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Characterizations of global transversal exponential
stability (long version)

Vincent Andrieu, Bayu Jayawardhana, Laurent Praly

Abstract—We study the relationship between the global expo-
nential stability of an invariant manifold and the existence of
a positive semi-definite Riemannian metric which is contracted
by the flow. In particular, we investigate how the following
properties are related to each other (in the global case): i). A
manifold is globally “transversally” exponentially stable; ii). The
corresponding variational system (c.f. (/) in Section II) admits the
same property; iii). There exists a degenerate Riemannian metric
which is contracted by the flow and can be used to construct a
Lyapunov function. We show that the transverse contraction rate
being larger than the expansion of the shadow on the manifold
is a sufficient condition for the existence of such a Lyapunov
function.

An illustration of these tools is given in the context of global
full-order observer design.

Keywords: Contraction, transversal exponential stability, ex-
ponentially attractive invariant manifold

I. INTRODUCTION

The use of Lyapunov functions has been instrumental in
the (asymptotic) stability analysis of solutions or invariant
sets of autonomous dynamical systems. It can be traced back
to Lyapunov himself who has introduced this concept in his
dissertation in 1892 (see [19] for an English translation).
The seminal use of a Lyapunov function is for analyzing the
asymptotic behavior of systems’ trajectories and for studying
the influence of systems’ perturbations to the asymptotic
stability property. In the past century, the applicability of
Lyapunov stability theorems and functions has been extended
beyond the field of dynamical systems and become one of the
cornerstone tools in systems & control theory. It has become
a very efficient tool for synthesizing stabilizing control laws,
regulators and observers (see for example [13l], [29], [L5],
1250).

On the one hand, the study of converse Lyapunov theorems
has received a considerable attention from the nonlinear con-
trol community (see, for example, [18], [24], [21], [20], [22],
[L6] for early results). Recent works on the various variations
of converse Lyapunov theorems are, among many others, [30],
[14].

On the other hand, instead of constructing Lyapunov func-
tions (which can be non-trivial), it is also a common approach
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to use a first-order approximation for analyzing local stability
of equilibrium points of nonlinear systems. Indeed, lineariza-
tion has allowed one to apply directly tools for linear systems
and it provides a simple way to construct local Lyapunov
functions for the original nonlinear systems. Surprisingly this
local approach can sometime also be employed to obtain the
global properties and to construct global Lyapunov functions.
Recent examples of the latter are the papers [8] or [1] that
deal with contraction analysis and the paper [9] which deals
with differential passivity property.

In this paper, we study the property of global exponential
stability of an invariant manifold {(z,z) € R"=""= : z = 0},
along some vector fields that can be decomposed as

{j z F(z,x)

G(z,x) , S
where z is in R™=, z is in R"* and the functions F
R" x R®% — R" and G : R® x R — R" are C2.
In this systems’ description, the z part of the state variables
can refer to key state variables in various control problems.
For instance, it can refer to the regulated output variables, or
to the difference between two trajectories in an incrementally
stable system, or to the error between the state and an estimate
provided by an asymptotic observer.

Similar to the results in [2l], we investigate how the global
exponential stability property along solutions of some vari-
ational system is equivalent to the stability property of the
invariant manifold on the system itself and how a Lyapunov
function can be obtained from this stability property. In
contrast to the local results as we have presented in [2l], we
investigate in this paper global properties.

In order to obtain this global characterization, we need to
attach to each point (z,z) a bilinear map which defines a
degenerate Riemannian metric. The first characterization is
that the Lie derivative of this field of bilinear maps along
the vector field has to be non positive. As will be shown, this
characterization is valid as long as the expansion rate on the
manifold is smaller than the attraction rate to the manifold.
We note that this type of property has already been given in
the literature. For instance this type of assumption implies the
existence of an asymptotic phase (L)

It is also the case in the literature related to the normal
hyperbolic invariant manifold (see the work of Fenichel [5]]
or the books [12] and [31])). In our context, the manifold is
a particular case of a normal hyperbolic invariant manifold.

Ut is the property that for each state trajectory there exists another trajectory
inside an attractive and positively invariant manifold to which the state
trajectory is converging to (also named shadow trajectory).



This has also been studied in [4] for the particular case of
a compact invariant manifold. In their context, the global
transverse exponential stability property can be rephrased in
term of Normally Hyperbolic Invariant Manifold (NHIMﬂ
Note however that as opposed to these works on NHIM, we
are not interested in the persistency or regularity properties. In
this paper, we are interested to study equivalent conditions to
the NHIM property and also a novel Lyapunov characterization
for this property.

Notation : All along the paper, |-| is the Euclidean norm of
vectors or matrices. For defining the dimension of the off-the-
manifold, on-the-manifold and the complete system, we use
three integers n,, n, and n, such that n,, = n, + n,. We
denote by B, (a) the open ball of radius a centered at the origin
in R™=. The symbols I, I, and I, denote the identity matrices
respectively in R"=, R™* and R™~. The first derivative of a
function ¢ is denoted by ¢'. Given a function S : R™ — R"*"
the values of which are bilinear maps, its Lie derivative along
a vector field ¢ : R™ — R" is defined as

d i 9
Lo8(w) =0,5() + (g(0)) S0) + ST ()
where 0,5 is the element wise upper right Dini derivative
along the flow W of the vector field ¢ defined in the following
sense
v 0,S(w)v = limsupv' SW(w,h)) = S(w) v (2)
AN h

for all v in R™»,

II. TRANSVERSALLY EXPONENTIALLY STABLE MANIFOLD

The system (T) may compactly be rewritten as
W= p(w) , 3)

where w = (z,z) is in R™ and n,, = n, + n.. We denote
by W(wo,t) = (Z(wo,t), X (wo,t)) the (unique) solution of
() which goes through wy = (29, x¢) in R™ at time ¢ = 0.
We assume throughout the paper the following assumptions.

Assumption 1: For all wy in R™ solutions W (woq,t) are
defined for all positive times, i.e. the system (3) is forward
complete.

Assumption 2: The manifold Z = {w = (z,2) : z =
0} € R™ is invariant along the flow generated by which
is equivalent to

F(0,z)=0 VzeR"™ . 4)

In our previous work [2], we have shown that the transverse
uniform local exponential stability of the manifold Z can be
fully characterized based on the stability property of the lin-
earized dynamics of the z-subsystem. In this paper, following
the approach taken in [1] we study a global version of this
property, namely the global transverse exponential stability.

2A normally hyperbolic invariant manifold (NHIM) is a natural general-
ization of a hyperbolic fixed point. Roughly speaking, an invariant manifold
is normally hyperbolic if, under the dynamics linearized about the manifold,
the (positive or negative) growth rate of vectors transverse to the manifold
dominates the growth rate of vectors tangent to the manifold. We refer to [31]]
for an exposition on this notion.

(Glob.)-TES (Global transverse exponential stability)
There exist a non decreasing continuous functions k :
Ry — Ry \ {0} and a positive real number \ such that
the inequality

|Z(wo, )| < k(|z0]) exp(—=At) |20l (5)
holds for all wy = (20, 0) in R™ and t in R;.

In other words, the manifold Z is globally exponentially
stable for the system (I), uniformly in .

Example 1: As a prototypical example in this paper, let us
consider the following planar system defined on R? which
satisfies Assumptions [T] and 2}

i=¢(x)z, x=vx, ¢(x) = —-A+zxsin(z), (6)

where A > 0 and v € R. It can be checked, that its solutions
are given by

_ cos(xzg)—cos(e¥tzq)
W ((z0,0),t) = (e At v zo,e”tm) vVt e R.

This implies that Property (Glob.)-TES holds since we have
for all (zg,z0) in R?

2 _
1Z((z0,0), )| Sexp( ) 2] |

v
A

In this paper, we show that the global transverse exponential
stability can be characterized by the following two (almost)
equivalent properties. Let us consider the following variational
system obtained from (3) :

;_8@ ~ .
w = a—w(w)w , = p(w) . (7)

TES-VS (Transverse exponential stability of the variational
system (7)) _
There exist a non decreasing function k : R, — R, \{0}
and a non increasing function X : Ry — R\ {0} such
that

| Z(@0, w0, )] < F(lz0l) exp (=A(J20]) [o] . (®)

for all (Wy,wp) in R* where Z({Eo,wo,t) is the z
component of the state W = (Z,%) of the variational
system ([7).
Namely the manifold Z := {(Z,%,z,z) zZ = 0} is
exponentially stable for the system uniformly in z. Note
however that the bound depends on Zy via wg (and not only
on zp).

Property TES-VS is a property on the variational system
(7). Tt establishes that the Z component converge exponentially
toward zero uniformly with respect to x and it is independent
of the dynamical behavior of z.

(Glob.)-LMTE  (Global Lyapunov matrix transversal equa-
tion)
There exist a non increasing continuous functions A :
Ry — Ry, a function s : R™ — Ry \ {0}, a non



decreasing continuous function 5 : Ry — Ry and a
locally Lipschitz function S : R™ — R™w*"w gych that

sw) [ o] <s@ sl ©

and its Lie derivative along ¢ (see notations) exists and
satisfies
LoS(w) < =As([2])S(w)

Jor all w = (z,z) in R™,

Property (Glob.)-LMTE establishes the existence of a de-
generate metric which is contracted by the flow. If, for all w in
R™w, S were positive definite and bounded then (I0) implies
that the flow generated by the system is contracting in the
sense that the Riemannian distance associated to the metric
S between any two trajectories decreases along the solutions.
We note here that S may not be full rank everywhere and
R™» endowed with this metric is not a Riemannian manifold.
However, as will be shown later in Section we can define
a degenerate Riemannian metric which allows us to define
a Lyapunov function characterizing the fact that the solution
converges to the manifold Z.

Example 1 (cont’d): When we consider the variational system
obtained from @ to the tangent bundle, we have

&= [‘b(@”t%) ¢ (e"tw0) Z (wo, t) -
0 v

(10)

This implies that

Z(,{E(b w07 t)
= efot ¢(eusm0)dszo

t
+/ el ¢(euh$°)dh¢/(el’sxo)2(wo,8)6V850d8 )
0

t
— efo d(e”xg)ds |:EO +/ ¢/(€VS$Q)BVSZQ.%QdS:| )
0

Hence if ¢ # 0,

Z(wo,’wo,t) =

oI (e mo)ds FO L Ole"z0) = d(xo) 2050] .
14

To
Using the previously defined ¢, it follows that

~ cos(zg) —cos(e’tzq) Ny
Z(wo,wp,t) =e v [e M

e=Ntgin(e’tzy) — e

t o
sin(x) Zofo}

v
Two cases may be distinguished as follows.

o« If \ > v then Z (Wo, wo,t) converges exponentially
toward zero for all zg,x, Tg, 29 and property TES-VS
holds. _

« if A < v then it can be checked that Z(wy, wo, t) doesn’t
converge to zero. This is the case if A = v. Moreover,
when A < v it may be unbounded. For instance, when we
take zo = 1, x9 = 1, o = 1. Hence Property TES-VS
doesn’t hold.

The purpose of this paper is to show that what has been

obtained in Example 1 is general. Indeed, it will be shown that

these three properties are (almost) equivalent when the expan-
sion rate in the Z manifold is smaller than the convergence
rate to the Z manifold (A > v in the illustrative example).
This together with some mild conditions on the bounds on the
derivatives of the vector field ¢, we establish that Property
(Glob.)-TES implies TES-VS in Section Section [V] is
devoted to show that (Glob.)-TES and TES-VS imply (Glob.)-
LMTE . Finally, Section contains the proof that property
(Glob.)-LMTE implies the existence of Lyapunov function
which characterizes the stability property (Glob.)-TES .

The following section discusses the relationship with exist-
ing results available in the literature.

III. LINK WITH EXISTING STUDIES

A. Case in which there is no x dynamics

In the particular case in which there are no z-dynamics the
system (T) becomes simply
2=F(z), F(0)=0, zeR" . (11)
In that case, the three properties introduced are drastically
simplified and become :

e (Glob.)-TES becomes the local exponential stability and
the global asymptotic stability of the origin.

o TES-VS becomes the fact that the z components of the
solutions to following system

. OF

z—g(z)g, 2=F(z),

converge (exponentially) toward zero.
¢ (Glob.)-LMTE boils down to the existence of (non uni-
formly) contracting Riemannian metric.

It has been shown in [1] that in this particular case these 3
properties are equivalent. The results presented in this paper
are direct extension of this work to the case in which the
attractor is not an equilibrium but a (simple) linear manifold.

In this particular case, this equivalence property can also be
obtained following the route of [7] on normal hyperbolicity.
Indeed, assuming completeness of the trajectories in backward
time, and employing [17], it is possible to show that a
dynamical system admitting a locally exponentially stable and
globally asymptotically stable equilibrium can be transformed
via a global diffeomorphism into a linear system. With this,
so in the case of no x-dynamics and backward completeness,
equivalence of the three properties follows simply by applying
Lyapunov methods for linear systems.

Actually global linearization by diffeomorphism is proved
in [4] also for the case when there are z-dynamics or more
precisely when the attractor is not a point but a compact
manifold, but still requiring backward completeness. Unfor-
tunately we do not know if it is possible or not to obtain
this linearization result without compactness and (backward)
completeness. These two assumptions are not made here and
we follow a different route to establish the equivalence of the
three properties (Glob.)-TES , TES-VS and (Glob.)-LMTE .



B. Relationship with the local properties in [2]]

As briefly discussed before, we have presented local ver-
sions of the three properties given above in our previous work
in [2].

For instance, instead of the global transverse exponential
stability (i.e. Property (Glob.)-TES ), we have considered the
following property.

(Local) Transverse exponential stability There exist posi-
tive real numbers r > 0, kg > 0 and \ > 0 such that
we have, for all wy = (2o, o) in B,(r) x R™ and for
all t in Ry,

| Z (wo, t)| < ko exp(—At)|zo] - (12)

Using some technical assumptions (related to the bounds on
derivatives of the vector field ¢), we have shown in [2] that
this property is equivalent to the following two properties.

ES-TLS (Exponential stability for the locally transversally
linearized system) _ ~
There exist real numbers k > 0 and \ > 0 such that, for
the linear part of the variational system
. OF ~
z= E(O’@Z ,
any solution (Z(Zo, xo,t), Xo(xo,t)) satisfies, for all
(Zo, 0, t) in R x R x R,

& = Go(z) := G(0,2) , (13)

| Z(Z0, 0, t)| < kexp(—At)|Zo] - (14)
(Loc.)-LMTE (Local Lyapunov matrix transversal equation)
For all positive definite matrix Q, there exist a continuous
function Py : R"= — R"=*"= and positive real numbers
Py > 0 and py > 0 such that Py has a derivative g, P
along the vector field Gy in (13) and we have, for all x
in R"=,
oF OF

v, {Pi(z)} + Pg(x)a(o,x) + %(0,%)TPg(m) < —Q15)

py I < Pu(x) <P T . (16)

It is possible to show that each of these three properties
are local version of the properties introduced in the previous
section. In particular, the property ES-TLS (i.e. the exponential
stability of the z component of system ) is induced by
TES-VS (i.e. the exponential stability of the z component
of system (7). Indeed, consider solutions to system (7) with
initial condition (wg,wy) with wy in Z and 7y = 0. Since
F(0,z) = 0 for all z, it implies that 2£(0,2) = 0 and
consequently, solutions of (7)) initiated from (wg, wy) with wq
in Z are solutions of (I3). Consequently, for such solution
with Zo = 0, yields

Z(wo, Wo, 1) < k(0) exp(—At)|Zo]

and consequently holds with kg = k(0), i.e. ES-TLS
holds.

As shown in [2], (Loc.)-LMTE is a characterization of
the transverse local exponential stability. Indeed, given P
solution to (I3) it is shown in in [2] that the function
(z,2) = 2z Py(z)z is a local Lyapunov function. Moreover,

it is possible to establish a direct link between Py, solution
of and the .S solution of the global equation (I0).

Proposition 1: Assume there exists a positive real number
p such that Property (Glob.)-LMTE holds with S decomposed

as
P(zz)  Q(z7)
Q(z.z)"  R(z )

and with p < 5(0,z) then P(x), the Schur complement of
S(0, ), ie.

Py(x) = P(0,2) — Q(0,2)R(0, 2)YQ(0, )",

S(z,z) = (17)

where R(x)9 in R™=*"= is any symmetric generalized inverse
matrix?’] defines a function P, : R" — R"*": which
satisfies for some positive real numbers p, and py.
Moreover, P has a derivative 0g, P, along Gg which satisfies
(13).

In other words, putting aside the continuity requirement on
the matrix function P, (Glob.)-LMTE implies (Loc.)-LMTE
as introduced in [2]. Note that in the particular case in which
Q(0,z) = 0 for all = then P;(x) = P(0,z) and consequently
Py has the same regularity as S. As pointed out later in Remark
[2] this is typically the property which is obtained in the proof
of Proposition [3| which establishes property (Glob.)-LMTE
assuming (Glob.)-TES and the transverse exponential stability
of the lifted system (i.e., TES-VS ).

Proof : First of all, for any = in R™=, the matrix S(0,z) being

positive semi-definite ( for any generalized inverse R?(0, x)) it
can be shown that

Pi(z) >0, (I. —R(0,2)R(0,2)9)Q(0,z) " =0.  (18)

Indeed, the second equation may be obtained as follows. First
of all S(0,z) being positive semi-definite, for each = in R™=»
such that RZ = 0, we have Q(0,z)'% = 0. Otherwise,
picking Z = —XQ(0,z)'% and letting A\ go to zero is such
that [27
Z2 such that Q(I, —RYR)Z2> # 0. Note that from the previous
statement, this implies that R(I, —RYR)Z2 # 0. However, since
RRYR = R, this is impossible. Consequently (I8) holds true.

Now, it can be shown that P, is uniquely defined (but it may
be non continuous). Indeed, let R and RJ be two generalized
inverse of R. Then, employing (T8), this yields,

QRIQ" = QRIRRIQ"
= QRIQ"

Hence, P, is uniquely defined.

Hence, we have that

Pg (:E) =

'] 5(0,2) % < 0. Assume now that there exists

Iz
[1- —Q(0,2)R9(0,2)] 5(0, z) [_RQ(OJ)Q(O@)T] , (19

which implies that
7 7] 5(0,2) [g]
= P@E+ [ +2 QR R[5+ RQTE], 0
and
7 P(2)z =

2N

inf

it {[zT 77 5(0,x) [a }

3Given a square matrix R, a generalized inverse is any matrix which
satisfies RIRRY = RY and RRYR = R.



hold for all Z. By letting

¥ =—R(@)°Q(2)7, (22)

it follows from and (9) that

p <s(0,z)1, < Py(x) .

In particular, when z = 0, P;(z) < P(0,z) < 5(0)
. hoIdS with p, = p and p; = 5(0).

Take any z in R™=. We have by definition

I1.. Hence,

2796, Po(2)Z = limsup ZP(Xo(w, h))Z = ZP(@)2
h\O h

But by letting  as in (22), equation implies that

ZP(2)z = [Z7 (23)

T z
'] 5(0,) {5} ,
whereas (21) gives

ZPy(Xo(x,h)z < [27

7] 5(0, Xo(z, h)) H :
Together with (T0), it follows then that

06, Pi(z)Z

< [ET iT] lim sup 5(0, Xo(=

A0 h

1) -505) [ g

Here we note that (4) implies that Z((0,z),h) = 0forany h > 0

and therefore (0, Xo(x,h)) = W((0,x), h). Thus the inequality
(24) becomes
ETDGOPg(x)E
< [ET 5T] lim sup S(W((0,z),h)) — 5(0, ) [i]
[N h x

<[FT 77]0,500,2) [;]
On the other hand, equations and (4) imply that

~T ~T or 07$) or 0
= s |l sl

It follows from this equality together with and that

7" (sooPulo) + P GE0,2) + GE00) Pute) ) 2

IN

E

77 LoS(0,z) E]

IN

(0 [FT FT] 5(0,2) [g]

< —X:(0)2" Py(x)Z

This shows that holds.

IV. (GLOB.)-TES “=”TES-VS
A. Statement of the result

In [2, Proposition 1], it was shown that the exponential
stability of the locally transversally linearized system (Prop.
ES-TLS) was implied by the local transverse exponential
stability (i.e. equation (12))). In this section our aim is to show
that this implication may also be true for the global version
of these two properties.

In the spirit of Lyapunov first method, we have the following
result

Proposition 2: If Property (Glob.)-TES holds and there
exists a non decreasing function p : Ry — R and a positive
real number v such that, for all w = (z,z) in R™»,

0 0?
)| <uleh . [ghw|<uth e
and 9
‘8(Om)<u<)\ (26)

hold then Property TES-VS holds.

The proof of this proposition is given in the next subsection.
Let us first emphasize that the property ([26) expresses a
relationship between the expansion of the x component on
the manifold {(z,2) € R",z = 0} and the asymptotic
convergence to zero of the z component. This is exactly the
property which has been discussed in the illustrative Example
1. Indeed, X\ is the convergence rate of the z component
whereas v expresses an estimation of the expansion rate on
the manifold. More precisely, given (0, o) an initial condition
on the manifold, it follows that

L IX((0,20),1)] < v X((0,0), 8] + G0, 0)

which establishes that
1 —exp(—vt
12

GO

[X((0,0), )| < exp(vi)[|lzo| + )IG((LO)H ;

< exp() o] +

This assumption implies that the manifold {(z,2) €
R™ z = 0} is normal hyperbolic (see also [5]]).

Note that this restriction on the expansion in the manifold is
trivially removed in the particular case in which %—I; (z,2) =0.
Indeed, in this case, if Property(Glob.)-TES holds then
Property TES-VS holds. This is trivially the case in the
linear context since for linear systems Property (Glob.)-TES
implies that ' doesn’t depend on z.

B. Proof of Proposition

The proof is decomposed in two steps. In the first step, we
show that the fundamental matrix of the Z component of a
solution to the system

L OF

=5 (w)zZ ,w = p(w) (27)

converges exponentially to zero. In the second step, we show
the result by expressing solutions to system (7)) employing the
former fundamental matrix.



Proof : First step: The fundamental matrix of the au-
tonomous system is exponentially decreasing.

We define the fundamental matrix of the z component of
a solution to the system as the R™=*"= matrix function
solution to

o0Px . oF ~
ot (w,t) = E(W(w’t)) Oz (w, 1),
Pz(w,0) =1, .

‘(bg(207 Zo, t)z0|
sup ——=———
|Z0|=F o]
positive real number. Since ®z(zo, zo,t)zo is the z-component
of a solution initiated from (Zo, wo) = (Zo, 20, o) Of the partially
linear system (27), the idea is to approximate it with the 2-
component of Z((Zo, o), t) of the nonlinear system (T). For this
approximation to be appropriate, i.e. for the linearization to be
close to the nonlinear function, Zy, i.e. 7, should be small. Also
such an approximation may not be good for all positive times
t. To overcome this problem, after some time s, we reinitialize
the solution of the non linear system at the current value of the
linear one. Specifically, we approximate, ®3(zo, zo, t + is)zo, ON
the time interval [0, s), by Z(Z;, z;,t) where

Ei = CI)g(ZQ,xQ,iE)zo
(zi,x:) = (Z(20,%0,185), X(20,0,15))

We want to evaluate where 7 > 0 is any

(28)

The expressions here make sense for any integer i because of
the forward completeness assumption.

To study the relation between these solutions, we start with
some estimations. Given arbitrary z in R"#, (z,, z,) in R™ and
(zp, ) INR™ and let y = 2z, — z, we have

oOF . OF
F(va Cl?b) - @(za,l‘a)z = %(‘ah mu)[Zb _2] +A(Zu,l‘a7 Zb, xb)
where
A(Zay Ta, 26, Tv) = F (2, 2) — a—F(za,xa)zb

0z
= [F(zb,x5) — F(zb,%a)]

+ {F(zb,xa) - %—Z(O, xa)zb}

{ oF oF
+

E(Oaxa) - 5(%»%)} 2

Since F(0,z) = 0 and with the Hadamard’s lemma (see [23,
Page 17]), and (25), we obtain the existence of a non
decreasing function ¢ : Ry — R, (depending on the function
ffuch that, for all (24, 4 ) in R™ and (2, z,) in R,

|A(Za,.fﬂa72:b,$b)|
< c(|zal + |28) 126 + |26l|2a] + [20]|Ta — 28] -
This together with implies that
oF -
F(zp,@p) — E(za,xa)z < c(lzal + |2b])
x [z — 2| + |25)* + |20]|2a] + |20]|7a — 26]] ,  (29)

holds for all (z4,z,) in R™ and (z,xp) in R™. Similarly we
obtain also that

|G(za, 2a) — G(2b, )|
<|G(za,mp) — G(zb,wp)| + |G(2as%a) — G(za, Tv)] ,
< c(lza| + |2])|2za — 2| + c(|2a)|Ta — 28]
< c(lzal + |25]) [|2a] + [26] + [za — 28],

(30)

“In the following the notation c is used generically without distinction.

holds for all (z4,z4) in R™* and (2, xp) in R™*. In the following
we will substitute (zq,z.) by (Z(Z:, zs, s), X (Z:, x5, 8)) and sim-
ilarly (Z(zi,xi, s), X (z:, i, s)) will replace (zs, ). Note at this
point that, because of (B), if Z; is in B.(|z0|), then Z(zi, zi, s)
is in B.(k(|z0])|20]) for all positive times s. In this case, as
implies that

Z(zi,xi, 8) = Z(z0, %0, S + 15)

we have that
c(|Z(zi,zi, 8)| + | Z(2i, i, 8)|) < e(2k(]20])|20]) := €(|20])

holds for all s, s and i. Now, for each integer i, we define the
following functions on [0, s]

Yi(s) = |Z(G, i, ®3(20, 0, s +i5)Z0| ,
Di(s) = |X(z,, X (20,70, 8 +18)] ,
= |X(gi7xi75)_X(zi7xi73)| .
Note that we have Y;(0) = D;(0) = 0. By integration of the
differential inequality obtained from (30), and using (B), we get,

for each integer ¢ such that z; is in B.(|z0|) and for all s in [0, 5],
that

Di(s) Sé(\zo\)/ (0l (s-0)

0

s) —
s) —

XZ;Z'IJZ'O' —|—ZZ7,.’137,O' do .
[| ) ) ’ b

gé(w)/ (&llz0l) (s=0)
0

x [1(ZiD) exp(—20) 5] + k(l20]) exp(~A(is + 7))o do

(2lzoD)s 1 — exp(=(&(Jzol) + A)s)

< &(|20) (lz0]) + A

k(]20|)

x [|E¢| + exp(—/\i5)|z0|] .
Similarly, using (29),

Yi(s) < e<|zo|>/05 exp(&(|z0) (s — 0))
X (\Z(Ei,mi,aﬂz +|Z(Zi, @i, 0)||Z(2i, x4, 0)]

+ 12z wi,0)|Di(0) ) do
< (s, |20l) [1Z5]* + exp(=Xis)|z0] %]
holds for all s in [0, s] where

(s, 20) = &(]z0])k(|70])? / (Pl (=) =237
0

—(¢ +MNo
(@00 L — e~ ElZDTY ) .

(1 eme &) T3

Hence it follows then that together with (5) and the definition
of Y;(s), we have obtained that, for all ¢, if we have z; in B.(]z0])
forall £in {0,...,4}, then, we have also, for all s in [0, s],

|Z(Zi, i, 8)| + [Yi(s)|
k(‘20|)6_)\slgi‘ + (31)
705, aol) 13 + ezl 5]

On the other hand, implies

|®x(20, z0,8 +i5)Z0| <

IN

d . . ~
S < @l El

Therefore, for all ¢ and with no restriction on z, for £in {0, ...},
we have for all s in [0, s]

|®5(20, xo, s + i5) 20| < e“170D%|z;| < fllzollstisl iz (3



Let us take s large enough such that

o > g3kl

Then by letting A; = X — 2&3~(z0D) '\we have that
—A1s
3
Subsequently, we take a positive integer jo large enough so that

e

k(lzo])e ™" <

. — 18
(s, |z0])e 0% z0] <

Finally we pick 7 small enough such that

. . —A18 1
eC(Izo\)JQS;S 20| and (s, |z0]) < €

3 reclzoDdos

hold where s, 7 and jo depend on |zo|. In this case, it follows
from (32) with s = 0 that

|z

%] < [ea“mww] Bl v < jo.
T
Similarly, it follows from that
|Zix1] = |Pz(z0,x0, [t + 1]5)Z0] (33)
—A1s |~| L
e Zi ~Xi=jols | |3
= 3 |:1 * reé(lzol)jos Te %] (34

holds for all i > jo for which we have %, in B.(|z]|) for all £ in
{0,...,4}. Finally, using (32), we can deduce that

é(lz0l)s

‘©5(207$0,8+i5)50| < e |g7,| (35)

In the case where |zp| is smaller than 7, we have obtained
successively that

1. Zyis smaller than |zo| for each ¢ smaller than jo,
2 |gj0‘ < ?eé(lzo\)jos < |Zo|,
3. Zjo41] < e |Z | < FellZoDI0% <z,
which, by induction, we get
7] < FefloDios <y i

Hence (35) implies that

|®3 (20, To, t)Z0| < e“F0PVOF 1z i e [0, jos] .
Also and imply that
|®= (20, zo, £)Z0| < elfUzODFAMIs =Xtz > g

Consequently, we obtain that
|®3(20, 20, t)| < ka(|20])e ™" (36)

with '];a(|20|) — elelzoD+M]Go+D)s

Second step: Showing the upper bound. Let wo = (Zo, Zo) be
in R"» . Note that for all ¢ > 0, we have

Z(ﬁo, wo, t) = (I’g(w(), t)z()
¢ oF S~
+/ Dz (wo, t — s)a—(W(wo, $))X (wo, wo, s)ds . (37)
0 xXr
Using Hadamard’s lemma (see [23| Page 17]) and using equa-

tions (@) and (25), there exists a non decreasing continuous
function ¢ : Ry — Ry such that |25 (z,2)| < c(|z])|z| for all

(z,z). Since_Z(z0, o, t) is in B.(k(|z0])|20) together with (B),
we have thaﬂ forall s > 0,

or
ox

Using (36), it follows also that

<W<wo,s>>\ < c(|zol)e ]z -

| Z a0, wo, t)] < Fallz0]) exp (~1at) [l

t ~
Felfzablzal [ exp(<halt =) = 2s) | E(@o,w0,9) ds 3
0

holds for all ¢t > 0 and all wg in R™. On the other hand, we have
for all (z,z) in R™ with

oG oG oG oG
‘673:(2’23) < %(z,m)—a—x(o,w) + E(wa)
<c(lzDlz] +v.

This inequality in combination with (5) for all s > 0 and all @y in
R™w

~ 1 _67)\5
| X (@0, w0, )] < exp (e(]20) —5—

/OS exp (c(|zo|)e%%w +u(s— 4))

% ¢(|z0) )Z(wo,go,e)‘ .

+VS) |Zo| +

By rearranging this inequality (and changing again the ¢ func-
tion), we obtain

X (@0, wo, 5)| < cl|z0]) exp (v5)
X {|§0|+/ ‘Z(@o,%o,é)‘dé} .
0

Hence inequality (38) becomes (changing one more time the ¢
function)

c(lz0])lzo] [N 4+ e7M1¢]

t
x {|§0|+/
0

By assumption we have that v < X and by setting u(t) =

exp(Aat) Z(Wo, wo, t), where Ao = min{\;,v — A}, it implies

|20, wo, )| < Fa(l20])e ™ 2ol +

Z(i@o, Fo, e)] dé}

u(t) <a+ /Ot B)u()de
with

a = Fa(|20]) 0] + 2¢(|20])|20]|Fol ,
B(€) = 2¢(|20])] 20| exp(—A2f).

Employing Gréonwall Lemma (see [10} p. 36)), it follows that

‘Z({Eo,wo,t)‘ < exp(—Aat)aexp (/ B(é)dﬁ) ,
0
oot

1—
—_—2 .
s CUTEN)

< exp(—Aat)aexp (

5S¢ is again a generic notation.



V. (GLOB.)-TES aAND TES-VS = (GLOB.)-LMTE

In the spirit of Lyapunov matrix equation, it was shown
in [2) Proposition 2] that the exponential stability of the
locally transversally linearized system (Prop. ES-TLS) can be
characterized by a local Lyapunov matrix transversal equation
(i.e. Property (Loc.)-LMTE). Again, in this section, it is shown
that this implication holds true in the global context as given
in the following proposition.

Proposition 3: If Properties (Glob.)-TES
hold then Property (Glob.)-LMTE holds.

The proof of this theorem is decomposed in three steps. In
the first step we introduce a candidate matrix function S. In
the second step we show that this matrix function satisfies the
lower and upper bound given in (9). The final step is devoted
to show that the field of bilinear maps we have obtained admits
a Lie derivative along the vector field ¢ which satisfies (10).
Proof : First step: Introduction of S. Consider the following

nonlinear dynamical system where the state of which is a matrix
in R™wXMw;

and TES-VS

d(w,t) = g—z(W(w,t))CI)(w,t) , ®(w,0) =1, (39)
It follows trivially that
W (@, w,t) = ®(w, )@

Using the property (Glob.)-TES , (i.e. uniform exponential con-
vergence of Zz as given in (8)), we have for all (@,w,t) in
R?" x R that

|Zw,@,6)] < F(zhe 0[]
Therefore if we denote
Py (w,t) = [I. 0] ®(w,1),

we have that

(@1 (w, 1)| < R(|2]) e 2Dt (40)

holds for all w in R™» and all ¢t in R... Let X« be anon increasing
function such that X, (k(|2]) |2|) < A(|z|) . Consider the function

S R™ — R™*™ defined by
T
S(w) = TLHE elo X (120Dl g (1 )T Dy (w, s)ds . (41)
> Jo

Second step: Lower and upper bound on S. With (Glob.)-TES
property we have that (5) holds and

(12w, 0)) < X (K(lal) e 12]) < X(lal) , ¥

Therefore

T _
S(z,z) < lim M FUEDIEDS @, (1) 6) T Dy (w, s)ds
T—+o00 0

T
< lim M5, (w, 8) " @y (w, 5)ds

T—+o0 0

Hence, it is well-defined, continuous and satisfies

R(l2D)?
X(2])

To obtain the lower bound on the matrix function S, we decom-
pose it in blocks, as we have done before in Proposition

o= fg ]

Amax{S(z,7)} < =5(lz)  V(z,2) eR™.

Let Ps be the Schur complement of S given by
Py(w) = P(w) — Q(w)R(w)’Q(w) ",

where R(w)? is any symmetric generalized inverse matrix of
R(w). Following similar argumentation as in Proposition [1] it
can be shown that P, is uniquely defined since S is posi-
tive semi definite for all w, and writing P; as a solution to
a minimization procedure. Moreover, employing the fact that
(I, —R(w)R(w))Q(w) T = 0, we know that for all @ = (Z, ),

@' S(w)w =z P.(w)Z
+ (7 + R(w)?Q(w)2) " R(w)(T + R(w)?Q(w)Z) .

It can be shown that P, is a positive definite matrix. Indeed,
assume that z # 0 is such that P,z = 0. Let 7 = —R(w)?Q(w)z.
Then this implies

@' S(w)yw=0.
However, according to the definiton of S, where
elo 2s(1Z(w.0Ddt > 1 we have that
T T, _ 2
lim |®1 (w, 5)2]°ds = lim ’Z(w,ﬁ, s)‘ ds =10
T— o0 0 T— o0 0
which is impossible since Z(w,@,0) = Z # 0 and s

Z(w,w,s) is a C* function. Consequently, for all w, Ps(w) is
a positive definite matrix. Let
S(w) = Amin {Ps(w)} .

This function takes positive value and

sw) |5 0] <.

Hence, (9) is obtained.

Third step : Lie derivative of S. To get (10), let us exploit the
semi-group property of the solutions of the variational system
(7), i.e.

W(w,h+s) = W(W(w,h),s)
O(w h+s)i = W((@,w)h+s)
= W ((W(@,wn), Wwh),s)
(W (w, h), )W (@,w, h)
(W (w, h),s)®(w, h)w
where @ is arbitrary. In particular for s = —h,
we have I = (W (w, h), h)‘1>(u) h) Thus
where ®(w, h) is invertible. Consequently, S( ( )) being
well defined for sufficiently small i implies that
S(W(w,h))
= gim [ de KUz OV .0
T—4o00 0

I. 0

x ®(W (w,h),s)" {0 0

] (W (w, h), s)ds

— : _ T
=l 00V (w1
></ efosXS(‘Z(’w’hM)DM@l(w,s+h)T<I)1(w,s+h)ds
0
X (I)(W(wfh)7 _h)

= lim

Jim (27 (w,h), 1))

T+h
<[ e
h

I Xs(\Z(wl)Ddﬁ@l(w’ s)Tq)l(w, s)ds

x O(W (w, h), —h)
42)



We note that

lim

h—0 h ~ ow
and
eJii X (1Z(w,)Dde _ o f5 X (1Z(w,0)])de
lim
h—0 h

_ —Xs(|z|)ef05 Xs(1Z(w,0)])de

This implies that

0.5(w) = -Au(l:D5w) - [ (|

Oy T Oy
— 52 (w) () — S(w) 55 (w) .

We conclude then that the derivative (2) does exist and we get

LoS(w) < =As(|2)S(w) -

Remark 1: Note that with Propositions 2| and [B| (Glob.)-
LMTE holds if Property TES-VS and the bounds and
hold.

Remark 2: The function S introduced in (1) for proving
the theorem takes only positive semi definite values. For
instance, for all w = (0, z) (i.e. in Z),

‘Dl(w,t) = [@5((0,%),15) 0] s

where ®; is the fundamental matrix of the autonomous part
of the Z dynamics which is defined in (27). This implies that
for all w = (0, z) in Z the function S introduced in has
the following structure

P(0,z) O} , 43)

S(0,z) = [ o

whose rank is 7.

Example 1 (cont’d): Going back to the illustrative system (6]
for which it is assumed that A > v, the function is given
as :

Bw.t) = ["“”g ) "fﬂé(gi;t)z] Mt @)
where "
H(x’ t) _ e_)\t_,’_cos(a:)f?/os(e x) ’ (45)
and,
0K
Ky (m,t) = %(az,t) (46)
_ 6_>\t+ cos(z)—?los(e"tm) eyt Sin(eytﬂj) — SiD(I)’ (47)
v
Consequently
1 0 1 0
g R P EYIE N R R
where
B Kk(z,t)? K(z, t) Ky (2, 1)
W) = Sy e (49

Note that if A > v > 0, M is bounded and converge
exponentially to zero as time goes to infinity. Consider the

matrix
1 0 1 0
sw =y 2wy 7 50
where,
: r Ass
N(x):TEIEOO ; e M(xz, s)ds (51)

It is well defined for 0 < A; < A — v and following Step 3
in the proof, it satisfies . Moreover, it verifies a bound in
the form () since N is bounded.

VI. (GLOB.)-LMTE “=” (GLOB.)-TES AND
LYAPUNOV FUNCTION CONSTRUCTION

The matrix function S obtained from the property (Glob.)-
LMTE may be used to define a degenerate Riemannian metric
on R™». More precisely, on each point w in R™», S(w) defines
a quadratic form @ " S(w)w which is semi positive definite and
may admit a kernel of dimension n,,. From this, it is possible to
define a degenerate Riemannian metric on R™+ as for instance
done in [3].

In the following we consider the associated energy integral
as a Lyapunov function. More precisely, if S is a function with
values that are symmetric semi definite matrices satisfying (9)
then energy of any piece-wise C! path v : [0,1] — R
between two arbitrary points wy; = (0) and wy = (1) in
R™ is

1
B0 = [ L@ S0 Led . 6
o dr dr

Note that in contrast with the case in which S defines a usual
Riemannian metric, it is possible to consider two points w;
and w, and a C' path the energy integral of which is zero.
This is for instance the case when considering for instance
wy = (0,21) and wy = (0, x2) for the matrix function defined
in (see Remark [2) and a path such that v, (s) = 0 for all
s in [0, 1] where ~, is the z-component of .

Given w = (z,2) in R™, we define the set Q(w) as the
set of all C2 paths 7 such that

(0) = w , 7.(1) =0

We can now define a candidate Lyapunov function, denoted by
V, as the infimum energy of all paths between w and points
in the manifold, i.e.

V(w)= inf E(y).

53
YEQ(w) ©3)

In the following proposition we show that this is indeed a
good Lyapunov function candidate and moreover it admits a
negative definite upper right Dini derivative along the solution
of system (3). Note however that to get the result we need a
uniform lower bound of the matrix function S.

Proposition 4: Assume that Property (Glob.)-LMTE
holds. Assume moreover that there exists a positive real
number s, such that

o < s(w) , Yw e R™ .

(54)



Then V, defined in (33)), satisfies
sol2|* <V(z,2) <5(2])]21 (55)

and admits an upper right Dini derivative along the solutions
of system (3) defined as

D;V(w) = lim sup VW(w,h)) = V(w)
hN\0 h

)

which satisfies
+
Dy Viw) < =X (2])V(w) .

Hence Property (Glob.)-TES holds.

Example 1 (cont’d): Going back to the illustrative system
@ for which it is assumed that A > v, due to the particular
structure of the function S it is possible to show that s can be
taken independent of w in term of sg. Indeed, note that for each

(56)

zrinRZ— [1 Z] N(z) [;} is a non negative polynomial of

degree 2 with continuous coefficient in z. Hence, it reaches a
minimum value denote ¢(z) which is continuous and we have,

1 7] 512) {;]:[1 7] N(z) B}Zc(x) (57)

It can be shown after lengthy computation that ¢(z) is lower
bounded (see Appendix for the proof). Hence,

ig%c(m) =c(z*) > s(1l,2%) =5, >0 (58)
This implies,
[z 7] S(z,x) E} =71 Z]S(zx) [%] (59)
1

ht

1 Z]S(1,2) [i] (60)
S (61)

a8

>

And consequently, on this example, the lower bound on s is
obtained and the function V' defined in (53) can be employed
as a Lyapunov function.

Proof : Let us first show that V, defined in (53), satisfies (55) for
all w in R™* and all paths « in Q(w). Using (54), we have

tdy

E(y) = . ds

()8 (1()) 5L (s)ar

1
[T e i

2> 5 (62)

ds

where ~, is the z-component of +. An energy integral minimizer
for an Euclidean metric is a straight line 7 — (1 — 7)z. Indeed,
consider a path 7 — () € R™* such that §(0) = 0 and 6(1) =
0. Consider the function

t(h) = /01(%(8) +hé(s) " (3:(s) + hd(s))ds
Note that ¢ reaches its minimum value at 0 then
0=1/¢(0)=2 /01 5(s) T A2 (s)dr = —2/01 5(s) "4 (s)dr
for all 6. This implies that 4. (s) = 0 and ~, is affine. Hence,

Ydy, , \Tdys T ! 2
— —(7)dT > ds = .
| dr (1) p (r)dr > z z/o s = |z|

By the definition of the function V/, for all k there exists a path v
in Q(w) such that

1
sol2l” < B(w) <V(w) + -

This implies that the left inequality in (55) holds.
On the other hand the particular path v. : 7 — ((1 — 7)z,2)
is in Q(w). Hence,

Viz,z) < E(v«) = /01 [T 0] S((1-s)za) {é] ds

So the left inequality in (55) holds also.

Let us now establish (56). We start by studying the evolution
with time of the energy integral of an arbitrary path. Let w be an
arbitrary point in R™» and ~ be an arbitrary point in Q(w). Let
also 7 > 0 be a positive real number. We denote T : [0,1] x
[—7,7] = R™ the function defined by

[(s,t) = W((s),t) .

Following the properties of v and W, the function T is C?,
bounded and is a path between W (w,t) and W (vy(1),¢) with
~(1) belonging to Z. Hence, T'(-,t) is in Q(W(w,t)). Let us
denote Uy (W (w,t)) the energy integral of this path. By the
definition of V', we have

V(W (w, 1)) < Dreo(W(w,t)) (63)

Let us evaluate the derivative of the function ¢t —
Ir(.o (W (w,t)). We define the function ¢ by

L(s,t) = %(s,t)TS(F(s,t))g—l;(s,t) .

It is continuous and satisfies
1
Vreo(W(w,t) = / (s, t)ds .
0

Also it satisfies, for any s in [0, 1], t in (—7,7) and h sufficiently
small,

vt >0.

(64)

L(s,t+ h) —£(s,1)
or or

= a(s,t—l— h) — E(S’t)} S(F(s,t—i—h))g—g(s,t—k

h)
+ g—l;(s,t)T [S(T'(s,t + h)) — S(I'(s,t))] %1;(5’ t+h)
or aT

+ E(s,t)]TS(F(s,t)) [‘Zi;(s,t +h) — g(s,t)

Here the function ¢ — 2L (s, ) is continuously differentiable with
o°T dp or
Osot (S,t) - %(F(S,t))g(s,t)
and, S admitting a Lie derivative satisfies (c.f. (2)),
h—0 h

With (10), it follows that

= 2,5(I'(s,1)) .

(T(s,£) ST (s,1) 2 (s)

7(57 t)TD‘PS(F(Sa t))&(& t)
Op or

+ *5(87t)TS(IF(S,t)l)%(l“(&t))g(svt)



or T or
G (50 LeS T, 1) G (5,)

—As(IT= (s, t)|)g—1;(s, )" S(T(s, t))?Tl;(

< AP (s, 0)DE(s, 1)

IN

s, 1)

Thus for each s in [0, 1], the function t € [—7,7] — £(s,t) is
continuous and admits a derivative (not necessarily continuous)
satisfying the above differential inequality. It follows (see [26)
Theorem A.1.2.1] for example) that for all (s, ¢) € [0, 1] x [—7, 7]

Us,t) < e*.IL,”AS(IFZ(SW)DdTZ(S’O).

Let us find an s-independent upperbound of A (|T".(s,7)|), ap-
pearing in the integral. Since I".(1,r) = 0, we have

°or,
1 Os

Subsequently, together with and (62), we have that

IT.(s,7)] < /8Fz(a,r)da
. 0

L.(s,r) =

(o,7)do .

IN
c\}_‘

IN
c\h‘

< *19F(-,7')(W(w7r)) )

holds for all s in [0,1]. The function A being non increasing
implies that

O R U}
and therefore for all (s,t) € [0,1] x [0, 7]

-t L w,r T
(ot < e 13 (500 (W ’”)dé(ao).

By integrating in s and using (64), we obtain for all t € [—7, 7]

=I5 As (iﬁp(,yr)(W(w,r))) dr19

Uriop(W(w,t)) < e ~(w)

This means that

D;,L9'vap (w) =

In other words, 1/, (w) is non increasing along the solutions and

19 (w)

Urio(W(w,t) < 6_%(% )tﬁw(w)

By the definition of V' as a minimum, for any path ~ in Q(w) and
any tin [0, 7] we have

vVt € [0,7] .

V(W (w, 1)) < e’“(ﬁﬁ”(”))tﬁv(w)

However we know that for any k, there exists a path ~ in Q(w)
satisfying

V(w) <
Hence

vOv(,o) < GO )+ 1]

and therefore
VW, 8) < e GOy () |
Together with (55), we obtain finally

- . E(ED]E
S(|Z)exp<—>\( 0 )t> |z .

(65)

Z(w,t)| <
200.0] < [ ;

Using (65), we get also that

DiV(w) = lirrtl\s‘up ;
e AS(%V(w))tv(w)) V(w)
< limsup
N0 t
< - <iV(w)> Viw) .
3o

This ends the proof.

VII. APPLICATION TO THE DESIGN OF GLOBAL
FULL-ORDER OBSERVER

A. Analysis based on former results

In order to illustrate some of the propositions that have been
given in this paper, we consider the observer design context in
this section. Consider an autonomous dynamical system given
by

&= f(z), y=nh(z),

where x in R™ is the state and y in R is a measured output.
The vector field f : R® — R™ and the function A : R® — R
are both C'. Solutions initiated from xy in R™ is denoted by
X (xo,t) and is assumed to be defined for all positive time.

Let us consider the problem of a (full order) observer design
for this system. In other word, we are looking for a necessary
and sufficient condition for the existence of a vector field K :
R™ — R"™ such that for the dynamical system

{a*c F(@) + K(&)(y — h(&))
= f(z), y=h(z)

we have an attractive invariant manifold {(x,%) € R?", z =
%} which is globally asymptotically stable and uniformly
locally exponentially stable. More precisely, we introduce the
following property.

Definition 1 (Global full-order observer): The system (66)
is said to admit a global full-order observer with rate of
convergence A > 0 if there exist a vector field K and a non
decreasing continuous function % such that for all (zg, Zo) in
R?", the solutions of satisfy

(66)

(67)

’X(T/o,ffoat) — X (20,1)| < k(|zo — Zol) exp(—At)|zo — Zo] ,

(63)
where X (z9,Z0,t) is the Z component of the solution of
initiated from (zg, Zo).



By letting z = & — x, this system is in the form of system
() with ¢(z,z) = (F(z,z),G(2,7)) and

{ F(z,z) = f(z+2)— f(z) + K(z+ 2)(h(z) — h(z + 2))
G(zz) = f(x).
The asymptotic stability property previously mentioned can be
rephrased as the property (Glob.)-TES for a non decreasing
continuous function k£ and a positive real number .

Using Proposition [3] a necessary condition for a global full
order observer to exist can be given as follow.
Proposition 5: Assume that there exists v such that

of
%(1’)
Assume that system (66) admits the existence of a global full

order observer with rate of convergence A. Assume moreover
that K, f and h are such that (23] holds and

<v,VxeR".

v< .

Then there exist a non increasing continuous functions Ay :
R, — Ry, a function p : R*® — R, \ {0} and a non
decreasing continuous function p : R, — R, and a locally
Lipschitz function P : R?® — R™*" such that

OF . -
&('Zax) P(Z,{E)

< _)‘p(lz‘)P('Z?x) ’

OF
a@‘P(zax) + P(Z,:U)&(Z,(E) +

(69)
and,

p(w) L, < Pz,2) < () L -

(70)

Proof : The proof of this proposition can be directly deduced
from Propositions[2land[3] Indeed, from these propositions, it fol-
lows that (Glob.)-LMTE holds for this system. Hence, there exist
a non increasing continuous functions A : Ry — R, a function
s : R*™ — R, \ {0} and a non decreasing continuous function
5: R, — R, and a locally Lipschitz function S : R?" — R?"*2n
such that (T0) and @) hold. Restricting (I0) to this context, we

have that S = {C; R} satisfies
0.5+ | ) Be] outw
T Pw) Q)
T (w) {QT(w) R(w)}
[P Q)
<on|gtty )
where Foex) Fu(e.z)
pw(w) = { : 07 ?z(%) ]
and
P(en)= Lt 2+ 2@+ 2)(h(a) ~ iz +2)
- K(z+ z)%(m—kz))
1)
+ 28 @+ ) () ~ bl + 2)
+E@+ (O @)~ O+ 2).

The result is directly obtained restricting these matrix inequal-
ities to the upper left elements.
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B. A design procedure inspired from the necessary condition

Even if most of the results exposed so far are analysis tools,
it is possible to deduce synthesis tools from them. Indeed,
Equations (69) and establish that for all z( the dynamics

Z=F(z,X(x,t))

is a contraction when z — P(z, X(xo,t)) is considered as a
(parameterized and time varying) Riemannian metric on R".
Assuming that p is a constant (and not a function), it yields
that the metric induced by P is complete. In that case, ([S9)
is a sufficient condition for z to converge toward zero and so
for the observer to converge.

Finding P and K such that (69) and (70) hold is not an easy
task. A context in which this is possible is when considering a
correction term P in the form of the (Riemannian) gradient of
the output map h for a metric P arising from a detectability
property. This is the path which is followed in [27] (see also
[28]]) to obtain semi-global or local result. In our context,
assuming stronger assumptions, and considering the same
gradient based observer a global result may be obtained.

Proposition 6 (Sufficient condition for observer): Assume
that

1) The system (66) is infinitesimally detectable (see [27]).
In other words, there exists a function P, : R® — R?*"
and positive real numbers (v, \,pg,pe) such that the
following property holds for all = in R™.

pel < Py(z) <pel, (72)

Oh

Oh
LyPy(x) < =APy(x) + 7%(I)T*

o (x) .

The vector field k : R™ — R”™ defined as x(z)
P, (z) %(w)—r is a Killing vector ﬁelcﬁ for P,. In other
words,

(73)

2)

L.Py(z)=0, Yz e R" . (74)

Then picking P(w) = Py(z + z), and K(x) vk (z)
inequalities (69) and (70) hold and consequently the first
subsystem in (67) is a global full-order observer.

Proof : Note that for all v in R™ we have,

O Pz + )

v 0, P(z,2)v = g F(z,z)
T
L RErva g
ox
With the particular structure of F', G and P it implies
0,P(z,2) =0;Pe(z + )
+v(h(z) — h(x + 2))0cPe(z+z) . (76)

6 Killing vector field: Vo € R™ |

v Ly Py(z)v = 0, Yo such that
%(az)v =0.



On the other hand,

(z,2) = Pu(z —0—:0)%(934—2)

Ox
oh oh
- 7%(17 + z)%(erz)

+v(h(z) — h(x + 2))Pe(z + x)%(w +2)

OF
P(z,x)a

an
Hence, (69) becomes

0,P(z,2) + P(z, x)g—i(z,x) + %—f(z, z)" P(z,z)

= LePia+2) ~ 270 (4 2) (o + 2)
+v(h(z) — h(x + 2)) Lo Pe(z + 2) .

With (73) and (74), it implies that

(78)

0,P(2,2) + Plz,2) o (2,2) + O (2,2) T P(2,2)

< =AP(z,z) .

) +
(79

Then (&9) and (70) hold. This property implies that the observer
dynamics is a (global) contraction and with (72) ensures that the
estimation error z converges to zero.

Assuming the gradient is a Killing vector field is equivalent
to assume that the level sets of h are totally geodesic and h
is a Riemannian submersion. See [6, Theorem 8.1 on 3 < 5].
In [27] the later condition is not needed. But without loss of
generality, it can be imposed via a modification of P.

VIII. CONCLUSION

In this paper we have given a characterization of the
property of global exponential stability of an invariant man-
ifold in terms of property on the variational system. This
framework allows the construction of new kind of Lyapunov
function to characterize this property. Note however that for
this type of Lyapunov function to be constructed it is required
that the convergence rate toward the manifold is larger then
an expansion rate in the manifold. The obtained Lyapunov
function is a degenerate Riemannian energy integral to the
manifold.
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APPENDIX

In this appendix, we will prove that ¢(x) in is lower bounded. Firstly, we note that for all = in R, ¢(x) > 0, and ¢(z)
is continuous function of x. We prove the claim by showing that there exists ¢ > 0 such that ¢(x) > ¢ for sufficiently large .
It follows, by definition, that

T o o 2
o(z) = mlnThr_{l exp(Aes) exp (—2)\5 N 2cos(gc) COS(eXp(I/S):L‘)) [1 + i _exp(vs) sin(exp(vs)x) — sin(x) ds
x —+0o0 Jo v 14
T L 2
> exp A min _lim exp (—[2\ = A]s) |1+ & 5 SXp(vs) sin(exp(vs)z) - sin(z) ds. (80)
14 z T—+4oo 0 v

It can be checked that ¢(0) > 0. In the following computation, without loss of generality, we assume that > 0 and the case
where = < 0 can be handled in a similar fashion. For computing the right-hand side of the above inequality, we will need the
following equalities.

S exp(vs) sin(exp(vs)z) — sin(z) ?
[ rommestin=se) |

~ [ . SInV(x)]2+ ) [ . _jsiny(x)] _exp(vs) siny(exp(us)x) | 2 exp(20s) Sirljgexp(us)x)

eXp(VS) sir;(exp(VS)l‘) —_ % [y exp(lls)x} Sin(GXP(VS)m) )
exp(2vs) Sirylgexp(VS)x) _ %[1 — cos(2exp(vs)z)]
~ RO SO o xp(ws)a] cos(2exp(vs)a)]

We can now decompose the integral computation on the RHS of (57) into

T e 2
() = / exp (—[2) — Ad]s) [1+ _exp(vs) sin(exp(vs)z) — sin(z) ds
0 14
. 2 ~ sin(x) ~92 ~92
_sin(x) 1-z=2 z z
= |l—-z——=| L(T)4+2——*—zlL(T —I3(T) — 1,(T
1= () 4 2 () + (T~ (T,
where the terms [, I, I3 and I, are computed individually below.
The computation of [;:
T
L(T) = / exp (—[2A — Ag]s) ds
0

1T —exp(—[2A = AT

- 2X — A
The computation of I5:

T
I;(T) = / exp (—[2X\ — Ag]s) exp(2vs)ds
0
T
= / exp (—[2A — Ay — 2v]s) ds
0
1 —exp(—[2A — As — 2v|T)
2N — Ay — 2v
The computation of /,: By taking )
s = —log (Z) , T = exp(vs)z
v x
we have that
T
L(T) = / exp (—[2X\ — Ag]s) [vexp(vs)z] sin(exp(vs)x)ds
0

exp(vT)x

/ exp ( [2A — A ] log (T)) sin(7)dr
X

/exp yT)r 2% >\s

sin(7)dr.
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Let us split the integration above into a sum of integration over intervals. Define a function Ko (x,T) by Ko(z,T) =
@PWT=1 1 which satisfiesz + 2(K (2, T) +1)7 = exp(vT)a. It follows then that for all T’ such that Ko(z, T)
isin N

Ko (@, T)  pyo(k+1)r oy BAe
/ (7> " sin(r)drT
z+2km T

LI(T)

k=0
z+2n | Ka(z,T) 2AAs
X v .
/ <T+2k’ﬂ'> Sln(T)dT.

It can be checked that the integrand above can be bounded as follows. For any 7 > 0 we have that

k=0

23— Ag

Ko (x,T) . 2AAs /Kg(m,T)+1 . -
— > dr
= \T+ 2km ~— Jo T+ 2mr
o A (@D /0 N\ 2 .
o2 o T+ :
1 L 2aoa, (2[Ke(@ D)+
= gl mox % (1 +7) .
1 22— As
T v 22— Xg _2XA-)g
= oo (2K ) + )T
1 v 22 As 1 1
- ooy 7L v —Xs-—v —As—V
2m 2\ — Ay — v B (149K (x, T) + 1) 2

22A—Ag—v

— i#(,) v 1 1
2m2A = Ay —v \T (1 + Al D By |

T

On the other hand, when we consider the case 7 > 2, the integrand can be upper-bounded by

Kg(iT) " %< /K2($7T) . 2,\:/\5 ]
— T
= T+ 2km Y T+ 27r
1 [2Ka(@T)r " A= .
o2 ) o T+ :
1 x% ( n )1,2*—/\.6 2K (x,T)m
— _—— (T r v
271 — L;)‘S —or
22—
1 T —As —As
= TKT [(T + 2K (2, T)m) =55 — (7 — 2W)1_%]
T ] — 24=As
v

1 1% 22— A 1 1
= i — 1 v — - -
2m2X — Ay — v (r—2m) 2= (14 2Ky (x, T)m)

22 —As—v

oz v T v 1 1
T2 A=A —v \T—27 (1_"_%)2)\71):571/ .

Consequently, when we evaluate I5(T) at the limit 7' — oo, it is lower-bounded as follows:

r427 22 As—v z+2om 2A-As v
x 1% x > . T ” .
12(00) Zﬁm / (;) SlH(T)dT -+ / <T — 27‘(’) sm(T)dT
L :in(‘r)Z() :in(7)<()
22 —As—v 22— Ag—v
T v €T v T+2m ) P > z427 .
Z% 2A =X —v (x + 27r> / sin(r)dr + (x — 277) / sin(7)dr
s " .
L sin(7)>0 sin(7)<0
x 14 x v T P
T2\, —v (a:+27r> B (x—27r> 1
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2A—Ag—
So—cet ¥ 4271 2A—Ag—v
x v

At the same time, it is upper-bounded by
sin(7)dr + /

r+27
T v x
I D A
2(00)_27T2>\—)\5—V /m <T—27T> -

sin(7)>0 sin(7)<0

2A—Ag—v
x v x E
L<—ee |1 —
_WQAASV[ (x+27r> ]

Therefore, we can establish that

22A—As—v 22— Ag—v
x v x v x E

I <= -

| 2(oo)|_772)\—)\s—1/l<x—27r> <x—|—277) ]

It implies that there exists a real number z such that we have :

VT
I < Ve >
Bl < g =] w2E
The computation of I,: By taking
1
s = ;log (2%) , T = 2exp(vs)x cos(t) >1

we get

I(T)

T
/0 exp (—[2X — Ag]s) exp(vs)[2v exp(vs)x] cos(2 exp(vs)z)|ds

2exp(vT)z 1 .
N — M — o 1oe (= .
/2 exp ( 2A — A — V]  log (2x)> cos(T)dT

x

A—Ag—v

2exp(vT)z ) - o
/ <I) cos(r)dr
2z T

Similar to the computation of bound for /5, we can split the integration above into a sum of integration over intervals.
Let us define K4(z,T) by

2 T)—1
) 1

K4('T7T) - o

-1

which satisfies
x4+ 2(Ky(z)+1)m = 2exp(vT)z.

We obtain as before that for all 7" such that K4(z,T) is in N

2A—Ag—v

Ka@T) ror2(kt)m /o 2
I(T) = / <> cos(T)dr
k=0 z+2km T
z4or | Ka(z,T) 2A-As—v
9 D
= / (zk) cos(T)dr
e o T + 2RT
where we have
T 2A-As—v 22 —Ag—2v

Ki(:) 2x v - T v 2x v 1 1

= \T+ 2km T2 =X —2v \ 7T (1+ 2[K4(x;T)+1]W)M
and similarly for 7 > 2,

T 2A-As—v 22 —Ag—2v
Kz;(Z,T) < 2 > D) - T v ( 21 > v |‘1 1 ]
D) Y Y — - 2K (2, T)m\ A Aa—2v

= T+ 2km T2 — A —2v \ 7 — 27 (1+ ;1(_2#) ) A

This yields, for 7" = oo,
T+2m 2A=As =20 T2 22— As 20

z v 2z v 2 v

I > — d d
4(00) > P S w— /T < . > cos(T)dr + L <727r> cos(t)dr

cos(7)>0 cos(7)<0
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2A—Ag—2v 2A—Ag—2v
- v

r+27T
/ cos(7)dT

2T
2z
s(7)d
/m cos(r)dr + ($_2ﬂ_>

>x v 2x
T2 =Xy —2v T+ 2w

cos(7)>0 cos(7)<0
22— Ag—2v 2A—Ag—2v
2 v 2x v 2x v
T2 = A, —2v [\z+27 T —27
Hence, for sufficiently large z, we have
vr
I > >
1(00) 2 2N — A\ — 2v Vezz
Combining all of the above computed bounds on I1, I5, I35 and I, we have that for all x larger than z,
. 2 1 — psin@) 5 5
_sin(z) 1 ‘ v v z 1 z v
I > |1 -2 : — —
(00) 2 { ™ } 2\ — A vix |£‘2[2)\—)\s —v] + 2022\ —As — 20 4332\ — )\ —2v
. 2 . N ~
_sin(x) 1 1 _sin(ax) | |z| 1 1 72
> [1- - - L e S
- [ . v } 2A =g 22— —v . v v 42X\ — Xg — 2v 12 r=L

The right hand side is a polynomial of degree 2 in % which is positive definite since we have

1 _ 1 1
A=A — V2 T2X A 20—\, — 20
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