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Semi-empirical modelling of erosion phenomena for ice crystal icing numerical simulation

The aim of this work is to develop a semi-empirical model for erosion phenomena under ice crystal condition, which is one of the major phenomena for ice crystal accretion. Such a model would be able to calculate the erosion rate caused by impinging ice crystals on accreted ice layer. This model is based on Finnie [1] and Bitter [2] [3] solid/solid collision theory which assumes that metal erosion due to sand impingement is driven by two phenomena: cutting wear and deformation wear. These two phenomena are strongly dependent on the particle density, velocity and shape, as well as on the surface physical properties such as Young modulus, Poisson ratio, surface yield strength and hardness. Moreover, cutting wear is mostly driven by tangential velocity and is more effective for ductile eroded body, whereas deformation wear is driven by normal velocity and is more effective for brittle eroded body. Several researchers based their erosion modelling on these two phenomena such as Hutchings et al.

 and Arabnejad et al.

[6] for cutting and deformation erosion.

The main work of this paper is to develop an erosion model for ice crystal impingement based on these two phenomena, and to show its capability to predict accretion shape by simulating experimental cases from the National Research Council of Canada (NRC). NRC's Currie et al. ice crystal experiments [7] [8] realized in warm aerodynamic conditions, such as the one encountered in high icing severity areas of a turbofan engine, show accretion severity for a large range of liquid water content to total water content. In order to validate the erosion model based on solid/solid collision, this paper presents the simulation of the lower melting rate experiment. Results show fair agreement with experimental data and allow us to propose pertinent further work.

Introduction

Aircraft icing is studied since the early 20 th century, as it is a major weather hazard for aircraft operation. During the 90s, ice crystal icing has been identified [START_REF] Strapp | The Ice Particle Threat to Engines in Flight[END_REF], and the regulation accordingly modified. The mechanisms involved in ice crystal icing are not fully understood and several ongoing projects such as MUSIC-Haic [START_REF] Commission | MUSIC-haic[END_REF] are still needed to improve the knowledge on ice crystal icing and to build robust modelling tools able to predict the location and the severity of the accretion.

A major phenomenon that drives ice crystal icing is the erosion caused by impinging crystals on accreted ice deposits. For now, empirical models are used to calculate the erosion rate as the one proposed by Trontin et al. [START_REF] Villedieu | Glaciated and mixedphase ice accretion modeling using ONERA 2D icing suite[END_REF] [START_REF] Baumert | Experimental and numerical investigations on aircraft icing at mixed phase conditions[END_REF] in Onera's 2D icing code based on Currie et al. experimentations [START_REF] Currie | Experimental Studies of Mixed-Phase Sticking Efficiency for Ice Crystal Accretion in Jet Engine[END_REF] [START_REF] Currie | Experimental Results for Ice Crystal Icing on Hemispherical and Double Wedge Geometries at Varying Mach Numbers and Wet Bulb Temperatures[END_REF]. These empirical models were developed with few experimental data, and even if they have good agreement with the data used for their calibration, it can't be assumed that they will be able to predict well ice accretion size and shape for new experimental cases. The objective of this paper is to study if a model backed by solid-solid erosion can be proposed. Such a model should be more reliable for the simulation of new cases.

The first part of this paper briefly introduces the existing erosion model implemented in Onera's 2D icing code IGLOO2D, and highlights the improvements needed. The second part of this paper is dedicated to solid/solid collision theory, which allows us to calculate the volume eroded by the two identified mechanisms: deformation wear and cutting wear. The third part presents simulation results and discussion around them, especially compared to IGLOO2D ones. Finally the last part introduces future work, in particular the particle size and the liquid water dependencies.

Onera's 2D icing code erosion modelling

IGLOO2D icing code takes into account the influence of erosion phenomenon on ice shape by calculating an erosion rate which corrects the accretion rate given by mass and energy balance equations (IGLOO2D extended Messinger's equations are presented in [START_REF] Villedieu | Glaciated and mixedphase ice accretion modeling using ONERA 2D icing suite[END_REF]).

Erosion means here material loss caused by crystals impact on ice layer. During the framework of High Altitude Ice Crystal project (HAIC) [START_REF] Commission | HAIC[END_REF] Trontin et al. [11] [12] developed an empirical model based on Currie et al. [8] [7] observations in order to calculate this material loss. This model gives the erosion rate 𝑚̇𝑒 𝑟 as:

𝑚̇𝑒 𝑟 = 𝜂 𝑒𝑟 × 𝑚̇𝑖 𝑚𝑝 (1) 
Where 𝑚̇𝑖 𝑚𝑝 is the impacting mass rate and 𝜂 𝑒𝑟 the erosion ratio. HAIC erosion model gives a value of 𝜂 𝑒𝑟 , between 0 and 1, according to:

𝜂 𝑒𝑟 = 𝐸 ( 𝑉 𝑡 𝑉 0 ) 2 ( 𝛼 𝑙0 𝛼 𝑙0 -min(𝛼 𝑙 , 𝛼 𝑙0 ) ) (1 + (𝑙 0 𝑘) 2 ) (2) 
Where 𝑉 𝑡 is the tangential impact velocity, 𝛼 𝑙 the wall liquid ratio, and 𝑘 the wall curvature. 𝐸, 𝑉 0 , 𝛼 𝑙0 and 𝑙 0 are empirical parameters only calibrated on Currie's experiment. One can notice that the velocity dependency is linked to the tangential component only, which means that negligible erosion should be predicted for quasinormal impact. Also the curvature term is a numerical correction which reflects the smoothing effect of erosion phenomenon. The new model presented furtherly is aimed at reducing the empiricism of the original one by giving more physical meaning to the adjustable parameters. In addition, it is expected to have a larger domain of validity.

Semi-empirical erosion modelling

This section presents the semi-empirical erosion model inspired by Finnie [START_REF] Finnie | On the velocity dependence of the erosion of ductile metals by solid particles at low angles of incidence[END_REF] and Bitter [START_REF] Bitter | A study of erosion phenomena -Part I[END_REF] [3] solid-solid collision theory. According to these authors, erosion phenomenon caused by a solid particle impact on a wall is mainly due to two phenomena: the deformation wear and the cutting wear. For the sake of simplification, and because 29/03/2018 experimental data are better exploitable in 2 dimensions, the following sections will use a 2D approach. However, the semiempirical model developed in this paper can be implemented in 3D simulation codes as well as in 2D's ones.

Deformation wear

According to Bitter [START_REF] Bitter | A study of erosion phenomena -Part I[END_REF], deformation wear is the consequence of the particle kinetic energy that is absorbed by the body during the impact.

As long as the maximum corresponding stress, which occurs on the center of the contact area, does not reach the yield strength of the material, only elastic deformation occurs and no material is removed. However, if the yield strength is exceeded during the collision, plastic deformation happens at the place of maximum stress. Hence, a large number of particle impacts will form a plastically deformed surface with an increased hardness that may lead to material failure due to the creation of lateral and radial cracks [START_REF] Commission | HAIC[END_REF] (Figure 1). The eroded volume is calculated resolving energy balance equation using the following assumptions:

1) Impinging particles are spherical 2) No particle fragmentation or plastic deformation occurs within the particle 3) Impact velocity is low enough, so that the energy dissipated as heat is negligible 4) The eroded volume is equivalent to the volume of the formed crater

For elastic-plastic impact, the provided kinetic energy is divided into three energies absorbed in the substrate (Figure 2):

𝑄 = 1 2 𝑚𝑉 𝑛 2 = 𝑄 𝑒 + 𝑄 𝑝𝑒 + 𝑄 𝑝 ( 3 
)
Where 𝑄 is the kinetic energy, 𝑄 𝑒 the energy absorbed in the region of elastic deformation, 𝑄 𝑝𝑒 the potential energy of the elastic deformation in the area subjected to a plastic-elastic load, and 𝑄 𝑝 the energy required to the formation of the permanent indentation. In the case of an elastic-plastic impact, the energy 𝑄 𝑒 absorbed in the region of elastic deformation corresponds to the amount of kinetic energy absorbed with a velocity 𝑉 𝑒𝑙 at which the elastic limit is just reached:

𝑄 𝑒 = 1 2 𝑚𝑉 𝑒𝑙 2
Where 𝑚 is the particle mass. The elastic velocity 𝑉 𝑒𝑙 is expressed using Hertz elastic collision theory [START_REF] Bitter | A study of erosion phenomena -Part I[END_REF]:

𝑉 𝑒𝑙 = 𝜋 2 2√10𝜌 𝑅 𝑒𝑙 5 2 ( 1 -𝑞 𝑠𝑢𝑏 2 𝐸 𝑠𝑢𝑏 + 1 -𝑞 𝑝𝑎𝑟𝑡 2 𝐸 𝑝𝑎𝑟𝑡 ) 2 ( 4 
)
Where 𝜌 is the particle density, 𝑅 𝑒𝑙 , called yield strength (or elastic limit), is the largest load that can be exerted upon the body without causing plastic deformation, 𝑞 and 𝐸 are respectively Poisson's ratio and Young's modulus of particle (part) and substrate (sub).

𝑄 𝑝𝑒 is the potential energy of the elastic deformation in the area subjected to the elastic-plastic load (green area), whereas 𝑄 𝑝 is the energy of the plastic deformation (red area). Using the definition of the potential energy, one has:

𝑄 𝑝𝑒 = ∫ 𝐹 ⃗ . 𝑑ℎ ⃗⃗⃗⃗⃗ ℎ 𝑒𝑙 0 Where 𝐹 = 1 2
𝑅 𝑒𝑙 𝜋𝑟 𝑝 2 is the average force applied during the impact (at the beginning of the impact, the pressure is null and when the elastic limit is reached, the impact pressure is equal to 𝑅 𝑒𝑙 ). Using the Pythagorean theorem and assuming a small depth of indentation, the following geometrical relation between the elastic-plastic contact area radius 𝑟 𝑝 , the indentation depth 𝐻 and the particle radius 𝑅 can be written:

𝑟 𝑝 2 = 2𝑅𝐻
Consequently, this leads to:
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𝑄 𝑝𝑒 = ∫ 1 2 𝑅 𝑒𝑙 𝜋𝑟 𝑝 2 𝑑ℎ 𝑒𝑙 ℎ 𝑒𝑙 0 = ∫ 𝑅 𝑒𝑙 𝜋𝑅𝐻𝑑ℎ 𝑒𝑙 = 𝑅 𝑒𝑙 𝜋𝑅𝐻ℎ 𝑒𝑙 ℎ 𝑒𝑙 0
Similarly, one can express 𝑄 𝑝 with 𝐹 = 𝑅 𝑒𝑙 𝜋𝑟 𝑝 2 (elastic limit is already reached):

𝑄 𝑝 = ∫ 𝑅 𝑒𝑙 𝜋𝑟 𝑝 2 𝑑𝐻 𝐻 0 = ∫ 𝑅 𝑒𝑙 𝜋2𝑅𝐻𝑑𝐻 = 𝑅 𝑒𝑙 𝜋𝑅𝐻 2 ℎ 𝑒𝑙 0
Using the following relation between 𝑉 𝑒𝑙 and ℎ 𝑒𝑙 from the Hertzian theory [START_REF] Bitter | A study of erosion phenomena -Part I[END_REF]:

𝑅ℎ 𝑒𝑙 2 = 15 8 𝑚 𝜋𝑅 𝑒𝑙 𝑉 𝑒𝑙 2
The previous expression of the energies involved imply:

𝑄 𝑝𝑒 = 𝑅 𝑒𝑙 𝜋𝑅𝐻ℎ 𝑒𝑙 = √𝜋𝑅 𝑒𝑙 𝑅ℎ 𝑒𝑙 2 √𝜋𝑅 𝑒𝑙 𝑅𝐻 2 = √ 15 4 𝑄 𝑒 𝑄 𝑝
Finally, using the energy balance equation ( 3):

𝑄 = 𝑄 𝑒 + √ 15 4 𝑄 𝑒 𝑄 𝑝 + 𝑄 𝑝 = (√𝑄 𝑒 + √𝑄𝑝) 2 -0.061√𝑄 𝑒 𝑄 𝑝
Since 𝑄 𝑒 is generally small in relation to 𝑄 𝑝 , the second term of the right-hand side of this equation may be neglected. It follows that:

𝑄 𝑝 = (√𝑄 -√𝑄 𝑒 ) 2 = 1 2 𝑚(𝑉 𝑛 -𝑉 𝑒𝑙 ) 2
Bitter [START_REF] Bitter | A study of erosion phenomena -Part I[END_REF] defines then the deformation wear factor 𝜀 as the amount of energy needed to remove one unit volume of material using deformation wear. Therefore the volume eroded by deformation wear 𝑉𝑜𝑙 𝐷 is given by:

𝑉𝑜𝑙 𝐷 = 1 2 𝑚(𝑉 𝑛 -𝑉 𝑒𝑙 ) 2 𝜀 (5) 
While 𝑉 𝑛 ≤ 𝑉 𝑒𝑙 , the collision is purely elastic and no erosion occurs, and if 𝑉 𝑛 > 𝑉 𝑒𝑙 , the eroded volume is given by 𝑉𝑜𝑙 𝐷 . Equation ( 5) shows a dependency to the mass of the particle. If many particles impact the substrate with the same characteristics, one can take 𝑚 as equal to the total impinging mass.

Cutting wear

According to the description of cutting wear by Finnie [START_REF] Finnie | On the velocity dependence of the erosion of ductile metals by solid particles at low angles of incidence[END_REF], Bitter proposed the following mechanism [START_REF] Bitter | A study of erosion phenomena -Part II[END_REF] : if impact energy allows the formation of a permanent indentation, the tangential component of the velocity will make that indentation larger and will also pile up material around the crater. The piled up material is then eventually removed by continuous particle impacts (Figure 3). The hypotheses used for the cutting eroded volume calculation are the same as the one used previously. Thus, if plastic deformation occurs for an acute angle, one also has a shear stress due to the tangential velocity 𝑉 𝑡 , applied to the surface 𝐴 𝑥 of the particle section which has penetrated into the substrate. Finnie [START_REF] Finnie | On the velocity dependence of the erosion of ductile metals by solid particles at low angles of incidence[END_REF] or Arabnejad et al. In order to obtain an expression of the surface 𝐴 𝑥 , equations of the particle motion originally developed by Finnie et al. [START_REF] Finnie | On the velocity dependence of the erosion of ductile metals by solid particles at low angles of incidence[END_REF] can be resolved:

𝑚 𝑑 2 𝑥 𝑑𝑡 2 + 𝑃. 𝐴 𝑥 = 0 𝑚 𝑑 2 𝑦 𝑑𝑡 2 + 𝑃. 𝐴 𝑦 = 0
Where 𝑃 is the impact pressure which is assumed to be equal to the material hardness [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF]. The area 𝐴 𝑦 can be geometrically calculated from the contact area radius 𝑟 𝑦 , which can be expressed using the indentation depth 𝑦 and the particle radius 𝑅:

𝐴 𝑦 = 𝜋𝑟 𝑦 2 = 2𝜋𝑦𝑅
Then, parameter 𝐾 is introduced as the ratio of the projected surface 𝐴 𝑦 to the projected surface 𝐴 𝑥 (Figure 4). The equations become: 𝑉𝑜𝑙 𝐶 is calculated by:

𝑚 𝑑 2 𝑥 𝑑𝑡 2 + 𝑃2𝜋𝑅 𝐾 𝑦 = 0 𝑚 𝑑 2 𝑦 𝑑𝑡 2 + 𝑃2𝜋𝑅𝑦 = 0
𝑉𝑜𝑙 𝐶 = ∫ 𝐴 𝑥 𝑑𝑥 𝑥 𝑐 0 = ∫ 𝐴 𝑦 𝐾 𝑡 𝑐 0 𝑥 ′ (𝑡)𝑑𝑡 = ∫ 2𝜋𝑅 𝐾 𝑡 𝑐 0 𝑦(𝑡)𝑥 ′ (𝑡)𝑑𝑡
Which can be developed as:

𝑉𝑜𝑙 𝐶 = 2𝜋𝑅 𝐾 𝑉 2 sin(𝜃) cos(𝜃) 𝛽 2 (1 -cos(𝛽𝑡 𝑐 )) + 2𝜋𝑅 𝐾 2 𝑉 2 sin 2 (𝜃) 𝛽 2 (cos(𝛽𝑡 𝑐 ) -1) + 𝜋𝑅 𝐾 2 𝑉 2 sin 2 (𝜃) 2𝛽 2 (1 -cos(2𝛽𝑡 𝑐 ))
Where 𝑡 𝑐 is the time when the cutting action stops. According to Finnie [START_REF] Finnie | On the velocity dependence of the erosion of ductile metals by solid particles at low angles of incidence[END_REF] and Arabnejad et al. [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF], two scenarios exist when 𝑡 = 𝑡 𝑐 :

1) The particle cannot move forward and is trapped into the substrate : 𝑥 ′ (𝑡 𝑐 ) = 0 2) The particle leaves the surface : 𝑦(𝑡 𝑐 ) = 0

Whereas the first scenario corresponds to quasi-normal angle impact, the second one corresponds to low angle impact. The critical angle 𝜃 𝑐 between the two scenarios is given by the boundary condition:

𝑥 ′ (𝑡 𝑐 ) = 0 = 𝑉 cos(𝜃) - 𝑉 sin(𝜃) 𝐾 (1 -cos(𝛽𝑡 𝑐 )) ⇔ cos(𝛽𝑡 𝑐 ) = 1 - 𝐾 tan (𝜃) ⇒ -1 ≤ 1 - 𝐾 tan(𝜃) ≤ 1 ⇒ 𝜃 ≥ arctan ( 𝐾 2 )
While the impinging angle 𝜃 is lower than the critical angle 𝜃 𝑐 = arctan ( 𝐾 2

), the particle leaves the subtract with a non-null tangential velocity, and while 𝜃 is above 𝜃 𝑐 , the particle is stuck in the subtract at the end of the cutting action.

The volume eroded by cutting action 𝑉𝑜𝑙 𝐶 is calculated using the ideal hypothesis that each impact would remove this volume. To take into account the fact that several impacts are usually required to remove a piece of material the cutting erosion efficiency 𝐶 is introduced. Finally, the two conditions on the particle behavior give the following expressions for 𝑉𝑜𝑙 𝑐 :

𝑉𝑜𝑙 𝐶 = { 𝐶 × 𝑚𝑉 2 cos 2 (𝜃) 2𝑃 , 𝑓𝑜𝑟 𝜃 ≥ 𝜃 𝑐 𝐶 × 2𝑚𝑉 2 sin(𝜃) (𝐾𝑐𝑜𝑠(𝜃) -sin(𝜃)) 𝐾 2 𝑃 , 𝑓𝑜𝑟 𝜃 < 𝜃 𝑐 (6) 
As for the deformation wear calculation, if many particles impact the substrate, 𝑚 can be taken as equal to the total impinging mass.

Erosion ratio

Trontin et al. [START_REF] Villedieu | Glaciated and mixedphase ice accretion modeling using ONERA 2D icing suite[END_REF] [12], as well as Arabnejad et al. [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF] define the erosion ratio as the subtract eroded mass rate divided by the particle impinging mass rate. Also, one can calculate the erosion rate 𝜂 𝑒𝑟 as follows:

𝜂 𝑒𝑟 = 𝐹 𝑠 𝜌 𝑉𝑜𝑙 𝐶 + 𝑉𝑜𝑙 𝐷 𝑚 (7) 
Where 𝐹 𝑠 is the particle sharpness factor, 𝜌 is the material density, and 𝑚 the particle total impinging mass. Table 1 summarizes the different expressions used to calculate the erosion mass rate. Several input variables are needed to be characterized in the ice crystals context:

-Arabnejad et al. [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF] assume that particle sharpness changes the erosion effectiveness through stress concentration. Since the eroded volume calculated in this paper use the hypothesis of spherical particles, this volume has to be corrected in the case of sharp particles using the sharpness factor 𝐹 𝑠 . Based on experimental observations the eroded volume is up to 4 times higher for fully sharp particles. Thus the sharpness factor 𝐹 𝑠 introduced above varies between 1 for fully rounded particles up to 4 for fully sharp particles. Since the NRC RATFac experimentations use ice crystal produced from a grinder one can consider the particle as highly sharped. A value of 4 is taken for the sharpness factor for RATFac experimentations simulations.

-According to Arabnejad et al. [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF], the impact pressure 𝑃 is equal to the material hardness. However, it is complicated to obtain a precise hardness value for ice crystal accretion as few data are available.

Chuzel [START_REF] Parsi | A comprehensive review of solid particle erosion modeling for oil and gas wells and pipelines applications[END_REF] shows that ice hardness double between -10°C and -50°C, and Poirier et al. [START_REF] Chuzel | Caractérisation expérimentale et simulation numérique d'impacts de glace à haute vitesse[END_REF] give experimental measures of ice hardness represented by the following expression: 𝑃(𝑇) = 29/03/2018 (-0.6 ± 0.4)(𝑇 -273.15) + (14.7 ± 2.1). However, according to the author this equation is questionable for a temperature of 0°C. Moreover the ice layer used for these measurements is not produced by accretion process which can affect the mechanical behavior of the ice.

-The ratio of projected area 𝐾 is given by Arabnejad et al. [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF] for sand grain application (sharp particle) as 𝐾 𝑔𝑟𝑎𝑖𝑛 ≈ 0.4. Moreover, according to Arabnejad et al., one has geometrically: 𝐾 𝑠𝑝ℎ𝑒𝑟𝑒 ≈ 2.5 𝐾 𝑔𝑟𝑎𝑖𝑛 . Thus 𝐾 = 𝐾 𝑠𝑝ℎ𝑒𝑟𝑒 = 1 in the presented model, where particles are assumed spherical (𝐾 = 1 even for sharp particles: the sharpness factor will correct the calculated volumes in the case of sharp particles).

-Regarding 𝑉 𝑒𝑙 calculation, ice elastic limit is given by Chuzel [START_REF] Parsi | A comprehensive review of solid particle erosion modeling for oil and gas wells and pipelines applications[END_REF] for atmospheric ice accretion with a value of 𝑅 𝑒𝑙 = 12𝑀𝑃𝑎.

Polycrystalline ice Young modulus and Poisson coefficient are given by Chuzel [START_REF] Parsi | A comprehensive review of solid particle erosion modeling for oil and gas wells and pipelines applications[END_REF] and confirmed by Petrovic [START_REF] Poirier | Ice hardness in winter sports[END_REF]: 𝐸 = 10𝐺𝑃𝑎 and 𝑞 = 0.3. Such values produce a very small 𝑉 𝑒𝑙 and every impact will fulfill the erosion triggering condition 𝑉 𝑛 > 𝑉 𝑒𝑙 .

-Finally the model has two empirical factors which are not characterized in the literature for ice crystal accretion: the deformation wear factor 𝜀 and the cutting efficiency 𝐶. These parameters are calibrated using Currie et al. experiments [7] [8].

However one can use at first approximation the 𝜀 expression given by Arabnejad et al. for cement [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF] which is composed by particle agglomerations as may also be accreted ice: 𝜀 = 𝐹 𝜀 𝑅 𝑒𝑙 2 / 𝐸, where 𝐹 𝜀 is a calibrated constant. The calibration gives : 𝐶 = 0.3 and 𝐹 𝜀 = 1.53 × 10 5 .

Results

This section shows the simulation results of Run 17 (Figure 5) and Run 233 (Figure 7) from Currie et al. experimental series realized at the NRC [START_REF] Currie | Experimental Studies of Mixed-Phase Sticking Efficiency for Ice Crystal Accretion in Jet Engine[END_REF]. These series use an icing tunnel located in an altitude chamber (Research Altitude Test Facility or RATFac). The model presented in this paper does not take into account the amount of liquid water. In order to compare the model with experimental data, it is then necessary to compute a case with low crystal melting ratio such as Run 17 (with 6% of melting ratio) or Run 233 (with 8.6% of melting ratio). The difference between these two Run is the Mach number which is 0.25 for Run 17 and 0.40 for Run 233. Table 2 presents a summary of the experimental conditions used for these two Runs. The result presented Figure 5 shows correctly computed ice shape for Run 17 using the semi-empirical model presented in this paper. The two models (HAIC and the presented model called Sim) give very high accuracy since they are both calibrated with the NRC experimental series of low Mach number to which Run 17 belongs. Figure 6 shows the contribution of deformation erosion and cutting erosion in 𝜂 𝑒𝑟 calculation. One can notice that cutting erosion is higher than deformation erosion which is negligible except near the stagnation point where impacts occur mostly with very small tangential velocity. Run 233 results presented on Figure 7 is also in good agreement with experimental data. Ice height is better predicted using the semiempirical model than HAIC's one. This simulation shows the capability of the presented model to predict ice shapes for higher Mach number.

29/03/2018 The main differences and similarities between the empirical HAIC model and the semi-empirical model presented in this paper are the following: both HAIC and semi-empirical model have a squared velocity dependency, which underline the main kinetic energy dependence of the erosion mechanism. However, whereas HAIC model only consider the tangential component of the particle velocity, the presented model considers also the normal velocity contribution. This allows the simulation to predict the smoothed profile near the stagnation point without using numerical correction (curvature dependent term of the HAIC model). Moreover, the semiempirical model has no liquid water dependency and is not able to predict the erosion rate for high melting ratio cases, while HAIC model is operational for these cases using an empirical function to take into account the amount of liquid water trapped in the ice layer.

Finally, these two models use calibration based on 45µm MVD particles and ice shape are not correctly simulated when the particle size is lowered while keeping the same impingement rate. Thus, one should improve the presented model implementing particle size and liquid water dependency.

Sensitivity study

In order to obtain an idea of the impact of the model parameters on the erosion rate, Figure 8 presents ice shapes obtained for Run 17 using set of parameters represented in Table 3. This sensitivity study is not exhaustive but allows us to know in first approximation which kind of influence have these parameters. When its value increase one can easily notice the increase of eroded material, with a lower influence near the stagnation point where the tangential velocity is negligible. Secondly, increasing the volume eroded by cutting action also decreases the length of the iced surface. (b) The impact pressure 𝑃 has also a direct influence on the volume eroded by cutting action. Ice shape evolution with 𝑃 is as important as the one with 𝐶. (c) The deformation wear factor 𝜀 influences the volume eroded by deformation wear which is not as significant as the volume eroded by cutting wear. (d) The elastic limit 𝑅 𝑒𝑙 takes action in 𝑉 𝑒𝑙 calculation (equation 4), which remains very small compared to 𝑉 𝑛 , and in 𝜀 calculation where it appears squared. Thus ice shape evolution with 𝑅 𝑒𝑙 is similar to the one with 𝜀 but amplified. (e) The ratio of projected area 𝐾 has an influence on the calculation of the limit angle between quasi-normal impact and low angle impact. When 𝐾 varies from 0.5 to 1.5, 𝜃 𝑐 varies from 14° to 37°, which means that the majority of the impacts are occurring with a quasi-normal angle. The value of 𝐾 defines the area where the impact angle is considered as quasi-normal and also the value of the volume eroded in the case of low impact angle (equation 6). For the variation of 𝐾 considered here, there is no influence on ice shape since almost all impacts are 29/03/2018 considered as quasi-normal. In order to characterize 𝐾 influence, simulations with lower impact angle have to be performed.

The majority of these parameters have great influence on ice shape. In addition, their characterization is not an easy work regarding large number of phenomena and coupled dependencies in the accretion process which complicates the feasibility of experimentations as well as the understanding of their observation.

Further work

Liquid water dependency

Currie et al. [START_REF] Currie | Experimental Studies of Mixed-Phase Sticking Efficiency for Ice Crystal Accretion in Jet Engine[END_REF] experimental study shows that above a certain value, icing severity decreases with increasing ice crystal melting ratio (right section of the melting ratio plateau effect shown Figure 9). As a matter of fact the presence of liquid water is very essential for the accretion process in ice crystal condition. Inside jet engines, while none melt ice crystal would rebound to the surfaces, the liquid water of a partially melt ice crystal enable it to stick to the wall and begin the accretion process. However, the ice severity is dropping when the liquid ratio is too high. Too few liquid water on the wall prohibits the sticking of solid particles, while too few ice particles is not enough to cool the surface sufficiently and are then quickly washed away by the liquid water. Trontin et al. erosion empirical model takes this dependency into account [START_REF] Baumert | Experimental and numerical investigations on aircraft icing at mixed phase conditions[END_REF], which is not the case of the presented semi-empirical model. Thus, the model presented in this paper is not able to predict ice accretion with a high liquid ratio.

Particle size dependency

An important weakness of the semi-empirical model presented in this paper lies in the fact that it is not particle size dependent. This means that, the calculated erosion rate is the same if numerous small particle impacts or few large particle impacts as long as impingement mass flux rates are the same. This hypothesis is not realistic and should be reviewed since, based on experimental evidences, several authors agree on the particle size dependency of erosion rate. Regarding sand erosion studies, Oka et al. [START_REF] Petrovic | Mechanical properties of ice and snow[END_REF], Arabnejad et al. [START_REF] Arabnejad | Development of mechanistic erosion equation for solid particles[END_REF], and Parsi et al. [START_REF] Commission | HAIC[END_REF] show that erosion rate usually increase with particle size considering constant impingement rate. Knezevici et al. [START_REF] Oka | Practical estimation of erosion damage caused by solid particle impact -Part 1 : Effects of impact parameters on a predictive equation[END_REF] [19] noticed the same effect for ice crystal accretion. An essential step to improve the erosion model is to implement this particle size effect in the calculation and/or the characterization of the model parameters.

Summary/Conclusions

Erosion rate calculations for ice crystal accretion simulations are usually based on empirical modelling. This study is a first step to provide a more reliable model using the solid/solid collision theory to leverage a semi-empirical model. This theory is mainly built on Finnie et al. [START_REF] Finnie | On the velocity dependence of the erosion of ductile metals by solid particles at low angles of incidence[END_REF] and Bitter [START_REF] Bitter | A study of erosion phenomena -Part I[END_REF] [3] studies, which assume that two main mechanisms are responsible for the erosion caused by solid impacts: the deformation wear and the cutting wear. The model developed is able to predict ice crystal erosion rate with good agreement for NRC's low liquid water to total water content cases. It still has to be assessed using larger databases, especially to take into account the presence of the liquid water, as well as the particle size effect, which have been shown to have significant impact on erosion and accretion phenomena.

Figure 1 :

 1 Figure 1: Expected mechanism of deformation erosion -(a) growth of cone crack and median crack, (b) closure of median cracks and creaction of lateral cracks, (c) eroded crater formed -Adapted from Parsi et al. [13]

Figure 2 :

 2 Figure 2: Deformation erosion energy balance -The kinetic energy is divided into 𝑸 𝒆 (blue area), 𝑸 𝒑𝒆 (green area) and 𝑸 𝒑 (red area)

𝑑𝑥Figure 3 :

 3 Figure 3: Schematic of cutting erosion procedure -(a) before the impact, (b) crater formation and piling material, (c) separation of material from the surface -Adapted from Parsi et al. [13]

Figure 4 :

 4 Figure 4: Schematic of the projected surface 𝑨 𝒙 and 𝑨 𝒚

Figure 5 :

 5 Figure 5: Run 17 ice shape simulation (left) and experimental observation (right) [8] -Comparison between Trontin et al. HAIC empirical model, presented semi-empirical model (Sim), and experimental data ice height measurment (red dash)

Figure 6 :

 6 Figure 6: Erosion rate along the curvilinear abscissa of the studied profile (stagnation point at 𝒔 = 𝟎) -Deformation component (𝛈 𝐃𝐞𝐟 ) and Cutting component (𝛈 𝐂𝐮𝐭 )

Figure 7 :

 7 Figure 7: Run 233 ice shape simulation (left) and experimental observation (right) [8] -Comparison between Trontin et al. HAIC empirical model, presented semi-empirical model (Sim), and experimental data ice height measurement (red dash)

Figure 8 :

 8 Figure 8: Run 17 ice shape using different values of parameter 𝑪 (a), 𝑷 (b), 𝜺 (c), 𝑹 𝒆𝒍 (d), K (e) (a) The cutting efficiency 𝐶 has a high influence on ice shape.When its value increase one can easily notice the increase of eroded material, with a lower influence near the stagnation point where the tangential velocity is negligible. Secondly, increasing the volume eroded by cutting action also decreases the length of the iced surface. (b) The impact pressure 𝑃 has also a direct influence on the volume eroded by cutting action. Ice shape evolution with 𝑃 is as important as the one with 𝐶. (c) The deformation wear factor 𝜀 influences the volume eroded by deformation wear which is not as significant as the volume eroded by cutting wear. (d) The elastic limit 𝑅 𝑒𝑙 takes action in 𝑉 𝑒𝑙 calculation (equation 4), which remains very small compared to 𝑉 𝑛 , and in 𝜀 calculation where it appears squared. Thus ice shape evolution with 𝑅 𝑒𝑙 is similar to the one with 𝜀 but amplified. (e) The ratio of projected area 𝐾 has an influence on the calculation of the limit angle between quasi-normal impact and low angle impact. When 𝐾 varies from 0.5 to 1.5, 𝜃 𝑐 varies from 14° to 37°, which means that the majority of the impacts are occurring with a quasi-normal angle. The value of 𝐾 defines the area where the impact angle is considered as quasi-normal and also the value of the volume eroded in the case of low impact angle (equation 6). For the variation of 𝐾 considered here, there is no influence on ice shape since almost all impacts are

Figure 9 :

 9 Figure 9: Evolution of icing severity versus liquid water to total water content -Adapted from Currie et al. [8]

Table 1 : Expressions used for erosion rate calculation

 1 

			Deformation	Cutting
	𝑉 𝑛 < 𝑉 𝑒𝑙		0	0
	𝑉 𝑛 > 𝑉 𝑒𝑙 and 𝜃 ≥ 𝜃 𝑐	1 2	𝑚(𝑉𝑠𝑖𝑛(𝜃) -𝑉 𝑒𝑙 ) 2 𝜀	𝑚𝐶𝑉 2 cos 2 (𝜃) 2𝑃
	𝑉 𝑛 > 𝑉 𝑒𝑙 and 𝜃 < 𝜃 𝑐	1 2	𝑚(𝑉𝑠𝑖𝑛(𝜃) -𝑉 𝑒𝑙 ) 2 𝜀	2𝑚𝐶𝑉 2 sin(𝜃) (𝐾𝑐𝑜𝑠(𝜃) -sin(𝜃)) 𝐾 2 𝑃

Table 2 : NRC experimental conditions for Run 17 and 233 - Mach number M, total water content TWC, total pressure Pt, mean volume diameter MVD, melting ratio Yl

 2 

	Run M	TWC	Pt	MVD	Yl
	17	0.25	6 g/m 3	34.5 kPa 45 µm	6 %
	233	0.40	6 g/m 3	34.5 kPa 45 µm	8.6 %

Table 3 : Parameters value for the sensitivity study (wall temperature is 273.15 K)

 3 

		50%	75%	100%	125%	150%
				(Ref)	
	𝐶 0.15	0.23	0.3	0.38	0.45
	𝑃 7.35 MPa	11.0 MPa	14.7 MPa	18.4 MPa	22.1 MPa
	𝜀	92.3 MJ/m 3 139 MJ/m 3	185 MJ/m 3	231 MJ/m 3	277 MJ/m 3
	𝑅 𝑒𝑙 1.74 MPa	2.61 MPa	3.47 MPa	4.34 MPa	5.21 MPa
	𝐾 0.50	0.75	1.00	1.25	1.50
	Each simulation has the reference value of all parameters but the one
	studied which varies between 50% and 150% of the reference value.
	Values of 𝑅 𝑒𝑙 and 𝑃 are calculated for a temperature of 273.15 K
	which is the temperature of the accreted ice in Run 17 conditions
	(presence of liquid water).		
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