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Introduction

The Curry-Howard correspondence enables to associate a program with each proof in
classical natural deduction. But mathematical proofs not only use the rules of natural
deduction, but also azioms, essentially those of Zermelo-Fraenkel set theory with axiom of
choice. To transform these proofs into programs, you must therefore associate with each
of these axioms suitable instructions, which is far from obvious.

The theory of classical realizability (c.r.) solves this problem for all axioms of ZF, by
means of a very rudimentary programming language : the \.-calculus, that is to say the
A-calculus with a control instruction [6].

The programs obtained in this way can therefore be written in practically any program-
ming language. They are said to realize the axioms of ZF.

But, almost all the applications of mathematics in physics, probability, statistics, etc. use
Analysis, that is to say the axiom of dependent choice. The first program for this axiom,
known since 1998 [1], is a pure A-term called bar recursion [20, 2, 21]. In fact, c.r. shows
that it provides also a program for the continuum hypothesis [17].

Nevertheless, this solution requires the programming language to be limited to A.-calculus,
prohibiting any other instruction, which is a severe restriction.

Classical realizability provides other programs for this axiom [13, 14, 15], which require
an additional instruction (clock, signature, ... , or as in this paper, introduction of fresh
variables). On the other hand, this kind of solution is very flexible regarding the pro-
gramming language.

There remained, however, the problem of the full axiom of choice. It is solved here, by
means of new instructions which allow branching or parallelism'. Admittedly, the pro-
gram obtained in this way is rather complicated and we may hope for new solutions as
simple as bar recursion or clock. However, it already shows that we can turn all proofs of
ZFC into programs (more precisions about this in the remark at the end of the paper).
Note that the proof is constructive i.e. it gives explicitly a program for AC : you "merely”

LA detailed study of the effect of such instructions on the characteristic Boolean algebra 12 is made
in [5].



need to formalize this proof itself in natural deduction and apply the proof-program cor-
respondence to the result.

Outline of the paper.

The framework of this article is the theory of classical realizability, which is explained in
detail in [13, 14, 15]. For the sake of simplicity, we will often refer to these papers for
definitions and standard notations.

Section 1. Axioms and properties of realizability algebras (r.a.) which are first order
structures, a generalization of both combinatory algebras and ordered sets of forcing
conditions. Intuitively, their elements are programs.

Section 2. Each r.a. is associated with a realizability model (r.m.), a generalization of the
generic model in the theory of forcing. This model satisfies a set theory ZF. which is a
conservative extension of ZF, with a strong non extensional membership relation e.
Section 3. Generic extensions of realizability algebras and models.

Section 4. Definition and properties of a particular realizability algebra 2dy. It contains
an instruction of parallelism and the programming language allows the introduction of
many other instructions. This is therefore, in fact, a class of algebras.

At this stage, we obtain a program for the axiom of well ordered choice (WOC) : the
product of a family of non-empty sets whose index set is well ordered is non-empty.

We get, at the same time, a new proof that WOC is weaker than AC (joint work with
Laura Fontanella ; cf. [8] for the usual proof).

Section 5. Construction of a generic extension 2, of the algebra 2y which allows to realize
the axiom of choice : every set can be well ordered.

Sections 3 and 4 are independent.

Thanks to Asaf Karagila for several fruitful discussions [10]. He observed that, by exactly
the same method, we obtain a program, not only for AC, but for every axiom which can
be shown compatible with ZFC by forcing ; for instance CH, 2% = X, + Martin’s axiom,
etc. (but this does not apply to V.= L).

1 Realizability algebras (r.a.)

It is a first order structure, which is defined in [14]. We recall here briefly this definition
and some essential properties :

A realizability algebra A is made up of three sets : A (the set of terms), II (the set of
stacks), A I (the set of processes) with the following operations :

(&,m) — (&)n from A? into A (application) ;

(&,m) — & om from AXII into II (push) ;

(&, ) = Exm from AXIT into A % IT (process) ;

7 — ky from IT into A (continuation).

There are, in A, distinguished elements B, C, |, K, W, cc, called elementary combinators or
instructions.

Notation. The term (...(((§)m)n2)...)n, will be also written (&)mna...n, or even
Mz - - -1 For instance : &n¢ = (§)n¢ = (En)¢ = ((§)n)¢.



We define a preorder on A xII, denoted by >, which is called execution ;

Exm =& xm' is read as : the process & x m reduces to & 7',

It is the smallest reflexive and transitive binary relation, such that, for any &, 7, € A
and 7, w € II, we have :

(E)n*m = Exnem (push).

[ %x&om = &xm (no operation).
Kx&enem = Exm (delete).
Wx&enem=Exnenen (copy).
Cx&enelom=EXxConem (switch).
Bx&eneCom=Ex ()7 (apply).
cCk& o = & xky o (save the stack).
ky x& o > & * 7 (restore the stack).

We are also given a subset 1L of A xII, called ”the pole”, such that :
Exm=&xn,xn el = Exme L.
Given two processes £ x 7, & * 7/, the notation & x w3 & * 7’ means :
Exm¢g L =xn" ¢ L.
Therefore, obviously, Ex7m =& x7' = Exm=-& x 7.

Finally, we choose a set of terms PL4 C A, containing the elementary combinators :
B,C, I, K, W, cc and closed by application. They are called the proof-like terms of the
algebra A. We write also PL instead of PL 4 if there is no ambiguity about A.

The algebra A is called coherent if, for every proof-like term 6 € PL 4, there exists a stack
7 such that @« ¢ 1.

Remark. A set of forcing conditions can be considered as a degenerate case of realizability
algebras, if we present it in the following way : an inf-semi-lattice P, with a greatest element 1
and an initial segment 1L of P (the set of false conditions). Two conditions p,q € P are called
compatible if their g.l.b. paq is not in L.
We get a realizability algebra if we set A=II=AxII=P;B=C=1=K=W=cc=1 and
PL= {1} ; (p)g =p+.q = p*q=pnrq and k, = p. The preorder p > ¢ is defined as p < ¢, i.e.
prg = p. The condition of coherence is 1 ¢ L.
We can translate A-terms into terms of A built with the combinators B, C, I, K, W in such
a way that weak head reduction is valid :

Artx] xuem = tu/x] xm
where A\x t[x], u are terms and 7 is a stack.
This is done in [14]. Note that the usual (K,S)-translation does not work.

A-calculus is much more intuitive than combinatory algebra in order to write programs, so
that we use it extensively in the following. But combinatory algebra is better for theory,
in particular because it is a first order structure.

2 Realizability models (r.m.)

The framework is very similar to that of forcing, which is anyway a particular case.
We use a first order language with three binary symbols ¢, ¢, C (¢ is intended to be a



strong, non extensional membership relation ; € and C have their usual meaning in ZF).
First order formulas are written with the only logical symbols —,V, 1, T.

The symbols =, A, V, <+, 3 are defined with them in the usual way.

Given a realizability algebra, we get a realizability model (r.m.) as follows :

We start with a model M of ZFC (or even ZFL) called the ground model. The axioms of
ZFL are written with the sublanguage {¢, C}.

We build a model N of a new set theory ZF., in the language {#,¢,C}, the axioms
of which are given in [13]. We recall them below, using the following rather standard
abbreviations :

Fy— (Fy— ... (F, = G)...) is written Fy,F,...,F, = G or even F' — G.

We use the notation Jx{Fy, Fy, ..., F,} for Vo(Fy — (Fy, —» -+ — (F, = 1)--+)) — L.
Of course, zey and = € y are the formulas x ¢y — L and x ¢ y — L.

The notation z =cy — F means x C y,y C x — F. Thus x =¢ y, which represents the
usual (extensional) equality of sets, is the pair of formulas {x C y,y C z}.

We use the notations (Vxea)F(z) for Va(—F(x) — x#a) and

(Jzea)F(z) for ~Va(F(z) = zfa).

For instance, (Jrey)(t =cu) is the formula =Va(t C u,u Ct — x#vy).

The axioms of ZF. are the following :

0. Extensionality axioms.

VaVy(x € y <> (Fzey)r =c2) ; VaVy(r Cy < (Vzex)z € y).

1. Foundation scheme.

Va(Vz((Vyex)F(y,d) — F(x,d)) — Ya F(z,d)) for every formula F(x, a4, ..., a,).
The intuitive meaning of these axioms is that ¢ is a well founded relation and the relation €
is obtained by “ collapsing ” ¢ into an extensional relation.

The following axioms essentially express that the relation e satisfies the Zermelo-Fraenkel
axioms except extensionality.

2. Comprehension scheme.

Vavx3yVz(zey <> (zex A F(z,d)) for every formula F(z,d).

3. Pairing axiom.

VaVbazr{acx,be x}.

4. Union axiom.
Vadb(Vrea)(Vyex)yeb.

5. Power set axiom.

VadbVe(Jy e b)Vz(zey < (zea A zex)).

6. Collection scheme.

Vava3dy(Vue z)(Jv F(u,v,d) — (Fvuey)F(u,v,d)) for every formula F(u,v,a).

7. Infinity scheme.

Vavady{z ey, Vuey)(Jv F(u,v,d) — (Fvey)F(u,v,a))} for every formula F(u,v, ).
It is shown in [13] that ZF. is a conservative extension of ZF .
For each formula F(@) of ZF. (i.e. written with ¢, ¢, C) with parameters @ in the ground

model M we define, in M, a falsity value ||F(a)| which is a subset of IT and a truth value
|F(@)| which is a subset of A. The notation t |- F(@) (read “t realizes F'(a)” or “t forces



F(@)” in the particular case of forcing) means t € |F(a)|.
We set first |F(@)| ={t € A; (Vr € |F(a)||)(t*m € 1)} so that we only need to define
|F(@)]|, which we do by induction on F :

1. Definition of ||a#b|| :

lagbll ={m €Il; (a,m) € b} ; | LI =TL; I T] =0 ;

2. Definition of ||a C b|| and ||a ¢ b|| by induction on (rk(a) U rk(b), rk(a) Nrk(b)) :
lacb|=Uft.mrell;t|-c¢b (c,m)€a}l;
lagb|=Uft.u.mell;t|FcCaul-acCc/ (cm) e b}

3. Definition of || F|| for a non atomic formula F', by induction on the length :

[F'— F'| ={t.mell; t|-F.me|F};

IVz F(z)|| = U, [[1F(a)]l

This notion of realizability has two essential properties given by theorems 1 and 2 below.
They are proved in [13].

Theorem 1 (Adequacy lemma).

I~ is compatible with classical natural deduction, i.e. :

If ty,... t,, t are \.-terms such that t, : Fy,....t, : F, =t : F in classical natural
deduction, then ti |- Fy,....t, |- F, =t |- F.

In particular, any valid formula is realized by a proof-like term.

Remark. The proof of theorem 1 uses only item 3 in the above definition of ||F||. In other
words, the values of ||F|| for atomic formulas F' are arbitrary. This will be used in sections 3
and 5.

Theorem 2. The axioms of ZF. are realized by proof-like terms.

It follows that every closed formula which is consequence of ZF. and, in particular, every
consequence of ZF', is realized by a proof-like term.

In the following, we shall simply say “the formula F’ is realized” instead of “realized by a
proof-like term” and use the notation |- F.

Theorem 2 is valid for every r.a. The aim of this paper is to realize the full axiom of
choice AC in some particular r.a. suitable for programming.

Remark. Note that AC is realized for any r.a. associated with a set of forcing conditions
(generic extension of M). But in this case, there is only one proof-like term which is the
greatest element 1.

We define the strong (Leibnitz) equality a = b by Vz(a ¢ z — b¢ z). It is trivially transitive
and it is symmetric by comprehension. This equality satisfy the first order axioms of
equality VaVy(zr = y — (F(x) — F(y))) (by comprehension scheme of ZF.) and is
therefore the equality in the r.m. N.

Lemma 3. |[a=0|=||T = L||={{.7; e A,mell} ifa#b;
la=a||=|L— Ll|={.m; e Amell,{xme L}

Let z = {b} xIT so that ||b# z|| =TI. If a # b then ||a ¢ z|| = 0 and therefore :
lagz—=bfzl| =T — L.
If a = b, then ||a¢ z|| = II and therefore |ja =b|| = || L — L]

Q.E.D.



Finally, it is convenient to define first # by |la # a|| = ||L|| =1 ; |la Z b|| = || T|| = 0 if
a#b;and to definea=basa#b— L.

We define a preorder < on the set P(II) of “falsity values” by setting :

X <Y & there exists a proof-like term 6 |- X — Y. By theorem 1, we easily see [13]
that (P(II), <) is a Boolean algebra B 4 if the r.a. A is coherent. Every formula F(a) of
ZF. with parameters in the ground model M has a value || F'(@)|| in this Boolean algebra.
By means of any ultrafilter on B 4, we thus obtain a complete consistent theory in the
language { ¢, ¢, C} with parameters in M. We take any model A of this theory and call
it the realizability model (r.m.) of the realizability algebra A.

Therefore, N is a model of ZF,, and in particular, a model of ZF, that we will call N¢.
Thus N¢ is simply the model N restricted to the language {¢, C}.

Remarks.

The ground model M is contained in N since every element of it is a symbol of constant. But
M is not a submodel of A/ for the common language {¢, C} ; and, except in the case of forcing,
not every element of A/ “has a name” in M.

When F is a closed formula of ZF., the two assertions N’ = F and || F have essentially the same
meaning, since N represents any r.m. for the given r.a. But the second formulation requires a
formal proof.

Functionals

A functional relation defined in N is given by a formula F(z,y) of ZF. such that :

N EVavyVy' (F(z,y), F(z,y) =y =1y).

A function is a functional relation which is a set.

We define now some special functional relations on N which we call functionals defined
in M or functional symbols :

For each functional relation f : M* — M defined in the ground model M, we add the
functional symbol f to the language of ZF.. The application of f to an argument a will
be denoted f[a]. Therefore f is also defined in N.

We call this (trivial) operation the extension to N of the functional f defined in the
ground model. It is a fundamental tool in all that follows.

Note the use of brackets for f[a] in this case.

Theorem 4.

Let ty,uy ... ty, Uy, t,u be k-ary terms built with functional symbols, such that :
M EVE(t 2] = w[Z], ... t,]7] = u,[7] — t[Z] = u[Z]).
Then Ay ... Az (1) ... (2n)x |- VZ(6[Z] = wa[2], . . ., ta[Z] = u,[Z] — t[Z] = u[Z)).

This easily follows from the definition above of ||a = b||.
Q.E.D.
As a first example let the unary functional ®[X] be defined in M by :
OpX] = {(z,€.7); € |- F(), (r,7) € X}.
We shall denote it by {xe X ; F(z)} (in this notation, x is a bound variable) because it
corresponds to the comprehension scheme in the model A/. Note that the use of € reminds
that this expression must be interpreted in N.



We define now in M the unary functional JX = X xII, so that we have :
|lz£3X||=Tifz € X and ||2£3X|| =0 ifz ¢ X.
For any X in M, we define the quantifier V2?¥ by setting ||V2?X F(z)|| = U, || F(2)]|-

Lemma 5. | V2™ F(z) < Vo(zeIX — F(z)).

In fact, we have ||Vo(—F(x) — 2 #3X)|| = ||Va™X==F(z)||.
Now we have trivially A\z(z)l |- Vo F(z) — Va'™X ==F(z)
and cc |- VoX = F(z) — VX F(2).

Q.E.D.

Lemma 6.
Let f be a functional k-ary symbol defined in M such that f: Xix---x Xy — X. Then
its extension to N is such that f :JX;x---xJX;, — 1X.

Trivial.
Q.E.D.

By theorem 4 and lemma 6, the algebra operations on the Boolean algebra 2 = {0, 1}
extended to J2, turn it into a Boolean algebra which we call the characteristic Boolean
algebra of the rm. N. In the ground model M, we define the functional (a,x) — ax
from 2x M into M by 0z = () and 1z = z. It extends to N into a functional I2xN — N
such that (ab)z = a(bx) for a,be 2 and every = in N.

Lemma 7.
| |- V2viva®?(af[Z, 4] = aflai,ij]) for every functional symbol f defined in M.

Immediate since £ |- Va¥?F(a) means (¢ |- F(0)) A (€ |- F(1)).
Q.E.D.

For any formula F(Z) of ZF we define, in M, a functional (F(Z)) with value in {0, 1}
which is the truth value of this formula in M.? The extension of this functional to the
model N takes its values in the Boolean algebra 12 (cf. [16]).

The binary functionals (x ¢ y) and (z C y) define on the r.m. N a structure of Boolean
model on the Boolean algebra J2, that we denote by Msy,. It is an elementary extension
of M since the truth value of every closed formula of ZF with parameters in M is the
same in M and Mays.

Any ultrafilter & on 12 would therefore give a (two-valued) model Mz,/U which is an
elementary extension of M. In [16], it is shown that there exists one and only one
ultrafilter D on 12 such that the model Mj1,/D, which we shall denote as Mp, is well
founded (in A). The binary relations ¢, C of Mp are thus defined by (x ¢ y)eD and
(x Cy)eD.

Moreover, Myp is isomorphic with a transitive submodel of N¢ with the same ordinals.
In fact, if we start with a ground model M which satisfies V = L, then My is isomorphic
with the constructible class of Nc.

Remark. We have defined many first order structures on the model N :

e The realizability model N itself uses the language { ¢, ¢, C} of ZF. ; the equality on N is the

2The formal definition in ZF is : VZ((F(Z) — (F(Z)) = 1) A (~F(%) — (F(Z)) = 0)).
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Leibnitz equality =, which is the strongest possible.

e The model N¢ of ZF is restricted to the language {¢, C} ; the equality on N¢ is the extensional
equality =c.

e The Boolean model Mj; with the language {¢,C} of ZF and with truth values in 12 ; it is
an elementary extension of the ground model M. The equality on Majs is (x = y) = 1 which is
the same as Leibnitz equality.

e The model Mp with the same language, also an elementary extension of M ; if F(@) is a
closed formula of ZF with parameters (in N), then Mp | F(a) if N |= (F(@))eD.

The equality on Mp is given by (z = y)eD.

The proof of existence of the ultrafilter D in [16] is not so simple. But it is useless in the
present paper, because J2 will be the four elements algebra, with two atoms ag, a; which
give the two trivial ultrafilters on J2. Tt is easily seen (lemma 23) that one of them, say ag
gives a well founded model denoted by M,, which is the class apN' = Mp. The class
M., = a1 N is also an elementary extension of M (but not well founded, cf. the remark
after lemma 29). Finally we have M3, = N = agN xa; N since the Boolean model M,
is simply a product in this case, and equality is the same on Mj, and N, as remarked
previously.

Integers

We define, in the ground model M, the functional x — 2™ = 2 U {z} and extend it to
the r.m. N. It is injective in M and therefore also in N.

For each n € N, we define n € PL by induction : 0 = AzAyy = Kl ; n™ = sn

where s = AnA\fAz(nf)(f)z = (BW)(B)B (and nt is n +1).

We define N = {(n,n.7) ; n € N,7 € II}. We can use it as the set of integers of the
model N as shown by the following theorem 8.

We define the quantifier Vo™ by setting |V F(n)|| = {n.7; n € N,z € |[F(n)||}.

Theorem 8. For every formula F(x) of ZF;, the following formulas are realized :
i) 0eN ;Va(neN = nteN) ;

i) F(0 ),Vn( (n) = F(n*)) = (YneN)F(n) ;

iii) Vn'™F(n) < (VneN)F(n).

i) Let & |- O¢N then £x 0.7 € L for all 7 € II. Therefore Az(z)0 |- 0#N — L.

Let ¢ -nt#Nand n.m € |[n#N|. We have Exsn . € I and therefore 0x€.n.m € I
with 0 = AzAn(z)(s)n. Thus 6 |- Vn(n™ #N — n#N).

ii) We show AzAyAzAn(z)(n)yz |- —F(0),Vn(F(n") — F(n)) = Vm(F(m) — m¢N).
Let & [- =F(0),n |- vVa(F(n") = F(n)),¢ |- F(m) and m .7 € [lm ¢ NJ|.

Let us show that mn( |- F(0) by induction on m :

This is clear if m = 0. Now, m™n¢ = smn¢ = (mn)(n)¢ and n¢ - F(m) since ¢ |- F(m™).
Therefore (mn)(n)¢ |- F(0) by the induction hypothesis.

It follows that (£)(m)n¢ | L, hence the result.

iii) Let us use lemma 9. We have :

IVn("F(n) = n¢N)| = {keen.w; n € N7 € |F(n)||, w € I1}

and by definition : [|[VR™ F(n)||={n.7; ne N,w € |[F(n)||}.

8



It follows easily that : B .

AxAn(cc)Ak(z)kn |- VYn("F(n) — n¢N) — Vnmtjz(n)

A NEAR(K) (2)n |- Y™ F(n) — Yn(TF(n) — n¢N).
Q.E.D.

Some useful notations

For every set of terms X C A and every closed formula F' we can define an “extended
formula” X — F by setting | X — F||={{.7; € X, 7 € ||F|}.

For instance, for every formula F', we define "F' = {k, ; m € ||F||}. It is a useful equivalent
of =F by the following :

Lemma 9. |- "F < —F.

If 7 € ||F||, then k. |- —F and therefore | |-~ F' — —F.
Conversely, if £ |-~ F — L, then { xk, « m € L for every w € || F|| ; thus cc |- ="F — F.
Q.E.D.
If t,u are terms of the language of ZF, built with functionals in M, we define another
“extended formula” ¢t = u — F' by setting :
lt=u—F||=0ift#u;|t=u— F||=|F| ift=u.
We write (t1 = u1),..., (tp =u,) — Ffor (t; =uy) = (- = ((ty =up) = F)--+).

Lemma 10. |- (t=u—= F) < (t=u— F)).

We have immediately | |- —F, (t =u— F) —t # u.
Conversely Az(z)l |- (t=u—F) = (t=u— F).

Q.E.D.
For instance, the conclusion of theorem 4 may be rewritten as :
I |- VZ(t1[Z] = wi[2], . . ., ta[Z] = un[Z] — t[Z] = u[Z]).

Lemmas 11, 12, 13 and theorem 15 below will be used in the following sections.
Lemma 11. |- VaVy(zey — (z € Clly]) =1).

In the model M, the unary functional symbol CIl denotes the transitive closure.
We show | |- VaVy((z € Clly]) #1 = axfy) : let £ |- (x € Clly]) # 1 and 7 € ||z £y
Then (x,m) € y, therefore € Cl(y). It follows that £ |- L.

Q.E.D.

Lemma 12. | |- VXVa**Vo((ax € aX) > a < ave ®[X]) where ® is the functional
symbol defined in M by ®[X]| = (X U{0})xII i.e. J(X U{0}).

Remark. The notation b > a for a,be ]2 means, of course, ab = a.

This amounts to show :
l.zeX=l|FafdX]— L;
2. I|-0£9[X] — L.
Both are trivial.

Q.E.D.



Lemma 13. Let F(x,7) be a formula in ZF.. Then :
I = vg(Ye F (flw, 9, §) — Ve F(z, §))
for some functional symbol f defined in M.

Let @ = (ay,...,a;) in M. Then, we have :

T € |[[Vz F(z,a)|| & M = Ja(r € |F(z,d)|) & M =7 € [|[F(f[r,d],d)

where f is a functional defined in M, (choice principle in M).

Thus we have ||V F(z,d)|| C Ugen |F(f[w, d], @)| hence the result.
Q.E.D.

Lemma 14.
If X € M is transitive, then 1X is ¢ -transitive, i.e. | |- V2™ Vy(y¢IX — yé ).

Let x € X, w € |lyf x|, ie. (y,w) € x and £ € A such that £ |- y#£IX. Since X is
transitive, we have y € X and therefore & |- L.
Q.E.D.

Theorem 15. Let £ be the language {¢, €, C} of ZF., with a symbol for each functional

definable in M. Then, there exists an e-transitive £-elementary substructure N of N
such that, for all a in N, there is an ordinal o of M such that N' = ae IV,

N is made up of the elements a of A" such that ae IV, for some ordinal o of M (note
that it is not a class defined in N'). By lemma 14, each JV,, is e-transitive and therefore
N is also.
Let F(z, %) be a formula of £ and b = (bl, ...,by) be in N. We assume N |= Va F(z,b)
and we have to show that N = Vz F(x, b) Whlch we do by induction on F. By lemma 13,
it suffices to show that A/ ): Vo' F(f|w, b] b). Thus let 7 JII ; by definition of AV, there
exists X in M such that be JX. Now, there exists V,, in M such that f : [Ix X — V,
and therefore, in N, we have f : JxIX — IV,. It follows that f[r,b] eIV, and therefore
flm, b is in N
Thus N = F(f[n, l;], ﬂ), hence N = F(f[r, l;], ﬂ) by the induction hypothesis.

Q.E.D.
Replacing NV by this elementary substructure, we shall suppose from now on :

@ For all a in N, there is an ordinal o of M such that N = ae3V,.

Theorem 16 below is not really useful in the following, but it gives a welcome information
on the (very complex) structure of the r.m. N.

Theorem 16.
aN is a proper class for all ac12,a #0 ; i.e. | |-Vr(Va*?(Vy(ayex) — a = 0)).

Let us show, in fact, that | |- Vz(Va®(axe 2z — a = 0)) ; in other words :
lF0ez—-0=0and | |Fzecax—1=0.
We have (0ex) = (0¢2 — L) and (0 =0) = (L — L) hence the first result.

Furthermore, we have ||z ¢z ={mr €I ; (x,7) € x} =0 ; thus ||zecz|| = ||z — L| =
|T — Ll and |1 =0|| = ||T — L|| hence the second result.
Q.E.D.
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3 Extensional generic extensions

In this section we build some tools in order to manage generic extensions N¢[G] of the
extensional model Nc. We define a new r.a. and give, in this r.a., a new way to compute
the truth value of ZF-formulas in N¢|[G].

Let V be fixed in M. We have ||z #IV| = ||(z € V) # 1| and therefore :

| |- Va(redV + (x e V) =1).
In other words, the e-elements of JV are exactly the elements of V in the Boolean
model My,. In fact, the formula Va?V F(z) is the same as Vo({r € V) = 1 < F(x)).
Remember also the important (and obvious) equivalence | [-VaVy(z =y <> (z =y) = 1)
which follows from ||z # y|| = ||{(z = y) # 1|| and which identifies the r.m. A with the
Boolean model M.

Theorem 17. N |= VaVn™ (ae(AV)" — VIV < — a(i) = bli])).
In other words, each finite sequence of IV in N is represented by a unique finite sequence
of V in the boolean model Msis.

Unicity. Note first that, since there is no extensionality in A/, you may have two sequences
a # a'e(IV)" such that a(i) = a/(i) for i < n. Now suppose b,b' ¢ I(V") be such that
bli| = U'[7] for i < n. Then, we have (b,t/ € V") =1 and ((Vi < n)(b[i] = b'[;])) = 1. Since
the boolean model M3, satisfies extensionality, we get (b =10) =1 that is b=1'.
Existence. Proof by induction on n. This is trivial if n = 0 : take b = ().
Now, let ae (JV)" and @ be a restriction of a to n. Let v’ e J(V") such that a(i) = V'[1]
for i < n (induction hypothesis).
In the ground model M, we define the binary functional + as follows :
if u is a finite sequence (ug, ..., u,_1), then u 4+ v is the sequence (ug, ..., u,_1,v).
We extend it to N and we set b = b + a(n) ie. (b = V' + a(n)) = 1. Therefore
(bli] =b'[i]) =1 for i <mn and (b[n] = a(n)) =1, i.e. a(i) = b[7] for i < n and a(n) = b[n].
Q.E.D.

Consider an arbitrary ordered set (C, <) in the model V. By theorem 15 and property (1)
(section 2), we may suppose that (C, <)eIV with V =V, in M.
JV is e-transitive, by lemma 14.
As a set of forcing conditions, C' is equivalent to the set € of finite subsets X of JV such
that X N C has a lower bound in C, € being ordered by inclusion.
Thus, we can define € by the following formula of ZF, :

C(u) =ue(AV)<“ A (Im(u) N C) has a lower bound in C
where Im(u) C JV is the (finite) image of the finite sequence w.
We have N = €(u) — we (IV)<* and therefore N = €(u) — ue (IV=) by theorem 17.
Moreover, we have N = €(f)).

In M, the function (u,v) + wv, from (V<)% into V=¥, which is the concatenation of
sequences, is associative with () as neutral element, also denoted by 1 (monoid).

This function extends to N into an application of J(V<¥)? into J(V<¥) with the same
properties. Thus, we write uvw for u(vw), (uv)w, ete.

The formula €(uv) of ZF. means that u, v are two compatible finite sequences of elements
of C, i.e. the union of their images has a lower bound in C. Thus € becomes a set of
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forcing conditions equivalent to C' by means of this compatibility relation.
This formula has the following properties :

- €(puvg) — E(pvug), |- E(puvg) — L(pug), |- E(pug) — E(puug).
It will be convenient to have only one formula and to use simply the following consequence :

®@ There exists a proof-like term ¢ such that ¢ | €(pgrtuvw) — C(ptruuv).

Consider now, in the ground model M, a r.a. Ag which gives the r.m. N.
We suppose to have an operation (m,7) — 7" from II x A into IT such that :
(Eoem)" =& o7 for every £, 7 € A and 7 € 11

and two new combinators y (read) and X’ (write) such that :

X Eem™=ExTom (le. ExTem € L= xyx&on” € L)

X ATl em=Exm™ (le. ExmTE L= Y *7eme L)
Moreover, we suppose that y, x’ may be used to form proof-like terms.
Intuitively, 77 is obtained by putting the term 7 at the end of the stack 7, in the same
way that 7.7 is obtained by putting 7 at the top of «.

We define now, in the ground model M, a new r.a. A; ; its r.m. will be called the
extension of N by a €-generic (or a C-generic).
We define the terms B*, C*, I, K*, W*  cc* and k’ by the conditions :
B*=B;:;I"=1;
CH€enelem =EXxConom™ jie. C = Az yrz(X)AE((X)()t)z2y ;
K'x&enerm™ =477 5 1e. K = AzxAdy(x) (X)) (e)t)z ;
©) Wix&emen = Exnenen ;e W= AzAy(x)A((X)(€)t)zyy ;
Kk ow™ = Exm 5 ie. k= Az (x) Mt (ko) (X)) (0)t)z
ccrkEomT = ExK T e
cc” = Az(x)At(co) AR (((X) (e)t)z) Az’ (x) At (k) (X)) (¢)t")x".
When checking below the axioms of r.a., the property needed for each combinator is :
for C* : ¢ |- €(prtv) — &(ptro) ; for K* : ¢ |- E(pgr) — E(pr) ;
@ for W* : ¢ | €(puv) — €(puuv) ; for cc* : ¢ |- €(pu) — C(puu) ;
for kI @ ¢ |- €(rtw) — &(tr).
We get them replacing by 1 some of the variables p, ¢, 7, ¢, u, v, w in the definition ) of c.
We define the r.a. A; by setting A = AXV=Y ; II =TIxV™Y; AxII = (AxII)x V=¥,
(£7u> ° (7T7U) = (5 o T, UU) )
(& u)x (m,v) = (§*m, uv) ;
(& u)(n,v) = (§n, uv).
The pole UL of A; is defined by :
Exmu)ell & Vre A (7| €E€u) = Exn™ € 1L).
The combinators are :
B=(B,1),C=(C1),I=(,1),K=(K"1),W=(W"1),cc = (cc*,1) ;
kiry = (ki u) 5 Pl is {(6,1) 5 0 € PLg,}-

7

Theorem 18. A, is a coherent r.a.

Let us prove first that A; is coherent : let 8 € PL 4, ; by definition of the formula €, there
exists 19 € PL4, such that 7y |- €(1).
Since x'01y € PL 4,, there exists m € Il such that x'0mox7 ¢ 1L, thus 0x7™ ¢ | therefore
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(0,1) % (m, 1) ¢ L.

We check now that A; is ar.a. :

o (& u)*(n,v)e(mw) e Il = (& u)(n,v)*(m,w) € L.

By hypothesis, we have (£ 7. m, uvw) € 1L, therefore :

(Vr € A)(7 |F €(uvw) = Exnen™ € L) and therefore :

(V7 € A)(7 | €(uvw) — Enx 7™ € 1) hence the result.

o (&,u)x(m,v)(C,w)e(mz)€e = (B,1)* (& u)e(n,v).(C,w).(mz)e .

By hypothesis, we have (£ *n¢ « m,uvwz) € 1L therefore :

(V1 € AN (7 | C(uvwz) = ExnC e ™ € 1) thus :

(V1 € M) (7 | C(uvwz) = Bx&eno (o™ € ).

o (&u)x(C,w)e(nv)e(mz)e L= (C1)x(&u).(n,v).(C,w).(mz)e .

By hypothesis, we have (§ x ( « 7« 7, uwvz) € I, therefore :

(V1 € A)(eT |F Cluwvz) = £*xConen” € 1) therefore, by definition @) of C* :

(V1 € A)(eT || C(uwvz) = Cx€eno (o™ € L), But, by the property (&) of ¢, we have :

T | C(uvwz) — ¢r | €(uwvz), hence the result.

o (Lu)x(mov)e = (L1)x(&u).(mv)e L.

Immediate.

o (Lu)x(mw)e = (K'1)x(&u).(n,v).(m,w)e L.

By hypothesis, we have (£ x 7, uw) € L, therefore :

(Vr € A)(er | €(uw) — E+ 77 € L), therefore by the definition @) of K* :

(V7T € A)(c7 |- Cluw) = K« onon” € 1), But, by @), we have :

T | €(uvw) — ¢ | €(uw), hence the result.

o (&,u)x(n,v)e(n,v).(mw)e = (W51)x(&u).(n,v).(mw)e ll.

By hypothesis, we have (£ 7« n .7, uvvw) € 1L, therefore :

(V1 € A)(er |F Cluvvw) = Exnenon™ € L), thus, by the definition @) of W* :

(V7 € A)(cr |- Sluvvw) = W xEononm™ € 1L). Now, by (@), we have :

T | €(uvw) — ¢7 | €(uvvw), hence the result : 7 | C(uvw) - W x&enon” € L.

o (&,v)*(mu)e L = (k,u)x(&v).(w,w)e L.

By hypothesis, we have (§ x 7w, vu) € L, therefore :

(V1 € A)(er | €(vu) — £+ 77 € L), thus, by the definition 3) of k. :

(V7 € A) (e |- €(vu) = ki %€ e € ). Now, by (@), we have :

7 | €(uwvw) — ¢7 |- €(vu), hence the result : 7 |- C(uvw) - kil x{ o™ € L.

o (Lu)x(ki,v).(muv)e L = (cc*,1)* (& u).(m,0v)e L.

By hypothesis, we have ( x k! « 7, uvv) € L, therefore :

(Vr € A)(e7 || €(uvv) = £k « 77 € L), thus, by the definition @) of cc* :

(V7 € A)(c7 |- €(uvv) = cc* x €. 7 € 1L). But, by @), we have :

T | €(uv) = ¢ | €(uvv), hence the result : 7 | C(uv) - cc* x&on” € AL,
Q.E.D.

The C-forcing defined in N

Let F'(d@) be a closed formula of the language of ZF with parameters in M.
We define the formula p |- F'(@) (read “p forces F(a)”) as the formula of ZF. which ez-
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presses the C-forcing on Ne. In this formula, the variable p is restricted to V<.
We define a subset (£'(@))) of IL by (F'(@))) = {(7,p) ; 7 € [lpk ~F(a)|}.

Lemma 19.
For every formula F(Z) of ZF, there exist two proof-like terms pp, p’» of A such that :

1) €= (pIFF(@) = (pr p) 1= (F(@))
i) (& p) |- (F(a) = pr€ |- (p I F(a))

for every £ € A and p € V=¥,

By a well known property of forcing [9, 18], the formula p | F'(Z) is equivalent, in ZF., to
the formula Vq(&€(pq) — q W —~F(Z)).

It follows that there are two proof-like terms qr, ¢ such that :

(1) ar |- (pIFF(a) = Yq(€(pg) — q ¥ ~F(a)) ;

(2)  dp |- Ya(&(pg) — g ~F(@)) = (pIF F(@)).

i) By applying (1) to the hypothesis, we obtain qr¢ | Vq(€(pq) — q ¥ —F(a)) that is :
VoV (T |- E(pq), m € || ¥ ~F(a)|| = qrE x 7o € ). It follows that :

vavg(m € [lq i —F(@)|| = Y7(7 |- €(pg) = (X)(qr)§ x 77 € L)).

Now 7 € || ¥ —F(a)|| is the same as (7, q) € (F£(a))) and

V(T | €(pg) — (x)(qr)é x 7™ € L) is the same as (ppé,p) * (7,q) € 1L

with pp = Az(x)(gp)z. Thus we obtain (pr¢, p) [I- (£(a))).

ii) The hypothesis gives VaVq((m,q) € (F(a))) — (§xm,pqg) € IL) that is :

VaVgvT(m € |lg ¥ ~F(@)]], 7 |F €(pg) — £+ 77 € L) and therefore :

VrvgvT (T |- E(pg), m € |lg ¥ ~F(@)|| = X'ExTom e L).

It follows that x’¢ |- Vq(€(pq) — q ¥ —~F(a)) and therefore, by (2) :

(aF)(X)E |- (1= F(@)). We set plp = Az(qf)(X)z.
Q.E.D.

In the general theory of classical realizability, we define a truth value for the formulas of
ZF. and therefore, in particular, for the formulas of ZF. We will define here directly a new
truth value [|F(aq,...,a,)|| for a formula of ZF with parameters in M for the r.a. A;.
To this aim, we first define the truth values ||a ¢ b||, ||la C b]|| of the atomic formulas
of ZF ; then that of F'(a4,...,a,), by induction on the length of the formula.

Theorem 1 (adequacy theorem) remains valid (cf. the remark after theorem 1) :

lla &0l = (a b)) llac bl = (a CO);

|1 — F'[| ={(§-7m.pa) ; (&) |- F, (7, q) € [[F7]]}

IV F(z, a1, ... an) | = U, [[F(a, ar, - .. an)|]

Of course [|- is defined by : (¢,p) |- F' < (V(m,q) € [[FI[)((§ p) * (7, q) € ).
Remark. Be careful, as we said before, these are not the truth values, in the r.a. Ay, of a ¢ b
and a C b considered as formulas of ZF.. We seek here to define directly the C-generic model
on N¢ without going through a model of ZF..

Theorem 20 below may be considered as a generalization of the well known result about
iteration of forcing : the r.a. Ay, which is a kind of product of Ay by €&, gives the same
r.m. as the €-generic extension of Nc.

Theorem 20. For each closed formula F of ZF with parameters in the model N, there

exist two proof-like terms X, X', which only depend on the propositional structure of F,
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such that we have, for every £ € A and p € V=% :
- E) = (GEP) IEE and (§p) IFF = X.&I- (@ IHF).

The propositional structure of F'is the propositional formula built with the connective —
and only two atoms O¢, O, which is obtained from F' by deleting all quantifiers and by
identifying all atomic formulas ¢ ¢ u,t C u respectively with O¢, O.

For instance, the propositional structure of the formula :

VX(Vx(Vy((z,y) ¢ Y -y ¢ X) > ¢ X) = Ve(r ¢ X)) is ((Oc = Oc) = Og) — Oc.
Proof by recurrence on the length of F'.

e If F'is atomic, we have FF = a ¢ b or a C b. Apply lemma 19 with F (@) = a ¢ b or
F(@d)=acChb.

o If F=VaF' thenpi+F =Va(pi-F’). Therefore & |-pI- F =Va(£ |- (p Ik F")).
Moreover, (£,p) - F =Va((§ p) (- F).

The result is immediate, from the recurrence hypothesis.

o If F=F' — F" wehave pi-F =Vq(qI+F" — pq - F") and therefore :

® I (rF) = Vnva(n |- (g IFF') = &n = (pg - £7)).
Suppose that & |- (pi-F) and set xp = AxAy(xrr)(2) (e )y-
We must show (yr&,p) |F F' — F” ; thus, let (n,q) [|F F’ and (7,7) € ||F"]||.

We must show (xr&,p)*(n,q)«(m,r) € I that is (xp{*n.m, pgr) € AL.
Thus, let 7 |- €(pgr) ; we must show xp{xn.n" € I orelse yp*x&.n.n” € L.

From the recurrence hypothesis applied to (1, q) |- F’, we have X757 |- (¢IFF").

From (&), we have therefore (&)(xm)n | (pqI-F").

Applying again the recurrence hypothesis, we get :

(X ) (€)X, p0) - P But since (r,7) € [P, we have

(0 ) () (X, pa) = (m,7) € AL, that is (xpr)(€)(xp)n 7. par) € LL.

Since 7 |- €(pgr), we have (xp)(&)(Xpm)n*7" € L.

But, by definition of xr, we have xp *x&enen” = (xp)(§) (X )n* 77 which gives the
desired result : xp*x&.n.n” € L.

Suppose now that (&,p) [ F' — F” ; we set X = AxAy(Xp ) (2) (XF)y.

We must show x5 |- (pI- F' — F”) that is Vg(xX%& | (g IFF" — pg - F")).

Thus, let 7 |- qI-F" and 7 € ||pq I+ F"|| ; we must show xp{xn.m € L.

By the recurrence hypothesis, we have (xg17,q) ||F F’, therefore (¢, p)(xrn,q) [ F” or

else, by definition of the algebra A, : ((&)(xr)n,pq) |- F".

Applying again the recurrence hypothesis, we have (x%)(&)(xr)n |- (pg - F") and

therefore (X% )(&)(xr)n* ™ € L. But we have, by definition of x/ :

Xp&xn e = Xp*xEoenoem = (X )(&)(xr)n*7 ; the desired result x%z{*n « m € L follows.
Q.E.D.

Theorem 21. For each axiom A of ZF, there exists a proof like term ©4 of the r.a. Ay
such that (B4, 1) |- A.

Indeed, if we denote by N¢[G] the C-generic model over N, with G C C being the generic
set, we have N¢[G] |= ZF. Therefore, N |= (1 |- A), which means that there is a proof-like
term ©) such that ©4 | (11~ A). By theorem 20, we can take ©4 = x40}.

Q.E.D.
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4 The algebra 2,

We define a r.a. 2y which gives a very interesting r.m. N. In the following, we use only
this r.a. and a generic extension 2l;.
The terms of 2, are finite sequences of symbols :
), (B, C LK, W, cc,a,p, v, &, €, X, X5 hos Pty -« s By -
A is the least set which contains these symbols (except parentheses) and is such that :
t,ue A= (tu € A.
A stack is a finite sequence of terms, separated by the symbol . and terminated by the
symbol my (the empty stack).
IT is therefore the least set such that mg € [landt e A,mr ell = t.n €1l
k, is defined by recurrence : k., = a ; k;.» = Az(k;)(z)t = ((C)(B)k,)t.
The application (7, 7) — 7" from A XII into II consists in replacing 7y by 7 « 7.
It is therefore recursively defined by : nf =7 emo; (tem)” =t 7.

Ax1ITis AxII.
AL is the least subset of A xII satisfying the conditions :

1. p*x7m € L for every stack m € I (stop) ;

2. Exmp € L =axf.me I forevery £ € A,m €1l (abort) ;

3. If at least two out of Exm,n*7m,(xmarein I, then yx&.n.(oem € L (fork) ;

4. ¢xme L =exhjeh;ien.&em € 1L for every £, € A and i € N (elimination of
constants) ;

5. éxmell =exh;ohj&eneme L forevery ,n € Aandi,j € N,i#j (elimination
of constants) ;

6. Exhyem € L= kx€om € AL if h, does not appear in &, 7 (introduction of constants) ;

and also the general axiomatic conditions for B, C, I, K, W, cc, x, X’ and the application :

7. Exnem € L= (E)nxm e AL (push) ;

8. &xme L=I1x&.me L (no operation) ;

9. ¢xmel =>Kx&enom e L (delete) ;

10. Exnpeneme L =>WxEonem e L (copy) ;

11. €xCeneme L =Cx&enoom e L (switch) ;

12 Ex(n)Ceme€ L =Bx&enCome L (apply) ;

13. Exkyeme L =ccxlom e L (save the stack) ;

4. ExT7em € L= xx&on” € 1L (read the end of the stack) ;
15, Exmm € L= X' x7.&m € L (write at the end of the stack).
The property :

Exm e L =kyx&ew € L (restore the stack)

now follows easily from the definition of k.

A term is defined to be proof-like if it contains neither a, p nor any h;.
If £ € PL (the set of proof-like terms), then the process £ x myp does not contain the
symbol p ; thus £ x mg ¢ L. It follows that the algebra 24y is coherent.

Theorem 22. The Boolean algebra 12 has at most 4 elements.

Let us show that v |- VaVy®(zy # 0,y # 1,2y # y — L). This means exactly that
7 realizes the three formulas (L, L, T — 1), (L, T,L — 1) and (T,L, L — 1), which
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follows immediately from rule 3 of the definition of L.
Q.E.D.

If J2 is trivial, everything in the following is also (cf. the remark before theorem 32).
Therefore, we now assume that J2 has 4 elements.

Let ag,a; be the atoms of J2. Then M,, = aeN and M,, = ey are classes in the
r.m. N respectively defined by the formulas x = apz and = = a;x.

We define the binary functional LI in A/ as the extension of the functional (z,y) — x Uy
on M. We don’t use the symbol U, because it already denotes the union. For instance,
we have J{0} U J{1} = 32 but IJ{0} U I{1} = {0, 1}.

The identity = = agx U a2 gives a bijection from N onto M, X M,,.

We have M < M,,, M,,. Let us show that one of them, say M,,, is well founded in N
and therefore :

M, = Mp and the class of ordinals On is defined in N
Lemma 23. The relation (z € y) =1 is well founded.

We show Y [FVy(Vz((z € y) =1 — F(x)) = F(y)) — Yy F(y) for any formula F' of ZF..

Let & |- Vy(Vz({(z € y) =1 — F(x)) — F(y)). We show, by induction on rk(y,) that

Y¢ | F(yo). Thus we have (Vz € yo)(YE |- F(x)) ie. YE |- Ve({x € yo) = 1 — F(x))

and therefore (£)(Y)¢ |- F(yo) by hypothesis on £. Hence the result since Y& = (£)(Y)E.
Q.E.D.

Now, the relation (z € y) = 1 is the product of the relations (agr € apy) = ap and
(a1x € ayy) = a; respectively defined on apN and a3 N. Since their product is well
founded, one of them must be.

Remark. If the ground model M satisfies V = L, then M,, = Mp is isomorphic to LNVe, the
class of constructible sets of N¢.

Execution of processes

If a given process £ x 7 is in L, it is obtained by applying precisely one of the rules of
definition of L : if £ is an application, it is rule 7, else £ is an instruction and there is one
and only one corresponding rule.

In this way, we get a finite tree, which is the proof that ¢ x m € I ; it is linear, except
in the case of rule 3 (instruction 7) where there is a triple branch. This tree is called the
execution of the process & x .

We can, of course, build this tree for any process ; it may then be infinite.

Computing with the instruction -y

Let us consider, in the ground model M, some functions f; : N¥ — N, satisfying a set of
axioms of the form : (VZ € N¥)(¢0[Z] = uo[T], . .., tn1[T] = up_1[T] — t[Z] = u[7])

where t;, u; are terms built with the symbols f; and the variables ¥.

Moreover, one of these axioms concerns a particular function f, and says that f has at
most one zero : (Vz,y € N)(f[z] = fly] =0 —» z =y).

These function symbols are also interpreted in N where we have f; : JN¥ — IN and in
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this way, we have a set £ of realized axioms :
I |- v (tolZ] = wol@], . .., tn_1[Z] = up_1[7] — t[Z] = u[Z])
and in particular :
= Vet g™ (flz] = 0, fly] = 0 =z = y).
Now suppose that, with the axioms £ and some other axioms realized in N, which do not
contain the symbols f;, like for instance :
E + ZF.+ 12 has at most 4 elements + IN is countable + - - -
we can prove In™(f[n] = 0). Since all these axioms are realized, we get, by theorem 1, a
proof-like term @ such that 6 |- V™ (f[n] # 0) — L and # may contain the instructions
e, k and, above all, ~.
We shall show how ¢ allows to compute the (unique) solution ng of the equation f[n] = 0.
Note that we do not assume that the f; (in particular f) are recursive (in fact, it is not
even necessary that their domain or range is N). On the other hand, we may add symbols
for all recursive functions, since they are defined by axiom systems of this form.
Let us add a term constant ¢ and the rule dxn, . € 1L in the definition of 1L (of course,
without knowing the actual value of ng). Thus, we have § |- ¥n™( f[n] # 0) and therefore
Ox6.m € L.
But any process £ x m € 1L which does not contain p (but possibly containing ¢) com-
putes ng. We show this by recurrence on the number of applications of rules for 1L used
to build it :
If this number is 1, the process is 0xn, « 7. Else, the only non trivial case is when the pro-
cess is Y& « m« ¢ « m and when two out of the three processes Exm, n*m, (*7 are in AL (but
we don’t know which). By the recurrence hypothesis, at least two of them will give the
integer ng which is therefore determined as the only integer obtained at least two times.
Example : v (((7)(0)n)(6)n)(d)ng « (((7)(6)no)(0)n) (6)ng « ((7)(0)12)(6)ng) (0)1g « .
Remarks.
1. Since f is not supposed recursive, the trivial method to find ng by trying 0,1,2, ... may
not be available. A working algorithm is by proving f[ng] = 0 by equational deduction from &.
Both are, in general, very heavy or totally impracticable. Moral : it is better to use the powerful
set theoretical axioms than only the weak equational ones to get a working program.
2. If f may have several zeroes, we can easily define f’ by a system of equations such that f’
has only one zero which is the first zero of f, and apply the method to f’. This supposes f to
be recursive.

J2 is not (always) trivial

Although it will not be used in the following, it is interesting to show that there is a r.m.
of 2y in which J2 is not trivial and is therefore the 4-elements Boolean algebra.

Lemma 24. If 0 |- V2(z # 0,2 # 1 — L) then, for any formulas F,G :
O |-F,G—F and® |- F,G— G with 0 = AxAy(cc)\k((0)(k)x)(k)y.

The hypothesis means that 0 |- L, T — L and 6 |- T, L — L.
We have o : Fyy: G,k :=FFkx: L (0)(k)x: T — L ((0)(k)x)(k)y: L.
It follows that (cc)Ak((0)(k)x)(k)y : F hence the first result.
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We have z: Fly: G, k: =G Fky: L, (0)(k)x: L — L, ((0)(k)x)(k)y: L.
It follows that (cc)Ak((0)(k)x)(k)y : G hence the second result.
Q.E.D.

Suppose that, in every r.m. for the r.a. 2, the Boolean algebra J2 is trivial.

Then the hypothesis of lemma 24 is satisfied for some proof-like term 6.

Choose the formulas F' = 3n™ (n = 0) and G = In™(n = 1). Then, we have Az 20 |- F
and Az zl | G. By lemma 24, it follows that 0" = ((¢)A\x z0) Az z1 | F and also |- G.
Then, by the algorithm given above, the proof-like term 6” computes simultaneously 0
and 1, which is a contradiction.

IN is countable

We define two sets, in the ground model M :

H={h;; ie N}, H={(h;,h;.7m); i € N7 €Il}

and also the bijection h : N — H such that h[i] = h; for every i € N.

This bijection extends to the model N into a bijection h : IN — JH. Moreover, we have
trivially |- H C JH ; in fact | | Va(x g JH — x£H).

Lemma 25. |- Vi™Vj™N(h[i]e H, h[j]e H, (i = j) # 0 — i = j).

By definition of H, we have ||h[i]] £ H| = ||[{h:} — L]
Therefore, it suffices to show that e |- {h;}, {h;}, (i=17) #0,i # j — L.
Let t |- (¢ =j) #0 and u |- ¢ # j. We must show exh; « hj ot .u .7 € 1L, which follows
immediately from the execution rule of e.

Q.E.D.
Thus we have N = ViV (h[i] e H, h[j] e H, iap = jag — i = j). It follows that :

N & (H is countable).

Indeed, if i e IN and h[i] e H, then 7 is determined by iag, which is an integer of M, and
therefore an integer of \.

Define the function symbols prg, pr; : N — N by :
n = pry[n] + & (pro[n] + pry[n])(pro[n] + pry[n] + 1) (bijection from N? onto N).

Theorem 26.
i) K |- VNI hn] e H,v = pry[n]}.
ii) | 3N is countable.

i) Let v € N7 € Il and ¢ |- Vn™{v = pr,[n] < h[n]#H}. Thus, we have £ x h, .« 7 € IL
for all n € N such that v = pry[n]. There is an infinity of such n, so that we can choose
one such that h,, does not appear in &, 7. It follows that k x&.7m € I.

ii) Since h : IN — JH is a bijection, we obtain a surjection from H onto JN. It follows
that :
N E (AN is countable).

Q.E.D.

Theorem 27. N' = NEPC (the non extensional principle of choice).
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This means that for any formula R(z,y) of ZF., there is a binary relation ®(x,y) such
that |- VaVyVy' (®(x,y), ®(z,y") — y = ') (functional relation) ;

= VaVy(R(z,y) — I {R(z,y"), ®(z,y')}) (choice).

This does not give the usual principle of choice in the model N¢ of ZF because, even if R
is compatible with the extensional equivalence =c, ® is not necessarily so.

By lemma 13, we have |- VaVy(R(z,y) — Jw™ R(x, flr,w])) where f is a functional
symbol defined in M. Now, II is countable in M, thus JII is equipotent to JN and
therefore countable by theorem 26. Therefore, we can define ®(x,y) as “y = f[z, w] for
the first w e JII such that R(z, f[z, w])”.

Q.E.D.

By the results of [14], it follows also that N |= (R is not well orderable).
Note that these results do not use the instruction v and therefore are valid for any J2.
On the other hand, the following result uses v, i.e. the fact that J2 is finite :

Theorem 28. N | the aziom of well ordered choice (WOC) i.e. : The product of a
family of non void sets indexed by a well ordered set is non void.

This follows immediately from NEPC and the fact that On is isomorphic to a class of N.
Q.E.D.

Remark. In fact, since N satisfies NEPC, it also satisfies the well ordered principle of choice
(WOPC).

Theorem 28 has two interesting consequences :

1. There exists a proof-like term Opoc |- WOC which means that we now have a
program for the axiom WOC, which is a A-term with the instructions v, k, e.

2. This gives a new proof that AC (and even “R is well orderable”) is not a consequence

of ZF +WOC [8].

5 The algebra 2; and a program for AC (and others)

Lemma 29. Let R(x,y) be a formula of ZF. such that R(agz,ary) defines, in N, a func-
tional from Mg, into M, or from M,, into M,,. Then, this functional has a countable
1mage.

Remember that M,, (i = 0,1) is the class defined by a;z = .
Suppose, for instance, that R(x,y) defines a functional from M, into M,, i.e. :
N Vavyvy' (R(aoz, ary), R(aoz, ary’) = a1y = ary’).
Applying lemma 13 to the formula —=R(agz, a1y), we obtain :
| |- Vo= R(apz, a; flaozr, @]) — Yy—=R(aoz, a1y)
for some functional f: M xII — M defined in M.
By lemma 7, we have a; f[aox, w| = a; fla1apz, w]. Since a1a9 = 0, we get :
| |- Vo '=R(apr, ai f[0, @]) — Yy—R(agx, ary).
Now II is countable (in M), thus JII is equipotent to IN ; therefore JII is countable (in N)
by theorem 26. Hence we have, for some surjection g from N onto {f[0, @] ; we I} :
- V™ —R(agz, a1g(n)) — Yy—R(aox, ayy).
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Thus, we have |- 3y R(aox, ayy) — In™ R(apz, a1g(n)). It follows that a, g is a surjection
from N onto the image of R.
Q.E.D.

Remark. This shows that M,, and M,, cannot be both well founded : otherwise, their classes
of ordinals would be isomorphic, which is excluded by lemma 29 and theorem 16.
Much more general results are given in [14, 16].

In order to simplify a little, we suppose that the ground model M satisfy V = L (this
is not really necessary). The important point is the principle of choice (PC) : there is a
bijective functional between M and On.

We denote by On,, the class of ordinals of M,,, which is order isomorphic to the class
On of ordinals of N¢.

Lemma 30. NV = 3XVeIy{z =c y, (my € m1X) > a1 }.

For each o in On,,, we can choose, by WOPC, an element W, of the class of sets ex-
tensionally equivalent to V,,. Now, the functional o — a;W, from On,, into M,, has a
countable image by lemma 29. It follows that there exists ag such that a;W, = a;W,,
for an unbounded class U of o in On,,.
Now, we have Vx3da{U(a),x € W,} (in any model of ZF, every set belongs to some V,,)
and therefore Ve3dyda{U(«a),r =¢ y,ye W,}. By lemma 11, it follows that :
Va3dydo{U(a), v =c y, (y € Cl[W,]) = 1}. But, by lemma 7, we have :
a; = ay(y € ClW,]) = a1 {1y € a1Clla1W,]) and, by U(a), a;W, = a;W,,.
Therefore, we have VaJyda{U(a), x =¢ y, a1{a1y € a1CllayW,,]) = a1 }.
Hence the result, with X = Cl[a;W,,].

Q.E.D.

Theorem 31. There exists a generic extension Ne|G] of Ne which satisfies AC.

Let Y ={a1y; (a1y € myX) > a1} : such a set exists in N by lemma 12.
By lemma 30, (apz,a1y) — apx L a1y is a surjective functional from M,, XY onto the
whole model N¢ of ZF.
Since M,, =V = L, there exists a surjective functional ¥ : OnxY — N and therefore
N is the union of the Z, with « in On, where Z, is the image by ¥ of {a} xY.
Let us consider, for each ordinal o of N, the equivalence relation ~, on Y defined by
Y~ Y & Y(a,y) =c ¥(a,y'). These equivalence relations form a set (included in
P(Y?)). Thus, there exist an ordinal g and for all 8, a surjection Sz : Z — Zs with
Z = Upeuy Za-
Finally, using NEPC (non extensional principle of choice) we get a surjective functional
from Onx Z onto N¢ (note that, by definition, Z is a set of Ng).
Let us now make Z countable (or even only well ordered) by means of a generic G on N¢ ;
then NV¢[G] = AC.

Q.E.D.

In the following, we take for (C, <) the set of conditions of N¢ given by theorem 31.
Applying the constructions of section 3, we obtain a r.a. 2; and a generic model N¢[G]
which satisfies AC by theorem 31. Therefore, we have N¢ | (11 AC).

Remark. The formula €(u) which defines the forcing must specify that, if J2 is the 2-elements
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Boolean algebra, the set of forcing conditions is trivial (for instance a singleton). Indeed, in this
case, N = Mp is well ordered, therefore Nc = AC, and there is no need to extend it.

It follows that | (1 |- AC) and finally || AC by theorem 20. Hence the :
Theorem 32. There exists a proof-like term Oac of the r.a. Ay such that (Oac, 1) |- AC.

More generally by theorem 21, it follows that for each axiom A of ZFC, there exists a
proof-like term Gy of the r.a. Ay such that (©4,1) || A. Note that O4¢ is the only one
which contains the instructions v, k, e.

Example of computation with ©,¢

Consider a function f : N — 2 such that we have a proof of In™( f[n] = 0) in the theory
ZF + AC + & where £ is a set of axioms of the form :

(VZ € NF) (to[Z] = wol@], . . ., th_1[T] = un_1[T] — t[Z] = u[7))

(cf. section 4, Computing with the instruction 7).

We denote by Ec the conjunction of the corresponding set, written in the language of N¢ :
(VZ € NF) (to[Z] =c wol@], ..., th1]T] =¢ un_1[Z] — t[7] =c u[7]).

This proof gives a term ® written with the only combinators B, C, I, K, W, cc such that :
F®:ZFCy, Ec — (In € N)(f[n] =< 0)

for some finite conjunction ZFCy of axioms of ZFC.

Therefore, by theorems 1, 21 and 32, we have in the r.a. 2l :

(@61 1) I (€ = (3n € N)(f[n] = 0))

(remember that if ¢ € A, we obtain ¢* replacing C, K, W, cc by C*, K*, W* cc*).

By theorem 20 applied with F' = £ — (In € N)(f[n] =< 0), it follows that :

(k) (@) zrc, I (11 (E = (Bn € N)(f[n] =< 0))).

Since |F is a forcing on N¢, and F is arithmetical, we have :

ZF. b (1 F(Ec = (3n € N)(f]n] =< 0))) = (5 — Int(f[n] = 0)).
Hence, there is a proof-like term = in the r.a. 2, such that :

(2)(Xp)(@)Ozrq, |- € = In™(f[n] = 0).
Now we can apply the algorithm of section 4, Computing with the instruction ~.

Programs for other axioms. Consider an axiom A that we can prove consistent with
ZFC by forcing. Let Cj be the set of conditions given by theorem 31 and take for (C, <) the
set of conditions which gives the iterated forcing for A over Cy. Applying the constructions
of section 3, we obtain a r.a. 204 and a generic model NV¢[G] which satisfies A. It follows
that | (1 1+ A) and finally |- A by theorem 20.

Theorem 33. For every formula A of the language of ZF which can be proved consistent
with ZFC by forcing, there exists a proof-like term © 4 of the r.a. Ay such that (O 4,1) |- F.

Then we can use © 4 in computations as explained above.

Final remark.

In the introdution, I said we consider the problem to turn proofs in ZFC into programs.
But we must be more precise because this may seem rather easy by means of classical
realizability ; indeed, here is an algorithm to transform a proof in ZFC of an arithmetical
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formula A into a program : first, transform it into a proof of ZF + A by restricting its
quantifiers to L or HOD. Then, get a program from this new proof using c.r.

The problem solved in the present article is different : consider the program Pr obtained
from a proof of ZF F (AC — A) and, forgetting this proof, transform directly the
program Pr. This is more difficult because the program contains much less information
than the proof which gave it. In fact, the interesting point is that this is possible.

You may compare with the problem of modifying a program, knowing its source code or
only its compiled code. The first situation is (very) much easier.
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