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THE EFFECT OF DISCRETIZATION ON THE MEAN GEOMETRY OF A 2D

RANDOM FIELD

HERMINE BIERME AND AGNES DESOLNEUX

ABSTRACT. The study of the geometry of excursion sets of 2D random fields is a question of
interest from both the theoretical and the applied viewpoints. In this paper we are interested
in the relationship between the perimeter (resp. the total curvature, related to the Euler char-
acteristic by Gauss-Bonnet Theorem) of the excursion sets of a function and the ones of its
discretization. Our approach is a weak framework in which we consider the functions that map
the level of the excursion set to the perimeter (resp. the total curvature) of the excursion set.
We will be also interested in a stochastic framework in which the sets are the excursion sets
of 2D random fields. We show in particular that, in expectation, under some stationarity and
isotropy conditions on the random field, the perimeter is always biased (with a 4/7 factor),
whereas the total curvature is not. We illustrate all our results on different examples of random
fields.
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Understanding the geometry of excursion sets of random fields is a question that receives much
attention from both the theoretical and the applied point of view (see [1] for instance). This
is partly due to numerous applications in image processing [31, 25] for pattern detection, seg-
mentation or image model understanding. Moreover, important strong results have been already
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2 HERMINE BIERME AND AGNES DESOLNEUX

obtained especially for smooth Gaussian and related fields [2]. This allows to consider some geo-
metrical characteristics of a given image considered as the realization of a random field, related to
Minkowski functionals in convex geometry [26] or Lipschitz-Killing curvatures in differential ge-
ometry [29]. Roughly speaking, the considered quantities are the surface area, the perimeter and
the Euler characteristic, i.e. the number of connected components minus the number of holes (also
related to the total curvature), of a black-and-white image obtained by thresholding a gray-level
image at some fixed level, corresponding to an excursion set. There exists an abundant literature
studying these geometrical features, let us cite for instance [5, 14, 20, 19, 12]. Most of these
mentioned results rely on strong assumptions on the smoothness of the underlying random fields.

But when making numerical computations in applications, we rarely have access to functions
defined on a continuous domain U, we rather have access to the function taken at points on a
discrete grid. The main example is the one of digital images that are made of pixels, where the
excursion sets are obtained through discrete sets.

The link between the discrete geometry of a set and its “true” underlying continuous geometry
has of course been already studied a lot in different fields: for instance in discrete geometry
[27, 28, 18], in systematic sampling [17], in digital topology [23, 16] or in mathematical morphology
[21, 25]. This list is far from being exhaustive.

This discretization procedure also induces a switch of functional framework since piecewise
constant functions instead of smooth ones have to be considered. For the perimeter, the nice
functional framework of functions of bounded variation [4] allows to unify both approaches by
considering perimeter as a function of the level and adopting a weak formulation [7].

In our previous paper [8], we have introduced functionals that allow us to give (weak) formulas

not only for the perimeter but also for the total curvature (related to the Euler Characteristic, by
Gauss-Bonnet Theorem) of the excursion sets of a function defined on an open set of R2. More
precisely, the framework is the following.
Let U = (0,7)? with T > 0, be a square domain of R?. Let f be a real-valued function defined
on R?, and such that for almost every ¢, the boundary of the excursion set above level ¢ in U is
a piecewise C? curve that has finite length and finite total curvature. For ¢t € R, we denote the
excursion set of f above the level ¢t by

Es(t) = {z; f(z) > t} C R%

Under suitable assumptions on f, we define the level perimeter integral (LP) and the level total
curvature integral (LTC) of f, as the functional defined for every h € C(R), the space of bounded
continuous function on R, by

LP;(h,U) = /]R h(t)Per(E; (1), U)dt  and  LTC;(h,U) = /R h(t)TCOE(t) N U) dt,

where, denoting by H! the 1-dimensional Hausdorff measure, we have
Per(Ef(t),U) = H (OE;(t) N U)

and TC is the total curvature of a curve. It is defined, for any piecewise C? oriented curve I' by
TCT) = //{p(s) ds + Z Qg

where kr is the signed curvature of I' defined at regular points, and «; are the turning angles at
the singular points (corners) of I'. Thanks to the Gauss-Bonnet theorem, the total curvature of
the positively oriented curve E(t) is closely related to the Euler characteristic of E¢(t) (see [13]
p. 274 for instance). Considering for h the constant function equal to 1, we will simply denote

LP;(U) :=LP;(1,U) and LTC;(U):=LTC(1,U).

By the coarea formula ([4] or [15]), LP£(U) is equal to the total variation of f in U.
To have all three Minkowksi functionals (or Lipschitz Killing curvatures), we could also define
the level area functional as,

LA (h,U) :/Rh(t)ﬁ(Ef(t)ﬂU) dt,
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where h now needs also to be integrable, h € L'(R), and £(E) denotes the Lebesgue measure
(area) of a set E. Now, this level area can be written as

LA (hU) = /Rh(t)E(Ef(t)ﬁU))dt:/

h(t)/ If(w)>tdl‘dt
R U B

/U/_f:) h(t) dtdx = /U(H(f(x)) — H(—o0)) da,

where H is any primitive of h. Here the integral LA that was defined on the levels t € R has been
rewritten as an integral on the domain U. This can also be done for LP and LTC. More precisely,
for the level perimeter, when f € C1(R), we obtain in [7] the following formula, for h € Cy(R),

(1) LP s (h,U) = /U W(f (@) f ()] de,
and in particular
) LP#(U) := LP(1,U) = /U IV 5 (@) d,

that is the coarea formula.
For the level total curvature, when f € C%(R), we obtained in [8], for h € Cy(R),

T 1 T 1
9 Ly, 0) = - [ 0016 ([eh iy ) e soneote

and in particular

Vi) Vf(z)*
@ )=o) = [ o, (G ) e e

where if v and v are two vectors of R?, the notation D?f(z).(u,v) stands for u*D?f(z)v where
here D2 f(x) is seen as a 2 x 2 symmetric matrix.

We also obtained explicit formulas when f is no more smooth but piecewise constant on nice
sets (it is then called an elementary function) in [8] Equation (17) for LP and (18) for LTC. We
investigate in this paper how this point of view can be adapted to functions that are piecewise
constant on a regular tiling, where the geometry of the tiling will also play an important role.
Despite the fact that such functions are no more elementary in the sense of our previous paper,
this is a natural framework for numerical computations as soon as one has to consider discretization
of functions. Hence we will consider here two situations. The first one where we have a tiling of
the plane with regular hexagons. The second one, is a more realistic case, where we have a tiling
with squares (pixels). Assuming some regularity of f (C! or Lipschitz on R? for instance), we can
use an approximation inequality such as the one of Proposition 4, to show that the level area of a
discretized version f. of f converges to the level area of f, when e goes to 0. In this paper, we will
focus on what happens for the level perimeter and the level total curvature of a discretized version
fe of f. The geometry of the tiling is important, and in the case of pixels, the connectivity is not
well defined since both 4- and 8-connectivity can be considered. The two cases will be studied.

Now, the specificity of our approach here is that we follow our “functional” point of view
(through LP and LTC), but also our random field approach, replacing the deterministic function
f by a random one X and considering the expectation of LP or LTC. This allows us to provide
explicit mean formulas in particular when the random field X is stationary and isotropic.

The paper is organized as follows. In Section 2 we give formulas for the level perimeter integral
and the level curvature integral of discrete deterministic functions defined on else an hexagonal
or a square tiling. Then, in Section 3, we derive expressions for the expectation of these integral
in the case of discrete random fields. More precisely, we are interested in discrete white noise
and in discrete positively correlated Gaussian random fields. Now, another way to obtain discrete
functions is to discretize a smooth function (or random field). This is what we do in Section 4,
and we give the limits as the tile size goes to 0, showing that the level curvature integral behaves
well, whereas the level perimeter integral has a bias that we quantify. We illustrate this with some
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numerical experiments. In the Appendix, we have postponed some technical proofs and also we
propose an unbiased way to compute the level perimeter integral.

2. GEOMETRY OF DISCRETE FUNCTIONS

FIGURE 1. On the left: Hexagonal tiling restricted to a square domain (0,7)2.
The centers (set C.) of the hexagons are the black stars, and the vertices (set V)
are the points marked by a red circle. The distance between two neighbouring
centers is v/3¢ and the side length of the hexagons is . On the right: the domains
U (black square), U, (red rectangle) and U (blue square).

2.1. The hexagonal tiling case. We first introduce some notations for the tiling with hexagons.
For 0 € R, we will denote by ey the unit vector of coordinates (cos6,sinf). Let € > 0 and let us
consider a regular tiling with hexagons of “size” ¢ where the set of the centers of the hexagons is
given by

1 3
C. = {kl\/géeo + /€2\/§E€ﬂ-/3; ki,ko € Z} = {6((k1 + gkz)\/g, §k2) s ki, ko € Z}

The distance between the centers of two neighbouring hexagons is v/3¢, the side length of the
hexagons is € and the area of each hexagon is ?’zﬁEQ. The vertices of the hexagons are the set of
points V. given by
Ve=Cc+{eexinz; 0<n <5}

On Figure 1, we show such a tiling with regular hexagons. The points of C. are plotted with black
stars and the points of V, are the vertices of the hexagons marked by small red circles. For z € C,
we will denote by D(z,¢) the (open) hexagon of center z and size €. Notice that the distance
between a vertex v € V. and the centers of its three neighbouring hexagons is equal to ¢, that is
also the side length of the hexagons.

Finally we will denote by & the set of edges. Each edge is a segment of length € between two
neighbouring vertices of V. and we will sometimes identify an edge w € &, with its middle point.
The set of edges is the union of three sets, depending on the orientation of the edge, and that are
denoted by £ / 2, &’ /6 and & ™% Tn order to remove boundary effects, when considering a square
domain U = (0,T)?, we will consider the enlarged domain U® = (—5,T+£) x (—5,T+ %) as well

as the restricted domain U, = (0, \/ESL%D X (%, 3€LT§§/2j - %) such that
U.CcUcCU°.

This will ensure that no edge (seen as an open segment) of the tiling in U, intersects OU,, and
that each midpoint w € £ N Ue is the middle of two centers in C. N U* (see Figure 1 right).
To give some order of magnitudes, notice that the cardinality of the different sets of points are
T2 2 T? 4 T?

2
. |&NUl~ == d NU| >~ —=—.
s ENUI=gga ol ntl=gas

ICcNU| ~
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These equivalents also hold when we consider U, or U€ in place of U.

We denote by PCH™(U#) the set of piecewise constant functions on the hexagonal tiling in U®.
A function f € PCI®(U*) can be identified with the finite set of values {f(y)}yec.nv-. To have
a function that is defined everywhere, we adopt the convention that the value of f on an edge is
equal to the mean value of its two neighbouring centers, and the value at a vertex is the mean
value of its three neighbouring centers. For f € PC?GX(U €), we denote for each vertex v € V., the
three ordered neighbouring values at v by fM)(v) < f®(v) < f®)(v). And for each w € &, we
denote by fT(w) and f~(w), respectively the maximum and the minimum of the two values of f
on the two sides of w.

Proposition 1. Let f € PCI(U*). The function f has a finite total variation in U, and for
h € Cp(R) and H a primitive of h, the level perimeter integral of f is given by

LPs(h,U.)=¢ Y [H(fT(w) - H(f (w))].
weENU.

Moreover, the function f is of finite level total curvature integral and the level total curvature
integral of f is given by

LTCy(h,U:) = g > [HO W)+ H(FY () = 2H(FP (v))].
veVNU,
In particular,

LPy(U)=c 3 [ff(w)~ f(w)]

weE.NU,

and LTCf(UE):g S P w) + fYw) - 2fD ().

veVNU,

Proof. Let us start with the level perimeter integral. Since f € PCH™(U?), for any ¢t € R, the
excursion set F¢(t) N U is a union of hexagons (or parts of hexagons on the boundary), and an
edge w € & is part of the boundary of E¢(t) in U, if and only if f~(w) < t < f*(w). We also
recall that all edges in &£, have the same length, that is equal to € and that an edge in U, is entirely
contained in U,. Moreover, since U, is bounded, ¢t — Per(E(t),U.) is piecewise constant with
compact support and therefore we have, for h € Cb (R), denoting H a primitive of h,

LP(h,U.) = /h t)Per(E;(t),U.) dt = /h (

FH(w)
/f Wtyde=c S [H(f(w) — H(f~(w)))

~(w) weE.NU,

6If<w><t<f+<w>> dt
weENU,

Il
)

weENU,

FIGURE 2. The turning angle at a vertex v is else +7% if fAw) <t < fO(v)
(since in that case the set {f > t} is made of one hexagon, see left figure) or —7% if
fM () <t < f@(v) (since in that case the set {f > t} is made of two hexagons,

see right figure).
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For the level total curvature integral the computations are similar. The boundary of an excur-
sion set E¢(t) in U, is a curve that is piecewise linear since it is made of edges in &.. Its curvature
at regular points is then 0, and it has only corner points at vertices v € V., where the turning
angle is else % if @) <t < fO () or —5 if fM ) <t < fP(v) (see Figure 2). Therefore

T
LTCy(h,Ue) = /Rh(t)TC(aEf(t)ﬂUa)dt:/Rh(t)( > 3(If(2>(v)<t<f(3)(v)_If“)(v)<t<f<2)(v))> dt

£ (0) FP ()
™
_ h(t) dt — / h(t) dt
3 vz: /f(2> ) FO () "
-3 I
ceVen
O

FIGURE 3. On the left: a tiling with squares restricted to a square domain (0, 7)2.
The centers (set C.) of the squares are the black stars, and the vertices (set V)
are the points marked by a red circle. The distance between two neighbouring
centers is € and the side length of the squares is €. On the right: the domain U
(black square) and U, (red square).

2.2. The square tiling case. We now consider the case of a tiling with squares. This is the case
used in practice for digital images since they are defined on (square) pixels (contraction of picture
elements). Let e > 0 and let us consider a regular tiling with squares of “size” (side length) e
where the set of the centers of the squares is given by

C. = {klé‘eo + kgeeﬂ/g; ki,ko € Z} = {E(kl,kg); ki, ko € Z}

The side length of the squares is ¢ and the area of each square is €2. The vertices of the squares
are the set of points V. given by

2 1 1
=CE+{§seg+ng;0§n§3}={(k1+ S)eeo + (k2 + )seﬂ/%kl,erZ}

We will denote by & the set of edges. Each w € & is a segment of length € that is else horizontal
or vertical. For z € C. we will denote by D(z, ) the (open) square of center z and size e. Finally,
notice that the distance between a vertex v € V. and the centers of its four neigbouring squares
is equal to £v/2/2.

When considering a square domain U = (0,7)? and € > 0, we will define here the restricted
domain U. = (0, 6|_%J)2 For the enlarged domain U¢, since we already have that each midpoint
w € E NU; is the middle of two centers in C. NU (see Figure 3 right), we can simply set U¢ = U.
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Let us notice that here we have

T2 T? T2
CcNU|~ —; [E.NU|~2— and |V-NU|~—.
€ g2 g2

2

The same approximations hold when U is replaced by U..

When dealing with a tiling with squares, the definition of connectivity is not unique. Indeed we
can say that two squares are neighbours if they have a common edge (this is the 4-connectivity),
or only as soon as they have a common corner (this is the 8-connectivity). Now, in fact, these
two connectivities are “complementary”. Indeed, if we want a discrete version of the Jordan curve
theorem to hold, we have to state it in the following way ([24]) : the complement of a 4-connected
simple closed discrete curve (sequence of squares) is made of exactly two 8-connected components.

We will denote by PCSQ(U ) the set of functions f defined on U that are piecewise constant
on the tiling with regular squares of size € > 0. Such a function can be simply identified to the
finite set of values {f(2)}.cc.nu. The value of f along an edge is taken as being the mean value
of its two neighbouring centers, while its value at a vertex is given by the mean value of its four
neighbouring centers. Since we have to consider two different total curvatures according to the
choice of connectivity, we write TC*(9E(t)NU.) and TC®*(9E(t)NU.) such that, for h a bounded
continuous function,

(5) LTCY (h,U) = / h($)TCYOE, (£) N U)dt, for d € {4,8}.
R

We denote for each vertex v € V., the four ordered neighbouring values at v by f(l)(v) <
@) < fOv) < f@(v). And for each w € &, we denote by f+(w) and £~ (w), respectively
the maximum and the minimum of the two values of f on the two sides of w.

Proposition 2. Let f € PC?q(U). The function f has a finite total variation in U. and for
h € Cp(R) and H a primitive of h, the level perimeter integral of f is given by

LPs(h,U.)=¢ Y [H(fT(w)) - H(f (w))]
weENU,

Moreover, the function f is of finite level total curvature integral and the level total curvature
integrals of f are given by

LTC}(h,U.) = g > HV @) + H(F D () = H(fP (0) = H(fP (v)]
veVNU,
+7 Z [H(f(g)(v)) - H(f@)(v))]lc(v):crossv
veEVNU,
and
UG U) = 5 S0 [HUO @) + B @)~ HGEP ) ~ H(FO )]
veVNU,

- Z [H(f(g) (U)) - H(f(2) (U))]Ic(v):crossv

veV:NU,

where c(v) = cross denotes the event that the configuration at v is “a cross ” (meaning that fO
and f® are achieved at two “opposite” squares (see Figure 5)).

Proof. Let us start with the level perimeter integral. Since f € PCSq(U), for any ¢ € R, the
excursion set E(t) NU, is a union of squares, and an edge w € &, is part of the boundary of Ey(t)
in U, if and only if f~(w) <t < f*(w). We also recall that all edges in & have the same length,
that is equal to . Since ¢t — Per(E(t; U.)) is piecewise constant with compact support, we have,
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for h € Cp(R) and H a primitive of h,

LPs(h,U.) /Rh(t)Per(Ef(tLUs) dt:/

R

hﬁ)( > 5If—(w)<t<f+(w)> dt

weENU

I (w)
S X[ = Y () HG )

weENUe (w) weENU.

FIGURE 4. The turning angle at a vertex v is else +3 if f®)(v) < ¢t < f®(v)
(since in that case the set {f > t} is made of one square, see the left-most figure),
or —Z if fM(v) <t < f3(v) (since in that case the set {f >t} is made of three
squares, see the middle figure), or 0 if f?)(v) <t < f®)(v) and the configuration
at v is not a cross (since in that case the set {f > t} is made of two adjacent
squares, see the right-most figure).

FIGURE 5. If fP(v) < t < f®)(v) and the configuration at v is a cross (left
figure), the turning angle at a vertex v is m = /2 + 7 /2 (in 4—connectivity, since
it is equivalent to the “zoom” presented in the middle figure) or — 7 = —7/2—m/2
(in 8—connectivity, see the “zoom” on the right figure).

For the level total curvature integral the computations are also similar to the ones in the case
of hexagons. However, we have to consider the two diferent types of connectivity. The boundary
of an excursion set Ef(t) in U, is a curve that is piecewise linear since if it made of edges in &..
Its curvature at regular points is then 0, and it has only corner points at vertices v € V., where
the turning angle 5 is (see Figure 4):

o B=5if fO(v) <t < fW(v);

o B=—Fif [D(v) <t < fO);

o If f@)(v) <t < fG)(v), then B = 0 if the configuration at v is not a “cross” (see Figure 4),
whereas if the configuration at v is a cross (see Figure 5), then S = 7 in 4—connectivity
and f = —7 in 8—connectivity.
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Therefore,

i FDw) D) FO)
UCih ) = 5 [ nwd= [ h@dtrn 3 L [ b

vev.nu, 1P @) FO () vEV.NU. F® (@)

™

= 3 [H(fP () + H(f M (v)) = H(fP (v)) = H(fP (v))]

veVNU,

+7 [H(f(g) (’U)) - H(f(2) (U))]Ic(v):cross~

veV.NU

For LTC? (h,U.) the computation is the same, except that the +7 in front of the second sum is
changed into —r. O

A convenient way to get rid of the connectivity ambiguity is to consider a kind of “6-connectivity”
by setting

1
LTCS(h,Us) = 5 (LTC}(h,U.) + LTC}(h, Us)).

Then, the “cross” configuration doesn’t appear anymore in the formula, since, using the above
results, we simply have

LTC(h,Us) = g Y. HEYW)+H(FY () = H(P(0) = H(fP ().

veV:NU,

Remark: Let us note that these formulas are of course linked with numerical computations of
discrete topology. Actually, when considering a set E C U we can choose f € PCSq(U ) corre-
sponding to its discretization of size € by taking f(z) = 1 when z € C.NE and f(z) = 0 otherwise.
Now, since the values {f(z)}.cc.nv are in {0,1} and those of f in {0,1/4,1/2,3/4,1}, one can
take h € Cy(R) a non-negative function with support in (3/4,1) such that [, h = f31/4 h=1. On
the one hand, we clearly have

1
LTC}(h,U.) = /3/4TCd(8Ef(t)ﬂUE)h(t)dt
1

= TCYOE;(1)NU.) [ h(t)dt = TCHIE;(1)NU.).
3/4

On the other hand, choosing H(t) = fioo h(t), since fU)(v) € {0,1} for 1 < j < 4, one has
H(fO () = f9(v) and
LICHU) = 5 Y O+ - fOw) - s ()]

vEV:NUe

= 7 Z [f(B) (’U) - f(g) (v)]lc(v)zcross-

veV.NU

Moreover, since f(1)(v) < ... < f*)(v), the only v € V. N U. that contributes to the computation
of LTC(}(h, U.) are those for which f(V)(v) = 0 and f(v) = 1. Among them we can distinguish
three configurations. The first one when f?)(v) = 0 and f®)(v) = 1, only contributes to the
second sum for cross events with +1; the other ones contribute only to the first sum with +1
when £ (v) = f®) (v) = 0 and with —1 when f®) (v) = f®(v) = 1. Hence it is enough to count
the number of such configurations. By the Gauss Bonnet theorem, since the Euler characteristic
corresponds to the total curvature divided by 2, this coincides with the algorithms proposed for
computing the Euler characteristic of discrete sets as for example the function bweuler in Matlab
[16, 23] with respect to the two different connectivities.
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3. THE MEAN GEOMETRY OF DISCRETE RANDOM FIELDS

In this section we introduce (€2, .4,P) a complete probability space and replace f by X €
PCH*(U¢) or X € PC9(U?) defined through the real random variables {X(z)}.cc.nv-. Then
LP and LTC are now real random variables and we will focus on their mean values given by
expectations when they can be defined.

3.1. Perimeter and total curvature of a discrete white noise. In this first part we investi-
gate the case of a white noise obtained choosing { X (2)}.cc.nv- independent identically distributed
real random variables of common distribution function F. We will note XH"e* ¢ PCH*(U/¢) and
X84 ¢ PC24(U?) according to the tiling when considering LTC.

Proposition 3. Assume that the X(z), z € C. NU® are independent identically distributed on R
with distribution function F. Then, for h € Cy(R) N LY(R), for both the hexagonal and the square
tiling case, LP and LTC have finite expectation and we have

E(LPx(h,U.)) = 2¢|E NU| /]R h(t)F(t)(1 — F(t)) dt.
In the hexagonal case, we have
E(LTC xuex (h, U.)) = 2x |V N U, | /Rh(t)F(t)(l — F@)(F(t) — =) dt,
while in the square case we have

E(LTCYS

¥salh,Ue)) = 2nV29 N U] /]R h@OF @) (1= F@))[(2F () — 1) + (1 = F(2))F(t)] dt,

where we have the sign + for LTC* and the sign — for LTCE.

Proof. Note that choosing h € Cj(R) N L}(R) ensures that we can choose a bounded primitive
function H in such a way that H(X(z)) are bounded random variables and therefore they all
have finite expectation. It ensures that LP and LTC have finite expectation as finite sums of
such variables. Now, since the X (z), z € C, are independent identically distributed on R with

distribution function F, we have for any w € &, (X~ (w), X *(w)) < (min(X7, X2), max(X7, Xa))
where X7 and X5 are independent and follow the distribution F'. Therefore,
E(LPx(h,U.)) = ¢|é N U | E(H (max (X1, X2)) — H(min(X7, X3))).

Hence we have to compute
E(H(X22) — H(X1,2)),
where we use the notations of [3], meaning that X; , <... < X, ,, are the ordered observations of

X1,..., Xy, for n > 2. We will denote by F}, the distribution function of X}, ,. In this setting,
we have that for 1 < k < n,

n

Fk,n(t) = IF(t)(k,nf k+1), with I.(k,n—k+1) = Z (

m=k

where Fy, ,,(t) = P(Xy,, <t). Now, we can write by Fubini Theorem, since h € L*(R),

n

n ) 2™ (1 — )",

E(H(Xs0) — H(X12)) = / WOE e, — Loy, ) dt

- / B(t)(1 — Faa(t) — (1 Fas (1)))dt

/ h(t)2F(t)(1 — F(t)) dt,
R

and this completes the proof of the formula for the level total perimeter.
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For the level total curvature, the computation is very similar, except that for the hexagonal
tiling we have now three independent random variables X7, X5 and X3 of the same distribution
F', and we consider their max, min and median. We have

E(LTC yuex (h, U.)) = gwﬁcx NU.[E(H(X35) + H(X13) — 2H(X2.3)).

Now, as above we can write

E(H(X33)+ H(X13) —2H(Xo3)) = / R(E (T xy s + Licx,, — 2Licx,,) di
R

/R h(t) (2Faa(t) — Faglt) — Fra(t)) dt

- 3/h(t)(1—F(t))F(t)(2F(t)—1) dt
R

and this completes the proof of the formula for the level total curvature integral. Finally for the
square tiling we have now four independent random variables X7, X5, X3 and X4 of the same law
F to order. We have

]E(H(XL4) + H(X474) — H(X2,4) — H(X3,4)) = /]Rh(t) (F2,4(t) + F374(t) — F174(t) — F4,4(t)) dt
= 4 [ W) (P00~ F() = FO0 - P0)°) d
- 4 / h(t)F(£)(1 — F(£))(2F(t) — 1) dt.
R

4

Now, for any vertex v we also have T.(,)—cross = Teross Lx, 4s<t<x;, With

E(Teross Ix, 4 <t<x5.4| X2,4, X34) = %Ix2 1<t<Xs 4, Since there are 2 configurations over 6 possible
ones to get a cross. Thus

BH(X00) = HXoa) L) = 3 [ 1O (Paa(t) = Poa(®) e

- 2/ B F(£)2(1 — F(£)2 dt.
R
Finally, we get
E(LTCea (h, U.)) = 27|V39 N UL | / WO FE) (1 = FO)F() — 1) + (1 — F()F()] dt,
R
and
BT Ca (b, U2) = 261V (0| [ BOF(0)(1 = FENIEF(O) - 1) - (1 - FO)F (0] .
R
O

Notice that, as a consequence, we get
E(LTC?qu (h,U.)) = 47T|Vssq NU| / h(t)F(t)(1 — F(t))(F(t) — =) dt,
R

which is, up to a constant factor that depends on the geometry of the tiling (angles between the
edges and number of vertices), the same as E(LTC yuex (h, Ug)).

Let us also remark that choosing a distribution F' such that F(1 — F) € L*(R) we can deduce
that, for almost every t € R,

E(Per(Ex (1), Ue)) = 2e|€. NU|F(t)(1 — F(1)),

and similarly for the mean values of total curvatures. We insists on the fact that this holds for
almost every ¢. Actually, considering a Bernoulli noise of parameter p € (0,1), the distribution
function F, has two jumps at t = 0 and ¢ = 1 and F, (¢)(1 — F,, (t)) has to be used instead of
F,(t)(1 — Fp(t)) to compute the mean perimeter of the excursion set at these jumps values. We

illustrate these results in the case of tiling with squares on Figures 6 and 7. Here we consider the
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T m—"

s

fra Igl:g_:*_? -‘

FI1GURE 6. First line: Left, a sample of a discrete uniform noise of size 200 x 200
pixels; and right, excursion set for the level ¢ = %(3 —1/5). Second line: excursion
sets for the levels t = 3 (left) and 3(—1+ /5) (right).

FIGURE 7. On the left, the perimeter of discrete white noise: empirical values
(plotted with stars) and theoretical curve of the mean perimeter given by ¢ +—
St(1 —t). On the right, the total curvature of discrete white noise: empirical
values (plotted with stars) and theoretical mean total curvatures given by ¢ +—
(1 —0)[(2t — 1) £ (1 — t)t].

square domain U = (0,1)? and & = 1/200. The random field is a discrete uniform noise on [0, 1]
of size 200 x 200 pixels, i.e. here F is continuous with F'(t) =0 for t < 0, F'(t) =1 for t > 1 and
F(t) =t for t € [0,1] in such a way that F'(1 — F) € L'(R).

This example leads us to two remarks. The first one is that the empirical curves on one large
sample are very close to the theoretical mean values, suggesting that the variances of LPx and
LTCx are very small. Computing these variances is doable in theory and it would be an interesting
direction for future investigations. The second remark is the question of knowing if there is
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a relationship between the values where t +— E(TCY(Ex(t,U.)))) crosses 0 and percolation
thresholds. Indeed in the hexagonal case, the percolation threshold is p. = 0.5 and this is also
the value ¢, at which ¢ — 2¢(1 — t)(2t — 1) crosses 0. And in the square case, the percolation

threshold is p. ~ 0.593 and t. = 5+ 177‘5 ~ 0.618 is the positive zero of t — E(TC*(0Ex(t),U.)),
hence it seems that |p. — t.| is “small”, and studying this fact to know if it can be generalized
would be interesting.

3.2. Perimeter and total curvature of positively correlated Gaussian fields. It is more
difficult to get explicit computations when considering non-independent random variables without
adding assumptions on their distribution. In this section we consider the discretization of a
standard centered Gaussian stationary field X = (X(z)),cpe, that is also positively correlated,
with covariance function p, meaning that Cov(X(x), X (y)) = p(z —y) > 0 with p(0) = 1. Note
that the case where the variance of X (x), given by o2 := p(0), is not equal to 1 can easily been
deduced from this one considering X/o. For € > 0 we consider the discretization of X given by
the set of the values (X(2)),cc.- The main quantities of interest will be

(6) Bo(g) := Var(X (geg) — X (0)) = 2(1 — p(eeg)), for ep € S*.

Note that the behavior of Sy(e) is linked with the regularity of the field. Actually mean square
regularity is related to sample paths continuity for Gaussian fields (see [2] for instance). Adding
stationarity, one can deduce directional regularity from the behavior of Sy (&) when ¢ tends to zero.
For instance, when there exists o € (0, 1] and A2 (0) > 0 such that e72%B4(c) — A2 (6) as e goes
to 0, one can find a modification of X such that, for € R? ¢t € R+ X (z + teg) is almost surely
o/-Hélder continuous for any o/ < a (we refer the interested reader to Part 2 of [6]). Let us also
emphasize that when X is a.s. C! one has e 28y(e) — Aa(6), where \2(#) = Var(9p X (0)), with
0p X the partial derivative of X in the direction ey. When the field X is isotropic this value does
not depend on # and the common value denoted as As is usually called second spectral moment.

In the following theorem we focus on asymptotics for mean LP and LTC obtained for the
discretization of X on a tiling as € goes to zero. Our results are mainly based on ordered statistics
of order 2 for LP, 3 for LTC in the hexagonal tiling case and 4 for LTC in the square tiling case.
Even with a Gaussian distribution, there are few results available in our dependent setting and
we need to impose extra assumptions on the dependency given by the covariance function. In
particular we are working with positively correlated variables meaning that p is a non-negative
function. Moreover, we will need the following assumptions:

(A1) there exists a € (0,1] and real numbers Aa,(0) > 0 such that 723y (¢) " A2a(6), for

any edge orientation ey of the tiling.

(A2) Assumption (Aj) holds and p(eeg) = p(ce,/2) for any edge orientation ep of the tiling,
hence we write Ay, the common value of Ao, (6).

(A3) Assumption (Az) holds for the square tiling and p(eer/2) — p(e(eo + ex/2)) > 0 and
1 —2p(eeq)2) + ple(eo + exy2)) > 0 with e72(1 — 2p(eer /2) + ple(eo + €x/2))) = 0.

Theorem 1. We consider the discretization X of a centered stationary standard Gaussian and
positively correlated random field X. Let h € Cyp(R) N LY(R).
Then, under (A1),

3
(V3) 1B (LP i (1, VL) —3 £(U) % = (i > M(e») [ e
e—0 s ] R

with {0;;1 < i <3} = {n/2,£7/6}, while

2

e (LPXESQ(h, UE)) s L(U) x % GZ \/Aza(ei)> /Rh(t)e—tQ/th,
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with {61,602} = {0,7/2}.
Moreover, under (Ag),

1 2
V3e)20=NE (LTC yitex (h, U)) — L(U) x ——=\ a/h t)te v /2dt.
(V320 (LT Cocpen (. UL)) =3 £U) % —=Da [ H(Ote
Finally, under (Ag), then

1 >
2= (LTCC oo (R, U.)) — L(U) x —=\ a/h t)te=t /2dt,
(ETCsa(hsU0)) 3 £U)  o=aa | (1)

Xésq e—0
where we recall that LTC® := L(LTC* + LTC®).

The proof of this theorem is technical and it is postponed to Appendix A.1
Remark: When X is assumed to be a.s. C® and isotropic, we have for all ¢ € R,

E(Per(Ex (), U)) = 2L(U)CE (X, t) and E(TC(dEx (t) NU)) = 27 L(U)CL(X, 1),

where C; and C} are the Lipschitz-Killing curvatures densities (see [9]), related to 2 Per and Euler
characteristics %TC, given by

1 2 2
Ci(X,t) = E\//\ge_t 2 and  CE(X,t) = (2r) 732 Agte /2,

where A2 denotes the spectral moment of X corresponding to Var(9; X (0)) = Var(d,X(0)) by

isotropy. Since Var(0;X(0)) = lim._o Var(w) = lim._,0e 2By, (), for 6, = 0 and
02 = 7, the field X will satisfy (A1) with a = 1 and X2 () = A2 for any orientation 6 by isotropy,
as soon as p is non-negative in order to ensure the positive dependence assumption. Hence, since
it also satisfies (A3) by isotropy, by Theorem 1 we obtain for any h € Cy(R) N LY(R),

e—0

E (LPX;{ex(h, UE)) — % x E(LPx(h,U)) and E (LTCXEHex(h, US)) :>) E(LTCx (h,U)),
with

E(LPy (h,U)) = /

h(t)E(Per(Ex (), U))dt and E(LTCx (b, U)) = / h(H)E (TC(OEx (t) N U)) dt.
R

R
It follows that we have a weak-convergence

4
E (Per(Exuex(t),U:)) — —xE(Per(Ex(t),U)) and E (TC (0Exuex(t) NU:)) — E(TC(OEx(t)NU)).
€ e—=0 7T € e—0
Now, if we assume moreover that p(z) = p(||z||?) with p a non-negative function that is C? on a
neighbourhood of 0 and such that p'(0) < 0 and p”(0) > 0 we easily check, using Taylor formula,
the additional assumptions for the square tiling and also obtain the weak-convergence

E (Per(EXEsq (t), UE)) A EB(Per(Bx (), U)) and E (Tc6 (3EXEsq(t) N U))

e—=0 T

— E(TC(OEx(t)NT)).
e—0

An example of such a field is given choosing p(r) = e‘”zr, for some x > 0, such that Ay = 2x2.

Note that the over-estimation for the perimeter, as remarked in [9] Figure 1, is now corrected with

the multiplication by % for the theoretical value. This is illustrated in Figure 8 where we have

chosen p(z) = eIl for k = 100, U = (0,1)2 and € = 2710 (that could also correspond to
(0,100)%, k = 1 and & = 100 x 2710).

We can also illustrate Theorem 1 with some fractional fields that are not C'' anymore. Let us
take for example the covariance function p(z) = eI for o € (0,1). For such a covariance
function, the results on the hexagonal tiling will hold with Ao, (0) = 2x2%. However even if we
have p(eer/2) — p(e(eo+ex/2) > 0 we get 1 —2p(eer /) +ple(eo +€x/2)) = (2% —2)e2*(k** 4 0(1)).
Hence the square tiling assumption for the total curvature (Ag) fails in this case. Choosing instead
an anisotropic covariance function given by p(x) = e~ (@425 for g = (71, 2) € R?, is enough
to check all needed assumptions (Aq), (A2) and (Az). We illustrate this for the square tiling with
a = 0.5 on Figures 9 and 10. Here we consider U = (0,1)2, x = 100 and £ = 271° (that could also
correspond to U = (0,100)%, k = 1 and € = 100 x 2710).
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FIGURE 8. Smooth isotropic correlated Gaussian field. Left: Perimeter, empirical
values plotted with red stars and theoretical curves of the mean perimeter given

by t — %\/)\26_152/2 in blue and ¢ %\/5*250(6)6_252/2 in green. Right: Total
curvature TC® = %(TC4 + T CS), empirical values plotted with red stars and
theoretical mean total curvatures given by ¢ +— ﬁ)xgte_tz/ 2 in blue and t —

\/%6’250(6)156”52/2 in green.

FIGURE 9. First line: Left, a sample of a fractional correlated standard Gaussian
field of size 2!0 x 210 pixels for @ = 0.5; and right, excursion set for the level
t = —1. Second line: excursion sets for the levels ¢t = 0 (left) and 1 (right).

We also illustrate the resolution effect on Figure 11 where we still consider U = (0,1)? given
with a maximal resolution (minimal €) &5, = 2710 for 210 x 210 pixels and discretize the field for
intermediate resolution € = 27%_ for k € {6,7,8} and o = 0.5. Finally, Figure 12 presents in log-
log scale the dependency of the computation of the total variation LPx_(U) = [ Per(Ex,(t),U)dt
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F1GURE 10. Fractional correlated Gaussian field for o = 0.5. Left: Perimeter,
empirical values (red stars) and theoretical curves of the mean perimeter given
by t = e~ 2 /3, e~#/2 in blue and ¢ — 2,/z=25;(c)e " /2 in green. Right:
Total curvature TC® = %(TC4—|—TCS), empirical values (red stars) and theoretical
mean total curvatures given by t — 5_2(1_")\/%7)\2@6_#/2 in blue and ¢t —

1

\/775_260(8)1?642/2 in green.

FIGURE 11. A sample of a fractional correlated standard Gaussian field of size
210 x 210 pixels for a = 0.5 and different resolutions «.

(computed by a Riemann sum for empirical values) compared to the theoretical values given with
the normalized spectral moment £2* Xy, or considering the non asymptotic spectral moment given
by Bo(e) = 2(1 — exp(—(ke)®). Actually, if we could take h = 1 in Theorem 1, we should observe

LPx. (U) ~ 24/ %%s*(l’a) = 2\/55*1\/520‘)\200 We can observe the 1 — « slope for log-log scale

e
in Figure 12 but it seems also that E(LPx_(U)) ~ 2\/%5_1\/50(6) gives a better estimate for
smaller resolution. For total curvature, we compute similarly the Riemann sum of the absolute
empirical values and we denote LaTCx (U) = [, [TC(OEx (t) N U)|dt. Now the slopes are given

by 2(1 — «) and similarly, a better match is obtained choosing By(e) instead of £2%)\y, in the
theoretical formula.

4. DISCRETIZATION OF SMOOTH FUNCTIONS

In this section we will study the limits of LP; and LTCy, as the size ¢ of the tiling goes to
0, when f is a smooth function. In particular, we would like to know if the limits coincide with
LP; and LTCy. For this aim, let U = (0,7)% with T > 0 and we recall first the main formulas
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log(TV)
log(LaTC)

-log, ()

FIGURE 12. Log-log plots of TV and LTaC for fractional correlated standard
Gaussian fields of size 212 x 212 pixels for a varying between 0.1 (in blue) and
0.9 (in red), as functions of the resolution e. Empirical values are plotted with
stars and theoretical ones are plotted with dashed curves for 2®)\y, and with
continuous curves for fy(e).

obtained in our previous paper [8] for a smooth (C?) function f on R?, given by (1) and (3), for
h e Cb(R).
When h is also assumed to be C! on R, a simple computation leads to, for any vector e € R2,

D*(H o f)(x).(e.e) = h'(f(2))(V f(2), €)* + h(f(2)) D*f(x).(e, ),
where (-,-) is the Euclidean scalar product on R?. Using this formula with e = %, we get,
denoting by H a primitive of h,

V)t V()"
LTC¢(h,U :—/D2Hofx.< , Iiv(Hof) (x) >0 AT
f( ) U ( )( ) |Vf($)| |Vf($)| |V (Hof)(x)|>0
= LTChos(1,U) = LTCpos(U).

Hence we are reduced back to the case h = 1. In a similar way, decomposing a bounded continuous
function h into h = hy — hg, where h; = h+ 2||h||» and he = 2||h||« are both positive continuous
and bounded functions, we get that

LPf(h,U) =LPH,0f(U) — LP,0f(U).
Observe that we also have LP;(h,U.) = LPp,0f(U.) — LP,0(Us), when f € PCE™(U®) or

f € PC39(U*). Since we can proceed similarly for the level total curvature we will focus on the
case where h = 1 in the following.

Usually, to infer an approximation error between the integral of a function and its discretized
version, one uses an approximation inequality like the Koksma-Hlawka inequality [22]. Now here
we will need a similar result that is given by the following proposition.

Proposition 4 (Approximation Inequality). Let W be a rectangular domain in R?. Let g be a
bounded, Lipschitz function defined on R?. Let us consider a regular tiling with a shape H. (that
can be an hexagon, a square or a rhomb) of “size” €. Let a. = L(H.) be the area of H. and let d.
be the diameter of H. (that is the maximal distance between two points of H.). Let C. be the set
of centers of the tiles. Then

a » g(y)—/ g(x) dz| < d-(L(W)Lip(g) + 2H' (OW)sup|g|) + dZLip(g) (H' (OW) + 4d.).
yeC.NW w
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Let A C W be an open or closed subset of W. Then the cardinality of C. N A is bounded:

IC.NA| < aiﬁ(A ® B(0,d.)),

€

where B(0,d.) is the ball of center 0 and radius d., and @ denotes the Minkowski sum, defined by
A®B:={z+y;x€ Aandy € B}.

Proof. Let us start with the first part of the proposition. We notice that

oo Y o= Y [ o0

yeC.NW yeC.NW

Let W, := (C.NW) @ H.. It satisties W, C W @ B(0,d.). Let W. AW = (W\W,) U (W A\W)
denotes the symmetric difference between W and W.. Then we have

Qe Z g(y)— x) dz +‘/ dx—/ g(z) dx

yeC.NW yeCcNW

/H 19(9) — 9y + 2)) dz + LOV.AW) sup g

S
m
=R
NS
|
=
=R
2
QU
8
A

IN

yeC.NW
Lip(g)d-L(W) + 2dsH1(aW) sup |g|.
Bounding £(W,) by L(W) + d.H'(OW) + 4d2, we have the result.

For the second part of the proposition, we first notice that

L(Uyec.naly ® He)) = Z L(y® H.) = a|C.NA|
yeC.NA

IN

Now, since Uyec.na(y ® H.) is included in A @ B(0,d.), we have the announced inequality.
O

Notations: When f is a C? function on U C R?, we will use the notations

_ [ Oif(=) _( Ouf(z) Owaf(w)
Vi(x) = ( o (2) ) and  D*f(z) = ( Om(a) Ouf(a) )

for the partial derivatives of f at point z € U.

4.1. Limits as the hexagon’s size goes to 0. Let U = (0,7)? be a fixed domain. Let g9 > 0,
and let us consider a tiling with regular hegaxons of size ¢ € (0,¢¢]. Let f be a C? function defined
on U, We then consider a discretized version f. € PCHeX(UE) of f defined by

(7) for a.e. z € U5, f.(x Z f(2)Ip(..e) (),

zeC.NU*®

where the D(z,¢e) are the hexagonal tiles, and the boundary conditions are defined as in Section
2.1. The formulas for LPy, (U.) and LTCy, (U.) were given in Proposition 1. We are interested
in their limits as € goes to 0, and the links with LP¢(U) (Equation (2)) and LTC;(U) (Equation
(4)).

We first define

Hex

0 L2, (V)= 5 [ (V@) + (TH@)exyall + (V1 @).e2012))

and

Hex

®) ITC, ©) = /U (gagzﬂx)—;auf(x)) (Ie,(Vf(2)) = 21, (Vf(2))) dz,

where Cp := {z € R>~{0};arg(z) or arg(—=z) € [-7/6,7/6]} and C; := {z € R?~{0};arg(z) or arg(—

(7/6,5m/6)} = R? \ Cp.

z) €
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Theorem 2. Let f be a function defined on U and assume that f is C? on U with ||V flec :=
maxyeo |Vf]| < 400 and |D?f|ls := maxp= |D*f|| < +oo. For e € (0,e0], let f- be the
discretized version of f on U®. Then,

Hex

Lpy.(0) -~ TP, )] <<CLi7(10),

where
Cop (£,U) <C (L) +H'(OU)) (IV oo + 1D flloo) »

C being a numerical constant independent of everything.
If moreover f is C% on U0 with || D? f||s := maxyeo | D?f|| < 400, let us introduce the set

(’)E(f,U):{:ceU ]‘[@f \——\&f ‘<35||D2f||00}.

Then, there exists a constant CEITGZ (f,U) such that

LTCy, (U2) — LTC, ™ (U)] < eCl(£,U) + CIID fl o £(O5-(1, V),

where
Co (£,U) < C (L) +H (@U)) (IID* Flloo + 1 D* flloc) -

Proof. We detail here the result concerning level perimeter integral of f., as € goes to 0. We assume
that f. is the discretized version of a C? function f defined on U®® with U. C U C U® C U®° for
€ < g9. We have by Proposition 1 that

LP(Us)=¢ Y [ff(w) = f(w)).

weENU,

FO () e
:f@)(w’) .

FIGURE 13. Left: Each edge w is the boundary between two neighbouring
hexagons, and we denote by z, the center of the right-most hexagon. Right:
A vertical edge w, and its two associated vertices w™ and w™. Given the gradient
V f(w), one can find the ordered values of f.

Let w € & be an edge, that is the boundary between two neighbouring hexagons, and let z,
be the center of the right-most hexagon (i.e. among the two hexagon centers, z, is the one that
has the largest first coordinate). The center of the other hexagon is then z, + £v/3e;, where e,
is the unit length vector oriented as the edge w, and e is its S-rotation. See also Figure 13 left.
Then

Frw)—f~(w) = [f(z0+eV3ey) = f(z0)]
= 6\/§|<Vf(zw),6$>|Jrrl(zw,s),
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where |11 (2, €)] < §52|\D2f||OO Now, each center z € C. is the z,, of three different w, with

respective normal orientation e equal to epr/3, €x = —eg and ey 3 = —er /3. Therefore, we can
rewrite
LPL(U) = ¢ . (sﬁ|<w<zw>,e$>\ + 11 (20:€)
weENU,
= V3 Y (V) eo)l + UV F (), ens)l + (VI (2), 2n/3)]) + r2(e),
zeC.NU

with |ra(e)] < Ce (L(U)||D?f|loo + H(OU)||V fllc), using the fact that |C. N U| < CL(U)e~

Then, since the area of each hexagon D(z,¢) is equal to a. = 3\f 2. by Proposition 4, we ﬁnally
get

Lt §¥ > (VS (=)o)l + (VI (2), enss)l + (VF(2)s eanss)]) + r2(e)
z€C.NU
— %/U(I<Vf(x),eo>|+\<Vf(x),e7r/3>\+|<Vf(m),ez,r/3>\) dzx + r3(e),

with [r3(e)| < eCLo (f,U), where C. (f,U) < C (L(U)||D2flo + H' (OU)||V f]|o0). This ends
the proof for the level perimeter integral.

The proof for LTC also relies on Taylor formulas but now of order 2 instead of 1 and needs a
clever grouping of vertices (see Figure 13 right). The details are postponed to Appendix A.2.
O

4.2. Limit as the square’s size ¢ goes to 0. Again, let U = (0,T)? be a fixed domain. Let
g0 > 0, and let us now consider a tiling with squares of size ¢ € (0,&0]. Let f be a C? function
defined on U®°. We then consider a discretized version f. € Pqu(U €) of f defined by

(10) for a.e. z € U%, f.(x Z f(z ID(ze ),
z€C.NU=

where the D(z, ) are the square tiles, and the boundary conditions are defined as in Section 2.2.

The formulas for LPy, (U.) and LTCy,_(U.) were given in Proposition 2. We are interested in their

limits as € goes to 0, and the links with LP#(U) (Equation (2)) and LTC¢(U) (Equation (4)).
We first define

(1) 0P, (U) = /U (7 £(2), eo)| + (Y £(2),eny)]) da
and
(12) LTqu(U) = g/U(912f(20)[1v]f(x)eqz+ —Iyfeq_| dz,

where here Q1 = {z = (21, 22) € R?; 2122 > 0} and Q_ = {2z = (21, 22) € R?; 2125 < 0}.

Theorem 3. Let f be a function defined on U and assume that f is C? on U with ||V fleo :=
maxye ||V f]| < +oo and |D?f||so := maxy=o ||[D?f|| < +oo. Fore € (0,e0], let f- be the square
discretized version of f on U®. Then,

\LPﬁ(Us)—L“PT(U)'Qc ,0).

where .
Co(f,U) < C (L) +H'(OU)) (IVfllo + ID* fllo) »
C being a numerical constant independent of everything.
If moreover f is C3 on U0 with ||D3 f||eo := maxyeo | D3f]| < 400, let us introduce the set

U(f.U) ={z € Us |01 f(2)| <ellD*flloc or |02f(2)] < ellD*flloc} -
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Then, there exists a constant C’S;C (f,U) such that for d € {4,6,8},
—— Sq Sq
LTCS (U.) — LTC, (U)| < sCL(£,U) + CID2f oo £WUse (£,U)),

where .
Con (£,U) < C(LU) +H OU)) (1D flloe + 1D fllsc) -

1 N
K Vf(v)
w v
€w // "
2 FO(v) ()

FIGURE 14. Left: Each edge w is the boundary between two neighbouring
squares, and we denote by z, the center of the left-most (if the edge is verti-
cal) or bottom-most (if the edge is horizontal) square. Right: A vertex v, and
its four associated centers. Given the gradient V f(v), one can find the ordered
values of f.

Proof. Let us consider the level perimeter integral of f., as € goes to 0, with f. the square
discretized version of a C? function f defined on U¢°. The computations here will be very similar
to the ones in the hexagonal case. We have, by Proposition 2, that

Py (U)=e > [fT(w)—f (w)
weE.NU

Let w € & be an edge, that is the boundary between two neighbouring squares, and let z,
be the center of the left-most (if the edge is vertical), or bottom-most (if the edge is horizontal)
square. The center of the other square is then z,, + ce’;. See Figure 14 left. Then

frw)—f~(w) = |f(zw +eey) — f(zw)]
= 5|<Vf(zw),ei>\+r1(zw,5),

where |r(2y,¢)| < €2||D?f|loo, by Taylor formula. Now, each center z € C. is the z, of two
different w, with respective normal orientation e equal to eg and e, /2. Therefore, we can rewrite

LPr(U:) = &8 ) ((Vf(zu) en)l +71(zu:€))

weENU.

= & Y (UVFE)eo)l + (VI (2),enpa)]) +72(),

z€CNU;
with |ra(e)] < Ce (L(U)||D?f|loo + H(OU)||V fllsc), using the fact that [C. N U| < CL(U)e~2.

Then, since the area of each square D(z,¢) is equal to a. = 2, by Proposition 4, we finally get

LPy(U:) = & Y ({VF(2)eo)l + (VF(2)s ensall) +rae)

z€C.NU.

/U ((V (@), )| + (T £(2), eny2)]) d +73(6),
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with |r3(g)| < sC’si (f,U), where C’ 2(AU) S C(LU)|D?*flloo + H(OU)||V £]loo). This ends the
proof for the level perimeter mtegral

The proof for LTC is similar but more technical, and it is postponed to Appendix A.3.
O

4.3. Discretizing a smooth random field. In this section, we will see what happens to the
mean level perimeter integral and to the mean level total curvature integral of a discretized smooth
stationary random field, in both the hexagonal tiling and the square tiling cases. Roughly speaking,
we will see that the perimeter is always biased, whereas the total curvature is not, under an
additional isotropy assumption.

In all this section, as previously, we consider a fixed domain U = (0, T')%.

Proposition 5. Let X be a stationary C? random field on R? such that |VX|le = nUlaX||VX||
€0
Hex

and |D?*X||oo = nUlaX||D2XH have finite expectations for some €9 > 0. Then LPX(U),ITI/)X (U)
€0
__Sa
and LPy (U) are in L(Q).
Let us consider the discretization X. € PCE™(U.) as in (7), respectwely X. € PC3YU.) as in
__ Hex
(10). Then LPx_(Uc) converges to LPy (U), respectively to LPX (U), in LY (Q), as € goes to 0.

Moreover,
2\/> ____Hex

TE(LPX(U)) <E(LPx (U)) <

O-D\rb

E(LPx(U)),
respectively
—~Sa
E(LPx(U)) < E(LPy (U)) < V2E(LPx (U)).
Under the additional assumption that X is isotropic we have

Hex __Sa

E(Py (1) = E(DPx (U)) = ~E(LPx(V).

To give some hints on the numerical values: % ~ 1.15, % ~ 1.33, V2 ~ 1.41 and % ~ 1.27.
This shows that, whatever the field, whatever the smallness of the hexagons, there is always a
bias when approximating the level perimeter integral of the field X by the one of its discretized
version on an hexagonal tiling. There is also a bias on a square tiling, except if the smooth field
X has a gradient that is everywhere aligned with ey or ez. The strongest bias is obtained when
the gradient is everywhere aligned with the diagonal directions ez or e_z. These last remarks are
consequences of the proofs below.

Hex

—~ —Sa
Proof. Under our assumptions it is clear that LPx_(U.),LPx(U),LPy (U) and LPy (U) are in
LY(£2). Moreover we also have that C’:;X (X,U) and CE;(X, U) are in L*(Q) so that the convergence
results hold taking expectation from Theorems 2 and 3. According to the beginning of Section 4,
by Fubini theorem and the stationarity of X, we have

E(LPx(U))=/UE(||VX(I>||)dxZE(U)E(IIVX(O)II%

whereas we have
Hex

E(IPx (1) = 2 LUVE((VX(0), o)l + [(VX(0), e5)] + (VX (0),e26)])

_—_Sa
and  E(LPx (U)) = LIU)E((KVX(0),e0)| 4+ [(VX(0), e5)]))-
Now, a simple computation shows that for any ¢ € R, we have

2
V3 < | cosf] + | cos(6 — §)| + | cos(6 — §)| <2

Therefore

— E(LPx(U)) <E(LPy (U)) <

2 Py (1)) < SEQLPx(U).
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In the case of a tiling with squares, since for any 8 € R we have
1 <|cosf| +|sinf] < V2,
we obtain
B(LPx(U) < B(IPy () < VIE(LPx (V).
When the smooth stationary random field X is moreover isotropic, VX is rotationally invariant

and, according to Proposition 4.10 of [10], its gradient direction VX (z)/||VX (x)] is independent
from ||[VX ()| and uniform on S*. Thus we get, for any 6 € [0, 27),

B((VX(O),col) = E(IVXOI) [ [eost - 0)] 3-do = ZE(VX O],

This shows that in the isotropic case

Hex Sq

—~ —~ 4
E(LPx (U)) =E(LPx (V)) = _E(LPx()),
and since % > 1, there is always a bias. O

Remark: Assuming moreover that E(|[VX|/%,) < +oo, for any h : R — R bounded C* function
with derivative A’ € Cp(R), and denoting by H a primitive of h, then the random field H o X
will satisfy the assumptions of Proposition 5. By linearity this allows us to state the convergence
results for LPx_ (h,U.) and obtain in the isotropic case the weak convergence

E (Per(Bx, (1), U.)) = E (Per(Ex (1), 1),

as remarked in the Gaussian setting of Section 3.2. This is illustrated on Figure 8 and it explains
why computing perimeters from discrete images is not easy. However, solutions exist to obtain
non-biased estimates of the level perimeter integrals from pixelated images, and we propose such a
solution in the Appendix B. The idea behind the unbiased estimation of the perimeter given in the
Appendix B in the square tilling framework is to linearly interpolate the function inside each dual
square and approximate the boundary of each level set by a polygonal line where now segments
are not only horizontal or vertical (as for the discretized function). We show in the Appendix why
this linear interpolate provides unbiased estimates of the level perimeter integral. See also Figure
15, where we used a non-Gaussian smooth isotropic shot noise field as considered in [8].

For the level total curvature, things are different: there is no bias. Intuitively this can be
explained by the fact that the total curvature is related to the Euler characteristic that counts the
number of connected components and the number of holes, and these numbers remain (almost)
the same when the function is discretized on very small hexagons or squares.

Proposition 6. Let X be a stationary C3 random field on R? such that |VX||oo = rEaXHVXH,
€0

ID%2X |0 = ng]XHDQXH and ||D3X |00 = ngox||D3XH have finite expectations for some g9 > 0.
____ Hex ____Saq
Then LTCx (U),LTCy (U) and LTCy (U) are in ().
Let us consider the discretization X. € PCE™(U.) as in (7), respectively X. € PC3UU.) as
in (10). Assume that P((VX(0),e9) = 0) = 0 for 0 € {3, 2}, resp. for 6 € {0,5}. Then,
Hex

LTCx_(U.), resp. LTC(;(E(UE) for any d € {4,6,8}, converges to LTCy (U) in L'(Q), resp. to
— Sa

LTCx (U), as € goes to 0.

Moreover, under the additional assumption that X 1is isotropic

Hex

— — Sa
E(LTCy (U)) =E(LTCx (U)) = E(LTCx(U)).
Proof. We begin with the proof of the square tiling discretization. Under our assumptions it is

__Sa
clear that LTCx (U), LTC‘;(E (U:) and LTC (U) are in L' (Q2). Moreover we also have C’E’%C(X, U)
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in L1(Q) and since £(U.(X,U)) is bounded by L(U) we can take the expectation in the a.s.
inequality stated in Theorem 3. Now we have by Fubini theorem and stationarity,

E(LU-(X,U))) = LIU)P (|01 X(0)] < e[| D*X || o0 or [02X(0)] < e[| D*X||o0) -
But for j = 1,2,
P (10;X(0)] < e[| D*X o)

IN

P (10,X(0)] < /%) + P (|D* X1 e > = 1/2)

IN

P (10,X(0)] < £'/2) +/E (| D*X | )

by Markov inequality. Since lim._,oP (|9;X(0)| < €'/2) = P(9;X(0) =0) = 0 by assumption,
we can conclude that L£(U.(X,U)) converges to 0 in L'(Q2) and thus in probability. Hence
| D2 X || £(U-(X,U)) converges to 0 in probability and since the variables {|| D2 X ||oo L(U-(X,U)); € €
(0,£0]} are uniformly integrable (because they are uniformly bounded by £(U)||D?X || ) we also
have that ||D2X||oo £L(U-(X,U)) converges to 0 in L'(Q). According to Theorem 3 this implies

S

that LTC‘;(E (U:) converges to LTC +«(U) in LY(£2). Moreover by stationarity we obtain

_——_Sa T
E(LTCy (U)) = L(U) x 5JE (012X (0) (Ty x(0)eq+ — Ivx(0)eq+)) -

Now let us assume also that X is isotropic and remark that our assumption implies that VX (0) # 0
a.s. Hence let us define © as the argument of the gradient VX (0) and write

B(ITC (1)) = £(U) * 3B (@uX(0)9(0))

where ¢ is the 7 periodic function piecewise C* defined by ¢() = 1 if § € (0,7/2), g(0) = —1 if
0 € (r/2,7) and g(0) = 0 if & € {0, 5 }. Then, using the Fourier series of g and the isotropy of X,
we can show (see the Appendix A.4) that

Sq

B(CTC (1) = £LU)x JE 0 X (0)5(6) = ~LW)E

D2X(0) - (VX(0)*, VX (0)1)
IVX(0)2

) = E(LTCx (U)).

Now let us consider the hexagonal tiling case. The first part follows similarly using Theorem
2, once we have remarked that

O-(X,U) C {z € Us (X(2). enys)| < 3| DX oo 0r [{X(2), e2/3)| < 36| DX oo}

Then, by stationarity we obtain

Hex

E(LTCy (U)) = £(U) x %]E ([;’aQQX(O) - %anxm (Toxo)ec, — 2IVX(O)600)> .

Assuming moreover that X is isotropic, again our assumption implies that VX (0) # 0 a.s. As
previously we define © as the argument of the gradient VX (0) and write

Hex

B(LTCx (U) = £(U) x = ([2822)((0) - ;811)((0)]9(@)) ,

where g is now the m-periodic function define on [—m/6,57/6] by g = L(z/65x/6) — 2X(—x/6,7/6)-
Here again, using the Fourier series of g and the isotropy of X (see the technical details in the
Appendix A.4), we can show that

Hex

E(LTCy (U))=E(LTCx(U)).
(]
Let us remark that assuming moreover that E(||[VX|]2,) < +oc and E(||D?X]|2,) < +oo, for
any h : R = R bounded C? function with A’ and k" bounded, denoting by H a primitive of h, the
random field H o X will also satisfies assumptions of Proposition 6 as soon as P(h(X(0)) = 0) = 0.
By linearity this allows us to state the convergence results for LTC}E (h,U.) and obtain in the
isotropic case the weak-convergence (according to the set of admissible test functions h)

E (TCd(aExa )N UE)) ~E(TC(0Ex(t) N U)),
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«10* Perimeters Total Curvatures

FIGURE 15. Top line: on the left, a sample on (0,1)? of a smooth shot noise
random field X with Gaussian kernel [8] on a digital image of size 4000 x 4000
pixels, i.e. field X. with here ¢ = 1/4000. On the right, same field X but
now discretized on a 62 x 62 pixels grid. It correponds to a “scale” s = 6,
since 62 = [4000/2°| with s = 6. Bottom line: on the left, the perimeter of
the excursion sets of X, as a function of the level ¢ (in abscissa) - only values
of ¢ multiples of .5 have been used, hence the plot is a polygonal curve - for
different scales s (different colors). The plain curve is the perimeter as defined
for discretized fields, the dashed curve is the unbiased perimeter computed as in
Appendix B, and the dotted curve is 4/7 times the unbiased perimeter. It fits
quite well the plain curve, illustrating Proposition 5. On the bottom right, the
total curvature TC® of the excursion sets of X. as a function of the level ¢ (in
abscissa) - again, only values of ¢ multiples of .5 have been used, hence the plot is
a polygonal curve - for different scales s (different colors). As intuitively expected,
and except for the coarsest scale s = 6, whatever the size of the discretization,
the values of the total curvature remain almost the same.

LTCx. (U.) = % Y X® () + XD () —2X P (0).

veEV-NU:
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as remarked in the Gaussian setting. It explains that there is no bias on the level total curvature
when discretizing a smooth isotropic stationary random field. This is illustrated on Figure 8 for a
Gaussian field and on Figure 15 for a smooth isotropic shot noise field. This last figure also shows
the robustness of TC with respect to the scales of resolution.

Remark: Let us notice that by the formula for LTCx_ in Proposition 1, we have in the
hexagonal tiling case,
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We see that it involves X (2)(11), that is the median value around v. In the square tiling case, there
are two median values given by X®)(v) and X®)(v). Hence we have here shown an interesting
link between median value and curvature since, as € goes to 0, the limit of LTCx_(U,) is, in
expectation, the curvature of the smooth function X. This link was already well-known in the
field of mathematical image processing where the median filter, a commonly used filtering method
for images, converges (when iterated) to the so-called mean curvature motion (see [11] for instance).
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APPENDIX A. DETAILED TECHNICAL PROOFS

A.1. Proof of Theorem 1. We will first need the following result that can be found in [30] p.139:
when (X71,...,X,) is a centered exchangeable Gaussian vector with positive correlation, meaning
that Cov(X;, X;) =11if i = j and Cov(X;,X;) = p € [0,1) if i # j one has

d
(Xl,...,Xn):(\/ﬁZO—&—\/l—le,...,ﬁZo—k 1—,0Zn),

where Zy,...,Z, are ii.d. standard Gaussian random variables. It then follows that, since
h € L}(R),
E(H(X22) — H(X12) = /Rh(t)E(IK\/ﬁZﬁmzm - It<\/ﬁZo+\/ﬁZLz) dt

oo (o (S VT255) o (=)

where ® denotes the distribution function of the standard Gaussian random variable and Z; o <
Zy o are the ordered statistics of the i.i.d. variables Z;, Zs.

We consider
t—+1—pZ t—+/1—pZ
B(H(Xaa(pe)) ~ HX1a(00) = [ h(oE (o (00 ) g (12VIZpeoz) ) g
R VPe VPe
where p. = p(v/3eeg) with 0 € {n/2,47/6} for hexagonal tiling or p. = p(eeg) with 6 € {0, 7/2}
for square tiling corresponding to the edge orientations and the distance between centers.
By Taylor Formula,

where |0(e2?)| < Ce?¥(|Zy| + |Zg|)26’t2/4 for some numerical constant C' that may change from
one line to another one. Hence,

with |O(e2%)| < Ce2oe="/4 and E(Z12— Z22) = % by [3] p.96. Hence

o) o)

ﬁe_t2/2. Now, we have to separate the tiling cases.

)+ o)

— i pa%w) + 02,

where ¢(t) =

First assume that we are in the hexagonal tiling case. Then we write

3
E (LP xsos (h, Uz)) = € 30 1E% N Ue| x E(H(Xa 2(p(v3ec,)) — H(X12(p(v3ees,),

i=1
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for {01,04,03} = {n/2,+7/6}. But |ES NU.| = |C. NU.| ~ 5’2ﬁ£(U) for 1 < i < 3, and by
(Al)a

VI=p = 1= p(V3zeo,) = 1/ B (v3e) ~ (Vo) A?wT(@)

It follows that

3
e1=9E (LP ynex (h, U.)) —> 1wz « %Z \/@ / h(t)v/mp(t)dt.
™ i—1 R

On the other hand, for the square tiling case,
2
E (LP yea(h U2)) = 30185 NUL| x B(H(Xas(plees,)) — H(X: 2(p(ec0,))),
i=1

with {601,602} = {0,7/2}, and [E% NU.| = |C. NU.| ~ e 2L(U) for i = 1,2, with by (A;)

)\204 (01)

2

V1= pleeo, )/ Bo, () ~

It follows that
2

- (prgq(h, Ug)) — fﬁ(U) x (;Z Az‘é“) / h(t)Vmep(t)dt.
™ R

=1

Now, let us consider the level total curvature where we assume moreover that p(ceg) = p(eer/2)
for any edge orientation and denote \a, the common value in view of (Az).

Under this assumption, in the hexagonal tiling, the three values to order form an exchangeable
vector and

E(LTCxcron (b, U)) = Ve NULE(H(X15(p2)) + H(X,5(p:)) — 2H(X2.5(p2)),

with, similarly to previously,
E(H (X13(pe)) + H(X3.3(p)) — 2H (X2,3(pe)))

= /Rh(t)IE (2@ (t\/li\/pr”) ~- 9 (t\/li\/ple‘"’) - (lt‘/lix/ple‘”’)) dt,

where Z13 < Zy3 < Zs 3 are the ordered statistics of the i.i.d. variables Z;, Z3, Z3. Then by
Taylor Formula at order 2,

(I><t_vl_pazi,3):q)< t )_vl—PsZi,3¢),< i )+<1)”< 3 )1_,05
VPe VPe VPe VPe VPe)  pe
where |O(3%)| < C3%(|Z1| + | Zo| + | Z5|)3|e~**/* for some numerical constant C. Therefore
E(Z(I) (t—vl—PeZm) % (t—\/l—PZL?,) % (t—vl—le,3)>
NG NG NG

1—p 1 t 1—p
= o'(— = TR (2Zy3 — Z15— Z —o"(—V—LE (272, — 7%, — 72 3a
(\/ﬁ) X , (2Z33 1,3 3,3) + 5 (\//—)) ) (223 5 1,3 33) +0(e7),

where |O(£3¢)| < Ced@e="/4, But E (2253 — Z1.3 — Z3.3) = 0 (see [3] p.101) and

2zt -2 =2((1-2) - (14 2) ) - 22

s

Zi5+0(),

Hence

]E(2<I> (t—\/l—ﬂ'szz,?,) _(I’(t—vl—PZl,:a) % <t—\/1—pZ173)> N_lqu 31“‘\/5)\&6204,
NG NGz
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and since |V NU:| ~ 2|C. N Ue| ~ 5’2$£(U), we get
a—1

2 oo [ R(t)te /2t
A2 /R (t)te

Things are more complicated for the square tiling case and we only consider LTCS := % (LTC4 + LTCS).
By stationarity we obtain

T
(LTCqu(h, UE)) = Ve NULIE (H(X14(pe)) + H(Xaa(pe)) = H(Xaa(pe)) = H(Xs.4(p2)))
where (X; 4(pe))1<i<a denotes the ordered statistics of
(X1, Xo, X3, Xy) := (X(0), X(geo), X(cer)2), X(e(eo + €x/2)))-

Since we assume that p(eeg) = p(eer/2) = pe, (X1, X2, X3, X4) has a covariance matrix given by

20— (LTCXEHex(h7 U)) —

1 pe pe pe

pe 1 pe pe

pe pe 1 pe

pe 1 pe pe
where p. = p(e(eo + ex2)). It follows that (X, Xo, X3, X4) is no more an exchangeable vector
but under (Ag) we can write

d — — — —
(X1, X2, X3, X4) = (/P Zo+ pe — peWi,\/ P Zo+ pe — peWas/peZo+/ pe — PW3, /P Zo+/ pe — pWa),

where
(W, Wo, W3, Wy)
[1—2 [1—2 -2 1-2 )
<Y5 ps+PsY1’Y6 P6+P6Y27 Y+ Per/szg, B pp_‘fljpsn>’
with Zp, Y1,... ,Yg 1.1.d. standard Gaussmn variables. Hence,

E (H(X1,4(p:)) + H(X4,4(pc)) — H(X2,4(pe)) — H(X34(p))) =
[ o (q» (t—W?Wu) +¢>( TW“) q>< TW“) o (“TWM)) dat

Again by Taylor formula we get

(o () (T () (1)

VPe VPe VPe VPe
i B
= 9 ) X pp E(Woa+Wzyq—Wig—Wyy)
Pe — Pe o
)J—E (W22,4 + W32,4 - W12,4 - W42,4) +0(e*),

VPe Pe
with |O(e3%)| < Cedee=t"/4 But (W, Wg,Wg,W4) 4 (=W, =Wy, —W3, —W,) implies that
(W4, Wo g, Wy 4, Wy4) = ( Was, =W 4, —Wa 4, =Wi4)

so that
EWoa+Wsy—Wia—Wsa)=0
and
E (W22,4 + W32,4 - W12,4 - WEA) =2E (W22,4 - W12,4) .
But

E (W22,4 - W12,4) = Z E (Wf( 2) W2(1)IWo<1><Wa<2><Wo<s><Wa<4>)
oES,

and since we assume that 1;2”% —0
€ =

E <W3(2) - WG'Q(l)IWO‘(I)SWG(2)SW0‘(3)SWG(4)) —E <Z2(2) Z(?’(l)IZa(l)SZG(2)SZG(3)SZ0(4)) )
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where we introduced (Z1, Zs, Z3, Z4) := (Y5, Y, —Ys, —Y5). It follows that if {o(1),0(2)} = {1,4}
or {2,3} then Z,(5) = —Z,(1) and

- (23(2) - Zg(l)IZcr(l)SZo<2>SZo<3>§Zo<4>> =0.
So assume that {o(1),0(2)} # {1,4} and # {2,3}. Then Z,(;) and Z, () are i.i.d. standard

Gaussian variables. Moreover, Zi3) = —Zg1) OF Zy3) = —Zo(2)- It Zy3) = —Z5(1) then
ZU(4) = —445(2) and IZU(1)SZU(2)§ZU(3)§ZU(4) =0 and again
E ((23(2) - Zg(l))lzo(l)SZG(Q)SZU(3)SZU(4)) =0.
It only remains the case where Z,(3) = —Z5(2) and Z,(4) = —Z5(1) and
1 _1'2+y2
E ((23(2) - Zg(l))IZa(l)SZU(2>SZG(3>SZG(4)) = /R2 (v* - xQ)IwaIySOE‘e > dady

1 27 “+o0
= _27 / COS(ZH) Isin(@)Zcos(O) Isin(Q)SOde/ T367T2/2d7"
T Jo 0

1 57 /4
= —— / cos(26)do

us
1

—>.
Note that the number of such permutations is equal to 8 (4 choices for o(1) and 2 choices for
0(2)). We therefore deduce that

E (W34 —Wi,) — f%.

By (As) we have p. — p. = 1 — p. + 0(e2*) = 222£2% 4 () and
E (q) <t Ve ﬁsW2,4) LB (t mW?,A) _ <t Ve ﬁsW1,4) _ & (t mW4,4>)

2
= —Z0"(t) A2 + o(e®).
m

Hence we obtain

SOIE (LTCsa (0,U2)) = eIV ULl B (H (X1 4(pe) + H(Xaa(pe)) — H(Xa,a(p2)) = H(Xaa(p2)

X354

1 2
s — h(t)te v /2dt,
/7271' 2« /R ( )
since V. NU.| ~ [C. NU| ~ L(U)e~2.

A.2. Technical details for the proof of Theorem 2. Let us consider the level total curvature
integral of f.. Let us first remark that the set V. of vertices can be divided into two subsets:
the subset VI of vertices v; that are on the top of a vertical edge, and the subset V. of vertices
v_ that are on the bottom of a vertical edge. Recall that each vertical edge is identified with its

midpoint w € 55/2 in such a way that w + §er/» € VI and the centers of its three neighouring

hexagons are given by w + %eeﬂ/g, w — ?660 and w + @560, while w — Ser /2 € V- and the
centers of its three neigbouring hexagons are given by w — %6%/2, w— @660 and w + ?660. See

also Figure 13 right. Note that for each v, € VI NU. one has vy —cer /o € V7 NU.. Hence, we
can write

LICA(U:) = 5 Y. P +/Vw) -2/ w)
veVNU.
- 5 > ),

weer?NU.



30 HERMINE BIERME AND AGNES DESOLNEUX

where for w € £7/? we have defined

gw) =[O (wh) + fO (™) = 2f@ ()] + [ (w™) + fD(w™) = 2@ (w)],

f(’LU— g&‘eﬂ—/g) =

with
FO@H, Db, fO@N} = {fw+ Seens), fw+ ?560), flw = ?560)}
{f(l)('w_)’ f(z)(w_)’ f(3)(’w_)} = {f(w — g&eﬂ/g), f(w =+ ?560), f(w — ?560)}.
Using Taylor formula, we have
flw+ 55671'/2) = \[T (\[82]0 €522f( )+ 5271(“”&)>
s Peen) = )+ Y (s ( et f(w >+e%<w,e>>
fw=Fea) = f7 ( V3 ou s >+62r3<w,e>>
L Ve
2

—V30af (w) + £6322f( )+ 627"4(10,6)) )

with |r;(w,e)| < 3‘fHD3f||OO, for all 1 <4 < 4. In the following, we assume that ¢ is chosen small
enough, such that €| D3 floc < [|D?f||oo-

In order to compare the different values of f(w+ -), we have to distinguish two cases.
e Case 1: assume that w ¢ O.(U, f), where

0.(U.1) = o € U3 | Honf )] = Y210 (o)]| < 3D}

Now, in a first sub-case, let us assume that [v/302f(w)| — |01 f(w)| > 6¢||D? || and note that it
implies that V f(w) € Cy. Then for i = 1,4, and j = 2,3,

V3|02 f (w)| + 73 (w, ) > (01 f (w)| + &7 (w, &),
where 7 (w, €) = %822]((10)—6“’1'(1076” and 7 (w) = éallf(w)—i—drj (w, €)| satisfying |7 (w, )| <
3BID%f|lo < 3|D*f|lo for 1 < k < 4. It follows that {f@(w?), fA(w™)} = {f(w +
@aeo),f(w — @560)} and

gw) = %(ii?@zzf( )+ £5511f +622n w, €)
—2(§8511f(w) + &2(ro(w, €) + 73(w, 5))))
= 3; ( Do f(w) — %511f(w) +e(ri(w,e) + ra(w,e) — ro(w,e) — Tg(w75>))
= 3% (g(w) + e(r1(w, ) + ra(w, e) — ro(w,e) — r3(w,e))),
where

o) = (§omf) = 3007w)) (Te, (V1 (w) ~ 20, (VF(w)).

In the second sub-case, let us assume that w is such that |9; f(w)| — [v/302f(w)| > 6¢[|D? f|| 0o,
which implies that w € Cy. Hence for ¢ = 1,4, and j = 2, 3,

V3|8 f(w)| +eri(w,e) < |01 f (w)| + erj(w, &),
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where 7;(w, €) = %fazgf(w) +¢|ri(w,e)| and 7 (w, ) = ‘[811]‘( ) —éelrj(w,e)|. It follows that
{f@ ™), fP(w)} = {f(w + 3eenya), f(w — Feeqa)} and

gw) = Ve <\T€311f( )+ 26%(ra(w, €) + r3(w,e)) — <3\[5322f( ) +e(r(w,e) + T4(w>€))>>
= 3¢* (811f( ) — 3022 f(w) + 2e(ra(w, &) + r3(w, ) — r1(w, &) — ra(w,e)))
= 3% (g(w) + 2e(ra(w, e) + r3(w,e) — r1(w,e) — re(w,e))).

e Case 2: We consider now the case where w € O.(U, f). Let us first remark that when
|01 f (w)| < 12¢]|D? |00, we directly get

|G(w)| < 60v/3%(|D? f | oo

Otherwise, when |01 f(w)| > 12¢||D? f|| s, we may identify the different ordered values, and obtain
a similar bound. Let us sketch how it works by assuming for instance that 9; f(w) > 0 for i = 1, 2.

It follows that |v/30s f (w)—01 f (w)| < 62||D? f||o such that f)(wt) = f(w—@seo) and therefore
O (w™) = flw+ @860). Hence we can write

FO ) + 1O ) — 2O ) = (fw— Leeq) (O wh) +2(/0(w) - 1O w))

and
(1) (4 B3) (=) — 9 £2) (=) — V3 oy, - W) (=) — £(2) (0~
FOT) + fP(w™) = 2fP(w™) = (f(w + S-eeo) = [P (w™)) +2(fH(w™) = [P (wT)),

with {f@ (w), O (wh)} = {f(w + Leeo), f(w+ §eensn)} and {fO(w™), f@(w™)} = {f(w ~
?860), f(w— 3ees/2)}. Therefore,

i) = (s L) = 1O @) 2/ (w) - 1O ()

(= Lecs) = 1D w) +2Vw7) - 1O,
so that

9(w)] < 3v3e (13021 (w) = O1f (w)] + 3V3e] D*floc ) < 36V3e| D2 .

To conclude, we use the two parts of Proposition 4 with a tiling with rombi of centers w € £7/2
and area 3‘[ €2, and therefore we can find a numerical constant C' > 0 such that for all 0 < € < ¢
such that €||D3f||OO < ||D?f|| s, then

[LTCy. (Ue)—~ LTCf (U)] < C(ID? fllootI[D? o) (LU)+H (U)+C|[ D flloo L(O(U, £)@B(0, 32)).

Now, since O, (U, f) is defined as the set of z € U such that H(‘?lf( ) — V302 f () || < 6¢]|D? || o5
by Taylor formula we have that, if € O.(U, f) and y € B(0, 3¢) then, ||d1 f(z+y)| — |30 f(z +
y)|| < 12¢||D*f||. Therefore,

O(U, f) ® B(0,3¢) € Os(U, f),

and this concludes the proof.

A.3. Technical details for the proof of Theorem 3. Let us consider the average level total
curvature given by

LIC(U) =5 >, [f0) + /00 - ) - £ W),

veV-NU:
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and the “residual” given by
Rp(Us):=m Y [P 0) = [ (0)Te(w)=ross-
veVNU,
Then, by Proposition 2 we have
LTC} (U.) = LTCY (U.) 4+ Ry.(U.) and LTCj (U.) = LTCS (U.) — Ry (Ue).
For v € V. N U, let us denote
§(v) = () + f () = [P (0) = 12 (v),

with {fs(l) (v), 2) (v), ) (v), f€(4) (v)} being the increasing ordered values of the set {f(v—i—e?eak ), k=
0,1,2,3}, where eq, = :I:@eo + @ew/g.

Now, writing the Taylor expansion of f at v, we have for k =0,1,2, 3,

V2 £
(13) flo+ 576%) = f(v) + 5( + 01 f(v) £02f(v)) + e2ri(v, ),
where |rg(v,€)| < 1||D?f|lo, and where the + signs are (+,4) when k = 0, (—,+) when k = 1,
(—,—) when k =2 and (+, —) when k = 3. See also Figure 14 right.

Let U.(f,U) be the set of points # € U such that |01 f(z)| < &||D?f|| o |02f ()] < €| D?f||0o-
As for the hexagonal framework, for v € V. N U, we consider two cases.

e Case 1: Assume that v ¢ U-(f,U). We thus have that |01 f(v)| > ¢||D?f|loo and |9af(v)] >
€]|D? f|| s, and therefore the ordered values can be identified with in particular { F (v), F (v)} =
{flo+e¥L2e,,), k= 0,2} if VF(v) € Qy, while {f£7(0), Y (0)} = {f(v + eLen, ), k = 1,3} if
Vf(v) € Q_. Since eq,,, = —€q, for k = 0,1, fg(l)(v) and f5(4)(v) are achieved at two opposite
squares and we have that the configuration at v is not a cross (recall the definition of a cross
configuration in Proposition 2), and that

glv) = flv+ Egeakv) + flv— egeakv) — flv+ g?eakvﬂ — flv— Egeakvﬂ)
= %[sz(v)~(€akv s eaku) - D2f(1}).(€aku+l’eakv+l )] + 635(11),

= g(v) + &% (v),
where we introduce g(v) = 012f(v) (Ivf(v)eQJr — Ivf(v)le) and |[F(v)] < [|D? f||oo-

e Case 2: Assume now that the vertex v € U.(f,U), and therefore min(|0; f(v)|, |O2f(v)]) <
e|lD?f||oo- If we also have that max(|81 f(v)|, |02f(v)]) < 3e||D?f||, then we directly have, from
Equation (13), that

9(0)] <1662 D*flloe  and £V () = [P (v)| < 87| D* fl|oc.-
But now, if max (|01 f(v)], |02.f(v)|) > 3¢||D?f]|o, to see how it works, without loss of generality,
we may assume for instance that 9y f(v) > 3e||D?f||s while [02f(v)| < ]| D?f||oo. Then, using
the Taylor expansion of Equation (13), we have that {fs(g)(v),fa(4) ()} = {f(v) + 501 f(v) +
e27(v,2); 5 = 3,4} and { £ (), £ ()} = {f(v) = 501 f(v) +27(v,); j = 1,2}, with | (v, )| <
||D? f||so. Therefore, we have that in that case, the configuration at v is not a cross and that

19(v)] < 42| D*f|co-
To summarize, we have on the one hand

Ry (Us)| = W\ > B W) = F20)ew)—cross| < 87| D2 flloo|Ve VU N U(F, ).
veVNU,
And thus by the second part of Proposition 4 used in the framework of the tiling with squares of
side length ¢ (and thus diameter d. = v/2¢), we get that there exists a constant C' such that

|Ry. (U)] < CID?flloo LU=, U) @ B(0,V2e)) < C|| D? flloo L(Us< (£, U)),
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since from the definition of U (f, U) we have that U.(f,U) @ B(0,v/2¢) C Us.(f,U). On the other
hand, using g(v) = d12f(v) (Ivf(v)eQ+ - Ivf(v)eQ_), we get

2 6 ~
;LTCfE U.) = Z g(v)
veVNU,
= Z e2g(v) + Z (G(v) — e%g(v)) + Z 37 (v).
veV.NU, veV. MU (f,U) veEV-NU(f,U)*

Using now the two parts of Proposition 4, and the different estimations obtained above, we have
the announced result, that is for d € {4, 6, 8},

re 0 - § [ ate)as| < <Gl (0.0) + CID it 1.0

where .
Ot (FU) < C (L) +HYOU)) (1D Flloe + 1D floo) -

A.4. Technical details for the proof of Proposition 6. e In the square tiling case:
We define © as the argument of the gradient VX (0) and we write

Sq

E(LTCx (U)) = £(U) x ZE (912X (0)g(8))

where g is the 7-periodic piecewise C! function defined by g() = 1 if § € (0,7/2), g(8) = —1 if
0 € (r/2,m) and g(0) = 0 if 6 € {0, T }. Now, as in the proof of Theorem 2 of [8], let us introduce
the complex variables J = [|[VX(0)[e'® and K = 1 (920X (0) — 911X (0) — 2i012X(0)) so that

SE(012X(0)9(0)) = 75 (E (Kg(©))) ,

where 3 denotes the imaginary part of a complex number and K is the complex conjugate of K.

According to Dirichlet theorem, since for 6 € {0, %} we have defined g(6) = % (g(67) + g(67)), it

follows that the partial Fourier series of g given by Sn(9)(6) = 22}, < ¢n (9)e™?, for N > 1 and
27 -

0 € [0,27], with ¢, (9) = 5= [, 9(0)e"™?d0, satisfy

V0 € [0,2n], Sn(9)(0) > 9(0).

Therefore, the Fejer sum oy (g) = & ZnNz_Ol Sn(g) also converges pointwise towards g with |on (g)(0)] <
llgllcc =1 for all N > 1 so that by Lebesgue theorem we have

E(Kg(0)) = NETNE (Kon(9)(©)) = NETOO Z < — |]T\Lf> ca(9)E (Kem®) .
In|l<N

Under the additional assumption that X is isotropic, for any 6 € [0, 27| we have
(J,K) L (7,62 K),
that implies that E (Ke™®) = 0, for all n # 2. Then
E (Kg(0)) = c2(g)a(1),

where, following notation of [8], we have as(1) = E (Ke?®). Now a simple computation yields
that c2(g) = —2 and therefore

gE (012X(0)g(0)) = —2R(2(1)).

But since E (0;;X(0)) = 0 by stationarity of X, we exactly have also

D?X(0) - (VX(0)*, VX(0)1)) _ E(LT
—9R(as(1)) = _]E< (0): (VX(0)*, VX(0) )> _ E(ITCx ()
VX ) L(U)
following the proof of Theorem 2 in [8] and using the fact that Ijvx >0 = 1 a.s. with our
assumptions.
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e In the hexagonal tiling case:
As previously we define © as the argument of the gradient VX (0) and write

Hex

— s 3 1
E(LTCX (U)) = ,C(U) X ﬁE ([2822)((0) — 2811X(0)]g(@)) s

where g is the 7-periodic function defined on [~7/6,57/6] by g = L(x/6.5x/6) — 2L(—x/6,x/6)-
Since X is isotropic we have for any angle 6, and rotation matrix Ry, the following equality in
distribution

(D?X(0), VX(0)) £ (RyD*X(0) R, Ry VX (0)).
A first rotation of angle —m /6 yields

B ([302X(0) - 50uX0)5(0) ) = (130X (0) + 2 X 0]0(©)).
with ¢1(0) = g(6 — 7/6). A second rotation of angle 7/6 yields

E ([gaQQX(O) - ;auX(OHg(@)) = E ([V3012X(0) + 022X (0))92(9))
with ¢g2(0) = g(6 + 7/6). A third rotation of angle /2 yields

£ (302 X(0) - 300 X(010(6)) =B (361 X(0) - 50 X(Ola®) )

with g3(0) = g(6 — 7/2). But note that we have g1 — go = 3g4 for g4 = (I(Qﬂ/gyﬂ) — I(Oyﬂ/g)) on
[0,7), and g1 + g2 — %gg = —%gg such that

B ([30:X(0) - 100 X(010(6) ) = ~VIE O X(0)51(6)) - 1 (0 X(0) - 0 X(Ola(0)).

Since for any 0, {© = 0} C {(VX(0), g4 /2) = 0}, our assumptions imply © # @ a.s. so that
E (012X(0)94(©)) = E (912X(0)g4(0)) , and E ([022X(0) — 011.X(0)]g3(0)) = E ([022X(0) — 01:.X(0)]g3(0)) ,
where we set g, = g on (0,7/3) U (7/3,27/3) U (27/3,7) and gi(0) = 5 (gx(07) + gr(67)) for
6 € {0,7/3,27/3} and extend it by m-periodicity. But, as previously
E (012X(0)g4(©)) = 2SE (Kga(0)) = 23 (ca(ga)a2(1)),
and
E ([022X(0) — 011.X(0)]g3(0)) = 4RE (K g3(0)) = 4R (c2(gs) (1)),

with ea(gs) = 2—‘? and c3(gs) = 3=. Then

VBE (012X (0)94(6)) = 232 R(aa(1) = 2L R(a (1),
and
LE (10 X(0) — 01X (0]6(0) = 22 R(aa(1)) = 2Ry (1)),
so that
e (120X0) - J0ux00(@)) = - 222 x 20(aa(1)

and we conclude again that

Hex

E(LTCx (U)) = L(U) x (~2R(as(1))) = E(LTCx (U)).
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APPENDIX B. UNBIASED COMPUTATION OF THE PERIMETER

We address here the following question: consider a function f defined on U, but that we know
only at the points = € C59, the centers of the squares of a square lattice of size ¢. Given a
value ¢, how can we compute in an unbiased way the perimeter of the excursion set {f > t}
in U 7 In the previous sections, we saw that if we compute the perimeter of f., the function
that is piecewise constant on the squares of the tilling, we have a bias in the perimeter (with a
multiplicative factor 4/7 in the isotropic case). Now instead of considering f. and its perimeter,
that will be made of small edges of length £ that are always else vertical or horizontal, we can
consider a “linear” approximation of f in each dual square. More precisely: let v € V. be
a vertex. It is then the center of a dual square (of side length also equal to ¢), and where
the four ordered values at the four vertices of this dual square are assumed to be such that
fP) < fAw) < fOw) < fD(v). Assume that f is smooth (at least C2), that e is small
enough, and that v is a “generic” vertex (no cross configuration), and let z1, 22, 23 and z4 denote
the 4 ordered centers). Then for ¢t € R, the boundary of the excursion set {f > ¢t} will go through
the dual square if and only if f((v) <t < f*)(v). Then in that case it can be approximated by
a small segment given by (see Figure 16):

o If f(l)(v) <t < f(Q)(v), the small segment is [A;B;] where A; is the point on [z122]

. (2) (p)— —f(1) . . .

given by Ay = f<2{(v)(j)))f(1§(y) z1 + f@f(v’;f(gg(v)z% and Bj is the point on [z 23] given by
(3) () _r()

By =Wt o tF W . The length of this segment is

FO@- 0@ L T T =70 @)

£ 1 1
Le(ot) =elt—f m(””\/ TB0) — FOE "~ FO )~ JOw)?

o If fA(v) <t < fO(v), the small segment is [AyBy] where Ay is the point on [z324]
O @)t =5 (0)
Ao 2 T oG

(3) () — (1) . .
B; = f(3{(u)(vj)‘(1§(v)zl + f(g)(u’; f((qig(v)zg,. The length of this segment is

o = F @O 0) — fO W) — (¢~ [P O ) — fD())?
Bt = Ew ’ O ) — ORI ) — fO())? |

o If fO@(v) <t < fW(v), the small segment is [A3B3] where Az is the point on [zp24]

given by A; =

745 and By is the point on [z 23] given by

given by Az = A A + =72, and By is the point on [2324] given b
y A3 T (0)—f@ (0) ~2 T (0)—F@ (0) “4 3 p 324] 8 Y
4 () — Z @)y . .
By = -1 Do)t 23 4 —d (v) z4. The length of this segment is

FO @)= O (v) FO @)= O (v)

LS p(v,t) = (S P (v) —

1
t)\/(f(“)(v) — f®(v))? - (f#(v) = fP(v))>
Define

L5(t,U) Z ZL (0, )X 6) (v)<t< FGD (v)-
veviinu J=1
The following proposition shows that this way of computing the perimeter is unbiased.

Proposition 7. Let f be a C? function defined on U0, for some gg > 0, such that min(|0; f(z)], |02 f (z)]) <
max (|01 f(x)],]02f(x)]) for all x € U%®. For h € Cyp(R), let us define the level unbiased perimeter
integral as

LuPS (h, U7) = /R W(F () L5 (1, U) dt.
Then LuP%(h,U) converges to LP;(h,U) as € goes to 0.

Proof. By the coarea formula, since f is C?, we have

LP (1, 1) = / h(t)Per(E, (1), U) dt = /U W(f (@) |V £ ()] de.
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FIGURE 16. In each dual square, we compute the length of the segment that is
the linear approximation of the level line {f = t}.

Using the definition of LuP%(h,U), we can write

LuP%(h,U) = /h(f(t))L‘}(t,U) dt= Y Z/ L5 1 (0, )1 50) 9y <t p G40 () A
vevIinU 7=1
The four values f*)(v), k = 1,2,3,4 are given by {f(v + Efeak)} where the ey, are the unit
ex

vectors :t‘feo + ‘f Therefore, using a first order Taylor expansion and denoting d;(v) :=
min (|0 f (v )| |02 f (v )|) resp. 02(v) := max(|01 f(v)],|02f(v)|), since we assume &1 (v) < d2(v), we

can write

V() = fv) = e5(81(v) + 02(v)) +71(v,€),
F® () = f(v) +e5(81(v) = 02(v)) +72(v,2),
FO () = f(v) = e5(01(v) = 62(v)) +75(v,€),
FO(v) = f(v) +e5(81(v) + 82(v)) +7a(v,€),

where |ry. (v, )| < €2||D?f|| for all k, with ||D2f\| = Sup,cp||D?f(z)|| < +oo. Then, we have

251

/ h(t)Li,f(vvt)If(l)(v)gtSf@)(v) dt = h(f( \/ + 62 + 7’1 v, 8
R

where |71 (v,€)| < Cy.pued, with Cy . a constant that depends on f, h and U but not on . In
the following such a constant will be simply denoted C.
To compute the second integral, we first notice that vt € [f(2)( ), f3)(v)], we have

2,5 (v \/51 )2+ 02(v)2 + 15(v, €),

with |75 (v, t,€)| < Ce?. Therefore we obtam

[ OLS, 0.0 0y 0 e = B0 + 2201 = VRGP F 5200 + 72(0,9),

where |73 (v, ¢)| < Ce3.
The third integral is computed in a way analagous to the first one, and we get the same
approximation, namely

5 U
/ h(t)Lg,f(’U, t)If(3)(v)§t§f<4)(v) dt = h(f(v 5 ’U \/ 24+ 52 24+ 7’3 v, 6
R

where |r3(v,€)| < Cpued.
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Summing these three estimates and noticing that /01 (v)2 + d2(v)? = ||V f(v)||, we obtain
LuPj(h,U) = Y Eh(f(0)|IVS ()] +7(e),

veVEinU

that converges to LP¢(h,U) as € goes to 0 thanks to Proposition 4. (]
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