-off in & (presented as a convolution in [15,22]), we gain the commutation
property
[eﬂtH, PgN] =0.

Also, since —A, + |y|? and —A, commute and are positive operators, we have for
s€(0,1) and f € By,

If = P<nfll, = I(1 - P<y)H = Wik n

< =1l

In view of the Sobolev embedding H*(R?%) < L27+2(R?) with s =
fact that e * is bounded on B,

le™ o — e™ " Penllnsery < lle™ " b — e™ " Pen il oo s
S e gy — e " Poy gl oo s, (5.20)

A
S ok — P<néillien, < COF

+2v

IN
|

, _ (20A\ V(19
with N = { =322 + 1. Tt follows by (5.20) that for k large,

i 1
|P<ne” " gpllpoery > ZAl- (5.21)
Moreover, by interpolation we have

||P§N€7itH¢k||L§°L; < ||P<ye gy, |\(L:o:i)azc/r|\P§N€7itH¢kHi/gzL;o

r—2)/r —4 2/r

< llwll e | Pave ™ i 7t 1
r— r —q 2/r

< A2/ | P<ne tH(kaL/twL;o.

Thus by (5.21) we obtain, for k large enough,

A
[|P<ne™ ltH(kaL“LOC > ( 41) A2 (5.22)

In view of Lemmas 3.1 and 3.2 from [33], there exists ¢ > 0 independent of ¢, and
t such that for all z € R?,

1/2
|Pene™ gy (2)] S N"/2eelvl*/N (/ |P<ne™ i (y, 2)| dy) .
R"

Since P<y localizes the frequencies in z, Bernstein inequality implies

/ |Pene™ gy, 2 ’ )" dy S N "/ |P<ne™ "oy, » ’ dydz,
R™

and so
|P§N€7itH¢k($)| 5 Nd/2€76|y| /N A
We deduce from (5.22) that for R sufficiently large,

1 A
itH 1
|P<ne™"" érl L L\y\<R 2 SAr/21 (T) . (5.23)
It follows that there exist ti € R, zf € R¥"" and y}, € R", |y,i| < R, such that
gtk 1 Al
|Pane™ ol (v 24) > Tr7as (—) : (5.24)

Since |y,1| < R, possibly after extracting a subsequence, we get y,ﬁ — y'. Let

wy(z) =e itk oy, 2 + ).
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Then {wy},o, is uniformly bounded in B; and there exists ! € B; such that,

passing to a subsequence if necessary, wy — 9! in B; as k — oo. In particular,
1

[ le, < A As [Pane™ " p|(y*, 2) = [P<nvwil(y', 0), by (5.24) we get

1 A r/2
Pen 04,0 2 7o ()

We note that the previous computations yield

1 Ar/2
19 | p2ray > IP<nt® || 12may 2 [P<nt'|(y",0) 2 Nz AT}2 I
d
A\ 20-9) AgH
> i
el Cl ( A ) Ao. )

for a universal constant Cy. Set W}l (z) := ¢y (z) — et ol (y, 2 — zi): Wl —=0in
Bi. Furthermore, since

”1/}1”2 hm <1/)1 itiH¢k(.7.+zé)> :khm <€7itiH’l/)1,¢k('v'+Zli)>v
—00

this implies that
loells, = I9H1%, + IIWell%, +ox(D),
Ipkllz = 197 + [WillZe + on(1),

as k — oo. Thus (5.8) and (5.9) hold. In particular we see that [|[W}[|%, < A.

We next replace {¢y },—; by {Wkl}zozl and repeat the same argument.
If Ay = limsup,_, ., [|e ™ W}|[Lecrr = 0, we can take 47 = 0 for every j > 2

and the proof is over. Notice that the property (5.7) is immediate consequence
of (5.13). Otherwise there exist 92 € Bj, a sequence of time {t }k , C R and

sequence {Zk}nzl C R4=" such that e~ AW+ 23) — ¢? with

d
Ao\ 2(1—s) AgTH!
2., >C 42 2
1 = &1 (5§ s
We now show that
[t2 —th] + |22 — 2t 00 (5.25)

Let gy, == etk H gy (-, tzp) -yl = e’”iHWkl. Notice that g, — 0 in B;. Moreover,
by definition etk —t)H g, (. . 4 (22 — L)) — ¢? # 0 weakly in B;. Suppose by
contradiction that [t7 —t}|+|27—2}| is bounded. Then, after possible extraction, 7 —
1&,1C — t* and z,% — z,i — z*. However, since g — 0, we infer that e_i(ti_ti)Hgk(-, -+
(22 — 2})) — 0, which is impossible.

An argument of iteration and orthogonal extraction allows us to construct {tfc }j>1 -
R, {Zi}j>1 C R and the sequence of functions {z/;j }jzl in B such that the

properties (5.6), (5.7) and (5.8) hold and

d
A 2(1-s) ATF!

My s M M
W|L_a(jj L

In view of (5.8), we obtain
; i A20+1 s < A2
A20’+2+1 s M=1

hence Aj; — 0 as M — oo. Finally, from (5.13) we infer that

||€7itHWkMHequLT SATPAL,
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and the property (5.7) holds.
Step 2. It remains to show (5.10). To this end, we show that for all M > 1,

M
H Y — 2y
j=1

M ,
Do e T35, + op (1), (5.26)

L2042 B
j=1

2042

We proceed as in [14, Lemma 2.3]. By reordering, we can choose M* < M such
that _

(i) For 1 < j < M*: the sequence {t{c}kzl is bounded.

(ii) For M* 41 < j < M: we have that limj_« [t]| = oc.

Consider the inequality

M
>
=1

for z; € C,j=1,2,..., M. If 1 < j < ¢ < M*, the pairwise orthogonality (in
space) (5.6) leads the cross terms in the sum of the left side of (5.26) to vanish as
k — oo. Therefore,

2042

M
=D 17T < Comr Y Izsllz1*7 T,
=1 i

20+2

M* ; M* ; 2042

ity H g _ ity H 1. j
Ze R (= 2p) *Z eyl L+ on(D). (5.27)
J=1 [20+2 J=1

On the other hand, if M* +1 < j < M, then |t§€| — +00 and, from Lemma 2.4,

T

tm |t o, 2
B L =0 2%
Moreover, since (see proof of Step 1)
lim (Hm |e_itHW,£w||LooLr) =0, (5.29)
M—o0 \ k—o0 t e

combining (5.27), (5.28) and (5.29), we obtain (5.26). This show the last statement
of the proposition and the proof is complete. O

Finally, we will show the following result related with the linear profile decom-
position.

Lemma 5.5. Let M € N and let {Q/Jj};vio C By satisfy

M M M M
YS@W)—e<S|D> W | <B-m —e<I| Y | <D IW)+e
Jj=0 Jj=0 j=0 j=0

where € > 0 and 2¢ < 1. Then for all 0 < j < M we have ¥’ € Kt.

Proof. Assume by contradiction there exists k € {0,1,..., M} such that I(x)*) < 0.
Using the definition of (z/;k)}\’o (see (3.1)) it is not difficult to show that there exists
A < 0 such that I((¥*)}°) > 0. This implies that there exists g < 0 such that
I((z/;k)}\’oo) = 0. Moreover, a simple calculation shows that 8AB1’0((1/)’€)§’0) >0
where BV is given by (3.5). Thus, by Lemma 3.2 we get

BYO(yF) > BRO((pF)0) = S((w*)y)) > B
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Notice that B1%(¢7) > 0 for 0 < j < M, by Lemma 3.2. Since 2¢ < 1, we obtain

M _ M 1 _
53 50w = Y (s - 3109))
=0 =0

M 1 [& 1
<S ZOW te— ol Z;wj +4E<B-n+2x<p,
j= j=

This is absurd. Therefore, we infer that I(¢7) > 0 for all 0 < j < M. In particular,

S(7) = B0 (¢7) + 5555 1(4h7) > 0 and

M M
DS <S¢ | +e<p,

Jj=0 Jj=0

which implies that S(¢7) < B. It follows (see Lemma 3.5) that ¢/ € KT. This
completes the proof. O

5.3. Construction of a critical element. We define the critical action level 7.
by

Te = sup {7‘ :S(p) < 7 and ¢ € KT implies wller arr < oo} )

Here, u(t) is the corresponding solution of (1.1) with «(0) = ¢. We observe that
T. is a strictly positive number. Indeed, if ¢ € KT, by Lemmas 3.7 and 2.7 we see
that [l ollppap < ll@lls, < S(w). Therefore, taking 7 > 0 sufficiently small
we obtain that [[ul|gar- < oo by Lemma 5.1. Hence 0 < 7. < 3. We prove that
7. = 3 by contradiction.

We assume 7. < 5. By the definition of 7., there exists a sequence of solutions
uy to (1.1) in By with initial data ¢ € K such that S(¢x) — 7. and |lugl|gm o =
0o. In the next results, we construct a critical solution u.(t) € KT of (1.1) such
that S(uc(t)) = 7 and |Juc|lgppar- = 0o. Moreover, we prove that there exists a
continuous path z(t) in R9~" such that the critical solution u. has the property that
K = {uc(-,- — 2(t))} is precompact in By. This is where the requirement o > 1
appears, in addition to the previous assumption ﬁ <o < %.

Proposition 5.6 (Critical element). Let n =1 and o > % with % <o < d—EQ.
We assume that 7. < B. Then there exists u.o € B1 such that the corresponding
solution u. to (1.1) with initial data u.(0) = uco satisfies uc(t) € K1, S(uc(t)) = 7
and ”UCHK?,LQLT = 00.

Proof. Since S(¢x) — T, from Lemma 3.7 we see that {¢y}r—, is bounded in
By. Indeed, ||¢kllz, S S(¢r), and S(¢r) < . Thus, by Proposition 5.4, up to

~

extracting to a subsequence, we get

M
dp = eyl ( =)+ WM forall M €N, (5.30)
j=1
and the sequence satisfies

M

S(or) = 308 (¢4 YT) + SWM) + o4(1),

j=1
M _

Igw) = YT () + 1W) + (1),
j=1
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By using the fact that ¢, € KT, we infer that there exists £, n > 0 such that 2e < n
and

S(¢k)§ﬁ_na

S(px) >

M-

S (e“?é%j) FS(WM) e,

7j=1

I(¢r) > —¢,

V

-

Iion) < 31 () + 1(W) + ¢

1

J

for sufficiently large k. Thus, from Lemma 5.5 we obtain that
eitinj cekt, WMeKT forsufficiently large k. (5.31)
This implies that S(ettH i) > 0, S(WM) >0 and for each 1 < j < M,

0 < limsup S(eitin/Jj) < limsup S(¢y) = 7e. (5.32)

k— o0 k—o0

Now we have two cases: (i) limsup,_, . S (e“iH ) = 7. fails for all 4, or (ii) equality
holds in (5.32) for some j.
Case (i): In this case, for each 1 < j < M there exists 7; > 0 such that

limsup S(e®*Tpl) < 7, — ;. S(eRHpi) >0, I(ei i) >0.  (5.33)

k— o0

Suppose that ti — t*. If t* < oo for some j (at most one such j exists by the
orthogonality of the parameters (5.6)), then from the continuity of the linear flow
we infer that

e"tinj P e Hypd  strongly in B. (5.34)

—00
We set 1] = NLS(t*) (e’ 74)7), where we recall that NLS(#) denotes the solution
to (1.1) with initial datum ug = ¢. Notice that NLS(—t*)yl = e #4)7. Moreover,

by (5.31) and (5.33) we have that ¢! e Kt and S(¢) < 7.. Thus, by definition of
e we get [[NLS(-)4i ||z Larr < 0o. Finally, by (5.34) we obtain

INLS(—t])3d — e Hopd|| g, — 0 as k — oo. (5.35)

On the other hand, suppose that [t]]| — oco: ||ethHapi || ;2042 — 0, and therefore
lim S (e”vaW) = S|[W|IB, <7 < B. (5.36)
k—o0 2 .

By Lemma 5.2, there exists ¢ such that ¢¢ € K+ and
INLS(~#)d — €475, — 0. (5.37)

Moreover, by (5.36) we have S(¢{) = 1||¢7||%, < 7.. Again, by definition of 7. we
see that [|NLS(-)¢d|| gz parr < oo.

In either case, we obtain a new profile 7 for the given 97 such that (5.37) holds
and |INLS(-)¢i|[z Lapr < 00. We rewrite ¢ as follows (see (5.30)):

M

j=1
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where
W =30 [ (- - =) - NLS(-)d( — )] + Wi (5.39)
j=1

We observe that by Lemma 2.7,

M
e WMl parr S lle™ "y — NLS(=t)9l |, + lle WM || parr-

j=1

Thus, we have

The idea now is to approximate
M
NLS(t)¢ &~ > NLS(t — )9 (-, — 1),
j=1
and use the approximation theory from Lemma 5.3 to obtain [|[NLS(-)¢kl|sr ar- <
0o, which is a contradiction. With this in mind, we define
M
up(t) = NLS(8)dr, v} (t) = NLS(t = 1) (- — =), up!(8) = Y vi (D).
j=1

A simple calculation shows that i9yu’ — Hup! + [up!|>7ul = e, where

M ) )
e = [l Pl — 3 ol .
j=1

and
ug(0) — ud! (0) = WM. (5.40)
We rely on the following two claims.

Claim 1. There exists A > 0 (independent of M) such that for each M, there
exists k1 = k1 (M) with the following property: if k > k; then we have the following
estimate

[u ez arr < A (5.41)

Claim 2. There exists ko = ko(M,e(A)) such that if k& > ks, then we have the

following estimate
lex 1o v v < €(A), (5.42)

where A is given by (5.41) and (A) is the associate value provided by Lemma 5.3.

To prove Claim 1, we note that following the same strategy as in e.g. [15,22,28,29],
relying on an interpolation of the norm involved in the asymptotic smallness of
WM ((5.7), in our case) by norms of the form L}, and L>®H*, seems doomed.
Indeed, since ¢ > p, it does not seem easy to control the /£LIL" in the fashion.
However, as noticed in [3], it is possible to do without, by just using the fact that
the Lebesgue exponents at stake are all finite. We therefore resume the main ideas
from [3, Appendix A], to obtain

M
limsup ui 5711 < 23 NSO (5.43)
Recall the identities p' = (20 + 1)p, ¢ = (20 4+ 1)q and ' = (20 + 1)r. To prove
(5.43), we first notice that if f1, fo € C(R; By) N¢2LIL" and

[tk — skl + 2k —nk| — oo,
k—oo
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then
2
1f1(t = thoy, 2 — 2) [P fo(t — Sy y, 2 — C’C)Hei/m’u’ v 0. (5.44)
Indeed, Hélder inequality in space yields
t—t s Yy T 27 t— sy Yoo T 5/
191~ thw2 = 2P ole = st w2 = 60
< WAt = t)IE L2 = si)llze [l

and (5.44) follows in the case |ty — si| 200 since p’ and ¢’ are finite. In the case
— 00

where this sequence is bounded, for 79 > 1, Holder inequality in space and time
yields

11t 92 = 207 falt 4t = 0,2 = )

Vi -

[71=~v0
20 o
< ||f1||e‘f’ﬂ2quLT||f2(t+tk Sk)HZ“’ﬂszqu 'yoj}oo 0.
Now for t fixed,
11tz = 2P e+t = syz =G|
= H|f1(t,y,2)|2gf2(t +t = Sk, Y, 2+ 21 — Ck)‘ , — 0,
L7 k—oo

T
since |zx — (| — 00, |f1(t,-)|*? € L2o for all t, using the property f; € C;H' and
Sobolev embedding, and, for the same reason,

{fo(t + tx — sk,y,2z+ 2k — (), k € N} is compact in L", Vt.
Invoking Holder inequality in space again,
H|f1(taya P falt + th — sk, yoz + 26— Ck)HLT/
< NAONENf2(t +tr — si) e
the Lebesgue dominated convergence theorem implies, for any given vy > 1,

2
H|fl(t;y,z - Zk)| af2(t +ilk— Sk, Y, 2 — Ck)Heﬁ/ La L' kjo 0,

[vI<7v0

hence (5.44). Now we observe that for M > 2, there exists a constant Cp; > 0 such
that

Mo M M
‘sz Sz = lmlni <o YD 157l (5.45)
i=1 j=1 i=1 1<GA0<M
Writing
M _ 12041
M20+1 _ j
”uk Hé‘;LQLT - ZlNLS(t*ti)wi('a' - Zi) LaLr
=
M _ .\ 2041
< NLS(t — )0, — 20)])
= (;} ( ) VL(s Zk)| @ L L
M o 12041
< NLS(t — )91 (-, - — 2,
= J_Zl‘ ( k)w*( ) Zk) Zﬁ,L‘f/LT/
M L N 2041 M L 12041
(S INes—hwd—=DI) T = SO NSt =D,
j=1 j=1 K
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The last term goes to zero as k — oo, from (5.44) and (5.45), hence (5.43) thanks
to triangle inequality. Now using (5.9) and (5.35), there exists M such that

||1/J'3<||B1 <v, V_] > My,
where v is given by Lemma 5.1. Lemma 5.1 then implies, for all j7 > M,
||NLS(')1/J£H6?,L‘1LT < 2H6_itH1/11||e2Lqu S ||1/’1||Bu

where we have used Lemma 2.7. For o > %, we infer

o oo o
S INLSOU L. £ 3 T S Y IR, < oo

j=Mpo Jj=Mo j=Mpo
Now for j < My, we have seen that
||NLS(')Z/J£H42LQLT < 00,

hence Claim 1. Claim 2 then follows from (5.44) and (5.45).

Next notice that combining (5.40) and (5.39) we infer that for £(A) there exists
My = M, (g) such that for any M > M, then there exists k3 = k3(M7) such that
if & > k3 then we obtain

le™ " (ur (0) = up (Ol ez Larr < e(A). (5.46)

Therefore, by (5.41), (5.42) and (5.46) we see that for k > max {k1, ko, k3} we obtain
that ug" lezparr < A, lleg"llpy o < €(A) and (e (ug (0) = uz" (0) ez par- <
€(A). Thus by Lemma 5.3 we get ||¢k||¢z o < 0o, which is absurd.

Case (ii): We note that if equality holds in (5.32) for some j (we may assume
j = 1 by reordering), then M = 1. In particular, limsup,_,.. S(W}!) = 0. Since
S(WE) ~ [[WE|%, (see Lemma 3.7), we have that W}! — 0 in Bi. Thus {¢x};,

has only one nonlinear profile
bp = eRHYL( . — )+ W} and W} — 0 in By. (5.47)

Suppose that ¢t} — t*. If [t*| < co (we may then assume t* = 0), we put * =
@', Then as k — oo, ||ehH ! — NLS(—t1)¢* ||z, — 0. Now if |t*| = oo, then
etk 4p1|| ;2042 — 0. This implies that

1

2
Thus, by Lemma 5.2 there exists ¢* such that the corresponding solution NLS(¢)y* €
KT for all t € R and

1 1 . 1
St = eyt = tim s (Hyt) = 7, < B,

ek Hypl — NLS(—tL )" |5, — 0 as k — oo.
In either case, we set u. o := ¥*. We note that u.o € KT and S(uc0) = S(¢*) = 7.
By (5.47) we can rewrite ¢y, as
o = NLS(—t3)v" + Wy,
where VNVk1 =W+ eitinl — NLS(—t})¢*. Since W' — 0 in By, it follows by
Lemma 2.7

lim { lim |e—”HVT/,§”||ZquLT} = 0.

M—oo | k—oo

Therefore, by the same argument as above (Case (i)) we infer that [[uc|[ popr = 00,
which proves the proposition.
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5.4. Extinction of the critical element. In this subsection, we assume that
HqupNLqu = oo; we call it a forward critical element. We remark that the same
Y=

argument as below does work in the case [lul[¢»_ pazr = co.
>
Lemma 5.7. Let u. be the critical element given in Proposition 5.6. Then u, = 0.
To prove Lemma 5.7, we need the following result.

Lemma 5.8. Let u. be the critical element given in Proposition 5.6. Then there
exists a function z € C([0,00); RI™") such that {u.(t,-,- — z(t));t > 0} is relatively
compact in By. In particular, we have the uniform localization of uc:
sup/ [Vu(t,z)” + [u(t, )* 7 + |u(t,z)[*] dz — 0. (5.48)
t>0 J|z42(t)|>R R—roo
Proof. By [14, Appendix A] (see also proof of Proposition 6.1 in [15]), it is enough to
show that the following condition is satisfied: for every sequence {ty}7—,, tx — o0,
extracting a subsequence from {t},—, if necessary, there exists {z},-, C R¥™"

and ¢ € By such that uc(tg, -, — zx) = ¢ in By.
We set ¢p := u.(tr). We note that ¢y, satisfies:
S(¢r) =7, and ¢ € KT. (5.49)

Since ||prll%, < S(or), it follows that {¢},—, is bounded in By. Thus, using the
same argument developed in the proof of Proposition 5.6, we obtain that {¢x}y-
has only one nonlinear profile

on = e (- — ) + W,
with W)l — 0 in B; (see proof of Case (ii) above). Assume that [¢;] — co. Then

we have two cases to consider. We first assume that ¢; — —oco. By Lemma 2.7 we
see that

—7 —i - B
e~ Fue(te)ller, porr S 1™ DHY i pare + (Wil

Since Wk1 — 0 in B; and
. —i(t—ty)H ) * T —itH ) * _
klggo le MY ||e’;21Lqu = klingo l[e™" Hé:zft}cm“ =0,

it follows that ||e_itHuc(tk)||¢p>quLr — 0 as kK — oo. In particular, for k large,
Y=z

we have ||e‘“Huc(tk)ng>quLr < 4, where ¢ is given in Lemma 5.1. Then from
Y

Lemma 5.1 we obtain that
INLS(t)ue(ti)ller ar- < 6,

which is a absurd. Next, if t,lC — 00, then a similar argument shows that

|‘€7itH

uc(tk)||ezS1LqLT <6, for k large.
Again from Lemma 5.1 we have |ucll¢»_ par- S 6. Since tx — oo we infer that
TStk
[ueller Larr S 0, which is also absurd. Therefore t;, — t*, t* € R. Thus
Ue(thy -+ 2) — € Hyp* in By,

and this completes the proof.
O

Proof of Lemma 5.7. We proceed by a contradiction argument. Assume that ¢ :=
uc,o # 0. We observe that G(p) = 0 (G, we recall, is defined in (1.3)). Indeed,
suppose that G(¢) # 0. We define
_ Gly)

lell7

Y(x) := e p(y,z), where zy=
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It is not difficult to show that G(¢)) = 0, [|[Va¢||2: < [[Vapl3e and [|¢||p2e+2 =
Il z2o+2. Notice that ¢ € KT. Indeed, since ¢ € KT we see that S(10) < S(p) =
7. < B. Moreover, (1)) > 0. Assume by contradiction that I(¢) < 0 Then there
exists A € (0,1) such that I(A\)) = 0. By using the fact S(¢) > ;55 [p]12542, we
have

SOw) = 310W) +

which is absurd by Lemma 3.2. Therefore, I( ) >0, S(¥) < 7. and ¢ € KT (see
Lemma 3.5). The corresponding solution v € C(][0, oo), By) of (1.1) with v(0) = ¥
is given by

20+2 204+2 __ 2042

L20+2 —

u(t,y,z) = ei(z’z"_tlzolz)u(t, Y,z — 2tzp).
Since ||luc|lgppap- = oo, it follows that ||v|ppap- = oo, which is a contradiction
with the definition of 7.
Step 1. We claim that
t
i 2O (5.50)

t—00 t

where z(t) is given in Lemma 5.8. The proof in [14, Lemma 5.1] can be easily
adapted to our case by considering the truncated center of mass of the form

1= /R () |ue(t, 2)|2dx,

where ¢p(2) = Ro(%), ¢(2) = (0(21),0(22), ...
0 € C*(R), O(s) =1 for =1 < s < 1 0(s)
10l|lLee < 2 and ||0'||p~ < 4. Assume that
sequence t, — oo and « > 0 such that |z(tg)]
may assume z(0) = 0. For R > 0 we set

,0(24-n)), z € RI™™ such that
= 0 for [s| > 23 10(s)| < |s|,
(5 50) is false. Then there exist a

> aty. Without loss of generality we

to(R) =inf {t > 0;|2(t)| > R}.
We define Ry, = |z(t1)|. Notice that Ry > ato(Ry) and to(Ry) — oo as k — co. On
the other hand, I';(t) = ([T (O)]1, TR @)]2 ..., [ (t)]a—n), with
TRr(®)]; =2Im [ 0 (%) 0juctcdr, je{1,2,....d—n}.
R4
Since G(uc(t)) = 0 for all t € R, we infer that
Im Ojucticdr = —Im Ojucticde.
|z5]<R |z;|>R
By using the fact that §'(3) = 1 for |z;| < R, we conclude
MR (1)]; = —2Im Ojucticdr + 2Im 0" (3) djuctcda.
|z512R |zj|=R
This implies
% (1) < 10/ |Vue||ueldr < 5/ [[Vuel? + |ucl?] da. (5.51)
|z[>R |z1>R

Combining Lemma 5.8 and (5.51), given € > 0 (to be chosen later) there exists
R. > 0 such that if Ry := Ri + R., then

T, (B)] < Be. (5.52)
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Moreover, by following the same argument as in the proof of [14, Lemma 5.1] we
get

T4, (0)] < Relloll72 + 2Rye, (5.53)
T, (t0)] = Ri(llelZ — 3¢) — 2Re[loll -, (5.54)

where ¢ = to(Ry). Since Ry, > Ry, > iy, combining the inequalities (5.52), (5.53)
and (5.54) we infer that

i
seti;> [T (0] = 0y, (6) =T, 0)
> ta(llplZ: — 3¢) — 2R lpll2a,

that is,

ti [ellollz: —e(Ba+5)] < 2Rl
By taking € > 0 sufficiently small, letting ¢;, — oo in the inequality above yields a
contradiction. This proves the claim.
Step 2. There exits 7 > 0 such that P(u.(t)) > n for all ¢ > 0. Indeed, if not,
there exists a sequence of times t; such that

1
Puc(ty)) < Z for all k.

Since {u.(t, -, — z(t)); t > 0} is precompact, there exists f € B; such that, passing
to a subsequence if necessary, gp = u.(tg,-,- — z(tx)) — f in By. Notice that
S(f) = limg—oo S(gr) = 7« < B and since P(u.(t;)) > 0, it follows that P(f) =
limg o0 P(gi) = 0. Thus, S(f) < B8 and P(f) = 0. By Remark 3.6, we infer that
f =0, which is a absurd because S(f) = 7. > 0.

Step 3. Conclusion. We use the virial identities (4.6) and (4.8) with u. in place
of u. We recall that

V") = 4(d — n)P(uc(t)) + Ry + Ra + Ra, (5.55)

where Ry, Re and Rj are given by (4.9). Notice that there exists a constant K
independent of ¢ such that

|Ri+ Ry + R34+ Ry| < K [[Vuc ()] + [uc(t)]* + Juc(t)*7 "] da.  (5.56)
|z[>R
By (4.6) it is clear that there exists a constant L > 0 such that
[V'(t)] < LR. (5.57)
From Lemma 5.8, there exists p > 1 such that
2n(d —
[ 9wl + el + ot dr < 22 ()
|+2(8)|2p K

for every t > 0, where 7 is given in Step 2. Moreover, by (5.50) we obtain that
there exists tg > 0 such that

2n(d —
|z(t)] < %t for every t > tg. (5.59)
For t* > tg we put
—t". .
1L (5.60)
It is clear that {|z| > Ry} C {|z + 2(t)| > p} for all t € [to,t*]. Therefore, by (5.56)
and (5.58) we get

IRy + Ry + Rs + Ry| < 2n(d —n), for all ¢ € [to, t*]. (5.61)

Rt* =p+
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Thus, by (5.61) and Step 2 we have
V" (t) > 2n(d —n) for all t € [ty,t*]. (5.62)
Integrating (5.62) on (to,t*), it follows from (5.62) and (5.57)
o
2n(d —n)(t* —tg) < / V" (#)dt < [V'(t*) = V'(to)] < 2LRy-

to
=2Lp+n(d—n)t".

Choosing t* large enough, we get a contradiction. The proof of lemma is now

completed. O

Proof of Theorem 1.4 (i) (scattering result). The proof of scattering part of Theo-

rem 1.4 is an immediate consequence of the Proposition 5.6 and Lemma 5.7. (]
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