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In this work we present an implementation of the analytical string theory recently applied to the
description of glasses. These are modeled as continuum media with embedded elastic string hetero-
geneities, randomly located and randomly oriented, which oscillate around a straight equilibrium
position with a fundamental frequency depending on their length. The existence of a length dis-
tribution reflects then in a distribution of oscillation frequencies which is responsible for the Boson
Peak in the glass density of states. Previously, it has been shown that such a description can ac-
count for the elastic anomalies reported at frequencies comparable with the Boson Peak: the strong
phonon scattering and the negative dispersion in the sound velocity, as a result of the interference
of the string oscillations with propagating sound plane waves. Here we start from the generalized
hydrodynamics to determine the dynamic correlation function S(k, ω) associated with the coherent,
dispersive and attenuated, sound waves resulting from such interference. We show that, once the
vibrational density of states has been measured, we can use it for univocally fixing the string length
distribution inherent to a given glass. The density-density correlation function obtained using such
distribution is strongly constrained, and able to account for the experimental data collected on two
prototypical glasses with very different microscopic structure and fragility: glycerol and silica. The
obtained string length distribution is compatible with the typical size of elastic heterogeneities pre-
viously reported for silica and supercooled liquids, and the atomic motion associated to the string
dynamics is consistent with the soft modes recently identified in large scale numerical simulations as
non-phonon modes responsible for the Boson Peak. The theory is thus in agreement with the most
recent advances in the understanding of the glass specific dynamics and offers an appealing simple
understanding of the microscopic origin of the latter, while raising new questions on the universality
or material-specificity of the string distribution properties.

I. INTRODUCTION

A long standing issue in condensed matter physics is
represented by the understanding of the low frequency
vibrational properties of glasses. It is well known that
at long wavelengths and low frequencies, the continuum
description of elastic properties in a solid generally works
well in a crystal, which means that the Debye approxima-
tion of the density of states is a good description of the
actual situation1. This approximation however dramati-
cally fails when it comes to a disordered material such as
a glass, in spite of intuition that says this should not hap-
pen. Indeed, on the macroscopic scale, the wavelengths of
sound waves are much larger than the typical lengthscale
of the disorder, thus the microscopic structure should be
irrelevant, and a description of the medium as a contin-
uum should work well. We can expect this approximation
to fail when the wavelength becomes comparable with the
microscopic structure. It is however found to fail much
earlier than expected, at wavelengths on the order of tens
of mean interatomic distances, a mesoscopic scale corre-
sponding to the medium range order in glasses and at
which it still works reasonably well in crystals2.

Historically, the above failure has been observed
through the deviation of the vibrational density of states
from the Debye prediction at frequencies of few THz,
about 1/10 of the Debye frequency, pointing to the exis-
tence of an excess of soft modes, called the Boson Peak3.

Such anomaly in the vibrational density of states can be
connected with the anomalous temperature dependence
of the specific heat at low temperature, as well as to the
existence of a plateau in the thermal conductivity, with
the suppression of the Umklapp peak typical of crystals,
at temperatures of about 10 K4,5. Such excess is quali-
tatively similar for many such materials, and the details,
but not the broad features, depend on external param-
eters such as temperature, density, pressure, as well as
chemical and thermal history6–15.

This anomaly in the density of states is accompa-
nied by some so-called elastic anomalies in the longitu-
dinal acoustic phonons, as evidenced by a series of ex-
perimental studies2,16–18 : a negative dispersion of the
sound velocity, with a minimum close to the Boson Peak
frequency, and a strong attenuation Γ of the acoustic
phonons, whose dependence on the wavevector k has long
been believed to be compatible with a Rayleigh scatter-
ing mechanism (Γ ∝ kd+1, where d is the dimension-
ality of space), but recently found to go like −kd+1lnk
near the Boson Peak frequency19,20. As such, the fail-
ure of the Debye approximation seems to be drawn by
a strong scattering of sound waves, whose origin is still
a matter of debate and which leads to a cross-over from
well-defined acoustic modes for long wavelengths to ill-
defined ones for smaller wavelengths, the so-called Ioffe-
Regel crossover. Three dynamical regimes have thus been
identified in glasses21,22: i) a low-frequency plane-wave
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dominated regime, where phonons undergo weak scatter-
ing and are equivalent to phonons in crystals ii) a strong
scattering regime, above the Ioffe-Regel limit, where the
corresponding phonons are called “diffusons” and cannot
be thought of as propagative plane waves anymore23, and
iii) the Anderson localization regime near the mobility
edge21,24,25. The existence of these three regimes strongly
impacts transport properties, so that their microscopic
understanding has become essential for many technolog-
ical applications aiming at using glasses for thermal in-
sulation or confinement.

Understanding the microscopic origin of the strong
scattering regime, and thus of elastic anomalies and Bo-
son Peak, represents a challenge that is at the focus of
an intense theoretical and experimental research effort
since at least 50 years. Many theories and models have
been developed26–33, which can be divided in three main
groups: i) the existence of quasi-local vibrational states,
produced by soft anharmonic potentials34–36, ii) the exis-
tence of nanometric elastic heterogeneities27–30,37,38, and
iii) the identification of the Boson Peak with the first
transverse Van Hove singularity, broadened by disorder
and shifted because of the density difference with respect
to the corresponding crystalline phase39,40.

Recent work has shown that the theory of elastic nano-
heterogeneities is unable to reproduce the observed over-
Rayleigh acoustic attenuation20. On the other hand,
recent large-scale numerical simulations have unveiled
the presence of soft quasi-localized non-phononic modes,
which would coexist with normal acoustic phonons41–45

and characterized by a particle displacement decreasing
like r−2 in 3D, where r is the distance away from the
center of the mode. The low-frequency density of states
is thus the result of the sum of a Debye contribution
for the acoustic phonons and a non-phononic contribu-
tion coming from these modes and going as ω4. These
soft modes would stem out from microscopic structural
arrangements and/or heterogeneities in the glass and
can be associated to another class of theoretical mod-
els, which has focused on the identification of string-like
behavior in glasses. Cooperative string-like motion was
successively found in super-cooled liquids46,47 and Yu et
al.48 proposed an interpretation of the β-relaxation in
a variety of supercooled liquids and glasses in terms of
string-like configurations. Concerning glasses, already in
the 90’s Schober et al.49 in a numerical simulation of a
soft-sphere glass identified well below the glass transition
temperature vibrational modes involving only atoms ar-
ranged in a string-like pattern. Novikov and Surotsev50

showed that Raman scattering data from glasses could
indeed be explained by vibrational eigenmodes localized
along a one-dimensional spatial geometry. More recently,
Concustell et al.51 have induced and characterized elas-
tic anisotropy in a bulk metallic glass, showing that their
findings are consistent with an alignment of string-like
atomic arrangements.

Recently, one of us has developed an analytical de-
scription showing that the presence of strings in a glass

thought as a continuum medium can give rise to the vi-
brational anomalies observed in glasses52. Here we de-
velop this theory and provide a formula to directly link
the density of states g(ω) of an amorphous material in the
THz range with its longitudinal dynamic structure fac-
tor S(k, ω). We find that the string distribution obtained
from the experimental Boson Peak is able to nicely fit the
inelastic x ray scattering data on the S(q, ω) obtained on
glycerol 2 and silica16 with an agreement as good as the
one historically obtained fitting the same data with a
Damped Harmonic Oscillator (DHO) model.

This paper is organized as follows: Section II shows

how to compute the dynamic structure factor S(~k, ω) for
coherent acoustic waves propagating in a medium de-
scribed by a complex index of refraction, starting from
the Boson peak. This computation is done following
our previous work52 and relies on the properties of an
acoustic wave propagating in a medium filled with elas-
tic strings randomly placed and oriented52,53. For the
reader’s convenience, some details of the index of refrac-
tion computation are reproduced in Appendix A. The
relation of the current approach with the Damped Har-
monic Oscillator (DHO) model is discussed in Appendix
B. Section III is devoted to the application of the model
for fitting experimental data on two prototypical glasses,
glycerol and silica. The discussion of the results of such
fitting, and notably the obtained string length distribu-
tion and its relation to the elastic anomalies is reported
in Section IV A, while Section IV B focuses on the com-
parison of our results and recent numerical simulations,
specifically concerning the atomic motion in the strings
implicit to the our model. Finally, Section V presents
our concluding remarks.

II. THE STRING MODEL

Here we recall the basics of the model developed in52,53.
It is based on continuum mechanics. The glass is modeled
as a Debye solid plus an embedded distribution of elastic
strings. These strings are pinned at their ends and have
a distribution of lengths. They can oscillate around an
equilibrium position and their fundamental mode of vi-
bration gives rise to the excess modes over the Debye level
observed in many glasses. Also, they interact with elas-
tic waves, leading to the frequency-dependence of phase
velocity and attenuation of coherent sound waves

A. Preliminaries

We consider then an elastic, homogeneous, isotropic
solid with Lamé coefficients λ, µ, mass density ρ and
number density n. The displacement at time t of a point
whose equilibrium position is ~x is denoted ~u(~x, t), and its

velocity is ~v(~x, t) ≡ ∂~u(~x, t)/∂t. The current ~j ≡ n~v has
a longitudinal component j(~x, t) that, in the absence of
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strings, obeys the equation

− 1

c2L

∂2j(~x, t)

∂t2
+∇2j(~x, t) + ξ∇2 ∂j(~x, t)

∂t
= 0 (1)

where c2L = ρ/(λ+2µ) and ξ is a phenomenological damp-
ing coefficient54. Looking for traveling waves along one
dimension

j(~x, t) = j0e
i(ωt−kx) (2)

leads to the dispersion relation

ω2

c2L
− k2 − ik2ωξ = 0 . (3)

and, when ωξ � 1, we have

j(~x, t) = j0e
i(ωt−ωx/cL)e−x(ω

2ξ)/2cL , (4)

the well-known result that, at low frequencies, elastic
waves have a damping proportional to frequency squared,
or that there is an attenuation length proportional to
ω2. For later purposes we introduce the (“bare”) Green’s
function g0(~r, ~r0, t− t0), the solution of

− 1

c2L
g̈0(~r, ~r0, t− t0) +∇2g0(~r, ~r0, t− t0) (5)

+ξ∇2ġ0(~r, ~r0, t− t0) = −δ(~r − ~r0)δ(t− t0)

where an overdot denotes differentiation with respect to
time. We shall use the definition of the Fourier transform
F̃ (~k, ω) of a function F (~x, t) as

F̃ (~k, ω) ≡
∫ ∞
−∞

d3x dt ei(
~k·~x−ωt)F (~x, t) (6)

so the bare Green’s function in frequency-wavenumber
space is given by

g̃0(~k, ω) =
−1

(ω2/c2L)− k2 − ik2ξω
(7)

whose poles reproduce the dispersion relation (3).
If now we consider the solid to be in thermodynamic

equilibrium at temperature T , the currents will be fluc-
tuating quantities. Of particular interest is the dynamic
correlation

J(~k, t) ≡ 〈j∗(~k, 0)j(~k, t)〉 (8)

where the brackets denote a thermal average. Also, we
shall drop the tildes from the Fourier transforms to sim-
plify the notation. Note that, because of thermal equi-
librium this is a real function that is defined for positive
times t, and it can be extended to negative times impos-
ing that it be even in time. Of particular interest is the
Fourier transform

J(~k, ω) ≡ 2Re [J ] . (9)

J ≡
∫ ∞
0

dte−iωtJ(~k, t) (10)

A standard treatment55 of the initial value problem of
Eqns. (1) and (5) leads to an expression of the bare
correlation J0 in terms of the bare Green’s function g0:

J0(~k, ω) = −2
J0(~k, 0)

c2L
ωIm

[
g0(~k, ω)

]
(11)

=
2

c2L
J0(k, 0)

ξω2k2(
ω2

c2L
− k2

)2
+ ξ2ω2k4

(12)

where the second line is a well known expression56, that
has been obtained here substituting (7) into (11).

B. Addition of strings

We now consider elastic waves as above, propagating in
a medium with a frequency dependent index of refraction
induced by the presence of strings:

− 1

c2L

∂2j(~x, t)

∂t2
+∇2j(~x, t) + ξ∇2 ∂j(~x, t)

∂t
(13)

−∇2 [f(t) ∗ j(~x, t)] = 0

where ∗ means convolution in time and f(t) must vanish
for negative times due to causality. The road to Eqn. (13)
as well as its relation to strings is recalled in Appendix A.
There is a Green’s function associated with this equation,
the solution to

− 1

c2L

∂2g(~x, ~x0, t− t0)

∂t2
+∇2g(~x, ~x0, t− t0)

+ξ∇2 ∂g(~x, ~x0, t− t0)

∂t
−∇2 [f(t) ∗ g(~x− ~x0, t− t0)]

= −δ(~x− ~x0)δ(t− t0)

(14)

which gives, in frequency-wavenumber space,

g(~k, ω) =
−1

(ω2/c2L)− k2 − ik2ξω + k2f(ω)
(15)

whose poles give an effective, complex, wavenumber as
a function of frequency, say K(ω), that defines a phase
velocity, v ≡ ω/Re[K(ω)] and an attenuation length ` ≡
−1/Im[K(ω)]. Alternatively, both the phase velocity and
the attenuation length can be expressed as functions of
the wavenumber k.

Consider now Eqn. (13) in wavenumber space:

− 1

c2L

∂2j(~k, t)

∂t2
− k2j(~k, t)− k2ξ ∂j(

~k, t)

∂t
(16)

+k2
∫ ∞
−∞

dt′ f(t′)j(~k, t− t′) = 0 .

Multiplying this equation by j∗(~k, 0), and taking the
thermal average, we get

−1

c2L

∂2J(~k, t)

∂t2
− k2J(~k, t)− k2ξ ∂J(~k, t)

∂t
(17)

+k2
∫ t

−∞
dt′ f(t′)J(~k, t− t′) + k2〈j∗(~k, 0)I(~k, t)〉 = 0



4

This equation is similar to, but differs from, the equa-
tion obeyed by the dynamic form factor in a memory
function formalism57. This point is further discussed in
Appendix B. Further multiplying by exp(−iωt) and in-
tegrating over t from 0 to ∞ leads to

1

c2L

∂J(~k, 0)

∂t
+ k2ξJ(~k, 0) + k2D(~k, ω) + i

J(~k, 0)

c2L
ω (18)

−g−1(~k, ω)J (~k, ω) = 0

where

D(~k, ω) ≡
∫ ∞
0

dte−iωt〈j∗(~k, 0)I(~k, t)〉 (19)

and

I(~k, t) ≡
∫ ∞
0

dτf(τ + t)j(~k,−τ) (20)

is a functional of the history of the system previous to its

initial state j(~k, 0). The initial value problem for disper-
sive waves, i.e., when the speed of propagation depends
on frequency, does in general depend on its previous his-
tory. We shall assume there is no statistical correlation

between the initial value of the current j∗(~k, 0) and its
previous, dispersion-dominated, history:

D(~k, ω) = 0. (21)

We now show that

1

c2L

∂J(~k, 0)

∂t
+ k2ξJ(~k, 0) = 0. (22)

Indeed, note that Eqn. (17) is the time derivative of

− 1

c2L

∂j(~k, t)

∂t
− k2j(~k, t)− nk2ξu(~k, t)

+nk2
∫ ∞
−∞

dt′ f(t′)u(~k, t− t′) = 0 . (23)

Since 〈∗
l~k

(0)ul~k(0)〉 = 0 because density and velocity are

uncorrelated, and assuming again that the initial value of
the current is uncorrelated with the previous, dispersion
dominated, history, we have (22). Consequently, Eqns.
(18) and (9) lead to

J(~k, ω) = − 2

c2L
J(k, 0)Im

[
ωg(~k, ω)

]
(24)

where g(~k, ω) is the Green’s function and which leads to
the density correlation through

S(~k, ω) =
k2

ω2
J(~k, ω) . (25)

C. Relation of the BP to the strings

Following52 we describe the normal mode density of
states of the model solid as:

g(ω) = gD(ω) + gS(ω) (26)

where gD(ω) is the Debye distribution and gS(ω) is the
excess over this distribution (i.e., the boson peak). This
distribution of excess modes over the Debye distribution
determines a distribution of string lengths L through

gS(ω0)dω0 ≡ 2p(L)dL (27)

with ω0 =
√

(πc/L)2 − (B/2m)2. The factor of two in
Eq. (27) indicates that there are twice as many states
of a given frequency as strings. This is due to the fact
that each string can oscillate along two linearly indepen-
dent directions that are perpendicular to its equilibrium
position.

Here c is the speed of waves along the string, B/2m
represents the internal damping of elastic waves in the
string. So, given a specific Boson peak, as determined by
atomistic modeling or experimental data, gS(ω0) can be
read off it and Eqn. (27) determines the string length dis-
tribution p(L), which in turn, through (A14), determines
the index of refraction f(ω) that goes into the Green’s
function (15) whose imaginary part provides the correla-

tion function S(~k, ω) using (24) and (25).

III. RELATING THE BP DATA TO THE IXS
DATA

In this section we relate the derived S(~k, ω) to the ex-
perimental data that can be obtained in an inelastic x-ray
scattering experiment (IXS), in order to apply our model
to the data collected with this technique on two proto-
type glasses, glycerol and silica.

The experimental inelastic scattering spectrum of a
glass is composed of a Brillouin triplet: an elastic line,
related to the frozen density fluctuations, and the Stokes
and Anti-Stokes inelastic peaks corresponding to the an-
nihilation and excitation of a vibrational excitation. The
measured spectrum can be formally described as58:

I(k, ω) = Ak~ω
[nB(ω) + 1]

kBT
Stot(k, ω) (28)

Here, we have replaced the vector ~k by its modulus,
given the isotropy of the system. Ak is a normalization
factor reflecting the k dependence of the atomic form
factors, nB(ω) = (e~ω/kBT − 1)−1 is the Bose-Einstein
factor, S(k, ω) is the longitudinal density-density corre-
lation function, which is modeled as the sum of a delta
function for the elastic line and an inelastic contribution:

Stot(~k, ω) = fkδ(ω) + (1− fk)S(k, ω) (29)
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where fk accounts for the measured proportion between
elastic and inelastic parts of spectra and is related to the
non-ergodicity factor and S(k, ω) is given by (25).

Eq. (28) can be fitted to the experimental spectra af-
ter convolution with the instrumental resolution function
R(ω), adding a k-dependent background bgk:

Iexp(k, ω) = bgk +

∫
I(k, ω)R(ω − ω′)dω′ (30)

Now that we have a reasonable expression for the in-
tensity to work with, the next task is to assign physical
values to the parameters of the model. For the instru-
mental resolution function, we use the one experimentally
measured and we model it via a linear combination of a
Lorentzian and a Gaussian function. We are then left
with 3 groups of parameters for the description of the
experimental spectra:

• Experimental setup and partly material-related:
bgk, Ak.

• Material-related: fk, ξ, J(~k, 0), cL and cT .

• Strings-related: α, c, B/m and gS(ω).

The function gS(ω) is obtained from the measured den-
sity of states, by modeling the excess over Debye distri-
bution using a 5-degree polynomial (i.e. up to ω5). Note
that the theoretical g(ω) is a number of states per unit
frequency per unit volume. The experimental density of
states is, however, normalized to the atomic volume, and
thus is a number of states per unit frequency. The extra
volume is obtained from the very low frequency asymp-
totics of the experimental values, where it does coincide
with the Debye theory. The number of free parameters
can be reduced by relating the velocities cL, cT and c
through the equalities: cT = cL/

√
K/µ+ 4/3, where K

and µ are the material’s bulk and shear modulus respec-
tively, and59 c = cT . The zero frequency value J(k, 0),
is fixed to literature data of the longitudinal velocity as
measured with Brillouin light scattering. To simplify our
model, we observe that the effect of damping in the elas-
tic waves due to the internal friction of strings, given by
B/m, can be reasonably assumed to be negligible com-
pared to the other sources of damping. We thus take its
value simply as zero.

The remaining fitting parameters are thus bgk, Ak for
the instrumental part, fk, ξ and cL for the material-part,
and only α for the strings-related part. ξ, cL and α are
expected, in a first approximation, to be k independent.
For this reason, and for getting the best description over
a large k range, they are found by simultaneously fitting
5 IXS spectra throughout the studied wavenumber range.
The k dependent parameters, such as bgk, Ak and fk are
then found by independently fitting each spectrum using
Eq.(30) , for fixed values of ξ, cL and α. The procedure
is iteratively repeated until convergence.

To sum up: given Boson peak data gS(ω), one obtains
p(L) through Eq. (27). This relation involves a free pa-
rameter B/2m, the internal damping of string motion,

that in the examples that will be worked out below will
be put equal to zero. It also involves c, the speed of waves
along the string, a parameter that is completely deter-
mined by cT , the transverse speed of sound of the ma-
terial under consideration. Next, p(L) determines f(ω)
through Eq. (A13). This relation involves m, the mass
per unit length of the string, which is related to the mass
density ρ of the material through m = αρ b2, where b is a
length of order one inter-atomic distance that cancels out
in the calculations, and α is a dimensionless parameter
of order one that, in the examples below, will be effec-
tively put equal to one. Finally, as mentioned, J(k, 0) is
also fixed from literature data. With f(ω) determined,

S(~k, ω) is found using Eqs. (15), (24) and (25). This

final formula for S(~k, ω) depends on two parameters: ξ,
the wave attenuation coefficient in the absence of strings,
and cL, the speed of sound. They will be varied, within
reasonable bounds, to fit the S(k, ω) obtained from the
experimental I(k, ω). This, in turn, is done using Eqs.
(28) and (29). These expressions depend on experimental
parameters, Ak and bgk, and a material-related parame-
ter, fk.

Once the parameters that afford the best fit to the ex-
perimental data are obtained, they can be used to obtain
the phase velocity v and attenuation Γ solving for the
poles, say K(ω), of the Green’s function in Eq.(15):

v =
ω

Re[K(ω)]
(31)

Γ = −cLIm[K(ω)] (32)

For testing the modeling of the inelastic scattering data
through the string distribution obtained from the exper-
imental density of states, we have chosen two prototype
cases, a fragile glass, glycerol, and a strong one, silica,
for which all the experimental data are available.

A. The case of glycerol

We present here the fit of inelastic x ray scattering
data obtained by Monaco and Giordano2 on a glass of
glycerol at 150 K, the glass transition temperature being
Tg = 189 K. In that paper, data between k = 1.1 and
k = 5 nm−1 have been reported and fitted with a damped
harmonic oscillator (DHO) model for the inelastic con-
tribution. Such work has given the first experimental
evidence of the existence of elastic anomalies in glasses
in the Boson Peak region and the early breakdown of the
Debye approximation: a crossover from a regime where
the phonon attenuation increases with k4 to a regime
where it goes as k2, accompanied by a dip in the sound
velocity with respect to the expected behavior. More-
over, the calculation of the density of states using the
experimental S(k, ω) has been found to be in reasonable
agreement with the experimental data as measured by
inelastic neutron scattering at 170 K60. The role of the
attenuation has been there highlighted, as fundamental
to get the right position of the Boson Peak.
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If in that work the authors could reproduce the den-
sity of states from the experimental density-density cor-
relation function, here we follow the opposite direction,
using the density of states for reproducing the S(k, ω).
Figure 1, reports the excess density of states on the De-
bye prediction as obtained from Ref.60 and its fit with a
5-degree polynomial, which will be used for the succes-
sive fit of the inelastic data. Figure 2 reports a selection

FIG. 1. The Boson Peak of glassy glycerol at 170 K, taken
from Ref.60, and reported in non-reduced units (g(ω)−gD(ω)),
together with the fit with a 5 degree polynomial

of inelastic spectra of glycerol, in the [1-3] nm−1 range,
together with the fit to Eq. 28. For a better visualiza-
tion, we have chosen to report only the inelastic part of
the spectra, after subtraction of the fitted elastic line,
and only for positive exchanged energies.

We remind here that in Ref.2 the k4 − k2 crossover
was identified at k ≈ 2 nm−1. The k values here chosen
span then the interesting k region. We have not reported
larger k as the vibrational modes are largely too damped
and the energy range too short for a constraining fit with
our model. From the figure, it is clear that the fitting
model catches quite well the k dependence of the major
inelastic contribution features (energy position and at-
tenuation), with a fitting quality comparable to the one
reported in Ref.2. The k-independent parameters fitted
with our iterative procedure are reported in table I.

To go further, we can extract from our model the phase
velocity v and the attenuation Γ calculated as indicated
in Eqs (31-32). They are reported in Figure 3, together
with the Boson Peak, and they are compared with the ex-
pected velocity and attenuation in absence of strings (in
red). It is clear that the addition of strings strongly mod-
ifies velocity and attenuation. More precisely, from these
graphs, we understand that the longest strings, corre-
sponding to the low energy modes of the BP, and thus to

FIG. 2. Inelastic x ray scattering spectra of glassy glycerol
as measured at 150 K and reported in Ref.2 for en exchanged
momentum q = 1.3, 1.5, 1.7, 1.9, 2.1 and 2.5 nm−1 from panel
a to f. For the sake of clarity we report only the positive
energy exchange side and only the inelastic contribution after
subtraction of the elastic line. The black solid lines represent
the fit with the string model, where the string distribution
has been deduced from the Boson Peak.

glycerol silica

J(k, 0)(Km/s) 3.62561 6.516

K (GPa) 14.191762,63 44.9764

µ (GPa) 4.8562,63 36.0764

cL (Km/s) 3.42± 0.03 6.08 ± 0.05

ξ (10−14 s) 3.1 ± 0.3 2.84 ± 0.17

TABLE I. Table of the physical quantities needed for the
string model and the k-independent fitting parameters for
glycerol and silica.

its onset, interfere with elastic waves slowing them down,
while the shortest strings, corresponding to the high en-
ergy part of the BP, speed them up again. This interfer-
ence is accompanied by the onset of a strong attenuation.
Note that in the figure we report the “string-dependent”
attenuation, i.e. the residual attenuation once the one
without strings has been subtracted. As such, at low
energy it is zero and constant, meaning that the total
attenuation goes like k2, and then it increases, meaning
that the total one goes like k4, before decreasing again.
The maximum corresponds to the maximum of the BP,
i.e. the maximum of density of string modes. It is worth
noticing that, while our model well reproduces the exis-
tence of a dip in the sound velocity as well as the k4−k2
crossover, all the phenomenology appears shifted at lower
k with respect to what is found with a DHO model. We



7

don’t expect the two models to give exactly the same
results, as we explain in Appendix B, still the physical
meaning behind the results obtained with the two models
is very similar: we have the same elastic anomalies, which
occur in both cases in correspondence with the BP, ex-
cess of modes in the regular density of states (string case)
or the reduced one (divided by ω2, DHO case).

FIG. 3. Top panel: excess of modes (Boson Peak) in the
regular density of states of glassy glycerol and its modeling
with a 5-degree polynomial. The red dashed line represents
what we should have in the absence of strings (no excess).
The mismatch at low energy is due to the larger weight that
low-energy states have in this case, compared with the fit in
non-reduced units reported on Figure 1. Central panel: the
velocity as obtained using Eq. (31), compared with the one
in the case of no strings (red). Bottom panel: the excess
attenuation, due to strings, with respect to the attenuation
in the case of no strings. Its maximum, marked by the vertical
green dashed line, corresponds to the change of behavior in
the velocity from a lower to a higher velocity with respect to
the no-string case, and to the maximum of the BP.

B. The case of silica

In this section, we apply the string model to the case
of silica and more specifically we fit the data collected by
x ray inelastic scattering at T = 1620 K (Glass transi-
tion temperature Tg = 1450 K65) and reported by Baldi
et al.17. Figure 4 reports the excess density of states in
non-reduced units as obtained from the one measured by
neutron scattering at T = 1673 K and reported in the
same paper, together with a 5-order polynomial fit for
extracting the string distribution. Some selected inelas-
tic spectra with the fit performed with our model in the
exchanged wavevector range between 0.95 and 2.8 nm−1

FIG. 4. The Boson Peak of glassy silica at 1673 K, taken
from Ref.17, reported in non reduced units (g(ω) − gD(ω)),
together with the fit with a 5 degree polynomial

are reported in Figure 5. The agreement is quite good, up
to k ∼ 2 nm−1, from which value, it gets worse and worse
with increasing wavevector, overestimating the position
and underestimating the width. k-independent fitting
parameters are reported in table I. This can be under-
stood going back to Ref17, where a critical wavevector
kc = 1.41 nm−1 was identified, such that Γ ∝ k4 for
k � kc and Γ ∝ k2 above. Related to the Ioffe-Regel
crossover, this critical wavevector has been successively
identified as the limit above which the spectra are mostly
determined by the local order and similar to the ones of
the polycrystal with the same local order and density.
Here the peak acquires contributions from the transverse
modes and from the higher energy optic modes, not being
then a single plane wave anymore66. We can thus expect
our model not to work anymore in this regime.

Similarly to the case of glycerol, we report in Figure 6
the Boson Peak, the velocity as modified by the presence
of strings, and the excess attenuation due to the strings.
The same considerations as above hold true for silica,
both on the effect of strings and on the different crossover
position with respect to the findings of the DHO model.

IV. DISCUSSION

A. The string distribution

We have seen that our string model is able to provide
a fit to experimental data as good as the one historically
obtained with the DHO model. The derived velocity and
attenuation, as calculated from the fitting parameters
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FIG. 5. Inelastic x ray scattering spectra of glassy silica as
measured at 1620 K and reported in Ref.17 for en exchanged
momentum q =1.1, 1.3, 1.7, 2.3, 2.7 and 2.9 nm−1 from panel
a to f. For the sake of clarity we report only the positive
energy exchange side and only the inelastic contribution after
subtraction of the elastic line. The black lines represent the
fit with the string model, where the string distribution has
been deduced from the Boson Peak.

and Eqs. (31) and (32), can be clearly interpreted in
terms of interference of the elastic waves with soft local-
ized modes from strings with different lengths, giving a
straightforward understanding of the elastic anomalies in
glasses.

It is interesting to underline that in the examples above
we have made a series of simplifications, which allows to
extract the important parameters of the model: i) we
have neglected the intrinsic damping in the strings, by
imposing B/m = 0; ii) we have assumed α = 1, which
corresponds to say that the linear mass density of the
string is the same as in the material and (iii) we have
taken the speed of sound c in the string equal to the
speed of shear waves: c = cT . Moreover, the excess
density of states is fixed by the experimental observation.
The parameter b (cross-sectional size of the string), still
present in the model, cancels out, so that the dynamics
depends only on the strings length, whose distribution
leads to the distribution of string vibrational modes and
then to the Boson Peak. As such, our fitting model is
almost with no free parameters once the Boson Peak has
been measured, which univocally fixes the string length
distribution. The quality of the agreement of the model
with the data is then impressive. In Fig.7 we report the
length distribution obtained for glycerol and silica.

Despite the large structural and dynamical differences
between these two glasses, the Boson Peak is located at
very similar energies, with a maximum, in reduced units,

FIG. 6. Top panel: excess of modes (Boson Peak) in the reg-
ular density of states of glassy silica and its modeling with a
5-degree polynomial. As in glycerol, the mismatch at low en-
ergy is due to the larger weight that low-energy states have in
this case, compared with the fit in non-reduced units reported
on Figure 4. The red dashed line represents what we should
have in the absence of strings (no excess). Central panel: the
velocity as obtained using Eq.31, compared with the one in
the case of no strings (red). Bottom panel: the excess at-
tenuation, due to strings, with respect to the attenuation in
the case of no strings. Its maximum, marked by the vertical
green dashed line, corresponds to the change of behavior in
the velocity from a lower to a higher velocity with respect to
the no-string case, and to the maximum of the BP.

at 4 meV in glycerol and 6 meV in silica. This may
explain the similarity of the string length distributions
reported in the figure, with a slight difference in the po-
sition of the maximum which well mimics the one in the
BP position, being the maximum 0.51 nm and 0.6 nm for
glycerol and silica respectively. Such value corresponds
well to the size of the elastic heterogeneities as found for
silica in66, and is also the typical size of the dynamical
heterogeneities in glass forming liquids close to the glass
transition, suggesting a direct link between our strings
and these latter67,68. It is also remarkable that in both
glasses the distribution spans from about 0.4 nm up to
2.6 nm, implying that the same string modes are present
in both glasses. Moreover, the beginning of the distribu-
tion, at 0.4nm, corresponds well to the correlation length
for the spatial fluctuations of the local sound velocity, as
identified in silica in69. Beyond these similarities, the two
glasses distributions differ for their integral area, which
is directly connected to the Boson Peak amplitude, and
corresponds to the total string number density: 4.678
nm−3 for glycerol and 3.129 nm−3 for silica. In light of
these observations, one may wonder if the extent of the
string distribution as well as a maximum around 0.5 nm
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FIG. 7. We compare here the string length distribution as
obtained from the Boson Peak in glassy glycerol (black) and
in silica (red).

are somehow universal parameters independent on the
glass and on the position and intensity of the BP, which
are only dependent on the finer details of the distribu-
tion (such as the precise position of the maximum and
the total integral). Glycerol being an intermediate glass,
it would be interesting to apply this model to a very
fragile glass to shed light on this point. More generally,
applications of the model to more systems would help in
understanding the role played by the length distribution
detailed shape in determining the excess of modes po-

sition and shape (the BP), and its correlation with the
fragility of the glass.

B. Strings and soft localized modes from numerical
simulations

Very recently large numerical simulations have proved
the existence in glasses of soft localized non-phononic
modes at low energy. It is interesting to investigate fur-
ther the link which can exist between the strings in our
theory and such modes. These latter correspond to par-
ticle displacements decaying as r−2 in 3D from the lo-
calization point41–45, the same decay law being obeyed
by the plastic events associated with quasi-static defor-
mations. Interestingly, their density of states grows like
frequency to the fourth in two, three, as well as four di-
mensions for energies below the Boson Peak45. In order
to check wether the string vibrations present the same
characteristics as the soft localized modes reported in
these works, we calculate the particle displacement asso-
ciated with them, solving Eqs. (A2-A3).

Consider a string segment of length L along the z-
axis, oscillating with a small amplitude δ and fundamen-
tal frequency ω0 along the y-direction. The displacement
Xn(s, t′) as a function of a Lagrangian variable s along
the string and time t′, is

Xn(s, t′) = (0, δeiω0t
′
sin

[
π

L
(s+

L

2
)

]
, s) (33)

with −L/2 < s < L/2, equilibrium position X0
n(s) =

(0, 0, s), bi = (0, 0, 1) where m = ρb2 and τj = (0, 0, 1) is
the tangent to the string (see Appendix A). In this case
the particle velocity obtained from (A2)-(A3) is

vm(~x, ω0) = −ibµω0δ

∫ L/2

−L/2
ds sin

[
π

L
(s+

L

2
)

](
∇1G

0
3m(~x− ~X0(s), ω0) +∇3G

0
1m(~x− ~X0(s), ω0)

)
(34)

where G0
ij is the bare Green’s function introduced in Appendix A. For our present purposes we need it in the

representation70

4πρG0
km(~r, ω0) =

1

c2T r
δkme

−iω0r/cT +
rkrm
r3

[
1

c2L
e−iω0r/cL − 1

c2T
e−iω0r/cT

]
+

(
1

r

)
,km

[
−1

iω0

(
r

cT
e−iω0r/cT − r

cL
e−iω0r/cL

)
+

1

ω2
0

(
e−iω0r/cT − e−iω0r/cL

)]
. (35)

After substitution of this expression into (34) we can
identify three distinct regimes as a function of distance
from the string:

a) r � L; that is, particle motion very close to
the string, at distances small compared to string
length. In this case it is straightforward to verify

that, far from the pinning points, v1 = v2 = 0 and
that

u3(x, y;ω0) ∝ x

x2 + y2
(36)

where (x, y) are coordinates on a plane centered on
the string and perpendicular to it. This means that
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FIG. 8. Particle motion associated with string motion, ac-
cording to Eqs. (33) and (36), for particles very close to the
string (r � L). The string (red straight line) points along
the z-axis and moves perpendicular to itself, along the y-axis.
Particles move along a direction parallel to the string, the
z-axis. Left panel: motion of particles lying along the x-y
plane. Right panel: motion of particles along x-z. Here the
particle motion is invariant with respect to translations along
the z-axis. Note that the string and its (perpendicular) mo-
tion determine a plane, here the y− z plane. Particle motion
on one side of this plane, say positive x, is 180◦ out of phase
with respect to particle motion on the other side, negative x.

particles sharing the same (x, y) coordinates will
have the same motion, parallel to the string. This
latter however moves perpendicular to itself, as it
moves along the y direction while it is aligned along
the z direction. As such, the particle displacement
generated by the string corresponds to a transverse
excitation, as can be better appreciated from Fig. 8.
This motion seems compatible with what reported
by Schober et al.49,71,72 in numerical simulations.

b) r ∼ L; distances on the order of the string length.
Remember that ω0 ∼ c/L. In this case, omit-
ting terms depending on the string acceleration,
which will be considered in (c), the particle dis-
placement decays like r−2 away from the center of
the string, in a very nice agreement with the results
of Lerner et al.42–45 for the eigenvectors of the lo-
calized modes of a disordered solid.

c) r � L; distances very far from the string. In this
case vm(r, ω0) ∼ 1/r. This is the typical decay of
a radiation field and was to be expected. Indeed,
the vibrating string picture encapsulates the time
variation of an inhomogeneous strain distribution.
An inevitable result of such a time evolution is the
generation of a radiating field that propagates away
to infinity. This part of the particle displacement
however emerges only after considering its time evo-
lution, it depends on the string acceleration and
can not be obtained from a diagonalization of the
dynamical matrix as calculated in Refs.41–45

So the string plays the role of a one-dimensional dynam-
ical object that encapsulates the coherent motion of a
localized, three-dimensional, set of particles.

Once we have assessed that the particle displacement
related to a string motion is compatible with the one

of the non-phonon soft localized modes, we next need
to understand if the density of states of the localized
modes is also the same. The low energy ∼ ω4 behavior is
actually not incompatible with the experimental density
of states we have used in previous sections. In terms of
strings, it would translate into a density of string lengths
∼ L−6 at large L.

Finally, the strings we have been considering are a
specific implementation of non-affine displacements. As
such, they can account both for the excess number of vi-
brational states, as well as the dispersive properties of
acoustic waves, in glasses. In this sense, our work is
intimately in agreement with the recent results by Car-
oli and Lemâıtre, who have directly solved the Newton’s
equation for a system of particles interacting through a
soft-sphere potential in two dimensions, and highlighted
the major role played by non-affine displacements in the
acoustic behavior of amorphous solids20. It would be in-
teresting to extend the string picture to two dimensional
glasses to further relate this picture to the cited findings.

V. CONCLUSION

We have presented in this paper an implementation
of the analytical string theory as developed by one of
us for the description of the physics of dislocations,
and later applied to the description of glasses, mod-
eled as continuum media with embedded elastic strings
heterogeneities52. In that previous work it was already
shown that such a description can account for the elastic
anomalies reported at frequencies comparable with the
Boson Peak: the strong phonon scattering and the neg-
ative dispersion in the sound velocity. Here we further
develop that theory, in order to get the density density
correlation function and compare with experimental data
obtained by inelastic x ray scattering on two prototypical
glasses, glycerol and silica.

We show that, once the vibrational density of states
has been measured, we can use it for univocally fixing
the string length distribution inherent to that glassy sys-
tem. The density density correlation function obtained
using such distribution is strongly constrained, and able
to account for the experimental data in a fairly extended
wavevector range, with the refinement of just a few fit-
ting parameters. As such, the quality of the fit in the
large wavevector range around the Boson Peak region is
quite impressive for both systems.

From such fits, we can infer that the sound velocity
and the attenuation of the elastic waves traveling in the
continuum medium are perturbed due to the interference
with the string vibrational eigenmodes: longer strings,
characterized by low energy eigenmodes, slow down the
sound wave, while shorter strings, whose eigenmodes cor-
respond to the high frequency tail of the Boson peak,
speed it up again. The maximum of the BP corresponds
to a critical energy at which the change from negative to
positive interference in the speed of sound takes place, as
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well as to the maximum of the extra-attenuation, due to
the interference with the strings. While the phenomenol-
ogy closely resembles the one evidenced in2, this critical
energy is slightly smaller. However, as explained in Ap-
pendix B, it is not expected to obtain the same value.

We have shown that the string distribution model is
compatible with the recent theoretical advances in the
understanding of the vibrational properties of glasses in
the subTHz-THz range. More specifically, the atomic
motion associated to the strings presents a similar spa-
cial amplitude behavior as the one obtained for the low
energy non-phononic modes in recent numerical simu-
lations, allowing to directly connect such non-phononic
soft excess modes with the fundamental eigenmodes of
the elastic heterogeneities represented by the strings.

It is thus interesting to critically inspect the string
length distribution and its connection with the vibra-
tional density of states and elastic anomalies. We have
evidenced some common features, such as the range of
string lengths and a peak at about 0.5 nm, which are
compatible with the reported elastic heterogeneities cor-
relation length for silica66 and dynamical heterogeneities
in supercooled liquids67,68. Such common properties sug-
gest a possible universality, beyond the fragility of the
glass, which seems to be more closely related to the string
density .

Our work thus not only offers a powerful tool, allow-
ing to directly obtain the longitudinal density density
correlation function from the density of states measure-
ment, but also offers a microscopic understanding of the
vibrational properties of glasses in terms of interference
of the sound plane waves with soft modes of elastic 1D
heterogeneities, compatible with the most recent theoret-
ical findings. Such a picture allows to identify the string
length distribution features as key players in determining
the vibrational anomalies, evidencing the universal char-
acter of some of them against the material specific char-
acter of others. For shedding light onto the relationship
between string length distribution and fragility or con-
nectivity, a systematic investigation of glasses with very
different fragility and connectivity should be performed.
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Appendix A: Coherent waves, strings, and the
Boson peak52,53,73

Consider a set of elastic strings of length L with pinned
end points. There are p(L)dL strings with length be-
tween L and L + dL per unit volume. Each string is

described by a displacement ~X(s, t) away from a straight

equilibrium position ~X0, with s a Lagrangian parameter
along the string, that obeys the equation of an elastic

string loaded by an external stress which, in the present
context, will be associated with an elastic wave:

mẌk(s, t) +BẊk(s, t)− T X ′′k (s, t) = µb Nkjp∇jup( ~X, t)
(A1)

where m ∼ ρb2 is a mass per unit length, b is a length of
order one inter-atomic distance, T ∼ µb2 is a line tension,

B is a phenomenological damping coefficient, ∇luk( ~X0, t)
is the gradient of the displacement ~u(~x, t) associated with
the incoming wave, evaluated at the string equilibrium
position. Nkjp ≡ εkjmτmτp + εkpmτmτj , where τj is the
unit tangent along the string equilibrium position. A
prime means differentiation with respect to s. The right-
hand-side of (A1) is the Peach-Koehler force for screw
dislocations in elastic continua. This coupling ensures
that only the shear modulus, and not the bulk modu-
lus, will, later on, become frequency dependent, a fact
that has been observed in the numerical simulations of
Maruzzo et al.74.

On the other hand, an elastic wave travelling in the
presence of such a string will obey the equation75,76

ρv̈i(~x, t)− cijkl∇j∇lvk(~x, t) = si(~x, t), (A2)

with

si(~x, t) = cijklεmnkb

∫
L
ds Ẋm(s, t)τnτl∇jδ(x−X0)

(A3)
where cijkl = λδijδkl + µ(δikδjl + δilδjk).

So the picture is as follows: an elastic wave hits an elas-
tic string; the string responds according to Eqn. (A1);
this response is plugged into the right hand side of Eqn.
(A2) to obtain the scattered field generated by this re-
sponse. Actually plugging the solution of (A1) into (A2)
leads to, in the frequency domain,

−ρω2vi(~x, ω)− cijkl∇j∇lvk(~x, ω) = Vikvk(~x, ω) (A4)

where

Vik = A Nmij∇jδ(~x− ~X0) Nmlk∇l
∣∣∣
~x= ~X0

, (A5)

with

A ≡ 8

π2

(µb)2

m

L

(ω2 − (πc/L)2 − iωB/m)
, c2 ≡ T /m

(A6)
The next step is to think of the right-hand-side of (A4)

to consist, not of a single string, but of many strings,
randomly located and oriented, and with a distribution
of lengths given by p(L). In this case the problem is of a
wave traveling in a random medium. Or, more precisely,
in a medium filled with random scatterers. In any case,
it is possible to find a coherent wave solution that is de-
scribed by a complex index of refraction. This is achieved
through the computation of an effective, average, Green’s
function.
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Consider the full Green’s function for the problem
(A4):

ρω2Gim(~x, ω) + cijkl∇j∇lGkm(~x, ω) =

−
∑

strings

VikGkm(~x, ω)− δimδ(~x) . (A7)

To this end the average Green’s function is written as
(“Dyson’s equation”)

〈〈G〉〉 =
[
(G0)−1 − Σ

]−1
(A8)

where G0 is the Green’s function of the medium with-
out dislocations (i.e., “free”, or “bare”)76–78, for an infi-
nite, homogeneous and isotropic medium, and the double
brackets 〈〈·〉〉 denote an average over the random vari-
ables characterizing the disordered medium, not to be
confused with the thermal average considered in the text.
The mass operator Σ can be computed from the inter-
action V according to a well-defined, perturbative pro-
cedure. It turns out that, due to the point-like nature
of the interaction in (A7), the perturbation series can be
summed and the result is

Σij = −
∫
σ0(L)p(L)dL

[
1

5
(δij − k̂ik̂j)k2 +

4

15
kikj

]
(A9)

with

σ0 ≡
2A

1 +AI
and I ≡ −iω3 1

5π

1

ρc5T
. (A10)

Clearly, just like G0, the mass operator Σ, and con-
sequently the effective Green’s function 〈〈G〉〉, split into
longitudinal and transverse parts:

〈〈Gij〉〉 = 〈〈GL〉〉k̂ik̂j + 〈〈GT 〉〉(δij − k̂ik̂j) (A11)

For the purposes of the present work we are only in-
terested in the longitudinal portion and, from (A8), the
result is

〈〈GL〉〉−1 = ρ(−ω2 + c2Lk
2) + k2

4

15

∫
σ0(ω,L)p(L)dL

(A12)
Comparing (15) and (A12) we obtain

f(ω) = − 4

15

1

ρc2L

∫
σ0(ω,L)p(L)dL (A13)

which relates a population of strings with a distribution
of lengths and the index of refraction of Section II B.

Putting together (A6), (A10) and (A13) we have

f(ω) = −f0
∫

Lp(L)dL

ω2 − (πc/L)2 − i (ωB/m+ 2ω3/(αω2
T ))

(A14)
where

f0 ≡
1

α

8

15

8

π2

c4T
c2L

, ω2
T ≡

5π3

4

cT
L

(A15)

and α is a dimensionless parameter of order one defined
by m ≡ αρb2.

Appendix B: The Damped Harmonic Oscillator
Model (DHO)

We follow the book of Boon-Yip56, see also Scopigno
et al.57. Starting from a linear description of a Navier-
Stokes fluid with constant transport coefficient one finds,
neglecting temperature fluctuations, that the current
j(~x, t) obeys the same Eqn. (1) that has been our start-
ing point for waves in an elastic solid, and, unsurpris-
ingly, the current correlation is given by (11). That is,
Navier-Stokes sound in a fluid and elastic sound in a con-
tinuous, homogeneous, solid obey the same equations at
low frequency and wavenumber.

In generalized hydrodynamics, the next step is to intro-
duce a memory function into the equation for the current
correlation function. The Navier-Stokes expression

∂JNS(k, t)

∂t
= −k2c2L

∫ t

0

dt′JNS(k, t)− νk2JNS(k, t) ,

(B1)
where ν is the viscosity, is replaced by

∂JGH(k, t)

∂t
= − (kv0)2

S(k)

∫ t

0

dt′JGH(k, t) (B2)

−k2
∫ t

0

dt′Φ(k, t− t′)JGH(k, t) .

Here, v0 is the thermal particle velocity and S(k) is the
static structure factor. These quantities are determined
by the material at hand, and the replacement of cL by
v0/S(k) is dictated by one of the sum rules that must be
obeyed by the current correlation function J(k, t). The
“memory function” Φ(k, t) is, as yet, undetermined, and
is supposed to capture the fact that, at high frequencies
and short wavelengths, viscous effects are no longer de-
scribed by constant coefficients, but depend on time and
length scales. The current correlation obtained from this
expression is

JGH(k, ω) = (B3)

2v20ω
2k2Φ′(k, ω)

[ω2 − [(kv0)2/S(k)] + ωk2Φ′′(k, ω)]2 + [ωk2Φ′(k, ω)]2
.

where Φ′ and Φ′′ are the real and imaginary parts of the
Laplace-Fourier transform of Φ(k, t).

The “Damped Harmonic Oscillator” (DHO) expression
employed in Refs.2 and17 to interpret the glycerol and
silica data is obtained from (B3) with the special choices

Φ′′(k, ω) = 0 , k2Φ′(k, ω) ≡ 2Γ(k) and
(kv0)2

S(k)
≡ Ω2(k) .

(B4)
That is, the damping is instantaneous (i.e., independent
of frequency) but wavenumber-dependent. The functions
Γ(k) and Ω(k) are obtained through a comparison with
the experimental data, and they do not appear to be
directly related to a specific particle behavior in the glass.
They do reproduce, however, the Navier-Stokes behavior
at long wavelengths.
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In the body of this paper we have used an expression
for the current correlation given by Eqs. (24), (15) and
(A14). This expression differs from a DHO model. It can
however, be obtained as a special case of the generalized
hydrodynamics expression, Eq. (B3), with

ωΦ′ = c2L(ξω + Imf) (B5)

v20
S(k)

− ωΦ′′ = c2L(1− Ref) . (B6)

These two formulae show that the string model devel-
oped in the body of the paper can be considered as be-
ing encompassed by a memory function formalism, albeit
with a somewhat roundabout formulation. The coherent-
wave-picture developed in Section II provides a more di-

rect formulation, that in addition has a straightforward
physical interpretation, and it links the wave behavior
to the vibrational degrees of freedom contained in the
Boson peak, through the function f(ω). These coherent
waves are characterized by a phase velocity and attenu-
ation given by Eqs. (31) and (32), which differ from the
position divided by wave vector and full width at half-
maximum of the inelastic peak in the dynamic structure
function, which are the definitions of velocity and atten-
uation commonly associated with the DHO model. Both
the string and the DHO models provide adequate fits of
the experimental data. They differ, however, in terms of
physical interpretation.
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3 U. Buchenau, N. Nücker, and A. J. Dianoux, “Neutron
scattering study of the low-frequency vibrations in vitreous
silica,” Phys. Rev. Lett. 53, 2316 (1984).

4 R. C. Zeller and R. O. Pohl, “Thermal conductivity and
specific heat of noncrystalline solids,” Phys. Rev. B 4, 2029
(1971).

5 E. Courtens, M. Foret, B. Hehlen, and R. Vacher, “The
vibrational modes of glasses,” Solid State Communications
117, 187 (2001).

6 A. Wischnewski, U. Buchenau, A. J. Dianoux, W. A.
Kamitakahara, and J. L. Zarestky, “Sound-wave scatter-
ing in silica,” Phys. Rev. B 57, 2663 (1998).

7 S. Caponi, A. Fontana, F. Rossi, G. Baldi, and E. Fabiani,
“Effect of temperature on the vibrational density of states
in vitreous sio2: A Raman study,” Phys. Rev. B 76, 092201
(2007).

8 Y. Inamura, M. Arai, T. Otomo, N. Kitamura, and
U. Buchenau, “Density dependence of the Boson peak of
vitreous silica,” Physica B: Condensed Matter 284-288,
1157 (2000).

9 M. Zanatta, G. Baldi, S. Caponi, A. Fontana, E. Gilioli,
M. Krish, C. Masciovecchio, G. Monaco, L. Orsingher,
F. Rossi, G. Ruocco, and R. Verbeni, “Elastic proper-
ties of permanently densified silica: A Raman, Brillouin
light, and x-ray scattering study,” Phys. Rev. B 81, 212201
(2010).

10 A. Monaco, A. I. Chumakov, G. Monaco, W. A. Crich-
ton, A. Meyer, L. Comez, D. Fioretto, J. Korecki, and
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