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relative to the one dimensional heat equation
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Abstract

We consider the problem of existence of a solution u to Oyu — Jzzu = 0
in (0,T) x Ry subject to the boundary condition —u,(¢,0) + g(u(t,0)) = p on
(0,T) where p is a measure on (0,7) and g a continuous nondecreasing function.
When p > 1 we study the set of self-similar solutions of dyu — 0zzu = 0 in
R4+ x Ry such that —u,(¢,0) + u? = 0 on (0,00). At end, we present various
extensions to a higher dimensional framework.

Key Words: Nonlinear heat flux; Singularities; Radon measures; Marcinkiewicz
spaces.
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1 Introduction

Let g : R — R be a continuous nondecreasing function. Set Q£+ =(0,T) xRy
for 0 < T < oo and GZQH{JF =R, x {0}. The aim of this article is to study the
following 1-dimensional heat equation with a nonlinear flux on the parabolic
boundary

Up — Ugy =0 in Qé;
(0 F g 0) =g i [0,T) (1.1)
u(0,.) =v in Ry,

where v, u are Radon measures in Ry and [0, T') respectively. A related problem
in Qﬂ‘ﬁ for which there exist explicit solutions is the following,

Up — Ugye = 0 in Qﬂ%i

— g (,0) + |ulP~tu(t,0) =0 forall t>0 (1.2)
limu(t,z) =0 forall x>0
t—0

where p > 1. Problem (1.2) is invariant under the transformation T}, defined
for all £ > 0 by .
Ty [u](t, v) = kr=Tu(k?t, k). (1.3)

This leads naturaly to look for existence of self-similar solutions under the form
N N
us(t,x) =t 2@-Dw (W) . (1.4)

Putting n = %, w satisfies

1 1 .
—w" 577'—2(19_1(,0: in Ry
—w'(0) + |w|P~Lw(0) = (1.5)
Jim n7=Tw(n) =

Brezis, Terman and Peletier opened the study of self-similar solutions of nonlin-
ear heat equations in proving in [4] the existence of a positive strongly singular
function satisfying

up — Au+ ulP~lu =0 in Ry x R™, (1.6)

and vanishing at ¢ = 0 on R™ \ {0}. They called it the very singular solution.
Their method of construction is based upon the study of an ordinary differential
equation with a phase space analysis. A new and more flexible method based
upon variational analysis has been provided by [6]. Other singular solutions
of (1.6) in different configurations such as boundary singularities have been
studied in [11]. We set K(n) = e’ /4 and



I3 (R,) = {¢ € Ll (Ry): /

R4

$Kda = |ol[3;, < oo}, (1.7)

and, for k > 1,

k 2
HE(Ry) = {¢>€L?{(R+) S (o)), = Nl <oo}. (18)
a=0 K

Let us denote by € the subset of H} (R, ) of weak solutions of (1.5) that is the
set of functions satisfying

>~ ! 1 1 p—lw _
|7 (w6 = gt ) Kman+ (w0 @ =0, (19

and by & the subset of nonnegative solutions. The next result gives the struc-
ture of £.

Theorem 1.1 I- Ifp > 2, then £ = {0}.

2-If1<p<3, then & = {0}

3 - If% < p <2 then & = {ws, —ws, 0} where wy is the unique positive solution
of (1.5). Furthermore for any € > 0 there exists cc > 0 such that

1 2 1
ceni=1 1 <eTwy(n) < enimit for all n > 0. (1.10)

Whenever it exists the function us defined in (1.4) is the limit, when £ — co of
the positive solutions wugs, of

Up — Uge =0 in Qf{i
—ug(t,) + [ufP"ru(t,.) = €5y in [0,T) (1.11)
limu(t,z) =0 for all =z € R;.
10

When such a function us does not exits the sequence {ugs,} tends to infin-
ity. This is a charateristic phenomenon of an underlying fractional diffusion
associated to the linear equation

Ut — Uggy = 0 in Qﬂ‘ﬁ
—uy(.,0) =p in [0,00) (1.12)
u(0,.) =0 in R,.

More generaly we consider problem (1.1). We define the set X(Q%§+) of test
functions by

X(Q%,) = {¢ € CH*([0,T) x [0,00)) : ¢x(t,0) =0 fort € [0,T]}. (1.13)



Definition 1.2 Let v, u be Radon measures in Ry and [0,T) respectively. A
function u defined in QD{Jr and belonging to L} (Q£+) ﬁLl(ﬁgQ£+;dt) such that

loc

g(u) € L1(65Q§+;dt) is a weak solution of (1.1) if for every ¢ € X(Qﬂa) there
holds

T poo T [ee} T
[ [ G Gapudade+ [ (o)) (00t = [ v+ [ ot 00duce)
0Jo 0 0 0
(1.14)
We denote by E(t,x) the Gaussian kernel in R} x R. The solution of
UVt — Ugay = 0 in Qﬁ@r
— vy = 0o in Ry (1.15)
(0,.) =0 in Ry,
has explicit expression
(1) = 2B(t,2) = ——e— 5 1.16
v(t,z) = ,T) = ——e” &, .
= (1.16)

If z,y > 0 and s < t we set E(t;s,x,y) =E{t—-s,z—y)+ Elt—sz+y).
When v € MP(R,) and p € MP(R5) the solution of

Vi — Ve = 0 in Qf{;
— (., 0) =p in Ry (1.17)
u(0,.)=v in Ry,

is given by

mw@w>AwEwmymww+gAE@axMM$

= 5R+ [V](tv 33) + 8R+X{O} [:u](t’ .I) = SQ]?; [(V7 ,u)](t’ .13)

(1.18)

We prove the following existence and uniqueness result.

Theorem 1.3 Let g : R — R be a continuous nondecreasing function such that
g(0) = 0. If g satisfies

/100(g(3) —g(—s))s73ds < o, (1.19)

then for any bounded Borel measures v in Ry and p in [0,T), there exists a
unique weak solution u 1=, , € LI(Q§+) of (1.1). Furthermore the mapping
(v, ) = uy,, is nondecreasing.

When g¢(s) = |s[P~1s, condition (1.19) is satisfied if

0<p<2. (1.20)



The above result is still valid under minor modifications if R is replaced
by a bounded interval I := (a,b), and problem (1.1) by

Up — Uz =0 in QF
Uz (-, b) + g(u(.,0)) = in [0,7)
—uz(-,a) + g(u(.,a)) = ps in [0,7) (1.21)
u(0,.) =v in (a,b),

where v, u; (j = 1,2) are Radon measures in I and (0,7") respectively.

In the last section we present the scheme of the natural extensions of this
problem to a multidimensional framework

up —Au =0 in Q]ﬁi
— Ug, +g(u) =p in 0pQfn (1.22)
u(0,.)=v in R7,

The construction of solutions with measure data can be generalized but there
are some difficulties in the obtention of self-similar solutions. The equation with
a source flux

u—Au =0 in Qﬂgi
Uz, +g(u) =0 in 0y Qfn (1.23)
u(0,.)=v in R,

has been studied by several authors, in particular Fila, Ishige, Kawakami and
Sato [7], [8], [9]. Their main concern deals with global existence of solutions.

2 Self-similar solutions

2.1 The symmetrization

We define the operator Lx in C2(R) by
Li(¢) =K (K¢

The operator Lk has been thouroughly studied in [6]. In particular
o0 o0 1
wt{ [ o2k [ oRman=1} =5 (2.1)

The above infimum is achieved by ¢; = (47r)’%K ! and Lx is an isomorphism
from H(R) onto its dual (Hj(R))" ~ Hi'(R). Finally £3' is compact from
L% (R) into Hj-(R), which implies that L is a Fredholm self-adjoint operator
with ‘

and ,
ker (Cx — A;jI4) = span {¢§”} .

If ¢ is defined in Ry, ¢(x) = ¢(—=x) is the symmetric with respect to 0 while
¢*(x) = —¢(—x) is the antisymmetric with respect to 0. The operator Lx



restricted to R is denoted by £}.. The operator L}’N with Neumann condition
at x = 0 is again a Fredholm operator. This is also valid for the operator ,C};’D
with Dirichlet condition at x = 0. Hence, if ¢ is an eigenfunction of ﬁ}’N, then
¢ is an eigenfunction of Lx in L% (R). Similarly, if ¢ is an eigenfunction of E}’D7
then ¢* is an eigenfunction of Lx in L% (R). Conversely, any even (resp. odd)
eigenfunction of Lx in L% (R) satisfies Neumann (resp. Dirichlet) boundary
condition at = 0. Hence its restiction to L%-(Ry) is an eigenfunction of E}’N

(resp. E}’D). Since qbgj) is even (resp. odd) if and only if j is even (resp. odd),

we derive .
HY(Ry) = D span {0V}, (2.2)
=1

and
o0

Hi(Ry) = EDspan{ 5%)} . (2.3)
=0

Note that ¢ € H)(R;) such that ¢,(0) = 0 (resp. ¢(0) = 0) implies
¢ € HL(R) (resp. ¢* € Hi(R)). Furthermore, ¢, is an eigenfunction of
L} in H} (R%) with Neumann boundary condition on dR? while 9, ¢; is an
eigenfunction of £}; in H}, (R") with Dirichlet boundary condition on OR}. We
list below two important properties of Hj (R;) valid for any 8 > 0. Actually
they are proved in [6, Prop. 1.12] with H},(R) but the proof is valid with

Hies(Ry).

(9) ¢ € Hiu(Ry) = K76 € CO3(Ry) (2.4

(i1) H;(Ry) <= L3 ,(Ry) is compact for all n > 1. '
2.2 Proof of Theorem 1.1-(i)-(ii)
Assume p > 2, then ﬁ < % If w is a weak solution, then

> 1
w'? - wQ) Kdn+ |w|P™(0)=0
NG = o)
If % > 2(%_1) we deduce that w = 0. Furthermore, when % = ﬁ then
w[P1(0) = 0.

If w is nonzero, it is an eigenfunction of E}’D. Since the first eigenvalue is 1 it
would imply 1 = 2(p£1) < %, contradiction.

Assume 1 < p < 2 and w is a nonnegative weak solution. We take ((n) =

2
ne~ T = —2¢/ (n), then

/0°° <_C“ B g(pl_l)g> wK (n)dn + ¢'(0)wP(0) = 0

Since —¢"" = ([r, > 0 and ¢'(0) = ¢1(0) = 1, we derive w¢ = 0 if 1 > ﬁ
and w(0)=0if 1 = ﬁ. Hence w’(0) = 0 by the equation and w = 0 by the

Cauchy-Lipschitz theorem. a



2.3 Proof of Theorem 1.1-(iii)
We define the following functional on H} (R'}.)

1 [ 1 1
J(¢) =< 2 - > ) Kdn+ ——|¢(0)[P*. 2.5
@ =3[ (67~ ) Kant gl (25)
Lemma 2.1 The functional J is lower semicontinuous in Hy.(Ry). It tends
to infinity at infinity and achieves negative values.

Proof. We write

T() = Jy () — Ja(0) = Jy () — 1117

1
2(p—1)
Clearly J; is convex and Jy is continuous in the weak topology of Hx(R)
since the imbedding of HL (R, ) into L% (R, ) is compact. Hence J is weakly
semicontinuous in Hx (R).

Let € > 0, then

1 1 eyr Pt
1= (5= mem) 3 e

Since 1 <p <2, 1— 4(p j < 0. Hence J(ep1) < 0 for € small enough, thus J
achieves negative values on H(R;).

If Y € H (R, ) it can be written in a unique way under the form v = a¢; +1;
where a = 2,/7(0) and ¢, € H}gO(RjL)‘ Hence, for any € > 0,

L[/, 1 at (<[, 1
=3, (12‘2@1)“’%)“”*2/0 (9 - g5yt o

+CL/ (1/)1¢ 20— )1/)1¢1> Kd77+p+1

2 3 e 1
i /1/’ /(5”2@—1)1/’%)“”

L@ (p— 2)ym  apym 1 g+
4(p—1) 4p—1e p+1 '

|a|P+1

Note that ||z/JH§IIl( <4 (||w’1||i%< —|—a2). Since 2p — 3 > 0, we can take € > 0
small enough in order that

J(Y) = oo. (2.6)

O

End of the proof of Theorem 1.1-(iii). By Lemma 2.1 the functional J achieves
its minimum in H%(R;) at some ws # 0, and ws can be assumed to be non-
negative since J is even. By the strong maximum principle w, > 0, and by the



method used in the proof of [13, Proposition 1] is is easy to prove that positive
solutions belong to HZ(R,). Assume that @ is another positive solution, then

/O°° <(Kwé)’ _ (Ka’;)'> (wf —@2)dn = 0.

wWs Ws

Integration by parts, easily justified by regularity, yields

00 K /\ / KoY ~ 2 S
/ <( wa)_ (K,) ) (W2 — &2)dn = {Kw; (ws - w) _ K& (w —w)]
0 Wsg Ws Ws Ws 0

This implies that ws = @s. The proof of (1.10) is similar as the proof of estimate
(2.5) in [11, Theorem 4.1]. O

3 Problem with measure data

3.1 The regular problem
Set G(r) = [, g(s)ds. We consider the functional J in L*(R,) with domain
D(J) = H'(R,) defined by
1 (oo}
T(u) = 5/ w2dz + G(0).
0

It is convex and lower semicontinuous in L?(R,) and its subdifferential 0.J
sastisfies

/ 0 () Cd = / T waCoda + g(u(0))C(0)
0 0

for all ¢ € H'(R,). Therefore

ot == [ uaatin + (9(at0) - wa 0)00)
0 0

Hence
0J(u) = g, forall u€ D(OJ) = {ve H' (Ry):v,(0) = g(v(0))}. (3.1)

The operator dJ is maximal monotone, hence it generates a semi-group of
contractions. Furthermore, for any ug € L?*(Ry) and F € L*(0,T; L*(L*(Ry))
there exists a unique strong solution to

Ui+ 0JU)=F ae. on (0,T)

D) = uo (3.2)

8



Proposition 3.1 Let p € H*(0,T) and v € L*(Ry). Then there exists a
unique function u € C([0,T]; L*(Ry) such that V/tu,, € L*((0,T) x Ry) which
satisfies (3.3). The mapping (p, V) — u = u,, s non-decreasing and u is a
weak solution in the sense that it satisfies (1.14).

Proof. Let n € C2([0,00)) such that n(0) = 0, n(0) = 1. If f € H0,7),
v € L*(R,), and u is a solution of

Ut — Ugge = 0 in Q§+
—uz(.,0) + g(u(.,0)) = p(t) in [0,7) (3.3)
u(0,.) =v in Ry,

where v € L?(R..), then the function v(t,z) = u(t,z) — u(t)n(x) satisfies

Vit — Ugge = F n QH€+
—v,(.,0) + g(v(.,0)) =0 in [0,7T) (3.4)
00, ) =v—p(O)n i Ry,

with F(t,z) = —(¢/ (t)n(z) + p(t)n” (x)). The proof of the existence follows by
using [2, Theorem 3.6].

Next, let (@, 7) € HY(0,T) x L?*(R;) such that it < g and 7 < v and let
U = ug,p, then

Lar G /Ooo(az(ﬂ—u)+)2d$—(/1(75)—M(t))(ﬁ(t,o)—u(t,o))+

+ (9(a(t,0)) — g(u(t,0))))(a(t,0) — u(t,0)) =0
Then - -
/O (i — w2 de| i — / (i—ulde=0 on [0,7].

We can also use (1.18) to express the solution of (3.3):

u(t, x) / E(t,z,y)v dy+2/01E(t —s,z)(u(s) — g(u(s,0)))ds.

In particular, if g(0) = 0, then

fu(t, )] < / Bt y) ()l dy + 2 / E(t — s,2) u(s)|ds.

The proof of (1.14) follows since u is a strong solution. 0
Next, we prove that the problem is well-posed if p € L1(0,T).
Proposition 3.2 Assume {v,} C C.(Ry) and {u,} € C1([0,T]) are Cauchy

sequences in LY*(Ry) and L'(0,T) respectively. Then the sequence {u,} of so-
lutions of

unt_una:mzo in Q§+
a5 0) + gun(0)) = p®) i [0,T) (35)
un(0,.) = v, in Ry

converges in C([0,T]; L*(R) to a function u which satisfies (1.14).



Proof. For € > 0 let p. be an odd C* function defined on R such that p. > 0
and p(r) =1 on [¢,00), and put je(r) = [ pe(s)ds. Then

% Oooje(un - um)dx + /Ooo(un:v - umz)zp;(un - um)da7
+ (9(un(t,0)) — g(um(t,0))) pe(un(t,0) — um(t, 0))
= (,Un(t) - /Lm(t)) De (un(t7 O) — Um (ta 0))
Hence

/Oooje(un = um)(t, 2)dz + (9(un(t,0)) = g(um(t,0))) pe(un(t, 0) — um(t, 0))

</ T e — )+ (1) — i (8)) et (£,0) — (£, 0)).
0

Letting € — 0 implies p. — sgng, hence for any ¢ € [0, T,

/ "l — (£, 2 + g(tn (2, 0)) — glatm (2, 0)|
0 (3.6)

< [ = e+ o) = )
Therefore {u,} and {g(un(.,0)} are Cauchy sequences in C([0,7]; L*(R,)) and
C([0,T]) respectively with limit v and g(u) and u = w,,, satisfies (1.14). If we

assume that (v,7) and (p, i) are couples of elements of L'(R,) and L(0,7)
respectively and if v = w,,,, and @ = up 3, there holds by the above technique,

[l e + gttt 00) ~ gtate.0)

0 - (3.7)

< / |7 — D|dx + |a(t) — p(t)] for all t € [0,T].
0

|
The following lemma is a parabolic version of an inequality due to Brezis.

Lemma 3.3 Let v € LY(Ry) and u € L*(0,T) and v be a function defined in
[0,T) x Ry, belonging to Ll(QH:ng) N L1(83Q£+) and satisfying

_/OT/OOO(Q + () vdadt = /OTc(.,O)udtJr/ooougdm. (3.8)

Then for any ¢ € X(Q§+), ¢ >0, there holds

T poo 9] 00
_/ / (Gt + Caa)|v]dzdt < / ¢(.,0)sign(v)udt —l—/ lv|Cde. (3.9)
0Jo 0 0

Similarly
T oo [eS) 00
—// (Gt + Coa ) dadt S/ C(.,O)sign+(v)udt+/ viCdx.  (3.10)
0Jo 0 0

10



Proof. Let p. be the approximation of signg used in Proposition 3.2 and 7. be
the solution of . "
“MNet — Neaxx = pe(v) m Q]R+
Nex(,0) =0 in [0, 7
7:(0,.) =0 in Ry.
Then || < n* where n* satisfies
7nt - nzz 1 in Q£+
7:(,0) =0 in[0,T]
7*(0,.) =0 in Ry.
Although 7. does not belong to X(Q@) (it is not in CH2([0,T) x Ry), it is an
admissible test function and we deduce that there exists a unique solution to

(3.8). Thus v is given by expression (1.18).
In order to prove (3.9), we can assume that ¢ and v are smooth, ¢ € X(Q%&;)7

¢ > 0 and set h = p.(v)¢ and we = vp(v), then
| hesevde = [ 000G+ 900 + (b)) v
0 0

=Amw@@%@—m4fwmmmw»mx
- C(tv O)U(tv 0)p/e (U(tv 0))Um (tv 0)
=—A(@@@»+W@MQM—Wﬂmewwm%mm

_ /OOO (CP' (v)evZ — je(v) o) dz — ((t,0)0(t, 0)pL(v(t,0))v4(t,0),

(3.11)
and

T T
/ hevdt = / (Pe(v)Ce + pL(v)Cuy)vdt. (3.12)
0 0

Since v is smooth

O—// (vt — Vg ) hedxdt
/ / het + he g )vdadt — / he(0,2)v(z)d
o Jo 0

*/0 [pe(v(t,0)) — v(t, 0)p,(v(t,0))] C(t, 0)u(t)dt.
Therefore, using (3.9) and (3.10),
—Too'v vp(V)(;) dx e L (v)v2 — vp! (v)vC) dx
|| Gt +onoicydsar+ [ [ @hwz = o)) dod
00 T
:/ he((),x)u(l’)d:z:+/ he(t,0)p(t)dt.

0 0
(3.13)

11



Put £c(s) = [ rp.(r)dr, then |€(s) < ce tsx,_, ,(s)|. Since

/O ' /O " copl (v)ndadt = — /0 0. (0(0,2))C()dz /O ' /0 ~ 0. (o) dudt,

and ¢ has compact support, it follows that

T poo
lim / / Copl(v)vpdzdt = 0.
o Jo

e—0

Letting € — 0 in (3.13), we derive (3.9) for smooth v. Using Proposition 3.2
completes the proof of (3.9). The proof of (3.10) is similar. O

Remark. Inequalities (3.9) and (3.10) hold if {(¢,x) does not vanish if |z| > R
for some R but if it satisfies

lim sup (C(t,) + G (t,2)]) = 0. (3.14)

T30 40,7

The proof follows by replacing ((t, z) by ((t, z)n,(x) where n,, € C° (R ) with
0 <mn <1, ma(z) =1 on [0,n], nu(x) = 0 on [n+1,00), [n,| <2, [n;| <4
Then n,,¢ € X(Q%L) by letting n — oo and the proof follows by letting n — oo.

3.2 Proof of Theorem 1.3

We give first some heat-ball estimates relative to our problem. Forr > 0, z € Ry
and t € R we set

e(t,x;r) = {(s,y) €(0,T) xRy :s<t, E(t—s,z,y) > 7“}. (3.15)
Since
e(t,x;T) C [t — W’t] X [f,C— ’rlﬁ’x—’— ﬁL
there holds 1
e(t,x;r)| < ——, 3.16
o) < oy (3.16)
and if
e*(t;r)={s€(0,T):s<t, E(t —s,0,0) >r}, (3.17)
then we have
(1, 1 * (4.
e (t;r) C [t — gmez, t] = |e"(t;7)| < e (3.18)

If G is a measured space, A a positive measure on G and ¢ > 1, M4(G, ) is
the Marcinkiewicz space of measurable functions f : G +— R satisfying for some
constant ¢ > 0 and all measurable set £ C G,

1
7

/E FldA < c(ME))7 (3.19)

and
Hf||Mq(G)/\) = inf{c > 0 s.t. (3.29) holds}.

12



Then

Lemma 3.4 Assume ju,v are bounded measure in Ry and R respectively and
u is the solution of (1.17) given by (1.18) and v, , is the solution of (1.17).

||UV,M||M3(Q]§+) + ‘

Uv,p LBQD{+

<ec + |V .
g < (Wlomoaz,) + ez, )

(3.20)

Proof. First we consider vg

vo,u(t,x) = 2/0 E(t — s,x)du(s).

If F C [0,T] is a Borel set, than for any 7 > 0

/E(t —5,0)ds = /
F Fn{E<T}

E(t—s,0)ds+ /
Fn{E>T}
< T|F|+/ E(t—s,0)ds
{E>T1}
<rlp| = [ adler (e, )

< 7|F| +/ Adle*(t, \)]

<7|F|+

E(t —s,0)ds

drer’
If we choose 72 = —L— . we derive
4dme|F|?

[N

/E(t —5,0)ds < 7]
F

. 3.21
— (3.21)
If ' C (0,T) is a Borel set then

‘/vo}u(t,O)dt’ =2
F

ﬁ

N

/Ot/FE(t— 5,0)dtdu(s)| < 2|F|

Jre ||M\|sm(acg§+)~
This proves that
v <c . 3.22
w0 loa, oar, = “IHlancer,) (3.22)
Similarly, if G C [0,7T] x [0, 00) is a Borel set, then
/E(t 0)ds < 21618 (3.23)
—s,2,0)ds .
G ) ) — \/7]'76 )
and
||U0,u||M3(QD{+) <c ||M||sm(aQ§+) : (3.24)
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In the same way we prove that

Uv,0 LBQD{

N < CHVHEm(QI{er (3.25)

HUu,OHMs(Q%_F) + ‘ ‘M2(8QD§+)

This ends the proof. O
Proof of Theorem 1.3

Uniqueness. Assume u and @ are solutions of (1.1), then w = u — @ satisfies

Wy — Wyy =0 in Q.
—wa(.,0) + g(ul.,0)) — g(ii(.,0)) = 0 in [0,7) (3.26)
w(0,.) =0 in Ry.

Applying (3.9), we obtain
T poo ')

- / / (Co + Con)lldadt + / (9(u(..0)) — g(ii(., 0)))sign(w)C(t,0)dt < 0,
0JO 0

for any ¢ € X§+ with ¢ > 0. Let 6 € Ccl(QH{J, n > 0, we take ¢ to be the
solution of

—Ct — <a::1: =0 in (O,T) X R+
C(t,0)=0 in (0,7)
¢(T,z)=0 in (0, 00).

Then ( satisfies (3.14), hence

/0/0009|wdxdt+/ooo(g(u(.,0)) ~ g(al.,0)))sign(w)C(,0)dt < 0,

This implies w = 0.

Existence. Without loss of generality we can assume that p and v are nonneg-
ative. Let {v,} C C.(R;) and {pn} C C.([R4]0,T)) converging to v and p in
the sense of measures and let w,, be the solution of (3.5). Then from (3.7),

T poo T oo T
/ / |un|dzdt —|—/ lg(un(t,0))|dt < T/ |vy, |dx +/ lpn|dt.  (3.27)
0o Jo 0 0 0

Therefore w,, and g(u,(.,0)) remain bounded respectively in Ll(Qﬂa) and in
L'(0,T). Furthermore, by Lemma 3.4, u,, remains bounded in M 3(Q§+) and
in M 2(8Q§+). We can also write u,, under the form

up(t, r) = /OOOE(t7w7y)un(y)dy+2/o E(t — s,2)(vn(t) — g(un(t,0)))ds

=A,(t,x) + By(t,x).
(3.28)
Since we can perform the even reflexion through y = 0, the mapping

(t ) o An(tz) = /0 T Bt 2, )i )y,
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is relatively compact in O, (Qf,) for any m € N*. Hence we can extract
a subsequence {u,, } which converges uniformly on every compact subset of
(0,T) x [0,00), hence a.e. on (0,7] for the 1-dimensional Lebesque measure.
Concerning the boundary term

(t,z) — Bp(t,x) := /0 E(t—s,2)(vn(t) — g(un(t,0)))ds,

it is relatively compact on every compact subset of [0,7] x (0,00). If x = 0,

then
B (t,0) :/0 (va(t) —g(un(tvo)))ﬂ(is_s)'

Since [[vn(.) = g(un(.,0))l 11 7), t = Ba(t,0) is uniformly integrable on (0, T),
hence relatively compact by the Frechet-Kolmogorov Theorem. Therefore there
exists a subsequence, still denoted by {ny} such that By, (¢,0) converges for
almost all ¢t € (0,7). This implies that the sequence of function {u,, } defined
by (3.28) converges in Q%; up to a set © U A where © C Q§+ is neglectable

for the 2-dimensional Lebesgue measure and A C 85Q£+ neglectable for the
1-dimensional Lebesgue measure.
From Lemma 3.4, (uy, & LQDQ ) uL@zQ]§+) converges in L}OC(Q§+) X L1(6¢Q§+)

and the convergence of each of the components holds also almost everywhere (up
to a subsequence). Since u,,  is a weak solution, it satisfies for any ¢ € X(QH{Jr)

T poo T
—/ / (Ct + Cm)umkdxdt + / (g(un,k)é) (t, O)dt
070 0 (3.29)

o) T
_ / Con(z)dz + / C(t, 0) a1 (1),
0 0

In order to prove the convergence of g(un x(t,0)), we use Vitali’s convergence
theorem and the assumption (1.19). Let F' C [0,7] be a Borel set. Using the
fact that 0 < uy, , < vy, 4, , and the estimate of Lemma 3.4, we have for any
A >0,

/ 9t (2,0t < / 9t (2, 0))dt + / g1 (£, 0))|d
F F{un i (£,0) <A}

{un,,k(t>0)>>‘}

<oirl - [ Zod{t : lguni(t,0)] > o}

< gW)IF| + e / l9(0)|o—ds,
A

where ¢ depends of ||MHDII(8Q“{+) + HVHW(QLQ)' For € > 0 given, we chose A large

enough so that the integral term above is smaller than ¢ and then |F| such that
g(AN)|F|+ < e. Hence {g(unk(.,0))} is uniformly integrable. Therefore up to a
subsequence, it converges to g(u(.,0)) in L*(0,T). Clearly u satisfies
T poo T
*/ / (Gt + Cua)udxdt +/ (g(w)Q) (t,0)dt
070 0 (3.30)

[e%) T
_ / Cv()de + / C(t,0)ult)dt,
0 0

15



which ends the existence proof.

Monotonicity. If v > U and p > fi; we can choose the approximations such that
Vp > Uy and iy > fin. It follows from (3.10) that w,,, ., > s, 4, Choosing the
same subsequence {ny}, the limits «, @ are in the same order. The conclusion
follows by uniqueness. O

3.3 The case g(u) = |ulP~lu

Condition (1.19) is satisfied if p < 2. If this condition holds there exists a
solution uss, = uo,es5, and the mapping ¢ — wuys, is increasing.

Theorem 3.5 (i) If 1 <p < %, ugs, tends to oo when k — oo.

(it) If 3 < p < 2, ugs, converges to U, defined by U, (t,x) =t~ 2<P1*1>ws(%),
when k — oo.

Proof. By uniqueness and using (1.3), there holds
Tk[uwo] =U 2-p, , (331)

for any k,¢ > 0. Since ¢ — wuys, is increasing, its limit u.,, when £ — oo,
satisfies

Ti[too] = Uoo- (3.32)
Hence u is a positive self-similar solution of (1.2), provided it exists. Hence
Uoo = Uy, if % <p<2. Ifl<p< %, uks, admits no finite limit when k& — oo
which ends the proof. O

Remark. As a consequence of this result, no a priori estimate of Brezis-Friedman
type (parabolic Keller-Osserman) exists for a nonnegative function u € C**(Qg°, \
{(0,0)} solution of

Up — Ugy = 0 in QY
Ry
— (-, 0) + [ulP~tu(.,0) =0  forall t>0 (3.33)
u(0,2) =0 forall z>0.
when 1 < p < % When % < p < 2 it is expected that
c

ult,r) < ——m——.
0= e v g

(3.34)

The type of phenomenon (i) in Theorem 3.5 is characteristic of fractional dif-
fusion. It has already been observed in [5, Theorem 1.3] with equations

up + (—A) +tPuP =0 in Ry x RNu((0,.) =k in RY  (3.35)

when 0 < a < 1 is small and p > 1 is close to 1.

4 Extension and open problems
The natural extension is to replace a one dimensional domain by a mutidime-

nional one. The main open problem is the question of a priori estimate as stated
in the last remark above.
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4.1 Self-similar solutions

Let n = (m1, ..., ) be the coordinates in R™ and denote R} = {n = (01, ....,nn) =
12

('ynn) : mn > 0}, We set K(n) = et and K'(n)= et Similarly to Section

2 we define Ly in C2(R™) by

Lk (¢) = —K 1div(KVg). (4.1)
If o = (a1,...,an) € N we set |a] = a1 + as + ... + a,,. We denote by ¢

the function K~'. Then the set of eigenvalues of Lx is the set of numbers
{)\k = "TH“ ke N} with corresponding set of eigenspaces

Ny = span{D%¢1 : |a| = k}.
The operators ,C};’N and E;’D are defined acoordingly in Hj (R’ ) and H}go(Ri)

respectively and a(ﬁz’N) = {2t* .k e N} and J(CQ’D) = {2k keN*}
Furthermore

Ni,n = ker (L';’N — "TH“Id) = span {D%1 : |a| = k, o, = 2¢ with £ € N},

(4.2)
and
Nip = ker (E};’D - #Id) = span {D°, : |a| = k,an = 20+ 1 with £ € N}
(4.3)
Since E}?N and £+’D are Fredholm operators,
Hi(RY) @NM and Hp'(R™) @Nw (4.4)

k=0

We define the following functional on H (R'}.)

1 1 1
J(6 =f/ <v¢>2— ¢> Kdn+ —— </>”“K’dn’- 4.5
The critical points of J satisfies

1 1
—Aw—-nVw— —w=20 in R%
2" 20— 1) + (4.6)
—wy, +|wPlw=0 in ORZ.

If w is a solution of (4.6), the function

1z
uy(t,x) =t 2-Dw(—=) (4.7)
Vit
satisfies
Uyt — Ay, =0 in Qf& = (0,00) x R A
~Uz, + [uwP " u, =0 in 8@@5@ == (0,00) x OR%. (4.8)

Here we have set R} = {z = (z1,...,2,) = (', 2) : ©, > 0}. We denote by &
the subset Hj (R7) N LP(OR";dn’) of solutions of (4.6) and by &£, the subset
of positive solutions. As for the case n = 1 we have the following non-existence
result
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Proposition 4.1 1- Ifp>1+ %, then € = {0}.
2-If1<p< 1+n+1, then &4 = {0}

The proof is similar to the one of Theorem 1.1. Hence the existence is to be
found in the range 1 + =5 <p <1 —|— =

Conjecture Assume 1+ n+1 <p<l1l+ %, then the functional J is bounded
from below in Hj(Ry) N LY, (OR"). Furthermore J(¢) tends to infinity when

160y gy + [[oLom

o5 o) tends to infinity.

4.2 Problem with measure data

The method for proving Theorem 1.3 can be adapted to prove the following
n-dimensional result

Theorem 4.2 Let g : R — R be a nondecreasing continuous function such that
g(0) =0 and

/100(9(8) —g(—s))s™ i ds < 0, (4.9)

then for any bounded Radon measures v in R’ and p in (0,T) x OR"}, there

R‘Il
exists a unique Borel function u := u,,, defined in Q" := [0,T] x R} such

that u € Ll(QH;ﬁ), ul(0,7)xoR7 € LY((0,T) x OR™) and g(u) € L*((0,T) x OR™)
solution of

—Au=0 n Q%i
Uz, +9(u) =p in 85@%51 (4.10)
u(0,.) =v in R,

in the sense that

//QT —0,¢ — AQ) udxdt—i—//a[QT w)Cda'dt = /Rngdw//&,y C,

(4.11)
for all ¢ € CH%( Ri) such that (z, = 0 on (0,T) x R} and ((T,.) = 0.

Furthermore (v, ) v u,,,,) is nondecreasing.
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