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KORN AND POINCARE-KORN INEQUALITIES
FOR FUNCTIONS WITH SMALL JUMP SET

FILIPPO CAGNETTI, ANTONIN CHAMBOLLE, AND LUCIA SCARDIA

ABSTRACT. In this paper we prove a regularity and rigidity result for displace-
ments in GSBDP, for every p > 1 and any dimension n > 2. We show that
a displacement in GSBDP with a small jump set coincides with a WP func-
tion, up to a small set whose perimeter and volume are controlled by the size
of the jump. This generalises to higher dimension a result of Conti, Focardi
and Iurlano. A consequence of this is that such displacements satisfy, up to
a small set, Poincaré-Korn and Korn inequalities. As an application, we de-
duce an approximation result which implies the existence of the approximate
gradient for displacements in GSBDP.

1. INTRODUCTION

The modelling and analysis of fracture in the linearised elasticity framework
relies on a good understanding of the space BD of functions of bounded deforma-
tion. These are vector-valued functions u in L', whose symmetric (distributional)
gradient Fu is a bounded Radon measure. Over the years, the fine properties of
functions in BD, and in the subspace SBD of special functions of bounded defor-
mation (corresponding to the case where Fu has no Cantor part) have been better
understood, and the relation between BD, SBD and the space BV of functions of
bounded variation has been studied in detail (see e.g., [3, B [15], and [I7] for the
space of generalised functions of bounded deformation). In particular, it has been
proved that, for a function v € SBD(R), Fu admits the decomposition

Bu=e(u)L" + [u] © v, H" ' L J,, (1.1)

where e(u) denotes the absolutely continuous part of Eu with respect to the Lebesgue
measure £", J,, the jump set of u, [u] the jump of v and v, the normal to J,,. The

decomposition has a clear physical meaning: e(u) represents the elastic part

of the strain, and J,, the crack set. It is therefore natural that a model of (brittle)

fracture, in the linearised setting, would involve an energy of the type

[ letwPdz 112, (12)

called the Griffith’s energy, of which the Mumford-Shah energy in SBV is the scalar
counterpart. The energy is in fact well defined in the larger space GSBD(Q)
of generalised special functions of bounded deformation, which has been introduced
by Dal Maso in [I7], and is essentially designed to contain all the displacements
for which the energy is finite (see Section [2| for the definition). Moreover, GSBD
is the natural space for , where one can prove compactness and existence of
minimisers under physical assumptions (see, e.g., [11], [12] [13]).

A key difficulty posed by the energy , compared to scalar models based on
functions of bounded variation, is the lack of control on the skew-symmetric part
(Du — Du™)/2 of the distributional gradient of u. The classical tool providing a
relation between the full gradient and its symmetric part is the Korn inequality.
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2 KORN INEQUALITY IN GSBDF

In this paper we prove Korn and Poincaré-Korn inequalities in GSBDP(f2), the
space of functions u € GSBD(Q) for which e(u) € LP(2) and H" 1(J,) < +oo,
for every dimension n > 2 and any p > 1. More precisely, we have the following
(see Theorem |4.4)).

Theorem 1.1. Let n € N withn > 2, p € (1,00), and let & C R™ be a bounded,
open and connected Lipschitz set. Then, there exists ¢ = c¢(n,p,Q) > 0 with the
following property. For any u € GSBDP(RQ), there exists a set of finite perimeter
w C Q with L"(w) + H" 1 (0*w) < ¢cH"1(J,), and an infinitesimal rigid motions
a (namely an affine function a, with e(a) = 0), such that

/ |[Vu — Va|Pdz < ¢(n,p, Q)/ le(w)[Pdz. (1.3)
Q\w o

Moreover, there exists ¢ = ¢(n,p,q,2) > 0 such that
<

C(nap7Q’Q)||€(u)”Li"(Q)7 (14)
with g <p*ifp<mn,qg< oo ifp=mn, and ¢ < oo for p > n.

flu — a’”Lq(Q\w)

This result is the generalisation, in dimension n > 2, of the two-dimensional
result in [I4] (see also [22]). Theorem ensures that e(u) controls u — a and its
approximate gradient outside an exceptional selﬂ and not in the whole set Q. This
is in contrast with the classical Korn and Poincaré-Korn inequalities for functions
u € WHP(Q;R"), with p > 1, which state that there exists an infinitesimal rigid
motion a such that

|Du = Dal sy < e(nyp, Q)| Eull o, (L5)
and that, thanks to the Poincaré inequality and Sobolev embeddings,

||u_a||Lq(Q) Sc(nap7Q7Q)HEu”L”(Q)7 (16)

where ¢ depends on n and p (and ¢ = p* for p < n).

Results like and are clearly out of reach in (G)SBD, even for functions
u with a small jump set. This is due to the possible presence of small regions of €2
that can be completely (or almost completely) disconnected from the domain, and
where u would not necessarily be close to the infinitesimal rigid motion that achieves
the smallest distance from w in the majority of the domain. Hence, in general, for
a function u € (G)SBD(?), e(u) cannot control u — a or its approximate gradient
in the whole domain 2, and a result like Theorem is the best possible.

The Korn and Poincaré-Korn inequalities in Theorem [I.1]are an immediate corol-
lary of the result below (see Theorem [4.1]and Remark [4.2)), which is the main result
of this paper.

Theorem 1.2. Let n € N withn > 2, p € (1,00), and let Q@ C R™ be a bounded
and open Lipschitz set. Then, there exists ¢ = c¢(n,p,Q) > 0 with the following
property. For any uw € GSBDP(Q), there exists a set of finite perimeter w C Q with
LM(w) + H 1 (0*w) < cHP () and v € WEP(Q;R™), such that u = v in Q\ w
and [, le(v)[Pdx < ¢ [, |e(u)[Pdz. If in addition u is bounded, then |[v]|p(q) <
ull o= (-

In Theorem we prove ‘almost’ Sobolev regularity for functions in GSBDP.
More precisely we show that, given a function u € GSBDP(S2), we can replace it
with a function v € WHP(Q;R™) outside an exceptional set w C 2, whose volume
and perimeter are both controlled by H"~1(J,), up to a small cost in Griffith’s

ISince this exceptional set could in fact be the whole domain in case H™ 1(J,) is large, we
call it a Korn inequality “for functions with small jump set”.
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energy. The proof of Theorem is done by regularising u at several scales, by
means of the auxiliary results Lemma and Theorem [3.2]

We now illustrate the idea of the proof. As a first step, we cover the domain
Q) with a family of disjoint cubes ¢ whose size reduces towards the boundary. The
cubes in the partition are then classified into ‘good’ and ‘bad’, depending on whether
the amount of J, they contain is smaller or larger than a given threshold. The
construction is done so that all the cubes in the covering of € are ‘good’, up to a
small neighbourhood of 9. In this neighbourhood, the ‘bad’ cubes are cut away
from the domain by connecting them to 02 by means of truncated cones. In this
way what remains is still a Lipschitz set (with the same Lipschitz constant as ).
Moreover, in each ‘bad’ cube, by definition, the perimeter of the cone is comparable
to the perimeter of the cube, and hence is bounded by the measure of the jump set
of u in it.

Hence it is sufficient to deal with good cubes. For each of the good cubes ¢
we apply the auxiliary regularity result Theorem (3.2} This ensures that, given a
function @ € GSBDP(q), we can wipe out its jump set J; away from the boundary
of ¢, up to a small expense in terms of the Griffith’s energy, provided H"~1(J3) is
sufficiently smaller than the perimeter of ¢q. This ‘smallness’ condition is exactly
what enters in the definition of ‘good’ cubes. Applying Theorem @ to @ = uj, in
every ‘good’ cube ¢, we obtain a Sobolev regularisation v, of u|, and an exceptional
set W, with controlled perimeter, such that 9, = u outside &,. The function v in
the statement of Theorem is then obtained by patching together the functions
¥4 on all the good cubes. The set w where v needs not coincide with wu, is then
defined as the union of the exceptional sets w, of the good cubes, together with the
truncated cones relative to the bad cubes.

To conclude, we sketch the proof of Theorem [3.2] which is strongly inspired by
its two-dimensional version [I4], by Conti, Focardi and Iurlano, and involves an
iterative regularisation procedure. Starting with wy = @, we construct a sequence
(wy), where w1 is obtained by covering a large part of J,, with a family of
disjoint balls, and by replacing wy in each ball of the covering with a smoother
function, provided by Lemma The pointwise limit @ of the sequence (wy) has
Sobolev regularity in a smaller cube, and satisfies & = ¥ outside an exceptional set
w, which is defined as the union of the coverings of each step.

1.1. Comparison with previous results. The foundations of the function spaces
SBD and GSBD were laid down in the papers [3,[5], and [I7]. Several research av-
enues have stemmed from them: the derivation of regularity properties for functions
in (G)SBDP, and in particular of minimisers of the Griffith’s energy, in the spirit of
the celebrated result [I8] by De Giorgi, Carriero and Leaci for the Mumford-Shah
energy (see [15], [0, 1], 12 4} [13]); of Korn and Poincaré-Korn inequalities with
various degrees of generality ([, 21 22| 23]); of approximation and density results
([6, 10, 16]); of integral representation for functionals in (G)SBD? [14].

Our results are in between two of these avenues: we prove Sobolev regularity
for functions in GSBDP, for every p > 1 and in every dimension n > 2, outside
an exceptional set (see Theorem and, as a direct corollary, we obtain a Korn
inequality, and a Poincaré-Korn inequality with sharp exponent (see Theorem ,
again outside an exceptional set.

Our work has a number of points of contact with previous results, but also a
number of differences. In [§] the authors prove a Poincaré-Korn inequality like
for every n > 2 and every p > 1 by means of a slicing argument. Unlike our case,
however, they obtain with ¢ = p(1*), rather than ¢ = p* (which is optimal
only for p = 1), and no estimate for the gradient of u is provided. Moreover, the
exceptional set w is controlled by the jump set of J,, only in volume, while we also
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control its perimeter. A Poincaré-Korn inequality like is proved also in [21],
for n = 2 and p = 2, with an exceptional set w whose structure is very simple, and
can be related to the measure of J,,. This objective is further pursued in [23], where
the author proves a Poincaré-Korn inequality in GSBD?, up to an exceptional set
with both perimeter and area bounded by (powers of) the measure of J,, for n > 2.
The L2-norm of e(u), however, only controls the distance of u from a rigid motion
in the weaker norm ¢ = 2(1*); additionally, one can obtain an L* bound for such
a distance, but the L?-norm of e(u) has to be weighted with a negative power of
the measure of J,,.

The first proofs of a Korn inequality like , in the (G)SBD context, are
due to [22] and [14]. In [22] the proof is done in dimension n = 2 and for p = 2.
Moreover, the distance of Vu from a skew-symmetric matrix is estimated in a lower
L%-norm, with ¢ € [1,2). On the other hand, the exceptional set is estimated, both
in perimeter and in area, with the measure of J,, and the integrability of u is
improved to the sharp exponent, with consequent improvement of the Poincaré-
Korn inequality. The two-dimensionality of the result is due to an approximation
step, done in [21], that is only proved in the planar setting. Also the result in [14]
is only proved for n = 2, and again this is due to a ‘regularisation’ step being done
by means of a two-dimensional construction. Their approach, like ours, is based on
first proving Sobolev regularity outside an exceptional set, and then deducing Korn
and Poincaré-Korn inequalities as direct corollaries. Also in [14], like in our result,
the exceptional set is bounded in perimeter in terms of J,, and the Poincaré-Korn
inequality is proved with the sharp exponent for every p > 1.

In conclusion, our contribution is two-fold. On the one hand our result lifts the
restriction to dimension n = 2 of the regularisation step from GSBDP to WP,
up to an exceptional set, which is now valid for every n > 2 and every p > 1. In
addition, the exceptional set we provide is bounded both in perimeter and in area
with the measure of the jump set of the function. As a consequence, we can deduce
the Korn and Poincaré-Korn inequalities up to the sharp exponent for every n > 2
and p > 1, since the regularisation step is not reliant on a planar construction.

1.2. Conclusion and perspectives. The main result in this work, asserting the
‘almost’ Sobolev regularity of G.SBDP-functions with small jump set, has some
nontrivial consequences which are of independent interest, and which we present
here. First of all, we obtain a Korn and a Poincaré-Korn inequality with sharp
exponents outside an exceptional set, which is controlled in perimeter and volume
by the jump set of the function (Theorem [4.4). We also prove an approximation
result (Theorem in the spirit of [I0, Theorem 3.1]. Theorem implies, in
particular, the existence of the approximate gradient Vu for functions in GSBD?
(Corollary . Note that the existence of Vu for functions in GSBD? had already
been obtained in [23], as a consequence of the embedding GSBD?*(Q) C (GBV (Q))"
(see [23 Theorem 2.9]), for n > 2.

It would be interesting to see whether, in analogy with [14], our results can also
lead to the integral representation for functionals in SBDP in higher dimension.

2. NOTATION

We introduce now some notation that will be used throughout the paper.

(a) L™ denotes the Lebesgue measure on R™ and H"~! the (n — 1)-dimensional
Hausdorff measure on R”.

(b) e1,...,ey, is the canonical basis of R™; |- | denotes the absolute value in R
or the Euclidean norm in R™, depending on the context, and - denotes the
Euclidean scalar product.
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(b) S*l:={z e R":|z| =1}.
(¢) For z € R™ and p > 0 we define the ball
By(z) :={y € R": [y — a| < p}.
(d) For z € R*, e € S""!, and p > 0, we define the cylinder
Clz,e,h,p) :={y e R": |(y —x)-e| <h,[(y —2) = ((y —x) - e)e| < p}.
(e) For y € R™ and £ € S" 1, we set
= {r € R": (2 1) - € = 0},

and use the shortcut I1¢ = Hg.
(f) For a,b € R", we denote with a ® b € R"*" the tensor product of a and b,

namely the matrix with (¢ ®b);; = a;b; for every 4,5 = 1,...,n. Moreover,
we denote the symmetrised tensor product as a ©b:=(a®@b+b®a)/2 €
nxn
sym *

(g) R denoted infinitesimal rigid motions, namely ¢ € R if and only if a =
Az + b, with A € R"*" skew-symmetric, and b € R".

(h) An L™measurable and bounded set E C R™ is a set of finite perimeter if its
characteristic function y g is a function of bounded variation. The reduced
boundary of E, denoted with 9* F is the set of points « € supp |Dxg| where
a generalised normal v is defined.

(i) For @ C R™ measurable set M;y(Q2;R™) denotes the space of bounded
Radon measures with values in R™, for m > 1. Moreover, for m = 1, we
denote with M; () the sub-class of positive measures.

(1) For k € N, v, € R denotes the k-dimensional Lebesgue measure of the unit
ball in R*. In particular, H"~1(S"~1) = nry,.

Let Q C R™ be an open set. We now introduce the functional spaces we will work
with in this paper. We first recall the definition of the space GBD of generalised
functions with bounded deformation, which is due to Dal Maso [17] and relies on
slicing. Given an L£"-measurable function u : 2 — R™, we say that u € GBD(Q) if
there exists A, € M; () such that the following is true for every £ € S"~%:

e For every 7 € C*(R) with —% <7< % and 0< 7 < 1

De(r(u-€)) = D(r(u-£)) - & € Mp(Q);
e For every Borel set B C (2

| De(r(u-6)|(B) < Au(B).

We say that v € GSBD(Q) if in addition 45 () € SBViec(Q5) for every & € S"!
and for H"t-ae. y € II%, where Q) := {t € R : y + t£ € Q} and, for t € Qf,
as(t) = u(y + t€) - £ denotes the slice of u in direction £. In [I7] it is shown
that, given a function u € GSBD(), one can define an ‘approximate symmetrised
gradient’ e(u) € L' (€ RLSY) as well as an (H" !, n—1)-countably rectifiable jump
set Jy,, which both coincide with the standard definitions [3] if u € BD(Q).

Finally, we recall the definition of the space GSBDP, namely

GSBDP(Q) := {u € GSBD(Q) : e(u) € LP(; R, H 1 (J,) < +00}.

sym

3. HOw TO WIPE OUT SMALL JUMP SETS

The following Lemma is a variant of [9 Theorem 3], which can be proved by
adapting the arguments to the case of a ball.
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Lemma 3.1. Let n € N with n > 2, and let p € (1,00). There exist 0, c, s positive
constants, depending only on n and p, with the following property. For every u €
GSBDP(By) with § := H"1(J,)/™ < 6, there exists & € GSBDP(B;) and R €
(1 —+/8,1) such that

(1) @ € C®(B,_y5), @ =u in By \ Bg, and H""'(J, N OBR) = H" ' (Ja N

8BR) = 0,’
(2) H* M (Ja\ Ju) < VIR (Ju N (Br\ By y5)):
(3) it holds
[ letapds < s o5%) [ ety
B By
(4) if in addition u is bounded, then one can ensure |G| L (p,) < |[ullL(B,)-

The last point follows from Remark 6 and Lemma A.1 in [7], which can be used
when building the function @ in the construction of [9, Theorem 3.

The following theorem is an extension in dimension n > 2 of a planar result of
Conti, Focardi and Iurlano [I4]. Our proof is strongly inspired by theirs.

Theorem 3.2. Let n € N with n > 2, and let p € (1,00). Given € > 0 and
o € (0,1), there exist C = C(n,p,e) > 0 and 7 = 7(n,p,e,0) > 0 with the
following property. For every p > 0 and u € GSBDP(B,) with H"~*(J,) < 7p" !,
there exists w € GSBDP(B,) and a set of finite perimeter w C B,, such that w = u
in B, \w, H" 1 (0*w) < CH" 1 (Ju), w € W'P(Bu_s),; R"), and

/ le(w)|Pdx < (1 +€)/ le(u)|Pdz, H" *(Jw) < H" H(Ju)- (3.1)
B

p P

Moreover if u is bounded, one can ensure |w||pop,) < |[ullL~(B,)-
Remark 3.3. A careful inspection of the proof shows that

Ulij& 7(n,p,e,0) = Elirgl+ 7(n,p,e,0) =0,

and

lim C(n,p,e) = +oo.

im, (n,p,e) = +o0
Remark 3.4. The isoperimetric inequality ensures that £™(w) < C pH" 1(J,) (us-
ing that w is small in B,,), as well as L™ (w) < CH"1(J,,)"/("=Y (possibly changing
the constant C).

Proof. We start by assuming that
an—l(Ju) < 7_pn—17

for a 7 > 0 to be determined later.

The function w is obtained as the pointwise limit of a sequence (wg)r>0, con-
structed iteratively starting from wg = u, which at every step ‘regularises’ u at
the expense of a controlled increase of the LP norm of the approximate symmetric
gradient. We split the proof into several steps.

Step 1: Iterative construction of (wi)k>0. We will now build a sequence of functions
(wi)k>0 C GSBDP(B,) by induction.

Step 1.1: Base case. Let § = &(n,p) be the constant given by Lemma and let
a = a(n,p,e) € (0,1) be a constant to be determined later (see (3.27)). We set
wo = u, 1o := (ad)", po := p and

o= 1 (H20) = 52)

P Mo
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Note that by assumption so < (7/ 770)1/ (n=1)_Tn order for the iteration to converge,
we will need sy to be sufficiently small, hence the 7 in the statement. We also
observe that, by the definition of sy, we have

H" (Jwo N Bpy) = H" 1 (Ju N B,) = mo(poso)" .

Step 1.2: Induction step. Let k > 0, and suppose we are given wy € GSBDP(B,),
sk € (0,1), pr < p and n < 0™ which satisfy

H" (N By,) < Mk (skpr)™ ", (3.3)

as it is the case for k = 0. We will build wg41, Nk+1, Sk+1 and pg1 (explicitly
given at the end of the step) such that is satisfied for k4+1. We will divide the
proof of the induction step into further substeps.

Our strategy is the following. We construct a function wg41 whose jump set is
(in measure) not larger than the one of the function wg. To do so, we cover a large
part of Jy, in the smaller ball B(y_,),, (subsequently defined as B, ) with a
family of disjoint balls, and we wipe out a significant part of the jump set of wy, in
each ball of the covering.

Step 1.2a: Construction of the covering. We claim that for H" t-a.e. x € Jy, N
B(1_s,)p, there exists r, € [0, sppx] such that

{H"‘l(ka N By, (z)) = mr ™! (3.4)

H (T, N By(z)) > mpr™™ ! for r <r,.

Indeed, if z is a point of rectifiability of Jy, N B(1_s,),, and we define

k

n—1
o(r) = #H (ﬁ“;_? Br(x))7 r € (0, sppr,s

we have lim, o+ ¢(r) = vp—1 > 1o > Nk, where ~,_1 is the (n — 1)-dimensional
Lebesgue measure of the unit ball of R"~! (it is of course not restrictive to assume
Mo < Yn—1, up to possibly reducing &). Moreover, since Bs, ,, (z) C B,,, from
it follows that ¢(sgpr) < nr. Therefore, we have that r, := inf{r € (0, sgpx) :
o(r) < ni} > 0. As ¢ is lower semicontinuous one has ¢(r,) < ng, and as it is
left-continuous, one has ¢(r;) > n;. This shows (3.4). By construction, observe
also that

H" (T, NOB,,(2)) = 0. (3.5)

By the Besicovitch Covering Theorem (see, for instance, [2 Theorem 2.17])
there exists a positive integer £(n), depending only on n, with the following prop-
erty. There exist {(n) countable families of closed balls (B, , (%), i > 1 and

0=1,...,&(n), whose centres satisfy (3.4), with Erze (z) ﬂErme_ (xf) = fori # j,
and such that l '

&(n)
et (s (UUR () -

Let us choose £ € {1,...,&(n)} such that

anl ((ka n B(l—sk)pk) N ( U Ermg (Ltf)))
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is maximal. Then one has

e (1) 2 (s (U, 0)

i>1

1 _
> m?—t" Y(Jww N Ba—spype)- (3.6)

In what follows we denote, to simplify, B; := B, , (mf_), T; = xf_, Ty =T,
Step 1.2b: Definition of wi41. We define wy1 in two different ways, depending on

whether the amount of the jump set of wy, in the annulus B,, \ Bi_s,),, is large
or not. Let 6 € (0,1) (which will be fixed later on). If

H" (T, N Ba—spypr) < 01" (Jw, N By,), (3.7)

we let wgy1 := wg. If instead we have the reverse inequality in (3.7, and conse-
quently

anl(ka N (Bpk \B(l_sk)Pk)) < (1 - Q)Hnil(ka N Bpk)’ (38)

we then define wy41 as

wg () ifz e B,\ (Ui21 Ei) ;
Wg,i(z) if x € B; for some i € N,

wk+1(m) = {

where wy; € GSBDP(B;) denotes the function obtained by applying Lemma
after suitable translation and rescaling, to the restriction of wy in each ball B;
for every ¢ > 1. Note that in this case the value of §, by definition of the balls
B; (namely by ), is given by 77,1/ " and 77,1/ " < § by the assumption of the
induction step.

Step 1.2c: Proof of the induction step. In case (3.7) is satisfied, we have wgy1 =
wy, € GSBDP(B,), so that

'H"*l(Jle) =H"" Y (Ju,), (3.9)
and, by using (3.7)) and (3.3),
H" H(Juer N Ba—sip) < One(sipe)" ™" (3.10)

We now assume that holds. By Property (1) of Lemmawe have w41 €
GSBDP?(B,). Moreover, let Ry, ; € (1 —77,1/(2"), 1) be the radius given by Lemma
and corresponding to Wy ;. Setting B} := B(lfmlc/(z"))m (z;) and B} := Bp, ,r,(2i),
we have in particular that w11 € C°(B)), wr+1 = wy in B;\ BY, and H" " (J,, N
OB!") = H" Y Ju,,, NOBY) = 0.

Property (2) of Lemma provides a control on the (possible) additional jump
of w41 in each B; (note that this additional jump can only be in B} \ B] by
Property (1)):

H"H ((Jupss \ Ju) N Bi) = H 7 ((Juys \ Jun) N (B B))
< enFH ™ (Ju, (B, \ BY)). (3.11)
We now estimate the jump of wg1 in each B;. By property (1) of Lemma and
by
H' (T N Bi) = H" " (Juyy 0 (Bi\ BY))
< H T ((Jupss \ Jun) 0V (B N\ BY)) +H* (o, N (Bi \ BY))

< (L4 en2 ) H (o, N (Bi \ BY). (3.12)
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For the last term in (3.12)) we have the bound
H" (S N (Bi\ BY)) = H" " (Ju, N Bi) = H" ' (Ju, N BY)
n— % n—1
<merp ™t = (1= g7 )ri)
g
— (1= (1=n2")" " )YH" (Ju, N By),

where we have used properties (3.4) and (3.5) for the radii of the balls of the
covering. Hence from (3.12)) we have

H" N Ty NBi) < (L4+enZ) (1= (L=nZ" )" YH" 1 (Jw, N By).

Possibly reducing 6, we may assume that

(1 +cn,§) (1 —(1- ﬁé)n_1> < (1 + c\/5j> (1 - (1 — \/S>n_1> < %,
so that
H" Ty NB;) < %H”_l(ka N B;). (3.13)
Note that and imply immediately that
HY (Juyr) < H () (3.14)
In addition, by and one has
H' (Junps N Bpy) = K™ (Ju 1 Byy)
<Y (M (g, N B) = H N (Jw, N BY))
i>1
< —% ;H"‘l(ka NB;) < —%(H)’H"—luwk NBa_spe)s  (3.15)

where the last inequality follows from (3.6)). We deduce from (3.15)) and (3.8)) that

. 1
H 1(ka+1 N BPk) < (1 - 25

) anl(ka N BPk)

(n)
1
+ T(n)ﬂ '(Jue N (Bp \ Ba—s)p1))
0
<(1=—— )H"YJp, NB,).
< (1- g ) #0080
Therefore, if we choose § = 2&(n)/(1 + 2£(n)) < 1, we find that
H" N ( Ty N Ba—siypn) < OH" ™ (Ju, N Bp,) < Oni(sipe)™ (3.16)
In conclusion, whether (3.7) be satisfied or not, one has that, by (3.9) and (3.14]),
W () < H M (), (3.17)
and that, by (3.10) and (3.16]),
Hn_l(‘]wk+1 N B(lfsk)ﬂk) < ean—1<ka N Bpk) < an(skpkyl_l' (318>

We now define A := (6/(1 — s9)"~*)/™; choosing 7 small enough (depending on
n,p,o and «) and recalling the choice of 5o, one can ensure that A < %/6 < 1.
Then, letting pgt1 := (1 — Sk) Pk, Me+1 := Ak, Sk+1 := ASk, we deduce from
that
Hn_l(‘]wk+1 N Bpk+1) S nk+1(8k+1pk+1)n_1>

which is at step k + 1.

Step 2: Convergence of (wy)k>0. We now start the construction of the exceptional
set w given in the statement. To this aim, for every k > 0 we introduce the set
wy in the following way. If is satisfied we let wy := @, and if not, we let
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wi = U,;>1 Bi (note that wy, C B,,). In both cases {wy # w41} C wy and we can
estimate the perimeter of wy, as
H* 0% wr) < nyn Zr?_l = n Z’H”fl(ka N B;)
i>1 M =1
< "I (L, 1 By,) < v (sipr) ™ (3.19)
= <

thanks to (3.3), where ny, = H"1(S"1) (see (1)).

We now estimate the LP-norm of e(wy1) in terms of the norm of e(wy). Again,
this bound is trivial if is satisfied. If not, thanks to point (3) in Lemma
we have that in each B; of the construction

/ le(wg41)[Pdx < (1+cn,§)/ le(wy)|Pdx (3.20)
Bi Bi

for each ¢ > 1. As a consequence, by the definition of wy1, also

/Bp le(wysn)|Pdz < (1+cn,§) /B le(wy) [Pdz. (3.21)

Repeating the construction for all k£ > 1 we obtain sequences (wg)k>0, (Sk)k>0
(M) k>0, (PK)k>0 and (wg)k>o with:

k—1
e = A (ad)™, sp=Nso, pr=0p H(l — Asg). (3.22)
£=0
Since (pg)x is decreasing, there exists p’ := limg_ o0 pr- We now show that p’

is bounded away from zero. To see this, note that by possibly reducing 7 so that

1
50§§7

k—1 k—1 =1 ey
1 T=Ms) =Y log(1—Alsg) > - 22 2
og [] (1= Ns0) = Y log(1 = A'so) = = Y 250 (3.23)
£=0 £=0 =
Moreover, since sg < %, we also have that
1
—m Z —2 forall ¢ 2 0,
so that (3.23) gives
k—1 k—1 95
1 —Nsg) > — > 220
ogH(l A'sg) > 2502)\ -1
£=0 =0
p > pe” T > pexp(—1/(1— ¥/0)) >0, (3.24)

which shows that p’ > 0.
Now we set, for any ¢ > 0, @, := Ukzz wg. Then, thanks to (3.19) and to (3.22)),

MU0 D) < 3 OH O k) < v D (k)"

k>0 k>0

< nyn(sepe)" Y (AT < oy (sepe)™
k>t

1
= (3.25)
where we have used the fact that pp < p, for k¥ > ¢. Then, since p, — p’ and
s¢ — 0 as { — oo, it follows that H" 1(9*@y) — 0 as £ — oco. Hence by the
isoperimetric inequality we also have that £™(&;) — 0 as £ — co. Since, for k > £,
wy, = wy outside wy, we conclude that, as K — oo, wy converges L™-a.e. in B, to
some function w.
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Moreover, for every k > 0, H""(Jy,) < H""1(J,) (thanks to (3.17)) and, by
B21) and B.22).

/B e(wk)|pdx§1ﬁ(1+cn;‘)/3 \e<u)\degH(1+c(a5)3A%)/ le(u)|Pdz.

o p i=0 B,
(3.26)
Since
log [T (1 + e(ad)*A ) = " log (1 + e(ad)* (A ))
=0 i>0
e 1
SC(CY(;) ZZZO()\ ) —C(OZ(S) 1—)\i’

from (3.26)) we deduce that

/B le(wg)[Pdz < exp (c(ag)sﬁ) /Bp le(u)|Pdx.

Then, thanks to [I7, Theorem 11.3] (see also [I1]) it follows that w € GSBDP?(B,),
HL(T,) < 1ikminf71”*1(ka) <H" (L),
— 00

P

and

/ le(w)|Pdx < lim inf le(wg)|Pdx < exp (c(ag)s#) /B le(u)|Pdz.

Bp k—oco Bp 1 — )\;

Passing to the limit in we have that #"~*(.J,,NB,) = 0, from which it follows
that w € WHP(B,;R"), thanks to Korn’s inequality. Note that by o <p,
and hence p’ — p as H"1(J,) — 0, thanks to (3.24) (and by the definition of sg).
In particular, provided 7 is sufficiently small (depending on n,p, o and «), we have

28()
p' > pexp (_1_2\75) > p(1—o0),

hence w € Wl’p(Bp(l,a);]R”).

Setting w := @, by construction we have that w = v in B, \w. In addition, from
(3-25) we have that H"~1(9*w) < nyn(sop)”~1/(1 — A"~ 1). By our choice (3.2)) of
Sg, this implies

n—1 * NYn n—1

Using the fact that A < /6 we finally obtain the estimates

/| e(w)pdxéeXp<1C£a;3;) [ tetwpa,

P P

H (0" w) < %Hn*l(%)'
(o) (1 — 0%

Now we choose a = a(n,p,€) € (0,1) such that

g s
exp (C(O‘)> <(1+e). (3.27)
1— 622
Note that now 7 = 7(n, p,&,0). Correspondingly, we define
NYn
c=cC n,p,€) ' = ———— - 1.
( : (ad)™(1—07=)

as the constant in the statement of the theorem, and this concludes the proof. [
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Remark 3.5. From (3.20)), it is easy to show that in fact one can refine (3.1)) to
/ le(w)[Pdx < (1 —i—s)/ le(u)|Pd.
w w
In addition, one sees that C' ~ e~™/%, where s is the exponent in Property (3) of

Lemma [3.1]

Remark 3.6. It is easy to show (by modifying the proof or, in fact, using the theorem
itself) a variant of Theorem where B, is replaced with a cube (—p, p)".

We can easily deduce that [I4], Corollary 3.3] also holds in higher dimension. We
repeat the statement here for the reader’s convenience.

Corollary 3.7. Under the same assumptions and notation of Theorem[3.4 there
exists an infinitesimal rigid motion a € R such that

/ Vu—VaPds < ctnp) [ Je(w)Pds,
B(l—a)p\w BP

and

P

/ |u — al|Pdx < c(n,p)pp/ le(u)|Pdz.
B(l—u)p\w B

4. REGULARITY AND RIGIDITY IN A GENERAL DOMAIN
The main result of this section is the following regularity result.

Theorem 4.1. Let n € N withn > 2, p € (1,00), and let Q@ C R™ be a bounded
and open Lipschitz set. There exists ¢ = c(n,p,Q) > 0 such that, for any u €
GSBDP(Q), there exists a set of finite perimeter w C Q with L™(w) +H"1(9*w)
H" M (Jy) and v € WHP(Q;R™) such that u = v in Q\ w and [, |e(v)[Pdx
¢ Jo le(w)|Pdz. If in addition u is bounded, then ||v| Lo () < [|ullL=(q)-

<
<

Remark 4.2. A careful inspection of the proof shows that ¢ = ¢(n,p, L), where L
denotes a Lipschitz constant of 0f2.

For the proof of Theorem we will use the following lemma, which can be
proven by contradiction.

Lemma 4.3. Let n € N withn > 2, p € (1,00), and let D C R™ be a bounded,
open and connected Lipschitz set. Let o € (0,1). There exist ¢ > 0 depending only
on D, a and p, such that for any w € WHP(D;R™) and any Lebesgue measurable
set E C D with L"(E) > aL™(D), one has

/ |lw—ag|Pde < c/ le(w)|Pdz,
D D

ag = argmin/ |lw — a|Pdx.
aER E

where

Proof of Theorem[/.1 1t is enough to prove the result in the case H"71(J,) <
¢, for some constant ¢ > 0 to be determined later on. Indeed, if H""!(J,) >
¢, we can simply set w := Q and v := 0, which clearly satisfy the thesis since
L(w) < (L™(2)/e)H™1(J,) and, being Q a set of finite perimeter, H" 1 (9*w) <
(H" 10 Q) [ )H L (J.,).

Let L be a Lipschitz constant of 9. Since Q is Lipschitz and bounded (see [1]
Section 4.9]), there exist 7 > 0 such that for every = € 9, there exists e(z) € S*~!
such that 9Q N C(z,e(x),2Lr,r) (see (d) in the Notation Section) is the graph

of an L-Lipschitz function defined on the (n — 1)-dimensional ball {y € 5™ .
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|(y —x) — ((y — ) -e(z))e(z)| < r}. Setting L := max{1, L}, by possibly reducing r
we still have that 9Q N C(x, e(x),2Lr, ) is the graph of an L-Lipschitz function for
every x € 0). Consider now the family of open balls {B,/5()}.ca0. By Vitali’s
Covering Theorem [19, Section 1.5.1], there exist N € N and {z1,...,zy} C 9Q
such that the family {B, /5(z;)}i=1,...~ is composed of mutually disjoint balls and

N N
o0 C U B, 5(x) C U B,.(z;) C U C(xi, e(z;), 2Lr, 7).
€90 i=1 i=1
Let us now show that the number of overlapping cylinders at any given point of Q2
only depends on L and n. Indeed, let z € ©, and let

A(z) == {.T e{zy,...,an}t: 2z € C(w,e(m),Qir,r)}.

Since the diameter of each cylinder is given by 2rv/1 + 4L2, we have
|z — x| < 2rV1+4L2  for every x € A(z).

Therefore,

Recalling that for every i € {1,..., N} with ¢ # j it holds |z; — z;| > 2r/5, the
cardinality of A(z) is bounded by the maximum number of disjoint balls of radius
r/5 which can be contained in a ball of radius 2rv/1 + 4L2. By scaling, one can
check that this number does not depend on r, but only on L (i.e. on on L) and on
the dimension n.

Let now dg = do(n,r, L) > 0 be such that Uivzl C; D {z € Q : dist(z, 00Q) < do};
we set Cy := {z € Q : dist(z, 0N) > dp}, so that Q C Ufio C;. We then introduce a
partition of unity of {2 subordinate to the covering {C;}, namely a family of maps
¢i € C(C4,[0,1]) for i =0,..., N, with S ¢; =1in Q.

Assuming that for every ¢ we can find a function v; and a set w; satisfying the
thesis of the theorem in C; N§Y, then v = Zf\;o ((bi‘cimﬂ)vi and w = U7JJ\;O w; satisfy
the claim in Q.

Without loss of generality, we assume that fori = 1,... N, C; = C(0, e, r), with
en being the n-th coordinate unit vector, and that QN C; = {x = (¢/,z,) € C; :
&, < g(x')} for a given L-Lipschitz function g defined on the ((n — 1)-dimensional)
ball centred at 0 and of radius r in II", with g(0) = 0.

We now build v; and w; for the set C; N, for i = 0,...,N. Let § > 0, and
let C; denote the union of all the n-dimensional cubes ¢ € {z + (0,9]" : z € 0Z™}
with ¢ C C;. We assume that ¢ is small enough so that supp ¢; C C; and hence, in
particular, {C;};=o.... v is still a covering of Q.

Then we build recursively the set Q of dyadic cubes of edge size 627%, k > 0,
which refine towards the boundary 92, as follows. As a first step, we denote with
Qo the set of cubes ¢ € {z+(0,0]" : z € 6Z"}, ¢ C C,; N, such that dist(g, 9Q) > 4.
Then, for k£ > 1, having built Q, for £ < k, we define Q) as the set of all the smaller
cubes q € {z+(0,027%|" : 2 € §27*Z"}, ¢ C C; N Q, such that dist(q, dQ) > §27F,
and ¢ does not intersect cubes of |J,_, geo, 4- Note that we can assume that Cop
is covered by cubes in the family Qg only (by e.g. choosing ¢ sufficiently smaller
than (50).

Finally, we let Q := J;Z, Qx; note that |, ¢ = C;:NQ C C;NQ covers entirely
supp @; NQ). Now, for each ¢ € Q, let ¢’ and ¢” denote cubes concentric with ¢, and
with edge size 10% and 20% longer, respectively. Then the cubes ¢” (as well as ¢),
for ¢ € Q, form a sort of Whitney covering of C; N2, at least covering the support
of ¢; N ). Moreover, since for every k > 0 any q € Qy, satisfies dist(q, 0Q) > 627,
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clearly also ¢’,q¢” C Q. Note that, for fixed k¥ > 0, an enlarged cube ¢” of some
cube q € Qf can only intersect cubes belonging to Q, Q41 and, if k > 1, Q1.

Next, we choose the constant ¢ introduced at the start of the proof to be ¢ :=
7(6/2)" 1, where 7 is given by Theorem (or, more precisely, by the version of
Theorem for a cube, following Remark [3.6]), corresponding to o = 1/12. Hence,
by the initial assumption H"~!(J,) < & we have

H T T) < T(6/2)" L

Then, by applying Theorem (for instance with ¢ = 1) to u € GSBDP?(q¢"),
for each ¢ € Qp, we find a function w, € GSBDP(q") and a set of finite perimeter
wq C ¢" such that wy = win ¢"\wg, [, le(wg)|Pdz < C [, |e(u)[Pda, H" (8" w,) <
CH" Y (J,Nq") and w, € WHP(¢';R™).

For smaller cubes ¢ € Qg, k > 1, we proceed as follows: if H""1(J, N¢q") <
7(6/2F1)"=1 we say that ¢ is “good”, we apply Theorem to the restriction of
u to ¢, and find w, and w, as in the case k = 0 (note that all the cubes in Qg are
“000d” and that, in particular, Cy is covered by “good” cubes). In conclusion, for g
“good”, we find a function w, € GSBDP(¢") and a set of finite perimeter w, C ¢”
such that wy = u in ¢" \ w, and

wg € WHP(¢';R™), (4.1)
le(wy)Pdz < C / le(u) Pdz, (4.2)

q// q//
H (0 w,) < CH" (T, Nq"). (4.3)

If instead H" "1 (J, Nq") > 7(5/2%+1)" 1 we say that ¢ is “bad” and we define
Qg = QN (q+{z =, 2,) : &, > 2L[2'|}),

namely we connect ¢ with 99 via a sort of truncated cone with an opening con-
trolled by the Lipschitz constant L of Q. Scaling arguments (and the fact that
dist(q,00Q) < 627%*+1) show that H"1(9*@,) < ¢(627%)"~! where the constant
¢ = ¢(n, L) depends only on L and the dimension. It follows that in this case,
namely for ¢ “bad”,

n—1

H (0" ,) < e(n, L) W1 (Ju N ). (4.4)

-
We let @ := Ucq, Wq, G = (Ugeg @) \ @, and @ := U, (wg N ¢'), where
we denoted with 9y, Q, C Q the “bad” and “good” cubes in Q, respectively. By
construction, there exists a (2L)-Lipschitz function f such that G is the subgraph
of f, with g — 26 < f < g. Moreover, for some constant ¢ (depending on L, n and
7), and using that the cubes ¢” have finite overlap, one has, by and ,

HHO* @) + HHO* D) < cH L, N (C; N Q).

Eventually, we define w; := @ U w; the estimates above show that the perimeter of
w; is bounded by the measure of the jump of v in C; N Q.

We now construct a regularised function v; as a convex combination of the
functions w, relative to “good” cubes ¢ € Qg only. More precisely, let ¢ €
C((0,1.1)";]0,1]) be a smooth cut-off function with ¢» = 1 on [0,1]". For any
k > 0 and any ¢ € Q4 N Qj with centre c,, we define the translated and rescaled
version of 1y, ¥y(z) = ¥((x — ¢;)/(627F)) € C=(¢';]0,1]), so that 1, = 1 on q.
Finally, we define the ‘normalised’ cut-off function ¢q(2) = thq(2)/ (X 5c0, ¥a(@))
for z € Ugeg, q- '

We then let, for x € Ugeo, q, 0i(z) := qugg wq(x)pq(x). First of all, we extend
;| from G to C;NE2. This can be done, for instance, by following the procedure in
[24, Lemma 4], since G is a special Lipschitz set (according to [24], property (49)])
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and 05 € WHP(G;R"), as each w, belongs to WP (¢/; R™) for ¢ € Qg, by ([.1).
We denote this extension by v;. Then v; € WHP(C; N Q;R"), v; = ¥; in G, and

/ le(vy)|Pdx < c/ le(v;)[Pdx < c/ le(v;)|Pd, (4.5)
C;NQ G UqGng

with the constant ¢ depends only on the dimension n, on p, and on the Lipschitz
constant of G (namely of f), which is 2L, hence ¢ = ¢(n,p, L).

Moreover, v; = u in (C; N Q) \ w;. Indeed, 9;¢ = v in G\ @ by construction,
v, =70 in G, and G = (C; NQ) \ &.

It remains to show that [ g le(vi)|Pdz < ¢ [o g le(w)Pdz. By [@3), it is
sufficient to show that fquggq le(D:)[Pdz < ¢ [ g le(u)[Pdz. By the definition of
¥;, one has

e(v;) = Z (e(wq)soq twg © V@q)- (4.6)
qEQ,
We need therefore to estimate the LP norm of qugg wq © Vg in terms of the L?
norm of e(u), since the other term in the sum satisfies the bound by (4.2). Notice
that as 3 g = 1 in Ugeg, g, we have that >° Vi, = 0 in Ugeg, g (where here
and in what follows the sums run on cubes in Q,). Then, if we fix ¢ € Q, and
r € ¢' N (YUseq,q), we have

S i) © Veale) = S ule) © Vena) ~un(a) © 3 Vo)
= Z(wq«x) —wy()) © Vigy (x)

q
= ) (wyle) —wy(2)) © Vg (). (4.7)
G:¢'NG’'#9D
Note that the last equality in follows since the only terms in the sum that
have a non-zero contribution are the ones corresponding to cubes ¢ such that ¢’
intersects ¢’, whose number is bounded by 2.
Now we observe that, if ¢’ 0§’ # @, then there are two cases: either ¢ and ¢ are
of the same size, or, alternatlvely, the edge length of one is twice the edge length
of the other one. In either case

LM(¢' Nq') = Brmax{L"(¢), L"(q)},

where 87 > 0 is an explicit constant depending on n and on the choice of o only.
Now, to fix the ideas, assume that ¢ € Qy and ¢ € Qp41; then, by Remark [3.4] and

(4.3), and since ¢,§ € Qg,
L™ (wg Uwg) < e(n)d27F (H" 1 (0" wy) + H" (0" wy))
<c(n)Co27F (M M (JuNg") +H* 1 (J.NG"))

<c(n,o,p)T (23“)71 <c(n,o,p) 7L (¢ NG),
where ¢(n, o, p) denotes possibly different constants. In particular, for every ¢, § €
Q, with ¢ N¢ # O,
L™ (wy Uwg) < c(n,o,p)TL™(¢' NG).
Hence, up to reducing our choice of o and consequently 7, we have that
L7((d N\ (g Uwg)) = BL™(d N ) > 1o max{ £7(), £7(@)},

for some B3 > 0 depending on n, p, and o. Note that reducing ¢ has no effect
on the size of ¢/, but only on the size of ¢” \ ¢’ (that gets smaller). Indeed, if we
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denote with £, ¢ and ¢’ the lengths of the edges of ¢, ¢’ and ¢”, respectively, and
we keep ¢/ = 110, then if ¢ = a(0)¢, with a(o) > ﬁ, we can still guarantee
that (1 — o)¢” > ¢/, and hence that w, € W?(¢'; R?).

We now apply Lemmato wy in ¢’ and to wg in §’, with E = (¢'N¢§’)\ (wgUwy)
and a = (102. Note that the constant ¢ in the lemma scales with the size of the
domain; more precisely, for a dyadic cube ¢’ with side length ¢/, ¢ = ¢(n, a, p)(¢')P,
with ¢(n, o, p) being the constant for the unit cube in R™. Then

[ 1wa=ards <0y [ letw,pis, (45)
q’ q’
/ jwg — aglPde < c(@')? / le(wg)Pde, (4.9)
q’ q’

where ¢ = ¢(n, «, p) is the constant for the unit cube in R™, and
ag = argmin/ lwg — alPdz, ag:= argmin/ lwg — alPdz.
ac€R E a€ER E
On the other hand since wy = wg = u in F, we have that a, = a4 = a, and hence,

thanks to (| . and .,
[ i wildo <c) [ uy - apdote) [ Jug - apds
a'ng’ a'ng’ a'ng
< elp)e (W [ tetworaz+ @ [ jetws)
q’ q’

)
< ceter ( [ etwpars | e(w)pds).

In conclusion, for a given ¢ € Qg4, by . ., (4.2) and the previous estimate,

/| e(0;)Pdx < ¢ Z / e(wg)|Pdz

G:q'Ng'#9
e ¥ ||wq||1;m@,)/ -
d:4'N3'#0 an
Z / le(u)|Pdz,
aa'ng'#0 74"

since [|[Vg| re gy < ¢(1/0). Using that the cubes ¢” have finite overlap, we have

/ le(9;)|Pdx < c/ le(w)|Pdx,
Ugegg4q C,NQ

le(v)|Pdx < c/ le(u)[Pdz.

C;NQ

and, by (4.5),

C;NQ
This concludes the proof.
O

An immediate consequence of Theorem [4.1]is the Korn’s inequality below, whose
proof is a direct adaptation of [I4], Corollary 3.3].

Theorem 4.4. Under the same assumptions and notation of Theorem [, and
under the additional requirement that € is connected, there exists an affine function
a € R such that

/ |[Vu — Val|Pdz < c(n, p, Q)/ le(u)|Pdzx. (4.10)
Q\w Q
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Moreover,

</Q\w |u — a|‘1d33>é <e(n,p,q,Q) (/Q |€(u)|pdx>; 7 (4.11)

where q € (1,p*] for p <n and q € (1,+00) for p > n.

Proof. By Korn’s inequality applied to v € W1 P(Q;R"), there exists A € RIX"
such that

/ Vv — APdx < c(n,p,Q)/ le(v)|Pdz;
) Q

moreover, by applying Poincaré’s inequality to the function = — v(x) — Az, there
exists b € R™ such that

/ [v(z) — Az — b|Pdz < c¢(n, p, Q)/ Vv — AlPdz. (4.12)
Q Q

We now define a(z) := Az + b; then a € R. Since Vv = Vu L"-a.e. on {v = u},
we have that

/ |Vu7Va|pdx:/ |Vv — Va|Pdx
Q\w QN\w
< e(n.p, Q) / le(w)Pdz < &n, p, ) / le(uw) Pd,
Q Q

where the last inequality follows by Theorem [4.1} This proves (4.10). Moreover,
we can improve the norm on the left-hand side of (4.12)) to the exponent ¢ of the
Sobolev embedding of WP into L4. Then, since v = u in Q \ w, we have that

/ lu — a|%dx = / |v — al?dx
QN\w QN\w

< c(np ¢, ) / le(v) Pdz < &n,p, ¢, ) / le(w) Pdz,
Q Q

which proves the estimate (4.11]). Note that, if p < n, we can take ¢ = p*, and that
if p > n we can estimate v — a in the Holder seminorm C%%, with v =1 — %. O

5. AN APPROXIMATION RESULT

In this last section, as an application, we show an approximation result in the
spirit of [I0, Theorem 3.1].

Theorem 5.1. Let n € N withn > 2, p € (1,00), and let Q@ C R™ be a bounded
open set of finite perimeter. Let € > 0. Then, for any u € GSBDP(RQ), there exist

e a closed set T, finite union of disjoint (n — 1)-dimensional C' manifolds
with C* boundary;

e q set W, finite union of cubes;

e q set of finite perimeter w;

such that

H" T AT) +H 10 D) + HHO* Q) + LY(QUD) < e.
Moreover, there exists a function w € GSBDP(Q)NWLP(Q\ (TU®); R™) such that
{w#u} Couw,

/Q el dr < (e /Q le(u) Pdz,

and
H U N {w® £ uF)) <e.
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Corollary 5.2. Under the same assumptions and notation of Theorem for
u € GSBDP(Q) the approzimate gradient Vu exists L™-a.e. in Q.

Note that in the case p = 2 the result in Corollary has been obtained in [23],
as a consequence of the embedding GSBD?(Q) C (GBV(Q))" (see [23, Theorem
2.9]), for n > 2.

Theorem will follow as a special case of the following technical proposition.

Proposition 5.3. Letn € N withn > 2, andp € (1,00). Letuw € GSBDP(R™) and
let J be a countably (H" 1, n — 1) rectifiable set with J, C J and H"~(J) < +oo0.
Let € > 0. Then there exist

e a closed set T, finite union of disjoint (n — 1)-dimensional C* manifolds
with C' boundary;
a set w, finite union of cubes;
a set of finite perimeter w;
a function w € GSBDP(R"), with w € W'P(Bg(0) \ (I U®);R™) for any
R > 0;
such that w =u L™-a.e. in R"\ (0 U®), and

WL (JAT) < e,

/ le(w)[Pdz < (1 +¢) / le(u) Pde
R"\(:) n

HHO* D)+ H N0 ) + LM (O UD) <e.

Moreover, w*(z) = w*(a) for H" L-a.e. o € T\ (BUGW USS), and H*1(0 1
{w* #u*}) <e.

We recall that, for u € GSBD(R"), the set J,, is countably (X"~ !, n — 1) rectifi-
able [I7, Section 6] (see [20, Section 3.2.14] for the definition), so that the assump-
tion J,, C J is not restrictive.

Theorem is deduced from Proposition [5.3]in the following way. Let 2 C R
and v € GSBDP?(Q) as in the assumptions of Theorem and let 4 denote the
extension of u to R™ obtained by setting @ := 0 outside Q. Then @ € GSBDP(R"),
and by applying Proposition to @ and J = J3 we obtain the claim.

Proof of Proposition[5.3 Let u, J and ¢ be as in the statement, and let p > 0 and
a > 0 be constants to be determined later. We split the proof into several steps.
Step 1: Cowvering the jump set. Since J is countably (H"~!,n — 1) rectifiable and
H""1(J) < 400, by [20, Theorem 3.2.29] there exists a countable family (Mjy)xen
of C! hypersurfaces such that

H ! (J\ [j Mk> =0.

k=1
With no loss of generality we can assume that for each k& € N the manifold My, is
a Lipschitz graph with Lipschitz constant less than 1/2 [2 Theorem 2.76]. Then,
for every k € N, H" '-a.e. point in J N M, is a point of H" !-density 1 both for
J and J N My, namely
n—1 n n—1 n
lim HH(J N B, (x)) ~ lim H 1 ((J N Mg)N B, (x))

=0t poyrnTl r—0+ Y11

for every k € N and H" !-a.e. # € JN M. From this, it follows that for every
k € N and for H" !-a.e. x € J N M}, there exists n(a, z) € (0, p) such that
[H" " (Br(2) N ) = o™ < @y
|[H" Y (B ()N (J N M) = Yp1r" 7 < ayp1r™H,
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and
H* Y (B, (z) N (JAM)) < aH" (B, (z)N.J),

for every r < n(«a,z). In other words, up to sufficiently restricting the radius of
the ball, we can assume that the main content of J in a ball centred at a point
x € J N My, comes from My, and not from the other components M, for j # k.
Let M := JNUMy. Note that the family {Er(x) cxeM,r< n(a,x)} is a fine
cover of M (see [2, Section 2.4]). Then, applying the Vitali-Besicovitch’s Covering
Theorem [2, Theorem 2.19] to A = M and u = H" 'L M, there exists a disjoint
subfamily {B, () (z):x € M'}, for some M’ C M and r(o,x) < n(a, ), such

that
’H,”l(J\ U BT(W)(;C)) =0.

xeM’

Moreover, the subfamily above is countable, since it is composed of disjoint sets
with nonempty interior. Hence, there exists a sequence {x;};en C Ui M) such that

Hr ! <J\ U Bi> =0,
1€EN

where B; := B,,(z;) for every i € N, and where we set r; := r(a, z;). Finally, note
that from the identity above it follows that there exists N = N(a) € N such that

Hn_l(J\i_LAlei> <a. (5.1)

Given i € {1,...,N()}, let k(i) € N be such that x; € My(;) and define I'; :=
My N B;. Then B; \ T'; has two (Lipschitz) connected components, and the
following properties are satisfied:

a) I'; is a Lipschitz graph with constant less than 1/2;

b) [H" Y (B (x;) N J) — 17" Y < a1t for all r < r;, where 7,1 is
as in (1);

C) Hn—l(ﬁi n (JAF,L)) S aHn_l(Ei N J),
d) 7 (JVUL ) < a(l+ 71 ();
e) £ (UL, B:) < 725 p22 M (),

Properties EII, follow immediately. We now prove property @ First, note
that

N N N B
J\|JTi = (J\ UBi> U (U Jm(B,-\F,-)) :
i=1 i=1 i=1
Hence, by (5.1) and by property

N N
! (J\ U F) <o+ H (U JN (B \ m)

i=1

sat i%"* (JN(B:i\T) <a(l+H""1(J)),

=1
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which shows @ To see Eﬂ note that, since the closed balls are disjoint,

cr (U ) Z%r < P Z% it

=1 Tn— 12 1

Tn n—1 Tn 14 n—1
< E H B NnJ ——H J
vnll—a )< Yn-11l—a (7).

where we have also used @

Finally, letting T" : va . Ti, one has that I' is a finite union of disjoint C*
manifolds with C' boundary. Moreover, thanks to . and @,

H*HJAT) < a1+ 2H"H(J)). (5.2)

Step 2: Cleaning the jump set in the balls B;. Let us denote B , B, the connected
components of B; \ T';. Thanks to Theorem in each BZ ,i=1,...,N, there
exists a set of finite perimeter wi and a functlon v € VV“"(BjE R”) such that
v =win BE\wF, fBi |pdx <cfps |e u)|Pdz, and LM wE)+H (0" wE) <

cH™(J N BE). Note that by Remark [4.2] the constant ¢ = ¢(n,p) > 0 is inde-

pendent of i, @ and N, since the Lipschitz constants of BijE are uniformly bounded.
Thanks to @ and c)|in Step 1, we have that

H Y JNBE) <H Y (BN (JATY)) < aH" Y(BinJ) < a(l + )y,

and hence LM (wE) + H Y (0*wE) < ca(l + a)y,_177 " (Note that, in the case
where w = BZ , we can simply let vii = 0; however by choosing a > 0 small
enough we can assume with no loss of generality that this does not happen.)

It follows that on dB; the trace of each vii coincides with the trace of u, except
on a set of total measure at most 2¢ a(l + a)vn_lri"_l. Let now

o(a) = {vf(x) ifzeBF i=1,...,N,

u(z)  ifzeR*\UY, B

Then v € GSBDP(R™), and we have the following properties:

1) J,NnB; Cl;foreachi=1,...,N;
N

2) Y H"N(J,N0B;) < a1+ 20)H"H(T);

3) ;?L—l (J,\T) < a(l+ (L+20)H"1(J)).
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Property |1)| follows from the definition of v. For property note that by
N N N
STHN(I,N0B) <> HTH(JuNOB) + Y HT(0B; N (0w U O W)
=1 =1 =1
N N
<Y HTH(IN(BAT)) + Y (MO W) + HTH 0 w;))
=1 =1
N
<aH" N J)+ D (O W) + HTH O W)
=1
N
<aH"N(J)+2e)  (HHINBH + RN (N B))

=1

N

< aH"N(T)+2e > (HH (I N Bi)\Ty))
i=1

< a(l+2c)H" ().

Let us show property By (5.1), [1)| and [2)[ we have that
N N
H L (J,\T) < H* ! <J\ U Bi> +Y H (J, NOBy)

i=1 i=1

< a(l+ (1+20)0H"H(J)).

Moreover, letting wp := Uivzl(wj' Uw; ), one has that v = u L"-a.e. in R" \wp and

LM wp) +H" (0 wp) < 2caH™1(J).

Step 3: Cleaning the jump set in the rest of the domain. We now pick § > 0 with
0<d< 0.8a< min ri>/(2\/ﬁ),

i=1,...,

and consider the covering of R™ \ Ufil B; made of:

e the family Q; of cubes §z + [0,]™, z € Z™, which intersect R™ \ Ui\;l B;;

o the family Qs of cubes §z+(0, §]™, z € Z™, which are not in Qy, but intersect

some cubes in 9.

We set Q@ = Q1 U Qs. For each q € Q, we denote with ¢ C ¢’ C ¢” the concentric
cubes ¢’ and ¢” with edges (9/8)¢ and (10/8)d, respectively; we also denote with
£ < 0" < {" the lengths of the edges of ¢, ¢’ and ¢”, respectively, so that in particular,
0" = (1 =0.1)¢". For each i, letting B; := B(_q)r, (i), we observe that, since T';
are equi-Lipschitz with constant less than %, one has

H" ([N (B;\ B)) <carf ! <caH" Y(JNB)) (5.3)

for some constant ¢ = ¢(n), where in the last inequality we used property Hence,
since by the definition of 6 we have that ¢ N B} = @ for each ¢ € Q and for every
i, we have that

N N N
Jy N U q" = <Jv\ (U&)) U (U Jy ﬂ(Bi\B§)> U <U(Jvﬁc9Bi)> )
i=1 i=1

q€Q i=1
Then, recalling and using (5.1)), (5.3) and we have
H ! <J,, nJ q”> < a(l+ (1+3c)H (), (5.4)
qeQ

for a constant ¢ depending only on the dimension.
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We now invoke Theorem (in its version for cubes, as noted in Remark
for parameters ¢ = 1 (which thus needs not be the € of the statement), and o = 0.1,
and find constants C' = C(n,p) and 7 = 7(n, p) satisfying the thesis of the theorem.

Let Q, C Q denote the set of cubes ¢ such that H" *(J, N ¢") < 76", let
Q== Q\ Qy, and @ := o, ¢- Since for ¢ € Qp one has H Y (J,Ng") > o1,
there can be only a finite number of such cubes. Moreover, thanks to we have
that

L£r(@) < W §a(l+ (1+3e)H ().
Now, let ¢ € Q,. By Theorem there exist w, € GSBDP(¢") N WhP(¢'; R™)
and wq C ¢”, with wy = v in ¢” \ wy, and

/ le(ty)Pdz < 2 / le(v) Pde,
q// q//

le(wy)|Pdz <2 [ |e(v)|Pdz, (5.6)

Wq Wq

H (0 w,) < CH (T, N{q"), (5.7)
where ([5.6]) follows by Remark

Possibly reducing 7, we may assume that if ¢’ N T'; # @ for some i = 1,..., N,
then H"~Y(T;Ng") > 7671 (see pointin Step 1), so that ¢ & Q. It then follows
that for any ¢ € Q,, when ¢’ C B; for some i (or more precisely ¢ C B, since
q € Q, is such that ¢’ does not intersect I';), then wy, = v in ¢'.

We now ‘glue’ the functions w, in order to find a global WI})’Cp function as
in the claim of the theorem. To do so, we introduce a cut-off function ¢ €
C*((—9/16,9/16)™;[0,1]) with n = 1 on [-1/2,1/2]". Then for each ¢ € Q,,
with center ¢, we define ¥y (x) := ¥((z —¢q)/9) € C°(¢';]0,1]), so that ¢, =1 on
q. We then let, for 2 € G := U,cq, @, 0q(@) == ¥q(2)/(Xgeq, Ya(2)) € [0,1], and

Y e, Wa(@)pq(w) ifzeq,
w(x) =40 ifreo, (5.8)
v(z) if z € R"\ (GU®).

{7—["‘1(8*&)) < C(”)a(l + (1 +3e)H" (), (5.5)

By construction we have that w € W?(Bg(0)\ (IT'U®); R™) for any R > 0. Indeed,
we observe that R™\ (GU®) C |J, B;, and hence (by the definition of v), in this set
the function w is Sobolev outside I'. Moreover, w does not jump on the intersection
between the boundaries of G and R"\ (GU®). Indeed, if ¢ € Q,, is any cube touching
the set R™\ (G U ®), then it has to be that ¢ € Q2 and ¢ C B; for some i (and
therefore, as observed before, w, = v in ¢’).

Let wg = qugg wg and @ = wp Uwg. Then, w = v in R™ \ (@ Uw), since
w = v outside wg U, and v = u outside wp. Hence e(w) = e(u) in that set.

Step 3.1: Traces of w on I'. We now compare the traces of w and of w on the two
sides of I'. We have already observed that w = w in R™\ (0U®), where ©® = wpUwg.

Note that, since ¢’ N B = @ for every ¢ € Q and for every i = 1,..., N,
(@ Uwg) NY; B = . Hence the exceptional sets & and wg affect the traces of w
only on a subset of I' of small (in terms of o) H"~*-measure, by . For the set
wp we observe that, by the definition of v, for every i = 1,..., N, v¥(z) = u*(z)
for H' lae. z € Ty \ (0*w;” Ud*w; ). Hence

N
vE(z) = ut(x) for HP - ae z €T\ U(@*w?‘ U w; ).
i=1
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By the estimates of ’H"‘l(@*wii) at the end of Step 2 it follows that the traces of u
and v on the two sides of T" can only differ on a small (in terms of «) portion of T.

In conclusion, w® = u* in T', up to a set of small (in terms of a) H"~! measure.
More precisely,

wt(z) = ut(x) for H* - ae z €T\ (EU oMy 8*&;) .

Step 3.2: Estimate of w. We now estimate the exceptional set @, both in perimeter
and in volume. Note that, by (5.7) and (5.4), H" 1 (0*wg) < C >qcQ, H (T, N
q") < ca(l1+H"1(J)), for some constant ¢ = c(n, p). We also remark that for each
q, one has L™ (w,) < cdH" "1 (8*w,) for a dimensional constant c, so in particular

LM (we) < eda(l +H"(])), (5.9)

with ¢ = ¢(n, p).
Combining these estimates with the bounds on H"~!(9*wg) and on L"(wg) at
the end of Step 2, we have that

HHO*D) + L(D) < ca(l+HL(T)), (5.10)

for a constant ¢ = ¢(n, p).

Step 3.3: LP-estimate of e(w). We start by estimating wa le(w)[Pdx. From (j5.8))
we have, for z € G,

e(w)(@) = Y (e(wy)(2)pq(x) +wq(z) © Vipy (). (5.11)

qEQ,

Note that, since the cubes ¢’ have finite overlap, the sum in the right-hand side of
(5.11) is done, at each point, over a uniformly bounded number of terms, depending
on the dimension.

We estimate the LP norm of the two terms of the sum in separately. For
the first term we have that

/w | 3w

q€Qq

p
dr

s 3 [T ctwaew

GeQ, %ilgqeq,

<> ¥/

GeQ, qeQ, “wind
q¢'NG'#0

, le(wq)(x)Pde. (5.12)

For fixed § and ¢ with ¢’ N §’ # @ we estimate
| w)@ri= [ jewy@Pdes [ je)@Pds
wgNg’ (wqNwq)Na’ (wg\wq)Ng’
< [ letwp@Pde+ [ etw)(e)ris
<2 [ )@+ [ fetw)(e)rie,
Wq wg

where in the last step we used (5.6). Since the cubes ¢’ have finite overlap, from
(5.12) we conclude that

L

Z e(wq)(x)pq(z)

q€Qq

P
do < c/ le(v)|P de. (5.13)
we
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Therefore,

/ | X @

qEQ,

N

P
dx < c/ le(v)|P dx
wa
¢ le(v)|? dx + / |e(v)|pd:c)
(LG\UiBi ,LZ:; waNB;

N
<C(/WG |e(u)|pdx+i§_:1/i |e(u)|pdx>, (5.14)

where in the last inequality we have used the definition of v, and in particular the
fact that v = u outside U; B;, and the estimate of e(v) in terms of e(u) (see Step
2).

We now estimate the second term of the sum in . For x € G we define
Q; ={q € Qy : p4(x) > 0}, and denote Ng := #Q7 (which, as already observed,
is uniformly bounded by a quantity depending only on the dimension, namely 2").
Using that qug? Vq(z) = 0, one has

S wyl2) © Vgyla) = 3 (wqm NEES wm)) © Viu(e)

€2 1€Q5 deQs
1
= o 37 (wyl2) — wi@) © Vipy(x).

7,4€97

Since ¢,§ € Qf =z € q' N ¢, to bound the L? norm of the above expression, it is
enough to estimate

/ (g = wg|?|Vpy|Pd (5.15)
q’'Nng’

for any pair of neighbouring cubes ¢, ¢ € Qf. Note that w, —w; € Whe(¢' Ng';R")
and wy —wg = 0in (¢ N§') \ (wg U wgy), since both functions coincide with v.
Moreover, since £™(q' N ¢') > §"/8" and L™(w, Uw;) < CTV =D for some
dimensional constant C, provided 7 is chosen small enough one can ensure that

1
L'({xeqd NG 1wy —wg =0}) > gﬁn(q’ ng).

One can then easily deduce from Lemma that, for some constant ¢ (depending
on p and on the dimension):

/ lwg — wglPdx < 0(5”/ le(wg — wg)|Pdx < 05”/ le(wg — wg)|Pdx.
7ng’ N wqleog
Since |Vp,| < C/d in each cube, we can estimate (5.15) as
[ - wirlveras <e [ e(w, = wg) Pdo
q'ng’

(g'Ng’")N(wqUwq)

<e / le(wg) Pz + / le(wg) [P
q'N(wqUwg) §'N(wqUwg)

< c/ le(v)|Pdx.
wqUwg

Hence we have that

L,

Z we(x) © Vig(x)

qEQy

P
dx < c/ le(v)|P dx
wa
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which, together with (5.14)), gives, from (5.11]),
/ le(w)|Pda < c/ le(u)|Pd. (5.16)
waG wGU(U?]:l Bi)

Finally, we estimate fR"\(FU&;) le(w)|Pdx. We have

/ le(w)|Pda < / le(w)|Pdz + / le(w)|Pda
R\ (TUG) n\ (CUGUD) (Rm\(Tu®) ) N

§/ |e(u)|pd:1c+/ \e(w)\pdx—i—/ le(w)|Pdz, (5.17)
n RM\@)Nwe (Rm\(@Uwe) ) Nws

since w = w in R™\ (0 Uw). Using that w = v outside @ Uwg we have

Pd :/ )Pz < / P
/(Rn\(duwc))ms el (R”\(wac))mwB| v)fde CZ u)|Pdx,

(5.18)

where the last inequality follows from the definition of wpg, the definition of v in
the balls B;, and the properties of vi fori=1,...,N.
In conclusion, from (5.17)), (5.16]) and (5.18) it follows that

/]R"\(FULD) elwfds < /R" lelw)fPda + C/Gu(u B;) le(u)|Pdz.

1=1

As a consequence, if we recall point Eﬂ of the construction of the B;’s and (5.9))
above, if p > 0 and § > 0 are chosen small enough, one can ensure that

/ Je(w)Pdz < (1+a)/ le(u)|Pd. (5.19)
R\ (TUG) 0

By choosing « sufficiently small in (5.2), (5.5, (5.10) and (5.19) the conclusion
follows. [l
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