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ABSTRACT. We use subsequence and moving average ergodic theorems applied to Boole’s
transformation and its variants and their invariant measures on the real line to give new
characterisations of the Lindel6f Hypothesis and the Riemann Hypothesis. These ideas are
then used to study the value distribution of Dirichlet L -functions, and the zeta functions of
Dedekind, Hurwitz and Riemann and their derivatives. This builds on earlier work of R. L.
Adler and B. Weiss, M. Lifshits and M. Weber, J. Steuding, J. Lee and A. I. Suriajaya using
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1. INTRODUCTION

Equivalent statements of the Riemann Hypothesis are well-known and can be found
e.g. in Titchmarsh [T] or more recently e.g. in Mazur and Stein [MSt]. The Lindelof
Hypothesis asserts that for every € > 0 we have

(1.1 12+ =0(if)  asl] e,

where {(z) is the Riemann zeta funtion, and Landau’s notation “O” means that there exists
a neighbourhood ¥ of e and a constant ¢ > 0 such that: |{(1/2+4it)| < c|t|® forallz € V.

Before stating the main Theorems 1.1-1.5, and Theorem 7.2 in the context of moving
average ergodic theorems, let us make precise the context in probability theory.

Let (X;);>1 be a sequence of independent Cauchy random variables, with characteristic
function @ (¢) = el and consider the partial sums S, = X; + ...+ X, (n=1,2,...).

M. Lifshits and M. Weber [LW3] studied the value distribution of the Riemann zeta
function {(s) sampled along the random walk (S,),>; showing, for b > 2, that

N b
(1.2) 13520%24:(%+i5n):1+0<(10g11v> )

N2

They also showed that

X0 (5 +iSq) —nl
sup

(1.3) oo,
n>1 n (logn)b )
Here of course f(x) = o(g(x)) means limy_e % = 0. This result was extended to L-

functions and Hurwitz zeta functions by T. Srichan [Sr]. In [St2] J. Steuding replaced
(Sp)n>11in [LW3] by (T"x),>; for almost all x on R with respect the Lebesgue measure, for
the Boolean dynamical system by Tx := x — % This result has its roots in the observation,
due to G. Boole [Bo ], subsequently developed by J.W.L. Glashier [G1] [G2], that if f is
integrable on the real numbers, then

[ e o

See [AdW] for a proof of the ergodicity of this dynamical system. In Theorem 3.1 in [LS],
the maps

(SIS

(#-ﬁ) ifx #£B,
B ifx =,

for o > 0 and real 3, are shown to be measure preserving and ergodic with respect to the
probability measure

o dt
(1.5) Mo p(A) = ;/Am,

for any Lebesgue measureable subset A of the real numbers.
As noted in [LS], if 4 denotes Lebesgue measure then f, g(A) < ﬁl (A) forall A € 4,
where % denotes the Lebesgue o-algebra. Also if ¢ g(x) = ox+ B, with T = T ¢ and

(1.4) Top(x) = {
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H=HUpowe have

(1.6) Top = PopoT 00y p:

which implies the 1, g-measure preservation and ergodicity of Ty g. The referee of this
paper has brought to the authors’ attention the paper [MSr], which considers a family
of rational maps more general than that in [LS], which we consider in this paper. The
suggestion is that our methods in this paper will adapt to the more general framework in
[MSr] — at least to a degree. We will not however explore this possibility in this paper, as
it would be too much of a digression.

We consider a number of general definitions.
We say (k)n>1 € N is LP-good universal if for each dynamical system (X, 3,u,7) and
for each g € LP (X, 3, 1) the limit

. 1 N—-1 .
(1.7) @g@yny&NE%ng)

exists 4 almost everywhere.
Also throughout the rest of this paper 2 will be the Lebesgue c- algebra on R and when
a o-algebra on R is not explicitly mentioned it is in fact %.

We say that a sequence xy,...,Xy, ... is uniformly distributed modulo one if
1
(1.8) lim —#{1 <n<N:{x,} €l} =|I|
N—oo N

for every interval I C [0, 1). For a real number y we have used {y} to denote its fractional
part and let [y| = y — {y} denote its integer part. We say a sequence of integers is uniformly
distributed on 7 if it is uniformly distributed among the residue classes modulo m, for each
natural number m > 1. We say a sequence of natural numbers (k,),>1 is Hartman uniformly
distributed (on 7Z) if it is uniformly distributed on Z, and for each irrational number o, the
sequence ({k,a}),>1 is uniformly distributed modulo one . This condition coincides with
(kn)n>1 being uniformly distributed on the Bohr compactification of Z. Some basics on
Hartman uniform distribution can be found in the book of Kuipers and Niederreiter [KN].
Note that if (k,),>1 is Hartman uniformly distributed on Z, and if for z with |z] = 1 we set

1 N—1
(19) F(N,Z) Z:—szn (N:l,z,)
Nn:()
then
_ 1 ifz=1,
(1.10) AI,EEOF(N’Z) _{ 0 otherwise.

For a ¢ € R we use H. to denote the half plane {z € C: R(z) > ¢} and use L. to denote
the line {z € C: R(z) = c}. We establish the following theorem.

Theorem 1.1. Let f be a meromorphic function on H, satisfying the following conditions:
(1) there exists a K > 0 and a ¢’ > c such that for any t € R, we have

(1.11) \f{o+itlo > })| <K;
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(2) there exists a non-increasing v : (c,0) — R such that if  is sufficiently near c then
v(0) < 1+c— o and that for any € > 0, we have f(0 +it) < [t|Y(O)F€ as |t| — oo

(3) f has at most one pole of order m in H, at s) = oo + ity, that is, we can write its
Laurent expansion near s = sg as

a—m d—(m-1) a1 S n
- + + n\s§—S
(s—s0)™ = (s—s9)tm=1) (s—so) 1 Z’la (s=s0)

for m > 0 where we set m = 0 if f has no pole in H,.
Then if (kn)n>1 is LP-good universal and Hartman uniformly distributed, for any s €
H\Lg,, we have

N = ik _a f(s+it)
I R Iy e

for almost all x in R.

In the case k, =n (n=1,2,...) Theorem 1.1 appears in [LS], where it is shown, using
(1), (2) and (3) and contour integration, for

o f(s+it)

b5 fe o

dr,

that if f has a pole at so = oy + ifo,

f(s+a+iB)+Bm(so), ifc<R(s)< 0, 50— a—if,

m

(1.13) Iy p(s) = Z Con , ifc<R(s) <0, s=s5,——if,
) = (—206)”
fls+o+iB), if R(s) > o,,

or lg g(s) = f(s—a+iB) if s € H. and f has no pole. Here R(s) denotes the real part of
s and

m a_,
SO Z { n n H H n }
=L ﬁ—i—la—l(s—so)) (B —io—i(s—sg))
Moreover, when m = 1, we can extend Theorem 1.1 to the line L, by setting

a_100
o+ (to—1—B)*

la,g(00+it) = f(oo+oa+i(t+B)) —

Applications will be given in the next section.
As noted earlier Steuding [St2] showed that if { denotes the Riemann zeta function

N 1

(1.14) hm—ZCs—i—zT" - /CH”

N—oo N 1+172

exists 1 almost everywhere (for x). We can measure the stability of these averages another
way. Henceforth C, possibly with subscripts, will denote a positive constant, though non-
necessarily the same on each occasion.
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Theorem 1.2. Suppose s = ¢ + it with % <o <l Let

Yy(o)=Yy(0,x): —ZCS—HT” (N=1,2,...)

Suppose (Ny)k>1 is a strictly increasing sequence of positive integers. Then there exists an
absolute C > 0 such that

15 Yl sw ) W)l 13 < o] =2
k=1 NeSN<Nita

{(20) ¢(2o-1)
et |

There are other ergodic theoretic measures of the stability of the Riemann zeta function.
In this direction we consider the frequencies associated to the sequences

< C(s+iT"x) )
n n>1
Evidently
lim 7C(S +iT"x)
n—so0 n
for almost all x. It is possible to make this more precise as follows. Suppose 0 < p < oo,
For a sequence of real numbers x = {x, : n > 1} set

(1.16) Il p.oo = (sup{t"#{n | > 2}})7.

=0,

":1|>—'

Theorem 1.3. (i) Suppose 5 < 6 < 1. Then
#{ |C 0'+1Tn )‘ > }

1.17 li e =
for almost all x € R. and in L' (1) norm.
(ii) Further
T
(1.18) H{M:nzl} < .
n Leo||
Moreover,

Theorem 1.4. Suppose s = 6 + it with 3 5 < 0 < 1. Suppose K = (ky)n>1 is LP- good
universal for p > 2 and let

(1.19) Ry(s,x,K) := — Z C(s+iT x). (N=1,2,...).
Then
(i) there exists a constant C > 0 such that

2_ € £(20)  C{(20-1)
12 R R <= )
( O) ZH N+1 s K N( )HZ_TCG 2 20 — 1 )

(ii) there exists C >0

(1.21) uaﬁ({leé Ry1(s,x, K) — Ry (s,%, K)* > /l})

5252+ 22D
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We will provide additional information about various special families of sequences in
Section 4 and Section 8. On the other hand if we consider the L'-norm we have the follow-
ing theorem in the opposite direction.

Theorem 1.5. Suppose k = (kn),>1 is Hartman uniformly distributed and LP- good uni-
versal for fixed p > 1 and ¢ € (%, 1). Then

(122) Y [Ru1(0,x,K) = Ry (0%, K)| = oo,
N>1

almost everywhere in x with respect to Lebesgue measure.

It would be interesting to get good bounds almost everywhere in x for

J

Z ‘RN+1(0-7X7 K) _RN(0-7X7 K) )
N=1

J=12...)
even for specific cases of .

The paper is organized as follows: in Section 2 new characterisations of the (extended)
Lindelof Hypothesis are obtained for the Riemann zeta function, and for Dirichlet L-
functions, Dedekind zeta functions of number fields, Hurwitz zeta functions, as applica-
tions of Theorem 1.1. The sequences here are assumed to be Hartman uniformly distributed
and LP-good universal. Replacing this assumption by being Stoltz leads to similar limit
theorems, which are reported in Section 7. The role played by sublinear sequences hav-
ing controlled growth is investigated in Section 8 for the Riemann zeta function. Section
6 contains some examples of LP-good universal sequences and Hartman uniformly dis-
tributed sequences. Comparison between the dynamical and probabilistic models of Weber
[W], resp. Srichan [Sr], is done in Section 5.

2. APPLICATIONS OF THEOREM 1.1

From now, we assume that (k,),>1 satisfies the hypothesis in Theorem 1.1.
In the sequel, for a function f denote f(©) = £ and f®) the k-th derivative of f and set

1)kk! 1 1
Pe(s) = ( ~k+)1 o —1 1 o1 k1
i (B+ia—i(s—1)) (B—ix—i(s—1))
for any non-negative integer k.
2.1. The Riemann zeta function.

Theorem 2.1. Suppose (k,),>1 is LP-good universal for some p € [1,00| and Hartman
uniformly distributed. Then for any k > 0 and s € H _ ! \LL; we have

k) (54§
@.1) 1&;—25 (s+iTh ()):%R%dr

for almost all x in R.
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Denote the right hand side of this limit by l((xk)ﬁ. Then

(W (s+a+iB)+P(s), if —3<R(s)<1,s#£1—a—ip,

Q2 L= (D%~ e, =3 <R() <L s=1-a—ip,
W (s +a+iB), if R(s) > 1
where
N k k+1
L logn log"™" N
2.3) = hm (; n k+1 )
In the case k = 0 we can extend the result to the line IL; by setting
0 _ ;0 N _ #(0) . _ a
(2.4) la,B —laﬁ(l +it) =" (1+a+i(t+B)) L2+

If we set k, =n (n=1,2,...) Theorem 2.1 appears in [LS] and this is in the case o =
1, =0and k=1 in [St2].

We also mention here that the case k, =n (n=1,2,...) and T =T} o of Theorems 2.3 and
2.4 to follow, appeared in [St2], of Theorem 2.4 appeared first in [BSY] and of Theorems
2.6 and 2.7 appeared in [LS].

Proof. Note that for k > 0, we know that ) is meromorphic and has an absolutely con-
vergent Dirichlet series for R(s) > 1. Thus the condition (1) of Theorem 1.1 is satisfied for
¢’ > 1. This is because the Laurent expansion of { near the pole at s = 1 is known [Br] and
then that the Laurent expansion of ¢ ¥) has the form

1k
C6) = {0 T e

Thus if k > 0 the function {®) has a pole of order k+ 1 at s = 1. We can in addition show
(Titchmarsh [T], pp. 95-96) that given € > 0 we have

n+l
Tn

_1 nfk+l.
—k-l—l )

EW (o +it) < |r|Hl0)FE

where
0, ifo>1,
po)=¢ L2 ifo<o <,
I—o, if o <0,
if kK > 0. Therefore Theorem 2.1 follows from Theorem 1.1 with ¢ = —%, so =1 and
m=k+1to ¥ (s) as required. O

We now state a formulation of the Lindelof Hypothesis in terms of { *) from [LS].

Lemma 2.2. The Lindelof Hypothesis (1.1) is equivalent, for every € > 0, to

2.5) C(k)(%Jrit) < |tfE

as |t| tends to oo, for any k > 0.
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We now give a new characterization of the Lindelof Hypothesis for the Riemann zeta
function, which generalizes the classical one. The classical case k, =n(n=0,1,2,...)
appears in [LS].

Theorem 2.3. Suppose (k,),>1 is LP-good universal for some p € [1,00| and Hartman
uniformly distributed. Suppose k is any non-negative integer. Then the statement, for any
natural number 1,

= 1 a |0 4in)
il (k) 2 __ % [ 15 BT
(2.6) Al/mloan_o g ( +iT* [3( )) =) o2t (i) dr

Jor U g -almost all x in R, is equivalent to the Lindeldf Hypothesis.

Proof. Via Lemma 2.2 the Lindel6f Hypothesis implies that given € > 0 we have

)

for each pair of natural numbers k,m. Here . represents the variable r € R. Theorem 1.1
and the ergodicity of T, g implies that

2m
€LP(R, %, lap)

1= 1 Yo G rinH
lim — (k) Tk A R LA N
im oy 36 (G| =5 e
We now prove the converse. First
o] —x+ 4 B —1)kk!
LW (s) = (—1)f 1/1 le(logx)k 1(—310gx+k)dx+#'

Thus there exists C; > 0, dependent only on k, & and f3, such that for |f| > 1 we have

[ ( +in)] < Glel.

Also evidently there exists cq g > 0 such that if |[t| > 1

B S

o>+ (t— B2~ P14
Assuming that the Lindelof Hypothesis is false, implies there exists 11 > 0 and 7,,, — o and
C}L B such that

g (5 + it

Now, \C(k)(%—i—itﬂ < Cilt| for any |¢t| > 1 with C; > 0, and

Lo
>Co T

1
'C(k)(i_i_il’) +iTy) C"“ +it)dt| < C2 o plT— Tl T.

So |¢ (% +iT)| > 1C(1xﬁ for T with |T—Tm| < 1.1 with m large enough. Let L := ”L’m,
then the interval I := (1,, — 7, ', T, + 7, ') contains the interval (L,2L) for large m. Hence

’ 21 21
(o) ()2 (&) s (&)
L 1
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which is >> T?/1=3, and this is impossible as / — 0. So our theorem is proved. U

We now specialize to the case T = Tj o and give a condition in terms of ergodic averages
equivalent to the Riemann Hypothesis. We denote by p = 8 +i7, a representative complex
zeros of the Riemann zeta function. See Titschmarsh [T], p. 30 for instance for details.

Theorem 2.4. Suppose (k,)n>1 is both Hartman uniformly distributed and LP-good uni-
versal for some p > 1. Then for almost all x in R with respect to Lebesgue measure we

have
1 1
¢ (5 + EiTk"x)

Evidently, the Riemann Hypothesis follows if either side is zero.
To prove Theorem 2.4, we need the following lemma due to M. Balazard, E. Saias and
M. Yor [BSY].

1Y
(2.7) Jlim N;log

= Zlog

pR(p)> 1 1_’"

Lemma 2.5. We have

1 log|C(s)[, ,
2.8) /SK(S) sl = Y o

21
p:R(p)>3

P
_ 1—-p|’

Proof. We wish to use Theorem 1.1 to deduce Theorem 2.4 using Lemma 2.5. To show
Theorem 1.1 is relevant we need to show that

1
4 (5 -l—i.)
(where . denotes ¢t € R), i.e. that

/fﬁmzl (Ik)gf%) |ds| < oo.

2

log e L’ (R, urp),

We mentioned earlier that there exists C > 0 such that if || > 1,

ls (%+it>‘ <clel.
oG

Also notice that (log|E(s))) is continuous on an interval on R(s) = 4 centred ons = L. Awa
BE ) y

2
from that interval on R(s) = 5 we use the observation that Is (3+ it)| < Clt|. Hence (for
= % +1it), given 6 > 0 we have

(log §(s))" _ 1

s/ s[>0

C<%+L>

This means

lOg S LpOR?.uLO)?
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as required. Using the fact that T' preserves the measure U o and is ergodic with respect to
this measure, we have

1 1 1 log|&(s)|
lim — ) 1 Tk / ——="|ds]|.
NN Z o8 <2+2 x)‘ 2 Sy WP
U1 ,0 almost everywhere. Theorem 2.4 now follows from Lemma 2.5. 0

2.2. Dirichlet L-functions.

Theorem 2.6. Let L(s, ) denote the L-functions associated to the character . Suppose
(kn)n>1 is Hartman uniformly distributed and LP-good universal for some p > 1. Then, for
k>1,

(i) if x is non-principal, for s € H | we have

a [ LW (s+it, )
lim — ¥ LK T R e L L7
VLN Z (s iTgp (). %) n/Raer(f—/s)sz

(2.9) = LW (s+a+iB,x) for almost all x in R,
(ii) if x(= xo) is principal, for s € ]HIJ\IL,I we have

L) ;
2.10) Jim ZL (s +iT% )X):%/R% ,

for almost all x in R.

Denote this limit, i.e. the right hand side of (2.10), by zgg (5, %) Then
2.11)
LW (s+a+iB, xo) +7-1(%0)Pel(s), if —3 <R(s) <1, 5# 1 —a—iB,
k Ky . :
la}B(S?XO): Yk(%())_ ('2}’061)](({(;), if _% <9{(S) < 17 = 1_a_lﬁ7
L (s+a+iB,x), it R(s) > 1
where ¥_1(X0), %(70), are constants that depend on ). These are the coefficients of the

Laurent expansion of L&) (s,%0) near s = 1. If k = 0 we can extend the result to the line L,
by defining

ay-1(xo)
o+ (124 B2)

Proof. We know that LK) (s, x) has a Dirichlet series expansion for R(s) > 1, for each
non-negative integer k. From this we can show that

lff}s laoia(lﬂtx()) L(1+oa+i(t+B),x0) —

LY (5,20)| <poe 1|11+

where
0, ifo>1,
uio)=¢ L2 ifo<o<l,

i—o0, ifo<o.

If y is non-principal then L% (s, ) is entire for all k > 0, so LW (s, x) satisfies Theorem 1.1
foralls € H ;. If y = xo is principal, L®) (s, xo) (k > 1) has a pole of order k+ 1 at s = 1.

(%]
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We can therefore apply Theorem 1.1 with ¢ = —% ,so=1landm=k+1, to LK) (s, X0) with
Laurent coefficients coming from [IK]. O

2.3. The Dedekind zeta function of a number field. We now consider the Dedekind
{k (s) function of a number field K of degree di over the rationals Q which is defined by
as follows. For s € C such that R(s) > 1, let

1
§) = —_.

wO= L W@y

Here I runs over the ideals contained in the ring of integers of K denoted Ok and N /(1)
denotes the absolute norm of 7 in K, which is the cardinality of the quotient Ok /I. In the
case K = Q, the function (i (s) reduces to the Riemann zeta function {(s). The complex
function k() can be extended meromorphically to the entire complex plane with a simple
pole at s = 1. See [Coh] p. 216, for more details.

Theorem 2.7. Suppose (k,),>1 is LP-good universal for some p € [1,00| and Hartman
uniformly distributed. For any k > 0 and any s € H%_%\Ll we have
K

I TR A a [ GP(s+ir)
(212) &gﬂoﬁ r;) CK (S+ lTO{, (X)) = ; ® mdf
for almost all x in R.

Denote the right hand side of this limit by l]g i 5 We have

(2.13)
) G s+ a+iB) +y 1 (K)P(s), if §— 4 <R(s)<1,s#1-a—iB,
vy (5) = kI (K) - ke, if] - L <R(s) <1, s=1-a-ip,
W (s+a+ip), if R(s) > 1.

Here y_;(K) and % (K) are constants dependent only on KK, which are coefficients of the
Laurent expansion of CKk near s = 1. Also in the case kK = 0 we can extend the result to the
line [L; by setting

oy-1(K)
a2+ (21 B2)
Proof. We refer to [Stl] for a bound for L on the half line and to [HIKW] for the coeffi-

cients of the Laurent expansion ( (s) near the pole s = 1. We then proceed as earlier with

TheoremZ.l,c:%—i,sozlandm:k+1. O

(2.14) l]g’;ﬁ(wit):§<O>(1+a+i(z+ﬁ))—

Remark 2.8. Results analogous to the ergodic characterisation of the Lindelof Hypothesis
just given, can be proved for L-functions associated to primitive characters and Dedekind
¢ function. In both cases, the statements of ergodic characterisation are of the type: there
exist constants k, € > 0 such that

L.
F(541) sl

as |t| — oo, for suitable L -functions f. This inequality when f is an L-function arising from
Dirichlet series is called the Generalized Lindelof Hypothesis.
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2.4. The Hurwitz zeta function. Recall that the Hurwitz zeta function is defined for a > 0
and s € C with R(s) > 1 by

> 1
C(s,a) = n;l (n—l—a)S.

It is continued meromorphically to the whole of C with a single pole at s = 1.

Theorem 2.9. Suppose (ky)n>1 is LP-good universal for some p € [1,00| and Hartman
uniformly distributed. Then for any s such that R(s) > —%,s # 1, withO<a<landka
non-negative integer, we have

¢W (s +it,a)

2.15) hm—ZC R s

dr,

for almost all x in R.

Denote the right hand side of this limit by l‘(xk)ﬁ (s,a). Then

C(k)(s—i—a—i—iﬁ,a)—i—Pk(s), if —1 <R(s) <1, s#1—a—if,

@2.16) 1y5(s,a) =3 (~1*nla) ~ e, if 1 <R(s) <1, 5= 1—a—ip.
R (s+o+iB,a), if R(s) > 1
where
N loghk(n+a) logtl(N+a)
2.17 =l —
(2.17) Te(a) Ngr;();l " o
In the case k = 0 we can extend the result to the line IL; by setting
0) . ) . (04
(2.18) %ﬁﬂ+m@—CUO+a+KHﬁ%@—aZRﬁIF§

If wesetk, =n (n=1,2,...) Theorem 2.1 appears in [L.S] and this is the case a = 1, 3 =0,
and k = 1 in [St2].

Proof. Following the proof of Theorem 2.1 choose ¢ = —%,so =1 and m = k+ 1. For the

bound on |£¥) (s,a)| on the half line and the coefficients of the Laurent series of {*) (s, a)
near s — 1 we refer to [St1]. O

3. PROOF OF THEOREM 1.1

The proof is in the continuation, and a generalization, of a Theorem of [LS] in which
conditions (1), (2) and (3) are used. We first recall a special case of a Theorem of S. Sawyer
[Sa]:

Suppose for a dynamical system (R, %, 1y g, Ty g) that g € LP (R, %, py g) and let ||g|| =

1
(Jx |fIPdugp)?. Set

Mg(x) = sup

N>JN_ g(s+iTE (). (N=1,2,...)
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If (kn)n>1 is LP-good universal for p > 1, then there exists C > 0 such that
3.1) |Mgl|, < Cligll -

Because ‘%fo:l g(s+ iTg’jﬁ (x))) <Mg(x) (N=1,2,...)and Mg € LP, the dominated con-
vergence theorem implies

—hm—Zhs—f—zT x))

N—oo N

exists in LP-norm. Our next order of business is to show that h(s +iTy g(x)) = h(s +ix).
Let Uy pg(s +ix) = g(s +iTy g(x)). This is a norm preserving operator on L” as Ty g is
Hq p measure preserving. Also let U, ;3 denote the L? adjoint of U, - Recall that we

say any sequence (cy),ez is positive definite if given a bi-sequence of complex numbers
(zn)nez, only finitely many of whose terms are non-zero, we have Y nmeZ Cn—mZnZm = 0.

Here Z is the conjugate of the complex number z. Let (a,b) = [ abd iy, g (i.e. the standard
inner product on L?). Notice that (<U giﬁg,g>)n ¢z, 18 positive definite. Recall that the
Bochner-Herglotz theorem [Kt] says that there is a measure @, on T, such that

<U§7ﬁg,g> = /Tz"da)g(z). (neZ)

This tells us that

1 bt Al
~ T Th, H
HN’;g(s—f—z Z (s+i (x)) )

:A(Z—z—zl)’%izk"

using the parametrization z = > for 8 € [0, 1), this is

o\ |1 & , 2
4 len2(2)]2 ke
/Tsm (2) N,;Z

Using the fact that sing = 0 if 6 = 0 and the fact that (k,),>; is Hartman uniformly dis-
tributed, by (1.9) and (1.10), we see that g(s +iTy g(x)) = g(x). A standard fact from
ergodic theory is that if T, g is ergodic and g(s +iTy g(x)) = g(x) for measurable g then
g(x) is constant, which must be [ gd i, g. This extends to the LP-norm for all p > 1.

All we have to do now is to show that the pointwise limit is the same as the norm limit,
i.e. that g(x) = g(x) = Jg8dly g- We consider the sequence of natural numbers (N;);>1
such that

dw,(z).

’Nt Zg s-l-zT (x) — /Rg(x)duaﬁ’p < %

Thus
t_zi/‘ﬁt];g(s-l-zTaﬁ(x))—/Rg(x)duaﬁ‘ dp < oo,



ON GOOD UNIVERSALITY AND THE RIEMANN HYPOTHESIS 14

Fatou’s lemma gives

L (E | X et 8500~ [ et a <=

This implies

< 1 N - »
Y5 Lol T = [ st <=

almost everywhere. This means

Ly T d =o(1
R, L Sl HiTp00) - | #Wdap| =o()

He p almost everywhere. As (ky),>1 is LP-good universal we must have
lim — T x)d
Jim = Z g(s+i /Rg(s-l—zx) Mo, p

He g almost everywhere as required to prove Theorem 1.1.

4. PROOF OF THEOREMS 1.2 TO 1.5

We begin by recalling the spectral regularization method of Lifshits and Weber [LW1]
[LW2], and some technical preliminaries. Assume (X,f,V) is a measure space with fi-
nite measure v and that S is a v measure preserving transformation of (X,f,v). For
feLll(X,B,v)let

1 N—1
4.1) By(f)=~Y foT* (N=1,2,...)
N k=0
We need the following lemma, due to R. Jones, R. Kaufman, J. Rosenblatt and M. Wierdl
[JKRW].

Lemma 4.1. Suppose (N,)p> is a strictly increasing sequence of positive integers. Then
there exists an absolute constant C > 0 such that

4.2) Y sup [Bu(f)=Bw, (A3 < Cllflla-

=1 Np<N<Np

Write log (u) = max(1,log(u)) for u > 1. Let @ denote the spectral measure associated
to the element f and define its regularised measure @ via its Radon-Nykodim derivative by

-/ ’;Qw,x)w(de),

where

_ [ 161 gk (18])  if k| <6l
Q(G’x)_{ 022 if|6] < x| <.

The following is a theorem of Lifshits and Weber [LW1].
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Lemma 4.2. Suppose Ny and N1 with No < N; are positive integers. Then there exists an
absolute constant C > 0 such that

1 1
4.3 B —B .
(4.3) HNO;%EN1| N (f) No ()] Hz > N1 N0>)

Suppose 0 < p < 0. For a sequence of real numbers x = {x, : n > 1} the quantity ||x|| e
is defined in (1.16). Also if » < p we have

1

p P
||§||p7°° < ||£||p < | x
p—r

#{n: 2> 1
N = sup M
- m>1 m
In our considerations, x, = f(7"(x)) (n=1,2,...) and x = O¢(x) = (f(7"(x))n>1 which
is the value of f along the orbit of a point x € X. Also let Ny(x) = Ngf(x). We have the
following Lemma due to I. Assani [As] (see also [W] - we refer to Jamison, Orey and Pruitt

[JOP] for more on the random variable case, and [RR] for Birnbaum-Orlicz spaces and the
“Llog, L” notation).

Py

We also consider

Lemma 4.3. (i) For any non-negative f € L'(11) the function N¢(x) is weak-(p, p) for all
p € (1,00). Further

i LE0) S 1y
(4.4) lim . == /X fdu,

m—yoo m

W almost everywhere and also in L' (u)-norm.
(ii) For f € Llog, L

S

1,00

1
Note that, for two positive constants Cy,C»,

CiNf(x) < {M,nz 1}

S Csz(x).

1,00

n

We now turn to the proof of Theorem 1.2.
By Lemma 4.1,

7

> \C o +i7)|
Yyv(o)—-Y
/;HNkSISVu<ka+1| wlo Nk ) H2 B 1+72

where as before C is universal. We note that, for o € (%, 1),

[l sily, -1 (%), sgo-1),

Y2 x2o+l1 2 20 —1
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Here again {x} = x — [x] denotes the fractional part of x. The quantity in the bracket on the
right hand side is negative. Further,

€5 _
Zn/ —-l-t2 dt =log(2m) — 7.

where 7 is Euler’s constant. See Prop. 7, Cor. 8 and (1.26) in Coffey [C]. Thus
|C (o+it)] <£‘C(26)+C(20'—1) .

4.6
(4.6) 1+ 201

completing the proof of Theorem 1.2. [
We now turn to the proof of Theorem 1.3. The first assertion is a consequence of Lemma
4.3 (i). The limit is
|C(o+it)|
Rz
This integral is a special case of integrals calculated in [St1]. As a consequence of Theorem
1.1 in [St2],

\C o +it)| 2
1412 Z‘:(GJFD_G(Z—G)'

For the second assertion, it follows from Lemma 4.3 (ii). The function {(s) € Llog, L
is integrable, with respect to the Cauchy measure, because of the estimate
C(o+it) <et 2 TE.

See Titchmarsh, [T] section 5.1, for the details of this. Therefore Theorem 1.3 is proved as
required. [J

To prove Theorem 1.4 we need the following two lemmas.

Suppose (X, 3, 1) is a measure space and that 7 : X — X is a measure preserving map.
Let (ax);_, be a sequence of natural numbers and for any measurable f on X set

lN 1
4.7) Cyf(x) == — Zf (T%x), (N=1,2,)

that is the ergodic averages corresponding to the sequence and let

Mf(x) := sup|Cynf(x)].
N>1
Further from the data (X, 3,1, T) and f we construct the ergodic g-variation function

Vof(x) = (Y [Cusrf(x) — Cnf(x)]7)7. (¢ > 1)

N>1
Our first lemma is Theorem 1 from [NW1].

Lemma 4.4. Suppose for a sequence of natural numbers (ay);_, that for some p > 1 and
Cp, > 0depending only on p and (X,B,u,T) we have

(4.8) IMf], < Coll£llp-



ON GOOD UNIVERSALITY AND THE RIEMANN HYPOTHESIS 17

Then there exists another constant D, > 0 depending only on p and (X,B,1,T) such that
ifq > 1then

4.9) IVafll, < Dpllf1lp-

Further suppose there is a constant C>0 depending only on (X,B,u,T) such that we
have

(4.10) B(teMIG) > 2D < 5 [ Ifldu.

Then there is a constant D > 0 depending only on (X, 3,1, T) such that if ¢ > 1 then

@.11) Bl Vaf@) > A1) < 2 [ Ifldu.

Proof. Suppose (X,.Z,n) denote a finite measure space i.e. 1(X) < co. Now, let (7},),>1
denote a sequence of linear transformations of L?(X,.#,n) into measurable functions on
X, such that each T, is continuous in measure, that is, such that if |[f — f,||, tends to
0 as m tends to oo, then ||T,,f — T, fin||p also tends to O as m tends to co. Set T*f(x) =
sup,> |Tnf(x)| for f € LP(X,.Z,n). We will say the family (7},),>; commutes with w :
X — X if T*f(w(x)) < T*g(x) where g(x) = f(w(x)) on X. Now suppose .Z is a family
of ergodic n preserving transformations on X, closed under composition. We will call
(Ty)n>1 distributive if it commutes with all the elements of some family .# on X. We have
the following result of S. Sawyer [Sa].

Lemma 4.5. Let (T,,),>1 be a distributive sequence of linear operators on LP(X,.Z,n),
where each T, is continuous in measure and maps LP (X ,.Z, 1) to measurable functions on
X. Ifpe|l,2]andif T* f(x) < e 1 almost everywhere, then there exists a uniform constant
C > 0 such that

C
@“.12) N T4 2 AY) < 55 [ 1P,
forall A >0and f € LP (X, .Z.,1N).

The conclusion of Lemma 4.5 is that if 7% f(x) < e 1 almost everywhere, then the
operator 7* satisfies a weak™(p,p). If there is a C > 0 such that ||T*f||, < C||f||, we
say T* satisfies a strong (p, p) inequality. It is easy to check that strong (p, p) inequalities
imply the corresponding weak (p, p) inequalities for the operator 7*. On the other hand it
follows from the Marcinkiewicz interpolation theorem [SW] that a weak (p, p) inequality
implies a strong (¢, q) inequality if ¢ > p. We now specialize (4.1) to the situation where f
is defined on X = R, .’ is the Lebesgue algebraon X =R and ) = 14 g:

N
Tof(x) = 1 . (1<) (n=1.2,...)

with f(x) = (o +ix). One checks readily that (Ty)y>; commutes with (7] B)”Zl and is
therefore distributive. In light of Lemma 4.5, we see that Theorem 1.4 follows by recalling
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(0 +1i7) C
IC +i d1<_

.
+ 0-

2
/M (040 dHap < 2 201

arising in (4.6) in the Proof of Theorem 1.3, Theorem 1.4 is proved. 0

It is possible to say more about specific sequences and families of sequences. Suppose
A = (Np)k>1 and (a,),>1 are sequences of natural numbers. Consider the definition of Cy
in (4.7). Let

B —

Sfx) =S(A, f)lx (Z }CNka CNkf(x)‘2> :

k>1

In the first instance, we are interested in conditions under which there are constants C > 0
such that

(4.13) 111, < Clifl-
We have the following lemma taken from [N2].

Lemma 4.6. Suppose 1 < a < NJ’Q—:‘ < b < coanday = @§(n), where ¢ is a non-constant

polynomial mapping the natural numbers to themselves. Then there is a constant C > 0
such that (4.13) holds.

The following lemmas are taken from [NW1].

Lemma 4.7. Suppose 1 < a < N;{,—f < b < coanda; = ¢(py), where ¢ is as in Lemma
4.6 and p,, is the n'" rational prime. Then there is a constant C > 0 such that (4.13) holds.

Let 0 = (6;)i>1 be a Z valued sequence of independent identically distributed random
variables with basic probability space (2, %, P). We assume the 6-algebra % is P complete
and that there exists Y > 0 such that E((6;")?) < eo. Here we have used 6, to denote
max(0;,0). Consider a strictly increasing sequence (gx)r>1 of natural numbers for which
S is a bounded map from L? to itself when a; = g and Ny = [p*] for some p > 0, that
is such that

2 1
(4.14) H(Z}CNM(J‘) = Cn (N7 @)%, < Cliflly
k>1
Also assume there exists 8 € (0,1) such that
5
(4.15) ar = o(2%)
with
1
(4.16) limsup —& 92
koo 108 Gk
and
P(qgi + 6, > 0) =1
Let
1 N
CU(f) = 5 X (7% 0%)
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Lemma 4.8. If (qi)i>1 satisfies (4.14), (4.15) and (4.16), then there is a set Qg contained
in Q of full P measure such that if ® € € there exists a constant C > 0 such that

@.17) [(Z Ikt = nP@)¥, < e

2

Consider two strictly increasing sequences of natural numbers (g )x>1 and A = (Ny)g>1
such that if @, = gy then (4.14) holds. Let [, = [2%,2¢+!) denote the ¢'" interval of the

form [2¢,24"1) containing an element of .4". Let ®(N) = (log[g, + q + 2])% ifN € [,
and assume

P*(N)
4.18 oo,
(4.18) NZ N <
eN
Let ¢ = (¢x)r>1 be a sequence of independent, identically distributed random variables
defined on a basic probability space (Q, 8, P) with ¢; € L'(Q,B,P) such that
N 2
_ — K 1
(419) E{ sup (Zk_l(¢k (¢k>) )2} < oo.
Ne N\{0} N
Let
0 Iy
Wi(f) = & X oS (1), (N = 1,2,
k=1

Lemma 4.9. Suppose (qi)i>1, N = (Ni)i>1 and ¢ = (@)1 satisfy (4.16), (4.18) and
(4.19). Then for almost all ® in

1
(4.20) H(/(;wf;';(“(ﬁ —wi (HP2], < Cliflla
Some remarks about the nature of condition (4.19) are in order. If Ny = [k¥] (k =

1,2,...), with € > 1 then (4.19) reduces to

log(qje) +1ogk)
Z ke <

k>1

which is realised if g, = 0(2"5) for 8 > 0. Alsoif Ny = 2K (k = 1,2,...) then (4.19)
reduces to

Z log(g,« +logk) -

& )
k>1 2

which is realized if g = O(Zky). Given the earlier Lemma of this section these two
conditions are not difficult to satisfy.

Setk, = [g(n)] (n = 1,2,...) where g is a differentiable function from [0, o) to itself
whose derivative increases with its argument. Let Zj; denote the cardinality of the set
{n : k, < M} and suppose for some function a : [1,e0) — [l,e0) increasing to infinity
as its argument does, that we set

ezmknot

n:k, <M
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Suppose also for some decreasing function ¢ : (1,00) — (0,00) that
b(M) + Ziymy) + %
Zy

< Ce(M).

Then if we have
Y c(p’) <o,
s=1

for every p > 1 we say (k,),>1 satisfies condition H (see examples in Section 6). Let
by = g~ '(k) — g~ '(k— 1) where g~ ! here denotes the inverse function of g on its set of
definition. Also suppose that there is a constant C such that

_ 1 2 1 2
(“21) 8 1({—}) ( (=) ) <
( {a} ) 1 L g (Vi)
(ol
Lemma 4.10. Suppose (ky),>1 satisfies condition H, and (4.21) and that 1 < a < N;{,—:l <
b. Then (4.16) holds for the corresponding square function.

In [N] it is shown that examples of sequences of integers which satisfy conditions H
include those given by g(n) = n®, for non-integer @ > 1, g(n) = e°2"" for y € (1, 3)
and g(n) = ogn* + --- + an + Ay, where the real numbers o, - -, 0 are not all
multiples of the same real number. The reader will readily verify that these examples also
satisfy conditions H and (4.19). An important point of note is that, as shown in [N], the
ergodic averages, for a, = k, and f in L” with p > 1 converge to a T invariant limit.

We want to show that if (k,),> satisfies conditions H, (4.19) then (4.13) is satisfied with
1< a<™1 <b

By identifying it with its characteristic function we may view a strictly increasing se-
quence of natural numbers as a point in the power set of the natural numbers (i.e. 2%), or
as a point in the Cartesian product IT°_, X;, where for each natural number n, we have set
X, = {0,1}. As a consequence we may put a probability measure on the space of strictly
increasing sequences of integers, as a product measure 7 by setting 7,({1}) = o, for
o, € [0,1] and m,({0}) = 1 — 0, and defining 7 to be the Cartesian product measure
IT> | m,. For a strictly increasing sequence of integers (Ni)x>1 suppose also that

log, Ng
(4.22) (7> < oo,
kgl anNk On

for arbitrary real o that we have some constant C dependent only on 7 such that

(4.23) L vy (%)2 <cC
! n<N; On
(Brepy )l

Then with regard to the probability measure just defined, we have the following lemmas.

Lemma 4.11. For ergodic averages with regard to almost all strictly increasing sequences
(ag)i>1 with respect to T, if (Ny)k>1 and (O )x>1 satisfy (4.22) and (4.23) above then (4.16)
holds.
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Lemma 4.12. Fix a natural number d > 2 and let (k,),>1 denote the set

(4.24) A ={neN:n=Y gjd withq; €{0,1}},
=1

ordered by size. Then if N, = d* (k = 1,2,---) then (4.13) holds.

For s = o + it set
N
Cn(s,,x) Z E(o4iTh (x)) (N=1,2,..)

and set

B —

A

2
Z}CNk+l CNk( ¢, )‘ ) .
k>1
We have the following theorem.

Theorem 4.13. If 0 € (%, 1) we have C > 0 such that

H C |8(20)  C(20-1)
2= no| 20 20 —1

for all the families and sequences (ky)n>1 and A listed in Lemmas 4.6 — 4.12.

Y

(4.25) 1S(s,¢

The situation is different if we replace L?>-norms by L!-norms.

Lemma 4.14. Suppose (X,B,u,T) is an ergodic and measure preserving transformation
with W non-ergodic. Suppose (k)n>1 is Hartman uniform distributed and LP- good univer-
sal for fixed p > 1. Then for any non-constant function f on (X, 3, L) we set

1 N
:NZf(Tk"(x)) (N=1,2,...).
n=1
Then we have
(4.26) Z }CN+1 (f)— CN(f)} = oo, WU almost everywhere.

N>1

Applying Lemma 4.14 to f(x) = { (o +ix) for o € (%, 1) and x € R we get Theorem 1.5.

5. COMPARING DYNAMICAL AND PROBABILISTIC MODELS

Let Y =1II_ Q, that is the space of sequences (Xi,X5,---) in Q. Let p; denote the
projection py : Y — Q defined by p;((X1,X2,--+)) =Xj. Alsolet S : Y — Y denote the shift
map defined on Y by S((X1,X2,---,)) = (X2,X3,---). Itis routine to check that S preserves
the infinite product measure u* =II" 1 on Y. That the shift map T is also ergodic with
respect to this infinite product measure is consequence of the Kolmogorov zero one law.
Now define f on Y by f(@;, @, ---) = X;(@;). This means that X,(®) = (5" 'y) where
y=(@;,a,---) and S denotes the above shift map. Also a simple computation shows that
Jy f(y)du= = &(X1). This means that the strong law of large numbers follows from an
application of Birkhoff’s pointwise ergodic theorem and the weak law of large numbers
from an application of Von Neumann’s norm ergodic theorem respectively.

The upshot of this is that, under quite weak hypotheses, the comparison between the
random model described in [W] and the dynamical model in [Sr] is actually a comparison
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between two different dynamical systems. Now suppose that (k;),>1 is Hartman uniformly
distributed and L” good universal for fixed p € [1,%0) and p is the Cauchy distribution p, g
then

o T
(5.1) lim — Zfs—i—le( po & Surio

N—oo N R(Xz—f—(f—ﬁ)z

for almost all @ in R. We can specialise this to

1 1
C(2+21an( )) ‘ = Y log)%‘.
pR(p)>1 P

Again, the Riemann Hypothesis follows if either side is zero. As above similar observa-
tions can be obtained other zeta functions and L-functions.

The condition of good universality is an assumption about all dynamical systems. We
don’t need to assume so much and can deduce our conclusions from the properties of one
transformation. The following Theorem offers that link between the two models. See also
[JO ] where similar ideas appear.

1 N
2 lim — V1
(5.2) NgrgoNn; og

Theorem 5.1. Consider two ergodic dynamical systems (X1, B1, 1, T1) and (X7, B2, o, T3)
both on separable measure spaces. Suppose that || and [y are non-atomic. Then if for a
particular sequence of integers (k,)n>1 for each fi € LP (X1, B, W) for all p > 1 we have

1Y k
(5.3) 11H1°—Zf1(T1"X1)=/X fi(xr)duy,

Uy almost everywhere, then the same is true with 1 replaced by 2.

The condition of non-atomicity of u; and U, is not strictly necessary for the proof but it
simplifies the proof somewhat and our intended applications are to non-atomic dynamical
sytems.

Proof. Let (X,B,u,T) denote a dynamical system and for sequence of natural numbers
(kn) n>1 let

m(f) = sup|— Zf (T*x) ‘

N>1IN
A special case of a theorem of S. Sawyer [Sa], tells us, after the hypothesis of Theorem
5.1, with m = m, that there exists C;, > 0 such that

u(b X0 (1)) 2 4) < Ul

Another way to say this is that the operator m satisfies a weak-(p, p) bound. A stronger
assertion is that there exists C,* > 0 such that

(54) m1(fD]], < Collfillp-

Here we say m satisfies a strong-(p, p) inequality. For any fixed p, a strong-(p, p) inequal-
ity implies the corresponding weak-(p, p) inequality. On the other hand as a consequence
of the Marcinkiewicz interpolation theorem [SW] weak-(p,, p,) implies strong-(pp, pp) if
Pa < pp- This means that the fact that the weak-(p, p) of m for all p > 1 is equivalent to it
being strong-(p, p) for all p > 1.
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We now show that inequality (5.1) implies
(5.5) m2 ()], < Gl fallp

Suppose that the dynamical systems (X1, B, 11, 71) and (X2, B2, Up, T>) are both ergodic.
Now the argument used to deduce Theorem 1.1 from (3.1) together with the ergodicy
(X2, B2, W2, T>) readily implies the conclusion of Theorem 2.1.

We now prove (5.5). As both the dynamical systems (X1, 81,1, 71) and (X2, B2, U2, T2)
are ergodic, the Rokhlin-Halmos lemma says that given any integer N > 1 and € > 0, there

exist sets E; C X; (i = 1,2) with E;, T, 'E;,..., T, ™ VE; disjoint and

‘Lli(EiU TiilE,' ..U Tii(Nil)E,’) <l-—e.

Lety=~ ;E 2% Also for a set D and a function f let fp denote the restriction of f to D.
Let us observe that there always exists a bijection from E| to E, that preserves the mea-
sure from Y to yu,. This is always possible by the measure isomorphism theorem between
separable spaces. Let us call 6 such a 1-1 measure map from E; to E5. It is not canonical.
Now set
FN=Eur'E.. .oV VE, (i=1,2)
and extend the definition of A|f, := & to F by setting A(x) = (T¥8T, %) (x) for x € T*E;.
Now set

1
WE) = f(ay)yr.
Notice supp W f(y) C TXE if supp f(y) C T¥E. Direct computation now gives for supp f(y) C

TFE
[ vap = [ wrl e,
TKE, TKE,
and so
(5.6) [ Asvvau = [ |wrldpe.
Fi F,
Let
1 .
:7); f(Tx), (1=1,2,..)
and set
m;n(f)(x) = sup [Ci;(f)(x)], N=1,2,..)
1<I<N

and evidently
mi(f)(x) = lim m;n(f)(x).

In proving (5.5) by splitting f into its real and imaginary parts and each of those into their
positive and non-negative parts we may assume f > 0. Suppose x € leEl and for the
transformation 77 we have my (f)(x) > 0. Then there exists / € [1,N] such that

mi g (f)(x) = Cia(f) (x)-

Let y = Wx. Then a direct computation shows that for the transformation 7, we have

Coi (W) (y) = W(min(f)) ().
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From this we deduce that

mon(Wf)(y) > my (f)(x).
Thus

Ol NG
which is
< [ a6 de +e.
F

and we know W fixes measure on F> and hence L” norms so we have

LW ()09 s & = [[Oman (W (N))) s+ €

< |[Wnh+e <clflpd+e.
Now let N — oo and let € — 0 and the proof of the theorem is complete. U

The ergodicity of the random dynamical system is implied by the Kolmogorov 0 — 1 law.
If we choose U = Uy g, we see that Theorem 1.1 is equivalent to (5.1). From this we deduce

all the applications of Theorems 5.1 with T* replaced by Xk,

6. HARTMAN UNIFORMLY DISTRIBUTED AND GOOD UNIVERSAL SEQUENCES

In this section we give some examples of L”-good universal sequences for some p > 1.
The examples 1, 3—6 are Hartman uniformly distributed. Example 2 is not Hartman uni-
formly distributed in general.

1.- The natural numbers:

The sequence (n);_,
theorem.

Let ¢ be any non-constant polynomial mapping the natural numbers to them-
selves. Note that if n € N, then n # 3 mod 4, so in general the sequences (¢ (n))>_,
and (¢ (p,));_; are not Hartman uniformly distributed. We do, however, know that
if ye R\ Q, then (¢(n)y)>_, and (¢ (pn)Y);_, are uniformly distributed modulo 1.

2. Condition H:

Sequences (k,)_, that are both L”-good universal and Hartman uniformly dis-
tributed can be constructed as follows. Set k, = [t(n)] (n = 1,2,...c), where
T : [1,00) — [1,00) is a differentiable function whose derivative increases with its
argument. Let Q,, denote the cardinality of the set {n: a, < m}, and suppose, for
some function ¢ : [1,00) — [1,00) increasing to infinity as its argument does, that
we set

is L'-good universal. This is Birkhoff’s pointwise ergodic

pm) = sup | Y elek)
{Z}E [(p<lm) %) n: kn<m
Suppose also, for some decreasing function p : [1,00) — [1,00) and some positive

constant @ > 0, that

m
m) +Qipm1 + ——Qn < 0p(m).
p(m) +Qg(m) o0m) p(m)
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Then if we have
Y p(6") <o
n=1

for all @ > 0, we say that (a,);;_, satisfies condition H, see [N].

Sequences satisfying condition H are known to be both Hartman uniformly dis-
tributed and L”-good universal. Specific sequences of integers that satisfy condition
H include a, = [t(n)] (n =1,2,...c) where:

[L]t(n)=nYify>1and y¢ N.

[IL.] 7(n) = e(loen) for y € (1,3).

[II1.] ©(n) = bgn* +...b+byn+ by for by, .. .c,b; not all rational multiplies of
the same real number.

[IV.] Hardy fields: By a Hardy field, we mean a closed subfield (under differenti-
ation) of the ring of germs at +oo of continuous real-valued functions with addition
and multiplication taken to be pointwise. Let .7# denote the union of all Hardy
fields. Conditions for (a,)_; = ([w(n)]);_,, where y € J to satisfy condition
H are given by the hypotheses of Theorems 3.4, 3.5 and 3.8. in [BKQW]. Note
the term ergodic is used in this paper in place of the older term Hartman uniformly
distributed.

. A random example:

Suppose that § = (k,);_, is a strictly increasing sequence of natural numbers.
By identifying S with its characteristic function g, we may view it as a point in
A ={0,1}, the set of maps from N to {0, 1}. We may endow A with a probability
measure by viewing it as a Cartesian product A = []"_, X,,, where, for each natural
number n, we have X,, = {0, 1} and specify the probability v, on X, by v,,({1}) =
, with 0 < w, < 1 and v,({0}) = 1 — w, such that lim,,_,c. @,n = co. The desired
probability measure on A is the corresponding product measure v = [["_; V,,. The
underlying o-algebra .7 is that generated by the cylinders

{(An):lozl EA: Anl - anl""C7Ank = a]’lk}

for all possible choices of ny,...c,n; and o, ,...c, &, . Then almost every point
(an);_y in A, with respect to the measure v, is Hartman uniformly distributed (see
Proposition 8.2 (i) in Bourgain [Bou ]). Hartman uniformly distributed sequences
are called ergodic sequences in [Bou ].

. Block sequences:

Suppose that (a,)5_; = U;—1[dn,en] is ordered by absolute value for disjoint
([dn,en])s_; with dy—1 = O(e,) as n tends to infinity. Note that this allows the
possibility that (a,);;_, is zero density. This example is an immediate consequence
of Tempelman’s semigroup ergodic theorem. See page 218 of [BL]. Being a group
average ergodic theorem this pointwise limit must be invariant, which ensures that
the block sequence must be Hartman uniformly distributed.

. Random perturbation of good sequences:

Suppose that (a,);_, is an LP-good universal sequence which is also Hartman
uniformly distributed. Let 6 = (6,);,_, be a sequence of N-valued independent,
identically distributed random variables with basic probability space (Y,.<, &),
and a &Z-complete o-field 7. Let E denote expectation with respect to the basic
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probability space (Y, <7, 7). Assume that there exist 0 < o < 1 and > 1/ such
that
a, = 0(¢" )Elog’ (6] < co.

Then (k,+ 6,(®));_, is both LP-good universal and Hartman uniformly distributed
[NW2].

7. MOVING AVERAGES

In this paragraph we show that the assumption of a (univariate) sequence which has the
property to be LP good universal and Hartman uniformly distributed can be removed from
the Theorems 2.1, 2.3, 2.4, 2.6, 2.7, 2.9, and replaced by the assumption of a (bivariate)
Stoltz sequence.

7.1. Stoltz sequences and Theorem 7.2. Let Z be a collection of points in Z x N and let
7" = {(n,k) : (n,k) € Zandk > h},

Zh = {(z,5) € Z* : |z — y| < a(s — r) for some (y,r) € Z"}
and
ZhA) = {n: (n,A) € Z} (A eN).

Geometrically we can think of Z,, as the lattice points contained in the union of all solid
cones with aperture o and vertex contained in Z! = Z. We say a sequence of pairs of natural
numbers (n;,k;)7> ; is Stoltz if there exists a collection of points Z in Z x N, and a function
h = h(t) tending to infinity with ¢ such that (n;,k;)7>, € 7" and there exist hg, o and
A > 0 such that for all integers A > 0 we have |Z£’}5(7L)| < AA. This technical condition
is interesting because of the following theorem [BJR], which will be used in the proof of

Theorem 7.2. The Stoltz condition is related to the “cone condition” of Nagel and Stein
[NS] and of Sueiro [Su].

Theorem 7.1. Let (X,,u,T) denote a dynamical system, with set X, a c-algebra of its
subsets B, a measure U defined on the measurable space (X, ) such that u(X) = 1 and a
measurable, measure preserving map T : X — X. Suppose g is in L' (X, B, 1) and that the
sequence of pairs on natural numbers (n;,k;)7_, is Stoltz. Then

(7.1) Mg (x) := lim — ! Zg (T™ " x)

I—oo k l

exists almost everywhere with respect to L.

Theorem 7.2. Let f be a meromorphic function on H, satisfying conditions (1), (2) and
(3) of Theorem 1.1. Then if (n;,k;);> is Stoltz, for any s € H.\Lg, , we have

nH—j _g f(S+iT)
(7.2) lim lZferlT ()= N ey el

for almost all x in R.
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Proof. Let
— 1 u n;+
(7.3) my_p(x) = o Y Fls+iT, lﬁf( x)  (I=1,2,...)
j=1
and let
(7.4) mip(x _llg?o lZfs_|_lT”z+J x)).
Notice that

mp (s + Ty 5 (x)) = miy(x) = ,jl<f<s+ T () = fs+iTy s ().

This means that my(s +iTy g(x)) = my(s +i(x)) Ly p almost everywhere. As an ergodic
dynamical system constant along almost all orbits must be constant, we must have ny(x) =
Jr f(s+ix)dug g(x). We have therefore shown that

o f(s+it)
li Tys () =— | ———2d
e lZfs-i—z (x)) nJra?+(t—B)? v
for almost all x in R, as required. U

7.2. Applications and moving average ergodic Theorems. We will forgo the proof of
the Theorems below as they follow from those of Theorems 2.3, 2.4, 2.6, 2.7, 2.9 and 5.1
respectively via minor modification, in a similar way, using Theorem 7.1 and Theorem 7.2.

Theorem 7.3. Suppose (ng,ky)q>1 is Stoltz. Suppose k is any non-negative integer. Then
the statement, for any natural number |,

L .
1 n a [ |EW(s+it)|

_ (k) at gy B R
(7.5) c}ggokqj;‘c (s+iT, B (x ))‘ T Jr a2+ (1—B)2

Jor Lo g -almost all x in R, is equivalent to the Lindeldf Hypothesis.

art

Theorem 7.4. Suppose (ng,kq)y>1 is Stoltz. Then for almost all x in R with respect to
Lebesgue measure we have

k
I & 1 1 ; p
; T g+ —
(7.6) Jim - Y tog| £+ i )| = % 1log‘q‘.
J= p:R(p)>7
Again, if either side is zero, this is equivalent to the Riemann Hypothesis.
We now consider Dirichlet L-functions.

Theorem 7.5. Let L(s,)) denote the L-series associated to the character X. Suppose
(ng,kq)g>1 is Stoltz, and let k be a nonnegative integer. Then,
(i) if x is non-principal, for s € ]I-]If%\ILq we have

1 (), 2) = & LO(s+it,x)
qlgrolo ZL (s+iT, %" (x), %) = /R(XZ—F(T—B)ZdT
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(7.7) = LW (s+a+iB,x) for almost all x in R,
(ii) if x is principal, for s € H_%\]Ll we have
k, .
N IR ng+ a [ LW (s+it,y)
7. lim — Y L0 (s i1 - —/ — A
( 8) quolo qjgl ( +l ﬁ ( )7%) Raz'i‘(f—ﬁ)zdf’

for almost all x in R.
We now consider the Hurwitz zeta function.

Theorem 7.6. Suppose (ng,kq)>1 is Stoltz. For any s such that R(s) > —3,s#1,0<a < 1
and k a non-negative integer we have

C(k) (s+it,a)

5 VY
R 02+ (T— )2

(7.9) hm—Zc Ty (), @) = 2

for almost all x in R.

In (7.9) the right hand side is given by (2.16), (2.17) and (2.18).
The analogue of Theorem 5.1 is now the following.

Theorem 7.7. Consider two ergodic dynamical systems (X1, B1, w1, T1) and (Xa, Bo, 2, T2),
both on separable measure spaces. Suppose that [l and [, are non-atomic. Then if for a
Stoltz sequence of integers (ng,ky )q>1 and each fy € LP (X1, B1, 1) we have

(7.10) hm—Zf”W =AﬁmMm

gk,
Uy almost everywhere, then the same is true with 1 replaced by 2.

8. SUBLINEARITY AND THE RIEMANN ZETA FUNCTION

In the same vein as Theorem 1.2, Theorem 1.3 and Theorem 1.4, now with peculiar
sublinear sequences, the following Theorem can be deduced.

The following Lemma is taken from [LW2]. Let I4 denote the indicator function of the
set A.

Lemma 8.1. Suppose k; = k(q),q = 1,2,..., with k sub-linear such that sup, k'(u) is ab-
solutely bounded. Also assume

1 k'( )
KO =181 i Tul2 +"<|e|)'9“{'9<”’

e

is uniformly bounded on R. Suppose (X, B, 1, T) is a dynamical system and f € L*>(X,3, 1)

and set
k,+n—1

g(f@) == 3 F(T/()

J=kn
Then, for any strictly increasing sequence of natural numbers (ny),>1, there exists C > 0

such that }
(L e D =et(F) ], <l
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We now specialize to the case, f(x) = {(o +ix) with o € [%, 1).

Theorem 8.2. Suppose k and K are as in Lemma 8.1. Now set, with ¢ € [%, 1),

kn+n—1

GQG(X):G’,XC(G-HX)):; Z}; {(o+iT (x)).
J=Kn

Then, for any strictly increasing sequence of natural numbers (ng)g>1, there exists a con-
stant C > 0 such that

I(zidt,.ot0 -t o(0)

2 To

C |£(20)  &(20-1)
= ‘ 2 T T20-1 |
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