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Strictly axisymmetric turbulence, i.e., turbulence governed by the Navier-Stokes equa-
tions modified such that the flow is invariant in the azimuthal direction, is a system
intermediate between two- and three-dimensional turbulence. We investigate statistically
steady states of this system by direct numerical simulation using a forcing protocol,
which allows the injected energy in the toroidal and in the poloidal directions to be tuned
independently. A sharp transition between a two-dimensional two-component (2D2C, non-
swirling) flow and a two-dimensional three-component (2D3C, swirling) flow is observed.
We derive a statistical model which reproduces this transition.

DOI: 10.1103/PhysRevFluids.5.064602

I. INTRODUCTION

In classical statistical physics terminology, transition refers to a change of a system state into
another state when varying a control parameter. In phase transitions, the states are characterized by
different symmetries, so that the transition reflects a spontaneous breaking of the symmetry. In such
transitions, the order parameter, encoding the symmetry of the state, switches from 0 to a nonzero
value, as a function of the control parameter. Such a type of transitions has also been observed in
hydrodynamics, when the flow switches from the laminar to a turbulent state, as the different basic
symmetries (translation, reflection, rotation, etc.) are gradually or abruptly broken, when increasing
the Reynolds number. More recently, transitions between different turbulent states with different
statistical symmetries were evidenced either experimentally [1,2] or numerically [3,4], still falling
into the classical paradigm of spontaneous symmetry breaking.

In 1976 Frisch, Lesieur, and Sulem [5] investigated a new paradigm in turbulence by looking
at transitions mediated by continuous changes of dimensionality of the flow from D = 2 to D = 3.
In their investigation, the equivalent of the order parameter was the sign of the energy cascade
direction, which changes from negative (backward cascade) to positive (forward cascade), for
a value of D close to 2. Using the dimensionality as a control parameter is a rather abstract
protocol that cannot be reproduced in natural flows. Instead, one can use body forces or geometrical
confinement to introduce anisotropy in the flow and study the transition between two turbulent flows,
with different effective dimensionality [6]. One can, for example, consider thin fluid layers [3,4],
where the control parameter is the ratio between the thickness of the fluid layer and the scale at
which energy is injected. One can also apply a magnetic field on a conductive fluid, resulting in the
appearance of the Lorentz force, or the application of a solid body rotation, introducing the Coriolis
force in the momentum balance [7]. In such cases, the control parameter is the ratio between the
force and the inertia. When the control parameter becomes of order one, the flow becomes invariant,
or almost, along the direction of the magnetic field or of the rotation axis, respectively. These
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two configurations therefore exhibit transitions from three-dimensional three-velocity-component
(3D3C) to two-dimensional three-velocity-component (2D3C) turbulent flows. In other words, the
flows in these examples have three nonzero velocity components, but these three components can
vary either in the three dimensions or in a plane only (perpendicular to the axis of rotation or to the
magnetic field).

In the present work, we investigate by direct numerical simulation a transition from 2D2C to
2D3C turbulence, corresponding to a transition from strict 2D without vortex stretching to 2D3C
(with vortex stretching). Such a transition occurs in strictly axisymmetric turbulence, an azimuthally
invariant solution of the Navier-Stokes equations. This system is intermediate between 2D and 3D
turbulence and was recently investigated by direct numerical simulation. It was shown in particular
that an inverse energy cascade, responsible for the generation of large-scale coherent structures,
and a direct helicity cascade towards small scales can coexist in this flow [8,9]. As predicted from
theoretical works using statistical mechanics tools [10–12], different turbulent states were obtained
for non-swirling (zero azimuthal velocity component, 2D2C) and for swirling flows (2D3C). We
show here that a transition from the non-swirling to the swirling regime can be obtained by using
the forcing anisotropy as a control parameter.

The paper is organized as follows. We first recall the definition of strictly axisymmetric
turbulence and give some definitions in Sec. II. The numerical method and the results of the
simulations carried out are presented in Sec. III. A statistical model is derived and its results are
compared with these numerical data in Sec. IV. Finally, our conclusions are reported in Sec. V.

II. AXISYMMETRIC TURBULENCE

We consider incompressible, Newtonian, and isothermal axisymmetric turbulence. The flow
is confined in a cylindrical domain of radius R and of axis length H and is a solution of the
Navier-Stokes equations written in cylindrical coordinates (r, θ, z) for the three velocity components
u = (ur, uθ , uz ). The system is assumed invariant in the toroidal direction. In practice, this means
that u = (ur (r, z), uθ (r, z), uz(r, z)) and that the pressure p = p(r, z), so that any toroidal variation
∂θ (u, p) is zero. All external effects which can inject energy into the system in this simplified system
are modeled by a forcing term added in the momentum equation. Under these assumptions, the flow
is solution of the following system of equations:

Dt [ur] = fr + ν�rur − 1

ρ
∂r p + u2

θ

r
, (1)

Dt [uz] = fz + ν�zuz − 1

ρ
∂z p, (2)

Dt [uθ ] = fθ + ν�θuθ − uruθ

r
, (3)

where the operator Dt is defined as

Dt [g] = ∂t g + ur∂rg + uz∂zg, (4)

ρ is the fluid density, ν its kinematic viscosity, and �i are the three components of the cylindrical
vector Laplacian. Incompressibility is ensured by the relation

1

r
∂r (rur ) + ∂zuz = 0. (5)

The forcing fi considered in this investigation is based on the negative viscosity method [13] and
will be defined more precisely later.

We will distinguish throughout this study the poloidal plane (r, z) from the toroidal (azimuthal)
direction. Note that axisymmetric turbulence can, in the absence of toroidal fluctuations, be
reformulated, using a suitable change of variables, as purely Cartesian 2D turbulence [14,15],
except for the exact form of the Laplacian. This means that to a good approximation axisymmetric
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turbulence with no swirl is effectively 2D. When a swirl is present, it can act as a source of toroidal
vorticity (i.e., the vorticity associated with the poloidal movement), as can be checked by taking
the curl of Eqs. (1) and (2). The vorticity is thus not conserved anymore, making the dynamics
intermediate between 2D and 3D. A discussion of the dynamics of axisymmetric turbulence can be
found in Ref. [10], where the invariants of the inviscid system and the evolution of the vorticity and
angular momentum within this system are discussed.

The interaction between the toroidal and the poloidal dynamics is represented by the last terms
on the right-hand sides of Eqs. (1) and (3). This coupling will be important in the following.

A measure of the flow “swirliness” is the ratio

γ = ET

EP
, (6)

where ET and EP, respectively, denote the toroidal and poloidal components of energy:

ET =
〈
u2

θ

〉
2

, (7)

EP =
〈
u2

r + u2
z

〉
2

, (8)

where 〈...〉 are volume averages. If γ = 0 the flow is purely poloidal (uθ = 0) and 2D, whereas if
γ > 0 toroidal and poloidal velocity fluctuations coexist, and the flow is 2D3C [10]. These energy
components are solutions of equations that can be derived from the Navier-Stokes equations (1)–(5)
and formally write:

dEP

dt
= FP − εP + T , (9)

dET

dt
= FT − εT − T , (10)

where εP and εT are viscous dissipation terms (εP, εT > 0), FP and FT are terms corresponding to
the work induced by the poloidal or the toroidal component of the forces (FP, FT > 0), and T is the
transfer from the toroidal to the poloidal energy components:

T =
〈

u2
θur

r

〉
. (11)

A physical interpretation of this term is that, through conservation of angular momentum, inward-
directed (poloidal) flow increases the toroidal part of the kinetic energy. The detailed behavior of this
term is important, since it is the only term which allows transfer of energy between the components.

In most of the following, we will consider time-averaged values during a statistically steady
state. We therefore assume tacitly that all quantities are time averages, unless the time argument is
explicitly mentioned [e.g., ET(t )].

III. NUMERICAL SIMULATIONS

A. Method

The Navier-Stokes equations (1)–(5) were integrated by using a fully spectral method based on
an expansion of the velocity field in a basis consisting of a combination of Fourier modes in the axial
direction and of Bessel functions in the radial one [8] (the code is based on the original design of
Ref. [16]). In this approach, n and q are the mode numbers, respectively, associated to the axial and
radial directions, kn being the axial wave number and γq the qth zero of the Bessel function J1 in the
radial direction. This allows us to define a global wave number defined as k(n, q) = (k2

n + γ 2
q )1/2.

As already mentioned, use was made of the negative viscosity method to force the flow [13]:

f̂i(k) = ciνh(k)ûi(k), i ∈ {r, θ, z}, (12)
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where ĝ denotes the spectral coefficient associated with a function g(r, z), h(k) = k2 for k f ,min �
k � k f ,max and zero elsewhere, and ci is a dimensionless forcing coefficient measuring the intensity
of energy injection in the i direction (i ∈ {r, θ, z}). This forcing scheme allows solutions uθ = 0,
ur = 0 or uz = 0 for every value of the forcing strength. Contrary to the configuration investigated
in Refs. [8,9], in which the flow was periodic in the axial direction, we imposed a confinement of
the fluid in the cylindrical domain by using a suitable choice of the axial mode numbers n [17].

We carried out 150 simulations in a cylindrical domain of radius R = π and height H = 1.7π .
In all of them the viscosity was set to ν = 0.01, and the same value is used in expression (12). The
initial conditions of the simulations consist of random incompressible noise in all three velocity
components with an initial value of the total energy of E = 0.01. Calculations were performed using
52 modes in the radial direction and 45 modes in the axial one. The forcing band, 11 � k � 15,
corresponds to scales intermediate in size between the dissipation scale and the cylinder size, as in
Ref. [9], which allows for the existence of cascades towards both small and large scales. The forcing
coefficients were set such that cr = cz ≡ cP and cθ ≡ cT.

B. Parameters of the transition and their meaning

The values of cP and cT were both chosen in the interval [1,3.6]. Statistically steady states were
reached in all cases presented here. The results in the following subsection are obtained through
statistics performed over the corresponding statistically steady states. In the sequel, we choose
the order parameter to be the ratio γ between the toroidal and poloidal energy components time
averaged during the statistically steady state, as its variation from zero to nonzero values reveals
the transition from 2D2C to 2D3C flow. We further checked that in the range of cT and cP values
considered here, γ depends, as a first approximation, only on the ratio of these parameters. We thus
choose cT/cP as the control parameter. Such a parameter physically represents the anisotropy of
the forcing and reflects how large is the toroidal force term in the force balance compared with the
poloidal force. The γ parameter represents the response of the system to this forcing anisotropy, and
which fraction of toroidal energy can be sustained in the flow, under such a constraint.

C. Numerical results

We first show in Fig. 1 the time evolution of the poloidal and toroidal energy components, for
two distinct choices of the forcing parameters such that cT/cP = 1/3 and cT/cP = 3, respectively.
Statistically steady states are observed after a transient time. In this regime, although both
energy components fluctuate around finite values when cT/cP = 3 [Fig. 1(b)], the toroidal energy
component ET is found to be zero for cT/cP = 1/3 [Fig. 1(a)]. In that case, the flow therefore
remains 2D2C, without swirl (uθ = 0).

In the following we report only on steady-state results. As mentioned all quantities indicate
steady-state time averages. In Fig. 2(a) we show the steady-state values of EP and ET as a function
of the forcing ratio. It is observed that the toroidal energy bifurcates from a zero to a nonzero value
for a forcing ratio γ somewhat above unity. At large values of cT/cP, ET seems to saturate at a
constant value, while the poloidal energy is reduced to a value below unity. There is considerable
scatter in these values.

The scatter reduces when, instead of the energies, their ratio is considered. In Fig. 2(b), γ is
plotted as a function of cT/cP, and the bifurcation is here also clearly visible. A transition from a
2D2C (ET = 0) to a 2D3C (ET �= 0) state, occurring for cT/cP ≈ 1, is observed. For weak toroidal
forcing, the flow is purely poloidal, governed by purely 2D dynamics. When cT/cP ≈ 1, a sharp
transition is observed towards a swirling state, where both toroidal and poloidal velocity components
are finite. An almost functional relation is observed between γ and cT/cP.

The different natures of the flows for cT/cP < 1 and cT/cP > 1 are also illustrated in Fig. 3, in
which the poloidal flow, time averaged during the stationary state is shown. Coherent large-scale
structures reminiscent of 2D turbulence are clearly visible in the case cT/cP < 1 [Fig. 3(a)], which
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FIG. 1. Time evolution of the poloidal and toroidal energy components for: (a) cP = 3, cT = 1 (cT/cP =
1/3) and (b) cP = 1, cT = 3 (cT/cP = 3). Time is normalized by τ = R/(2E/3)1/2, where E is the total kinetic
energy of the flow, time averaged in the statistically steady state.

is not the case when cT/cP > 1 [Fig. 3(b)], whatever the time interval chosen. The exact type of
structures obtained in the former case may depend on the time interval chosen, as is well known in
forced, 2D wall-bounded turbulence [18].

We illustrate the different dimensionalities of the flows for cT/cP < 1 and cT/cP > 1 by showing
in Figs. 4(a)–4(c) energy spectra. For the definition of the energy spectra and the spectral fluxes
we refer to Ref. [9]. When cT/cP < 1 [Fig. 4(a)], a clear signature of an inverse energy cascade
is observed, unlike in the case cT/cP > 1 [Fig. 4(c)]. In this latter case for wave numbers smaller
than the injection scale an approximate equipartition of energy is observed, with a wave number
dependence roughly proportional to k. In the intermediate case Fig. 4(b), cascades in both directions
seem to be present.

The cascade directions are confirmed in Figs. 4(d) and 4(f), in which the energy flux �(k) is
shown. We observe in all cases, coexistence of “direct” and “inverse” cascade (with positive or

064602-5



QIN, FALLER, DUBRULLE, NASO, AND BOS

FIG. 2. (a) Steady-state values of the poloidal and toroidal energies as a function of cT/cP, for the complete
set of simulations. (b) Ratio between the energy components time averaged during the steady state, γ = ET/EP,
plotted as a function of the forcing parameter ratio.

FIG. 3. Contour plots of the time-averaged poloidal stream function ψ defined as ur = −∂zψ/r, uz =
∂rψ/r. The average is performed during the statistically steady state. The time interval over which ψ is
averaged is (a) 4 < t/τ < 16 and (b) 9 < t/τ < 22. Forcing parameters are (a) cP = 3, cT = 1 (cT/cP = 1/3)
and (b) cP = 1.2, cT = 3.6 (cT/cP = 3).
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FIG. 4. Time-averaged (a, b, c) energy spectra of the total, poloidal and toroidal energy, and (d, e, f)
energy flux. Values of the forcing parameters: (a, d) cP = 3, cT = 1 (cT/cP = 1/3); (b, e) cP = 2.77, cT = 3.13
(cT/cP = 1.1); (c, f) cP = 1.2, cT = 3.6 (cT/cP = 3). The vertical dashed lines indicate the range of wave
numbers in which forcing is applied. The solid black line in panel (c) indicates a scaling proportional to k.

negative flux), albeit with different relative intensity, resulting in different relative intensity for the
poloidal to toroidal energy. For the purely poloidal flow [Fig. 4(d)], an important part of the energy
is transferred to lower wave numbers. This is not the case in the swirling regime [Fig. 4(f)], where
the energy flux is predominantly directed towards the large wave numbers. In the intermediate case
[Fig. 4(b)] fluxes in both directions are clearly present. Such behavior is reminiscent of the “split
energy cascade” scenario, also observed for geometrically constrained 3D flow, as the aspect ratio
(the control parameter) is varied from 0 to 1 [6].

In Figs. 5 and 6 we document all terms on the right-hand side of Eqs. (9) and (10). Insight in the
behavior of these terms will allow us to model and thereby better understand the dynamics of the
system. We observe in Fig. 5(a) that the dissipation displays a bifurcation similar to that exhibited
by the energy. The poloidal and toroidal dissipations behave qualitatively as the energy components.
The energy forcing terms FP and FT are plotted as a function of the poloidal and toroidal components
of the energy, respectively, in Fig. 5(b). It is shown that their dependence on the associated energy
components is not so far from a linear relation.

The transfer T is perhaps the most intriguing contribution of the balance equations, since it
couples the energy of the two components. It is shown in Fig. 6 that this quantity can have both
signs depending on the value of the control parameter. For cT/cP < 1 (2D2C turbulence), no transfer
occurs between both flow components, as expected. For 1 < cT/cP � 1.3, energy is preferentially
transferred from the poloidal to the toroidal field (T < 0, the poloidal field “feeds” the toroidal
one), whereas for higher values of cT/cP it is transferred from the toroidal to the poloidal directions
(T > 0). In Fig. 6(b), where the transfer is plotted as a function of γ , it is observed that this change
of sign takes place for a value of γ ≈ 2.

To summarize the observations, we have shown numerically (consistently with Figs. 6 and 2) the
existence of a transition from 2D2C to 2D3C turbulent flows. The control parameter of this transition
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FIG. 5. (a) Steady-state values of the poloidal and toroidal dissipation rates as a function of the forcing ratio
cT/cP, for the complete set of simulations. (b) Value of the energy injection rates FP, FT, plotted as a function
of the energies EP, ET.

is the ratio between the forcing coefficients, cT/cP, the transition occurring for cT/cP ≈ 1. The order
parameter is the ratio between the toroidal and poloidal components of energy, γ , which measures
the flow “componentiality”: 2D2C for γ = 0, 2D3C for γ �= 0. We can thereby distinguish three
characteristic states:

(1) T = 0; γ = 0; the spectral energy flux is mainly negative, resulting in an inverse cascade of
poloidal energy, making the dynamics effectively 2D

(2) T < 0; γ < 2; the poloidal flow dominates; there is an inverse cascade at large scale
coexisting with a small-scale direct cascade of comparable intensity

(3) T > 0; γ > 2; the toroidal energy dominates; there is mainly a small-scale direct cascade;
the dynamics is therefore effectively 3D.

In the following we will derive a model aiming to reproduce this transition.

IV. STATISTICAL MODEL

In order to better understand the transition, we developed a statistical model of the dynamics.
Our aim was to derive the simplest possible model able to capture the steady states of the system (9)
and (10), by estimating the five terms appearing on the right-hand sides of these equations. These
terms are the forcing terms FP, FT, dissipation terms εP, εT, and transfer T . We will model these
terms using rough estimates inspired by turbulence models. The goal is not an exact reproduction of
the results, but the determination of the main physical ingredients to reproduce the observations.
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FIG. 6. Transfer from the toroidal to the poloidal energy components, T = 〈u2
θ ur/r〉, plotted as a function

of (a) cT/cP and (b) γ .

However, we will show that the model is precise enough to quantitatively compare the main
quantities to the direct numerical simulations.

The forcing terms correspond to a linear forcing at a given scale. The simplest possible model to
represent this as a function of global quantities is a linear forcing at all scales,

FP = CPEP, FT = CTET. (13)

The main simplification is here that the forcing is chosen proportional to the total energy instead of
only the energy in a spectral band. This assumption roughly holds for most of the data, as observed
in Fig. 5.

The dissipation terms are modeled using Taylor’s dissipation rate expression [19],

εP = dP
EP

τ
, (14)

εT = dT
ET

τ
, (15)

where dP and dT are dimensionless model parameters, and τ is a typical timescale associated with
the poloidal motion:

τ ∼ L/E1/2
P . (16)

In this expression L is a length scale.

064602-9



QIN, FALLER, DUBRULLE, NASO, AND BOS

The transfer of energy between poloidal and toroidal components is modeled as

T = ατ
ETEP

L2
(γ − 2), (17)

where α is a dimensionless parameter of the model and τ can be estimated as in Eq. (16). The
shape of this model is inspired by the associated transfer term in a classical Reynolds-stress model
formulated in cylindrical coordinates [20]. The value 2 in brackets is chosen since the transfer is
observed to have a zero crossing around γ = 2, as observed in Fig. 6(b).

Using these expressions, the model writes

dEP

dt
= CPEP − dP

E3/2
P

L
+ α

ETE1/2
P

L
(γ − 2), (18)

dET

dt
= CTET − dT

ETE1/2
P

L
− α

ETE1/2
P

L
(γ − 2). (19)

More details on the derivation and modeling assumptions can be found in Ref. [17].
Now, to simplify the algebra, we introduce the quantity

ζ = cT

cP
. (20)

Steady states of the system (18) and (19) can be readily determined. They are solutions of the
following equation for γ :

γ

[
γ 2 + 1 − 2ζ

ζ
γ + dT − dPζ − 2α

αζ

]
= 0, (21)

with solution γ = 0 or

γ± =
(

1 − 1

2ζ

)
±

√
1 − dT

αζ
+ 1

ζ
+ 1

4ζ 2
+ dP

α
. (22)

We observe immediately that this solution only depends on ζ and not on the individual values of
the forcing parameters, as in the simulations. Furthermore, we see that the length scale L does not
intervene in the expression. The solution depends thus on two parameters, dT/α and dP/α. Stable
solutions are γ = 0 and γ+. We have fitted this last solution to the data of γ (ζ ) for γ > 1 and found
the values dP/α = 38.4 ± 1 and dT/α = 46.1 ± 1. This solution is plotted in Fig. 7(a). It is observed
that some rough agreement is observed. Indeed, the model, like the data, describes a transition from
γ = 0 to a γ �= 0. Furthermore, the model yields a functional relation between γ and ζ for most
values of ζ and a saturation to a finite value for large values of ζ . For the model this saturation is
given by the value γ = 1 + √

1 + dP/α. From this expression it is clear that the transfer is essential
to prevent the toroidal energy from diverging to infinity. Indeed, Eq. (19) shows that all terms are
linear functions of ET except the transfer term, so that in the absence of this term no nonlinear
saturation mechanism is present for the toroidal energy.

There is, however, also some disagreement. The model predicts two nontrivial branches beyond
the bifurcation, suggesting a subcritical transition with hysteresis. Such behavior with a subcritical
transition between two different turbulent states was recently also observed in a different system,
thin-layer rotating Rayleigh-Bénard convection [21]. The model prediction of subcriticality in the
present case is in particular visible in the zoom in Fig. 7(b). We have not detected any hysteresis
in our simulations, but it should be mentioned here that the interval in which the model predicts
hysteresis is very narrow, 1.14 < ζ < 1.15. Furthermore, in this interval, where ET is very small,
the direct viscous effect on the toroidal dissipation is presumably large, so that the high Reynolds
numbers estimate (15) is inaccurate here. Refining the model to take this into account would
introduce Reynolds number effects into the description and γ would not uniquely depend on ζ

anymore. This complexification of the model is not attempted here.
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FIG. 7. (a) Comparison of the model solution (22) to the data, for an optimal fit of the constants. Also
shown is the asymptotic value obtained in the model for large values of ζ (dashed line). The dashed box
is zoomed upon in panel (b). Here we see that the interval in which hysteresis is predicted by the model is
very narrow (vertical dashed lines). This hysteresis is not observed in the simulations. The dashed black line
represents the unstable branch of the solution of the model.

V. DISCUSSION

Direct numerical simulations of axisymmetric turbulence forced by a negative viscosity method
show the existence of a sharp transition between 2D2C, purely poloidal, or non-swirling turbulence,
and 2D3C poloidal-toroidal, or swirling turbulence. Despite its obvious geometrical limitations
(the axisymmetric assumption), our results can be used for a qualitative understanding of several
puzzling empirical facts of a real laboratory flow, the von Kármán flow. In such a system, the
turbulence is achieved through counterrotation of two impellers with blades of given curvature.
In Ref. [22] the ratio of the toroidal to poloidal kinetic energy has been studied as a function of
the curvature, and a simple quasilinear law was found. This can be understood by the fact that
the curvature influences the ratio of the toroidal to poloidal injected energy, and plays a similar
role as cT/cP. For high enough Reynolds number, when the curvature exceeds a critical value, a
symmetry-breaking bifurcation is further seen in the von Kármán system, between a state where
the mean turbulent flow has a zero average angular momentum and two-cell topology for the
poloidal component like in Fig. 3(a), and a state where the mean turbulent flow has nonzero average
angular momentum with a one cell topology for the poloidal component, reminiscent of Fig. 3(b).
It would therefore be interesting to generalize our statistical model to account for nonaxisymmetric
fluctuations to try and fit the experimental bifurcation.

Conversely, it would be interesting to investigate numerically the dependence of the transition on
the Reynolds number and see whether a critical Reynolds number exists, under which the transition
does not happen anymore, thereby mimicking the experimental behavior. In case this is true, a basic
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open question is to derive a new closure since our model is derived using assumptions usually
valid in the limit of high Reynolds number turbulence. Finally, a transition from 2D3C (strictly
axisymmetric) to 3D3C turbulence could be investigated using similar tools.
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