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ERROR ESTIMATES OF LOCAL ENERGY REGULARIZATION
FOR THE LOGARITHMIC SCHRODINGER EQUATION

WEIZHU BAO, REMI CARLES, CHUNMEI SU, AND QINGLIN TANG

ABSTRACT. The logarithmic nonlinearity has been used in many partial differ-
ential equations (PDEs) for modeling problems in various applications. Due to
the singularity of the logarithmic function, it introduces tremendous difficulties
in establishing mathematical theories, as well as in designing and analyzing nu-
merical methods for PDEs with such nonlinearity. Here we take the logarithmic
Schrédinger equation (LogSE) as a prototype model. Instead of regularizing
f(p) =Inp in the LogSE directly and globally as being done in the literature,
we propose a local energy regularization (LER) for the LogSE by first regular-
izing F(p) = plnp — p locally near p = 07 with a polynomial approximation
in the energy functional of the LogSE and then obtaining an energy regular-
ized logarithmic Schrodinger equation (ERLogSE) via energy variation. Linear
convergence is established between the solutions of ERLogSE and LogSE in
terms of a small regularization parameter 0 < € < 1. Moreover, the conserved
energy of the ERLogSE converges to that of LogSE quadratically, which sig-
nificantly improves the linear convergence rate of the regularization method
in the literature. Error estimates are also presented for solving the ERLogSE
by using Lie-Trotter splitting integrators. Numerical results are reported to
confirm our error estimates of the LER and of the time-splitting integrators
for the ERLogSE. Finally our results suggest that the LER performs better
than regularizing the logarithmic nonlinearity in the LogSE directly.

1. INTRODUCTION

The logarithmic nonlinearity appears in physical models from many fields. For
example, the logarithmic nonlinearity is introduced in quantum mechanics or quan-
tum optics, where a logarithmic Schrodinger equation (LogSE) is considered (e.g.

[14-16,44]),
i0pu = —Au+ Auln|ul?, NER;

in oceanography and in fluid dynamics, with a logarithmic Korteweg-de Vries (KdV)
equation or a logarithmic Kadomtsev-Petviashvili (KP) equation (e.g. [3960L5T]);
in quantum field theory and in inflation cosmology, via a logarithmic Klein-Gordon
equation (e.g. [T2B5L[49]); or in material sciences, by the introduction of a Cahn-
Hilliard (CH) equation with logarithmic potentials (e.g. [24L28,33]). Recently, the

2020 Mathematics Subject Classification. 22E46, 53C35, 575235Q40, 35Q55, 656M15, 81Q05.

Key words and phrases. Logarithmic Schrodinger equation; logarithmic nonlinearity; energy
regularization; error estimates; convergence rate; Lie-Trotter splitting.

This work was partially supported by the Ministry of Education of Singapore grant R-146-000-
296-112 (MOE2019-T2-1-063) (W. Bao), Rennes Métropole through its AIS program (R. Carles),
the Alexander von Humboldt Foundation (C. Su), the Institutional Research Fund from Sichuan
University (No. 2020SCUNL110) and the National Natural Science Foundation of China (No.
11971335) (Q. Tang).



2 W. BAO, R. CARLES, C. SU, AND Q. TANG

heat equation with a logarithmic nonlinearity has been investigated mathematically
m22).

In the context of quantum mechanics, the logarithmic nonlinearity was selected
by assuming the separability of noninteracting subsystems property (cf. [14]). This
means that a solution of the nonlinear equation for the whole system can be con-
structed, as in the linear theory, by taking the product of two arbitrary solutions
of the nonlinear equations for the subsystems. In other words, no correlations
are introduced for noninteracting subsystems. As for the physical reality, robust
physical grounds have been found for the application of equations with logarithmic
nonlinearity. For instance, it was found in the stochastic formulation of quantum
mechanics [45[48] that the logarithmic nonlinear term originates naturally from
an internal stochastic force due to quantum fluctuations. Such kind of nonlin-
earity also appears naturally in inflation cosmology and in supersymmetric field
theories [T1130].

Remarkably enough for a nonlinear PDE, many explicit solutions are available
for the logarithmic mechanics (see e.g. [I443]). For example, the logarithmic KdV
equation, the logarithmic KP equation, the logarithmic Klein-Gordon equation give
Gaussons: solitary wave solutions with Gaussian shapes [50,[51]. In the case of
LogSE (see [I731]), or the heat equation [I], every initial Gaussian function evolves
as a Gaussian: solving the corresponding nonlinear PDE is equivalent to solving
ordinary differential equations (involving the purely time dependent parameters of
the Gaussian). However we emphasize that this is not so in the case of, e.g., the
logarithmic KdV equation, the logarithmic KP equation, or the logarithmic Klein-
Gordon equation. This can be directly seen by trying to plug time dependent
Gaussian functions into these equations. Note that this distinction between various
PDEs regarding the propagation of Gaussian functions is the same as at the linear
level.

The well-posedness of the Cauchy problem for logarithmic equations is not trivial
since the logarithmic nonlinearity is not locally Lipschitz continuous, due to the
singularity of the logarithm at the origin. Existence was proved by compactness
argument based on regularization of the nonlinearity, for the CH equation with
a logarithmic potential [29] and the LogSE [I8]. Uniqueness is also a challenging
question, settled in the case of LogSE thanks to a surprising inequality discovered
in [20], recalled in Lemma 2] below.

The singularity of the logarithmic nonlinearity also makes it very challenging to
design and analyze numerical schemes. There have been extensive numerical works
for the CH equation with a logarithmic Flory Huggins energy potential [23[25][34]
[40L[4TL52]. Specifically, a regularized energy functional was adopted for the CH
equation with a logarithmic free energy [2552]. A regularization of the logarithmic
nonlinearity was introduced and analyzed in [4L[5] in the case LogSE, see also [46].

In this paper, we introduce and analyze numerical methods for logarithmic equa-
tions via a local energy regularization. We consider the LogSE as an example; the
regularization can be extended to other logarithmic equations. The LogSE which
arises in a model of nonlinear wave mechanics reads (cf. [I4]),

L.1) {i@tu(x, t) = —Au(x,t) + Au(x,t) f(Ju(x,t)]?), x€Q, t>0,
u(x,0) = ug(x), x€Q,
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where ¢t and x € R? (d = 1,2,3) represent the temporal and spatial coordi-
nates, respectively, A € R\{0} measures the force of the nonlinear interaction,
u:=u(x,t) € C is the dimensionless wave function, and

(1.2) f(p) =1np, p>0, with  p = |ul*.

The spatial domain is either = R?%, or Q € R? bounded with Lipschitz continuous
boundary; in the latter case the equation is subject to homogeneous Dirichlet or
periodic boundary conditions. This model has been widely applied in quantum
mechanics, nuclear physics, geophysics, open quantum systems and Bose-Einstein
condensation, see e.g. [326L37 38 53]. We choose to consider positive time only
merely to simplify the presentation, since (ILI]) is time reversible. Formally, the
flow of ([I)) enjoys two important conservations. The mass, defined as

(1.3) N(t) := N(u(-,t)) = ||Jul|* = / lu(x,t)]*dx = N(uop), t>0,
Q
and the energy, defined as

E(t): = E(u(~t)) = /Q [V, £)2dx + AF(ju(x, 1)]?)] dx

(1.4)

= [ [V + AP (o)) dx = Bla).  ¢0.
where
(1.5) F(p)z/o f(s)dSZ/O Insds=plnp—p, p>0.

The total angular momentum is also conserved, an identity that we do not use in the
present paper. For the Cauchy problem () in a suitable functional framework,
we refer to [T'7,[20,[86]. For stability properties of standing waves for (ICII), we
refer to [2[I82T]. For the analysis of breathers and the existence of multisolitons,

see [31L132].

In order to avoid numerical blow-up of the logarithmic nonlinearity at the ori-
gin, two models of regularized logarithmic Schrédinger equation (RLogSE) were
proposed in [B], involving a direct regularization of f in (L2)), relying on a small
regularized parameter 0 < ¢ < 1,

(1.6) {i@tug(x, t) = —Aua(x,t)_—i— Auf(x,t) fo(juf(x,8)])?), xe€Q, t>0,
u®(x,0) = up(x), x€Q,

and

) {i@tug(x, t) = —Aua(x,t)_—i— Auf(x,t) fE(juf(x,8)]?), x€e€Q, t>0,
u®(x,0) = up(x), xe€Q.

Here, f° (p) and fs (p) are two types of regularization for f(p), given by

(1.8) fi(p)=2m(s++/p), [(p)=MI(>+p), p>0, with p=I[u]’.

Again, the RLogSEs ([[.6) and (7)) conserve the mass ([L3]) with u = u®, as well

as the energies

(1.9) B(t) = Ea(ua(-,t)):/

1V (x, 1) 2 + AP (Ju® (x, 1)) | dx = B (uo),
Q
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and
(1.10)

~

E<(t) :=

&)

“(u (1)) = /Q (19 (x, 1) 2 + AP (Ju® (x, 1)) | dx = B (uo),

respectively, with, for p > 0,

Fe(p) = /P fe(s)ds = 2pn(e + Vp) +2e/p—p—2e2In(1 + /p/e),
(1.11) 0

Fe(p) = /Op Fe(s)ds = (£ + p)In(e® + p) — p — 2% Ine.

The idea of this regularization is that the function p — In p causes no (analytical or
numerical) problem for large values of p, but is singular at p = 0. A linear conver-
gence was established between the solutions of the LogSE (L)) and the regularized
model (6] or (L) for bounded Q in terms of the small regularization parameter
0<exl,ie,
sup_[[u (1) = u(t) 2oy = O(), VT >0,
te[0,T]

Applying this regularized model, a semi-implicit finite difference method (FDM)
and a time-splitting method were proposed and analyzed for the LogSE (L6 in [5]
and [4] respectively. The above regularization saturates the nonlinearity in the
region {p < €2} (where p = |uf|?), but of course has also some (smaller) effect in
the other region {p > &2}, i.e., it regularizes f(p) = In p globally.

Energy regularization is a method which has been adapted in different fields for
dealing with singularity and/or roughness: in materials science, for establishing
the well-posedness of the Cauchy problem for the CH equation with a logarithmic
potential [29], and for treating strongly anisotropic surface energy [7l42]; in mathe-
matical physics, for the well-posedness of the LogSE [18]; in scientific computing, for
designing regularized numerical methods in the presence of singularities [9,25[52].
The main goal of this paper is to present a local energy regularization (LER) for the
LogSE ([IT)). We regularize the interaction energy density F(p) only locally in the
region {p < €2} by a sequence of polynomials, and keep it unchanged in {p > £2}.
The choice of the regularized interaction energy density F. is prescribed by the
regularity n imposed at this step, involving the matching conditions at {p = £2}.
We then obtain a sequence of energy regularized logarithmic Schrodinger equations
(ERLogSEs), from the regularized energy functional density FZ, via energy varia-
tion. Unlike in [25[52], where the interaction energy density F'(p) is approximated
by a second order polynomial near the origin, here we present a systematic way
to regularize the interaction energy density near the origin, i.e. locally, by a se-
quence of polynomials such that the order of regularity n of the overall regularized
interaction energy density is arbitrary. We establish convergence rates between
the solutions of ERLogSEs and LogSE in terms of the small regularized parameter
0 < e < 1. In addition, we also prove error estimates of numerical approximations
of ERLogSEs by using time-splitting integrators.

The rest of this paper is organized as follows. In Section Bl we introduce a
sequence of regularization F for the logarithmic potential. A regularized model
is derived and analyzed in Section [3] via the LER of the LogSE. Some numerical
methods are proposed and analyzed in Sectiondl In Section[5 we present numerical
experiments. Throughout the paper, we adopt the standard L2-based Sobolev
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spaces as well as the corresponding norms, and denote by C' a generic positive
constant independent of e, the time step 7 and the function u, and by C(c) a
generic positive constant depending on c.

2. LOCAL REGULARIZATION FOR F(p)=plnp—p

We consider a local regularization starting from an approximation to the inter-
action energy density F'(p) in (LE) (and thus in (I4])).

2.1. A sequence of local regularization. In order to make a comparison with
the former global regularization (LL6), we again distinguish the regions {p > €2} and
{p < €2}. Instead of saturating the nonlinearity in the second region, we regularize
it locally as follows. For an arbitrary integer n > 2, we approximate F(p) by a
piecewise smooth function which is polynomial near the origin,

(2.1) Fi(p) = F(p)X{p>e2y + Pri1(p)X{p<ery, 1 2>2,

where 0 < ¢ < 1 is a small regularization parameter, x, is the characteristic
function of the set A, and P;,, is a polynomial of degree n + 1. We demand
Fg € C™(]0,+00)) and F£(0) = F(0) = 0 (this allows the regularized energy to be
well-defined on the whole space). The above conditions determine Py |, as we now
check. Since P;,,(0) = 0, write

(2-2) Pﬁﬂ(ﬂ) = PQZ(P)a

with Q¢ a polynomial of degree n. Correspondingly, denote F(p) = pQ(p) with
Q(p) =Inp — 1. The continuity conditions read

Pra(E®) =F(E), (P) (@) =F(), ..., (Pr)™(E®) =FM(@E),
which in turn yield
Qn()=Q(), (@) =Q'E), .., (@)™ () =QM().
Thus @, is nothing else but Taylor polynomial of Q of degree n at p = &2, i.e.,
Q 2\k 2 — 1 p\F
g — — — . —_ -
2.3)  Q(p) +Z —2)F = Ine? -1 ;k(l 52) .

In particular, Taylor’s formula yields

(2.4) Q(p) / QM H(s) ) ds—/p (‘Ssgif’l)"ds.

2

Plugging (23) into ([2.2), we get the explicit formula of P;,,(p). We emphasize a
formula which will be convenient for convergence results:

25 @ W-5Y(1-4)T=10-(1-4)). o<p<e

2
9
k=1 P
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2.2. Properties of the local regularization functions. Differentiating (21
with respect to p and noting ([22)), 23) and 23), we get

(2.6) [n(p) = (F)'(p) = Inp x(p>e2y + 45 (P) X {p<e2}s p=>0,
where

4, (p) = (Piy1) (p) = Q(p) + 0 (Q5) (p)
o n+1 noex1 e
R )

Noticing that ¢¢ is increasing in [0,&2], f¢ and f¢ are increasing on [0,00), thus
all three types of regularization (ZI) and (LII) preserve the convexity of F.
Moreover, as a sequence of local regularization (or approximation) for the semi-
smooth function F(p) € C°([0,00)) N C*((0,0)), we have F € C™([0,+00)) for
n > 2, while F* € C1([0,00)) N C*°((0,00)) and F* € C>([0,00)). Similarly, as
a sequence of local regularization (or approximation) for the logarithmic function
f(p) = Inp € C*>((0,00)), we observe that f& € C"1([0,00)) for n > 2, while
J5 € C>([0,00)) and f= € C°([0,00)) N C>((0, 50)).
Recall the following lemma, established initially in [20, Lemma 1.1.1].
Lemma 2.1. For z, 25 € C, we have
[Tm ((21In(|21]%) = 22In(|22|?)) (71 — 22))| < 2|21 — 22/,

where Im(z) and Z denote the imaginary part and the complex conjugate of z, re-
spectively.

Next we highlight some properties of f£.
Lemma 2.2. Letn > 2 and e > 0. For z1, zo € C, we have

1) 102 ~ el € e

(2.8) [m [(z1f5(|211%) — 2z2f5(|22%)) (71 — 22)]| < 4nlz1 — 22,
n n2
(29) o) (P <3, [Vo(f) (p)] < 2—7 10*72(f5)" (p)| < s p >0,

5 2’
(2.10)  |f<(p)| < max{|In A|,2+1In(ne"2)}, pel0,A4].

dnlzy — 29|

Proof. When |z1], |z2| > €, we have

(1) — (1) = 21 (14

A direct calculation gives

||21] — |22]| )< 2|21 — 29
min{[z1], [22}/ ~ min{[z1], |22[}

1
n

1 pin-1 1 & Pk
Q1) () = i + (;(l A Iy ) Xipesy
k=0

Thus when 21| < |22| < &, we have

|z2]?

|fo(lz1)?) = fallz2?)] —/I . (fa) (p)dp
z1
no [l p\n—1 1R fl=l Pk
=— 1—- 5y lap+ = 1- £
LY A D O (ISR
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IN

. _
§(|Z2|2 |21/%) Z (22 = 21)?)
k=

2n 9 9
= < — — .
-2 (|2'2| |21] )_ - |2'1 29|

Another case when |z2] < |z1] < € can be established similarly. Supposing, for
example, |z2| < & < |z1], denote by z3 the intersection point of the circle {z € C :
|z| = €} and the line segment connecting z; and z;. Combining the inequalities
above, we have

|fa(z1?) = fallz2)] < [fi(l22) = fi(lzs)] 4 [In(|21]%) — In(|z3]?)]
< 4—n|22 — 23| + 2|21 — 23]
€ €

4n 4n
- (|22 — 23] + |21 — 23]) = ?|Zl — 2],

IN

which completes the proof for (2.
Noticing that

Im [(21f5 (121 ) — 225 (1221?)) (21 — 72)]
= —Im(ziz2) £ (122P) — Im(207) £5(1 )

= Im(z122) [ff;(|21|2) - fﬁ(|z2|2)}

= En — 2% [fa(al) - (=),
and
|Z122 — 2172| = [22(Z1 — 22) + Z2(22 — 21)| < 2[22] [21 — 22],
|Z122 — 2122| = [Z1(22 — 21) + 21(Z1 — Z2)| < 2]21] |21 — 22],

which implies
|Z122 — 2172| < 2min{|z1], [22|} |21 — 22/,

one can conclude ([2.8) by applying 2.7).
It follows from (2IT]) that

9(p) = p(J5)'(0) = X{p>a2}+(gé’<l 5 G (1—;@)’“)X{p<52}

np p \n—1 P\
= Xz + (- 5)" T 1= (- 5)) ey,

which gives that
) n p \n-2 (n+1)p
9 (P)X{p<e2y = 5—2(1 - g) [2 = |
This leads to
2e2

U2 (9)] = glp) < max{1,g (n g 1)} <1y 2oy

which completes the proof for the first inequality in (Z3)). Finally it follows from

@II) that
VAL (0) = %X{pw} L ( -5+ (- 5)’“) Xip<et)
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1 n?—1 pyn—2 1 Pk
()" (p) = =5 X(pzet) = < T (1=5)" T+ g 2 kD= 3)7 ) xeees

which immediately yields that

VA (o)l < 22,

™ | =

n—3 n(n — n2
102 (£5)" (p)] < <n2 —1+ kz:%)(lwr 1)) - % - 32_5

For p € [0,€?], in view of € € (0, 1], one deduces

_ +1 n | k

|f(p)| < In(e 2)+”T(1—€—p2) +;E(1_5_p2)
n—1
<hE S g

k
1
Sln(£_2)+2+ZE

< 24 1In(ne™?),
which together with |f<(p)| < max{In(e=2),|In(A4)|} when p € [¢2, A] concludes

2.I10). O

2.3. Comparison between different regularizations. To compare different reg-
ularizations for F(p) (and thus for f(p)), Fig. @ shows FZ (n = 2,4,100,500), F*¢
and F¢ for different e, from which we can see that the newly proposed local regu-
larization F; approximates I’ more accurately.

Fig. Rlshows various regularizations f£ (n = 2,4, 100, 500), f¢ and fs for various
¢, while Figs. Bl & M show their first- and second-order derivatives. From these
figures, we can see that the newly proposed local regularization f¢ (and its deriva-
tives with larger n) approximates the nonlinearity f (and its derivatives) more
accurately. In addition, Fig. Bl depicts FZ(p) (with ¢ = 0.1) and its derivatives
for different n, from which we can clearly see the convergence of F<S(p) (and its
derivatives) to F'(p) (and its derivatives) W.R.T. order n.

3. LOCAL ENERGY REGULARIZATION (LER) FOR THE LOGNLS

In this section, we consider the regularized energy
(3.1) B (u) = / [[Vul? + AFE (Juf?)] dx,
Q

where FY is defined in (ZT]). The Hamiltonian flow of the regularized energy id;u =
SE, (u)

—4=— yields the following energy regularized logarithmic Schrodinger equation
(ERLogSE) with a regularizing parameter 0 < ¢ < 1,
(3.) 10 (%, 1) = —Aus(x,t) + Aus(x,t) fo(|u(x,1)[?), x€Q, t>0,

' u®(x,0) = up(x), x€Q.

We recall that f£ is defined by (2.0).
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|E=(p) — F(p)| |E=(p) — F(p)|
10’ 10°
-1 0
10 102 ¢
1073
104
10°
10°®
107
108 108
107" 107"
1074+ 1074+
107 107
1071% 1071%
o o
108 108
107" 107"
1074+ 1074+
107 107
10®  10® 10* P 102 10° 102 10®  10® 10* P 102 10° 102

FIGURE 1. Comparison of different regularizations for F(p) =
plnp—p.

3.1. The Cauchy problem. To investigate the well-posedness of the problem
[32), we first introduce some appropriate spaces. For a > 0 and Q = R?, denote
by L2 the weighted L? space

L} ={ve L3(RY), x+— (x)%(x) € L3(RY)},

where (x) = /1+ [x|?, with norm [[v[|zz = [[{(x)*v(x)[/12(re). Regarding the
Cauchy problem ([B2]), we have similar results as for the regularization (L6]) in [5],
but not quite the same. For the convenience of the reader, we recall the main
arguments.

Theorem 3.1. Let A € R, ugp € HY(Q), and 0 < e < 1.
(1). For B2) posed on Q = R? or a bounded domain Q2 with homogeneous Dirichlet
or periodic boundary condition, there exists a unique, global weak solution u® €
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172 () = f(P) 172 () = f(o)

15
10 10’

0|
10 10—1 L

1073

-2 —— & =0.05
10®  10® 10* P 102 10° 102 10®  10® 10* P 102 10° 102
115 (p) — f(p)] [fi(p) — f(p)]
10’ s 10’ s,

N

1072} 1072}

i

10} 10

108} 108}

10—15 L

10’ 10’
1072 1072}
105+ 105

108} 108}

10®  10® 10* P 102 10° 102 10®  10® 10* P 102 10° 102

FI1GURE 2. Comparison of different regularizations for the nonlin-
earity f(p) = Inp.

< (R HY(Q)) to B2) (with HL(Q) instead of H' () in the Dirichlet case). Fur-
thermore, for any given T > 0, there exists a positive constant C'(\,T') (independent
of n) such that

(3-3) [0 o o117 () < CA T l|uoll (), Ve > 0.

(2). For B2) posed on a bounded domain Q with homogeneous Dirichlet or periodic
boundary condition, if in addition ug € H?(2), then u® € LS, (R; H2(2)) and there
exists a positive constant C(n, X\, T) such that

(3.4) 1w Lo 0,17 m2(02)) < C(n, N, T)|luo || 520y, Ve > 0.

(3). For B2) on Q =R, suppose moreover ug € L2, for some 0 < a < 1.
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104 104

102 ¢ 102 -

- (}-'0.05)/ 3

100} 100}

102} 102
10% 102 102 107'P 10° 10" 102 10% 102 102 107'” 10° 10" 102
10 10

102

102

10% 102 102 107'P 10° 10" 107 10% 102 102 107'P 10° 10" 10

10“L

107 X
\ .

2 o~ 2 >N

10 N 10 .
\\ \\
. .
\\ \\
100F ~ ] 1000 ™.
"\ \\
\\ "\
~. ™.
N .,

1072 ~ 1072 ™~

10% 102 102 107'P 10° 10" 10 10% 102 102 107'P 10° 10" 107

FIGURE 3. Comparison of different regularizations for f'(p) = 1/p.

o There exists a unique, global weak solution u® € Lifc([R;Hl ([Rd) NL2) to
B2), and
1w oo o, 1357y < C(n, A, T)Juol| 1,
lu]| Lo j0,m;22) < C(n, A, T |luol| g1 ) |luoll 2, Ve > 0.

e If in addition ug € H*(R?), then u® € LS (R; H*(RY)), and

loc

(3.6) lu®]| oo o,77;12) < C(n, A, T [Juol| g2, Juollzz ), Ve > 0.
o Ifug€ HX(RY) N LZ, then u® € LS (R; H3(RY) N L3).

loc

(3.5)

Proof. (1). For fixed ¢ > 0, the nonlinearity in (3.2)) is locally Lipschitz contin-
uous, and grows more slowly than any power of |uf|. Standard Cauchy theory
for nonlinear Schrodinger equations implies that there exists a unique solution
u® € LS (R HY(Q)) to B2) (respectively, u® € L2 (R; H}(R2)) in the Dirichlet

case); see e.g. [19, Corollary 3.3.11 and Theorem 3.4.1]. In addition, the L?-norm
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-10°F

f/l
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FIGURE 4. Comparison of different regularizations for f”(p) =
—1/p%

of u® is independent of time,
lu ()|72() = luoll7z), VtER.
For j € {1,...,d}, differentiate (B:2) with respect to z;:
(10 + ) 90 = Adyu F2([u[2) + 27 (£2)'(Ju2)Re (@0,
Multiply the above equation by 0;uf, integrate on €2, and take the imaginary part:
@39) implies
1d
2dt
hence (B3]), by Gronwall lemma.

(2). The propagation of the H? regularity is standard, since f¢ is smooth, so we
focus on ([B4]). We now differentiate ([3.2) with respect to time: we get the same

1056511720y < 610501720
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FIGURE 5. Comparison of regularizations g0 (¢ = F, f, f', f")
with different order n.

estimate as above, with d; replaced by J;, and so
18cu* ()12 < 10ku® (0|7 2y e M.

In view of (B2)),

i@mftzo = —Aup + /\uofz(|u0|2)
For 0 < § < 1, we have
VAIFE(p)] < C(6) (p1/2—6/2 " p1/2+6/2) 7

for some C(9) independent of ¢ and n, so for § > 0 sufficiently small, Sobolev
embedding entails

[10:uf(0) || 2 () < lluoll 52y + C(6) (||U0||1LZ§25(Q) n HUOHIIL;(EQ)) .
Since 2 is bounded, Holder inequality yields
fuoll -0y < ol @l

Thus, the first term in ([3.2)) is controlled in L?. Using the same estimates as above,
we control the last term in [3.2) (thanks to (33)), and we infer an L2-estimate for
Auf, hence ([B4).

(3). In the case Q = R?, we multiply ([3:2)) by (x)®, and the same energy estimate
as before now yields

d x-Vu® o
Gl = ot [ BT 0 ax < 1160w e IV

S )™ w2 ey [ Vsl L2(ra),
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where the last inequality follows from the assumption o < 1, hence (35]). To prove
B3], we resume the same approach as to get ([B.4), with the difference that the
Holder estimate must be replaced by some other estimate (see e.g. [I7]): for § > 0
sufficiently small,

_ 2—-26—dé ds
/ued [l < Nl goay™ Nl ooy -

The L3 estimate follows easily, see e.g. [5] for details. O

3.2. Convergence of the regularized model. In this subsection, we show an
approximation property of the regularized model 2] to (TI)).

Lemma 3.2. Suppose the equation [B.2) is set on Q, where Q@ =R, or Q C R? is
a bounded domain with homogeneous Dirichlet or periodic boundary condition. We
have the general estimate:

(3.7) %Ilus(t) —u(®)lZ> < I (4llu(t) = u@®)]Z> + 6ellu(t) —u(t)] 1) -

Proof. Subtracting (L) from (B2), we see that the error function e® := u® — u
satisfies

i0he + et = A [uf n(ju[?) — uln(ful?)] + Mt [££(1f[?) = In(fu[2)] xqjue <oy

Multiplying the above error equation by ef(t), integrating in space and taking
imaginary parts, we can get by using Lemma 2] (Z4) and (Z3)) that

1d
Sl

- mm/Q [ In([u]) — win([ul)] & (x, t)dx

+ Alm uf [f5(Juf)?) — In(Ju®]?)] €8 (x, t)dx

|us|<e
SOOI+ ] [ T Q) — )+ o Q) ()]
uc|<e

=l [ Y g e et x|

us|2 Sn+1

<2l + M| [

|us|<e

N e Tk w2\
—2 el + | [ ] Tds—(l——Q) Jx
lus|<e [us|2 s €

52
< 20N |lef(t) |32 + el Allle o + |A| ‘/ 87”71/ efu(s — |u5|2)"dxds‘
0 us|2<s
<20l [le* ()72 + 3e|Al[[e] L1
This yields the result. O

Invoking the same arguments as in [5], based on the previous error estimate, and
interpolation between L2 and H?, we get the following error estimate.

Proposition 3.3. If Q has finite measure and ug € H?(Q), then for any T > 0,

[0 = ull Lo o.riz2 () < Cres  us = ull oo,y () < Cag'/?,
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where Cy depends on |\, T, |Q|, and Co depends in addition on ||uol g2(q). If
Q=R 1<d<3 andug € H*(RY) N L3, then for any T > 0, we have
4 2
1 = wllpe o ryzarey < Drettd,  flu® = ull ooy (rey) < Dag e,
where D1 and Dy depend on d, ||, T', |luollzz and [|uo| m2(re)-
Proof. The proof is the same as that in [5]. We just list the outline for the readers’

convenience. When 2 is bounded, the convergence in L? follows from Gronwall’s

inequality by applying (B17) and the estimate ||v][z1 < [2]*/2|v||z2. The estimate

in H! follows form the Gagliardo-Nirenberg inequality |lv|/z: < C||v|\1L/22Hv||}1{22

and the property ([3.4). For Q = R, the convergence in L? can be established by
Gronwall’s inequality and the estimate (cf. [5])

1-d/4), 1d/4 - a-a 20
ol < Calloll z Il 75" < Ca ( Hloll3e + <7 ||v||zgd> :
which is derived by the Cauchy-Schwarz inequality and Young’s inequality. The
convergence in H! can similarly derived by the Gagliardo-Nirenberg inequality. [J

3.3. Convergence of the energy. By construction, the energy is conserved, i.e.,
(38)  Ei(u) = / [V (o, D] + AFE (Juf (%, )]2)]dx = B (uo).

Q
For the convergence of the energy, we have the following estimate.

Proposition 3.4. For ug € H*(Q) N L*(Q) with o € (0,2), the energy EE(uo)
converges to E(ug) with

2—a

- €
|EY, (uo) — E(uo)| < [Al ||u0||Lam-

In addition, for bounded ), we have
| B5(u0) — E(uo)| < |A][€2 €.
Proof. Tt can be deduced from the definition (B8] and (Z4) that

| By, (u0) — Euo)| = |A| /Q[F(IUO(X)F) — Fy (Juo(x)[*)]dx

“WI| [ Pl (0) - @i (fuo)
luo(x)|<e
=|A ug(x)|? ) 57 (s — Jugp(x)|*)"dsdx
bR [ o)

52
W[ (s Jus() ) s,
0 Juo (x)]2<s

If Q is bounded, we immediately get
| E5 (uo) — Euo)| < |22
For unbounded §2, one gets

&2 2—«
—n—1 _n+l—a a a €
|E;3(u0)—E(u0)|g|A|/O S 2 g s = ] ol ;75

which completes the proof. O
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Remark 3.5. Recall that it was shown in [5] that for the regularized model (L6
with the energy density (L), the energy

(3.9) B=(uo) = |Vuo 2= + )\/ F= (Juo[2)dx
Q

converges to E(ug) with an error O(g). For the regularization (L) with the energy
density (ILII)) and the regularized energy

(310) EE(UO) = ||V’LLO||%2 + A/ ﬁ5(|u0|2)dx,
Q

— \ [+ o) m(e? + uof?) = <2 () ol Inof?)] dx
Q

2 2
< |)\|62/ In <1 + |u02| ) dx + |)\|/ uo|? In (1 + 6—2) dx
Q € Q |uo

<\ 52*%“(04)/ o |“dx
Q

=\ Cla)uol e
where we have used the inequality In(1 + z) < C(B)z” for 8 € (0,1] and = > 0.
Hence for ug € HY(Q) N L*(Q) with a € (0,2), we infer
| E# (o) = E(uo)| < N =2~C(a) Juoll5.

that is, the same convergence rate as E;. Thus the newly proposed local energy
regularization F; is more accurate than F°, and than F*° in the case of bounded
domains, from the viewpoint of energy.

4. REGULARIZED LIE-TROTTER SPLITTING METHODS

In this section, we investigate approximation properties of the Lie-Trotter split-
ting methods [I327,[47] for solving the regularized model (8:2) in one dimension
(1D). Extensions to higher dimensions are straightforward. To simplify notations,
we set A = 1.

4.1. A time-splitting for (3.2)). The operator splitting methods are based on a
decomposition of the flow of ([B.2):

Ou® = A(u®) + B(u®),

where
A@w) = idv,  B(v) = —ivfg(vl?),

and the solution of the sub-equations

ow(z,t) = A(v(z,t)), xz€Q, t>0,
(4.1) {v(x,O) = vp(z),

Ow(z,t) = Blw(z,t)), z€Q, t>0,
(42) {w(x,O) = wo(z),
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where Q2 = R or 2 C R is a bounded domain with homogeneous Dirichlet or periodic
boundary condition on the boundary. Denote the flow of (@Il and ([@2) by
(4.3)  v(-,t) = B (vg) = ePug,  w(- 1) = Bly(wp) = woe ol ¢ >0,

As is well known, the flow ®% satisfies the isometry relation
(4.4) |®% (vo) ||l s = llvollzs, Vs €R, Vt>0.
Regarding the flow ®%;, we have the following properties.

Lemma 4.1. Assume 7> 0 and wo € HY(Q), then

(4.5) @5 (wo)llzz = llwollzz, @ (wo)llar < (1 +67) [lwol| -
For v, w e L*(9),
(4.6) @5 (v) = P(w)l[L2 < (1 +4nT) [lv — w2,

Proof. By direct calculation, we get
02D (wo) = e~ TR IwoD" [0 — ir(£5) (lwo|?) (w§DaT0 + lwo*Brewo)]
which immediately gives ({3 by recalling (2.9). We claim that for any x € Q,
[0 (v)(z) — @F(w)(z)] < (1 +4n7) [v(z) — w(z)|.

Assuming, for example, |v(z)| < |w(x)|, by inserting a term v(z)e~ /2 (v @D* we
can get

@5 (v)(z) — Pp(w)(2)]
‘ (@)e = TF @D _p(g)eminFi @)’

v(a o) (BN TN 1)

)
)~ w(a) +
< lo(e) — wi@)| + 2o@) [ sin (£ [ (w@)P) - fi(o@)/)] )]
< Jo() = w(@)| + 7o) |5 (w(@)P) = F(o@))

< (14 4n7) [o(a) - w(a)),

where we have used the estimate [27). When |v(z)| > |w(x)]|, the same inequality
can be obtained by exchanging v and w in the above computation. Thus the proof
for (£H) is complete. O

w(x

4.2. Error estimates for ®” = 7, ®L. We consider the Lie-Trotter splitting

(4.7) ut P = T (uSF) = (B (uSF)), k>0, wl=wug, T>0.
For up € HY(Q), it follows from (&) and ([ZF) that
(48) sl e = us* 2 = [u™°] 2 = [luol| 2,

||’U,€’k||H1 < (1 + 67‘) ||’U,€’k_1||H1 < GGkTHUOHHlv k> 0.

Theorem 4.2. Let T > 0 and 19 > 0 be given constants. Assume that the solution
of B2) satisfies u® € L*°([0,T); H(Q)) and the time step T < 79. Then there
exists 0 < 9 < 1 depending on n, 1o and M := ||u®|| Lo (jo,17;H1 (0)) Such that when
e<eggandty =kt <T, we have

(4.9) ||u‘5’1C —u(tr)||2 < C (ny70, T, M) ln(s_l)Tl/z.
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Proof. Denote the exact flow of [B32) by u®(t) = ¥'(ug). First, we establish the
local error for v € H(Q):

(410) [ UT) = @7 ()12 < Cluy ool (=72, 7 < 7o,
when ¢ is sufficiently small. Note that definitions imply
10,9 (v) + AP (v) = W' (v) f (19" (v) ),
00" (v) + AP (v) = @Y (D (v) f (12 (v)]*)) -
Denoting £ (v) = ¥i(v) — ®!(v), we have
(411) 0 (v) + A (v) = U (v) f (19" (0)[*) — @ (P (0) (125 (v)])) -
Multiplying (£11]) by Et—(v), integrating in space and taking the imaginary part, we
get
0)l3 = m (W (0) f5 (|0 (0)?) — @ (@} (f5@t )
= Tm (P (0) fo (| (0)*) = ' (0) £ (12" (v)[*), €' (v))
+1Im (@ (0) £7(|2 (0)[*) — @ (P (v )f€(|¢t ))& (v)
< dnfl€' ()|
+[[@8 ()[R (12 ()*) — @ (P (0) [ (125 @)) || 2 1€ (W) e,

where we have used (2:8)) and the scalar product is the standard one in L?: (u,w) =
Jo u( w(z)dz. This implies

t t
S E))

(4.12) %Ilc‘ft(v)llm <4nl|E' (V)2 + J1 + T2,
where
=@ () fR (12" (v)]*) = () £ (1PE (V)] e,
= [[25) /5 (1250)]*) — @4 (25 (0)f(125©)*) |-

To estimate J; in (LI2), first we try to find the bound of || ®*(v)]| L, || P (v)|| Lo
It follows from ([@4]) and (L3 that

1% ()]l = @5 (W) < A +68)vllm < (1+6to)[v]lm, ¢ <to.
Hence by Sobolev embedding, we have
(4.13) [ ()| < e(1+6to)|[vllmr, [PB()llLe < e(1+6to)l|v] e,

where c is the constant in the Sobolev inequality ||w| L= < ¢||lw]/g1. Next we claim
that for y, z satisfying |y|, |2| < D, it can be established that

(4.14) lyfa(lyl?) = 2f5(12*)] < 4In(e™H)ly — 2],
when ¢ is sufficiently small. It follows from (ZI0) that |fS(|y|?)| < 2 + In(ne™2),
when |y| < D and € < /n/D. Assuming, for example, 0 < |z| < |y|, and applying

@0), we get
lyfa(lul®) = 2fa (12191 = 1 = 2) ()] + 215w ?) = £r(1212)]
dnly — 2|

k1

< 2+ n(ne™?))ly — 2| + 2|

<2(3n+In(e ™))y - 2|
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< 4In(e Yy - 21,

when ¢ < & := min{/n/D, e 3"}. The case when y = 0 or z = 0 can be handled
similarly. Recalling [@I3)), taking D = ¢(1 + 6t)||v|| g1, we obtain, when ¢ < e :=

. V/n —3n
M Sy ol € b
Ji < Aln(e ) 4(0) — @ (0)] 22
< 4In(e7M)V2t|| @Y (V)| g

(4.15) < 6In(e " )Ve||v|| g1,
where we have used the estimate
(4.16) |w = @4 (w)]|,» < V2t |w| g,

as in [4], instead of the estimate from [I3],
Hw — <I>f4(w)||L2 < 2t||w|| g2,

which in our case yields an extra 1/e factor in the error estimate.
To estimate .Jo, we first claim that

(4.17) 195 (0) f (|25 (W) *) [l < 6In(e™) (L + 3to)[|v]| a1,
when € < g7 and t < ty9. Recalling that
Pl (0) F7(125 (0)) = wf (fof*)e ),
and |f<(Jv]?)] < 3In(e™1), when e < g1, this implies
(@5 (0)) f (125 (0)*) |22 < 3In(e™)[|v]| L2
Noticing that
0 (2 () fi (12 (0))] = e o £ (0f?)
+A =t fr (o)) (fR) () (0T + [vf*es)]
which together with (2.9]) yields
10:[@% (v) f (125 (0)[*)]| < [6+3In(e™") (1 + 6to)] [va] < 61n(e™)(1 + 3to)|val,
which immediately gives ([@IT). Applying (£I6]) again entails
(4.18) Jo < V2L |(@(0)) [ (195 0)*)la < 9In(e™") (1 + 3to)VE[[v|ae,
for e < ey and ¢t < ty. Combining [@I2), (AI5) and @I8), we get
%llc‘ft(v)llL2 < 4n|lE (W)l z2 +15(1 + 2t) In(e™ 1)) Ve[ 0l a1
Invoking Gronwall’s inequality, we have
€7 (W)|IL2 < e [IE%(0)]| L2 + 15(1 + 270) In(e™ ) [|v]| g1 /OT \/EdS]
< 30(1 4 270)e™™ ||v| g1 In(e 1) 73/2
< C(n,7o)|[v]| s In(e~H)r*/2,

when 7 < 79 and € < g = min{%&_?’"} depending on 79, n and M =
l|u®|| o= ([0,7; 1), Which completes the proof for (EI0).
Next we infer the stability analysis for the operator ®:

(4.19) [®7(v) — " (w)||z2 < (1 +4n7)|lv —wl|p2, for wv,we L*(N).
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Noticing that ®7, is a linear isometry on H*(Q2), (£0) gives (1Y) directly. Thus
the error (£9]) can be established by combining the local error (£I0), the stability
property ([LI9) and a standard argument [4[13]:

[u* = uf (t) | 2 = |97 (u™F1) = W7 (" (tp—1) | 2
< @7 (u ) = 7 (wf (te-1)) || 22 + |97 (" (t—1)) — W7 (u" (th-1))| 2
< (1 +4n7) 1 = (t5-1) |2 + Cn, 70) In(e ™) 72 |us (tx—1) ||
< (14 4n7)||[us* =t —uf (tp_1)|| 2 + MC(n, 70) In(e )73/

< (14 4n7)2[us 2 — wf (ty_2)|| 2 + MC(n,10) In(e™H)7%/2 [1 + (1 4 4n7))]
<

k—1
< (1 +4n7)F|[us° — ug| 12 + MC(n,70) In(e~1)7%/2 Z(l + 4n1)
j=0
< C(n, 10, T, M)In(e1)7/2,
which completes the proof. (Il

Remark 4.3. As established in Theorem B}, for an arbitrarily large fixed T' > 0,
we have u® € L°([0,T]; H*(Q)) as soon as ug € H(2) when  is bounded. More
specifically,

M = ||| oo o,y < C (n, AT uol| ) s 5 = 1,2,

for a constant C' independent of e. When Q = R?, we require in addition uy € L2
for some 0 < a <1 and C depends additionally on |lug|| 2. Hence the constant in
(#9) as well as [@.22]) in Theorem [£H is independent of .

Remark 4.4. By applying similar arguments as in [4], for d = 2, 3, the error estimate
([@3) can be established under a more restrictive condition u® € L>([0,T]; H?(£)),
in which case g9 depends on n and [[u®|| (0, 1;12(q)), and [[®5(v)|| g2 has to be
further investigated due to the Sobolev inequality H?(Q) — L>(Q2). For details,
we refer to [4].

4.3. Error estimates for &7 = ®L,®7,. We consider another Lie-Trotter splitting
(4.20)  wSFT = @T(uSF) = O (Y (u)), k>0; w0 =uy, T € (0,7).

In the same fashion as above, we have

(4.21) [u=F |z = lluollz2,  Nlu*|lm < € uollmr, k>0

Theorem 4.5. Let T > 0. Assume that the solution of [B.2) satisfies u® €
L>([0,T]; H*(2)). Then there exists eg > 0 depending onn, 7o and M = ||uf|| L= (jo, 1011 (2))
such that when ¢ < gg and kT < T, we have

.
(4.22) ||u8’k — ua(tk)HLz <C (TL,T(),T, ||U8||Loo([0,T];H2(Q))) =
where C(-,-,-,-) is independent of .

Proof. First, we prove the local error estimate: for vg € H' (),

2
T ~
(4.23) U7 (vo) — @7 (vo)ll2 < C(n, ||U0||H2)?, € < €o,
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where &7 = ®L®7,, U7 (vy) is the exact flow of (B:2]) with initial data vy and C(-, @)
is increasing with respect to a and £y depends on n and ||vo || g:. We start from the
Duhamel formula for v(t) = ¥t(vy):

(4.24) Tl(vg) = ePuy + /t e=AB(y(s))ds.
0
Recall
(425)  B(u(s) = B(e*Sug) + / AB (=92 () [~ B(u(y))dy,

which is the variation-of-constants formula

B(g(s)) — B(g(0)) = /0 dB(g())[g W)dy, g(y) = 'V 2p(y).
Here dB(-)[-] is the Gateaux derivative:

(4.26) = —iwa f5(Jw1?) = awi (f7) (Jwi [*) i@z + Trws].
Plugging ([@27)) into [@24)) with t = 7, we get

WT(UO) :eiTAUQ+/ ei(T_S)AB(eiSAUO)dS+€17
0

where L
er = / / ' TTIRAB (TR0 (y) [T V2 B(u(y))dyds.
o Jo
On the other hand, for the Lie splitting ®7(vg) = ®FP7 (vo), applying the first-

order Taylor expansion

1

®L(w) =w + 7B(w) + 72/ (1 — 8)dB(® (w))[B(®F (w))]ds,
0

for w = ®7 (vg) = ™A vy, we get

D7 (vg) = PP (vg) = ey + TB(eiTAvo) + eq,

with )
ey = 72/ (1= 5)dB(®F (€' v0))[B(®F (€7 vg))]ds.
0
Thus
U7 (vg) — D" (vg) = €1 — ea + e3,
where

e3 = / e'T=IAB (e yg)ds — TB(e A vp).
0

Noticing that e is the quadrature error of the rectangle rule approximating the
integral on [0, 7] of the function g(s) = ¢("=$)AB(e?*Ay), this implies

1
e3 = —72 "(Or
o= [ ogoryi.
where ¢/(s) = —e(""9)A[A, B](e*** ), with
[A, Bl(w) = dA(w)[Bw] — dB(w)[Aw] = iA(Bw) — dB(w)[Aw]

= () (lw) Quiw + dw|w,|* + 3w*Wez — [w]*wes)
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+w(f5)" (Jw]?) (w0 + wiwy)?,

by recalling [@26]) and
A(w1 + 5102) — A(wl)

(4.27) dA(w)[we] = lim = iAws.
§—0 1)
Applying @2.9), we get
12n + 6n2
14, Bl(w)] < 0 P 412w,
which implies
12n + 6n2
1[4, Bl(w)][z2 < fﬂwzllﬁ + 12[|wae | 2
12n + 6n2
< wax”Lm”wr”N + 12[|wee || L2
12¢n?
< 2fwllge + — [[wl|%2,

where we have used n > 2 and the Sobolev embedding |w||r« < ¢|w| g1 for d = 1.
This yields that for any s € [0,1],

9" (8)llz2 = [I1A, B](e"*2vo)llz2 < 12[[vo 2 (1 + en®[|vo| 112 /),

which immediately gives

(4.28) lesllrz < 7 /01 lg"(07) )| 2d6 < 12}vo gr= (1 + en®|vo ]l g2 /)7,
Next we estimate e; and eg. In view of ([2]), we have
ldB (w1)[we]ll 2 < (8 + In(ne™?))[[we] L2,
when ¢ < £:= /n/||w1]|r~. Thus one gets
[dB(e"* =20 (y)) [ ~2 B(u(y))]l| > < (8 + n(ne™2))[[e" "2 B(u(y))] L2
= (8 +In(ne™?))|B(v(y))ll 2,
when € < &1 = v/n/||e*=¥2y(y)||~. By Sobolev embedding,
(4.29) =2 0(y)| e < el R 0(y) |l = el ¥ (o) a1
/e

e o) Tr e We have
y€[0,7]

thus when ¢ < g5 :=

lele < [ [ 1dBESD2u@)[ete 9 Blo(w) adyds
0 Jo

e ) [ [ 1B dys
(=) mas o) ()P 1z
< (8+In(ne™?))?r? max [lo(y)llz:

(4.30) — (8 + In(ne2))

Similarly, by recalling

l[vol 272

125 (e o) e = [l wollz~ < cllvol
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when € < e3 := v/n/(c||lvol| 1),
1 .
leallz2 < (8+1n(n€72))72/ IB(®F (e %v0))l|2ds
0

1
< (8 +ln(ne )P [ BF (e )] ads
0

(4.31) = (8 +In(ne~2))?||jvo|| 272
Combining (£28)), (430) and (@31]), when £ < £y = min{es,e3} = €2, we have
T T 2 -2 —2\1\2 120n2
197 (vo) = @7 (vo)ll 2 < 7*[lvoll = [er + 2 In(ne ™) + e3(In(ne™?))* + [voll 2]

g Cont’? 12en?
< 7ol [ + +

l[voll 2]

7_2
< C(n, fuolli) =

where we have employed the inequalities In(z) < Cz'/? and In(z) < Cx'/* for
x € [1,00). Hence [@.23)) is established.
Similarly the stability can be yielded by (.6]):

(4.32)  [[97(v) = " (w)][z> < (1 +4n7)[[ @4 (v —w)llL> = (1 +4n7)|lv — wl|L2,

Vi

for v,w € L2?(Q2). Denote g9 = [CPrr— then by applying similar arguments

in the proof of Theorem 2] we can get the error estimate (L.22)). O

Remark 4.6. For d = 2,3, the error estimate ([A22)) can be established with eg
depending on n, 7o and ||u|| L= (jo,7;m2(c2)) by noticing that H?(Q) — L>(Q) and
H?(Q) — WhH4(Q) for d = 2,3.

Remark 4.7 (Strang splitting). When considering a Strang splitting,
(138) w1 = @3 (@ (2370 ) ) or w = @/ (@ (272 (wH)) ).

by applying similar but more intricate arguments as above, we can prove the error

bound
2

-
[u™* —u (tx)l 2> < C (n, 70, T, [[0f|| Lo 0,171 02))) =t
under the assumption that u® € L°°([0, T]; H*(Q)).

Remark 4.8. In view of Theorem [3.1] Theorems and rely on a regularity
that we know is available. On the other hand, the regularity assumed in the above
remark on Strang splitting is unclear in general, in the sense that we don’t know
how to bound »® in L*°([0,T]; H*(Q2)).
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5. NUMERICAL RESULTS

In this section, we first test the convergence rate of the local energy regularized
model [B2) and compare it with the other two (L) and (L). We then test the
order of accuracy of the regularized Lie-Trotter splitting (LTSP) schemes ({71 and
(#20) and Strang splitting (STSP) scheme ([@33). To simplify the presentation, we
unify the regularized models (L), (7)) and B2]) as follows:

(5.1) {i@tua(x,t) + Auf(x,t) = Mc(x, ) o, (Ju (x,8)[}), x€Q, t>0,

reg

u®(x,0) = up(x), x€Q.

With the regularized nonlinearity f,,(p) being chosen as f¢, f¢ and f<, (1) cor-
responds to the regularized models (L), (L7) and [B.2)), respectively. In practical
computation, we impose periodic boundary condition on 2 and employ the stan-
dard Fourier pseudo-spectral method [AL[6L[8] for spatial discretization. The details
are omitted here for brevity.

Hereafter, unless specified, we consider the following Gaussian initial data in

d-dimension (d = 1,2), i.e., up(x) is chosen as
(5.2) up(x) = bge™vtax* x e RY

In this case, the LogSE (II]) admits the moving Gausson solution

(5.3) u(x,t) = by ei(x-'uf(ad+|1;|2)t)+%|x72fut|2, x € |Rd7 t>0,
with ag = — (d —In|bg|?). In this paper, we let A = —1, by = 1/v/—Ar and choose
Q = [-16,16]%. Moreover, we fix v = 1 and v = (1,1)T as well as take the mesh

size as h = 1/64 and h, = h, = 1/16 for d = 1 and 2, respectively. To quantify the
numerical errors, we define the following error functions:

é;(tk) = p('vtk) - pa('vtk) = |u('7t7€)|2 - |u8('7tk)|27
(5.4) E(tr) = ul ty) —us(tr), & (tn) = u(-tr) — uk,
e (tg) = u (-, ty,) — usF, en = |E(ug) — Epeg(u0)]-

reg

Here, u and u® are the exact solutions of the LogSE (1)) and RLogSE (G,
respectively, while u®* is the numerical solution of the RLogSE (5.I) obtained
by LTSP (@) (or (I20)) or STSP ([33). The “exact” solution u® is obtained
numerically by STSP (&33) with a very small time step, e.g., 7 = 107°. The
energy is obtained by the trapezoidal rule for approximating the integrals in the

energy (L), (B1), (B9) and (BI0).

5.1. Convergence rate of the regularized model. Here, we consider the error
between the solutions of the RLogSE (&) and the LogSE (II)). For various reg-
ularized models (i.e., different choices of regularized nonlinearity fg, in equation
(51)), Fig. [@ shows [[e°(¢)[|z and [[€5(t)[|1 at ¢ = 3 and ¢ = 2, respectively, for
d =1 and 2, while Fig. [ depicts e3, versus e. The results are similar when é°(t) is
measured by L2- or L>®-norm.

From these figures and additional similar numerical results not shown here for
brevity, we could clearly see: (i) The solution of the RLogSE (5.1]) converges linearly
to that of the LogSE () in terms of ¢ for all the three types of regularized models.
Moreover, the regularized energy E* converges linearly to the original energy E in

terms of &, while B¢ & EZ (for any n > 2) converges quadratically. These results
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107" f

FIGURE 6. Convergence of the RLogSE (&.1]) with various regular-
ized nonlinearities f5,, to the LogSE (), i.e., the error ||&°(¢)|| g

reg
and [|€5(?)[[1 versus the regularization parameter € at t = 3 for

d =1 (upper) and t = 2 for d = 2 (lower).

confirm the theoretical results from Section B.21& B3l (ii) In L!-norm, the density
p° of the solution of the RLogSE with regularized nonlinearity f“" converges linearly
to that of the LogSE (LI)) in terms of ¢, while the convergence rate is not clear
for those of RLogSE with other regularized nonlinearities. Generally, for fixed
¢, the errors of the densities measured in L'-norms are smaller than those of wave
functions (measured in L?, H' or L>-norm). (iii) For any fixed € > 0, the proposed

local energy regularization (i.e., fr,, = f;) outperforms the other two (i.e., f, = f°
and fg, = f¢) in the sense that its corresponding errors in wave function and total

energy are smaller. The larger the order (i.e., n) of the energy-regularization is
chosen, the smaller the difference between the solutions of the ERLogSE ([B.2]) and
LogSE is obtained.

5.2. Convergence rate of the time-splitting spectral method. Here, we in-
vestigate the model RLogSE (&.1)) with fr, = f5, i.e., the ERLogSE ([3.2). We
will test the convergence rate of type-1 LTSP (1) & type-2 LTSP (£20) and the
STSP ([@33) to the ERLogSE ([32) or the LogSE (] in terms of the time step 7
for fixed € € (0,1). Fig. B shows the errors ||e®(3)|| g1 versus time step 7 for f§ &
f£. In addition, Table [ displays ||é(3)|| versus e & 7 for f5.

From Fig. B Table [l and additional similar results not shown here for brevity,
we can observe that: (i) In H! norm, for any fixed ¢ € (0,1) and n > 2, the
LTSP scheme converges linearly while the STSP scheme converges quadratically
when e < g¢ for some g9 > 0. (ii) For any f¢ with n > 2, the STSP converges
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_—b oL ‘
1071} a0
105} 107
W w
10°f 108
10718}, ‘ ‘ ‘ ‘ 10712
10°® 107 10° € 1072 107"
FIGURE 7. Convergence of the RLogSE (B.I)) with various regular-
ized nonlinearities f5, to the LogSE ([LI): the energy error e (t)
B at t =3 for d =1 (left) and ¢ = 2 for d = 2 (right).
e — €
100 freg‘ f2 100
il gl
./- i o’, /.V/
103" a4 103
= x“"'{;‘ =
— ~¥]—Lie-typel, e = 0.1 — ,pg’—Lie-typel, e=01
108} —--Lie-typel, £ = 0.1/412 10" #*j=m-Lictypel, £ =0.1/42
Lie-type2, e =0.1 ,or/" Lie-type2, e =0.1
------ Lie-type2, € = 0.1/4' ¢;/' T2 JeeeenLie-type2, £ = 0.1/412
-0 Strang, e = 0.1 - -0 Strang, e = 0.1
9 -+-Strang, e = 0.1/4 9 r/ -+-Strang, e = 0.1/4
10 wwe Strang, ¢ = 0.1/412 10 wwe Strang, ¢ = 0.1/412
10 10 10° 7 1072 107 10 10 10° 7 1072 107

FIGURE 8. Convergence of the type-1 LTSP (@) & type-2 LTSP
(#20) as well as the STSP ([@33)) to the ERLogSE (2] with reg-
ularized nonlinearity f5 (left) and f§ (right), i.e., errors ||e®(3)|| &,
versus 7 for various e.

quadratically to the LogSE (L)) only when ¢ is sufficiently small, i.e., ¢ < 72 (cf.
each row in the lower triangle below the diagonal in bold letter in Table [I). (iii)
When 7 is sufficiently small, i.e., 72 < ¢, the ERLogSE ([B.2]) converges linearly at
O(e) to the LogSE (1) (cf. each column in the upper triangle above the diagonal
in bold letter in Table[]). (iv) The numerical results are similar for other f¢ with
n > 3 and when the errors are measured in L*°- and L?-norm, which confirm the
theoretical conclusion in Theorem and Remark [£7]

5.3. Application for interaction of 2D Gaussons. In this section, we apply
the STSP method to investigate the interaction of Gaussons in dimension 2. To
this end, we fix n = 4, e = 10712, 7 = 0.001, h, = hy, = 1/16, Q = [—16,16]* for
Case 1 & Case 2 while Q = [—48,48]? for Case 3. The initial data is chosen as

s A _ <02 . A _ 402
(5.5) up(x) = by V1 t3 Xl ppixvat 3 xox)?
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TABLE 1. Convergence of the STSP (£33) (via solving the ER-
LogSE [B.2)) with f5) to the LogSE (L)), i.e., ||e(3)|| for different

€ and 7.
r=01 7/2 7/22 7/23 7/2* 7/25 r/26  rj27 728 1/29
€=0.025 [7.98E-32.13E-3 8.86E-4 7.28E-4 7.14E-4 7.12E-4 7.12E-4 7.12E-4 7.12E-4 7.12E-4
rate - 1.91 127 028 003 000 000 0.00 000  0.00
e/4 7.77E-3 1.96E-3 5.02E-4 1.67E-4 1.12E-4 1.08E-4 1.08E-4 1.08E-4 1.08E-4 1.08E-4
rate - 1.99 197 159 057  0.06  0.01 0.00  0.00  0.00
/42 7.76E-3 1.95E-3 4.88E-4 1.25E-4 3.81E-5 2.40E-5 2.28E-5 2.27E-5 2.27E-5 2.27E-5
rate - 2.00 200 1.97 171 0.67  0.07 001  0.00  0.00
/43 7.76E-3 1.95E-3 4.87E-4 1.22E-4 3.08E-5 8.95E-6 5.09E-6 4.74E-6 4.72E-6 4.71E-6
rate - 200 200 200 1.98 1.78 082 010 001  0.00
e/4t 7.76E-3 1.95E-3 4.87E-4 1.22E-4 3.04E-5 7.66E-62.092E-6 9.93E-7 8.80E-7 8.72E-7
rate - 2.00 200 200 200 1.99  1.87 1.08 018  0.01
/47 7.76E-3 1.95E-3 4.87E-4 1.22E-4 3.04E-5 7.61E-6 1.92E-6 5.26E-7 2.54E-7 2.27E-7
rate - 2.00 200 200 200 200 1.99 187 1.05  0.16
/4% 7.76E-3 1.95E-3 4.87E-4 1.22E-4 3.04E-5 7.61E-6 1.90E-6 4.78E-7 1.27E-7 5.36E-8
rate - 2.00 200 200 200 2.00 200 1.99 191 1.25
/47 7.76E-3 1.95E-3 4.87E-4 1.22E-4 3.04E-5 7.61E-6 1.90E-6 4.76E-7 1.19E-7 3.13E-8
rate - 2.00 200 200 200 200 200 200 2.00 1.93
/43 7.76E-3 1.95E-3 4.87E-4 1.22E-4 3.04E-5 7.61E-6 1.90E-6 4.76E-7 1.19E-7 2.98E-8
rate - 2.00 2.00 200 200 200 200 200 200 @ 2.00

where bj, v; and x} (j = 1,2) are real constant vectors, i.e., the initial data is
the sum of two Gaussons (E.3) with velocity v; and initial location x?. Here, we
consider the following cases:

(i) bi=by=g=, v =v2=(0,0", x{=-x§=(-2,07

(ii) by = 1.5by = %ﬁ v; = (—=0.15,0)7, vy =x%=(0,0)7, x9=(50)7T;
(iii) by = by = %ﬁ vy = (0,007, vy =(0,0.85)7T, x¥=-x§=(-2,0)T.
Fig. shows the contour plots of |u®(x,y,t)|* at different time as well as the
evolution of \/|u¢(z,0,t)| for Case (i) & (ii). While Fig. [0 illustrates that for
Case (iii). From these figures we clearly see that: (1) Even for two static Gaussons,
if they stay close enough, they will contact and undergo attractive interactions.
They will collide and stick together shortly then separate again. The Gaussons will
swing like a pendulum and small solitary waves are emitted outward during the
interaction (cf. Fig. @ top). This dynamics phenomena is similar to that in 1D
case [4]. (2) For Case (ii), the two Gaussons also undergo attractive interactions.
The slowly moving Gausson will drag its nearby static Gausson to move in the
same direction (cf. Fig. @ bottom), which is also similar to that in 1D case [4]. (3)
For two Gaussons (one static and the other moving) staying close enough, if the
moving Gausson move perpendicular to the line connecting the two Gaussons, the
static Gausson will be dragged to move and the direction of the moving Gausson
will be altered. The two Gaussons will rotate with each other and gradually drift
away, which is similar to the dynamics of a vortex pair in the cubic Schrodinger

equation [10].

| 2
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1.04 0.56
- H h ' H h
0 0

t =0 t =20 t =40 Ve, 0,1)]
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FIGURE 9. Plots of |u®(z,y,t)|* at different times (first three col-
umn) and contour plot of |uf(x,0,t)[? (last column) for Case
(i) (Upper) in region [—6,6]?> and Case (ii) (Lower) in region
[—13,7] x [6,6].

£l 0.58 0.58 0.58 Loa 0.58

- H h h h - ﬂ h
0 0 0 0

=10 0.58 0.58 0.58 =l 0.58

- H - h h - ﬂ h
0 0 0 0

0.58 0.58 0.58 i232 0.58

N h h . ﬂ h
0 0 0 0

FIGURE 10. Plots of |uf(x,y,t)|* at different times for Case (iii)
in region [—9,9] x [—5, 32].

6. CONCLUSION

We proposed a new systematic local energy regularization (LER) approach to
overcomie the singularity of the nonlinearity in the logarithmic Schrodinger equation
(LogSE). With a small regularized parameter 0 < € < 1, in contrast to the existing
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ones that directly regularize the logarithmic nonlinearity, we regularized locally the
interaction energy density in the energy functional of the LogSE. The Hamiltonian
flow of the new regularized energy then yields an energy regularized logarithmic
Schrodinger equation (ERLogSE). Linear and quadratic convergence in terms of &
was established between the solutions, and between the conserved total energy of
ERLogSE and LogSE, respectively. Then we presented and analyzed time-splitting
schemes to solve the ERLogSE. The classical first order of convergence was obtained
both theoretically and numerically for the Lie-Trotter splitting scheme. Numerical
results suggest that the error bounds of splitting schemes to the LogSE clearly
depend on the time step 7 and mesh size h as well as the small regularized parameter
€. Our numerical results confirm the error bounds and indicate that the ERLogSE
model outperforms the other existing ones in accuracy.
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