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Relative critical loci and quiver moduli

Lieux critiques relatifs et espaces de modules de carquois

Tristan Bozec* Damien Calaque! Sarah Scherotzke!

Abstract

In this paper we identify the cotangent stack to the derived stack of representations
of a quiver ) with the derived moduli stack of modules over the Ginzburg dg-algebra
associated with ). More generally, we extend this result to finite type dg-categories,
to a relative setting as well, and to deformations of these. It allows us to recover
and generalize some results of Yeung, and leads us to the discovery of seemingly new
lagrangian subvarieties in the Hilbert scheme of points in the plane.

Résumé

Dans cet article nous identifions le champ cotangent du champ dérivé des représentations
d’un carquois @ avec le champ dérivé des modules sur la dg-algebre de Ginzburg associée
a Q. Nous étendons ce résultat aux dg-catégories de type fini, ainsi qu’a un cadre relatif,
et a des déformations de ce qui précede. Cela nous permet de retrouver et généraliser des
résultats de Yeung, et nous mene a la découverte de nouvelles sous-variétés lagrangiennes
du schéma de Hilbert de points dans le plan.
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1 Introduction

This paper is concerned with Calabi—Yau structures on smooth dg-categories and functors
thereof, as well as with symplectic and lagrangian structures on derived Artin stacks and
morphisms between these. Its main goal can be summarized as giving a precise meaning
(and a proof) to the claim that deformations of Calabi-Yau completions of dg-categories
(resp. relative Calabi—Yau completions) are a non-commutative analog of deformations of
cotangent stacks (resp. conormal stacks).

A guiding idea of noncommutative (algebraic) geometry is that a noncommutative analog
of a standard geometric notion 7T is some algebraic notion 7™¢ that induces functorially a
structure of type T on schemes of representations (see e.g. [13] and references therein). It has
been advocated by several authors that the noncommutative analog of the cotangent bundle
should be obtained as a free construction, and that, in the case of quivers, if one applies
a noncommutative version of hamiltonian reduction, then one recovers the preprojective
algebra (see e.g. [10]). We would like to amend this approach in several ways:

e First of all, we would like to replace representation schemes by moduli stacks of repre-
sentations, so that the preprojective algebra itself becomes the correct noncommutative
cotangent.

e Then, in order for most functors to remain well-behaved, we work within a homotopy
invariant framework, and so we will in fact consider the derived moduli of representations.
The preprojective algebra will then be replaced by its differential graded variant, introduced
by Ginzburg [14].

e Finally, we will consider the whole derived moduli of perfect dg-modules, also called
moduli of objects, after Toén—Vaquié [40]. This also has the advantage that it extends to
dg-categories.

In 2011, Keller [23] introduced a broad generalization of Ginzburg dg-algebras: the so-called
Calabi—Yau completions of smooth dg-categories (which, surprisingly enough, are indeed
given as a free construction), and their deformations. Recently, Yeung [44] advocated that
Calabi-Yau completions should be viewed as noncommutative cotangent bundles. It is
actually known, after Toén [38, 39] and Brav—Dyckerhoff [4], that the moduli of objects
functor Perf sends finite type n-Calabi-Yau dg-categories to (2 —n)-shifted symplectic stacks
in the sense of Pantev—Toén—Vaquié—Vezzosi [31]. In other words, Calabi-Yau structures on
dg-categories are the non-commutative (shifted) symplectic structures. In this paper, we
prove the following.

Theorem (Theorem 6.17). For a finite type dg-category A, there is an equivalence of exact
(2 — n)-shifted symplectic stacks between the shifted cotangent stack T*[2 — n|Perf 4 and the
perfect moduli Perfg 4y of the n-Calabi-Yau completion G,(A) of A.

We also prove a deformed version of the above, identifying the moduli of objects of
deformed Calabi—Yau completions with twisted cotangent stacks, as shifted symplectic
stacks.

Our major geometric motivation lies in the construction of lagrangian (rather than just
symplectic) structures, and their connections with critical loci or Calabi—Yau geometry.
To be more specific, inspired by classical symplectic geometry [33], we are interested in
deformations of conormal stacks that appear as relative critical loci (see [7, 1]). In certain
cases, these relative critical loci can be obtained as moduli of representations of relative
versions of Ginzburg dg-algebras. If we use the formalism of derived symplectic geometry,
introduced by Pantev—Toén—Vaquié—Vezzosi [31], we will show that our constructions yield
very down-to-earth examples, such as lagrangian subvarieties of some quiver moduli spaces.



Moduli of quiver representations form indeed a large and fruitful class of applications in this
area, and will serve as an ongoing example in the present study. More generally, moduli
of objects of finite type dg-categories, as defined by Toén—Vaquié [40], encompass quiver
representations and provide a lot more examples to play with. In fact, as we have already
seen, it is essential in the statement itself of the results that achieve our main goal.

Elaborating on an idea of Toén [38], Brav—Dyckerhoff [3] have introduced a very useful
notion of relative (left) Calabi—Yau structure on a dg-functor, and have shown [4] (see
also [39]) that these relative Calabi-Yau structures are the correct noncommutative analog
of lagrangian structures on morphisms between derived stacks: the moduli of objects functor
Perf sends functors (between finite type dg-categories) equipped with a relative Calabi—Yau
structure to morphisms (between derived Artin stacks) equipped with a lagrangian structure.
Soon after, Yeung [43] introduced a relative analog of Keller’s Calabi—Yau completions along
functors between finite cellular dg-categories, and showed that they indeed carry a relative

Calabi—Yau structure in the sense Brav-Dyckerhoff.

In this paper, with every dg-functor f : A — B between smooth dg-categories we associate
a cospan

Gn(A) — Gn(f) <— Gn(B)

and we prove the following.

Theorem (Theorem 5.23 & Theorem 6.18). (1) The above cospan carries an exact n-Calabi-
Yau structure.

(2) For finite type dg-categories, the moduli of objects functor sends this exact n-Calabi-Yau
cospan to the exact lagrangian correspondence

T*[2 — n]Perf 4 «— ¢*T*[2 — n]Perf 4 — T*[2 — n]|Perfs,
where ¢ = f* : Perfg — Perf 4.

As a consequence of the first point, we recover Yeung’s deformed relative Calabi—Yau
completion (without the finite cellular assumption) thanks to a simple use of the composition
of Calabi—Yau cospans. As a consequence of the second point, we obtain that the moduli of
objects of certain deformed relative Calabi—Yau completions can be identified with relative
critical loci. We understand very concrete examples of these relative critical loci in the case
of quiver representations and exhibit in particular some new (to our knowledge) lagrangian
subvarieties of the Hilbert schemes of points on the plane.

We now summarize the new contributions of this paper:

o We extend several results of Yeung on the existence of (relative) Calabi-Yau structures
from finite cellular dg-categories to smooth dg-categories, simplifying the proofs.

e The simplification is made possible thanks to a new exact Calabi—Yau cospan associated
with every dg-functor f : A — B, that we also use to identify the Calabi—Yau completion
with a noncommutative hamiltonian reduction.

e We identify the moduli stack of objects of a (relative) deformed Calabi—Yau completion
with the (relative) critical locus.

e In the case of the inclusion of the one loop quiver in its tripled version, we discover new
lagrangian subvarieties in the Hilbert scheme of C2.
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In section 2 we start with what motivated us in the first place, which is the study of
some subvarieties defined as constrained critical loci in the cotangent space of gl,(C). The
general idea goes back to the work [33], which gives criteria, in the differentiable setting, for
these submanifolds to be lagrangian. We apply their idea to a particular algebro-geometric
example associated with the inclusion of the one loop quiver in its tripled version, we perform
a thorough description of the irreducible components of the subvarieties we define, and we
prove that they are all indeed lagrangian. This section serves as a motivation for the rest of
the paper, but it can easily been skipped as all other sections are independant from it. On
the contrary, readers who are only interested in the new lagrangian in the Hilbert scheme
may skip the rest of the paper.

In section 3 we give a recollection on shifted symplectic and lagrangian structures,
according to [31]. We introduce in particular mixed realization functors that go from graded
mixed complexes to mixed complexes. It is an essential tool that allows to associate closed
forms with negative cyclic classes, on commutative differential graded algebras. It is used
later on to construct shifted symplectic (and lagrangian) structures on moduli of objects
of Calabi—Yau categories (and functors). We insist on exact structures, as they sometimes
make the proof simpler.

We give numerous examples of shifted symplectic and lagrangian structures in section 4,
starting with shifted cotangent and conormal stacks (after [6]). This leads to a functor
T*[n] going from the homotopy category of derived stacks and morphisms thereof to the
homotopy category of exact n-shifted symplectic stacks and lagrangian correspondences.
As an application, we get that the cotangent stack to the representation stack of a quiver
@ is the derived representation stack of Ginzburg 2-Calabi—Yau algebra with no potential.
Using composition of lagrangian correspondences one can then define critical loci (or twisted
cotangent stacks) and relative (or constrained) critical loci, which are deformations of
cotangent and conormal stacks. We then study examples associated with inclusions of
quivers, and again identify them with derived representation stacks of more general Ginzburg
dg-algebras [14]. We end the section with a result that provides a systematic way of building
genuine lagrangian subvarieties from the derived setting, and retrieve our motivating examples
from section 2.

The reader who is only interested in Calabi—Yau categories may directly go to section 5:
we investigate the dg-categories at stake in our geometric considerations, and study the
counterpart of the lagrangian correpondences of the previous section using the so-called
Calabi—Yau cospans introduced in [3]. We introduce exact Calabi—Yau cospans, as they
help to simplify some proofs (in this section, but above all in the next one), and we provide
examples of these. As already mentioned, we extend some results of Yeung, and prove that the
exact Calabi—Yau structure on a Calabi—Yau completion can be obtained via a composition
of Calabi—Yau cospans, that can be understood as a noncommutative hamiltonian reduction
procedure.

In the last section 6, we consider the moduli of objects of (deformed) Calabi—Yau



completions. We identify these with cotangent stacks or (relative) critical loci. We show
that the symplectic/lagrangian structures induced by the Calabi—Yau structures on these
moduli of objects (thanks to [4, 39]) coincide with the classical ones on shifted cotangent
stacks and relative critical loci.
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2 DMotivation: new lagrangian subvarieties

Lagrangian subvarieties are particularly important in moduli problems as they correspond
to singular supports (or characteristic varieties) of sheaves on given moduli spaces. Our idea
here is to construct new lagrangian subvarieties rather than working on the support of given
sheaves. We work in the fruitful framework of quiver moduli which yields a fundamental
class of examples of 3-Calabi—Yau algebraic structures (see [14]). Lagrangian subvarieties
have already proved being of great interest in this particular context as they were used by
Lusztig [27] and Kashiwara—Saito [21] to define canonical bases on quantum groups.

We have two rather distinct inspirations here, one coming from traditional symplectic
geometry, more precisely from the work [33] of Robbin and Salamon. They define lagrangian
manifolds attached to a variational family, i.e. the datum of a function ¢ : X — R and a
submersion 7 : X — B, as the critical locus of ¢ in T*B constrained by 7. Our second
inspiration comes from the recent definition of relative Calabi—Yau structures by Brav and
Dyckerhoff [3] and their study in the context of quivers by Yeung [43]. More precisely he
carries out therein computations with respect to a pair of nested quivers (Q1 C Q2) (see
§3.4 in loc. cit.). It turns out that the combination of these works already gives a nontrivial

example of lagrangian subvarieties in the classical situation of the one loop quiver in its

tripled version
Y
z

the latter being endowed with the potential W = [z,y]z defined as the product of the
moment map of the doubled quiver with the third loop. The aim of this section is to study

the geometry of the algebraic varieties we obtain following [33] in this particular case as a
motivation to a deeper work in the framework of derived symplectic geometry.

2.1 A lagrangian subvariety in the commuting variety

We will work with the linear submersion 7 : Repc(Ss, n) — Repe(S1, n) of representations
of dimension n over C given by the projection (z,y,2) — x, endowed with the map ¢ =



locus of ¢ constrained by 7, or Lagrange multiplier space) is given by

H(yaz) s.t. ($7y,2> € RepC(S37n)
Ap =1 (z,27) € T*RepC(Sl,n) Yy = (71,72,73) € Repe(Ss,n) :
tr(y12") = dosy,-(7)

Since doay,-(7) = tr(mly, 2] + 12[z, 2] + 132, y]), we get
A = {(17, [y,z}) | [Ivy] = [I’Z] = 0} C T*RepC(Shn)'

Our aim is to prove that A,, is purely lagrangian, i.e. that all its irreducible components are

isotropic of maximal dimension n2.

Remark 2.1.

(i) Via the trace map, one can identify T*Repq(S1,n) with the representation space
Repe(S2,n) of the doubled quiver. Then, the moment map associated with the action
of GL,,(C) on Rep(S1,n) by conjugation reads

tn : Repe(S2,n) — gl (C) , (x,2%) — [z, 27].

Hence A,, is included in the commuting variety pu,;*(0).

(ii) Denote by N C gl,,(C) the nilpotent cone. We want to emphasize that A,, is distinct
from T3gl,(C) C p,*(0), which is lagrangian in T*gl,,(C). Its irreducible components
are given by the closures of T¢5 gl,,(C), where O, denotes the nilpotent orbit associated
with a partition A\ - n.

Proposition 2.2. The subvariety A, is isotropic in T*Repg(S1,n).

Proof. Write X = Rep¢(S3,n) and B = Rep¢(S1,n), and form the following composition of
lagrangian correspondences

L
X mT*B
pt T X T*B.

Then one can check that A, is in the image of L in T*Repg(Si,n), and is therefore
isotropic. O

Remark 2.3. One sees that L itself is neither necessarily a subspace, nor necessarily smooth.
Both issues will be irrelevant when we will be working in the derived setting.

Using Lie notations, one can denote by g, the centraliser of z € g = gl,,(C) and hence
write

Ap={(z,t) €g° |t € gz, 0.} CT"g

as it turns out that the subvariety {[y, 2] | (y,2) € g2} C g is actually a vector space, hence
coincides with [g,, g.] defined as a Lie algebra. Indeed we have the following proposition:



Proposition 2.4. Decompose x = @y (v +ny) with respect to generalized eigenspaces, where
the aj s are pairwise distinct complex numbers and ny, is nilpotent of type AE) = ()\gk) >

n

)\ék) > ...), a partition of dimker(x — ay)™. Then {[y,2]| (y,2) € g2} is a vector space of

codimension )\gk) in g

Proof. 1t is enough to prove this result when z is nilpotent of type A. Denote by )\ the
conjugate partition, so that in a basis adapted to iterated kernels of x one has

0 Ly 00

N
0 20

where Iy 41 is the matrix of size X}, x A}, with coefficients ¢; ;, and s = I(\") = A;. Then
a quick computation shows that g, consists in matrices T' = (T ;)i<; triangular by blocks of
size \j x A satisfying

Tij-1lj-1,j — Liiv1Tig1,; =0
for every ¢ < j—1. From there, thanks to Lemma A.1, we see that the variety of commutators
of such matrices consists in matrices of the same type with the extra conditions tr(7; ;) =0

for every 1 < i < s (i.e. diagonal blocks are commutators themselves). Indeed, we get a
vector space of the correct dimension. O

Consider a partition y = n and denote by A, the subvariety of A, consisting of pairs
such that x is diagonalizable of type u. We write [(p) for p}, the number of parts of p.

Theorem 2.5. The irreducible components of A, are the closures of the A,,’s, which are all

of dimension n?.

Proof. Fix x € A, and denote by L the Levi group associated to the decomposition E; @
-+ @ E, of C™ in eigenspaces. We have

Ay = GLy x 1 {(®rzkidp,, y) |y € [}

where the z;’s are pairwise distinct given complex numbers and [ = Lie(L). The map
9-(®rzk,y) — (9-Ex)r turns A, into an open subvariety of a vector bundle V' over an open
subvariety of [[, Grass(ux,n). Hence it is smooth of dimension

dimV + Z dim Grass(pg, n) = I(n) + dim[[, (] + Zuk(n — i) = n>.
k k

Indeed, since [gl,,, gl,,] = tr=*(0), we have dim[[,[] =Y, (43 — 1) = >, p3 — U(u).
It remains to show that any (z,y) for which x is not diagonalizable lies in the closure of
A, for some p. Once again it is enough to show it for = nilpotent, say of type A. We write

0 Lz 00

L Is—l,s



as in the proof of Proposition 2.4, and approximate it by

0 Lz 0.0

0 S0 (s—1)e

We have z(¢) exp(z/c) = exp(z/e)(z(e) — x), hence z(e) is diagonalisable. As in the proof

of 2.4, one can prove that the variety of commutators of elements in g, (. consists in matrices
T'(e) = (T3,j(€))i<; triangular by blocks of size A} x A} satisfying

T(e)ij-1lj-1; — LiitaT(e)iv1,j = (i — §)T ()i (2.6)

for every i < j — 1 and tr(T'(€);,;) = 0 for every 1 <i < s. Now take T(¢) = 3, T®eF such
that 7(®) = y and deg T(¢);; = s — (j — i), so that (2.6) becomes

k k . . k—1
Ti(,j)_lljfl,j - i,i+1Ti(+)17j = (i _J)Ti(,j )

for every k = 0...s, where T = 0. Picking
k—(j—i
T<k> = (T,L-(J- G )))igj € [gz(l)vgac(l)}
concludes the proof as z(¢) is diagonalisable and (z(¢),y(e) :=T(¢)) — (x,y) ase — 0. O

As a consequence, we get that A, is a lagrangian subvariety of T*gl,(C) as expected.

2.2 New lagrangian subvarieties of the Hilbert scheme of C?
2.2.1 Recollection on Nakajima quiver varieties

Recall that the Hilbert scheme (C?)™] of n points on C? can be seen as a Nakajima quiver
variety associated to the Jordan quiver S;. Let us be a bit more precise. First introduce the
framed version S; of the quiver S, with one vertex and g loops:

We will always consider 1-dimensional vector spaces on the framing vertex, hence will still
abusively consider n € N-dimensional representations of S;. Consider the doubled quiver

§ where each arrow is replaced by a pair of opposite ones. Write

Repc(g,n) z{ CL‘%C" @ x* }

where we identify v with its image.



Remark 2.7. The action of GL,,(C) on Repc(S;", n) given by g.(z,v) = (gxg~!, gv) induces
a moment map given by

wh: Repe (§7 n) — gL, (C), (z,2%,v,0%) = [z,2*] + vv*.
Recall:
Definition 2.8. We say that (z,z*,v,v*) € Repg (ﬁ, n) is stable if C(z,x*).v = C", and
denote by Repc (§, n)St the open stable locus.
The following is proved in [30].
Theorem 2.9. We have the following:
(i) the action of GL,(C) on Repe (g, n)St given by

g-(z, %, v,0") = (grg~ ", ga*g ™" gv,v"g ™)

1s free;
(ii) stable representations (x,z*,v,v*) of (u,7)~1(0) satisfy v* = 0;
iii) the Hilbert scheme of points on C? is given by the following symplectic reduction
(iit) fp g y g symp

_ t
(€ = () 71(0)™/ L4 (C),
the quotient being free. As such, it is smooth and symplectic of dimension 2n.

Remark 2.10. Written shortly

[z,2"] =0

((C2)["] - {(m,x*,v) € Repg(S2,n) x C" C

:Cn}/GLn(C).

x,x"]w
Note that thanks to Theorem 2.9(ii), one can also write
(€)1 = (4n1(0)71)"/ PGLn A (C)

where pi,,1 is the moment map associated to the action of GL,, 1(C) := GL,(C) x C* on
Repc (97, (n, 1)) given by (g, 2).(z,v) = (grg~t, gvz~!) (i.e. forgetting about the framing
character of S;").

Remark 2.11. As in §2.1, one gets a lagrangian subvariety of ((CQ)["} when requiring = to
be nilpotent. It can be understood as the preimage of ({0} x C)™ by the Hilbert-Chow
morphism

p: (€ — (€)™
to the n-th symmetric power of C2, which maps (z,2*,v) to the joint spectrum of (z,z*)
(which make sense since x and z* commute).
2.2.2 New lagrangian subvarieties

Note that



is still defined on the quotient stack [Repe(Sq, (n,1))/ PGL,,1(C)], allowing us to apply the
recipe of §2.1 to the projection

T [RepC(S;', (n, 1))/PGLn71((C)} — [RepC(Sf, (n, 1))/PGLn71((C)]
(z,y,2,v) — (z,0).

We will see later in §4.1.4 that the 0-th truncation of the cotangent stack to the quotient
stack [Repc(Sy, (n,1))/PGL,, 1(C)] is given by [u;}l(O)/PGLn,l(C)}. Hence, thanks to
Remark 2.10,

()" = (T* [Repe(ST, (n,1))/ PGLM((C)])St

where 1y stands for the O-truncation induced by the morphism from a complex to its 0-th
cohomology group. In this framework, we can still make sense of the definition given in [33],
and set

[z,y] = [z, 2] = 0

An,l = {({E,IE* = [y,Z},U) C[l’ iC*] v = C"

}/GLn(C) c (C?n,

Note that it is distinct from p~*(({0} x C)(™).
Proposition 2.12. The subvariety A, is lagrangian in (C?)I"],

Proof. The subvariety A, 1 is a free quotient by GL,,(C) of an open subvariety of A, x C™.
Hence irreducible components of A, ; are n-dimensional, and in bijection with those of A,
as they generically admit a cyclic vector (nulltrace matrices generically admit cyclic vectors).
Components of A,, ; are isotropic as the symplectic form on (C?)I" is induced by the one on
T*Rep(S1,n): it is given by

((z,2%,0), (&', 2", V")) > tr(za”™ — z*a’). O

Remark 2.13. We will see an alternative direct proof in §4.2.3 relying on derived symplectic
geometry.

We can “saturate” A, ; with respect to the Hilbert-Chow morphism p. We make sense of
this saturation in the following statement, and prove that it gives a new family of lagrangian
subvarieties of (C?)["l.

Proposition 2.14. The saturation L, := p~*(p(An.1)) C (C*)[M of A, 1 with respect to p
is lagrangian, with irreducible components indexed by nested partitions of n.

By nested partition of n, we mean a tuple of partitions pu!,...,u" such that |u!| >
-+ > |p"| defines a partition A of n. For a given partition A = (A; > -+ > A) of n, write
Ak =D, <p Ap and define

VeE=0...r—1:
Axpg1 = o0 = a5, .,
(C)) = < [(a1,b1), ..., (an,by)]|the ay, are pairwise distinct » C (€™

> b=0

X +1<p<Ap i1

where \g = 0.

Lemma 2.15. We have p(An1) = Ux-n(C2)}.

10



Proof. We have p(A,.1) € Uxn(C?)) because if (w,[y,2],v) € An1, y and z stabilize all
generalized eigenspaces (GES) of x, and the trace of [y, 2] is zero on each GES. Reciprocally,
consider [as,bs] € (C?)} and x diagonalizable with eigenvalues oy, = a3, such that Ej =
ker(z — ay;) has dimension A;. Pick y, € End(Ej) with spectrum by, q,...,b5,,, such
that there exists vy € Ej cyclic under the action of y;. Then, since any endomorphism
commutes with homotheties, and since being a commutator is equivalent to having a zero
trace, @k (g, Yi, V) is in Ay, 1, and is mapped to [ae,be]. Note that @xvy is cyclic because
the ay’s are pairwise distinct. O]

Proof of Proposition 2.14. Thanks to Lemma 2.15, we have
[z,2"] =0
L, =1 (z,2",v)|Clz,z*].o =C" / GL,(C).
tr(z*) = 0 on each GES of

Consider a nested partition u® of n, and denote by A the partition |u®| - n. Set L, C
p~1((C?)}) the locally closed subvariety defined by

(3;‘ — ak)Ek S Ouk

with the same notations as in the proof of Lemma 2.15, and where O, is the nilpotent orbit
of type ¥ F A. Define

Lo = {(z,2%,0)|[z,2*,v] € L}
j;:; = {(z,x*,v,(b.)Hz,z*,v] € L,s and ¢y € Isom(Ek,(C)"“)}

which fit in the following diagram

Lye ¢ Lye —— (T, L )° (2.16)
ﬂ'nJ/ lnkﬁk
LN. (Hk L'uk)o

where m,, is the free quotient by GL,,(C), p (which simply forgets ¢,) is a principal
[1; GLx, (C)-bundle, and g = ], (éx)« is a principal GL,,(C)-bundle on the open subvariety

(I, Lyx)° corresponding to distinct c’s (again it matters that the ay’s are pairwise distinct
so that the direct sum of a family of cyclic vectors remains cyclic). Thanks to the following
Lemma 2.17 we get that L e is irreducible of dimension

Z)"‘"‘ —|—Zdimﬂ'k + dim ¢ — dim p — dim 7,
k

k
:n—i—ZAi—i—ng—ZAi—nQ:n
k k

as wished since (C?)[ is of dimension 2n. O
Lemma 2.17. Each L, is irreducible of dimension Ay.

Proof. The variety L, is a free GLy, (C)-quotient of

{la+n,2",v) | n €Oy, [n,2*] = 0,tr(z") = 0,Cln,z"].0o = C"}
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which is a nonempty open subvariety of
C x C* x (T*0,+/C)
where we quotient by the action by translation on z*. Hence L, is irreducible of dimension
A HLTH N (A1) =)

since 70O« is irreducible of dimension A7. The nonemptiness statement comes from the
fact that it is enough to take v cyclic on each Jordan block of n as long as the eigenvalues of
z* are pairwise distinct with respect to these blocks. O

Remark 2.18.

(i) The interest of the saturation process lies in the diagram (2.16), which enjoys a typical
factorization property, as described for instance in [11] or more recently in [20]. We
can expect U — Ly, (U) = L, N p~ (U™) to define a factorization algebra on C? with
values in lagrangian subvarieties. Actually, going back to [15] or [12], it is very natural
to wonder whether the irreducible components of our lagrangian subvarieties appear
in the characteristic cycles of representations of some Cherednik algebra.

(ii) It is clear from what is explained at the beginning of this section that there are
underlying derived concepts at stake here. We will explore these in section 4.

3 Derived symplectic geometry

The content of this section is not new, but we recall it for the convenience of the reader,
and in order to fix the notation and clarify the exposition.

In the remainder of this paper, k is a field of characteristic zero, and we denote by Mody
the category of (unbounded, cochain) complexes of k-vector spaces. It comes equipped
with a model structure for which weak equivalences are quasi-isomorphisms, fibrations are
degreewise surjections, and cofibrations are degreewise injections. We write Mody, for its
oo-categorical localization along quasi-isomorphisms (in the sense of [18, §1.1.2]). We refer to
[26] for the foundations of co-category theory (in particular, an co-category is by definition
a quasi-category). For a complex M we write

|M| = 1v[apMod;c (kaM) )

where Mapa(z,y) denotes the space (i.e. Kan complex) of morphisms from z to y in an
oo-category C. Note that | M| has a fairly explicit description, as the Kan complex associated
with the connective truncation 7<oM wia the Dold-Kan correspondence (this is because
the standard simplicial enrichment of Mody is such that homotopy equivalences coincide
with quasi-isomorphisms, hence the corresponding simplicial category presents Mody, in
the sense that its simplicial nerve is equivalent to Mody).

Remark 3.1. All our results remain true if k£ is a commutative ring containing Q, at the
cost of taking k-flat replacements.

More generally, if M is a model category, we write M for the corresponding co-category
obtained by localizing along weak equivalences. Note that the full embeddings M/ <
M > M¢ of fibrant, resp. cofibrant, objects induce equivalences M/ —+M«—M?¢ between
localizations (see [18, 1.3.4]).

Notation 3.2. The corresponding homotopy category is denoted Ho(M), or Ho(M).

12



We make use on several occasions of the fact that a Quillen adjunction between model
categories gives rise to an adjunction between oco-categories (see [18, 1.5.1]), the former being
an equivalence if and only if the latter is.

Finally recall ([8, Proposition A.1.1]) that if M is a Modg-model category, then it is a
stable model category, and thus M is a k-linear stable co-category.

Notation 3.3. We use the notation “Map” to distinguish the space of oco-categorical
morphisms from the set of 1-categorical morphisms, for which we use the notation “Hom”.
The underlined versions designate their enriched counterparts. In particular, for M as above,
we have RHom,,; =~ MM.

If moreover M has a symmetric monoidal structure that is compatible with the Modg-
enrichment and the model structure (see e.g. [8, §1.1]), then we write, for every object M of
M (or, equivalently, of M)

M| = Mappg (1, M) = [RHomiy (1, M)]
where 1 is the monoidal unit.

Notation 3.4. If the symmetric monoidal structure is closed, then we will use upper case
letters for the internal enrichment: i.e. HoM and MAP, for categories and oo-categories,
respectively.

3.1 Graded mixed complexes and realizations
3.1.1 Graded complexes

We write Mod§" for the category of functors Z — Mody, where the set Z is seen as
a category with no non-identity morphism. An object M = (M,),ez in Mod§' is called
a graded complex, and the complex M, is called the weight p component of M. We
consider the weightwise model structure on Mod}": a morphism ¢ = (¢p)pez is a weak
equivalence/fibration/cofibration if and only if every ¢, is so.

There are two shift autofunctors of Modj':

e The (cohomological) degree shift M — M[1], defined by M[1]™ = M[n + 1];

o The weight shift M — M(1), defined by M (1), = M,11.

The weight p component functor M — M), going from graded complexes to complexes, has
both left and right adjoint the functor ¢, that sends a complex V to the graded complex
having V' as only nontrivial weight component, in weight p. As a matter of notation, we will

often drop tg from the notation, implicitely viewing a complex as a graded complex sitting
in weight 0.

Remark 3.5. All the functors we have introduced so far are both left and right Quillen.
There is also an interesting functor k[v] ®; — : Mody — Mod}', with v a variable of
degree 2 and of weight 1, that has both a left and a right adjoint:

o The left adjoint | — |* sends a graded complex M to [] M,[2p], and it preserves weak
p=>0
equivalences and cofibrations for the injective model structure;
e the right adjoint | — |” sends a graded complex M to [] M,[2p], and it preserves weak
p=>0
equivalences and fibrations for the projective model structure.
In particular, each of these functors is equivalent to its derived counterpart. Moreover, one
observes that there is a natural transformation | — [* = | — |".

13



3.1.2 Mixed complexes

The category Modi is the symmetric monoidal category of differential graded k[d]-modules,
where § is a degree —1 variable. We will call its objects mized complexes: in other words,
a mixed complex is a complex C together with a morphism § : C' — C[—1], the mized
differential, such that §[—1] o § = 0 (which we will often abbreviate §2 = 0). As usual there
are two (Quillen equivalent) model structures structures on Modi:

e The projective one, for which weak equivalences are quasi-isomorphisms, and fibrations
are epimorphisms;

e The injective one, for which weak equivalences are quasi-isomorphisms, and cofibrations are
monomorphisms. With the injective model structure, it satisfies the standing assumptions
of [8, §1.1].

We have a sequence of Quillen adjunctions (the first one obviously being an equivalence)

s id s k[0]®k—
(MOdk)inj *}‘d (MOdk;)prOJ —
! )

1\/.[0(1]€

where (—)? denotes the functor that forgets the mixed differential & (i.e. it is the restriction
along the unit morphism k — k[d]).

The morphism of mixed complexes k[1] = k6 — k[d] induces, for every n, a morphism of
spaces
|C¥n]| = Mapygoqs (K[8)[~n], C) — |Cln — 1]] (3.6)

witnessing the fact that § maps the space of n-cocyles in C% to the space of mixed (n — 1)-
cocycles in C. A mized cocycle of C is a cocycle of the homotopy d-fixed points complex

RiHomModi (kv C) = (C[[u]]ﬂ d— U(S) )

with u a formal variable of degree 2. Indeed, in order to compute the latter derived enriched
Hom in the projective model structure, we first consider the following quasi-free resolution
of k: Q(k) = k4, €], with deg(§) = —2 and d€ = §, and we observe that

Homygoa: (Q(k), C) = (Clul,d — us).

Therefore the map (3.6) in Mody, is represented by
1] -5 (Clu], d — ué) .

3.1.3 Graded mixed complexes

A graded mized complex is a graded complex equipped with a compatible k[e]-module
structure, where € has degree 1 and weight 1: in other words, a graded mixed complex is
a graded complex M together with a morphism e : M — M (1)[1] such that €(1)[1]oe =0
(which we abbreviate €2 = 0). There are again two Quillen equivalent model structures on
the category Mod; ®" of graded mixed complexes:

e The projective one, for which weak equivalences are weightwise quasi-isomorphisms, and
fibrations are weightwise epimorphisms;

e The injective one, for which weak equivalences are weightwise quasi-isomorphisms, and
cofibrations are weightwise monomorphisms. With the injective model structure, it satisfies
the standing assumptions of [8, §1.1].
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There is a sequence of Quillen adjunctions (the first one being a Quillen equivalence)

id kle]®k—
—or «— —or — T
(Mod, ™ )i *, (Mod;™*")proj *_, Mod§
id

(—)F

where (—)# denotes the functor that forgets the mixed differential . Both the weight and
the degree shift autofunctors lift along (—)#, and are denoted the same way.

The morphism of graded mixed complexes k(—1)[—1] = ke — k[e] gives rise, for every n
and every p, to a morphism

| MF(p)[n]] = Mapyyq g ([ (=p)[=n], M) — [M(p+ 1)[n + 1]| (3.7)

witnessing the fact that € maps the space of weight p n-cocyles of M* to the space of weight
p+ 1 mixed (n + 1)-cocycles of M; a weight q¢ mized cocycle of M is a cocycle in the complex

RHomy e s (k(—q), M) = (][ M,,d —<).

p>q

Indeed, in order to compute the latter derived enriched Hom in the projective model structure,
we first consider the following quasi-free resolution of k(—gq): Qq(k) = kle[{zq, zg+1,-- .},
with 2, of degree 0 and weight p, and d(z,) = e(zp—1) (with the convention that z, = 0 for
p < q). We have
Homyjpge—er (Qq(k), M) = ( H My,d—e).
p=q

Therefore the map (3.7) in Mody, is represented by

My[-1] = ( [] Myd—e).

r>p+1

The functors k[v]®, | —|¢ and | —|" from §3.1.1, between Mody, and Mod§', also lift (along
the functors § and #) to functors between Mod$ and Mod;, ®", that we denote the same way,
and that are defined as follows:

e The mixed differential on k[v] ® C is defined as ¢ := v ® ;
e The mixed differential on |[M|* and |M|" is defined as § := e.

The functors | — |* and | — |" are called the (left and right) mized realization functors. We let
the reader check that | — |* (vesp. | — |") is still left adjoint (resp. right adjoint) to k[v] @ —,
that it still preserves weak equivalences and cofibration of the injective model structure
(resp. fibrations of the projective model structure), and that the natural transformation
| —|¢=|—|" also lifts.

Note that for any n € Z and any p > 0, both mixed realization functors send the
morphism k(-1 — p)[—n — 1] = k[e](—p)[—n] to k[n + 1] — k[d][n].

Let us draw some consequences of the above. Assume that we are given a morphism
of mixed complexes C' — |M|", which is equivalent, by adjunction, to have a morphism
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C[v] = M of graded mixed complexes. For every p > 0, we have a commuting diagram

|C[n]]| ———— |C[v](p)[n + 2p]| ———— |M(p)[n + 2p]|
<>“J l <>”l

|C8[n]| ———— |C[v]*(p) [ + 2p]| ————— |M*(p)[n + 2p]|
(3'% (3. 7% <3.7>l
|Cln —1)]] —— |C](p+ D[n+2p+1]| —— |[M(p+ 1)[n+2p + 1]].

In other words, the space of mixed cocycles of degee n in C' maps to the space of weight p
mixed (n + 2p)-cocycles in M, and this commutes with

e Taking the underlying non-mixed cocycle of a mixed one;
e Creating a mixed cocycle from a non-mixed one by applying the mixed differential.

3.2 De Rham complex and (closed) forms

Let CAlg;, be the category of commutative differential graded k-algebra sitting in non-
positive degree (cdga, for short). It has a model structure for which weak equivalences are
quasi-isomorphisms, and fibrations are degreewise surjections. Recall from [31] the functor

DR : CAlg;, — Mod; *"

which sends a cdga B to Symp (Q%[—l]) equipped with the mixed differential £ being the
(extension by the Leibniz rule of the) universal derivation

d4r : B — QIB = QIB[—].Hl],

where B is a cofibrant replacement of B.
Recall also the spaces
AP(B,n) := [DR(A)*(p)[n +p]| and AP(B,n) := [DR(A)(p)[n + pl|
of p-forms of degree n and closed p-forms of degree n, respectively. Notice that a (closed)
p-form of degree n is a weight p (mixed) (n + p)-cocycle.

The functor DR, and thus AP[n] := AP(—,n) and AP“![n] := AP:}(— n), satisfies étale
descent (see [31, Proposition 1.11]). We then define these functors on any derived stack F’
by Kan extension along Spec : CAlg, — dSt;”, where dSt; denotes the co-category of
derived k-stacks.

Recall that derived k-stacks are functors CAlg, — S satisfying étale descent. We refer
to [41] for the background material on derived algebraic geometry (note that even though
[41] and other references that we use are written using simplicial model categories, there is
no harm in phrasing everything in terms of oo-categories, thanks to [26, Appendices A.2 &
A.3] - see also [18]).

According to §3.1.3, for every p > 0 and every n € Z, we have a morphisms of stacks
AP n] — AP[n] — APTL[p]
respectively given by (—)* and (3.7). We denote the first one (—)y and the second one dgg.
There is also a functor
HH := 5' ok — : CAlg, — Mod),

given by the Hochschild mixed complex.
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Remark 3.8 (see e.g. [19]). A priori HH takes values in the co-category of complexes with
an S'-action, which is equivalent to Modz (because Mody, is k-linear, S! is formal, and
H_4(S', k) = k[0]). Recall the simplicial model for S' from [25, §6.4.2 & 7.1.2], given by
the simplical set of finite cyclic orders. Therefore the underlying complex of HH(A) is the
homotopy colimit of the simplicial diagram

"'A®("+1)"-A®3§A®2£§A7

where m is the product of A. A model for this homotopy colimit is given by the standard
Hochschild complex. Moreover, the above simplicial cochain complex actually has a cyclic
structure, which induces a mixed structure on the Hochschild complex, given by the B-
operator of Connes.

Notation 3.9. We write HH := HH? for the underlying Hochschild complex, i.e. the actual
Hochschild complex without the mixed differential. We write HC™ := Map,, ., (k, HH) for
- k

the homotopy d-fixed point complex (also called negative cyclic complex).

The Hochschild-Kostant-Rosenberg theorem (see e.g. [42]) tells us that there is a natural
equivalence
Inkr : HH—=|DRJ’,

in Mod}, given explicitely on A®"+1 by Lid ® d$, for a cofibrant A.

3.3 Shifted symplectic and lagrangian structures
3.3.1 Shifted presymplectic and isotropic structures

Working with n-shifted presymplectic and isotropic structures amounts to work within
the category dSty 42,1,

Let X oz 95y be a correspondence of derived k-stacks.

Definition 3.10. (1) An n-shifted presymplectic structure on X is the data of a closed 2
form of degree n
w: X — A%9p)

(2) An n-shifted isotropic stucture on the correspondence X L Z 9, Y is the data of a
(homotopy) commuting square

X —— A?[n)

(3) If Y (resp. X) is a point, then we talk about an (n-shifted) isotropic structure on the
morphism f (resp. g).

(4) The above structures are said evact if they lift along dgr : A'[n] — A?°![n], the data of
the lift being part of the structure.

According to [17, §5], for every oco-category C with finite limits, one can construct an
oo-category Span, (C) of spans, or correspondences: its objects are the ones of C, and
1-morphisms are spans. We are interested in the following two cases:
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e The oo-category Isoy,) of n-shifted isotropic correspondences, which corresponds to the
case C = dStk/A2,cl[n];

 The oco-category ExIso(,) of exact n-shifted isotropic correspondences, which corresponds
to the case C = dSty /41,

The morphism dgg : A'[n] — A*[n] induces a functor Dgg, : ExIsoj,; — Isoy,.

3.3.2 Non-degeneracy conditions

Recall that with every cdga A, one associates the symmetric monoidal Modg-enriched
model category Mod4 of A-modules. This assignment is functorial, leading to a functor
QCoh from Calg,, to the co-category of stable symmetric monoidal k-linear categories:
QCoh(A) = Mod 4.

The functor QCoh is a stack for the étale topology, and one can define it on every derived
stack X by Kan extension along Spec. Objects of QCoh(X) are called quasi-coherent
sheaves on X. Just like the one of Mod 4, the symmetric monoidal structure of QCoh(X)
is closed.

For convenience, we will abuse the standard terminology and say that a derived k-stack
X is Artin if it is locally geometric and locally of finite presentation (we refer to [41] for the
foundational material on geometric stacks). Local geometricity guaranties the existence of a
cotangent complex Lx € QCoh(X), and local finitness ensures that Lx is perfect. If X is
Artin, then, according to [31, Proposition 1.14],

AP(X,n) ~ |T(Symf, (Lx[-1)))[n+ p]|,
where T' : QCoh(X) — Mody, is the global section functor: T' ~ Map(Ox, —).

Remark 3.11. When p = 0, the above equivalence is true without any assumption on X:
A%(X,n) ~ [T(0x)[n]|.

Hence a 2-form f of degree n on a derived Artin stack X gives rise to a degree n global
section of the second exterior power of L, and thus to an adjoint morphism £° : Tx — Ly,
where T x is the dual to the cotangent complex.

Definition 3.12. (1) An n-shifted presymplectic structure w on a derived Artin stack
X is symplectic if its underlying 2-form wq is non-degenerate, meaning that wg is an
equivalence.

(2) An n-shifted isotropic structure on a correspondence X L Z %5 ¥ between derived

Artin stacks is lagrangian if it is non-degenerate, meaning that the two presymplectic
structures (on X and Y) are non-degenerate and the square

Tz ——— ¢*Ty ~ g*Ly[n]

| |

f*Tx =~ f*Lx[n] ——— Lz[n]

is (co)cartesian.

(3) 'Y (resp. X) is a point, then we talk about a (n-shifted) lagrangian structure on the
morphism f (resp. g).

We finally recall that n-shifted Lagrangian correspondences do compose well (see [5,
Theorem 4.4]). We therefore have a subcategory Lagy,, of Isop, whose objects are n-
shifted symplectic derived Artin stacks and whose 1-morphisms are n-shifted Lagrangian
correspondences. Similarly, there is a subcategory ExLag, of ExIsof,; whose objects and
morphisms are those that are sent to Lag, under Dygr.
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Example 3.13. Recall from [5] that an n-shifted (exact) lagrangian structure on X —
pt = Spec(k) is equivalent to an (n — 1)-shifted (exact) symplectic structure on X. This in
particular implies that fiber products of n-shifted (exact) lagrangian morphisms, also called
derived (exact) lagrangian intersections, are naturally (n — 1)-shifted (exact) symplectic, as
was shown in [31].

4 Derived and non-derived examples

4.1 Shifted cotangent stacks
4.1.1 Linear stacks

Given a quasi-coherent sheaf E on a derived stack X, one can define a derived stack Ag
over X as follows:
Agp(Spec(A) % X) = [u*E|.

The construction is functorial in F, and we write 7x : A — X for the map corresponding
to E — 0. The construction is also compatible with pull-backs: for every f : Y — X,
Remark 4.1. If X is Artin and if F is perfect, then Ag is Artin too, and it coincides with
the derived stack V(EVY) from [38, §3.3].

If X is an Artin derived k-stack and f : E — F is a morphism between perfect quasi-
coherent sheaves on X, then the relative tangent complex of Ay : Ap — Ap is

Ta, ~ 7 fib(f).
In particular, if F' =0, then T, ~ 7% E, so that we get equivalences

At

™

« ’:AF}EZAE;?AE’ZAE@E and A]LWX EAE@E\/.

Example 4.2. Let G be an algebraic group, and let V' be k-module with a linear G-action;
this defines a quasi-coherent sheaf V on BG. One has Ay ~ [AV / G] , which is sometimes just
denoted [V/G]. Then Ljy/q is the pull-back along py,¢ : [V/G] — BG of the quasi-coherent
sheaf on BG corresponding to the dual representation V*. Hence

AL ~[VeVd].

PV,.G
The above situation specializes to the following

Example 4.3. Let Q be a quiver, with vertex set V(Q) and edge set F(Q). The edges are
oriented, we denote by s(e) and t(e) the source and target of an edge e. Let 7 = (1 )vev (@)
be a dimension vector. We define

Rep,,(Q, 1) := H Hompgoq,, (K™, k™)) |
c€B(Q)

which is a GLz(k)-module. The relative cotangent complex of the morphism
P ¢ [Rep,(Q,7)/ GLz(k)] — BGLz (k)

is therefore the pull-back (along py o) of the GLz(k)-module Rep,(Q*,7), where Q*
stands for the opposite quiver (built from @ by reversing all edges), and where we view a
GLj(k)-module as a quasi-coherent sheaf on BGL7 (k). As a consequence, we have

Ay, ~ [Rep,(Q.7)/ GLz (k)] ,

Pk,Q, 7
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where @ stands for the doubled quiver (built from @ by adjoining to every edge e a new
edge e* going the reverse way).

The following example is a variation on the previous one.

Example 4.4. Let us consider the derived k-stack Perf}, of perfect complexes from [41],
that is defined by
Perf(A) := (Mod"™")~

where Modierf is the full subcategory spanned by perfect A-modules, and the superscript
(=)= means that we only keep the 1-morphisms that are equivalences. A morphism X —
Perf}, is by definition the data of a perfect sheaf on X; therefore the identity morphism
Perf;, — Perf;; classifies a tautological perfect sheaf F on Perfy.

For a finite quiver @, with vertex set V(Q) and edge set E(Q), we consider the perfect
sheaf

E?:= [] Mar(pi. E.pjoE)
e€E(Q)

on Perka(Q), where p, : Peer(Q) — Perf}, is the v-th projection (v € V(Q)). The relative
cotangent complex of the morphism

pg : Ape — Peer(Q)
is therefore (EQ)Y ~ EQ", where (=) = MaP(—,0) is the dualization functor. As a
consequence,

A]L ZAEQ.

Remark 4.5. Later on, we will identify Age with the moduli of objects Perfyq. For the
moment, it is sufficient to observe that the restriction of E to the open substack BGL,, (k) C

Perf}, is k", so that the restriction of E to the open substack BGL7 (k) C Perf,‘;(Q) is
Repk (Qv ﬁ) .

4.1.2 Shifted cotangent stacks are shifted symplectic
The n-shifted cotangent stack of a derived Artin k-stack X is

T*[n]X = ALX["} .

In other words, a morphism Y — T*[n]X is determined by a morphism u : Y — X and a
global section of u*Lx[n]. The identity morphism T*[n]X — T*[n|X is thus determined by
a global section {x of 7% Lx|[n]. Let us denote Ax the image of £x through n%Lx[n] —
LT*[n]X[n]z

Ax € ANT*[n]X,n).
We know (see [6, Theorem 2.2(1)]) that wx = dgrAx € A>°(T*[n]X,n) defines an n-shifted

symplectic structure on T*[n]X.

Remark 4.6. The 1-form Ax can also be described as follows using the functor of points.
Recall that a B-point of T*[n]X is determined by a point z € X(B) and a section s €
|z*Lx[n]|. Then

Mx(z,8) = 2*s € |Lp[n]| = A (B,n).
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Example 4.7. For a reductive affine algebraic group G, Lp¢g is the quasi-coherent sheaf
associated with the shifted coadjoint G-module g*[—1]. Therefore

T*[n](BG) ~ [g*[n — 1]/G} .
Moreover, the section pg has a simple expression
: * * G *
ln6 = idgn_n € |(g"—12g[1—n))¢| € |(g"[~1]@Sym(g[1—n])) “[n]| ~ [D(wheLoa) ]l
Actually, the above still makes sense without assuming G reductive; we still have a map
* G *
(g7 [-1] ® Sym(g[1 — n])) "[n]| — [P(7heLpe)nll,

which is not necessarily an equivalence (as there might be non-trivial higher G-cohomology).
Notice that in the reductive case, one can choose a non-degenerate invariant quadratic form
¢ € Sym? (g*)¢ and thus get an isomorphism ¢’ : g — g* of G-modules, so that

T*[n](BG) ~ [gln — 1]/G] .
Through this identification, we have
tp = c € (@)°  |(g"[~1] @ Sym(g“[1 — n])) “nl| = N(rheLac)nll -

Example 4.8. It is known (see [40, Corollary 3.29]) that the derived k-stack Perf}, is locally
geometric and locally of finite presentation, and that

Tpexe, ~ MaP(E, E)[1].

Therefore
T*[n|Perf, ~ AMar(E,E)V [n-1] = AMar(E,E)[n-1]

as there is an isomorphism of perfect sheaves
¢ : MAP(E, E)—=MAP(E,E)V ; f— tr(fo—).
Through the above identification, on Ayiap(p, E)[n—1], {Perf, becomes a section of
Tpert, MAP (L, E)V[n—1] ~ Tperf, L'Perf; »
which is the section classifying ¢’[n — 1].

4.1.3 Lagrangian correspondences for shifted cotangent stacks

Let f : X — Y be a morphism of derived Artin k-stacks. We have a morphism
f*Ly — Lx leading, for every n € Z, to a correspondence

T*[n)X <& f*T*[n]Y £ T*[n]Y (4.9)

of derived Artin k-stacks. Observe that, by definition, p*¢y is the section of p*n} Ly [n] ~
g 7% f*Ly[n] classifed by p, and it coincides with the one classified by id : f*T*[n]Y —
f*T*[n]Y. Hence the image of p*fy through the morphism ¢*7% f*Ly[n] — ¢*n%Lx[n]
is classified by ¢, and thus it coincides with ¢*fx. As a consequence, we get that p*\y
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coincides with ¢*Ax (as sections of L p«p+[,,]y), and that the correspondence (4.9) lifts to an
exact isotropic one:
FT*n]Y

e

T*[n] X
N
ALl

Remark 4.10. For a B-point given by z € X (B) and s € |z* f*Ly [n]|, this boils down to
the commutativity of the diagram of B-modules

“[n]Y

Y

\

[n]
)
x* f*Ly [n]

—

x*Lx[n] (foz)*Ly[n]

\
Lp[n]

It can be shown (along the lines of [6, Theorem 2.8]) that this isotropic correspondence
is in fact lagrangian.

\o/

Example 4.11. When Y = pt, we get back the exact lagrangian structure on the zero
section X — T*[n|X from [6, Theorem 2.2(2)].

Proposition 4.12. The above construction defines a functor
T*[n] : Ho(dSt2™) — Ho(ExLagy,)) ,

where dStf’rt is the full subcategory of dSty spanned by Artin stacks.

Proof. First of all, the identity map X — X is easily seen to be sent to the identity
correspondence
T*[n]X
>
T*[n|X
x
.Al

T*[n] X
e
]

[n

22



Then, given a sequence X Ty 9z , we do have the following commuting diagram

(go f) T [n]Z

The fact that it commutes follows from the commutativity of the diagram of B-modules

z*(go f)*Lz[n]

z* f* Ly [n] (foz)g*Lzn]
z*Lx|[n] (f o x) Ly|n] (9o fox)Lz[n]
Lp[n]
where z € X(B). O

Remark 4.13. We neither prove nor use use it, but one can actually show that T*[n] lifts
to a functor

dSt?rt — EXLag[n] s

at the level of co-categories.

Definition 4.14. The conormal exact n-shifted lagrangian T%[n]Y — T*[n]Y is the
composition of f*T*[n]B with the zero section X — T*[n]X in ExLagy,:

T% [n]Y\
X < f*T*n]Y
pt/ T*[n]X T*[n]Y
0 J{Ax/
Alln]
Then one proves that
T%[n]Y T*?:;]Y Y ~T"n—-1X, (4.15)



as exact (n — 1)-shifted symplectic stacks. This is a special case of [6, Remark 2.7], but we
can also prove it thanks to the following diagram of exact lagrangian correspondences

T*[n — 11X (4.16)
T% [n]Y
X T n]Y
pt T [n]XX / n]Y

Indeed T*n — 1] X ~ X x X~Ti{n)Y x Y.
T*[n]X T*[n]Y
Example 4.17. Our aim is to describe the cotangent stack to the quotient stack [V/G],
where G is a reductive affine algebraic group and V is a finite dimensional G-module.
According to (4.15), and Examples 4.2 and 4.7, it is given by the derived exact lagrangian
intersection
T*[V/G] — BG

J

Vov:/Gl——lg"/d]

The bottom morphism is given by a G-equivariant map V' x V* — g*. We let the reader
check that this map is the usual moment map, sending (v, v*) to the linear form x — v*(z-v),
where z- is the g-action. The exact lagrangian structure of this morphism can be described
as follows. Recall that

<;

G
D(Lyvay-/a)) ~ hoﬁb(Ql(v X V) = OV x V) @ g*) :

where the map is the transpose of the infinitesimal action. Therefore, by definition, the
pull-back of the canonical element idy« is the tensor of the g-action, lying in (V@ V* ® )%,
which is the image of the tautological 1-form on V' x V* = T*V under the transpose of the
infinitesimal action. Hence the exact lagrangian structure on [V & V* /G| — [g*/G] is given
by the tautological 1-form on V' x V*, which is G-equivariant.

4.1.4 Symplectic structure on derived quiver representation schemes

First for a given quiver @, let us introduce the path algebra kQ generated by paths, with
concatenation as product. For each v € V(Q) we denote by e, the idempotent path of length
0. They generate a subalgebra of kQ isomorphic to kV(?) as a vector space, that will be
denoted by R when there is no ambiguity. We will make use of the Jordan quiver L with
one vertex and one loop, which satisfy kL = k[z] for some degree 0 variable z. Note that
ELV(@) is an R-algebra.

For a fixed dimension vector 7 = (n,)yev(@), We want to describe the cotangent stack
to the non-derived moduli stack [Rep(Q, )/ GL5 (k)] of fi-dimensional representations of
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Q, following the notation of Example 4.3. According to Example 4.17, it is obtained as the
derived lagrangian intersection

T*[Repy,(Q, )/ GL5 (k)] ——— BGLz(k)

| |

[Repy,(Q. 1)/ GLz (k)] —— [al;(k)/ GLz (k)]
where the bottom map is given by the moment map
Repy (@, ) — gl (k) = Rep, (LY@, 1),
which is just pulling-back representations along the R-algebra morphism kLY (@) — kQ given

by
Z Ty Z (ee® —e€e).

veEV(Q) ecE(Q)

One can compute the above derived fiber product by first taking the derived fiber at 0 of the
moment map, and then taking the quotient by GL7 (k).

Let us now explain shortly that the derived fiber at 0 of the moment map can be described
as the derived representation scheme of a certain dg-algebra. Let us consider the model
category dgAlgy of dg-R-algebras, which contains kQ, kLY (®) or gl (k). Inspired by [2], we
define, for a dg-R-algebra A, the derived representation stacks

DRep(A4,7) : B+ MapdgAlgR (A,g[ﬁ(B)) .

One can show that
e If A is sitting in non-positive degree, these derived stacks are in fact derived schemes;

e If A is free and sitting in degree 0, i.e. A is the path algebra of a quiver @, then
DRep(A, 1) ~ Rep,(Q, ) ;
e The construction defines a limit preserving functor
DRep(—,7) : (dgAlgy)°P — dSty

As a consequence we get that the homotopy fiber at 0 of the moment map is the derived
representation scheme (of dimension i) of the derived push-out

L L
52(kQ) :=kQ [[ *V? ~kQ[]k,
kla]¥ (@ kle]

where the second tensor product takes place in dgAlg,,, and the morphism k[z] — kQ sends

z to
Z (ee™ —e¥e).

e€E(Q)
We thus obtain that

T* [Rep,(Q, 1)/ GLi (k)] ~ [DRep(92(kQ), )/ GLi (k)] -
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Remark 4.18. The dg-algebra G2(kQ) is the 2-Calabi-Yau Ginzburg dg-algebras (see [14])
associated to @@ with no potential. It is generated by some variable z in degree —1 and
kQ in degree 0, with ?(z) = ZeeE(Q) ee* — e*e. A precise study of this push-out will
be done in §5.3.2. Tts 0-th cohomology is the so-called preprojective algebra 11 (Q) =
kQ/ (X cer(qle €))-

Remark 4.19. We now describe a variation on the above, allowing complexes of represen-
tations, in the spirit of Examples 4.4 and 4.8. More precisely, we compute the cotangent
stack of Age. According to (4.15), it is given by derived (exact) lagrangian intersection

T*AEQ _— Perka(Q)

J |

AE§ ? Al\rlAP(E,E)V(Q)

since TXEQ [1]Perf,v@) =~ Agg thanks to Example 4.4, and T*[1]Perf,v(e) =~ Ay,p(g,5)vi@
thanks to Example 4.8. The bottom line AE@ — Avap(e,pyv@ 1s induced by Ef —

END(E)V (@), (2o, ze) — Y olte, zex]. We will see in Corollary 6.12 that T*Age can be
identified with the moduli of objects of G2(kQ).

4.2 Relative derived critical loci
4.2.1 Definition

Inspired by [33], as explained in the introductory part of section 2, we want to define a
relative version of critical loci. We do so by replacing the zero section in (4.16) by the graph
X — T*X of a closed 1-form. We thus start with the following datum:

e a closed 1-form o on X;

e a morphism 7 : X — B of derived k-stacks.

For simplicity and because it will always be the case in our applications, we assume that
a = d¢ for some function ¢ : X — A'. We know from section 4.1.3 that we have an exact
isotropic correpondence T*X + ¢*T*A! = X x A = T*A! = Al x A'. When we compose
it with the lagrangian correspondence T*A! + {(q,1)|qg € A’} — * we get the lagrangian
graph of d¢ : X — T*X. The composition

crit,(¢) (4.20)
X / \W* T*B
pt T*X T*B

defines the relative derived critical locus of ¢ with respect to the constraint m. We get the
usual derived critical locus when the base B is a point.
4.2.2 The quiver case

Assume that 7 is given by the restriction morphism ¢* : Rep,(Q,7) — Rep,(D,m)
induced by an inclusion of finite, arbitrary quivers D C @ (not necessarily a full inclusion),
with m, = n, for every v € V(D).
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We then consider a potential W of the quiver @, that is a linear combination of cycles in
Q. It determines a GLg-invariant function ¢ = tr(W) on Rep,(Q, 7). For any e € E(Q) we
denote by 0.W the linear combination of paths obtained by removing e from the cycles of
w.

If we do not perform any quotient, X, T*X and 7*T*B are genuine vector spaces and

L
crit (tr(W)) = DRep,, [ kQ[[F(QuUD"),i | |
KQ

where §W : kQ — kQ is generated by
EQ)se—e , EQ*) 3¢ — 0 W

and kQ — k(Q U D*) is the obvious projection. We resolve kQ by the free kQ-dg-algebra
generated by ¢’ € E(Q*) in degree —1 with differential

e — e — 0. W
and get that the derived push-out
L
QI J(Qu D7)
kQ

is generated by ¢/ € E(Q*) in degree —1 and e € E(Q),e* € FE(D*) in degree 0 with
differential given by:

E(D) 3¢ v e —aW , E(Q*\D")3¢ s —0.W.

Hence, the 0-th truncation of crit, (tr(W)) is

Tocrit, (tr(W)) = {(x,x*) € Rep,(Q U D*, )

xo,w =z, if e € E(D)
g, w = 0 otherwise ’

Example 4.21. Let us consider some specific linear examples.

S /

(i) D=Ay= o CQ=A4= o , W = abc. We have
c
]
TpTe = T
Tocrit, (tr(W)) = ¢ (Za, Tax, Tp, Te) | Teg = 0
Toxp =0

One can show that the image of crit, (tr(W)) in T*Repy, (A2, 1) is actually the classical
Lusztig lagrangian subvariety [28, A§12] for finite type quiver

Am(A2) = {(xaaxa*) | TaTax =0, TexTq = O}
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b
(11) The case of §21 Sy =o Q a CS3= 8@ a, W= [a,b]c. This time
C

[.fb, xc] = Tqg*
Tocrit, (br(W)) = < (2o, Tar, Tp, Te) | [Ty Ta] = 0
[Z’a, SCb] =0
and observe that its image in T*Repg(S1,n) is the subvariety A,, defined in §2.1.

Now consider
™ : [Repy(Q,7)/ GL7 (k)] — [Repy (D, 1)/ GLy (k)]

where [Rep,(Q, )/ GLz(k)] is still endowed with the function ¢ = tr(W). We want to
describe the underlying dg-algebra hidden behind crit,(f), as announced by Remark 2.18(ii).
To that end, we first recall the definition of Ginzburg dg-algebras [14].

Definition 4.22. Consider (Q, W) a quiver with potential. We denote by G3(kQ, W) the
dg-R-algebra generated by e € F(Q) in degree 0, ¢’ € F(Q*) in degree —1 and 2’ in degree
—2, with concatenation as product and the following differential

0: ' Z (ee —é'e) , € O W.
e€E(Q)

Our construction recovers these dg-algebras thanks to the following.

Proposition 4.23. If D = {), then
crit, (tr(W)) = [DRep(S3(kQ, W), 7)/ GLa (k)] .
Proof. From §4.1.4, we know that
crit (tr(W)) = [DRep(A, i)/ GLa(k)] ,

where A is defined as the following homotopy push-out

So(kQ) 21— kQ

S

kQ —— A.

As pointed out in [23, Remark 6.4], this homotopy push-out defines G5(kQ,6W). It can be
seen by resolving kQ with the quasi-free Go(kQ)-dg-algebra B(kQ) generated by ¢’ € E(Q™*)
in degree —1 and z’ € V(Q) in degree —2 with differential

0 A a— Z (e/ —é'e), € e —9.W.
e€E(Q)

One can then compute the desired push-out using B(kQ) and check that we get G3(k@, dW).
O
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When D is non trivial, we define Go(D C @) as the homotopy push-out

kD ———— kQ

L

Go(kD) — G2(D C Q)

so that
©T*B = [DRep(S2(D C Q), i)/ GLy (k)] .

As a consequence, keeping (4.20) in mind, we get the following.

Proposition 4.24. The dg-algebra G3(kQ|kD,dW) defined by the homotopy push-out

G2(kQ) —— S2(D C Q)

] |

kQ —— S5(kQ|kD, W)

satisfies
crit, (tr(W)) = [DRep(93(kQ|kD, W), 1)/ GL5 (k)] .

Using the same resolution as in the proof of Proposition 4.23, one can check that
G3(kQ|kD, W) is generated by
e e € E(Q) and e* € E(D*) in degree 0;
e ¢/ € E(Q*) and z,, a loop in degree —1 to every vertex v € V(D);
e 2! aloop in degree —2 to every vertex v € V(Q)

with differential
Ty — Z ev(ee’ — €'e)e, if v e V(D)
, e€EE(Q)
v 7
- Z ey(e€’ — e'e)e, otherwise,
e€E(Q)

T

and

Ty > Z e,(ee® —e*e)e,, €

e€E(D)

e*— 9. Wifee E(D)
— 0., W otherwise.

Remark 4.25. (1) We retrieve our linear examples when taking the representation spaces
of the 0-th cohomology of G3(kQ|kD,éW).

(2) We generalize these constructions in future sections. In section 5 we define dg-categories
Gn+1(BJA, ¢) associated with any dg-functor A — B. In section 6 we investigate their
moduli stacks of objects Perfg, (3|4,c), and in the case of a quiver embedding kD C k@,

[DRep(Gs(kQIkD, 6W), )/ GLa (k)| € Perfs,qmn.sm)

will be recovered as an open substack for the same reason as in Remark 4.5.
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4.2.3 Lagrangian subvarieties from lagrangian morphisms

We want a direct proof of the lagrangian nature of the families of varieties studied in
section 2, relying on the lagrangian structure of crit,(¢) — T*B. By lagrangian subvariety,
as in section 2, we mean isotropic of pure dimension half the ambient one. Thanks to the
following proposition and Example 4.21(ii) we get that A,, is lagrangian in T*Rep(S1,n) as
wished.

Proposition 4.26. Consider a lagrangian morphism g : L — Y, with Y a genuwine smooth
and symplectic algebraic variety. Denote by 79(L) — L the 0-th truncation of L, and Z CY
the smallest closed subscheme factorizing the following diagram

70(L) —— Z

||

L——Y
i.e. Z is the schematic image of 7o(L) = Y. Then Z C'Y is a lagrangian subvariety.
Proof. The lagrangian structure yields the following fibre sequence

Ty, — ¢*Ty ~g*Q3 — L1,
which in turn gives, since Ty is a complex concentrated in 0, the following five terms sequence
0 H Y(Ly) = H(T,) = ¢*Ty — H°(Ly) — H'(T.) — 0
and then
H™'(Lg) ~ ker (H*(T1) — g*Ty)
H'(Ty) ~ coker (¢*Qy — H°(Ly)).

Now denote by p the dominant morphism 79(L) — Z. Consider Z and £ irreducible
components of Z and (L) respectively such that p : £ — Z is still dominant. The two
following commutative diagrams

Ty — p'lz 9°Qy —— H°(Lp)
zl l and i J{z
HO(Ty) — ¢*Ty prQL ——— QL

imply
Hil(ILL) ~ ker (TL — p*TZ)
H'(Ty) ~ coker (p*Qf — Q7).

Now, by [16, Lemma 10.5], p is smooth on some non-empty open subscheme U C £, which
make Ty — p*Ty and p*QIZ — Qh respectively surjective and injective. Thus

o o Tu o HY(Ty)
Po =g, ~ B (L)

p*Q% ~ker (Qf — H'(T)) ~ ker (H°(L,) — H'(Ty))

and
0= p* Ty — g*Ty — p*Qs =0

is exact as expected. 0
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Unfortunately it does not directly apply to the example of §2.2.2. With the same notations
as therein, we consider S C S5, and

7: X = [Repc(S7, (n,1))/ PGL,, 1(C)] = B = [Repc(Sy, (n,1))/ PGL,, 1(C)]

endowed with ¢ = tr(W) where W is the potential induced in Example 4.21(ii) through
Ss3 C S5 . The issue is that

T*B = [DRep(52(CS), (n,1))/ PGL,,1(C)]

is no longer concentrated in degree 0.

Using the stability defined in §2.2.2, we consider the stable locus Y = (7 T*B)* ~ (C?)["]
of the 0-th truncation of T*B. We know that Y is this time a smooth and symplectic variety.
Set

L:=crit;(¢) x Y
T*B
and note that L — Y is lagrangian as the composition of crit,(¢) — T*B with the graph
Y « gr(s) — T*B of the symplectic embedding s : Y < T*B, which is a lagrangian
correspondence. Applying Proposition 4.26 to L — Y, we get that the schematic image A, 1
of oL in Y is a lagrangian subvariety of Y = (C?)["}| as obtained in §2.2.2.

5 Calabi—Yau structures

5.1 Hochschild and cyclic homology for dg categories
5.1.1 Homotopy theory of dg-categories

A dg-category is a Modg-enriched category. The category of dg-categories and enriched
functors (also called dg-functors) is denoted Caty. We refer to [22, 37] for a thorough
introduction to dg-categories and their homotopy theory.

With a dg-category A we can associate its category Mod 4 of right modules, which are
dg-functors A°? — Mody. There is a Modg-model structure on Mod 4.

There is a model structure on Caty (see [34, 36]), for which weak equivalences are
quasi-equivalences. This model structure admits a left Bousfield localization, for which
weak equivalences are Morita morphisms, i.e. dg-functors A — B inducing an equivalence
Modg — Mod g4 (see [35]).

On the level of co-categories, this defines a reflective localization stCaty, of Caty, that
can be identified with the full subcategory spanned by triangulated dg-categories, and that
is a model for the co-category of small idempotent complete k-linear stable co-categories
(see [9]). The localization co-functor is A s Mod"™.

The model category Caty has a symmetric monoidal structure, which is closed, but not
compatible with the model structure. Nevertheless, the tensor product of dg-categories
preserves quasi-equivalences and thus descends to Caty, (recall that k is a field; if k& would
more generally be a Q-algebra, then one would have to consider k-flat dg-categories).

Toén has proven (see [36]) that, given two dg-categories A and B, there is a canonical
equivalence

BiMod_3 := Moderes ~ MaPG,,, (Mod,, Mods)

in Caty, where MAP® denotes the full sub-dg-category consisting of colimit preserving
functors. This induces a tensor product functor

L
—® — : BiMod4_¢ ® BiMods_¢ — BiMod4_¢,
B
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given by the composition of functors. As usual, this tensor product functor can be computed
on models, using the genuine tensor product ® of dg-bimodules, assuming that one of the
B

two factors is cofibrant as a B-module.

5.1.2 Hochschild and cyclic homology
Recall the Hochschild homology functor

L
HH : Caty, — Modi; Ar— A ® AP,
Ae

where A° := A ® A°P. Hochschild homology can be understood as a categorical trace of

the identity functor Mod 4 — Mod 4, and as such it is Morita invariant. In particular, the

. . f . .
natural Morita morphism A — Mod;™ induces an equivalence

HH(A) — HH(Mod%™) .
The fact that Hochschild homology is a categorical trace suggests that it lifts to a functor
HH : Cat, — Mod) .

This is indeed the case, and we are going to provide a very explicit approach to this. In
order to compute Hochschild homology, one can use the (functorial) simplicial Bar resolution
of A by free (right) A¢-modules

‘ ® (n+2)
B(A) := (Awbw ) 7
n>0

where the face maps, resp. degeneracy maps, are given by (opposite) composition morphisms,
resp. identity insertion morphisms.

Notation 5.1. As a matter of notation, for a set S, kS denotes the k-linear category having S
as objects and no non-trivial morphisms. The functor k— is left adjoint to Ob : Caty — Sets.

This exhibits HH(A) as the colimit of the simplicial cochain complex

B(A) ® AP = ... 11 Ab1,bg) @ A(bg,b1) —= I Alee).
Ae bo,b1€Ob(A) ceOb(A)

The above simplicial cochain complex happens to have an obvious cyclic structure, and thus
its co-colimit, that gives back the standard Hochschild complex, inherits a mixed structure,
which is given by Connes’s B-operator as we have already seen in Remark 3.8 (we again
refer to [19] for more details).

We borrow the Notation 3.9: the negative cyclic complex of A HC™ (A) is the homotopy
fixed d-points of HH(A). Notice that, since the forgetful functor Mod) — Modj, is
conservative, the natural morphism

HH(A) — HH(Mod>™)
is an equivalence.

Remark 5.2. The functor HH is Z/2Z-equivariant. More precisely
e There is an involution on Caty given by (—)°P;

e There is an involution on Mod?, given by the involution § — —8 of k[d];
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e The standard Hochschild complexes of A and A°P are canonically isomorphic (by reversing
the order of factors and multiplying by (—1)™ at each level);

e Under the above identification, the B-operators of Connes match up to a sign.

Therefore, HH and HC™ are invariant with respect to (—)°P.
This has a nice interpretation in terms of the orientation reversing involution of S', but
we will not elaborate on that.

5.1.3 Hochschild homology of a free category

Given a dg-category A, the forgetful functor (Caty)q, — Mod4e, sending a dg-functor
f: A — B to the A-bimodule given by (b,t') — B(f(V'), f(b)), has a left adjoint T4, that
can be described as follows: given a A-bimodule M

T4 (M) ::A@M@(M;QM)@...

is the dg-category freely generated over by M over A. This adjunction is Quillen, and thus
induces an adjunction between (Caty)4, and Mode.

Let now B := LT, (M). As a B-bimodule,
L L o®d L
B ~ coeq <B®M®fB — B®B) ,
A A A

where we call the above r.h.s. a small resolution of B, generalizing the one from [25, Remark
3.1.3]. Indeed, given a cofibrant replacement M of the A-bimodule M, then B = T4 (M) and
the sequence of B-bimodules

o.®id
0—BaMeB 9988 B 0,
A A A

is exact (see e.g. [23, proof of Theorem 4.8] or [24, proof of Theorem 1.1]). Observe that the
diagram R(B) in the r.h.s. can actually be written in a little more compact way:

L L
R(B) = <M®35:§A®Be> ,
AC AE
L
so that applying — ® B, we get
‘Be

L L
HH(B):coeq(MQ@% :;A®B> .
AE Ae

Example 5.3 (Free categories). We say that a category is free whenever it is freely generated
over its category of objects. This corresponds to the case A = kS, with S a set. If B = Ty 5(M)
then the above coequalizer becomes

HH(B) ~ coeq( IT M(s1,50) ® B(so, 1) #ﬁ HB(t,t)) .

51,80€8 o tes
The above homotopy coequalizer can be computed as a cone. We call it the small Hochschild

complez of a free category, and it naturally maps quasi-isomorphically into the standard
Hochschild complex (as we have a map of diagrams R(B) — B(B)).
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Remark 5.4. For a finite set S, there is a Morita morphism from the category kS to the
algebra k° (which we view as a k-linear category with only one object). Actually, even their
1-categories of (bi)modules are equivalent. Given such a bimodule M, that is a collection
(M(s,t))s,tes of cochain complexes, we also have a Morita morphism Tjg(M) — Ts (M).
As all our constructions are Morita invariant, we will tend not to distinguish them.

Observe that, for a quiver @, with vertex set S = V(Q) and edge set E(Q), the linear
span M := kE(Q) becomes a kS-bimodule such that Tjs (M) = kQ.

5.2 Calabi—Yau structures, absolute and relative
5.2.1 Calabi—Yau structures on dg-categories

Let A be a dg-category. Observe that the symmetry A ® A°® — A°P? ® A defines an
isomorphism 7 : A¢—3(A°)°P, which is an anti-involution: 7°P7 = id. This allows one to
define a preduality functor

(=)¥ : Modse — Mod’}.

given as follows: for a right A¢-module M, and an object a € Ob(A°P ® A),

MY (a) == 1\/IapMod(Ae>op (Mor,A%a,—)) =~ RHOm\104,,c)0p (Mor,A%(a,—)) .
Notice that A o 7 = A°P. The preduality functor restricts to an anti-equivalence on perfect
modules.

A dg-category A is smooth if A is a perfect A°-module. In this case, by duality, we have

an equivalence
(=)’ : HH(A)—Map, a4, (A A) = RHomyog ,, (A, A).

Definition 5.5. Let A be a dg-category.

(1) A n-pre-Calabi-Yau structure on A is a class ¢ : k[n] — HH(A) (or, equivalenty, a class
k[n] — HC™ (A)).

(2) An almost n-Calabi- Yau structure on A is a class ¢ : k[n] — HH(A) that is non-degenerate,
meaning that A is smooth and ¢” : AY[n] — A is an equivalence.

(3) A n-Calabi-Yau structure on A is a n-pre-Calabi-Yau structure ¢ such that c¢f is an
almost n-Calabi-Yau structure.

(4) An exact n-(pre-)Calabi—Yau structure on A is a class ¢: k[n — 1] — HH(A) such that
its image dc through (3.6) is a n-(pre-)Calabi—Yau structure.

Remark 5.6. We warn the reader that our notion of pre-Calabi—Yau structure drastically
differs from the one of several authors (see e.g. [44]). Ours is a non-commutative version of a
pre-symplectic structure while in [44] it is rather a non-commutative version of a Poisson
structure. Our terminology is nevertheless consistent with Toén’s one [39].

Example 5.7. Let A = k[z| the polynomial ring, which we view as a dg-category with one
object. It has a canonical exact 1-Calabi—Yau structure, that we describe now. As it is
a commutative algebra, every element of k[x] defines a degree 0 Hochschild class. Let us
consider the one given by x € k[x], and prove that §(z) = 1 ® x is indeed non-degenerate in
the sense of definition 5.5(2). As k[z] is free (it is freely generated by the Jordan quiver L),
according to §5.1.3 we have a small resolution of it as a bimodule, given by

PRTRG—=pr&q—pRTq

R(k[z]) = coﬁb(k[x] ® kx @ k[z] klz] @ k[x}) .
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Therefore we have

2" Qr M= T R Q" —2" Qr @™ !

kla]V[1] ~ coﬁb(k[x] ® k[z] k2] @ kz* ® k[az]) .

Viewed as a morphism k[z]Y[1] — R(k[z]), the Hochschild class 1 ® = can thus be described
as follows:

e In degree —1, it sends pRqtopRx Q q;
o In degree 0, it sends p @ * ® ¢ to p ® q.

It is non-degenerate, as it is an isomorphism on models.

The above example is a special case of a large class of examples of Calabi—Yau dg-
categories: the so-called Calabi-Yau completions, introduced in [23].

Definition 5.8 ([23]). Let A be a dg-category. We call G, (A) := LT4(AY[n — 1]) the
n-Calabi—Yau completion of A.

From now on, we will always give ourselves a cofibrant model for AV, and thus we can
safely drop the L from the notation. Thanks to a result of Keller (see [24, Theorem 1.1]),
Calabi—Yau completions of smooth dg-categories are exact Calabi—Yau:

Theorem 5.9. If A is smooth (resp. of finite type), then its n-Calabi—Yau completion G, (A)
is smooth (resp. of finite type) and carries an exact n-Calabi-Yau structure.

Proof. We first recall the construction of the class ¢ : k[n — 1] — HH(B), where B := G,,(A).
L

We have a morphism of B¢bimodules AV [n — 1] ® B¢ — B, along with the split morphism
AE

of dg-categories A — B, which thus induces a morphism
L
BYIn—1 = A [n—1] ® B — B. (5.10)
Ae
In other words, it is the image of id4v{,—1) through
VoV v ~ _
Mapy oa... AV AY) — Map od,. (BY[n—1],B) ~ HH(B)[1 — n].
Another way to understand c is as follows: it is the image of id 4 through

~ L L
Mapy, g, (A A —1] = (AVIn—1)) ® AP — B ® B°P = HH(B). (5.11)

We now prove that the underlying Hochschild class v := (d¢)? of §c is non-degenerate. Using
small resolutions (as in the proof of [23, Theorem 4.8]) we have

L L
B:coeq(ﬂv[n—l](@%e:;fl@%e), (5.12)
Ae Ae
so that

L L
HH(B) =~ coeq (Av[n —1] ® BP —= A ® BP )
Ae Ae

L L
~ eq ( AVIn| % Bor ——¢ A[l] EPS Bop )
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L

naturally receives a map from AV[n] ® A°. Moreover, Keller shows in [24] that « is the
AE

image of id 4 through

Map, o (A A)n] S (AY[n)) J{% A°P s HH(B).

Dually, we also have
L L
szeq<ﬂv ® Be —= A[l —n] ®Be>
Ae Ae
L L
~ coeq (AV[—l] ® B* —= A[-n] ® B ) ) (5.13)
Ae Ae

and thus the map +° : BY[n] — B is induced by a morphism of coequalizers that is the
identity on each component (this in particular shows that the diagrams appearing in (5.12)
and (5.13) are actually equivalent, which was a priori not obvious). O

Example 5.14. The Calabi—Yau completion G, (k) coincides with the free algebra k[z], where
x is a degree 1 — n variable. Following Example 5.7, one sees that the exact n-Calabi—Yau
structure is given by x.

5.2.2 Calabi—Yau structures on cospans and functors

We recall the notion of Calabi-Yau structures on cospans of dg-categories, following
Brav-Dyckerhoff (see [3]), who were themselves insipred by an earlier definition of Toén (see
[38, §5.3]). Note that the notion we consider is called relative left Calabi-Yau in [3], while
we only write Calabi—Yau, as right Calabi—Yau structures do not appear in this paper and
the adjective “relative” can be unambiguously removed.

Definition 5.15. Let A 25 € <2 B bea cospan of dg-categories.

(1) An n-pre-Calabi-Yau structure, resp. exact n-pre-Calabi—Yau structure, on the above
cospan is a homotopy commuting diagram

k[n] —=— HC™(B) resp. k[n] —— HH(B)[1]
HC™ (A) —— HC(€) HH(A)[1] —— HH(C)[1]

(2) If A = 0, resp. B = 0, then call these (exact) n-pre-Calabi-Yau structures on the
morphism g, resp. f.

As for isotropic correspondences, n-pre-Calabi—Yau cospans compose, and so do their
exact couterparts. More precisely, n-pre-Calabi—Yau cospans are cospans in the fiber product
oo-category

(Catk)k[n]/HC— = Catk X *,
HC™ Mod,, *n]
and as this category admits finite colimits, we can compose cospans. Actually, according to
[17, §5], we have an co-category

PrCYj, := Span, ((Catk)zlfn}/Hc—) '
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Similarly, there is an co-category

ExPrCY|, := Span, ((Catk)zr[)n]/HH[l]) )

and the natural transfomation ¢ : HH[1] — HC™ given by (3.6) defines an co-functor
A EXPI‘CY[H] — PI‘CY[,L] .

Remark 5.16. Recall that any category of cospans is equipped with an involution ¢, which
is the identity on objects, and sends a cospan A — C < B to the “opposite” cospan
B — C«+ A.

Definition 5.17. (1) An n-pre-Calabi-Yau structure on a cospan A L5 @ «% B asin the
previous definition is called n-Calabi-Yau if the following conditions are satisfied:
o All three categories A, B and € are smooth.
e The Hochschild classes 054 and CFB are non-degenerate in the sense of Definition 5.5(2).

e The square

f®id

L L
(AVIn]) ® CE~ A ® C°
Ae Ae

is (co)cartesian. This condition is also referred to as a non-degeneracy condition.
(2) An exact n-pre-Calabi—Yau structure on a cospan is called exact n-Calabi—Yau if and
only if its image through § is n-Calabi—Yau.
(3) As usual, we adopt the same terminology for morphisms if A or B is ().

-

We finally recall that n-Calabi—Yau cospans do compose well: indeed, after [3, Theorem
6.2], the non-degeneracy property is preserved under the composition of n-pre-Calabi-Yau
cospans. We therefore have a subcategory CY, of PrCY|, whose objects are n-Calabi-
Yau dg-categories and whose 1-morphisms are n-Calabi—Yau cospans. Similarly, there is a
subcategory ExCY [, of ExXPrCY |, whose objects and morphisms are those that are sent
to CY[,) under A. Finally notice that the non-degeneracy condition is preserved under the
involution o that takes cospans to their opposites.

Example 5.18. Clearly, (exact) n-Calabi—Yau structures on the initial functor ) — @ are
equivalent to (exact) (n + 1)-Calabi—Yau structures on C. As a consequence, the push-out of
two (exact) n-Calabi—Yau morphisms is (exact) (n + 1)-Calabi-Yau.

A source of examples of Calabi—Yau morphisms are given by n-Calabi—Yau completion.

Proposition 5.19. Let B := G,,(A) = Ta(AY[n — 1]) denote the n-Calabi—Yau completion
of a smooth dg-category A, together with its exact n-Calabi—Yau structure ¢ from Theorem
5.9, and let f : AV[n — 1] = A a morphism of right A®-modules.

(1) The space of lifts of dc to a n-pre-Calabi-Yau structures on the functor
Ty (f) :B— .A,

is the space of negative cyclic lifts of f : k[n — 1] — HH(A).
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(2) All such n-pre-Calabi-Yau structures on T4 (f) are non-degenerate (i.e. are n-Calabi-
Yau,).

Proof. As the exact n-Calabi—Yau structure ¢ on G,,(A) is the image of id4 through (5.11),
one can see that

HH(T4(f))[1 —n] : HH(B)[1 — n] — HH(A)[1 — n]
maps ¢ to f seen as an element of |[HH(A)[1 — n]| via
Mapy,, (A0 — 1),4) 5 [HEA)L ]|

This proves (1). We now turn to the proof of non-degeneracy. We want to compute
BY[n] ®%. A° ~ B ®%. A°. Recall from the proof of Theorem 5.9 that we have

L L
B’:coeq(ﬂv[n—l] ® B —=A® Be> ,
A(E A(i
L L
BVNeq<AV ® B —= A[l —n] ®Be>
Ae Ae
L L
~ coeq <AV[1} ® B¢ —= Al-n] @ B ) ,
Ae Ae
and that 7° : BV[n] = B, where v := (J¢)?, is just given by the identity of the coequalizer of
L L
AVln—1] ® B* —= A ® Be.
Ae Ae
Now, using T4 (f), we apply — ®z. A° and get
L 0
B %E) A~ coeq(ﬂv[n 1] 0:;%[) ~ AY[n] @ A.

over which T4 (f) ® id acts as the projection on A. The result follows from the fact that

AV[n] ——0

o

\Y%

is (co)cartesian. O

k[n — 1] - HH(A). Denote by G,,+1(A, ¢) the dg-category obtained by deforming G,,11(A)
with (the extension by the Leibniz rule of) c[1] : AY[n] — A[1]. In other words, G,11(A,c)
is given as the homotopy pushout

Definition 5.20 (Keller [23]). Let A be a smooth dg-category together with a class ¢ :

Ta (O)l J{
A

—_— 9n+1 (.A, C)~
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Corollary 5.21. Let A be a smooth dg-category together with a class ¢ : k[n — 1] — HH(A).
Then every negative cyclic lift of ¢ induces an (n + 1)-Calabi—Yau structure on G,11(A,c).

Proof. On the one hand, it follows from Proposition 5.19 that every negative cyclic lift of ¢
provide a n-Calabi—Yau structure on T4 (¢). On the other hand, 0 trivially lifts, therefore
T,4(0) has a canonical n-Calabi—Yau structure. As a consequence, we obtained an (n + 1)-
Calabi—Yau structure on their homotopy push-out. O

Remark 5.22. This corollary is a generalization, for smooth dg-categories, of a result of
Yeung for finite cellular dg-categories (see [43, Theorem 3.17]). Added in proof: in a new and
completely revised version of [43], Yeung was also able to get rid of the cellular hypothesis.

5.2.3 Calabi—Yau completion as a functor with values in exact Calabi—Yau
cospans

Let us assume we are given a morphism f : A — B of smooth dg-categories. We define
\% L e
Gu(f):=Tp [ A [n—l]%B .

Theorem 5.23. There is an exact n-Calabi—Yau structure on the cospan

Gn(A) = Gn(f) < Gn(B).

Proof. We already have exact n-Calabi—Yau structures on G, (A) and G, (B), respectively
denoted ¢4 and cp. The fact that their images in HH(G,,(f)) coincide follows from the
commuting diagram

Map (B, B)n—1] — (BV[n — 1]) & B® — 5 G, (B) & Gn(B)*P
— ——Modge Be S, (B)e

ids of fv®id

k= 1]~ Mapy (A B)n = 1] = (A= 1) § 3% ——5u(f) & 6u(1)”

o id®
id g f f

Map (A A) = 1] —s (A —1]) © AP — G (A) &  Gn(A)P
7M0d‘Ae Ae Sn(A)C

This exhibits a n-pre-Calabi-Yau structure on our cospan. Let us show the non-degeneracy
property. We use small resolutions again. First

5u(f) = cocq ( (A =1] & B) § Su(f)* =B § 5u(f)" )

= coeq (Av[n —1] E’i Sn(f)e —=B é% Gn(f)° )
implies

§u(/)"[n] = eq ( BY[nl § 90(/) == Al & Su(F)° )

e

= coeq ( BY[n —1] {;éi Sn(f)f —=A % Sn(f)° ) .
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Similarly

Gu(A) & 9n(f)e2c0€<1<flv[n—1]§>e9n(f)eﬁfl & 9n<f>e>

Gn(A)e
and
L L L
9n(B) @ Gn(f) = coeq ( BY[n—1] @ Gu(f)* == B @ Gu(f)° ) :
Sn(B)e Be Be

Note that the resolutions of G, (B) ®%R(B)e G.(f)¢ and G, (f) are obtained from those of
Gn(f)V[n] and G, (A) ®H§”(A)e Gn(f)¢ respectively by post-composing by f ®id, which proves
that the homotopy square in Definition 5.17 is (co)cartesian. O
Corollary 5.24 (Relative Calabi—Yau completions). Given a morphism f : A — B of smooth

dg-categories, the exact n-Calabi-Yau structure on G,(A) lifts to an exact n-Calabi-Yau
structure on the morphism

G (A) — G2 (BIA) = T colib(B” 1 v ﬁL% )0 — 1])

Proof. The proof is just based on the fact that exact n-Calabi—Yau stuctures do compose
via push-out. We have:

/9714.1(3|.A) (5.25)
/%(f)\ > B \
S (A) G, (B) 0

The exact n-Calabi-Yau structure on the two cospans comes from Theorem 5.23 (for the
second one, we apply it to the initial functor ) — B, and then pass to the opposite cospan).
We thus simply have to prove that

L
Sni1(BJA) = Ts(A[n—1] @ B) [ B
Ty (BY[n—1))

which simply follows from that Tn commutes with push-outs (it is a left adjoint) and
T5(0) = B. O

Remark 5.26. The above corollary extends [43, Theorem 3.13] from finite cellular to smooth
dg-categories.

Lemma 5.27. Let f: A — B be dg-functor. Then

Sn(f) = Gu(A]]B-

A
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Proof of the Lemma. Observe that we have a commuting square of right adjoints

(Catk)g/ — Modge

|

(Catk)A/ —— Mod -

Thus, passing to left adjoints, we have, for every A®module M,
L
Ts <Jvt ® Be> ~T(M]]B
Ae "

With M = AY[n — 1], we get the desired result. O
Theorem 5.28. The construction G,, defines a functor

Ho(Cat}™) — Ho(ExCY ),
where Cat}™ denotes the full subcategory of Caty spanned by smoothdg-categories.

Proof. The proof is similar to the one of Proposition 4.12. We have already defined §,, on
dg-categories and on functors. One sees that

G (A 15 A) = G (A) 1 G, (A) <L G, (A),

is an exact n-Calabi—Yau cospans. It thus remains to prove that G,, sends composition of

morphisms to composition of exact n-Calabi—Yau cospans. Let A S4B 95 @. Thanks to
the above Lemma,

R

Sn(f) T Sn(o)

Sn(B)

(%(A)H%) 11 <9n<93>]£[e>

A Sn(B)

Sn(A] e =~Gulgof).
A

12

So at the level of dg-categories, G, indeed sends the composition of morphism to the
composition of push-outs.

Let us now turn to the proof that it is compatible with the composition of exact
n-pre-Calabi—Yau structures, in the following sense: from Theorem 5.23 we have exact
n-pre-Calabi—Yau structures on G, (f), G,(g), and G,(g o f), and we want the push-out of
the first two to be homotopic to the one on the third. Recall from the proof of Theorem
5.23 that, with a morphism f : A — B, one can associate a diagram £,,(f)

\V2 L op L op
ea(f) = (K= 115 Mopyypy (B =12 (A= 1) 537 5 5,() 5 6u(1))

in Mody, and that we have a cospan of such diagrams
Ln(A) L5 La(f) € £a(B),

where £,,(A) := £,(id4), by convention. This cospan of diagrams precisely determines the
exact n-pre-Calabi—Yau structure on

Gn(A) = Gn(f) < Gu(B).
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Given a sequence of morphisms A AN C, we then have a commuting diagram (of
diagrams)

Ln(gof)
% X
Ln(f) Ln(g)
La(A) £o(B) £,(€)
which proves the result. O

Remark 5.29. The functor G,, can be lifted to the oco-categorical level, from Cat;™ to
ExCY{,), but we leave this to a subsequent work.
5.2.4 Deformed Calabi—Yau completions

Let f : A — B be a morphism between smooth dg-categories. As in §4.2.1, we want to
modify (5.25), using any Tg(c) : §,(B) — B, ¢ € |HH(B)[1 — n]|, instead of T'5(0). We thus
define G, +1(B|A, ) as the following composition of push-outs:

Gn+1(B|A,c) (5.30)

5 (/) Vﬁ% \
i N

In a similar way as in Definition 5.20, the push-out G,1(BJA, ¢) can be identified with the
deformation of G,,41(B|A) by means of (the extension by the Leibniz rule of) the composed
map

0

cofib(f¥)[n — 1] — BY[n] - B[1].

Now let us assume that there exists a Calabi—Yau structure on Tz (c) given by a negative
cyclic lift of ¢, according to Proposition 5.19. Thanks to Theorem 5.23, we get an alternate
proof of [43, Theorem 3.23] when G,,(A) is not deformed, i.e. when considering the trivial
Hochschild class on A.

Proposition 5.31. FEvery negative cyclic lift of ¢ induces a n-Calabi—Yau structure on
Gn(A) = Gnt1(BJA,c).

Now assume that we are given a (possibly non-trivial) class ¢ : k[n — 1] = HH(A), and
denote ¢ its image in HH(B). For every lift of ¢ in HC™ (A), we get a corredponding lift of
¢ in HC™ (B), and thus, according to Proposition 5.19 and Theorem 5.23, we have diagram
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of Calabi-Yau cospans

SN

N / J

We postpone to a future work the technical proof of the following Lemma (that we won’t
use after the end of §5.2.4), related to the (o0, 2)-categorical nature of iterated Calabi—Yau
cospans.

=

(5.32)

\TB

/

Lemma 5.33. Assume that we are given a n-Calabi-Yau cospan X — Z <Y along with
two n-Calabi—Yau morphisms X — U and X — V. Then the cospan

u]_[v - u]_[z]_[v — (u]_[z) ]_[ (z]_[v)
X X X X Y X
is (n + 1)-Calabi-Yau.

Using the previous diagram (5.32), we apply the Lemma with U =V =A and X — Z +
Y =G,(A) = Gn(f) + Gn(B). In this case we have

Gnt1(f,cr) UHZHV B H B,

Sn(f)

which can be identified with the deformation of G, +1(f) by means of the (Leibniz extension
of the) composed map

erll] s AV @%. B¢ b Al o) 1 B
Corollary 5.34. Under the assumption that Lemma 5.83 holds, the cospan
Gnr1(A,¢) = Gny1(ficp) < Gnpa (B, )
is (n 4 1)-Calabi-Yau.
Remark 5.35. We will prove in a subsequent work the above construction defines a functor
Ho ((Catu)ifi o ue- ) — Ho(CY(y).

Now assume that the negative cyclic lift of ¢’ is (homotopic to) 0, i.e. that Gp,41(B, ) ~
Gn+1(B) as a Calabi—Yau category.
We thus get a Calabi—Yau push-out

9n+2 (‘B“A> E)
Gnt1(f,cr) B
97L+1(A7c) 97L+1(B) @
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which allows us to retrieve [43, Theorem 3.23] in its full generality. Let us be more specific.
The fact that ¢’ is homotopic to 0 tells us that we have a factorization of cs as follows:

AV[n — 1] ,‘%L% Be s cofib(f¥)[n — 1]

l :

L
A ® B¢ B
Ae

One can then identify the push-out G,,42(B|A,¢) with the deformation of G,,412(B|A) by
means of the morphism ¢[1], as we have already done on several occasions; whence the
notation.

Theorem 5.36. Under the assumption that Lemma 5.33 holds, to any negative cyclic
lift of the pair (c,¢), one can associate a (n + 1)-Calabi-Yau structure on Gp41(A,c) —
9n+2(B|A>E)

Remark 5.37. (1) The data we use is the same as Yeung’s, who equivalently requires a lift
of ¢ in relative negative cyclic homology.

(2) Note that using T () for some class 5 would just amount to picking a different homotopy
from ¢’ to 0, through the self-homotopy S of 0.

5.3 Free examples

In this subsection, we make some constructions more explicit on free dg-categories. Our
setup is the following: [ is a finite set, M is a perfect cochain complex carrying a I x I-grading,
turning it into a perfect k/-bimodule, and A := Tj,: (M). The typical situation we have in
mind is the one quivers, which corresponds to the case when M is concentrated in degree 0
and comes with a basis.

Recall that, for a free category A, the dualizing bimodule can be computed easily. As
A¢-modules, we have

k! id@m k!

m®id
A~coeq<A@M®A:§A®A>
k

where m denotes the multiplication in A. Hence (see for instance [23, Lemma 3.2]),

P Rid
AY :eq(A@A:;A@)MV@A)
kI idee kI kI

where ¢ € MY ®;r M denotes the Casimir element corresponding to the identity through
HOIIlkI (M, M) = MV ®k1 M. Note that (Mv)ivi/ = (Myyi)v.

5.3.1 The relative Calabi—Yau completion as a double

L,

Recall that G, (k1) = Hlk[xi], with exact n-Calabi-Yau structure given by x:= 3", ;
1€

and where z;’s are degree 1 — n variables.
Proposition 5.38. The relative Calabi-Yau completion G, (k') = Gp11(A|kT) is equivalent
to the morphism
6+ Tk[w:] = T (M@ MY [n — 1))
1€
sending x to (c°P — c)[n — 1] in Tpr (M O MY [n — 1]).
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Proof. By definition, Gyt (AlkT) = T (coﬁb(AVH(kI)V ® A)[n — 1]). The map

(kT)e

AV:eq<A®A:;A®MV®A> %(kl)v®fl62fl@1>./l
k

k! id®c k! kle

is given by 1® 1 — z[1 —n] ® 1 on the leftmost term of the equalizer (and 0 on the rightmost
one), and thus its (homotopy) cofiber is

A®MV®A MY @ A°.
kI (kl)e

Hence we have

9n+1(.A|k‘I) =Ty (Mv[n - 1] (]S?) .Ae> ~ Tp1 (Mv [TL — 1])H.A =T (M D Mv[n — 1])
kI

Since Gy (k') = Gn(k' — A) = Ta((k")V[n — 1] @1y A°) maps x to 2 ® 1, we see from

above that G, (k') — Gni1(k'|A) maps z to the image of (c® ® 1 — 1 ® ¢)[n — 1] in

Tt M &MY [n — 1]).

Remark 5.39. Note that the homotopy from ¢(B(z)) = ¢(1 ® z) to zero is given by
B(c°P[n — 1]), i.e. the shifted image of the opposite of the Casimir element by Connes’
boundary operator.

5.3.2 Ginzburg dg-algebras

Consider the same setting as in Remark 5.4. Let us perform the following composition of
exact Calabi—Yau structures, analogous to (4.16):

/\

/ \ S2(kQIK")
/ \ me kQ)\ / :
) G1(k S1(kQ) 0.
We have
T ~ ! I ~
=k H 91 _> kQ (lemma 5.27) H 9 k HkQ kQ
S1 (k1) G1(k!) k!
hence

¢ =kQ J] kQ ~ S2(kQ).
91(kQ)

Since Tj,r (M@ MY) ~ kQ and Gy (k') = k[z]! with 2 in degree 0, we get by Proposition 5.38
that
~ k' ]_[ kQ ~ k[ [rQ,

k[z]



with k[z] — kQ defined by x Y ecn(q)ee” — €”e), using the obvious basis E(Q) of
M = kE(Q), as announced in Remark 4.18.

Let us compute the 2-Calabi-Yau structure on the homotopy push-out Go(kQ) =
k] T kQ. Tt may be done using a k[z]-cofibrant replacement of k. We consider k[z, x*] with
x* in degree —1 and 9(z*) = z. The map k[z] — k[z, 2*] is the obvious inclusion, and the
homotopy from the image of 1 ® x to zero is given by 1 ® z*. From this and Remark 5.39,
we see that in the Hochschild complex of the push-out

we get a self-homotopy of zero, that is a degree —1-cocycle given as the difference

Z e®e" —a*.

e€E(Q)

This naturally lives in the standard Hochschild complex of G3(kQ) and again, applying
Connes’ boundary operator we get a 2-Calabi—Yau structure on G2 (kQ).

Remark 5.40. A potential of the quiver @), as defined in §4.2.2, is an element W €
kQ/[kQ, kQ] and may be seen as a class k — HH(kQ). Hence 6W : k — HC™ (kQ)[—1], and
the deformed 3-Calabi—Yau completion G3(kQ, dW) is the same as in Definition 4.22, as they
are both defined as the push-out of

52 (kQ) s kQ

J

kQ

Similarly the dg-category G3(kQ|kD,dW) associated with an inclusion D C @ defined
by (5.30) is the same as the one appearing in Proposition 4.24.

6 Comparison

In this section, we show that the cotangent stack to the moduli of objects [40] of a finite
type dg-category is equivalent, as a symplectic stack, to the moduli of object of its Calabi—
Yau completion. Moreover, this is compatible with the functoriality of our constructions
(Calabi—Yau completion on the one hand, and taking cotangent stacks on the other hand),
in the following sense:

Theorem 6.1. There is a natural isomorphism

ooGn

Ho(Cat/")°p Ho(ExCYT,")

Pl / Jp

Ho(dSt™) T Ho(ExLagp, )

where Catg't' s the full subcategory of Caty spanned by finite type dg-categories, and
ExCYf:;]t‘ is the subcategory of ExCY |, whose objects and morphisms only involve finite
type dg-categories.
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The rest of this section is devoted to the proof of this result:
o We first recall the works of Toén—Vaquié [40] and Brav—Dyckerhoff [4] (see also Toén’s [39]),
that make sense of the vertical functors;

e We then prove a version of the theorem that does not take into account symplectic
and lagrangian structures, i.e. functors take their values in Ho (Span1 (dStk)) instead of
ExLagp;_,,;

e We finally check the compatibility with exact symplectic and lagrangian structures.

Along with a side result relating graphs of closed forms with Calabi—Yau morphisms
associated with negative cyclic classes, this allows us to prove that the moduli of objects of
G3(kQ|kD, W) can be indeed identified, as a lagrangian, with a relative (derived) critical
locus.

6.1 From Calabi—Yau structures to shifted symplectic structures
6.1.1 Moduli of objects

Let A be a dg-category, that we assume to be of finite type. We denote its derived moduli
stack of objects (from [40]) by Perf 4: for a cdga B

Perf 4(B) := Mapcyg, (A, Mody™).
In other words, a B-point x is then given by a A — B-bimodule M, that is pseudo-perfect
(i.e. it is perfect as a B-module).

Example 6.2. For a finite set I, Perf,r ~ Perf;; ~ Perfﬁ: a B-point = of Perf,: is an
I-family M, of perfect B-modules. Therefore, if A = T} (V) is free, then Perf 4 is a stack
over Perf;r, and for every x : Spec(B) — Perf,:,

Perf 4 (z) = Mapgag, (Tir (NV), Mody™) . {M.} = Mappioq,, . (N, Endp(M,)) .
Modb™

Here the k’-bimodule End;(M,) can be described in the following equivalent ways:

o Abstractly, it is just the k’-bimodule structure on Mod®™ that we get from the dg-functor

M, : kT — Mod%™;
¢ In concrete terms, it is the I x I-graded complex given by

EndB(Ma;)i,j = mModB (Mx(])7 Mx(l)) .

If we borrow the notation from Example 4.4 and write E for the tautological sheaf on
Perf, then, for a B-point x of Perf,:,

M, ~ x*(@p;‘E),
el
=F1

where p; : Perf,l€ — Perf}, is the i-th projection. Given a k!-bimodule N, we get a
quasi-coherent sheaf End(ET)N € QCoh(Perf}) defined by

o*(End(E")N) :=Map_. . (N,Endp(M,)).

(Tye
Hence, by definition, for A = T} (N),
Perf 4 (z) ~ |z*(End(E")N)|.

In other words:

47



Lemma 6.3. The moduli of objects Perf 4 of a free dg-category A = Ty1(N) is equivalent
to the linear stack Agnq(pryy

Example 6.4. In the quiver case (i.e. I = V(Q) and N = kF(Q)), one observes that
End(E")N ~ E9,

again following the notation of Example 4.4. Hence we get an equivalence Perf,g ~ Ao,
as witnessed in Remark 4.5.

The following is now a direct consequence of Lemma 6.3 and Remark 4.19.

Proposition 6.5. The following diagram is a homotopy pullback square in the category of
derived stacks
T*Perf,g —— Perf v

| |

Perfka _— Perfk[w] V(Q)

The map Perf,@ — Perfy, v is induced by the k-linear functor k[m]V(Q) — kQ that maps
the v-th generator x to ZeGE(Q) e, (ee* —e*e)e, for allv € V(Q), if e, stands for the length
0 idempotent path at v.

Remark 6.6. The Proposition will also be a consequence of Corollary 6.12 together
with §5.3.2.

6.1.2 Forms on the moduli of objects

Let € be a dg-category. We have a sequence of morphism che defined as the composition,

HH(C) —  holim HH(ModX™)
C—Mod®e™

holim HH(B)
e—Mod®e™

= holim |DR(B )|
€—Modbr™!

— holim |DR/(B)|"
€—Mod®e™!

R

12

holim DR(B)| =: |DR(Perfe)|"
e—Mod¥™*

which is natural in € and induces a commuting diagram

hP=1

IHH(E)[n + 1] 25— A (Perfe, n + p)

§ lddR
Ch(p)

[HC™ (C)[n]] —— A% (Perfe,n + p)

(») l

chg

[HH(C)[n]| ——— A?(Perfe,n + p)
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that is also natural in €. When p = 2, the top part of the above diagram induces a commuting
diagram of oco-categories

ExprCY[n] Pert, ExIsopp_g

AJ lDdR

erf
prCY[n] _Perf Isopz_p)

and the bottom part ensures that cNhg)(f)ﬁ o~ chg)((f)h).

Remark 6.7. In the above diagram, all functors commute with the anti-involution o that
reverses the direction of (co)spans.

Example 6.8. In weight 0, the map
ch® : [HH(€)[n]| — A%(Perfe,n) = [[(Opert, ) (1]
is simply obtained from

HH(C) » holim HH(B) — holim B =T(Oper,)-

€—Modbe™! €—Modbr!
The following example will be useful for the comparison results in the next Section.

Example 6.9 ([4], Proposition 5.3). Let us write M, for the pseudo-perfect € — B-bimodule
corresponding to a point z : Spec(B) — Perfe, and recall that there are natural equivalences
of B-modules

L
2" Tperte Map, /g (Mg, M)[1] and z'Lperfe ~ Map, /o e % M,, M,)[-1].
Therefore, applying [4, Proposition 5.3] to the weight one case, we get that ch™ is given by

—®id . L
[HH(€)[n]| ~ Mapyjoq,. (€7, €)[n] —  holim Mapginoeqa, ,(C" @ My, My[n])
z:C—Mod}™" ¢
~  |I(Lpere)[1 + 7l
- A'(Perfe,1+n).
Recall that, if C is of finite type, then Perfe is Artin and thus the last morphism is actually
an equivalence.
We now recall the
Theorem 6.10 ([4], Theorem 5.5). (1) If a finite type dg-category C is equipped with a

n-Calabi-Yau structure ¢, then c~hé2)(c) is a (n — 2)-shifted symplectic structure on
Perfe.

(2) The image by ch® of a n-Calabi—Yau structure on a cospan of finite type dg-categories is
a (n — 2)-shifted lagrangian structure on the associated correspondence of derived moduli
of objects.

As a consequence, the previous commuting diagram of oco-categories restricts to
t.
ExCY{ | —— ExLagp,_,
Al J{DdR
L.
CY/) ——— Lagp

where the superscript f.t. means that we restrict ourselves to the subcategory of cospans
where all involved dg-categories are of finite type (instead of only being smooth).
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6.2 Calabi—Yau completions as noncommutative cotangents: un-
derlying stacks

In this subsection, we prove that Perfg 4y ~ T*[2—n]Perf 4 for a finite type dg-category
A, as well as relative version of this.
We start with a generalization of Lemma 6.3.

Proposition 6.11. Let A be a dg-category of finite type and M a perfect A-bimodule. Then
the derived moduli stack Perfr, ary is equivalent to the linear stack Ay, where M € Modifrf
1s defined by

L
M = MapModAOp (M (i@ M., M,),
on B-points x : Spec(B) — Perf 4.

Proof. Both Perfr, (3 and Ay are stacks over Perf 4. By the universal property of T4 (M),
we have natural equivalences (in )

Perfr, (ay(z) =~ MapModAc(M,Modeerf) X . {z}
Mapae, (4, Mod5™)

~ Mappgoq,. (M, Endg(M,)),

where Endp(M,) is the A-bimodule structure on Mod%™ given by z : A — Mod®™; in
other words, this is the dg-functor A°? ® A — Modj given by

(a,a’) — Map, (z(a),z(a")) .

Finally, there is a natural equivalence
L
Mapptod . (M, Endp(M,)) ~ Mapgineda, (M % M, My) =: [2*M].

This proves the result. O

Corollary 6.12. Let A be a dg-category of finite type. Then the derived stacks Perfg, ()
and T*[2 — n]Perf 4 are equivalent.

Proof. Both Perfg (1) and T*[2 — n|Perf 4 are linear stacks over Perf 4:
e On the one hand, Perfg, (4) > Ay, thanks to Proposition 6.11, where

L
M= 1\/Iap1\/IOd‘AOp (AV[n —1] % M,, M,)

on a B-point z of Perf 4.
e On the other hand, T*[2 — n|Perf 4 = A]LPerfA [2—n], by definition.

It thus remains to show that Lpers, [2 — n] ~ M. The tangent complex to Perf 4 at x is the
B-module
x*TPerfA ~ 1\/[&1:)1\/[0(:1}‘Op (MI7 MI)[]'] :
Hence, the (2 — n)-shifted cotangent complex at z is the B-module
(M, M,)[1]Y[2 — n]

I*LPerfﬂ [2 - TL] = MModﬂop

L
~ 1\/IapMOdAOp (AY (%) My, M,)[1 —n] =: x*M.

This proves the claim, as the above equivalences are natural in z. O
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Corollary 6.13. Let f : A — B a functor between dg-category of finite type. Then Perf
applied to the cospan G, (A) = Gn(f) + Gn(B) is equivalent to

T*[2 — n|Perf4 < ¢*T*[2 — n|Perf 4 — T*[2 — n|Perfs,
where p = f* : Perfg — Perf 4.
Proof. We have equivalences

©*T*[2 — n]Perf, := T*[2 —n]Perf, x Perfy ~ Perfg 4yus ~ Perfg (5,
A

Perf 4

where the first one follows from Corollary 6.12 (and the fact that Perf sends push-outs to
pull-backs), and the second one follows from Lemma 5.27. O

Going back to the general situation of Proposition 6.11, let us observe that every bimodule
morphism ¢ : M — A defines a global section s. of M whose graph

Perf; — Ay

is identified with the image of T4 (c) by Perf. Indeed, we have a morphism

— i . L
Mapygoq . (M, A) ~25' holim MapBiModﬂiB(M(;@Mz,Mx) ~T(M). (6.14)

erf
z:A—Mod}

As a consequence, Perf sends the deformation of T4 (M[1]) by ¢, which is obtained as a
push-out along

Ta(M) 22 4

Ta (O)J

A

to the derived zero locus of s., which is defined as the derived intersection of s. with the
zero section.

Example 6.15 (Critical loci). Observe that in the case when M = AV[n — 1], (6.14)
retrieves the map ch™ that was made explicit in Example 6.9. In the case when the
Hochschild class ¢ = (6W) is exact, then the section we get is given by (dqr)*, with
¢ = ch® (W). We therefore obtain an equivalence between Perfs, . (4 sw) and the derived
critical locus of ¢. Similarly, given a functor f : A — B and an exact class ¢ = (§W)8, with
W i kln — 2] — HH(B), there is an equivalence between Perfg, . (z|4,sw) and the relative

derived critical locus crit,(¢), where 7 = f* and ¢ = ch(® (W).

Example 6.16 (Quivers). We now specialize the previous example to the case of an
inclusion of quivers D C @, and n = 2. In this situation W € kQ/[kQ, kQ] and the map
ch©@ : kQ/[kQ, kQ] — IT(Opert,,)| has a fairly explicit description: for every B-point ,

tr

kQ/[kQ, kQ] — Endy;oq, (Mz)/[Endyeq, (Me), Endyyoq, (Me)] = B

In particular, we recover the identification of §4.2.2 via the open embedding of derived stacks
DRep [93(kQ|kD, (SVV)7 ﬁ)/GLﬁ(k)] — Perfgs(kQ‘kDygw) .
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6.3 Calabi—Yau completions as noncommutative cotangents: sym-
plectic aspects

On the one hand we have shown that G,,(A) has a canonical exact n-Calabi-Yau structure,
hence according to §6.1.2 there is an exact (2 —n)-shifted symplectic structure on Perfg, ().
On the other hand, after the identification T*[2 —n]Perf 4 ~ Perfg (4 from Corollary 6.12
there is another exact (2 — n)-shifted symplectic structure on Perfg, (4). We now prove that
they are the same:

Theorem 6.17. The exact (2 — n)-shifted symplectic structure on Perfg 4y induced by the
canonical exact n-Calabi- Yau structure on G, (A) agrees with the canonical exact (2—n)-shifted
symplectic structure on T*[2 — n|Perf 4.

Proof. Recall that both Perfg, 4y and T*[2 — n|Perf, are canonically identified with the
linear stack Ag,, where Mg ~ Lpers, [2 — n] is defined by

L
My = Map od. o (AY[n —1] % M., M)

for every B-point z : A — Mod%™. The space of lifts u : Spec(B) — Ay, of such an z is
thus |2*M4|. Abusing the notation, we allow ourselves to write B-points of Ayg, as pairs
(2,5), with z : A — Mod%™ and s € [#*My|. Finally, also recall that such a pair u = (z, s)
defines a G,,(A) — B-bimodule M,, whose restriction to A is M,.

Now observe that we have a commuting square

so(—®id) .
Mapy;oq.. AVIn—-1],A[n—-1]) ————— h((;hsr)n MapModﬂop(

o] |

—®id . L
(Sn(A)"[n = 1), G (A)) — holimMapy, - (G(A)"[n — 1] 20 M,, M,)

L
AV[n — 1] ® My, M,,)
A

Mabytods, e

in which the upper right corner is I'(7*M4 ) ~ I'(7*Lpert , [2 — n]), and the lower right corner
is equivalent to I'(Lpert,, 4, [2 — n])-

On the one hand, the tautological 1-form of degree 2 — n on the (2 — n)-shifted cotangent
stack is the image of id qv[,_1) through the upper part of the square. Indeed, the right
vertical arrow is the pullback morphism I'(m*Lpers , [2 — n]) — F(Lperfgn(jl) [2 —n]), and the
image of id 4v[,,—1] through the top horizontal arrow is the tautological section (that is s
above a B-point (z, s)). On the other hand, if ¢ denotes the exact Calabi-Yau structure from
Theorem 5.9, that is the image of id 4v(,—1) through the left vertical arrow, then ch(l)(c) is
the image of id 4v[,—1] through the lower part of the square (thanks to [4, Proposition 5.3],

as recalled in Example 6.9 above). Hence the tautological 1-form and ch(l)(c) coincide. [

The next result shows that the equivalence of shifted symplectic stack from Corollary 6.12
and Theorem 6.17 is natural, and thus it completes the proof of Theorem 6.1.

Theorem 6.18. Let f : A — B be a functor between finite dg categories. The moduli of
objects functor sends the canonical exact n-Calabi-Yau cospan G,(A) = Gn(f) < Gn(B) to
the canonical exact (2 — n)-lagrangian correspondance

T*[2 — n]Perf 4 < ¢*T*[2 — n]Perf 4 — T*[2 — n|Perfs,

where p = f* : Perfg — Perf 4.

52



Proof. Recall (see Theorem 5.23) that we have a Hochschild class ¢y defined as
Vin—1 L
kin—1) 725 Map,, (BV,AV[n -8 Be> — Mapg . (5a(1), 5a(f)) =~ HH(S, (/).

which coincides with with both pushouts of ¢4 := ¢4, and cs := ciq,, thanks to the
commuting diagram
Map qe(‘Avﬂ‘Av [TL - 1]) E— Ma’pgn(ﬂ)e (971(‘A)v7 9n(‘A))

id,v[n—1 (—@id)of

ki — 1" ap,, (BV,AV[n ~1¢ Be) s Mapg 1 (Su(1)¥5a(D)

Mge($v7 Bv[n - 1]) B Mgn(g)e (gn(B)vv STL(‘B))

Recall also (see Corollary 6.13) that we have an equivalence
Perfg (r) ~ ¢"T"[2 —n|Perf,

of linear stacks over Perfs. Indeed, both Perfg ;) and ¢*T*[2 — n]Perf 4 are canonically
identified with Ayt,, where My >~ ¢*Lpers . [2 — 1] is defined by

L L L
* My := Modpgod,op (A7 [0 — 1] % Be %Mﬂm M,) ~ Modpsod o (AV[n—1] % f*M,, f*M,)

for every C-point z : B — Modgerf.

Now, as in the proof of Theorem 6.17, we abuse the notation and denote a C-point
w: Gn(f) — Mod™ of Perfg, (s as a pair (z,s), where z : B — Mod%™ and s € |z*M;|.
We then repeat several times an argument similar to the one appearing in the proof of

Theorem 6.17.
(i) We first consider the commuting square, denoted Q,,(A),

so(—®id)

. L * *
MaLpMOdAc (AV[n—-1],A[n -1]) ———— h((;lir)n 1\/Iap1\/IOdAOp (AV[n —1] %} [ My, f*M,)

| J

Y _ —®id : \Y _ L * *
MapModgn(A)e (SH(A) [n—1], Sn(A)) —_— holltlm MapModsn(A)op (Sn(ﬂ) [n—1] QE(QA) a*M,,a Mu)

in which the upper right corner is I'(n*¢p*My4) ~ I'(n*¢*Lpert,, [2 — n]), the lower right
corner is equivalent to I'(a*Lpert, ) [2 — n]), and where a : §,(A) = Gn(f) and a = a*.
The image of id 4 through the upper part of the square is a*Aperf , , its image through the
lower part of the square is a*ch(l)(c 4), and the homotopy we obtain between these is the
pull-back via « of the homotopy from Theorem 6.17.
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(ii) We then consider the commuting square, denoted Q,(B),

so(—®id)

L
Map, o, (B0 — 11,30 — 1)) holim Mapy o (B¥[n — 1] & M. M)

| |

—-®id ;. Lo *
MapModsn(B)E (S0(B)Vn —1],5,(B)) — holim MapModsn(B)op (Sn(B)V[n —1] 9%) b* M, b*M,)

in which the upper right corner is I'(m*Mg ) ~ I'(7*Lpert,, [2 — 1), the lower right corner is
equivalent to I'(8*Lpert,, 5 [2 — n]), and where b: G, (A) — G, (f) and 8 = b*. As before,
starting with ids in the upper left corner of the square leads to the pull-back by £ of the
homotopy between Aper,, and ch(l)(cB) from Theorem 6.17.

(iii) We finally consider the commuting square, denoted Q,(f),

L .. so(~gid) , L
MaupMOdBe (BY[n —1],AY[n — 1] g Be) ——— h(;lgnMapMod%op (BY[n —1] (983) M, M,)

i

| J

(00 =11, 8u(£)) = holimMapyy o (S0(/) 0 —1] & M, M)

in which the upper right corner is I'(m*Mg) ~ I'(m*Lpert, [2 — n]), and the lower right
corner is equivalent to I'(Lpert,, ;,[2 —n]). Starting with fV in the upper left corner gives

us ch™® (cy).

L(f>[

Finally observe that there is a commuting diagram

k
id 4 v idgv
Fv

Qp(A) —— Qn(f) +— 2,.(B)

which indeed exhibits an identification between the homotopies a* (Ch(l) (ca) ~ Apert A) and
B*(ch™M(en) ~ Aports )- O

Let B be a finite type dg-category and ¢ : k[n — 1] — HH(B). We have seen in the
previous subsection that Perf sends the morphism T's(g) : §,,(B) — B to the graph of
ch™(g). Recall from proposition 5.19 that every negative cyclic lift § : k[n — 1] — HC™(B)
of g induces a Calabi—Yau structure on T5(g). Indeed, the image of the canonical Hochschild
class ¢p through Tz (g) is the Hochschild class g, so that the image of dc is dg, which is
homotopic to 0 for every choice of negative cyclic lift g.

It then follows from Example 6.9 together with Theorem 6.17 that the pull-back of the
2-form wperf,, = darApPerf, along the graph of ch(l)(g) is ddRch(l)(g) = c~h(2)(59). Therefore
the lagrangian structure induced by the Calabi—Yau structure that is determined by the
negative cyclic lift g is the corresponding de Rham closed lift c~h(1)(§).

Hence, if ¢ = 0W, then Perf gives back the lagrangian structure on the graph of
ddRch(O)(W). As a consequence, using that Perf defines a functor CY{?;L’]S' — Lagy_,,), we
get the following lagrangian extension of Example 6.15:
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Corollary 6.19. Let f : A — B a morphism between finite type dg-categories, W : k[n—2] —
HH(B), ¢ := chO (W), and 7 := f* : Perfs — Perf,. Then there is an equivalence of
lagrangian morphisms between

Perfg, (slasw) — Perfg 4y and crit;(¢) — T*[2 — n|Perf,.

Example 6.20. If we specialize the above corollary to the quiver case as in Example 6.16
with n = 2, then we get an equivalence of lagrangian morphisms between

Perfs, woikp,sw) — Perfg,xpy and crit;(¢) — T*Perfyp .
Example 6.21. Let Q be a quiver, and let Q@ be its framing:
VT =V(@QU{vTveV(Q)} and E(Q)=E(Q)U{(v,v")lveV(Q)}.

Consider the sub-quiver D C Q% defined by V(D) = {v*|v € V(Q)} and E(D) = 0. There
is a Calabi-Yau morphism G (kD) — G2(kQ™|kD). According to the above corollary, there
is an equivalence of lagrangian morphisms between

Perf92(kQ+|kD) — Perfgl(kD) and T;erka+ [1]Perka — T*[l]Perka .

When restricted to open substacks of perfect modules of amplitude 0 with fixed dimension
vectors, we obtain lagrangian morphisms

[DRep(S2(kQ*|kD); i, 1) /GLi ] — [DRep(G2(kD); ) /GLy | =~ [gls/GLpm] .
Finally, taking the fiber product with the lagrangian morphism
gl — [a05/GL]
one gets a O-shifted symplectic structure on
[DRep(S2(kQ*|kD); i, m)/GLz] .

These are derived stacky enhancements of Nakajima quiver varieties [29].

A A Lemma on commutators

The statement about the dimension hereunder is mentioned in [32, Remark 1] for s,
(hence the —1 difference). However we could not find any proof of the gl, case in the
literature. So we set g = gl,,(C) and g, = {y € g | [y, 2] = 0} for any z € g.

Lemma A.1. Consider x nilpotent of type X\, a partition of n. Then {[y,z] | (y,z) € g2} is
a vector space of codimension A1 in g.

Proof. In an appropriate basis we have

Ty, 0 0
——

e " 0

0 0 Jy
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where

0 1 O_» 0
0

Jp = 1 S Matp.
0 0

Elements C € g, are given by blocks (C; ;)1<s i< of the following form

Maty; xx; 3 Cij = ( P ;(Jx;) >

if i < j
0)\L—/\J ></\j

where P; ; € C[X]. Consider another element C” € g, defined by polynomials P; ;. Fix i # j
and assume Py ; = (51, (i,i), Pey = 0if (s,1) # (4,7). Then

( Oxixx; = Pi/,j(JAi) ) ifi>7
C, Cl]s,t = 5(87t),(i7j) ( Pil,j(‘])‘j) >

if i < j
Ox\i—Aj X/\j

which clearly describes a vector space, the same as {Cs; | C € g,}. Then we need to
understand the diagonal blocks that can be reached by commutators [C, C’]. We have

[07 Cl]i’i - Z( 0>‘i><>‘j_>\i Pi7j(‘])\i) ) ( PJ{J(']N) )

— O, —xix s
1<t

— ( Oxixay—n, PLi(J, ))< ) >

O)\J‘*)\i X)\i

(J
# X () (o, P )

>t
Pl (Jy,)
B ( 0)\1.71)\.><)\. ( O)\jX)‘i_)‘j P]vz(‘]A]) )
:ZXAJ'*A P,]PJ/l P/ )(JA)
1<1
+ZX/\ "N (PigPy — PiPia) ()
>t

Taking specific values (C,C’ with only one nonzero block) we see that
{[C,C;: | C,C" € guy1 <i <71}

is the vector space Im(f) where f is the linear map

®i<;Cx,—1[X] = [ Mat,,(C)

that sends (F} ;)i<; to

YRESVEHED PN FENS

i<j 7<i
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Consider (F; ;) € ker(f). There exists a family (F;) of polynomials such that for every i we
have

ZX)\ifAj F'L,j N ZX)\ji/\iiji _ X)\zE

1<J j<t

@D XNTNE =3 XVNE + XNE
1<J j<t

&Y XNTNF ;=) XN TNE,
1<J j<t

since the left-hand side has degree < A;. The system of equations we get is equivalent to

X/\ki)\k-*—le’kJ,-l — _ § X/\h,*)\thJ _ E X)\ki)\le,l
h<k<l k+1<i

for every k. Since on the right-hand side the power of X is always > Ay — Agy1, these
equations determine Fy, 41 and

dimker(f) = Z Aj = dimIm(f) = Z)\j

i+1<j §>2

as expected. O]
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