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. observer design for Singular Nonlinear Parameter-varying System

Manh-Hung Do, Damien Koenig, and Didier Theilliol

Abstract— The main contribution of this paper is an J%,
observer design for a class of singular Nonlinear Parameter-
varying system in the presence of disturbances and Lipschitz
nonlinearity. In specific, this observer tackles the impact of
disturbance on estimation error thanks to the 7, norm, while
the parameter-dependent stability of estimation dynamics helps
to widen the feasible region of LMI solution under the Lipschitz
constraint. Finally, a numerical example with the gridding
solution is illustrated to highlight the proposed design.

Index Terms— Nonlinear Parameter-varying system, Lips-
chitz condition, Linear parameter-varying system (LPV), Ob-
server design, singular (descriptor) system.

I. INTRODUCTION

Over the last few years, the linear parameter-varying
(LPV) modeling methodology has been widely implemented
in many vehicle and aerospace control analyses [1]. In which,
the non-linear systems are displayed in the linear system rep-
resentation where the distribution matrices depend on mea-
surable/estimated time-varying parameters (TVP). Therefore,
the LPV modeling allows system behavior to adapt to
different working points. Later, the original LPV systems
have been extended to the singular LPV system (S-LPV) by
taking into account the static constraints, which facilitates the
modeling of a variety of engineering systems such as chemi-
cal, mineral and economic processes [2]. Thanks to the great
number of works in the singular system, many studies have
developed the implementation of S-LPV estimator-observer
design in state-fault estimation. To handle the disturbance
impact and fault estimation problem, authors in [3] have
developed an unknown input proportional-integral observer.
However, its restrictive disturbance-decoupling condition
cannot be always satisfied, which leads to the application
of , (induced %) norm to disturbance attenuation. In
[4], the 72, proportional-derivative observer, whose singular
representation is a challenge for practical implementation,
has been introduced. In [5], a fast adaptive estimation
observer is proposed to estimate the faults with bounded
derivatives in the S-LPV system. Meanwhile, for the S-LPV
system whose TVP cannot be directly measured but possibly
estimated, the 72 functional observer is presented in the
work of Lopez-Estrada et al. [6] to attenuate the impact of
TVP uncertainty on state estimation. Despite the effective
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performance of the above designs, the requirement of LPV
polytopic representation limits their implementation.

On the other hand, as the time-varying parameters are
displayed in nonlinear form in many applications, the non-
linear behavior of the original system cannot be expressed
correctly. As a result, there has been an appealing interest
in the research community for nonlinear parameter varying
(NLPV) systems, which integrate the non-linear parts into
the usual LPV system with linear-parameter dependence.
In [7], a polytopic observer has been introduced for the
NLPV model of diesel engines with once-differentiable
nonlinearity. Authors in [8] also developed an 7%, output-
feedback controller for NLPV model, but its constraints in
LMI optimization to handle Lipschitz condition can lead
to an unfeasible solution. Recently, this issue has been
relaxed in the study on the stability of the NLPV closed-
loop system by using a state-feedback controller [9] with
parameter-dependent Lipschitz dynamics. In [10], the 7%
polytopic Luenberger observer has also been considered for
the NLPV model of the suspension system to estimate non-
linear damper force under the influence of road disturbance.
However, all the above studies for NLPV only promote the
parameter-independent stability which narrows the feasible
solution region in certain circumstances.

The lack of study for parameter-dependent stability against
this nonlinear phenomenon and the idea of a wider class than
S-LPV system have motivated the following contributions in
this paper for the LPV framework:

e A new class of singular NLPV system considering
Lipschitz nonlinearity (S-NLPV) is introduced, which
unifies all the so far existing kinds of LPV systems;

o An J%, observer design-based process for the S-NLPV
system is studied. In which, both disturbance attenuation
and parameter-dependent stability are ensured thanks to
LMI optimization under the Lipschitz constraint.

A numerical example will be illustrated to prove the
performance of observer design in the S-NLPV system.

The paper is organized as follows. Firstly, the problem
formulation of the S-NLPV system is presented in Section
2. Then, Section 3 demonstrates in detail the methodology
of the observer design to attenuate disturbance on estima-
tion results. The grid-based LMI solution and the existence
conditions for the observer are discussed in Section 4.
Later, Section 5 illustrates a numerical example with the
corresponding frequency analysis. Finally, the conclusion
with future work is presented in Section 6.

Notations: R” and R™*" respectively represent the n-
dimensional Euclidean space and the set of all m x n real



matrices; X7 is the transpose of the matrix X; 0 and I denote
respectively the zero and the identity matrix with appropriate
dimensions; the symbol (x) denotes the transposed block in
the symmetric position; X' is the Moore-Penrose inverse of
X; the term i = 1: N means i € {1,2,...,N—1,N}; Z(x)
is the real part of the complex number x; and we denote
H{A} =A+AT.

II. PROBLEM FORMULATION
Consider the following class of singular NLPV:

Ex = A(p)erB(p)quBq)(p)d)(x, u) +Dypyw

y =Cyx+Dow (D)
Z =X
In which,

o x € R™ is the state vector; y € R™ is the measurement
output vector; u € R™ is the input vector; w € R" is the
disturbance vector with bounded energy; and z € R’ is
the vector of the desired signals, which can be state x
or a combination of x, to be estimated.

« Time-varying measurable parameter p takes values in
the parameter space @p:

Py ={p=[p1(t) pa(1) pp(1)]" |
pi <pi(t) <pi},Vi=1:p, t>0. 2

The following assumptions are considered in this paper:

(A.1) Parameter variations are bounded. In other words, |g;| <
¥; where %; is non-negative constant boundness [11].
(A.2) Nonlinear term ¢(x,u) with bounded u (due to satura-
tion in practice) is a Lipschitz function that satisfies:

191l = [l (x, ) — @ (%, )| < ¥llx— 2] 3)

for all x,% € R™, where 7 is known Lipschitz constant.
In the observer design, X is the estimated of the state x.
(A.3) S-NLPV system (1) is impulse-free and R-detectable
Vp, which is later analytically verified by the conditions
discussed in Section 4.B.

Under the assumptions (A.1)-(A.3), the aim of this paper
is to determine a NLPV observer that has the form:
§ = Fip)& +J(pyu+Lip)y+TByp)d(£,1)

=& +Ny

z =Gk

=

SN C))

such that the following objectives are satisfied:

(0.1) When w* = [wT WT] T_ 0, the dynamics of estimation
errors, which is then illustrated in (15), is asymptotically
stable.

(0.2) When w* # 0, the impact of disturbance w* on the
desired estimation error e, = z — Z is attenuated, i.e.

e
sup sup H Z*Hz < Yoo 5)
pe Py lw 220w ez W2
where & is the observer state; £ is the estimated of z, which
is useful to design the state-feedback controller (C, =1, ), as
well as the output-feedback controller (C; # I,,,); the observer

matrices F(p), ](p), T, L(p), and N are later synthesized in
Section 3.

Remark 1: If the system output y depends on the time-
varying parameter p, i.e. y = Cyp)x + Dy(p)w, the structure
of system (1) can always be obtained. More details are
discussed in Appendix.

In the next section, design process for the .7%-based
observer for the S-NPLV system (1) is presented.

ITII. FULL-ORDER NLPV OBSERVER DESIGN

The state estimation error e = x — X can be expressed as:

e=x—%=x—(E+Ny) (6)
= (I—=NCy)x—& —NDyw, )
— TEx— & —NDw, ®)

where the matrix 7 has to ensure the constraint:
TE+NCy=1. 9)

Hence, from (1), (4) and (8), the error dynamics is
demonstrated as:

é=TEx—&—NDayw (10)
= Fip)e+TBy(p) 9+ (Jp) =~ TB(p))u
+ (TA(P> — F(p)TE —L(p>Cy)x—ND2W
+ [TDl(p) + (F(p)N —L(m)Dz]W. (11D
Then, by choosing the following conditions:
(o) = TB(p) =0, (2)
TA(p) = Fip)TE —L(p)Cy =0, (13)
Kip) = —Fp)N+Lp), (14)
the dynamics (11) is rewritten as:
¢ = Fipye+TByp)$
+[(TDy(p) = K(p)D2) —ND2]w". (15)
From Eqgs. (9), (13) and (14), it follows that:
TA(p) = K(p)Cy = Fip) =0. (16)
From condition (9), we obtain:
E
[T N] {Cj =1. (17)

If rank {CE')
it follows that:

= ny,, which is also the impulse-free condition,

+
E

[T N]= [Cy] ) (18)

Also, it is noted that [T N] is a full-row rank matrix.

Thus, the matrices 7 and N can be calculated by:

T:[E]T&, N={E]I-6N,

c c (19)

where: 0y = [(I)} and Oy = [(I)}



Eq. (15) yields that:

{e’ = Fipye+Be(p)§ +Wip)w", 20)

e, =Cge

where
e;=7—2=C,(x—2%) =Cge, 21
Fip) =TA(p) =K ()G (22)
Bep) =TBy(p), (23)
Wio) = [Wip) Wagp)] (24)
Wi(p) =TD1(p) —K(p)D2, (25)
Wap) = —NDx, (26)

and the gain K|, is derived from the following Theorem,
which satisfies the objectives (O.1)-(0.2).

Theorem 1: Under the assumptions (A.1)-(A.3), the de-
sign objectives (0.1)-(0.2) are achieved if there exist sym-
metric positive definite matrices ) and matrix ¥(,), positive
scalar € which minimize ., and satisfy that:

Qup)+n Qi) Quspy Q) CF

(+) —el 0 0 0

(*) (¥)  —Yl 0 0|<0, (27)

(*) () (¥) %I O

(%) (%) (*)  (x —I

where
L 9P

Quip) = L A0~ =+ A (P TAp) +¥(p) G} (28)
Quz(p) = Pip)TBy(p) (29)
Qi3(p) = Pp) T D1(p) +Y(p) D2, (30)
Qua(p) = —Fp)ND2, 31)
n=e(y) (v1), 32)

then the matrix K(p) is calculated by: K,y = fP(;;Y(p).
Using matrices T and N, (22) yields the matrix Fipys while
the matrices Jio) and L, are calculated from (12) and (14).

14
Remark 2: The notion ). =(.) expresses all combinations

of +(.) and —(.) that are included in the inequality (27). Con-
sequently, the inequality (27) actually represents 27 different
inequalities that correspond to the 27 different combinations
in the summation.

Proof: Choose the parameter-dependent LPV Lyapunov

function [12]:
T
Vioy =¢ Fp)e; (33)

with P( p) > 0.

Combined with the above Lyapunov function, the suffi-
cient condition for disturbance attenuation (5) can be rewrit-
ten as [11]:

Joo =V(p)+el e — g™ w* <0. (34)
Also, the Lipschitz condition (3) yields the constraint:

6]l < Vllell =T= ()" (§)—e" (YT (yDe <0, (35)

By applying the S-procedure [13], the two above con-
straints in Egs. (34)-(35) can be satisfied if there exists a
positive scalar € such that:

Joo—8&J <0 (36)
From LPV Lyapunov function, it follows that:
dP
5, _ 197(p) T )
V(p) =e 5 e+ e P(p)e}, 37
dP -
=" S et A Py Figpet-¢" By Byip)§
+e" Py Wipyw'} (38)
Using Eq. (20), we obtain:
(@i Qi) [Qus) Qi)
Ve sT | () (%) 0 Y
() () 0
=Y'Q,T, (39)
where Y = ¢! ¢ W*T]T.
The constraint (36) is guaranteed if:
Y'QpY+el e, —rw w* — el <0, (40)
Y'QpY+e'ClCe—paw™w* —€(9)" (9)
+ee’ (y1)T (vI)e <0, 41)
which is equivalent to the following LMI VY # 0:
QyptCIC+N Qi) Qusp) Quap)
(%) —&l 0 0 <0, (42)
(+) () —xl 0 ’
(%) () () Wl
where
Q. = '%—i-%”{P TA ) + Y5 Gy} (43)
11(p) =P ap ()£ 4p) T L) by

To avoid the direct handling of derivative p, as mentioned
in [11], the inequality (44) only holds if the following
simplified condition is verified.

Quip) +CICHN Qi) Quapy Quagp)

*) —el 0 0
E*) () gt 0 | <O @
(%) (5 () %l

By applying the Schur complement [13] to above inequal-
ity, the condition (27) is obtained, which completes the proof.
|

IV. GENERAL DISCUSSION
A. Gridding-based approach of LMI solution

In the Theorem 1, since the matrices P,) and ¥,y depend
on the values of parameter-varying vector p, the LMI (27)
requires an effective solution in order to satisfy all conditions
and deal with the coupling of parameter-varying matrices
P(p> and Y<p). Therefore, as already discussed in [14], the
gridding-based approach is proposed. More details about the
standard gridding solution, particularly its effectiveness, are



given in [14]-[16]. In this approach, there are two aspects
to be considered:

1. Choice of basis functions P,y and Y,

By approximating the matrices P,y and Y{,) with finite
basis functions of p, a solution for the LMI (27) can be
achieved through an infinite dimensional set. Unfortunately,
to the best of authors’ knowledge, the choice depends heavily
on practice. Regarding simplicity, polynomials are used,
which facilitates the formulations of dP,)/dp. For example,
Py =P+ pPi, where the parameter matrices Py and Py are
constant matrices satisfying that P,) > 0. More details on
practical choices are presented in [15]-[17], while the LMI
optimization problem is solved through the implementation
of [18], [19].

2. The number of gridding points ngi (the number of
gridding points for element p; of vector p)

The number of gridding points decides the gridding space
for LMI computation and its complexity. However, to the
best of authors’ knowledge, there has not been any exact
method to choose ng'. Overall, the appropriate number ng'
of points must be neither too small to assure the performance
and stability of the observer-controller design, nor too large
to avoid the numerical problem and computation complexity.
Also, the distance between each point in the grid should be
considered as it may cause disturbances in the transition of
each subsystem.

B. Existence of observer design

In the gridding-based approach, the (singular) LPV system
(under Lipschitz condition) is considered as (singular) linear
time-invariant (LTI) system at each time-frozen gridding
point p/ (j=1:N,N= ng' X ngz X ...ng”) [12]. Therefore,
the existence conditions for the observer design can be
analytically derived for each point p/ in the grid as follows.

B.1. Condition for the solution of (19)

As mentioned in (17), the requirement for the existence of
T and N is the impulse-free condition, which is independent
of time-varying parameter p:

(C.1) rank [CE,] = ny. (45)
)

B.2. Stability condition of error dynamics in (20)

The feasibility of Theorem 1 implies that F,;) is Hurwitz
for each time-frozen p’. In other words, there exists a matrix
gain Z(p_/) such that F{,j) is stable if and only if the pair
(TA(pi),Cy) is R-detectable. That is explained by the relation
in (22) that:

Fipiy=TA(pi) — K

ies (46)

This R-detectability condition is equivalent to:

(C.2) rank {SEAW} =n,Vj=1:N,Z(s) >0. (47)

o

Proof: The condition (C.2) is equivalent to:

E—A/,;
rank [S <p")] =n,Vj=1:N,%(s) > 0. (48)
)
SE=Aps)
& rank sCy, =n,Vj=1:N,Z(s) >0. (49)
G,
T N 0
By defining the matrix X = | 0 Iny —slny , the above
0 0 I,
condition is equivalent to: (
SE=Aps)
rank(X sCy )=n.,Vj=1:N,%(s) >0. (50)
(o
STE — TA(p/) +SNCy
&rank 0 = Ny,
Gy
Vj=1:N,%(s) > 0. (51)
As TE+NC, =1, it follows that:
ank {SI _gAW >} =n,Vj=1:N,%(s) >0.  (52)
¥
That is also the condition for R-detectability of the pair
(TA(p j),Cy), which completes the proof. [ ]

As mentioned in [2], [20], a singular system can be decom-
posed into slow and fast subsystems. Regarding the results
of the singular NLPV system, the condition (C.1) (impulse-
free) presents the observability for the fast dynamics, while
the condition (C.2) (R-detectability) for each frozen point pj
corresponds to the detectability of the slow component.

It should be noted that the condition (C.2) is only an ana-
lytically necessary condition implied for the R-detectability
of S-NLPV system at each time-frozen point p/ in the con-
text of the grid-based approach. In addition, the great amount
N of gridding points p/ (j = 1:N) can present/cover all
behaviors of p in R-detectability; however, it also increases
the computation cost for later LMI optimization.

V. NUMERICAL EXAMPLE

A. Model Parameters

Consider the system:

Ex = A(p)x+Bu+ Bysin(Kx)u+Dyw
y  =Gx+Dw , (53)

z =Cx

o Desired signal z= [z] 2} ]T is the output to be esti-
mated by the /7, observer (4).

o Varying-parameter p is defined as: p = 0.25sin(8t) +
0.75,5005<p<land |p|<DO=2.

« System parameters, which satisfy the conditions (C.1)
and (C.2), are chosen as following:

100 ~S+p 1 1
E=[0 1 0[,Ap=| 0 -5 0],
000 05 0 -1
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and K=1[0 0 1].

« Control input u is bounded in the region |u| <up =75,

which leads to the Lipschitz condition:
110 (x,u) — ¢ (£,) ]| < uoK ]x — %],
where ¢ (x,u) = sin(Kx)u and v = upK.

Thanks to the usage of Yalmip toolbox [18], sdpt3 solver

(54)

[19] and grid-based methodology with ng = 30 points and

2"d_order basic function for Yp) [17], i.e.

Pp)=Py+pPi+p°P,

(55)

Yip) =Yo+pY1+p°2, (56)

then Theorem 1 is solved by finding constant matrices P, and
Y (k=0:2) such that P,y >0 and LMI (27) are satisfied.
Also, the 7%, optimal value is found as 7. = 0.0227 (or
—32.8795 dB) and € =20.8801.

B. Frequency Analysis

The sensitivity p/ in the following figures represents the
frequency response at each time-frozen value p/ (j = 1:30)
of varying parameter p. From (20), the sensitivity function
can be analytically rewritten as:

Seanipi) = Co(PI = Fipi) ™' Wi(piy, (57)

Seitpi) = Co(pI = F i)~ Wy, (58)
— )l )

Seg(p) = C(PI = Fpi)) ™ Be(pi)- (59)

Without loss of generality, only the sensibilities p!, p'°,
and p?° are presented to evaluate the whole varying range.
As observed from Figs. 1-2, all sensibilities satisfy the
disturbance-attenuating condition (5) with great magnitudes
of attenuation less than —70 dB (< 7.). Meanwhile, Fig.
3 shows an important impact of nonlinearity term ¢ (peak
around —25 dB) generated by the Lipschitz condition in the
low frequency domain (< 1 Hz). However, the higher the
frequency, the smaller the impact of the ¢ on estimation
error e;.

C. Time-domain simulation

Simulation is realized in 3 seconds with the conditions:

« Disturbance vector is defined as: w = sin(47nt)

« Control input: u = upsin(87r).

o Initial condition: x;(0) = 0, x(0) = 0 and £y =
[0.005 0 0.02]".

o,os/ﬁ\ | | | |
\v / \ \ \ N 7\ . 1
o q\ / \\/ | / \ /\\/\\/ \ A N ,’/\/\ \,\’

Vo

\ ] Vo

015 Y \/ \\/ \\/ k

0‘5 :‘l 1‘5 ‘2 2.‘5 3
Time (5)

Fig. 4. z; estimation
2

o 05 1 15 2 25 3
Time (s)

Fig. 5. 1z estimation



TABLE I
EVALUATION FOR ESTIMATION ERROR

Signal | e e,
RMS (Root-mean-square) | 0.0007  0.0025

Figs. 4-5 show that the estimated signal £ = [2] 2] ]T
has successfully converged to the desired signal z with
acceptable values of estimation error as illustrated in Table L.
In addition, these results prove that the impact of disturbance
on estimation error e is greatly attenuated while e, — 0 is
ensured and the Lipschitz condition is bounded, as mentioned
in frequency analysis.

VI. CONCLUSION

In this paper, a new class of singular NLPV system
with Lipschitz nonlinearity is introduced, which promotes
the implementation of the LPV framework in modeling
the nonlinear system. Also, an .7, observer design with
parameter-dependent stability is proposed to attenuate the
disturbance impact on estimation error. Furthermore, the nu-
merical simulation has proven the capability of the proposed
observer design in attenuating the disturbance impact under
the existence of Lipschitz nonlinearity. In the future, the
impact of the time-delay problem on S-NLPV, as well as
its observer design, will also be studied.

APPENDIX
SYSTEM REFORMULATION
Consider the following system with parameter-dependent
output y:
Ex = A(p)x+B(p)u+Byp)d(x,u) +Dypyw
Yy =Gt Dopyw
z =Cx

(60)

To reformulate y into the parameter-independent output y*,
a stable filter F, is proposed:

xr = Apxr +Cry,

Fy: 61)

y* =Cpxp.
For example, this filter can be a low-pass filter whose cut-
off frequency is high enough to not suppress the useful
information/characteristic of output y. Thus, an augmented

system, which has the same structure as (1), is obtained:

E 0 [ A 0 B
X, = (p) xg [Py
0 7 BrCyp) Ar 0
B D
+ o(p) & (Kxg,u) + 1(p) W,
_ 0 BrDyp)
y* = 0 CF xd)
Z = |C, O0|xq,

where x, = [x” xﬂT; K = [I,, 0]; and yK is the new
Lipschitz constant as ||@(x,u) — ¢ (%,u)|| < YK||x, — %4 with
X, is the estimated of x, in observer design. Therefore,

without loss of generality, only the S-NLPV system (1) is
studied.
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