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Abstract

The mechanics of cellular honeycombs—part of the rapidly growing field of architected materials—in
addition to its importance for engineering applications has a great theoretical interest due to the complex
bifurcation mechanisms leading to failure in these nonlinear structures of high initial symmetry.

Of particular interest to this work are the deformation patterns and their stability of finitely strained
circular cell honeycomb. Given the high degree of symmetry of these structures, the introduction of numerical
imperfections is inadequate for the study of their behavior past the onset of first bifurcation. Thus, we further
develop and explain a group-theoretic approach to investigate their deformation patterns, a consistent and
general methodology that systematically finds bifurcated equilibrium orbits and their stability. We consider
two different geometric arrangements, hexagonal and square, biaxial compression along loading paths, either
aligned or at an angle with respect to the axes of orthotropy, and different constitutive laws for the cell walls
which can undergo arbitrarily large rotations, as required by the finite macroscopic strains applied.

We find that the first bifurcation in biaxially loaded hexagonal honeycombs of infinite extent always cor-
responds to a local mode, which is then followed to find the deformation pattern and its stability. Depending
on load path orientation, these first bifurcations can be simple, double or even triple. All bifurcated orbits
found are unstable and have a maximum load close to their point of emergence. In contrast, the corre-
sponding instability in square honeycombs always corresponds to a global mode and hence the deformation

pattern will depend on specimen size and boundary conditions.

*Corresponding author: nicolas.triantafyllidis@polytechnique.edu

Preprint submitted to International Journal of Mechanics and Physics of Solids March 17, 2020



1. Introduction

Honeycomb materials are widely used in industry for their high strength-to-weight ratio and their efficient,
shock-absorbing crushing behavior. As such, they have been extensively studied in recent decades, both
under static and dynamic loadings, using experimental and numerical techniques. Very recently, especially
with the advent of additive manufacturing, “architected materials” i.e. materials with complex, periodic
microstructures are seeing an impressive growth. Novel architected materials, with intriguing macroscopic
properties-by-design, not encountered in natural materials and termed “metamaterials’, are being introduced
at an increasing rate (for the mechanical metamaterials, see the recent review article by Surjadi et al. (2019)).
Our work is motivated by the stability and mechanical failure of these important class of engineered materials,
due to the complex bifurcation mechanisms of these constitutively and geometrically nonlinear structures
of high initial symmetry.

Of the vast literature on the subject, in the interest of space and efficiency only the work relevant to the
problem of interest is reported here. Of particular interest to the present investigation is the experimental
work of Papka and Kyriakides (1999b,a) which focused attention on the in-plane crushing of circular honey-
combs. It was noticed that under this type of loading, honeycombs have a specific crushing mode based on
buckling of the cell walls that creates a pattern involving multiple cells. This mechanism was shown to lead
to the plateau stress observed on the stress-strain curve of in-plane loaded honeycombs which is followed by
densification of the microstructure and stiffening of the material response. There now exists a significant
literature of subsequent experimental work studying the static and dynamic behavior of honeycombs, but
an exhaustive accounting of this literature is beyond the scope of this presentation.

The early modeling studies focused mainly on hexagonal cell honeycombs, whereas the experiments of
Papka and Kyriakides (1999b,a) used circular cell honeycombs. Among these early studies the work of
Triantafyllidis and Schraad (1998) and Okumura et al. (2002) on hexagonal cell honeycombs studied various
loading directions to determine the onset of buckling. Triantafyllidis and Schraad (1998) focused on double-
wall honeycombs with deformation theory of plasticity constitutive behavior in order to compare onsets
of plasticity and buckling. Bloch-wave theory was used to compute the onset of buckling and predict the
critical wavelength of instability. Okumura et al. (2002) focused on single-wall honeycombs and used a
predetermined non-primitive unit-cell based on experimental observations to study microscopic buckling. It
was found that under equibiaxial loading microscopic buckling occurs in the form of a third order bifurcation
point while under non-equibiaxial loading there is either a simple or a double bifurcation point depending on
the orientation of loading. In a separate theoretical study, Saiki et al. (2005) used group theory (symmetry)
tools to determine the buckling deformation modes of hexagonal cell honeycomb under in-plane equibiaxial
displacement control conditions. In addition to the numerical studies using finite element full-scale modeling,

of Papka and Kyriakides (1999b,a), the only other theoretical study of circular cell honeycomb, of which the



authors are aware, is that of Karagiozova and Yu (2008). They focus on strain localization using a structural
approach and employ approximate deformation modes based on experimental observations.

In this paper, we perform an extended study of the deformation patterns and their stability for finitely
strained circular cell honeycombs. We consider two different geometric arrangements, hexagonal and square,
biaxial compression along multiple loading paths, either aligned or at an angle with respect to the axes of
orthotropy, and different constitutive laws for the cell walls which can undergo arbitrarily large rotations
(Triantafyllidis and Samanta, 1986), as required by the finite macroscopic strains applied. Given the high
degree of symmetry of these infinite structures, the introduction of numerical imperfections is inadequate
for their study, requiring the use of group theory tools as presented in Combescure et al. (2016). To this end
we further develop and explain our group theory-based methodology that systematically finds bifurcating
equilibrium paths in these high-symmetry structures.

In Section 2, the problem is defined, the cell wall model is presented along with the general group theoretic
method for studying bifurcating equilibrium orbits and their stability in periodic, nonlinear structures of
infinite extent. Section 3 outlines the numerical implementation of the cell wall model. Results are presented
in Section 4 focusing first on the onset of bifurcation for the three constitutive behaviors and hexagonal
honeycombs. Then we determine the primary bifurcating equilibrium orbits for different loading orientations.
The section ends with a discussion of the corresponding results for square honeycombs. Conclusions are

presented in Section 5.

2. Theory

2.1. Problem Setting

We consider a prismatic structure consisting of circular tubes of initial radius r in two different geometric
arrangements—hexagonal and square—with their undeformed, stress-free cross-section shown in Figure 1.
Each cylindrical tube deforms only in its cross-sectional plane and is idealized as a curved shell' with initial
thickness h and unit out-of-plane width. All tubes are rigidly joined together along common generators (per-
pendicular to the X, X5 plane). Since only 2D deformations of this 3D prismatic structure are considered,
for simplicity we refer to it hereafter as a 2D honeycomb consisting of circular cells.

Of interest here is the onset-of-instability surface of the infinite honeycomb, as introduced by Triantafyl-

lidis and Schraad (1998). To this end, a bi-axial far field compression? is applied to the honeycomb:

cos —sin cos 0 CcoS sin
II=-)\F ¢ ¢ ¢ ¢ , (2.1)
sing  cos¢ 0 sinf| [—sing cos¢

IThe thin shell elements (h < 1) deform only in the X1, X2 plane, as shown in Figure 1.
2Honeycombs are designed for compression to absorb deformation by cell wall bending; under tension joins come apart.
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(a) (b)

Figure 1: Geometric arrangement and loading of circular (radius r) cell honeycombs: (a) hexagonal and (b) square.

where IT is the applied macroscopic 1st Piola-Kirchhoff stress, ¢ € [0, 7/6] (for hexagonal honeycombs) or
¢ € [0,7/4] (for square honeycombs) is the loading orientation angle, 8 € [0,7/2] is the loading path angle,
E is the material’s small-strain Young’s modulus and A > 0 is the dimensionless macroscopic (compressive)
load parameter.

More specifically, an onset-of-instability surface for the infinite honeycomb is given by the load parameter
A0, ¢), corresponding to the first instability encountered along the primary equilibrium path, as a function
of the loading path angle # and the principal stress axes orientation angle ¢. The influence of material
properties on the onset-of-instability surface, as well as the character of the critical bifurcation points and
the symmetries and stability of the emerging bifurcated equilibrium orbits are the object of the present

investigation.

2.2. Cell Wall Model

Consider a curved wall element of initial length I, thickness h (and unit out-of-plane width) with a
cross-section shown in Figure 2. During loading, a material point initially at arc length coordinate s on
the curved element’s undeformed mid-line (dashed line) moves to a new position on the deformed mid-line
by displacements v(s) and w(s) along the local tangential (t) and normal (n) directions, respectively, of
the undeformed configuration’s mid-line. We adopt the classical Bernoulli-Euler-Navier assumptions where
cross-sections normal to the undeformed mid-line remain normal to its deformed counterpart and undergo
small strain extension. Consequently, as shown in Figure 2, a material point A at the undeformed (reference)
configuration, with initial local coordinates (s, z), moves in the deformed (current) configuration to A’.

A uniaxial plane stress assumption is adopted for the in-plane deformation of the curved wall element



deformed

Figure 2: Cell wall kinematics.

with the (small) axial strain in a fiber at distance z from the mid-line egs(s, 2) = e(s, z) given by:
e(s,2) = £(s) + 2p(s) , (2.2)

where, in view of the finite rotations and axial stretching, the mid-line axial strain e(s) and the bending

strain p(s) are expressed in terms of the normal v(s) and tangential w(s) displacements by:

€ :[(1-1-9)2—&-f2]1/2_17 fzil—z;]—fw, gz%-ﬂ@w’
(2.3)
—[fjg(1+g)ﬁ/[(1+g)2+f2]n,

where k(s) is the curvature of the reference configuration mid-line.
The internal virtual work contribution from a cell wall segment of length [ to the weak form of the
equilibrium equations is:
1 h/2 h/2
5Wmt:/(N56+M6p)ds; N = odz ME/ ozdz (2.4)
0 —h/2 —h/2
where N(s) and M (s) are the axial force and bending moment resultants, respectively, and ogs(s, 2) = o (s, 2)
is the normal axial stress in the cell wall, work-conjugate to e(s,z) defined in (2.2). The Euler-Lagrange
equations corresponding to (2.2)—(2.4) can be shown to coincide with the exact equilibrium equations of
this element in the current configuration, thus making this structural theory a consistent one (the interested
reader is referred to Triantafyllidis and Samanta, 1986, for a detailed discussion).
For the case of an elastic material, or a deformation theory of plasticity model® (as in the present case of

uniaxial stressing of metallic structures in the absence of unloading), one can find an energy density of the

3Due to the high tangent moduli—upon a sudden change of loading path—in some incremental plasticity theories, the
so-called “deformation theory” plasticity models, derived by integrating the constitutive response along proportional loading
paths are a preferred alternative for stability calculations in elastoplastic structures. The present case of uniaxial stressing
of the cell walls does result in such a model in the absence of unloading. For a detailed discussion of the use of deformation

theories of plasticity in stability calculations, the interested reader is referred to the review article by Hutchinson (1974).
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curved wall @ (per unit volume) and by integrating it through the thickness (for a wall of unit out-of-plane

width) obtain an energy density per unit length W:
e h/2
B(e) = / o(e)de, W(e p) = / B(e + 2p)d= . (2.5)
0 —h/2
Consequently, the contribution of internal virtual work from each cell wall section of length [ is the first

variation of the cell wall’s stored elastic energy E..j;:

l l
5Wint = 5gcell = / |:8VV(55 + avvép] ds 5 5cell = / Wds ’
o L O dp 0

(2.6)
h/2 ~ h/2 =N N
N:87W— idZ’M_aiVV_ 8wzdz,<g—8w)
85 h/2 86 ap h/2 ae 86
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Figure 3: Uniaxial response of cell walls: a linearly elastic response (m = 1), a stiffening response (m = 2 > 1) — corresponding

to elastomeric cell walls — and a softening response (m = 0.9 < 1) — typical of metallic or some polymeric cell walls.

A piecewise power law response (relating o to e), common in applications involving the stability of

elastoplastic structures (e.g. Hutchinson (1974)), with the following energy density is adopted :

n=1for|e|] <¢g,

_ 2 1 le]\y7+1  n—1]e] n 1
- F —— (=" 4 Bl_ v 2.7
w(e) (El> [77(1 +1n) (a ) n g 1+n 2 (2.7)

n=mfor|e| > ¢,

where E is the material’s small-strain Young modulus and ¢; its linear elastic limit under uniaxial loading.

Three different cases will be investigated: a linearly elastic response (m = 1), a stiffening response
(m > 1) — typical of elastomeric cell walls — and a softening response (m < 1) — typical of metallic or some
polymeric cell walls. The corresponding representative dimensionless stress-strain curves are plotted (using

g; = 0.01) in Figure 3.



2.8. Group Theory Approach

The energy of the structure is thus the sum of the energies of each cell. Assuming rigid joints, i.e. that
cells are welded to their neighbors at their contact points, the displacements and rotations of each joint are

the same for the two cells sharing it:

Niot 27r

E(u; \) = Z /0 Wi(e, p)ds — 11} (Usj — 6ij) Adomain » wE€H, A>0, (2.8)
I=1

where Wi, the energy density of cell I, is defined in (2.5), the macroscopic Biot stress components Hg (=11L;)
are given in (2.1), U;;(= F;;) are the components of the macroscopic right stretch tensor? and Agomain is
the area of the computational domain. Since only biaxial compression is considered, the load parameter is
positive A > 0, according to (2.1). Moreover, the unknown v = (U;v;(s),ws(s)), I =1, Nyt consists of the
macroscopic stretch tensor plus the local displacement fields of all cells, which must satisfy the displacement
and slope continuity conditions at all contact points. The functional space of all admissible fields u is
denoted by H. To avoid issues associated with domains of infinite extent, we consider arbitrarily large—but
finite—domains of dimensions L1 X Ly with Ny, cells and appropriate periodicity conditions at the opposite
boundaries of the chosen domain.

The fundamental concept used to study the bifurcated equilibrium paths and their stability in any
conservative elastic system with symmetries is the existence of a group G of transformations that leave its
energy &(u; A\)—defined in (2.8) for the problem at hand—unchanged, i.e., invariant under the action of all
transformations g € G. More specifically, to each element g € G we associate a transformation T, (termed

“representation” of g) acting on u € H with image Ty[u] € H that satisfies
E(w;N) =E(Ty[ul;A); YA>0,VueH, VgeG. (2.9)

It follows from (2.9) that the variation of & with respect to its argument u (6€ = & ,,0u, where & , is the
first order functional derivative of £ with respect to u, a linear operator acting on du € H) has the property

of “equivariance’®
Ty[€u(us N))ou = € (Tylul; N)ou; YA>0, Yu,due H, Vg€ G. (2.10)

The system’s equilibrium solutions u are found by extremizing its energy. Consequently all solutions of

the system &, (u; A\)ou = 0 must satisfy (2.10). It is more appropriate to talk about orbits of equilibrium

4Macroscopic rotation is ignored as superfluous i.e. F = U, since the stress state can be rotated with respect to the axes of
orthotropy of the honeycomb. The corresponding work conjugate stress measure is the (symmetric) Biot stress ITZ, which in

this special case equals the 1st Piola-Kirchhoff stress IT given in (2.1).
5 Assuming orthogonality of the representation operator (Ty)~! = (Ty)?, a property satisfied in most applications in me-

chanics and true for all finite groups G, as will be the case of the discretized problems considered here.
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paths, since in view of the equivariance described in (2.10), applying to an equilibrium solution u the
transformation 7, automatically generates another equilibrium solution Tj[u].

A subset of these equilibrium solutions, termed “principal solutions” and denoted by 3()\), are invariant
under all transformations T,;. These solutions belong to an invariant subspace of H, denoted S¢ and termed

the “fized-point space’

Eu(WA);Nou=0,VA>0; weSe={ueH| Tyu=u, YgeG}. (2.11)

s

To determine the stability of a principal solution, one has to check the positive definiteness of the self-

adjoint bilinear operator E%u, evaluated on the principal path 1OL()\)7 by finding its eigenvalues 3(\)
(€0, Au)du = B(N) < Au,u>; Youe H; £, = Eu(u(M); ), (2.12)
where Awu is the corresponding eigenvector and < -, - > denotes an inner product in H. A stable solution

corresponds to the case where the minimum eigenvalue is positive, S, > 0. For a well-posed problem, the
stress-free (unloaded) configuration at A = 0 is stable. As the load increases stability will be lost at the first
bifurcation point encountered along the loading path parameterized by .

It can be shown, e.g., Golublitsky et al. (1988); McWeeny (2002), that i) associated with the represen-
tation T' of G, there exists a symmetry-adapted basis of H with respect to which the operator E%u defined
in (2.12) is block-diagonalized, and ii) the space of admissible functions H can be uniquely decomposed
(isotypic decomposition) into a direct sum, H = @Z:1V”, of mutually orthogonal invariant subspaces V*#
(n being the number of conjugacy classes of G). Each subspace V* is associated to a n,-dimensional irre-
ducible representation 7# of G, also termed “irrep”, from which an appropriate projection operator can be
constructed that gives the V# component of any function of the admissible space H.

Bifurcation points along the principal equilibrium path are characterized by a critical load Ay, for which

there exist zero eigenvalues of the operator £9,, (i.e. (A\y) = 0)
(Et)ou =0, €Ny, <l >=085, 1,5 =1,...,mpu; Youe H; €% = Equ(UN)i ), (2.13)

where the eigenmodes  form an orthonormal basis® of N, 1, the n,-dimensional null space of the operator
Ef’uu. Some additional conditions must also hold to ensure that A, is a bifurcation and not a limit (i.e.
turning) point, as follows

i

Eau=0; i=1...,n,. (2.14)

6 In some cases it is convenient to use an alternative normalization of the basis for Ny. In particular for the Lyapunov-
Schmidt-Koiter asymptotic analysis discussed later in this section, it is convenient to normalize according to the conditions
< {L,le >= xd;j, where x is determined by the condition £;;5 = —d;;. The coefficient &;; is discussed after Eq. (2.21) and
defined in Triantafyllidis and Peek (1992).



For such points, equilibrium paths (termed primary paths) cross, or bifurcate, from the principal path. It can
be shown that the null space N, of the stability operator Sf’uu is an invariant subspace of V#, i.e. N, C V#,
associated with the irreducible representation 7# of dimension n,,.

For the case of periodic structures, i.e. groups having translational symmetries (in addition to point
symmetries), one can find 10L by solving the equilibrium equations on a “primitive cell’, which is the smallest
unit cell of dimensions I; x Iy (for 2D honeycombs) that by translation along different coordinate directions
(not necessarily orthogonal to each other, depending on the honeycomb’s point group symmetry) produces

the infinite structure. Moreover, one can take advantage of the Bloch-wave representation theorem, according
0

, U

to which any eigenmode Aw of the stability operator £9,,, in (2.12) admits the following representation

Au(Xl,XQ) = exp[i(lel + kQXQ)] p(X1, XQ) s (215)

where i = v/—1 is the imaginary unit, p(X) is a periodic function defined on the primitive unit cell and k
is the wavenumber vector. All admissible values of k are in the “Brillouin zone” B C [0,27/l1) x [0, 27/l3),
defined as a primitive cell of the reciprocal lattice in k space.

Of interest here is the load A\, and the associated wavenumber k; corresponding to the onset of the
first bifurcation encountered along the loading path of interest defined in (2.1). To find this, we proceed
as follows: we first determine the minimum eigenvalue of the stability operator S, (A, k) for a given pair”
(A, k) (see definition (2.12))

Bmin(A k) = HAr%i”nﬂ(SguAu)Au i VAu(X k) = expli(k - X)] p(X) . (2.16)

We subsequently find A..(k), the lowest nontrivial A root of 8, for each fixed k,
BrinAer(K),K) =05 Brnin(MK) >0, 0< A < Ar(K) . (2.17)

Finally, the sought bifurcation load ), is the infimum® of \..(k) with respect to k. This is computed by
scanning all independent wavevectors k, which due to the point group symmetry elements of G lie in a

subdomain Bg C B

Ay = kleanc; Aer (k) . (2.18)

Note that the wavenumbers k; corresponding to A, are not unique. In particular, the existence of an energy
implies Bmin(A; —=k) = Bimin(A; k). The critical vectors k; allow the identification of a new (larger than the

primitive) unit cell required for calculating the equilibrium paths emerging from A, (Sorkin et al., 2014).

"Due to singular behavior of the Bloch-wave behavior near k = 0, Bmin (), 0) must be defined slightly different from the

general case. In particular, the case for which p(X) = constant must be excluded from consideration.
8We consider the inf instead of the min in (2.18) in view of possible singularities of the A, (k) surface defined on the

Brillouin zone, see Triantafyllidis and Schraad (1998).



To avoid introducing superfluous notations, we will denote once more the energy defined on this new
(larger than the primitive) unit cell by £ and the corresponding symmetry group (a subgroup of the original)
again by G. The corresponding fundamental solution 13(/\) and primitive cell remain the same as in the
original problem (on the L; x Ly domain®) defined in (2.8).

To compute the (primary) bifurcated paths 1bL()\) emerging from 3()\) at Ay, the following asymptotic
expressions, resulting from the projection of the equilibrium equations into the null space NV, and termed

“Lyapunov-Schmidt-Koiter” (LSK) asymptotics, are used

a(\) +giaﬂi+ 0(€2), (2.19)

i=1

1
>\:)\b+)\1€+§)\2§2+"' ; 72(/\)

where £ is the path’s “bifurcation amplitude” parameter and «; the components of the bifurcated path’s unit
tangent vector. For the case of an asymmetric bifurcation A\; # 0, the tangents a; are given by the system

of n,, polynomial equations of order two

Ty Ny

Z ajak&jk + 2\ Zajgij)\ =0, || « ||: 1, +1=1,.. Sy My (220)

Gok=1 j=1
For the case of a symmetric bifurcation Ay = 0, &, = 0, the tangents «; are given by the following system

of n,, polynomial equations of order three (&;;; = 0 implies symmetry of solutions +c)

Z OLjOLkOélSijkl + 3)\2 ZO&jgij)\ =0 s || « H: 1 y 1= 1, sy My (221)
g,k =1 J=1

In the previous equations, the coefficients &;;x1, &iji and &;;» are expressed in terms of higher order functional
derivatives of the energy evaluated at the bifurcation point (Triantafyllidis and Peek (1992)). As mentioned
in Footnote 6, it is always possible to normalize these equations so that &y = —d;;.

The stability operator at A\, determines the eigenmodes and the corresponding null space A#, which
allows for an efficient calculation of the bifurcation asymptotics in (2.19). It turns out that the projection

of the bifurcated equilibrium solution on the null space N, is equivariant'?

with respect to the elements of
7# and hence we can find the corresponding symmetry-reduced equivalent set of equations (2.20) or (2.21),
leading to the calculation of a unique representative of each distinct equilibrium orbit emerging from \,.
An important remark is in order here about the calculation of the equilibrium paths emerging at .
A group-theoretic analysis would entail classifying the maximal isotropy subgroups of the corresponding
irreps 7 in order to predict what kinds of bifurcations generically occur, without relying on the asymptotic

expansions (2.20), (2.21). This general method is preferable to the LSK asymptotics, especially for large n,

when one may need even higher-order expansions, since &, = & = 0.

9The initial L1 x Lo domain of the periodic structure is constructed from the primitive domain I; x I3 by taking N1 X No = Nyot

primitive cells (see also (2.8)).
10The equivariance definition for equilibrium equations in subspace N}, is analogous to the general one in (2.10)
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Having established the primary bifurcation orbits, we can then calculate their stability and corresponding
bifurcation points treating each &()\) as a new principal solution 3()\). The strategy followed is to sequentially
apply the above-described procedure to follow each bifurcated equilibrium orbit by identifying every time
a new unit cell for the corresponding eigenmodes, the corresponding energy and the new symmetry group.
The basic method, called the “branch-following and bifurcation method’ has been introduced for the case of

atomistic bifurcation calculations for shape memory alloys by Elliott et al. (2006), Elliott et al. (2011).

3. Numerical Aspects

The FEM discretization of the curved cell wall model presented in Section 2.2 requires the normal and
tangential displacements v(s) and w(s) as well as their first derivatives dv/ds and dw/ds as nodal degrees
of freedom, resulting in four d.o.f. per node. As a consequence, Hermitian cubic shape functions are used
for interpolation coupled with a numerical integration scheme of four Gauss points per element. This choice
of shape functions leads to a small (decreasing with mesh refinement) error in the “patch test,” since it
generates strains upon rigid body motions. Hermitian cubics in s cannot properly represent the functions
cos(s) and sin(s) entering the expressions for the corresponding tangential and normal displacements. For
this reason, the curved shell element presented above is used only in the computation of the principal path
and its stability based on a primitive unit cell, with four elements per cell wall segment (circular sector
of m/3 for hexagonal geometry or 7/2 for square geometry). A finer discretization of the cell walls using
flat wall elements (simplified version of the curved shell with curvature x = 0) is used for larger unit cell
computations, since straight elements always satisfy the patch test. Although finer discretizations were used,
the calculations presented here are based on six elements per cell wall segment. Finally, for the constitutively
nonlinear cell walls, an 81 equidistant points trapezoidal integration rule is employed.

The negligible axial strains in the cell walls result in the additional simplification of common nodal
degrees of freedom dv/ds and dw/ds, expressed in their local coordinate system, for all elements sharing
this node in a common joint. The finite rotation of the rigid joint is the same for each element ending
in the common joint, as shown in Triantafyllidis and Schraad (1998). Consequently, when going from a
rotated local coordinate system to a fixed global one, the only degrees of freedom affected are the normal
and tangential displacement degrees of freedom, v and w, respectively.

The FEM-discretized system’s d.o.f. are the nodal displacements and rotations of the cell walls, denoted
by 1 plus the components of the right stretch tensor U and hence the discretization of the displacement field
win (2.8) is (U, u). The nonlinear equilibrium equations resulting from the FEM discretization of & ,,du are
then solved using an incremental Newton-Raphson method, as described in Combescure et al. (2016).

To bypass the difficulty of limit loads in A, numerical calculations employ its work-conjugate dimensionless

displacement A (recalling the loading term from (2.8), we define A = [II;; (U;; —6;5)]/A)) (see Triantafyllidis
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and Schraad (1998)) in combination with arc length continuation methods.

4. Results

Here are presented the results of the FEM calculations for circular cell honeycombs in hexagonal and
square array arrangements, submitted to the in-plane stress loadings defined in (2.1). This study addresses
the influence of the cell wall material’s constitutive nonlinearity, loading angle and path orientation on
the in-plane onset-of-instability surface as defined in Section 2.1. For the hexagonal geometry honeycomb,
primary bifurcation orbits are presented for three different types of radial loading paths, one for each
type of point on the onset-of-instability surface corresponding to different bifurcations with “local modes”,
i.e. eigenmodes with finite wavelengths k;, # 0 that are periodic on a finite number of primitive cells.
For the square geometry honeycomb, all points on the onset-of-instability surface correspond to “global
modes”, i.e. eigenmodes with (infinite) long wavelengths k;, — 0, in which case no primary bifurcations
are considered since the corresponding equilibrium paths will always depend on boundary conditions of the
domain considered.

It should also be pointed out that cell wall contact is not taken into account in the FEM simulations.
As a consequence, computations presented hereafter concern paths up to the point where the first contact

is encountered, as indicated in the corresponding onset-of-instability curves.

G, G Gz?

Gy

(a) (b)
Figure 4: Primitive unit cell used for (a) the hexagonal honeycombs and (b) the square honeycombs. Cell contact points that

are coupled in the Bloch-wave calculations are marked identically.

The primitive cell used for the hexagonal honeycomb calculations is depicted in Figure 4(a) and for the
square honeycomb calculations is depicted in Figure 4(b). Translations of the primitive cell pattern by 2r

along the G; and Go directions give the infinite honeycomb.
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Calculating the principal equilibrium solutions 3()\, 0, ¢) along a given path with loading orientation ¢
and angle 6 (see (2.1)) is based on solving the discretized equilibrium equations & ,,0u = 0 on this cell, as
described in Section 2, subject to periodicity conditions of the joint nodes on opposites faces, as depicted
in Figure 4. It should be mentioned at this point that the vector space in which we seek these principal
equilibrium solutions is the fixed-point subspace Sg, defined in (2.11).

For a fixed loading orientation ¢ and angle 6, we seek the lowest value of the loading parameter \ at
which the infinite honeycomb becomes unstable, as described in Section 2.3. The primitive cell is again
involved in the corresponding calculations which use the Bloch-wave representation (2.15) and result in
coupled boundary conditions, involving the wavenumber k, between the contact nodes on opposites faces—
see Figure 4. Details of the calculations, in particular on the actual domain in the reciprocal k-space used
in calculations (for reasons of coding simplicity larger than the irreducible domain of the first Brillouin zone

B¢) are similar to those described in Combescure et al. (2016) and need not be elaborated here.

4.1. Material Parameters
In the following, the honeycomb’s dimensions, constitutive material’s parameters, as well as nonlinear
parameters for the power law are given in Table 1. The latter were chosen so that they fit with the

experiments in Papka and Kyriakides (1999a) for the case of softening behavior.

Table 1: Cell dimensions and constitutive parameters.

cell radius (mm) wall thickness (mm)
r = 3.48 h =0.144
Young’s modulus (MPa) linear elastic limit
E = 2500 e =102

power law exponent (softening) | power law exponent (stiffening)

m = —0.9 m = 2.0

4.2. Hezxagonal Honeycombs
4.2.1. Principal Paths and Onset-of-Instability Curves Based on the Primitive Cell

The onset-of-instability curves computed for the loading defined in (2.1), plotted in macroscopic stress
space for the circular cell hexagonal honeycomb with different constitutive laws of the cell walls, are shown
in Figure 5 to Figure 7. Onset-of-instability curves are plotted in solid lines, curves indicating the onset
of cell wall contact are plotted in lines with cross markers, curves indicating a limit (maximum) load are
plotted in lines with triangular markers, and curves with dotted lines indicate reaching the elastic limit
(onset of nonlinear behavior). Numbers next to the onset of bifurcation curves indicate the order of the

corresponding bifurcation point.
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Figure 5: Onset-of-instability (bifurcation) for circular cell hexagonal honeycombs, with linearly elastic cell walls under biaxial
in-plane loading (a) aligned with the axes of orthotropy (¢ = 0) and (b) rotated with respect to the axes of orthotropy
(¢ = m/15). Note that the rotation of principal loading axes (¢ # 0) results in reaching a maximum load prior to cell wall
contact. The loading paths for which post-bifurcation equilibria are calculated are: § = tan—1(0.4) (plotted in solid, thin grey

line), @ = 7/4 (equibiaxial loading) and 6 = 7/2 (uniaxial compression along X2).

The onset of bifurcation, along with the first contact and maximum load curves for circular cell hexagonal
honeycombs with linearly elastic cell walls are plotted in Figure 5. The graph in Figure 5(a) corresponds
to biaxial loading aligned with the axes of orthotropy (¢ = 0). Notice that, due to the symmetry of the
structure and loading for this case, three possibilities exist for the onset of bifurcation: simple (indicated by
number 1) for loading paths 7/4 < 6 < 7/2, double (indicated by number 2) for loading paths 0 < 0 < 7 /4
and triple for the highest symmetry case of the equibiaxial loading path § = 7/4. The graph in Figure 5(b)
corresponds to biaxial loading rotated with respect to the axes of orthotropy (¢ = 7/15). Due to the lower
symmetry of the problem, all points at the onset of bifurcation along each loading path are simple, save for
the equibiaxial loading path 6 = 7/4 that is identical to the ¢ = 0 case and hence has a triple bifurcation
point. Note also that the rotation of principal loading axes results in reaching a maximum load prior to cell
wall contact for almost all loading paths except a narrow zone around 0 = 7/4.

The onset of bifurcation results for ¢ = 0 are qualitatively similar with the ones presented for the straight
cell wall hexagonal honeycomb by Triantafyllidis and Schraad (1998) and Okumura et al. (2002). Along
each loading path, contact occurs before a maximum load is reached. No bifurcation is observed for the
case of nearly uniaxial compression along X7, i.e. for |0] < 1, until first contact is detected. For the highest
symmetry case of equibiaxial compression, no cell wall contact is detected, even for loads several times higher
than the one corresponding to first bifurcation. Similarly to what was noted by Okumura et al. (2002), for
biaxial loading aligned with the axes of orthotropy, the paths where |I111| > |IIss| have bifurcation points
of order two (two eigenmodes) whereas the paths where [II;1| < |IIz2| have simple bifurcation points (one
eigenmode). As for the equibiaxial compression, it is the only loading path with a triple bifurcation, due to

its highest symmetry. These results will be explained by the Bloch-wave calculations which give the wave
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vectors kj, corresponding to the critical load and the symmetry group of the energy defined on the domain

required for the post-bifurcated orbit.
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Figure 6: Onset-of-instability (bifurcation) for circular cell hexagonal honeycombs, with constitutively nonlinear cell walls

under biaxial in-plane loading aligned with the axes of orthotropy (¢ = 0) for (a) softening material and (b) stiffening material.

Results for the case of constitutively nonlinear cell walls under loading aligned with the axes of orthotropy
(¢ = 0) are given in Figure 6. The graph in Figure 6(a) corresponds to a softening material, and the graph
in Figure 6(b) corresponds to a hardening material. Note that for the softening material case in Figure 6(a),
the paths with |TI;1| > |IIaa| result in a maximum load before cell wall contact, whereas the contrary is
observed along paths with |II1;]| < |Ia3]. For the hardening material case in Figure 6(b), the behavior
changes dramatically for paths with |II11| > |IIz2| with cell contact occurring before maximum load and
where a wider range of loading paths about § = 0 remains stable all the way to cell contact.

The curves in Figure 7 summarize the previous results by presenting the comparison of the onset-of-
instability (bifurcation) curves for the three types of constitutive behavior. The constitutive non-linearity
of the cell wall material affects only radial loading paths where |II;;| > |[TI22| (0 < 6 < 7/4), in as much as
the first (always double) bifurcation along the loading path occurs in the nonlinear regime of the principal
solution. As expected, increasing the cell wall stiffness increases the critical load corresponding to the first
bifurcation along each path and also enlarges the stable zone about the uniaxial compression along the X
direction, i.e. the radial sector where no bifurcation can be found. In the remaining radial loading paths with
III11| < |Hag| (7/2 > 6 > m/4) the first (always simple) bifurcation occurs mostly within the linear regime
of the principal solution or just immediately afterwards, and hence the corresponding onset-of-instability

curves remain almost identical for the three constitutive laws considered here.

4.2.2. Primary Bifurcation Solutions for Different Loading Paths and Associated Supercells

The post-bifurcation behavior of linearly elastic circular cell hexagonal honeycombs loaded along the
axes of orthotropy (¢ = 0) is presented in this section for three loading paths: (i) the uniaxial compressive
loading path in direction Xy, i.e. § = w/2, where a simple bifurcation point destabilizes the corresponding
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Figure 7: Comparison of onset-of-instability (bifurcation) curves for circular cell hexagonal honeycombs with different consti-
tutive laws: linear elastic (m = 1, solid black line), softening (m = 0.9, solid green line) and stiffening (m = 2, solid purple
line) under biaxial in-plane loading aligned with the axes of orthotropy (¢ = 0). The V-shaped region in stress space where

the principal solution is in the linearly elastic regime is also indicated by dotted lines.

loading path; (ii) the loading path with § = tan=1(0.4), where a double bifurcation point destabilizes the
corresponding loading path; and (iii) the equibiaxial compression path with § = 7/4 where a triple bifurca-
tion point destabilizes the corresponding loading path. The non-existence of a bifurcation instability before
the first occurrence of cell wall contact for uniaxial compression along X is the reason for choosing a loading
path angle # = tan—'(0.4). These three characteristic loading paths provide a representative example for

each possible post-bifurcation behavior.

(i) Uniazial compression in direction Xo (0 = 7/2)

On the radial loading path corresponding to a uniaxial compression along X (i.e. § = /2, ¢ = 0), the
first instability encountered corresponds to a simple bifurcation at (1 — Uaz, A) = (0.0495, 2.3 1073). As
seen from Figure 8(b) this bifurcation is associated to dimensionless wavenumbers (k1, ko) = (£0.5, +0.5) 1.
The corresponding eigenmodes involve a unit cell of the type presented in Figure 8(a), which is composed of
two primitive unit cells. The symmetry group G of the energy £ defined on this unit cell takes into account
the symmetry of the geometry and loading and has the following generators: clockwise rotation by 7 (Cs),
mirror symmetry (o7) with respect to an horizontal axis situated at a quarter height of the unit cell (see
Figure 8(a)) and the internal translational symmetry along Go (Tq,). Thus, the symmetry group G has 8

elements. Its irreps have maximum dimension one and hence all the bifurcations are simple.

1 The existence of four simultaneous critical k vectors can be understood if one accounts for the point symmetry of the

principal path and recalls that, due to the existence of an energy, Bmin(A; —K) = Bmin(A\; k).
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(a)

Figure 8: (a) Unit cell, identified by the Bloch-wave analysis, used for the post-bifurcation calculations for paths emerging
from simple bifurcation points (loading paths 7/4 < 6 < 7/2). Similar symbols on boundary nodes indicate nodes linked by
periodicity conditions. The position of the mirror symmetry axis of o1 is indicated by a dashed grey line. (b) The surface
ﬁmin()\;', k1, k2) defined in (2.16) is plotted for a load ()\2') slightly higher than the bifurcation load, along the path of uniaxial
compression in direction X2. Regions of negative B,,;n values highlighted in red. This figure is activatable on click to let the

reader rotate it with its mouse.
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Figure 9: (a) Post-bifurcation equilibrium orbit associated with the simple bifurcation point corresponding to uniaxial com-
pression along Xa-direction in a circular cell hexagonal honeycomb with constitutively linear cell walls. This pattern has been
constructed by periodicity from the yellow colored deformed unit cell. (b) Corresponding load-strain curve. The principal path
is plotted in black and the bifurcated branch in yellow. Solid line segments indicate stability with respect to the Bloch-wave

criteria Bmin (A, k) > 0 (see (2.16)), while dashed line segments indicate instability.

The first bifurcation encountered along this loading path is simple and symmetric (pitchfork), i.e.
A= 0, &in = -1, &11 =0, &1111 # 0 (see (2.20), (2.21)) and the post-bifurcated path is found
by following the unique eigenvector of the tangent stiffness matrix. A representative path of the unique
post-bifurcated orbit is depicted in Figure 9(a) and it has a symmetry group generated only by the clock-
wise 7 rotation (Cb).

The load-strain curve for this post-bifurcated orbit is depicted, along with the corresponding curve for
the principal path, in Figure 9(b); the bifurcated path is calculated up to first contact of the cell walls.
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
//
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



Bloch-wave analysis applied on the bifurcated path in Figure 9(b) using the unit cell of Figure 8(a), finds
it to be unstable. The instability is due to long wavelengths (for k; < 1) and starts immediately at the
bifurcation point, marked by a black circle labeled “BP1”. This primary path becomes unstable with re-
spect to smaller, finite wavelength perturbations, as its bifurcation amplitude increases. The path reaches a

limit point at (1—Usg, ) = (0.13476, 2.34 10~3), represented by a yellow circle labeled “LP” on Figure 9(b).

(ii) Biazial compression (6 = tan='(0.4))

A
Y k1
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Figure 10: (a) Unit cell identified by the Bloch-wave analysis used for the post-bifurcation calculations for paths emerging from

double bifurcation points (load paths 0 < 6 < mw/4). Similar symbols on boundary nodes indicate nodes linked by periodicity
conditions. (b) The surface ,Bmm()\:,kl, k2) defined in (2.16) is plotted for a load ()\;') slightly higher than the bifurcation
load, along a loading path § = tan—1(0.4). Regions of negative B, values highlighted in red. This figure is activatable on

click to let the reader rotate it with its mouse.

On the radial loading path corresponding to a biaxial compression aligned with the principal axes (i.e.
0 = tan=1(0.4), ¢ = 0), the first instability encountered corresponds to a double bifurcation at the point
(1 —Uj1,1— U, A) = (0.067, —0.037, 2.62 10~2). As seen from Figure 10(b) this bifurcation is associated
to dimensionless wavenumbers (k1, k2) = (£0.5,0) and (k1, k2) = (0,20.5). The corresponding eigenmodes
involve a unit cell of the type presented in Figure 10(a), which is composed of four primitive unit cells. The
symmetry group G of the energy £ defined on this unit cell takes into account the symmetry of the geometry
and loading and has the following generators: clockwise rotation by 7 (C2), mirror symmetry with respect
to a horizontal axis situated at the center of the unit cell (o1) and the internal translational symmetries
along G; (Tg,) and G2 (Tg,). Thus, the symmetry group G has a total of 16 elements and its irreps have
maximum dimension two.

The first bifurcation encountered along this loading path is double and symmetric (pitchfork), i.e.

A = 0, &jr = 0 (see (2.20)). Consequently the initial tangents of the bifurcated equilibrium paths
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Figure 11: The two different post-bifurcation equilibrium orbits — (a) Orbit I and (b) Orbit II — associated with the double
bifurcation point corresponding to biaxial compression with a loading path angle # = tan—1(0.4) for a circular cell hexagonal
honeycomb with constitutively linear cell walls. These modes have been reconstructed by periodicity from the colored deformed
unit cells. (¢) Corresponding load-strain curves. The principal path is plotted in black and the bifurcated orbits in yellow and
red. Solid line segments indicate stability with respect to the Bloch-wave criteria 8,,in (A, k) > 0 (see (2.16)), while dashed line

segments indicate instability. This figure is activatable on click to let the reader rotate it with its mouse.

will be found from (2.21). Using the 7# equivariance of the two-dimensional (n,, = 2) equilibrium equations

of the system restricted on the null space N,,, we find only two different non-zero coefficients &;; in (2.21)

S = Ea202 5 1122, (4.1)

with the rest generated by the symmetries: & (ijry = Eijri, where 7(ijkl) is any permutation of the indices
1 2
ijkl. Recalling &) = —d;; (by appropriate normalization of the two eigenvectors u and u), we obtain two

different post-bifurcated orbits. One representative path from each orbit is characterized by

Orbit I @ (a1,a2) =(1,0),

(4.2)
Orbit 1T : (o, az) = (1/V2,1/V2) .

These paths are shown in Figure 11: the Orbit I path (plotted in yellow), whose typical configuration is
depicted in Figure 11(a), has a symmetry subgroup with generators {Cs, Tg, } but no mirror symmetry and
the Orbit IT path (plotted in red), whose typical configuration is depicted in Figure 11(b), has a symmetry
subgroup with generators {Cs, 01} but no translational symmetry.

The load-strain curves of the principal path and the two bifurcated orbits calculated up to first contact
between cell walls, are plotted in Figure 11(c). In order to properly distinguish Orbit I and Orbit II paths,
the load-displacement curves are plotted in a three-dimensional space where the two horizontal axes are the
strains 1 — U1 and 1 — Uss and the vertical axis is A. Bloch-wave analysis applied on each one of the two
bifurcated paths in Figure 11 using the unit cell of Figure 10(a) finds them to be both unstable. The Orbit I
path reaches a maximum load turning point at (1 —Ujq, 1 — U, A) = (0.103, —0.008, 2.64 10~3). Similarly,
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Orbit II reaches a maximum load turning point at (1 — Uyy, 1 — Uaa, A) = (0.099, —0.012, 2.64 10~3).

(iii) Equibiazial compression (0 = 7/4)

(a) % (b)

Figure 12: (a) Unit cell identified by the Bloch-wave analysis used for the post-bifurcation equilibrium paths emerging from
the triple bifurcation point (load path angle 6 = 7/4). Similar symbols on boundary nodes indicate nodes linked by periodicity
conditions. (b) The surface Bmin()\:, k1,k2) defined in (2.16) is plotted for a load ()\;') slightly higher than the bifurcation
load, along the principal path of equibiaxial compression. Regions of negative B, values highlighted in red.This figure is

activatable on click to let the reader rotate it with its mouse.

On the radial loading path corresponding to an equibiaxial compression (i.e. § = w/4, ¢ = 0), the first
instability encountered corresponds to a triple bifurcation at (1—Uy1, 1—Usz2, A) = (0.0078,0.0078,1.84 1073).
As seen from Figure 12(b) this bifurcation is associated to dimensionless wavenumbers (k1, k2) = (£0.5,0),
(k1,k2) = (0,£0.5) and (k1, k2) = (£0.5,40.5). The corresponding eigenmodes involve a unit cell of the
type presented in Figure 12(a), which is composed of four primitive unit cells. The symmetry group G of
the energy & defined on this unit cell takes into account the symmetry of the geometry and loading and
has the following generators: clockwise rotation by 27/6 (Cg), mirror (o1) and the internal translational
symmetries along G1 (Tg,) and G2 (Tg,). The symmetry group G has thus a total of 48 elements and its
irreps have maximum dimension three.

The first bifurcation point encountered along this path is a triple symmetric (pitchfork) one, i.e. Ay =
0, &ijk =0 (see (2.20)). Consequently the initial tangents of the bifurcated equilibrium paths will be found
from (2.21). Using the 7* equivariance of the three-dimensional (n, = 3) equilibrium equations of the

system restricted on the null space NV, we find only two different non-zero coefficients &;;j; in (2.21)

Erinr = Ea220 = E3333, 1122 = E2233 = E3311 (4.3)

with the rest generated by the symmetries: Er(ijny = Eijui. Recalling &\ = —d;; (by appropriate nor-
12 3
malization of the three eigenvectors u, u and u), we obtain three different post-bifurcated orbits. One
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representative path from each orbit is characterized by

Orbit I : (a1, a2,a3)=(1,0,0),

Orbit 1T : (o, ag,a3) = (1/v2,1/v/2,0) , (4.4)

Orbit TIT = (ay, a9, a3) = (1/v3,1/V3,1/V3) .
0.003 % P3

0.002- eI

0.001
TXx :

(a) (b) () (d)

Figure 13: The three different post-bifurcation equilibrium orbits — (a) Mode I, (b) Mode II, (c) Mode III — associated with the

triple bifurcation point corresponding to equibiaxial compression with a loading path angle 6 = 7 /4 for a circular cell hexagonal
honeycomb with constitutively linear cell walls. These modes have been reconstructed by periodicity from the colored deformed
unit cells. (d) Corresponding load-strain curves. The principal path is plotted in black and the bifurcated orbits in yellow,
red and blue. Solid line segments indicate stability with respect to the Bloch-wave criteria Bmin (X, k) > 0 (see (2.16)), while

dashed line segments indicate instability. This figure is activatable on click to let the reader rotate it with its mouse.

These paths are shown in Figure 13: the Orbit I path (plotted in yellow), whose typical configuration
is depicted in Figure 13(a), has a symmetry subgroup with generators {C2, TG, +G,;1G,—G,}, the Orbit 1T
path (plotted in red), whose typical configuration is depicted in Figure 13(b), has a symmetry subgroup
with generators {Cy, 071} and the Orbit III path (plotted in blue), whose typical configuration is depicted
in Figure 13(c), has a symmetry subgroup with generator {Cs}. Notice that the paths corresponding to the
last two orbits have no translational symmetry.

The load-strain curves of the principal path and the three bifurcated orbits calculated up to first contact
between cell walls, are plotted in Figure 13(d). In order to properly distinguish Orbit I, Orbit IT and Orbit III
paths, the load-strain curves are plotted in a three-dimensional space where the two horizontal axes are the
strains 1 — U1 and 1 — Uy and the vertical axis is A. Notice that Orbit I and Orbit II paths involve different
macroscopic strains 1 —Uy; # 1 —Usg while Orbit I1I paths have equal macroscopic strains 1 —Uy; = 1—Usg,
as seen from their projections in the graph of Figure 13(d).

Bloch-wave analysis is applied to each one of the three bifurcated paths in Figure 13 using the unit cell
of Figure 12(a) and finds them to be all unstable, reaching a maximum load and subsequently evolving
under a monotonically decreasing load. Orbit I path reaches a maximum load (turning) point at point
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(1 = Uni,1 — Usa, A) = (0.027, 0.070, 2.64 103).
(1 — Uy1,1 — Uaz, A) = (0.058, 0.037, 2.635 10~3). Similarly, Orbit III reaches a maximum load (turning)
point at (1 — Uyr, 1 — Usg, A) = (0.048, 0.048, 2.635 10-2).

Orbit IT reaches a maximum load (turning) point at

The orbit with the lowest energy is Orbit III which reaches a maximum load shortly after the onset of
bifurcation and is unstable only for very large wavelengths (see further, Combescure et al. (2016)), explaining

its appearance in the finite specimen experiments of Papka and Kyriakides (1999a).

4.8. Square Honeycomb

4.8.1. Principal Paths and Onset-of-Instability Based on the Primitive Cell

The onset-of-instability curves computed for the loading defined in (2.1), plotted in macroscopic stress
space for the circular cell square honeycomb are shown in Figure 14(a) for the case of loading aligned with
the axes of orthotropy ¢ = 0 and in Figure 14(b) for the case of loading at ¢ = 7/15 with respect to the
orthotropy axes. Onset-of-instability curves are plotted in solid lines, curves indicating the onset of cell
contact are plotted in lines with cross markers.

I, /E
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I, /E
—0.0006 —0.0004 —0.0002 0

| | 1 0 | | 1
= contact = contact

—0.0002 —0.0002
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e E e E
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()

Figure 14: Onset-of-instability (bifurcation) for circular cell square honeycombs, with linearly elastic cell walls under biaxial in-

plane loading (a) aligned with the axes of orthotropy (¢ = 0) and (b) rotated with respect to the axes of orthotropy (¢ = w/15).

First bifurcation along any loading path always corresponds to global modes (long wavelength modes k; — 0).

The results shown here correspond to linear elastic cell walls, since the constitutive law is found to play
an insignificant role in the stability results (calculations not shown here). Only a small range of path angles
near the equibiaxial loading (6 = 7/4) lead to an instability prior to contact between cell walls. Moreover,
all instabilities occur at an infinitely long wavelength (k; — 0). These results are consistent with Ohno et al.
(2004); Haghpanah et al. (2014) but puzzling, since the continuum case of biaxially compressed periodic,
porous elastomers with the same symmetry shows local bifurcation modes (Michel et al., 2007; Bertoldi

et al., 2008).
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Some explanation for these results could be found in the work by Overvelde et al. (2012); Overvelde
and Bertoldi (2014) that shows the important role played by the shape of the pore in porous elastomers on
the length scale of bifurcations. In particular, a change in the pore geometry may result in a switch from
microscopic to macroscopic buckling. Moreover, recent work by He et al. (2018) underlines the influence of
the stiffness of the joints in square grid lattices. The difference between our present results and those for
porous elastomers may be explained by the fact that a structural shell model is used for the cell walls and
that this model reaches its limits of validity when cell walls become thick. Further, the shell model may
provide an inadequate representation of the joint behavior. Such issues with the structural shell model have
already been reported in Combescure et al. (2016) where it was noticed that a shell model under dead load
control leads to zero energy modes that artificially create a triple bifurcation point when a two-dimensional

plane strain model of the same problem finds separate simple and double bifurcation points.

5. Conclusions

Of interest in this work are the deformation patterns and their stability of finitely strained circular cell
honeycombs. We consider two different geometric arrangements, hexagonal and square, biaxial compression
along loading paths either aligned or at an angle with respect to the axes of orthotropy, and different
constitutive laws for the cell walls which can undergo arbitrarily large rotations. Given the high degree of
symmetry of these infinite structures, the introduction of numerical imperfections is inadequate for the study
of their behavior past the onset of first bifurcation. Consequently group theory considerations are further
developed to efficiently calculate all the different post-bifurcated equilibrium orbits and their stability.

Using Bloch wave analysis, it is found that the hexagonal honeycombs of infinite extent have a first
bifurcation corresponding to a local mode (involving a finite number of primitive cells). By redefining the
problem on an appropriate supercell and finding its corresponding symmetry group, we calculate the post-
bifurcated orbits and their stability. Depending on load path orientation, the first bifurcation encountered
along a loading path can be simple, double or even triple. Cell wall constitutive response is found to strongly
influence the onset of double bifurcations but leaves the simple ones, as well as the triple, unchanged.
Rotation of the principal stress axes with respect to the axes of orthotropy results in simple bifurcations
insensitive to the constitutive response, save for a triple bifurcation at equibiaxial compression which is
independent of the principal axes rotation.

In following the different bifurcated orbits, we found that they all show a maximum load shortly after
their emergence from the principal path. Moreover, Bloch wave analysis shows that they are always unstable,
indicating the impossibility of their observation in large enough laboratory specimens. However some orbits
stabilize for wavenumbers larger than a small critical value (corresponding to large but finite wavelengths),

thus explaining their observation in laboratory experiments. Bloch wave analysis for circular cell square
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honeycombs gives the first bifurcation along any loading path corresponding to a global mode (k — 0).
Consequently there is no point in following bifurcated equilibrium paths since they depend on specimen size
and boundary conditions. Further study of the circular cell square honeycombs using a two-dimensional
plane strain formulation (as opposed to the current shell element formulation) is necessary to elucidate the
change in behavior of continuum porous elastomers as the volume fraction goes to zero.

The group-theoretic approach developed and described in Section 2.3 to investigate the deformation
patterns and their stability in finitely strained periodic honeycombs is a consistent and general methodology
that finds the bifurcating equilibrium paths in these high-symmetry structures. The circular cell honeycomb
application studied here investigates a large range of (compressive) loading paths and explains the observa-
tion of deformation patterns observed experimentally. It can be used to study nonlinear periodic composites

with arbitrary microstructures, a class of engineering materials with an ever-growing range of applications.
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