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Abstract: A condition-based maintenance (CBM) strategy is now recognized as an efficient
approach to perform maintenance at the best time before failures so as to save lifetime cycle cost.
For continuous degradation processes, a significant source of variability lies in measurement errors
caused by imperfect inspections, and this may lead to “false positive” or “false negative”
observations, and consequently to inopportune maintenance decisions. To the best of our knowledge,
researches on CBM optimization with imperfect inspections remain limited for continuous
degradation processes, even though the subject is of practical interest for the implementation of a
CBM policy. Imperfect inspections are indeed imperfect but still return interesting information on
the system degradation level, and making them perfect can be expensive. Therefore, we analyze the
economic performance of a maintenance policy with imperfect inspections, and compare it with the
classical policy with perfect inspections to see which policy offers the best benefit in a given
situation. Furthermore, a CBM policy with a two-stage inspection scheme is proposed to take benefit
of mixing both perfect and imperfect inspections in the same maintenance policy. Through
numerical experiments and a real case study, it is shown that the policy with imperfect inspections
can be better than the classical one, and that the proposed policy with a two-stage inspection scheme
always leads to the minimum long run maintenance cost rate.

Key words: Continuous degradation process; condition-based maintenance; measurement error;

imperfect inspection; two-stage inspection scheme; long run cost rate.

Acronyms
CBM condition-based maintenance
CDF cumulative distribution function
PDF  probability density function
CM  Corrective maintenance
PM Preventive maintenance
FP false positive
FN false negative
TP true positive

TN true negative
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Nomenclature

X (t) Actual degradation level at time ¢

a Shape parameter of the actual degradation process

A(t) Nonlinear drift function of the actual degradation process
B Rate parameter of the actual degradation process

Z(t) Inspected degradation level at time ¢

(1) Measurement error at time ¢

o Standard deviation of the measurement error

fx(x;f) PDF of X(t)

I (u) Gamma function with parameter

dey, Failure threshold level of the continuous degradation process
doy Failure threshold level for preventive maintenance

S, Classical maintenance policy with perfect inspection scheme
S, Maintenance policy with imperfect inspection scheme

S, Maintenance policy with two-stage inspection scheme

T Periodic inspection interval of the maintenance policy

M Number of the last imperfect inspection of the maintenance policy S,
Cy Cost for each perfect inspection

C, Cost for each imperfect inspection

Coy Cost for a corrective maintenance

Coy Cost for a preventive maintenance

CR Long run cost rate of a maintenance policy

E(C)  Expected cost of a renewal cycle

E(L)  Expected length of a renewal cycle

i Number of the first inspection after the actual degradation path exceeds d,,
J Number of the first inspection after the inspected degradation path exceeds d,,
T, System failure time without regard to maintenance activities

Number of the first inspection after T,

F,(t) CDF of the system failure time 7,

1 Introduction
Thanks to a deepening understanding of system failure mechanism, and rapid development of

condition monitoring technology, degradation analysis has now become a main approach for



reliability assessment and lifetime evaluation [1]. In fact, the failure of a system can often be
attributed to some continuous degrading characteristics, e.g., material loss of a polymeric coating
[2]. To well capture the dynamics in the underlying continuous degradation process, more and more
researches have been focusing on stochastic degradation process models [3], including the Wiener
process [4,5], the gamma process [6,7] and the inverse Gaussian process [8,9].

From the practical viewpoint, degradation-based failures of a system may cause extra cost due
to unscheduled system downtime, and also lead to uncontrolled hazards and damages to humans
and environments. Confronted with this and thanks to the development of sensor technology, CBM
has gained much popularity recently [10]. Compared to the classical time-based maintenance policy,
CBM has been proven as an efficient strategy to perform maintenance at the right time before failure
so as to save lifetime cycle cost [11]. Ahmad and Kamaruddin [12] surveyed the industrial
applications of CBM strategy, and also explored some practical challenges in implementing it.
Noortwijk [13] presented an extensive catalogue of inspection and maintenance models under
gamma process degradation model. Alaswad and Xiang [14] reviewed the literature on CBM
strategies based on stochastic degradation models.

Different from the CBM strategies for degradation processes with more explicit physical
meaning, purely data-driven maintenance models have also gained much attention. For example,
based on the collected data of pump speed and the junction chamber level, Zhang et.al [15]
employed a neural network algorithm and a hierarchical particle swarm optimization algorithm to
schedule the maintenance of pumps. Baptista et.al [16] integrated the ARMA model with data-
driven techniques to predict fault events, and then make maintenance decisions for the aircraft
engines. In fact, both degradation-based CBM models and data-driven maintenance models are
aiming at predicting the risk of product failure in the future, and make maintenance decisions based
on this. Therefore, these two techniques can be potentially combined into a hybrid maintenance
model with data-driven performance prediction and degradation-based decision-making.

The selection of inspection schedule has obvious effect on the performance of a CBM strategy.
Although continuous monitoring is the most effective method to preventively find system defects
and trigger a warning [17], information on system states has to be provided in real time, and this
will surely incur high inspection costs [18]. Compared to continuous monitoring, periodic
inspections [19,20] can be more cost effective, and more appropriate for some practical systems
with limited measurement environment. Furthermore, non-periodic inspection scheme [21,22] has
gained much attention in recent years, where upon each inspection, the next inspection interval is
determined based on the current system state. In fact, non-periodic inspection scheme can lead to
potential cost savings since the reschedule of inspection intervals as the system degrades, but it also
needs more documentation work and is hard to implement in practice [14].

For continuous degradation processes, a significant source of variability lies in measurement
errors caused by imperfect inspections [23], and many studies have been conducted on it. For

example, Zhai et al. [24] considered inevitable measurement errors in degradation-based burn-in



process, and optimized the cutoff levels for two burn-in models with different cost structures. To
fulfill a specified lifetime estimation requirement for the Wiener degradation process, Si et al.
formulated the permissible bias and standard deviation of the distribution-related measurement error
[25]. By minimizing the test cost with a maximum acceptable approximate standard error, Zhang et
al. optimized the amount of units and the measurement schedule for repeated degradation test
planning considering measurement variability [26].

Within a CBM strategy, the decision to do nothing or to conduct preventive maintenance, is
made according to the degradation performance inspection results. Most existing CBM strategies
are based on the assumption of perfect inspections [27], which means that the inspections can
perfectly return the true actual degradation level with no error. However, considering that
measurement errors are inevitable in practice, an inspection can be imperfect in two ways [28]: a
false positive (FP) occurs when the inspection reveals that maintenance is needed while in fact it is
not, and a false negative (FN) occurs when the inspection reveals that maintenance is not needed
while in fact it is. These two imperfect inspection results will lead to additional cost due to premature
maintenance activity or unrevealed risk for future operation [29], and the performance of such a
condition-based maintenance policy could be worse than that of a “blind” time-based preventive
maintenance [30].

Recently, more and more studies have been conducted to investigate the CBM strategy with
imperfect inspections, but mainly based on discrete degradation processes like a multi-state system
[31]. For example, to detect both early and natural degradation-based failures, Berrade [32]
developed a two-phase inspection policy with different frequencies, where false positives or false
negatives may occur with given probabilities. For a system with three possible states: good,
defective and failed, Berrade et al. [33] studied the imperfect inspection and replacement policy
with constant probabilities of false positives or false negatives. Then Driessen et al. [34] extended
this maintenance policy by considering time-varying probabilities of imperfect inspections. Besides
imperfect inspections, Alberti et al. [35] also studied the impact of maintenance quality and the
probability that an inspection may incur a defect. Levitin, Xing and Huang [36] proposed a
probabilistic evaluation model for reliability metrics of a rescue operation mission, and also
formulated the imperfect inspection schedule optimization problem with fixed mission time.

However, researches on CBM strategy with imperfect inspections for continuous degradation
processes are limited. Liu et al. proposed an imperfect inspection policy for a multivariate Wiener
degradation process, and any inspection may fail to discover a failure with given probability [37].
In the maintenance cost analysis framework in [38], false and missed alarm probabilities are defined
within the concept of fault diagnosis and considered to be time-dependent, but have to be estimated
with Mont Carlo simulation method. Huynh, Barros and Bérenguer presented an adaptive CBM
decision framework under variable environment and imperfect inspections with measurement errors,
and sensitivity analysis shows that the inevitable parameter estimation errors will clearly reduce the

performance of the CBM strategy [39]. For a system subject to continuous degradation process with



random measurement errors, Shen and Cui developed a new inspection scheme mixing both perfect
and imperfect inspections [40]. A dynamic inspection and maintenance policy was proposed in [41],
where condition monitoring quality and replacement decisions are jointly adjusted at each inspection.

From the viewpoint of availability and economy, a system is expected to be in continuous
operation. Therefore, downtime for degradation model parameter updating and CBM strategy
decision making may not be always practical, and this strategy will also cause reduction of CBM
strategy performance due to estimation errors. Under this circumstance, this paper studies CBM
policies with imperfect inspections for continuous degradation processes. First,a CBM maintenance
policy based only on imperfect inspections is studied: decisions are made directly upon imperfect
inspections, which are imperfect but still return interesting information on the system degradation
levels. Therefore, it can be more beneficial to use imperfect inspections at a lower cost rather than
perfect inspections at a higher cost. Another main contribution of this work is the mixture of both
perfect and imperfect inspections in the same maintenance policy, so as to adapt the quality and the
cost of the inspection to the actual need for decision-making purposes.

To the best of our knowledge, our work is one of the few that relax the assumption of perfect
inspection, and consider explicitly the case of imperfect inspection in the maintenance model and
its optimization: it is thus a first step towards a better on-field applicability of condition-based
maintenance models. Furthermore, beyond the resulting model itself, we are convinced that one of
the main managerial and application interests of this work lies on the proposed approach aiming at
considering the possible imperfect inspections and also the mixture of both perfect and imperfection
inspections in the CBM modelling and optimization. Such an approach also contributes to open
research issues aiming at a better applicability of condition-based maintenance.

The rest of this article is in the following structure. Section 2 formulates the modelling
assumptions on the continuous degradation process, the imperfect inspection scheme and the
maintenance operations considered in this work. Two CBM strategies considering imperfect
inspections are developed in Sections 3, respectively with a purely imperfect inspection scheme and
a two-stage inspection scheme. Through numerical experiments and a real case study, Section 4
compares the proposed maintenance policies with the classical one with perfect inspections. Finally,

some conclusions and perspectives on future researches are drawn in Section 5.

2 Degradation and maintenance operations: modelling assumptions

2.1 Continuous degradation process modelling

In this paper, we focus on systems subject to continuous degradation phenomena, whose
degradation can be characterized by a single degradation index. The evolution of this index can be
modelled by a stochastic process. Among the mentioned three popular stochastic degradation
process models, the gamma process is the limit of a shot-noise process with exponential decay, and

it is appropriate in describing monotonical degradation processes. The Wiener process is an almost



surely continuous martingale, and it is suitable in modeling non-monotonic degradation processes.
The inverse Gaussian process is a limiting compound Poisson Process, and it is flexible in
incorporating random effects and covariates that account for heterogeneities, but has less
applications than the gamma process. Specifically, the gamma degradation process model is studied
in this manuscript for illustration, and other degradation models, like the Wiener process model and
the inverse Gaussian process model, can be studied in a similar framework.

To design an optimal CBM strategy for the gamma degradation process, some basic
formulations of the degradation model and maintenance policy are first presented as follows:

1) The system begins in a perfect state without any deterioration, i.e., X (()) =0;

2) The non-homogeneous gamma process is used to model the actual but hidden continuous

degradation process X( ;), ie., X (;) -X (0) ~ Ga(g/\(z), ﬂ), with the cumulative distribution

function (CDF) denoted by  F, ( x; t) and the probability density function (PDF) is:

A ﬂaA(z) ah(t)-1_—px
fx (x,t)——r(aA(t))x e (D

where ¢ is the shape parameter, A(t) is the nonlinear drift function, A is the rate parameter,

and T'(u)= Im x""'edx 1s the gamma function.
0
3) The system failure threshold level is denoted by ¢, , and a failure occurs as soon as the

actual degradation process X( t) first exceeds the failure threshold level 4, .

2.2 Maintenance modelling assumptions

The development of the maintenance models proposed in this work is based on the following
assumptions.

1) The system is periodically inspected with inspection interval r, i.e., attimes ¢ =mr; the
inspection interval 7 isused in the following as a decision variable to to be optimized to make the
optimal inspection schedule.

2) Perfect inspections can be implemented on the system: they perfectly return the true actual
degradation level with no error, and the cost for each perfect inspectionis C,;
3) Imperfect inspections: the imperfectly inspected degradation level can be modelled by

introducing an extra measurement error term, and the cost for each imperfect inspectionis C,.
Z(t,)=X(1,)+#(t,) 2)

where t, =mr is the m" inspection time, ¢ is the inspection interval, X, = X(fm) ,

Z, = Z(tm) and g, = g([m) ~N (O,af) are respectively the actual degradation level, the inspected

degradation level and the measurement error at time ¢, .

4) Corrective maintenance (CM): the system failure is self-announcing, and can be found out



as soon as it happens, then a corrective maintenance is immediately conducted. The cost for a

corrective maintenance is C s

5) Preventive maintenance (PM): after each inspection before the system fails, a preventive

maintenance is carried out whenever the inspected degradation level is greater than ¢, . Otherwise,
we do nothing and let the system continue working. A preventive maintenance incurs a cost C,, .

d,, 1s used in the following as a decision variable to be optimized to make the best preventive

maintenance decision.

6) Both corrective maintenance and preventive maintenance restore the system to an as-good-
as new state. Durations for inspection, corrective maintenance and preventive maintenance are
rather short compared to the operation time, and are assumed to be negligible in this paper.

7) Cost for inspections and maintenance actions usually satisfy a practical constraint that

C][ < CPI < CPM < CCM :

8) Measurement error probabilities

For any imperfect inspection, according to both the actual degradation level and the inspected
results, there are four possible results: true positive (TP), false positive (FP), true negative (TN),
false negative (FN), as shown in Table 1, where “negative” means that the inspection indicates that

the observed degradation level is no larger than the preventive maintenance threshold level 4, ,

and “positive” means the opposite. A “true positive” inspection outcome indicates that the
degradation level is inspected to be larger than the preventive maintenance threshold level when it
actually is, where as a “false positive” outcome indicates that the degradation level is inspected to

be larger than the preventive maintenance threshold level when it actually is not.

Table 1. Possible results for any imperfect inspection

. the actual degradation level
Inspection result — .
Positive Negative
the inspected Positive TP FP
degradation level | Negative FN TN

Accordingly, the occurrence probabilities for all four possible results for the mth imperfect

inspection can be computed as follows:

P(TRn):P{dPM<XmSdCM’dPM<Zm=Xm+ngdCM} (3)
P(FPWI)ZP{Xm SdPMi'dPM <Zm =Xm +‘("m SdCM} (4)
P(IN,)=P{X, <dp,.Z, =X, +¢,<d,,} (%)

P(FNm):P{dPM <X,<d,,.Z,=X,+¢, SdPM} (6)

where 7p, Fp, TN and FpN denote possible results for the " imperfect inspection.
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O: inspected degradation level Z
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Figure 1. Schematic diagram for the conditional event TN |TN |

Since the system degradation is modelled by the gamma process, degradation increments on
disjointed time intervals are independent, but the cumulative degradation levels at different time
points are not independent. Therefore, it is necessary to derive the probability of the conditional

event for two successive inspection results, e.g., IN,|IN, ,,n>2 shown in Figure 1:

1
P(TNn |Tanl)=P{Xn SdPM’Zn SdPM |Xn71 SdPM’Zn—l SdPM}
_ P{Xn gdPM’Zn SdPM’)(n—l SdPM’Zn—l SdPM}
- P{X, <dp,Z,  <d,,}
<d

n—1 — " PM>
+&,<d,,,x+¢,_ SdPM}fX,H (x)dx
dpy
0”’ P{x+ €1 = dPM }an—l (x)dx

dpy (dpy =¥
j J P{y+gn <d,, fom (y)dy-P{gn_1 <d,, _x}fX,H (x)ax (7

_Jdo_Jo —x}
:P,wq)(dp)\;_xjfxﬂl (x)d_x
dpy pdpy—x d —XxX—-y d —-X
Io .[0 CD[ o p )/AX,,M (y)dy-CD[ m;_ jfxﬂl (x)dx

& &

:P’Wq)(dPM —xij”] (x)dx

(o)

&

dI’M
j P{x+AX x+AX
0

n—l,n PM > n—l,n

Where A‘/‘(nfl,n = Xn _Xn—] ~ Ga(a(A(tn)_A(tn—l))’ﬂ) and anl ~ Ga(aA(tn—l)’ﬂ) are bOth
gamma distributed variables, whose PDFs are denoted by  f,, : (y) and 1, ] (x)-

Furthermore, by changing the limits of integration or the integral functions, the occurrence
probabilities of other conditional events for two successive inspection results can also be derived,

and the results are presented in the Appendix.

3 Two CBM strategies considering imperfect inspections
3.1 Description of the considered CBM strategies

In the case of imperfect inspection, we propose to study two policies: the first one is classical



periodic inspection/replacement policy, but with imperfect inspection: when compared to a classical
periodic inspection/replacement policy with perfect inspections, it makes replacement decisions
based on the imperfect information returned by imperfect inspections, at a lower cost. Such a “naive”
policy can be interesting if the quality/cost ratio of the imperfect inspection is “favorable”, which
has to be determined based on mathematical cost analysis. This policy can be optimized using the

two decision variables d,, and 7.

The second maintenance policy is one of the main contributions of this work and it aims at
taking benefit of the possibility to mix both perfect and imperfect inspections in the same
maintenance policy so as to adapt the quality and the cost of the inspection to the actual need for
decision-making purposes. As the system degrades over time, the degradation process is
approaching the PM and CM threshold levels, which leads to increasing occurrence probabilities of
FN and FP. Consequently, when the degradation level comes close to the PM and CM thresholds, it
can be more beneficial to use more expensive, but also perfect inspections, to make more accurate
and better informed maintenance decisions in order to avoid the cost induced by FN or FP. Based

on this rationale, we propose a new two-stage inspection scheme, where the first A/ inspections
are imperfect, and the inspections from the ( M +1)”’ one turns to be perfect. This policy can be
optimized using the three decision variables doy T and Az, which offers one additional degree
of freedom when compared to the previous policy to find an optimal setting.

Denote the classical policy with perfect inspection scheme by S, the policy with imperfect
inspection scheme by S, and the policy with two-stage inspection scheme by §,. It can be
indicated that the policy S, with A =0 is equivalent to the classical policy S, and the policy
S, withlarge enough Az becomes equivalent to the proposed policy S, in Section 3. Therefore,

it can be inferred that the optimally designed §, is worse than the optimally designed S, or §,.

3.2 Development of the maintenance costs models

Maintenance cost is often used as a criterion to evaluate the performance and to optimize a
CBM policy. Considering that each maintenance action (preventive or corrective replacement)
restores the system to an as-good-as-new state, the maintained system deterioration process can be
considered as a renewal process [42], and the long run cost rate over an infinite time horizon can be
obtained through the renewal cycle theorem. In our setting, a renewal cycle can be defined as the
interval between two replacements, either preventive or corrective. Therefore, the long run cost rate
is defined as follows [43]:

cr=1tim €W _ELO)

=t E(L) ®

where E(C) and E( L) are respectively the expected cost and length of a renewal cycle.

For the classical policy with perfect inspection scheme S, its expected cost and length of a



E(Co) =Coy + (CCM —Coy

[
)
~(Ca =G, —C,[
dpy T
L(Co)=f FX(dCM;t)deO m(x)j0 Fy (deyy —x3t) dedw
where £, (x) is the CDF of variable X (1), M(x)=3 Fy (xii-7) and m(x)=M"(x).
i=1

Basedon E (CO) and L(CO ), we can compute the long run cost rate CR, for the classical
policy S, with any values of the inspection interval r and preventive maintenance threshold

level dPM.

For the two proposed maintenance policies in this paper, a renewal cycle may also end up with
either corrective or preventive maintenance. However, to calculate the probabilities of degradation
paths in different cases of the renewal cycle, it is necessary to derive of the probability of the

conditional event for two successive inspection results, as can be referred to the example of
IN,|TIN, ,,n>2 in Equation (7).
In the following two subsections, we calculate the long run cost rate for the maintenance policy

with purely imperfect inspection scheme and two-stage inspection scheme, respectively. Based on

the cost analysis results, the optimal decision variables can be obtained.
3.2.1 Cost analysis for the maintenance policy with imperfect inspection scheme

For this maintenance policy with imperfect inspections, denoted by §,, inspections are
scheduled with fixed inspection interval 7. According to different relationship between the sizes of
inspected and actual degradation levels, the renewal cycle for policy S, may end up with either
CM or PM. Therefore, by deriving the expected length and cost for the renewal cycle in different
cases, we can obtain the long run cost rate for §,, and then design the optimal inspection interval
7 and preventive maintenance threshold level d,, .

Let ; be the number of the first inspection after the actual degradation path exceeds d, ,
and ; be the number of the first inspection after the inspected degradation path exceeds d,.
Besides, without regard to maintenance activities, system failure occurs at 7, and f = LTF /TJ +1
is the number of the first inspection after 7)., 1i.e., k is the number of the first inspection after the

actual degradation path exceeds o Therefore, due to the fact that 0<d.  <d i and k

rPM = Yem?
have a primary constraint that 1<; < k. Furthermore, according to the relationship of size between
i, j and fk, different cases for the renewal cycle are derived as follows.

Case A1: The cycle ends up with CM.

th

In this case, failure occurs before the ;* inspection time when it is inspected to conduct PM,



ie., j>k. Considering that FNs may happen for the imperfect inspections before failures, this

case can be further divided into two subcases:

A
=] x: actual degradation X
=} B 3 g p
= O: inspected degradation Z ‘
= <
& [T~ T T T T T T T T T T T T T T2 *= dey
.
il AP | B
o
D 1 dpy
? |
E \
Q |
: \
\
| S
1 H e T | Ik tilne
g—— Cycle length ——

Figure 2. Schematic diagram for case Al.1

Al.1 ( j>k,i=k): As shown in Figure 2, the actual degradation path exceeds both doy, and
dCM in the same time interval [( J— 1)7, kr} and the inspected degradation does not exceed dPM
by the (4 -1)" inspection.
Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence
probability of this subcase Al.1, on conditional of T, € (O, +oo), is as follows:
P, (T, )=P{j=k,i=k}

= P{IN,,TN,,---,IN, , X, > d, } )
= P(TN,)-P(TN, |TN,)---P(IN,_, | IN,_,)- P(X, = d, |TN,_,)

In addition, the expected cost and length for the renewal cycle in this subcase is:
E(CA1_1|TF):(k—1)C”+CCM (10)
E(Ly, |T;)=T, (11)
A1.2 ( j>k,i<k): As shown in Figure 3, the actual degradation path exceeds 4, in the time
interval [( i— 1) 7, iT:I, but this is not inspected to be truly positive by the ( k— 1)'h ,k >i inspection.
Besides, the actual degradation path exceeds d,, in the time interval [(k -1)z, kr].
Note that in this subcase, the condition that J2ki<k and the primary constraint that

1<i<k together leads to the constraint that £ > 1.



g x : actual degradation X
% O: inspected degradation Z | $/
8 “““““““““7‘4 = deu
) |
3 l_4
_____________ TR D_ |_ — — Upm
o) ® |
? |
|
o) |
; |
: | .
7 it G el 1 time
¢———— Cycle length ———

Figure 3. Schematic diagram for case A1.2

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence
probability of this subcase A1.2, on conditional of T € (O, +oo), is as follows:
P, (T, )=P{j=k,i<k}

-1

P{TN,,--,TN, \,FN,,--,FN, . X, >d, )

=~

P
3 {P(TN,)-P(IN, |TN,)---P(TIN_, |TN,_,)-P(FN, |TN,.) .
P
‘P(FN,,, | FN,)---P(FN, | FN,,)-P(X, >d, | FN, )}
In addition, the expected cost and length for the renewal cycle in this subcase is:
E(C,,IT.)=(k-1)C, +C,,, (13)
E(L,,|T,)=T, (14)

Case A2: The cycle ends up with PM.

In this case, failure occurs after the ;” inspection time when it is inspected to conduct PM,
i.e., k> j.Considering that FNs or FP may happen for the imperfect inspections, this case can be

further divided into three subcases:

A2.1 (k> j,i< j): Asshown in Figure 4, the actual degradation path exceeds ¢, inthe time
interval [(1 — 1) 7, ir], but it is not inspected to be truly positive until the j”’ ,j >1i inspection. Also,
the actual degradation path does not exceed 4, atthe ;” inspection.

Note that in this subcase, the condition that % > Ji<j and the primary constraint that

1<i<k together leads to the constraint that j>1
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Figure 4. Schematic diagram for case A2.1

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase A2.1, on conditional of j=1,2,---,40, is as follows:

Py, (J)=Plk>ji<j}

-1

<.

=Y P{IN,,-IN_,FN, -+, FN TP}
o (15)
= > {P(TN,)-P(TN, | TN,)---P(TN_, | TN,_, )
i=1
-P(FN,|IN_,)---P(FN_ | FN_,)P(TP, |FN )}
In addition, the expected cost and length for the renewal cycle in this subcase is:
E(CAZI |j)=jCII+CPM (16)
E(LAZ.I |J)=]T (17)

A2.2 (k> j,i=j): Asshownin Figure 5, the actual degradation path exceeds d,,, inthe time
interval [(z -1)z, if], and it is inspected to be truly positive at the same inspection time, i.e., j=i.

Also, the actual degradation path does not exceed d,, atthe ;" inspection.

= 4 x : actual degradation X
.% O: inspected degradation Z
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Figure 5. Schematic diagram for case A2.2

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase A2.2, on conditional of j=1,2,--,+0, is as follows:



PAz.z(j):P{k>jai:j}

P{IN,,--TN,
P

j—l)TF)j} (18)
(TNI)P(TN2 |TN1)..P(TN171 ‘Tlez)P(Tf)J |TN171)

In addition, the expected cost and length for the renewal cycle in this subcase is:
E(Cpy | j)=JCy +Cpy (19)
E(L,,|j)=jt (20)
A2.3 (k> j,i> j): As shown in Figure 6, the actual degradation path does not exceed d,,,

by the ;” inspection, but it is inspected to be falsely positive at  jz.
y J P P y J

= x : actual degradation X
.g 0: inspected degradation Z
<
?s ______________________ deuy
g 0
_______________ > -~ d/'\/
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Figure 6. Schematic diagram for case A2.3

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase A2.3, on conditional of j=1,2,---,+00, is as follows:

PA3_3(j)=P{k>j,i>j}

=P{TN,,--TN ., FP | (1)
= P(IN,)-P(TN, | IN,)---P(IN,, | TN, ,)-P(FP,| TN, ,)
In addition, the expected cost and length for the renewal cycle in this subcase is:
E(Cu51))=JCy+Cpy, (22)
E(L,,|j)=jt (23)
Total maintenance cost of policy § ,:
To account for the total long run cost rate for the proposed policy S, first we have to verify

that the above cases and subcases are mutually exclusive events. In fact, we believe that this condition

holds because i is the number of the first inspection after the actual degradation path exceeds d,,,,
J is the number of the first inspection after the inspected degradation path exceeds d,,,, and k is the
number of the first inspection after the actual degradation path exceeds d,,,. Considering that the above

subcases involves different relationships of size between variables i, j, k, and that there is no repetitive



situation in any two subcases, subcases Al.1, A.1.2, A2.1, A.2.2, and A.2.3 are believed to be mutually

exclusive events.
Furthermore, the above subcases compose the whole events of maintenance policy S, becasuse

that the sum of the occurrence probabilities of cases Al and A2 is:

P,+P,
_PA11+R412+PA21+R422+R423

=P{j2ki=k}+P{j2ki<kj+Pl{k>j,i<ji+Plk>ji=j}+P{k>ji>j}
=P{j2k}-P{j2k,i>k}+P{k> j}

=1-P{j=k,i>k}

=1

where P{j>k,i>k}=0 because that the fact 0<d,,, <d,, leads to a primary constraint that

1<i=|d,, [t |+1<j=|d., [t |+]1, thatis to say the case i>k won’toccurand P(i>k)=0.

In summary, by considering the distribution characteristic of system failure time 7, and all

possible values of the inspection number j to conduct PM, and summing over all the above cases
and subcases, we can obtain the expected cost and length for S, as Equations (24) and (25).

Therefore, its long run costrate CR, for policy S, can be formulated by the ratio of E(C,) and

E(L,) and the optimal 7 and d,, for §, can be designed through minimizing CR,.

B(C)= [ B(Co 11, P (5 )ALF ()] S E(Cul ) P ()
_J. |:E All‘T All( ) ( Alz‘T) Al2 :|d[F j| (24)
+Z[E A21|] A21( ) ( A22|]) A22(')+E( A23|]) A23(]):|

E(L)= ], E (L 1T.)- Py (7,)d[ F, (r>]+§E(LAz 7)Pal))
= [, LB 1T P (T )+ E(Laa 1 T2)- Pa (T2) Ja [ (1)] (25)
+Z[E i21 | ) Py ()4 E (L | ) Pioa () + E(Lis | ) Azs(j)]
where £ () is the CDF of the system failure time 7.
Fo(t)=P{T, <t} = P{X(t)>dp, | = Fy (dgy;t) (26)
3.2.2 Cost analysis for the maintenance policy with two-stage inspection scheme

Similar to S, policy §, is also with fixed inspection interval 7. Besides, its renewal cycle

may also end up with either CM or PM, and the cycle termination can lie in either the perfect-
inspection stage or the imperfect-inspection stage. Therefore, we derive the occurrence probability,

the expected length and cost for the renewal cycle of §, in the following cases. Denotations

i, j,k,T, are the same with those in subsection 3.2.1. The optimization variables for policy S,



include inspection interval r, preventive maintenance threshold level ¢4, ~and number of

inspections A/ for stage transition.

Case B1: The cycle ends up with CM.
In this case, failure occurs before the ;” inspection time when it is inspected to conduct PM,
i.e., j>k.Considering that FNs may happen for the imperfect inspections before failure, and that

the last inspection of the cycle may be either imperfect or perfect, this case can be further divided
into three subcases:

B1.1 (k<M +1,j>k,i=k): As shown in Figure 7, the actual degradation path exceeds both

d,, and d_, in the same time interval [(k—l)r, kf:| in the imperfect-inspection stage, i.e.,

k <M +1, and the inspected degradation does not exceed , by the (k- 1)”’ inspection.

A
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Figure 7. Schematic diagram for case B1.1

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase B1.1, on conditional of T, € (O,M r), is as follows:

P

Bl.1

(T.)=P{k<M+1,j>k,i=k}
= P{IN,,TN,,--,TN, , X, 2d,, } 27
= P(IN,)-P(IN, |TN,)---P(TN,_, |IN,,)-P(X, 2d, | IN,,)

In addition, the expected cost and length for the renewal cycle in this subcase is:
E(CBM|TF)=(k—1)CH +Cqy (28)
E(Ly, |T.) =T, (29)
B1.2 (k<M +1,j>k,i <k): As shown in Figure 8, the actual degradation path exceeds d,,,

in the imperfect inspection interval [(i—l)r,ir},i < M —1, but this is not inspected to be truly
positive by the (k—l)’h ,i <k <M +1 inspection. Besides, the actual degradation path exceeds
d.,, in the time interval [(k—l)f,kr].

Note that in this subcase, the condition that j>k,i<k and the primary constraint that



1<i<k together leads to the constraint that £ > 1.
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Figure 8. Schematic diagram for case B1.2
Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence
probability of this subcase B1.2, on conditional of T} € (O, M T), is as follows:

Py (T, )= P{k <M +1,j > k,i <k}

k=1
=Y P{TN,,---,TN,,,FN,,--,FN, |, X, >d, }
o (30)
:Z:{P(TN])-P(TN2 |TNI)---P(TN,.71 |TNI.72)~P(FN,. \TNH)
i=1
'P(FNM |FNi)”.P(FNk—l |FN1{72)'P(XI¢ 2dey |FN1(7|)}
In addition, the expected cost and length for the renewal cycle in this subcase is:
E(CBL2|TF):(k_1)C11+CCM (31)
E(LBl.z |TF):TF (32)

B1.3 (k> M +1,i = j = k): As shown in Figure 9, the actual degradation path exceeds d o in
the perfect inspection interval [(k _1)1,](1], k> M +1, which leads to the fact that the actual and

perfectly inspected degradation path exceeds d,,, in the same inspection interval, i.e., i=j=k,

because if <k or ;< k,then PM will be conducted before the system fails.
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Figure 9. Schematic diagram for case B1.3



Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase B1.3, on conditional of T, € (0, M ‘L'), is as follows:

Py, =Plk>M+1,i=j=k}
P{TNl,---,TNM,XH<dPM,Xk ZdCM}
P(TN1)~P(TN2 |TN1)"'P(TNM |TNM71)

.P(Xk—l <dPM |TNM)'P(Xk 2dCM |Xk—1 <dPM)

(33)

In addition, the expected cost and length for the renewal cycle in this subcase is:
E(Cy5|T, ) =MC, +(k—-1-M)C,, +C,, (34)
E(Lgu |TF)=TF (35)
Case B2: The cycle ends up with inspected PM.
In this case, failure occurs after the ;” inspection time when it is inspected to conduct PM,
i.e., k> j.Considering that FNs or FP may happen for the imperfect inspections, and that the last
inspection of the cycle may be either imperfect or perfect, this case can be divided into four subcases:
B2.1 ( j <M,k > j,i< j): As shown in Figure 10, the actual degradation path exceeds d,,,
in the imperfect inspection interval [(1’—1)7,1'1],1' < M, but it is not inspected to be truly positive

until the j”‘,i < j<M imperfect inspection. Also, the actual degradation path does not exceed

d., atthe ;" inspection.

Note that in this subcase, the condition that %> Ji<j and the primary constraint that

1<i<k together leads to the constraint that j>1
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Figure 10. Schematic diagram for case B2.1

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase B2.1, on conditional of j=1,2,---, M, is as follows:



P, (J)=P{j<M.k> ji<j}

-1
= JzP{TNI,.-.TN,.%,FN,.,-.,FNI.A,TPJ}
(36)
=>{P(IN,)-P(IN, |TN,)---P(TN,, | IN,_, )
i=1
-P(FN,|TN,_,)-+-P(FN_ |FN_,)P(TP,|FN )}
In addition, the expected cost and length for the renewal cycle in this subcase is:
E(CBZ,I |j):jC11 +CPM (37)
E(Ly,, | j)=jr (38)

B2.2( j <M,k > j,i=j): As shown in Figure 11, the actual degradation path exceeds d,,, in
the imperfect inspection interval [(i—l)r,if],i <M, and it is inspected to be truly positive at the

same time, i.e., j=1, and the actual degradation path does not exceed 4, atthe j;z.
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Figure 11. Schematic diagram for case B2.2

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase B2.2, on conditional of j=1,2,---, M, is as follows:

Pyy () =P{j<M.k> j.i=j}
- PlIN TN, 17 69)
=P(TN,)-P(TN, | TN, )---P(TN,, |TNI__2).P(TPj |TNJ__1)

In addition, the expected cost and length for the renewal cycle in this subcase is:
E(Cuy1J)=JCy+Cpy (40)
E(L,,|j)=jt (41)
B2.3 ( j<M,k> j,i> j): As shown in Figure 12, the actual degradation path does not exceed

d,. bythe ;* imperfectinspection, but it is inspected to be falsely positive at jr, j <M .
e Y J p P JTJ
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Figure 12. Schematic diagram for case B2.3

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase B2.3, on conditional of j=1,2,--- M, is as follows:

P{j<M.,k>j,i>j}
PATN,.-TN,.\.FF} (42)
P

Py (J)

Jj-1

(TNl)'P(TNz ‘TNl)"'P(TNi—l |TNI-—2)'P(FP,' |TN,>1)

In addition, the expected cost and length for the renewal cycle in this subcase is:
E(Cu51))=JCy+Cpy, (43)
E(L,,|j)=jt (44)
B2.4 ( j>M +1,k> j,i=j): As shown in Figure 13, the actual degradation path exceeds d,,,

in the perfect inspection interval [(i—l)r,ir],i > M +1, and it is inspected to be truly positive at

the same time. Also, the actual degradation path does not exceed J, atthe ;" inspection.
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Figure 13. Schematic diagram for case B2.4

Therefore, based on the probabilities of conditional events derived in Section 2, the occurrence

probability of this subcase B2.4, on conditional of j=M +1,M +2,---,400, is as follows:



Pyy =P{j=M+1k> ji=j}
=P{IN,, TN, X |, <dp.dp, <X, <d, |

=P(TN,)-P(IN, | TN,)---P(TN,, | IN,,_,) “43)
P(X, <dp, | TN, )-P(dpy <X, <dpy | X, <d,y,)
In addition, the expected cost and length for the renewal cycle in this subcase is:
E(CA2,4 |j)=MC,,+(j—M)CP,+CPM (46)
E(L,,|Jj)=Jt (47)

Total maintenance cost of policy §,:

To account for the total long run cost rate for the proposed policy S;, first we have to verify
that the above cases and subcases are mutually exclusive events. Similar to the situation of policy
S, the subcases B1.1, B.1.2, B.1.3, B2.1, B.2.2, B.2.3 and B.2.4 involves different relationships of
size between variables i, j,k,M, and that there is no repetitive situation in any two subcases.
Therefore, these subcases are believed to be mutually exclusive events.

Furthermore, the above subcases compose the whole events of maintenance policy S,

becasuse that the sum of the occurrence probabilities of cases Bl and B2 is:

PBI +PB2
= PBIAI +PBl.2 +PBl,3 +P32Al +PBZA2 +PBZA3 +P32.4

=Plk<M+1,j2ki=k}+P{k<M+1,j2ki<k}+P{k>M+,i=j=k}
+P{j<M.,k>j,i< jl+P{j<M,k> ji=j}+P{j<M,k>ji>j}+P{j>M+Lk> j,i=j}
=P{k<M+1,j2k{-P{k<M+1,j2ki>kj{+P{k>M+1,j>k{-P{k>M+1,j>k}
—P{k>M+1,j=ki#k}+P{j<M,k>ji+P{j2M+1,k> j}—P{j>M+1k> j,i# j}
=P{j2k}—[Plk<sM+1,j2ki>k}+P{k>M~+1,j>k}+P{k>M+1,j=k,i=k}]
+P{k> j}—P{j2M+Lk> j,i# j}
=1
where
(1) P{k<M+1,j>k,i>k}=0 because the case j>k won’toccur and P(i>k)=0;
(2) When k> M +1, at the kth perfect inspection, the actual degradation level (equals to the

inspected degradation level) is larger than both d, and d

- thatis to say j can’t be larger than

k and P{k>M+1,j>k}=0;
(3) When k>M+1,j=k, atthe kth perfect inspection, the actual degradation level (equals to

the inspected degradation level) firstly exceedsboth d,,, and d

> thatistosay i equalsto % and

Plk>M+1,j=k,i#k}=0;
(4)When j>M +1,k> j,atthe jth perfectinspection, the actual degradation level equals to the
inspected degradation level and both firstly exceeds d,, , that is to say i equals to j and

P{j=M+Lk>j,i#j}=0;



In summary, by considering the distribution characteristic of system failure time 7 and all
possible values of the inspection number j to conduct PM, and by summing over all the above cases
and subcases, we can obtain the expected cost and length for policy S, as Equations (48) and (49).

Therefore, the long run costrate  CR, for policy S, canbe formulated by the ratio of E(C,) and

oy and A for S, can be designed through minimizing CR,.

E(L,) and the optimal 7, d

E(C)=[,"E(Co 1T,)-By (1) [F (0] 2 E(Con /) P )
:J'MI[E CBI,I‘TF 'Eﬂ.l(TF) ( 312|T 312 ]d[ :I

+j [E(Cpua 1T,) P (1) ]d [ Fr (2)] 48)

+Z[E Bz1|] 321() (C32_2|j)'P32.2(j)+E( 323|]) st(j):|
+Z[E 324‘] 524( )]

E(L,)= [ E(Ly 1T,)- Py (TF>d[FT<r>]+§E(LBZ )P ))

:IMT[E LBLI |TF)'P31,1(TF)+E( B1.2 ‘T 312 :Id[F :|
+I [E 313|T TF Jd[F ] (49)

+Z|: 321 |] 321( ')+E(L32_2 |j)'PBz.2(j)+E( B23 |]) st(j):l
+ z |: 324|J 32.4(j):|

j=M+1

where £, (¢) is also the CDF of the system failure time 7)., and can be referred to equation (26).

4 Performance evaluation of the proposed policies
In this section, we implement the two considered maintenance policies through numerical
experiments and a real case study, and also illustrate their advantages over the classical maintenance

policy with perfect inspections.

4.1 Numerical experiments

First, under the formulations of degradation model and maintenance policy in Section 2, we
use a nonlinear gamma degradation process Gamma(1.5-¢'*,1.5) for illustration, and the other
model and cost parameters are assumed to be ¢ =2, C, =1, C, =3, C,, =30, C,, =80
and d,, =10. Utilizing an iterated grid search (IGS) approach [45], optimization variables for
policies S, and S, are obtained based on the cost analysis results in Sections 3.1 and 3.2,

respectively. Then according to their optimal long run cost rate, the two policies are compared to

the classical maintenance policy S, and their advantages are illustrated based on sensitivity



analysis on the cost parameter, the variation of the degradation process and the measurement error.

For the proposed maintenance policy §, with imperfect inspections, we compute its long run
costrate CR,, and plot the three-dimensional surface and the iso-level curve for CR y with respect
to re [1,2] and d,, € [5,8], as shown in Figure 14, where the discretization steps of 7 and
d,, arerespectively 0.01 and 0.1. The surface is shown to be convex, which indicates that there is
a global optimal combination of inspection and maintenance policy, i.e., 7=1.50 and d,, =62,

corresponding to the minimum long run cost rate CR, . =7.53. Furthermore, to increase the

A, min
credibility of Figure 14, we fix one of the two variables T,d and present the values of CR y

with respect to the other variable, as shown in Table 2 and Table 3.

long run cost rate

Figure 14. Longrun costrate CR, withrespectto r,d,,

Table 2. Long run cost rate CR y with respect to 7 under fixed dpy, =62

T 1.45 1.46 | 1.47 | 1.48 1.49 | 1.50 | 1.51 1.52 | 1.53 1.54 1.55
CR, | 7.557 | 7.552 | 7.543 | 7.539 | 7.537 | 7.534 | 7.535 | 7.536 | 7.538 | 7.540 | 7.542

Table 3. Long run cost rate CR, withrespectto d,, under fixed 7=1.50

dpy 6 6.1 6.2 6.3 6.4 6.5 6.6 6.7 6.8 6.9 7
CR, | 756 | 7.54 | 753 | 7.54 | 7.54 | 7.56 | 7.57 | 7.59 | 7.62 | 7.65 | 7.69

For the proposed maintenance policy §, with two-stage inspection scheme, its long run cost
rate CR, can be obtained by the ratio of E(CB) and E(LB)' By computing CR, under

different valuesof 7, d,,

and A7, the minimum long run costrate is foundtobe CR, . =7.42,
corresponding to the optimization variables r=147, d,, =6.5 and M = 4. Furthermore, to

visually show how CR, changes with 7, d,, and M, we fix A to be its optimal value 4,

PM

and plot the three-dimensional surface for CR, with respect to re[l, 2] and d,, e[5.5,8],

where the discretization steps of 7 and 4, are respectively 0.01 and 0.1. Besides, the values of



CR, with respect to one of the two variables 7,4, , by fixing the other variable, are presented in

Table 4 and Table 5. Similar to the plot of CR, in Figure 14, the surface for CR, in Figure 15 is

also convex, indicating the existence of global optimization for policy S,.

Table 4. Long run cost rate CR, with respect to 7 under fixed d,, =65,M =4

Figure 15. Longrun costrate CR, withrespectto z,

7.6

dPM

under fixed M =4

T 140 | 141 | 142 | 143 | 144 | 145 | 146 | 147 | 148 | 149 | 1.50
CR; | 7434 | 7.432 | 7.429 | 7.427 | 7.425 | 7.422 | 7.420 | 7.421 | 7.423 | 7.425 | 7.427
Table 5. Long run cost rate CR, withrespectto 4, under fixed 7=147,M =4
dpy 6 6.1 6.2 6.3 6.4 6.5 6.6 6.7 6.8 6.9 7
CRy | 752 | 749 | 7.47 | 745 | 743 | 742 | 743 | 743 | 744 | 7.44 | 747
8.8
8.6 -
£ 84
"Lg: 8.2-
£ 8
%"7.8\

In addition, under fixed r=1.47 and d,, =65, the values of CR, with respect to

Me[l,lO] is provided in Table 6, and the changing curve is plotted in Figure 16, where the

discretization steps of A/ is 1. It can be seen that CR, decreases when A7 increases from 1 to

4, then increases with A7 and finally converges to 7.57 when Az is larger than 6, which is

because that for the system under maintenance policy §, with large enough ar, the occurrence

of failure will be earlier than the shifting time of the inspections from imperfect ones to perfect ones,

and the system maintenance will have nothing to do with a7

Table 6. Long run cost rate CR, with respect to A7 under fixed =147, d,, =6.5
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Figure 16. Long run cost rate CR, with respect to A7 under fixed 7=147, d,, =65

4.2 Sensitivity analysis

Based on different perfect inspection cost C, , the optimal long run cost rates of the three

o>
policies are plotted in Figure 17. It can be shown that with the increase of (), the optimal cost rate
of policies S, and S, rise obviously, while policy §, is not affected. The curves for policies
S, and S, cross at a point corresponding to when perfect inspections are not too cheap and C,,
is higher than about 2.6, §, will be more economical than S§. Besides, for all values of Cp»

policy S, is always the best choice in that it approaches the curve of §; when (C,, is low, and

convergesto S, when (,, is high.

Strategy S o

Strategy S}\

— Strategy SB

long run cost rate

25 2.75 3 3.25 35 3.75

Figure 17.  Sensitivity analysis of the optimal maintenance cost rate to  C,,

In addition, we also investigate the effect of PM and CM cost on the maintenance policies, as
shown in Figures 18 and 19, respectively. It can be seen thatas C,, or C,, increases, the curves
of all three policies show obvious rising trends, and in an economical viewpoint, policy §, is
always the best and S is the worst. Besides, the sensitivity on C,,, is larger than thaton C,,,

which is because that all three CBM strategies are meant to prevent the occurrence of failures,

therefore is less influenced by the cost incurred by CM activities against failures.
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Figure 18.  Sensitivity analysis of the optimal maintenance cost rate to  C,,,

—+— Strategy S“
—+— Strategy S.\

—+— Strategy SB

long run cost rate
-

70 75 80 85 90 95 100
2 CM

Figure 19. Sensitivity analysis of the optimal maintenance cost rate to C,,,

Additionally, considering that the variation of the degradation process and the measurement
error can affect the maintenance policies, we plot the sensitivity analysis of the optimal maintenance

costrateto ¢ and o, in Figures 20 and 21. Firstly, in order to keep the comparability of policies

with different values of ¢, we fix the form of nonlinear drift function A(t) and the mean
function of the degradation process £ A(r)- Under this circumstance, if we increase the value of
a , we also have to incarease that of S proportionally, and this will lead to smaller variation of
the degradation process, i.e., 12 A(t), and decrease the optimal cost rates for all the three policies,

although in different rates. Besides, the increase of ¢, will make it harder to prevent the
occurrence of failure, and result in higher cost rates for policies §, and §,. For the comparison
among the three policies, we can see that policy S, still has the best economic performance for all
valuesof ¢ and o, and policy S, turns to be worse than §, when ¢ is smaller than about

2.2,or when o, exceeds around 2.25.



—— Strategy S()

Strategy S A
Strategy SB

long run cost rate

7.1

Figure 20. Sensitivity analysis of the optimal maintenance cost rate to ¢«

Figure 21 gives a good insight into the adaptive behavior of policy S,. Since it mixes both

perfect and imperfect inspection so that it can take the best of both kind of inspections: inspecting

at low cost when accuracy is not highly required and using perfect inspections when the accurate
information on the degradation level becomes critical. When compared to the two other policies S,
and S,, policy S, allows substantial savings in situations where the quality/cost ratio of

imperfect inspections does not take extreme values: in this case, it is highly relevant to resort to both
perfect and imperfect inspections within the same policy. In extreme situations, Figure 21 clearly
shows that the best option is to use either only perfect inspections (when imperfect inspection are

too expensive for their quality, i.e. on the right of the figure and in this case policy S, becomes
equivalent to policy S§,) or only imperfect inspections (when imperfect inspections are of high
quality and not expensive, i.e. on the left of the figure, and in this case policy S, becomes
equivalent to policy §,). Because of its versatility, policy S, can thus be adapted to all the
configurations and outperform both policies S, and S, in all the cases.
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Figure 21. Sensitivity analysis of the optimal maintenance cost rate to o



4.3 Robustness Analysis

It should be noted that the above analysis is all based on the assumption of an accurate
knowledge about inspection quality. However, in practice we may mis-specify the model
assumptions, e.g. on whether the inspections are perfect or not, and on the exact value of the variance
of measurement errors. Therefore, we analyze the robustness of the three maintenance policies by
studying the effect of inspection quality mis-specification. In Tables 7-9, the optimal long run cost
rates are evaluated by implementing on a system with the measurement error standard deviation at
itstrue o, value, and the maintenance policies as well as decision variables optimized for wrongly
specified o,.

As the deviation between the true and wrongly specified o, increases, the optimal long run
cost rates for the three policies all increase. Besides, the proposed policies §, and S, are always
better than the classical policy S, for all true and wrongly specified o,. For the comparison
between §, and S§,, it can be indicated that when the true o, is bigger than the wrongly
specified o, , i.e., when we overestimate the measurement instrument performance and
underestimate the measurement error, then it is more beneficial to adopt the maintenance policy S,.
When the true o, is smaller than the wrongly specified o, i.e., when we underestimate the
measurement instrument performance and overestimate the size of measurement error, then
maintenance policy S, is more preferable from an economic point of view. One of the interesting
conclusion of this analysis is about the robustness of the proposed policies S, and §,: evenifa

wrong value of the measurement error variance is used to optimize these policies, they are robust

enough so that their performance remains better than the policy S, that assumes wrongly perfect

inspections.
Table 7. Optimal long run cost rate for mis-specified policy S,
Wrongly specified o, 0
True o,
0.5 7.68
1 7.76
1.5 7.94
2 8.22
2.5 8.52
3 8.81
3.5 9.06
Table 8. Optimal long run cost rate for mis-specified policy S,
Wrongly specified o
SYop ‘1 0.5 1 1.5 2 2.5 3 3.5
True o,
0.5 6.74 | 6.75 | 6.76 | 6.75 | 6.76 | 6.78 | 6.79




1 695 | 694 | 694 | 695 | 696 | 7.01 | 7.01
1.5 7.23 | 722 | 7.21 | 722 | 7.25 | 7.29 | 7.29
2 7.54 | 7.54 | 7.53 | 7.53 | 7.55 | 7.59 | 7.60
2.5 7.89 | 7.89 | 7.88 | 7.87 | 7.86 | 7.89 | 7.90
3 8.21 8.2 8.22 8.2 8.2 8.17 | 8.19
3.5 853 | 851 | 854 | 8.49 | 851 | 846 | 8.44

Table 9. Optimal long run cost rate for mis-specified policy S,

Wrongly specified o, 0.5 1 1.5 2 2.5 3 3.5
True o,
0.5 6.74 6.75 6.76 7.00 7.25 7.67 7.68
1 6.95 6.94 6.95 7.10 7.29 7.67 7.68
1.5 7.23 7.22 7.20 7.25 7.35 7.67 7.68
2 7.53 7.53 7.52 7.32 7.45 7.67 7.68
2.5 7.86 7.87 7.87 7.65 7.59 7.67 7.68
3 8.19 8.19 8.18 7.88 7.78 7.67 7.68
3.5 8.50 8.51 8.52 8.12 7.96 7.67 7.68

4.4 Case study

In order to show how the presented maintenance policies can be used in practical applications,
we apply them to a “three-bladed rotor system” on an offshore wind turbine. A blade is an important
part of a wind turbine, and its failure is caused by residual strength reduction due to crack growth
[46]. In fact, cracks on blades are usually monitored by periodic inspections, but such crack length
measurements by imperfect inspection systems are often contaminated by errors [47]. Therefore,
this case study is intended to implement the two proposed maintenance policies with imperfect
inspections, and to see which policy offers the best benefit.

The dataset used in this study is referred to some relevant references [48,49]. The blade crack
growth process can be modelled by a homogeneous gamma process with shape and scale parameters

given by o =0.542 cm/month and p£=1.147. Therefore, the mean degradation rate will be
a/ S =0.4725cm/month. In addition, the failure threshold level for the blade crack length is
d

o =20cm. For the imperfectly inspected crack length, the variation of the measurement error is

o, =lcm. As for the cost for the blades, the cost for each perfect inspection is C, = 3000€, the
cost for each imperfect inspection is C,= 2000€ , the Cost of performing a corrective maintenance

is C oy = 440400 € , and the Cost of performing a preventive maintenance is Cpy = 225000€ .

Also utilizing an iterated grid search (IGS) approach, we obtain optimization variables for the

classical maintenance policy S, the proposed maintenance policies S, and S,, respevtively.

Table 10 lists the values of 7, ¢

e M as well as the the corresponding long run cost rate and

the percentage reduction of policies S, and S, compared to policy . It can be indicated that

for the “three-bladed rotor system” on an offshore wind turbine, making maintenance decisions with



imperfect inspections allows substantial savings than making decisions with perfect ones, and it is

more economically beneficial to mix both perfect and imperfect inspections, and adapt the more

flexible maintenance policy S§,.

Table 10. A comparison between the three maintenance policies for the blade case

Maintenance | optimal 7 | optimal optimal Minimum long Cost reduction
policy (month) d,, (cm) M run cost rate(€ compared to pocily
/month) S,
S, 6.2 16 - 6980.20 0
S, 5.7 16 - 6918.97 0.88%
S, 5.3 16 6 6881.87 1.41%

Furthermore, to account for other potential crack length inspection systems, we analyze the
most economical maintenance policy S, in different cases of imperfect inspection cost and
variation of measurement error, and list the corresponding minimum long run cost rates in Table 11.
It can be indicated that compared to the case with medium values of C,, and o, the economic

performance is better in the case with lower imperfect inspection cost and larger measurement error.
Therefore, the wind turbine operators are advised to make more efforts on decreasing the cost of an

imperfect inspection system, even by paying the price of inspection quality.

Table 11. A comparison for maintenance policy S, with different values of C, and o,

Imperfect inspection Variation of Minimum long run Cost reduction
cost C,(€) measurement error o, cost rate(‘€ /month) compared to pocily
(cm) S
2000 6881.87 1.41%
1800 1.1 6845.37 1.93%
2200 6899.31 1.16%

5 Conclusion

Considering the measurement errors for the inspections of continuous degradation processes,
this paper proposes two CBM policies S, and §,. Maintenance decisions of them are
respectively made upon a purely imperfect inspection scheme and a two-stage inspection scheme,
i.e., to shift from imperfect inspections to perfect ones after Af inspections. To calculate the long
run cost rates of the two policies, we derive the occurrence probabilities of conditional events
concerning TP, TN, FP and FN, and compute the occurrence probabilities, expected cost and length
for the renewal cycle in different cases. The two policies are implemented through some numerical

experiments, and sensitivity analysis shows that the proposed policy S, is more economical than
the classical one S on the condition that the perfect inspection cost is not too low, variation of the
degradation process is not too small or the size of measurement error is not too large. Besides, thanks
to the generalization introduced by two-stage inspection scheme, the proposed policy S, always

has the best economic performance among the three maintenance policies, and is recommended to

be chosen in practice. In addition, by analyzing the effect of inspection quality mis-specification on



the maintenance policies, the proposed policies S, and S, are found to be more robust than .

Furthermore, a real case study of a “three-bladed rotor system” on an offshore wind turbine is
presented to show how the proposed maintenance policies can be used in practical applications.

Our model and our results can give some insight on how different kinds of inspections, each
with different quality and different costs, should be optimally used and sequenced to take the most
benefit of them. once implemented within computer-aided maintenance management system, our
proposed model would be hence of interest to maintenance decision-makers: as a stationary control
limit rule, the proposed model is easy to implement. Besides, the mixture of perfect and imperfect
inspections lead to an most beneficial system monitoring, and the amount of cost savings obviously
depend on the different costs of the different maintenance actions, inspections and on the different
features of the maintenance actions and inspections available for a given maintained system.

The model of imperfect inspection could be further improved in several ways, which opens
several research perspectives. Firstly, the dependence between the variance of the inspection noise
and the measured deterioration level should be considered to make the maintenance policy more
realistic. Besides, the proposed model can be generalized by taking into account imperfect
maintenance activities. Furthermore, another interesting work can be the issue of maintenance
decision-making using different inspections with different quality and cost characteristics.
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Appendix

The occurrence probabilities of other possible conditional events for two successive inspection

results are presented as follows:

(X >dCM|TN ) {X >dCM|le—dPM’ ISdPM}
[ [1-Fu (dCM_x)].q{dPM _xjfx (x)dx
0 n=ln o n-1
””’”@[”’ JfX ()

é‘

P(FN,|TN, | )=P{d,, <X, <dey,Z,<dp, | X, <dp,.Z,  <d,,}

PM >
PM o —X d d —
B A e s

dpwq)(dPM foX ](x)dx

O-S

P(FN,|FN, )=P{d,, <X, <d.,.Z,<d <d.,Z

PMldPM nl_ CM > nlSdPM}

dey pdey —x d —
LW J.d,,w —x [ At J-/AX,,,,,‘ (y) dy- (D[ PZ_ a J fo (x)dx
dey ® ( dp/\(/; - Xj fXIH (x)dx

dl’M

P(X,>dy, | FN, | )=P{X,>d., |d,, <X, <du,.Z,  <dp,,}

n-1 = "CM>“n-1 —

.[dcw[l Fy (dCM—x)](D(TJ fo (x)x

dpy
dC.\/f d -
CD[P";_ x]fX”] (x)dx

dPM

P(TP,|FN, | )=P{d,, <X, <dy,dp, <Z,<dp, |dp, <X, <dey,Z,  <dp,}

n-1 —

dey ey —x —X—-y d —-X d —-X
LW Lw ) ( M ],/AX”,_,, (y)dy.{q{ CA;E j_q)[ Pﬂég HfX”' (x )dx

J::, {Q[dcﬂé o[ ﬂ o

&

P(TP,|IN, | )=P{d,, <X, <dey,dp, <Z,<dp, | X, <dp,,Z, <dp,}
g o o ol o
““H el o

5

P(FP,|TN, )=P{X, <d,.,d,,

PM >

: Jodm J-Odw —x ( ]/AX )
o)

dpy | X, Sdpy,Z,_ PM}

n-1 — “PM >

o o
o

"
%

(A.1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A.7)



P{Xn <dpy |TNH}:P{X1¢ <dp, | X, <dp,Z, SdPM}

o

&

dpy [ dpy, —X
IO CD[ - jfxﬂl (x)dx

&

dpy
1-F - (d —x) - f . (x)dx
P(X,>d,, Xn1<dPM):‘[° [-Fa - ow =) (A9)

X, (dPM )

dpy
P(dPM < Xn < dCM | anl < dPM) = -[0 |:FAX”7M (dCM ~ X) _ FAX,H’" (dPM _ X):| . fXIH (xyix (A 10)
Fy, (dpu)




