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Abstract The main concern of this article is to investigate the boundary control-
lability of some 2 x 2 one-dimensional parabolic systems with both the interior
and boundary couplings: the interior coupling is chosen to be linear with constant
coefficient while the boundary one is considered by means of some Kirchhoff-type
condition at one end of the domain. We consider here the Dirichlet boundary
control acting only on one of the two state components at the other end of the do-
main. In particular, we show that the controllability properties change depending
on which component of the system the control is being applied. Regarding this,
we point out that the choices of interior coupling coefficient and the Kirchhoff
parameter play a crucial role to deduce the positive or negative controllability
results.

Further to this, we pursue a numerical study based on the well-known penal-
ized HUM approach. We make some discretization for a general interior-boundary
coupled parabolic system, mainly to incorporate the effects of the boundary cou-
plings into the discrete setting. This allows us to illustrate our theoretical results
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as well as to experiment some more examples which fit under the general frame-
work, for instance a similar system with a Neumann boundary control on either
one of the two components.

Keywords Boundary control - Parabolic systems - Carleman estimate - Moments
method - Spectral analysis - Kirchhoff conditions
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1 Introduction
1.1 Motivation and the problem under study

In this article, we discuss about the boundary null-controllability of some 2 x 2
one-dimensional parabolic systems coupled through interior as well as boundary
with one control force. We write down the following prototype of 2 x 2 general
coupled parabolic control system that contains both kinds of couplings,

8ty+Ay+Mcoupy:0 in (O,T) X (071),
Doy(t,0) + No-2-(1,0) = Bu(t) in (0,T),
A (1.1)
Dyt D4+ M- (t,1)=0 i (0,T),
vy
y(0,~) :yo(') in (0’1)7

where y := (y1,y2) is the unknown and yo := (v0,1,¥0,2) is the initial data from
some suitable Hilbert space and Mcoup, Dj, Nj € Max2(R) (j = 0,1). The scalar
input v is assumed to act as a control on the boundary point x = 0 through
some non-zero vector B € R%. Further, we choose the operator A with the formal
expression

[ —02(1102) 0
a0 -

where the diffusion coefficients 71,~2 are chosen in such a way that

vi € C1([0,1]) with ~in := [ionlf] {vi,i=1,2}>0. (1.3)
The domain of A can be defined as

D(A) := {u € (H2(0,1))? | Dou(0) +N08‘9—“(0) =0, Dru(l) +N186—“(1) - 0},
VA VA
(1.4)

with the conormal derivative operator % = (71 %,’yg%) (v is the normal vec-
tor) on the boundary points z = 0,1 .

The main point here is that we consider the interior coupling by means of some
matrix Meoup and the boundary couplings via the coefficient matrices D;, N, for
j =0,1. We further impose the following assumptions.

Assumption 1 For each j € {0,1},
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1. The 2 x 4 matrix (D;,N;) has the maximal rank.
2. The matrix D; N} is self-adjoint.

The first assumption ensures the sufficient number of boundary conditions in (1.1),
whereas the second one is important for the differential operator A defined by (1.2)
to be self-adjoint in its domain D(A), (1.4).

From the point of bibliographic comments, we first want to mention that the
parabolic boundary control systems with less number of controls than the equa-
tions can be really intricate to study in various situations and that there is lack of
enough mathematical tools to tackle with these systems. In fact, unlike the scalar
problems the boundary controllability for such systems is no longer equivalent
with the distributed one, as it has been proven for instance in [26]. Moreover, the
very powerful Carleman technique is often inefficient in that context.

Among some very fascinating works on (interior) coupled control systems, we
point out [26] where the authors proved a necessary and sufficient condition for
boundary null-controllability of some 2 x 2 coupled parabolic system with single
Dirichlet control. Also, the reference [3] is dedicated to prove the controllability
to the trajectories of an n x n parabolic system when m < n Dirichlet controls are
exerted on a part of the boundary; the authors actually proved a general Kalman
condition which is a necessary and sufficient condition for their problem.

As per our knowledge, most of the boundary controllability results for a system
with less controls than the equations are in 1-D. This is mainly due to the fact
that the spectral analysis of the associated adjoint elliptic operator might give
the advantage to develop the so-called moments equations to construct a control.
In this regard, we mention that some multi-D (in cylindrical geometry) results
have been developed in [8,2], which need a sharp estimate of the control cost for
the associated 1-D problem and a Lebeau-Robbiano spectral inequality for higher
dimensions. We also quote [1] where the null-controllability of some symmetric
wave-type system (as well as parabolic and Schrédinger-type systems) has been
analyzed with one control in any dimension, provided that the control region
satisfies the Geometric Control Condition. Finally, we refer to [4] where the authors
made a survey of several recent results concerning the controllability of coupled
parabolic systems.

Let us come to the point of boundary couplings. We mention that several systems
with boundary couplings (let say without any control for the moment) use to
appear when one considers some parabolic system on a metric graph; we quote
here very few of those, e.g., [37,32,10]. In this context, we must say that there are
diverse applications of PDEs systems on metric graphs in physics, chemistry or
biology, see for instance [6,16] and the references therein.

Concerning the controllability issues on metric graphs, we first address [22,
Chapters 6, 8] where the authors discussed some controllability results of wave,
heat and Schrodinger systems considered in some network in the case when some
control(s) is (are) exerted on some of the vertices; see also the survey paper [7].
Furthermore, the authors of [17] proved some boundary null-controllability results
for a linear Kuramoto—Sivashinsky equation on star-shaped trees with Dirichlet or
Neumann boundary controls. We also refer to the very recent works [19] and [18]
which contain some boundary controllability results for KdV equations on a tree-
shaped and star-shaped network, respectively. Last but not the least, it is worth
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to quote that a necessary and sufficient condition for approximate controllability
of two 1-D wave systems has been developed in [21].

In most of the known cases, one cannot arbitrarily impose an interior coupling
to the system of differential equations that are considered on a metric graph.
The reason is that each edge corresponds to only one scalar differential equation
with respect to one unknown. In this case, we point out that the only interaction
between the unknowns occurs at the vertices.

We now come to the case of (1.1), where one observes that the main difference
between this kind of systems and the systems that generally arise on graphs is:
unlike the situation on graph, we have here the possibility of considering both the
boundary and interior couplings, and thus, it is reasonable to expect different kind
of influence of the control to the concerned system.

At that moment, two types of difficulties may arise while dealing with the
general system like (1.1). As mentioned earlier, the Carleman technique is often
inefficient in the framework of a boundary control system. Beside this obstruc-
tion, there occurs a change in the spectral analysis of the adjoint elliptic operator
associated with the parabolic system, since this kind of operator is normally non
self-adjoint in nature due to the presence of the interior coupling Mecoup. Thus,
it is not so straightforward to apply a moments technique to the general system
(1.1). Moreover, in the framework of the system (1.1) with Assumption 1, there
are examples of negative controllability results also.

Remark 1.1 (Some negative controllability results) It can be shown that, a linear

coupled system in the cascade form, with either D; = <(1) 8), N; = (8 (1)> or,

D; = <8 2), N = <(1) 8) (j=0,1), and for B = ((1))7 is not even approximately

controllable; see for instance [12, Remark 2.17].

Due to this indistinct phenomena, in our present work, we will mainly focus
on some particular class of systems which fit in the framework of (1.1).

1.2 Main concerns of the paper

We hereby choose the interior coupling

00
Mcoup = Mg = (a 0) 5 (15)

for some a € R, and the boundary coefficient matrices,

Do = Iox2, No = 02x2, (1.6a)
1-1 00
o (17). w0 s

for some a > 0. In what follows, we have the systems below.
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Two Dirichlet control systems. Under the consideration of (1.5) and (1.6a)—(1.6b),
we write down the following systems.

dy1 — Oz (719291) = 0 in (0,T) x (0,1),

Oty — Oz (7202y2) +ay1 =0 in (0,7) x (0,1),

y1(t, 1) = ya2(t, 1) in (0,7), (1.7)
Y1 (1)0zy1 (1) +72(1)0zy2(t, 1) + ayi(t,1) =0 in (0,7),

y1(0,) =w0,1(), %2(0,-) = yo,2(") in (0,1),

with a Dirichlet control at the left end point either on the second or first component

depending on the choices of B = (0) or <1>, that is to say

1 0
either y1(¢,0) =0, y2(t,0) =o(t) in (0,7), (1.8a)
or y1(t,0) =v(t), y2(t,0)=0 in (0,7). (1.8b)

We have chosen here a general Kirchhoff condition at the boundary point z = 1
(the standard one is with « = 0). It is notable that the Kirchhoff-type conditions
generally appear widely in physics, electrical engineering and in various biological
models, see for instance [33,16]. In the framework of control theory, the usual type
of system that has already been studied in the literature is the case when there
is no interior coupling (i.e., a = 0) and with the standard Kirchhoff condition,
see for instance [22, Ch. 8] and [7,17] (mentioned earlier). We also recall that, a
controllability result of some 2 x 2 parabolic system without any interior coupling
has been addressed in [9, Remark 3.6], where a Kirchhoff condition with & = 0 has
been considered.

But observe that when a = 0, the two control systems (1.7)—(1.8a) and (1.7)—
(1.8b) are exactly the same.

Now, as soon as one considers some interior coupling coefficient a # 0, the
control systems (1.7)—(1.8a) and (1.7)—(1.8b) are certainly different in nature and
the choices of the component on which we exert the control really have an influence
to the controllability issues. In fact, in the second situation (when we put the
control on the first component), the particular value of (a,a) is very crucial to
conclude the positive or negative controllability phenomena.

Before going to further details, we prescribe the following notations that will
be used in our paper.

Notations. Throughout the paper we shall make use of following notations. The
inner product and norm in the scalar space L2 (0,1) will be simply denoted by
(-,-)z2 and || -|| 2 respectively. We also denote the space F := (L?(0,1))?, its inner
product and the norm by (-,-)g and || - |g respectively. Moreover, we use the
notation (-, )y x to express the duality pair between a space X and its dual X'.
Beside this, we sometimes write (-,-)y with U = R? or C¢, d > 1, to specify the
usual inner product in U.

Further, we declare R* := R\ {0} and R :=R™ U {0}, where RT denotes the
set of all positive real numbers.

We use the letter C' and subsequently 67 C’,C" to denote some positive con-
stants (those may vary from line to line) which do possibly depend on 1,72, a,a
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but not on T' and yo. Sometimes, we shall express some constants by Cp, py, - ,pn
to specify its dependency on the quantities p1,p2, - ,pn.-

M.

We often use the symbol M* to denote the adjoint of a matrix or an operator

Two main theorems. Let us present the main results regarding the null-controllability
of our systems (1.7)—(1.8).

1.

Case 1. To show the boundary null-controllability of the problem (1.7)—(1.8a),
that is when we consider the control applied on y2, we prove a suitable observ-
ability inequality, which in turn is consequence of a suitable Carleman estimate,
detailed in Section 3.1. Our main theorem is the following.

Theorem 1.2 Let any (a,a) € R x R and T > 0 be given. Then, for any yo €
H_q, there exists a null-control v € L?(0,T;R) for the problem (1.7)-(1.8a), that
satisfies the estimate

llvllz2 0,7y < ceC/lT

lvoll_..
with the constant C := C(y1,7v2,a,a) > 0 that does not depend on T > 0 and yo.

The space H_, will be introduced in Section 2.1.

. Case 2. Surprisingly, it appears that the Carleman strategy cannot be applied

to the system (1.7)—(1.8b), that is when we consider our control to act on
y1. This is because, the source integral due to the interior coupling in our
Carleman estimate cannot be controlled by the boundary observation term
with our choices of weight functions (defined later in Section 3.1); the exact
technical point behind this will be specified in Remark 3.5.

Due to this obstacle, the next immediate idea is to investigate the spectral
properties of the adjoint elliptic operator associated with our parabolic system
and try to develop the moments method to construct a control by hand. In
this case, we restrict the diffusion coefficients 71 = 2 = 1 to understand the
situation more concretely. Indeed, by studying the spectral analysis, we observe
that the choices of coupling coefficient a and the boundary parameter o have
a genuine influence to the controllability of (1.7)—(1.8b), which is not alike the
previous case, as per Theorem 1.2.

In fact, this tells us that we cannot hope to find a good observability inequality
using the Carleman estimate in the case of (1.7)—(1.8b).

This is quite surprising as we know that, for a cascade system the usual business
is to apply a boundary control on the first component y; to study the control-
lability issue. Of course, in that case, there is no direct influence of the control
to the equation of y2, and here comes the role of the interior coupling: it acts as
an indirect control to y2. But, as explained above, in the case of (1.7)—(1.8b),
we have the opposite phenomena.

Let us state more precisely the controllability theorem we obtain.

Theorem 1.3 We fiz v1 = y2 = 1. Then, there exists a set R C Rsr x R* of null

measure such that

(a) for each pair (a,a) & R, there is a null-control to the problem (1.7)—(1.8b), for
any giwen data yo € H—q,
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(b) for each pair (a,a) € R, there exists a subspace Vo, C H—a of co-dimension
1, such that there exists a null-control to the problem (1.7)—(1.8b), if and only
7'f Yo € ya,a-

In addition, in the controllable cases we can choose such a null-controlv € L?(0,T;R)

that satisfies the bound

vl z20.7) < Cava €/ Tllyolla_., (1.9)

where Ca,q > 0 is independent on T > 0 and yo.

The set R and the spaces YVa,a will be specified later, namely in (4.29) and
(4.31) in Section 4.2.1. The set R actually corresponds to the parameters (a, o)
for which our operator has (at least) one non observable eigenmode. For each
such pair, Va,« will be the orthogonal of those non observable eigenmodes.

Remark 1.4 In the case when (a,a) € R, the problem (1.7)—(1.8b) is not even
approximately controllable if we choose our initial data yo & Ya,a.

Some numerical studies. Beside the theoretical ones, we also pursue some numerical
studies in this paper. More precisely, we shall present a discretization (in terms of
finite-differences) of the general system (1.1) under the Assumption 1 in Section
5.2. This will allow us to illustrate our theoretical results as well as some more
examples in the framework of (1.1), in terms of the notable penalized Hilbert
Uniqueness Method (HUM) ([30,14]).

In this regard, we must mention that several authors have utilized the penalized
HUM technique to clarify various controllability issues related to the parabolic sys-
tems. For instance, the authors in [15] dealt with a numerical study of insensitizing
control problems for parabolic semilinear equation and in [13] the controllability
of some 1-D fractional heat equation has been analyzed. We also quote [5], where
some partial controllability results have been illustrated with help of this tech-
nique.

Concerning the numerical studies for parabolic systems, in most of the known
cases no boundary coupling has been taken into account. In our case, we will
introduce a discretization methodology for the interior-boundary coupled parabolic
system (1.1) mainly to incorporate the effects of the boundary couplings into our
discrete setting.

Remark 1.5 (Neumann control problems) By taking into consideration Dy = 0O2x2
and Ny = Iax2 along with (1.6b), one has two Neumann boundary control systems,
that is the system (1.7) along with the following two different kinds of Neumann

controls at x = 0, depending on the choices of B = <0) or (1), that is

1 0
either 9;y1(¢,0) =0, ~2(0)0zy2(¢,0) =v(¢) in (0,T), (1.10a)
or v1(0)9zy1(t,0) = v(t), Ixy2(t,0) =0 in (0,T). (1.10b)

We will not study this case theoretically, rather we will investigate this from a
numerical point of view in Section 5.3.2.
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1.3 Paper organization

We shall organize our paper in the following way:

— In Section 2, we shall present some functional setting and the well-posedness
results related to our systems (1.7)—(1.8). To this end, we formulate the null-
control problems concerned with those systems.

— Thereafter, Section 3 will be devoted to obtain the null-controllability of the
system (1.7)—(1.8a), i.e., proving the Theorem 1.2. In this case, we actually
prove a Carleman estimate to attain a suitable observability inequality.

— Coming to the Section 4, we first develop some spectral analysis of the adjoint
elliptic operator associated with the control system (1.7)—(1.8b) in Section 4.1
and then focus on finding the lower bounds of the observation estimates and
upper bounds of the eigen-estimates in Section 4.2. This, along with a suitable
bi-orthogonal family to the exponentials, will lead us to construct a control via
the moments method in Section 4.3 for the system (1.7)—(1.8b) (i.e., proving
the Theorem 1.3).

— Finally, some numerical studies along with several experiments will be pursued
in Section 5.

2 General settings and the well-posedness of the systems

This section is devoted to study the well-posedness result of the boundary con-
trol systems (1.7)—(1.8). Also, we formulate the control problems related to those
systems.

2.1 The system with homogeneous Dirichlet data

Let us begin with the following coupled parabolic system with a Kirchhoff-type
condition at the right end point and the homogeneous Dirichlet conditions at the
left end point.

5

Ohy1 — Ox(Ozy1) = f1
Oy2 — Oz (720zy2) + ay1 = fo
yl(t,O) = yQ(t7 O) =0

3

B
P
c o oo oo

N8N8 8H
NESNE SN SN N

yl(t7 1) :yQ(tvl) i L) (2'1)
Y1(1)02y1(t, 1) +72(1)0ey2(t, 1) + ay1(t,1) =0 in (0,7),
y1(0,-) = y0,1(-), v2(0,-) = vo,2(") in (0,1),

where regularity of yo = (vyo0,1,y0,2) and f = (f1, f2) will be specified later.

We introduce the self-adjoint and positive elliptic operator A, corresponding
to the above system without interior coupling with its formal expression

— 02 (710x 0
Aa ::( (g )7806(7281))7 (2.2a)
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with its domain
D(Aq) ::{u = (u1,u2) € (HQ(O, 1))2 | u1(0) = u2(0) =0, ui (1) =u2(l), (2.2b)

N(1)u (1) +2(1)ub(1) + aur (1) = 0},

Let us consider the space Hq 1= D(.Ai/Q) as a completion of D(Aq) with respect
to the norm

9 1 1/2
lullge, = (Ao, u)® = (Z / w(x>|u;<m>|2dm+au1<1>|2> , Vu € D(Aa),
= (2.3)

and one can prove that
Ho = {u = (u1,u2) € (H'(0,1))2 | u1(0) = uz(0) = 0, u1(1) = uQ(1)}. (2.4)

Moreover, we denote the dual space of Ho by H_, with respect to the pivot space
E.

Remark 2.1 Although, the space Hqo defined in (2.4) does not depend on «, the
norm in this space is depending on « as per the definition (2.3). Thus, for better
understanding we keep the notation #, throughout the paper.

Also, the Hq-norm arises naturally in the regularity result in Proposition 2.3
and thus the constants appearing in (2.7)—(2.8) are independent on a. We further
observe that, for given o > 0, the Hq norm in (2.3) is equivalent to the H'-norm,
thanks to the Poincaré inequality.

Let us recall the coupling matrix M, defined in (1.5) and we denote
Ao, = Aa + Mg, with the same domain D(Aq,q) := D(Aq). (2.5)
In particular, A o 1= Aa.
By definition, it is clear that As,q is no more self-adjoint for any a # 0 and

more precisely, Aq, has been obtained by a bounded perturbation M, to the
self-adjoint operator Aq.

Proposition 2.2 (Existence of analytic semigroup) The operator (—Aa,a, D(Aa,a))
defined by (2.5), generates an analytic semigroup in E.

Proof Let us first introduce the following densely defined bilinear form h; for all
= (u1,u2), ¢ := (¢1,92) € Ha (defined by (2.4)), we consider

h(u, ) = Z/o vi (2)uy(x) @} () dx + a/o ui(z)p2(z) dz + aui (1)p1(1).  (2.6)

It is clear that h is continuous in H, with

h(w, )| < m1llulla, 1ol Yu,¢ € Ha,
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where k1 > 0 depends on the diffusion coefficients ~;, ¢« = 1,2, and the coupling
coefficient a. On the other hand, we have

2 2
h(u, w) 2 [|ully, — lal [ullE, Vu € Ha.

Then, by [40, Proposition 1.51 and Theorem 1.52], the negative of the operator
associated with h generates an analytic semigroup in E of angle (7/2 —arctan ).
One can show that this operator is indeed Aq,q with its domain D(Aq,q) = D(Aq)
(as defined in (2.5)). Henceforth, the proof is complete.

Proposition 2.3 (Regularity) Let f = (f1, f2) € L*(0,T; E) be any given source
term.

1. For any gwen initial data yo = (y0,1,Y0,2) € E, there exists a unique weak solution
y = (y1,92) € C°([0,T]; E) N L%(0,T; Ha) satisfying the following energy estimate

lyllcoo, ;) + Wl L2072 + 10yl L2073 )
< Cra (lvolle + I1flz20,1:8)) - (2.7)

2. For any initial data yo € Ha, the weak solution y belongs to the space C°([0, T]; Ha )N
L2(0,T; (H%(0,1))?) and satisfies
Iyl Loo 0,752.) + 1l 220,752 0,1))2) + 10yl 20,73 )
< Cra (lyolla, + 1 L20,7:8)) - (2:8)

The proof of the above proposition can be drawn in a standard fashion, see
for instance [36, Theorem 1.1, Chapter 4] or [24, Chapter 7]. We omit the details
here.

2.2 The system with non-homogeneous Dirichlet data

We consider here a similar coupled system as previous but with some non-smooth
Dirichlet boundary data; the system under study is the following

Oy1 — Oz (11zy1) = f1 in (0,7) x (0,1)
Ory2 — 0u(1202y2) + ayr = f2 in (0,7) x (0,1)
1 (t,0) =q in (0,7),
y2(t,0) = g2 in (0,7), (2.9)
yl(t 1) = y2(t, 1) in (0,7),
Y1 (1)0zy1(t, 1) +72(1)0zy2(t, 1) + ayi(t,1) =0 in (0,7),
y1(0,-) = y0,1(1); ¥2(0,°) = yo,2(") in (0,1).

We hereby introduce the adjoint of the operator Aq,q (given by (2.5)) as follows:

* * * _az('}’lam) a
a,a = Aa a = ) 2.10
Ao = A+ M ( . _81(72890)) (2.10)

with its domain D(A3,,) = D(Aa,a) = D(Aa) (see (2.2b)).
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Remark 2.4 We could have replaced A}, simply by A as this operator is self-
adjoint, but in order to be consistent with the non self-adjoint case (that is when
a # 0), we decide to keep the notation A}, in several places.

Observe that the operator —A7, , also generates an analytic semigroup in E,
thanks to the Proposition 2.2 and we denote this semigroup by (eftsza)Do.
Indeed, the solution to the adjoint system of (2.1), for any given ¢ € Ha, satisfies
the regularity result proved in point 2 of Proposition 2.3. Using this, one can
classically obtain the well-posedness of the solution to (2.9) in a dual sense as in

[20,41].

Proposition 2.5 For any yo := (y0.1,%0,2) € H—a, f = (f1, f2) € L*(0,T; E) and
g := (g1,92) € L?(0,T;R?), there exists a unique y € C°([0,T]; H—a) N L*(0,T; E),
solution to (2.9), in the following sense: for any t € [0,T] and ¢ := ((1,¢2) € Ha, we
have

t
W), Or o = (yore Aaal)y a0, +/ (f(s),e” O A0el) g ds
0
t
_ 0 [ —(t-s)AL,
| (o0 (5=t V@), o)t

2.3 Formulation of control problems

We shall now formulate the null-control problems in terms of the following propo-
sition.

Proposition 2.6 Let yo € H_n, a € R, a > 0 and any finite time T > 0 be given.

Also recall the set U as defined in Proposition 2.5.

1. A function v € L*(0,T;R) is a null-control for the problem (1.7)~(1.8a), if and
only if it satisfies: for any ¢ € Ha

—t A"
—(yo,e” ")y M.

=2 [0 (7)) (el 00 )

2. A function v € L*(0,T) is a null-control for the problem (1.7)—~(1.8b), if and only
if it satisfies: for any ¢ € Ha

T:O>R2 dt. (2.11)

—tA”
—(yo,e” ey M

=71(0) /OTv(t)< ((1)) : (39: (e” T =D Auag) (96))

It is hereby convenient to define the observation operators (independent on the
quantities a or «) associated with (1.7)—(1.8a) and (1.7)—(1.8b) resp. as follows

B :u= (u1,u2) € (H*(0,1))% = 72(0)u’(0), (2.13a)
B3 :u= (u1,u2) € (H*(0,1)) — ~1(0)u} (0). (2.13b)

dt. 2.12
a::O>]R2 ( )

In the next two sections, we develop the required results to prove the main
Theorems 1.2 and 1.3.
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3 Boundary controllability of the system with control on the second
component

This section is devoted to prove the existence of a null-control of the coupled
system (1.7)—(1.8a), in terms of finding a proper observability inequality, and so
a Carleman-type estimate is the primal ingredient to obtain. We hereby remind
that the diffusion coefficients ~;, ¢ = 1,2 satisfy the property (1.3).

3.1 A global boundary Carleman estimate

Let us first write the adjoint system to (1.7)—(1.8a), with the homogeneous Dirich-
let conditions at the left end point.

—0tq1 — 0z (7102q1) +age =0 in (0,T) x (0,1),
—0tq2 — Oz (v202q2) =0 in (0,7) x (0,1),
q1(t,0) = q2(¢,0) =0 in (0,7), 3.1)
q1(t,1) = q2(t, 1) in (0,7),
v1(1)0zq1(t, 1) + v2(1)0xq2(t, 1) + aqi(t,1) =0 in (0,T),
QI(Tv ) = Cl(')7 QQ(Tv ) = CQ() in (O’ 1)a
where the regularity of ¢ := ({1,¢2) will be imposed later when needed and for

simplicity sometimes we shall use the notation @ := (0,T) x (0, 1).
Now, we introduce the following space

Q:= {q = (q1,92) € (C*(@))* | q1(t,0) = g2(t,0) = 0, q1(t, 1) = ga(t, 1),
3 7i(D)0rai(t, 1) + aqa(t,1) = 0, Vi € (o,T)}.

i=1

Before introducing the main theorem regarding Carleman estimate, we define
some standard weight functions which are the key elements to obtain the Carle-
man inequality. In what follows, we follow the classical methodology for proving
Carleman estimates introduced in [29] (see also [34]).

Construction of the weight functions. We consider the following affine functions

,BL(.’E) :2—}—61‘(%71), Vo € [O, 1], (3 2)
with ¢1 =1, c2:=ca(m1,72) <0, .
which have the following properties
52 > Bl > 07 in [07 1]7 ﬂ2(1) = 61(1)7 (33)

and that constant ca < 0 (depending only on 1, v2) is chosen in such a way that
satisfies

le2] >4 and  c393(1)(Je2| - 6) = TH7(1) > 1. (3.4)
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Remark 3.1 We will see while proving a Carleman estimate (namely the Theo-
rem 3.2 stated later), that the above assumption (3.4) is very sharp and crucial
to absorb some unusual boundary integrals sitting in the right hand side of the
Carleman estimate.

Now, we assume that A > 1 and K = 2max{||f1]|co, ||32]|lcc} and define the
weight functions ¢; and 7;, for i = 1,2, as follows

ABi() AK _ ABi()

(T —t)’ "i(t’x):wa v(t,z) € Q. (3.5)

Soi(tv CL') =

From the properties of 81 and B2 in (3.3), we have that the functions ¢; and n;
are positive and satisfy

©1 (t, 1) = @2('@ 1) and (t7 1) = ng(t, 1)7 (3.6)
since B1(1) = B2(1).

We also have the following relations in @, for i = 1,2,

Oxtp; = Apici, Oz = —Apic;,

oo — g 2T 2T

W= —y T T =y (3.7)
5 3@2t-T7)*+717

at i =1 2t2(T—t)2

Now, we write the main theorem of this section concerning the Carleman estimate.

Theorem 3.2 (A Carleman estimate) Let the weight functions p1, @2 and 11,12
be defined as in (3.5). Then, there exists A1 := A1(71,72,a) > 0, s1 := (T2+T)01 >0
with some o1 := o1(71,72,a) > 0 and a constant C' := C’'(y1,72,a) > 0, such that
the following Carleman estimate holds true

2 T 1 2 T r1
s34 Z/ / e 28 ga?\qﬂzdx dt + s\? Z/ / e 25 gﬁi\ain\de dt
=170 JO i—170 Jo

T
+33>\3/ o1(t 1)e 20D g (1 1) 2dt
0
2 T r1 )
§Cl{ /e_ 57

T
+3A/ ©a(t,0)e 2520 19,00 (¢,0) 2t | (3.8)
0

0¢q; + O (vi02;) |2d1: dt

for s > s1, A > X1 and for all (q1,q2) € Q.

Before going to the proof of the theorem above, we let any s > 0, A > 1 and
(q1,92) € Q and we write f; = diq; + 0z (7i02q;), then f; € L?(Q), for i = 1,2. We
also set

Pi(t,z) = e 0D g (1), V(t,z)eQ, fori=1,2.

Observe that,

Pi(t,0) =0, i=1,2, and (¢, 1) = Pa(t, 1), (3.9)
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using (3.6) and the properties of ¢;, i = 1,2 in Q. Also look that

Outhi(t,3) = e MM g qi (8, x) + sABL(w)pi(t, 2)s (t,z), Y(t,z) €Q,  (3.10)

so that we have

2

2
>t 1) = —ava (1) + A (Y ern(D))er(t a1, (311)

i=1 i=1

thanks to the boundary condition "7, 7;(1)d2¢i(t, 1) + aqi(t,1) = 0, the proper-
ties of ¢; in (3.6) and +; in (3.9), and the fact that 8] = ¢;, for i = 1,2.

Next, we see that the functions v; satisfies the following relations in Q
Mi; + Maop; = F;, for i =1,2,
with

Myt = 82 (7i0uthi) + $* N2 pivinhi + s(Omi )i,
Moty = Ot — 25Acii (1i025) — 25N> cF pivinds, (3.12)
Fy = e f; + sheivipithi — sA e pivinbi.

We have for i =1, 2,

1M1l 2 (q) + I M2till T2y + 2(M1¢i7M2¢i)L2(Q) = [IFi|1Z2(q)- (3.13)

Now, we present the following auxiliary lemma which is important to prove
the main result in Theorem 3.2.

Lemma 3.3 Let the functions ¢;, n;, Vi, Mi;, Mawe in Q, for i = 1,2, and the
quantities c1, c2 be as introduced earlier. Then there exists Ao := Ao (’yl,'yg) >0, s :=
(T? + T)oo > 0 with some o := o0(71,72) > 0 and a constant C"" = C" (y1,72) > 0
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such that we have the following inequality

2 2
1 1
5 2 IMill i) + 5 D IM2tillZeq)
=1

i=1
2 T r1 2 T r1
+ZS3A4/ /w?\wi|2dxdt+z:s)\2/ /wwwiﬁdxdt
i=1 0 0 i=1 0 0
2 T 2 T
#3000 [ ot DA D d =2 e [t ) (o) P
=1 i=1
2 T
+ad e [ @t 0h0ou o) a
i=1 0

2 T
—20 ) [ it D DO 1)
i=1 0
T
0

2
=SNG S 2) [be Dle 1) Pa
=1
2 T
YD) [l D@ Dl (e DRl
i=1 0

2
<C"Y e fill T2 ) (3.14)
=1

for all X > Ao, s > sp.

In this paper, we decide to omit the proof for this auxiliary result in Lemma
3.3, as the computations can be done in a similar spirit as of the proof of [27,
Lemma 1]. Indeed, a rigorous proof of Lemma 3.3 can be found in [11, Lemma
1v.3.3].

We now focus on obtaining the Carleman estimate (3.8) which is the main
concern of this section.

Proof (of Theorem 3.2)

The idea to prove this theorem is to play with the boundary integrals of the
inequality (3.14), so that we can absorb the lower order integrals by some leading
terms and then to observe the proper observation term which will be eventually
shifted in the right hand side of the actual estimate.

We make use of the following notations: denote all the six boundary terms
respectively by Ji, 1 < k < 6, by maintaining the same order as in (3.14).

Before going to the proof, we recall that the constant ¢c; =1 (slope of 81) and
c2 (slope of B2) depends only on the diffusion coefficients 1, v2.
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— We have (using ¢2(t,1) = ¢1(¢, 1))

T
Jp = /0 [v1(1)0z91(t, 1) 4+ 72(1)0etp2(t, 1)] Optpr (¢, 1) dt

2

T T
:—a/o wl(t,1)atzp1(t,1)dt+sA(Zcm(1))/O o1 (4, 1)91 (£, 1) (¢, 1) dt

=1

_ 8

. (icm(l)) /0 et Dl (1. D

due to the condition (3.11) and the fact that 1(0,-) = 91 (T, -) = 0. Now, using
|0ep1| < T3 < 2T343, we obtain

T
1] < GsAT? / Gt D (8, 1))t (3.15)
0

for some constant C' > 0, that depends on T, a, 1, y2-
— Next, we write the second boundary term of (3.14) as Js := Jo1 + Ja2, where
we keep the second integral in the left hand side of (3.14) since

T
Jag 1= —s\ cQ/ 02 (t, 1) |12 (1)ata (8, 1)[*dt > 0 (3.16)
0

due to the fact that ca < 0. Later, we will see that the integral Joo will be used
to absorb some lower order terms.
On the other hand, the first integral of the second boundary term J> is

T
Jo1 1= —shc1 / (p1(t, 1)|’Y1(1)8;c1/)1(t, 1)’2dt,
0
where ¢; > 0 and so J21 < 0. So, we need to absorb those integrals by some
higher order terms in the left hand side. Let us recall (3.11) to express

2
1 (D2tba(4,1) = a1 (1, 1) = 72(Dsia(t, 1) + 7 ( 3 (1) ) (1 D 1,1),

i=1

so that we have the following,

T T
|J21|§35)\a2c1/ gal(m1)\1/11(t,1)|2dt—|—3s/\cl/ o1 (8, 1) o (1)uin (1, 1) 2t
0 0

2 T
n 633A3C1(Zc?ﬁ(1)) / O3t 1) (8, 1)[2dt == T2 + J2 + I3, (3.17)
0

i=1

with a simple observation (since @1 < 4T%¢3),

T
J31 < Csha’T* / 3 (¢, D) (¢, 1) %dt, (3.18)
0
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— Now, we look into the third boundary term, Js := J31 + J32, where we have

T
Ja1 = sA cl/ 1(t,0)|71(0)datr (¢,0)[*dt > 0,
0

since ¢; > 0 and the function ¢1 > 0, and so one can discard this term from
the left hand side of (3.14).
On the other hand, we have

T
|J32| := sA CQ/ @g(t,O)}’yg(O)ax’d)g(t,0)‘2dt
0

T
§CSA/ @2 (t,0)e= 2209, 00 (¢, 0)[2dt, (3.19)
0

following the expression of 9z12 given by (3.10) and using the fact that 12 (t,0) =
0.

Thereafter, we write the fourth boundary integral of (3.14) by Js := Ja1 + Jaz,
and we obtain the following

T
an] = 263232 (1) / o1 (6, 1) (1, 1)upn (1, 1)t
0

T -~ T
~ C
< Ces)\/ o, 1)‘71(1)8w1/11(t71)]2dt+:3A3T4/ S 1) (1)) dt,
0 0
(3.20)

where we have used the Young’s inequality and the fact o1 < 27%¢3. Now, for
the first integral in the right hand side of (3.20), we use the estimate for Ja1
given by (3.17) to obtain

T
| < Ces)\/ o1t 1) o (1) (8, 1) dt
0

T
+O(es®A + esha® T + %sAS'T“) / Gt Dl (¢, 1)2dt. (3.21)
0

On the other hand, a similar computation as in (3.20) gives that

T T
~ C
|Jaa| < Ces)\/ ©a(t, 1)|’yg(1)8;c1/12(t,1)|2dt+ ?SA3T4/ ©3(t,1)|2(t, 1) dt.
0 0

(3.22)
The fifth and the leading boundary term in the left hand side of (3.14) is

T
Js = 5% (—0375(1) - ci’v%(l)) / @1t Dl (8, 1) dt, (3.23)
0

by writing 2(t,1) = ¢1(¢,1).
Finally, the sixth boundary term Jg satisfies

T
|Js| < CSQAT/ (¢, 1)1 (¢, 1) dt, (3.24)
0

due to the facts that wa2(t,1) = p1(t, 1), dna(t, 1) = o (t, 1) and |91 | < Tl
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— Let us first try to show that the coefficient of the integral fOT O3 (t, 1)1 (¢, 1)]2 dt

is positive in the left hand side of the main inequality (3.14). To deduce this, re-
call the quantities Js from (3.23) and J3; from (3.17) and take those quantities
in the left hand side of the main inequality (3.14), we see

T
Js — J3 = K153>\3/ o1 (t,1)|1 (¢, 1) dt, (3.25)
0

with
K1 = c393(1) (lea| = 6¢1) — Teiyi(1) > 1,
thanks to the choices of ¢1, c2; see (3.2)—(3.4).
Next, we recall Jo2 and J3; respectively given by (3.16) and (3.17), use ¢1(t, 1) =

©2(t,1), and we write the other leading boundary integral in the left hand side
as follows

T
Jog — J3y = KQSA/ 02 (t, 1) |72(1)0xa(t, 1)|2dt, (3.26)
0

with K2 = (Je2| — 3¢1) = (Je2| — 3) > 1, again thanks to the choices of c1, ¢z in
(3.2)-(3.4).

Now, we gather the leading boundary terms Js — J3; and Jao — J3; given by
(3.25) and (3.26) respectively, in the left hand side of our main inequality
(3.14), and in the right hand side we consider all the estimates of the lower
order terms namely, J; from (3.15), J3, from (3.18), Js; from (3.19), Ja1 from
(3.21), Juz from (3.22) and Js from (3.24), so that the inequality (3.14) follows

2 T ,1 2 T ,1
53)\42/ / ¢?|wi|2dacdt++s)\22/ / ‘;07;|8m1/)i|2 dz dt
i=1 0 0 i=1 0 0
T T
+K1s3x3/ so‘i’(t,1)\w1(t,1)|2dt+KzsA/ p2(t, 1) |r2(1)0a (¢, 1)| dt
0 0
2 T ,1 T
36[2/ / 6_287”|f¢|2dmdt+s)\/ 02 (t,0)e 250 9, 00 (¢,0) % dt
i—170 Jo 0

T T
+0633A3/ w?(t,l)h{;l(t,1)|2dt+2Ces/\/ o (t, 1) 2 (10 (8, 1) | dt
0 0

=~ T
+ (£3A3T4 + C(1 4 €) sAa®T* + Cs*AT + Cs)\TS) / @3 (¢, 1) b (¢, 1))t
€ 0
(3.27)
. . Ky K .
By fixing € := mln{?é,rg} > 0, taking A > A1 := Ai(y1,72,a) and s >

s1 1= (T2 + T)o1(71,72,«) > 0, where A1 and o1 are large enough so that all
the boundary integrals, except the observation term, in right hand side can be
absorbed by the corresponding integrals in left hand side of (3.27), which leads
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us

2 T 1 5 - )
83/\42/ /ngi'zdmdt—i_S)‘zZ/ /%\3x¢i|2dmdt
i=170 JO —~Jo Jo
T s o
w0 Wl(tvnlwl(t,l)ﬁdtsc/[z [ [ e mintaa
’ i=170 J0
T
+ s)\/ wal(t, 0)6_23ﬂ2(t,0)|6xQ2(t70)|2dt:|, (3.28)
0

for all A > A1, s > s1 with the constant C’ := C’(y1,72, a). Now, we recall the
expression of 9z1); from (3.10), so that we have

67257“|81;qi|2 < 2|ax1/%|2 + 282A2(ci)2g012|1/)i|2, fori=1,2,

and that implies

2 T ,1
s/\22/ / e M 011 0p ;) da di
=170 JO
- 2 T 1 ~ 2 T p1
ng)\QZ/ /goi|8g;¢i\2dmdt+053)\42/ /gp?|1/;i|2da:dt. (3.29)
=170 /0 =170 0

Finally, combining (3.28) and (3.29), and replacing f; = 0tq; + 0z(7:024;),
1 =1,2, we obtain the required Carleman inequality (3.8).

3.2 Null-controllability in terms of a boundary observability inequality

The Carleman estimate indeed leads us to obtain the following observability in-
equality which is in fact a necessary and sufficient condition for null-controllability.

Proposition 3.4 (Observability inequality) For any ¢ := ((1,¢2) € Ha, the asso-
ciated solution q == (q1,q2) € C°([0,T]; Ha) N L*(0,T; (H?(0,1))?) to (3.1) satisfies
the following observation estimate

T
la(0)[3,, < CeC/T / 10aga(t, 0) 2,
0

for some constant C := C(v1,v2,a,a) > 0 that does not depend on T > 0 and (.

Proof We shall prove the required observability inequality for 0 < T < 1 to show
the existence of a control in (0,7') for the system (1.7)—(1.8a); this will not lose
the generality since for any time T > 1, a continuation of a control in (0,1) by 0
will still be a control in (0,T). Let us now focus on the proof.

For any given ¢ € Ha, one can apply the Carleman inequality given by Theorem
3.2 to the solution q of (3.1), with d¢q1+02(7102q1) = agz and Orqga+0x(v20z92) = 0
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to deduce

2 T 1 9 —
N Z / / e @$|qi|2daj dt + sX° Z / / e ‘Pi|8xq¢|2d:v dt
=170 0 i=170 Jo

T T r1
+ 53)\3/ 1(t, 1)6_25"1(t’1)|q1(t, D*dt < ¢’ [/ / e 2" ago|? da dt
0 o Jo
T
+s/\/cpg(t,O)e_QSW(t’O)|8zq2(t,O)|2dt}. (3.30)

Now, we use 1 < 8T%p3 to see the first term in right hand side of the above
estimate as

T 1 T rl1
/ / e %M ago|? da dt < 8a*T° / / 03 e M g0 da dt (3.31)
o Jo o Jo
T 1 B
< 8a’T° / / ©3 e 2 go|? dx dt =: X,
o Jo

since B2 > f1 and so 12 < m1 by construction (see (3.5)) which implies e~ 25" <
e~ 252 for any s > 0.

We see that X can be absorbed by the term s3A* fOT fol e 2523 ga|? da dt in
left hand side of the estimate (3.30) for some choice of s > s; = (T2 + T)o1 in
Theorem 3.2, possibly with some different o1 > 0, and also using the fact that
s3A3 > s\%a, for any A > A1 (may be with some larger A1 := A1 (71,72, @)), we
obtain

2 T 1 T
29 / / €2 o]0 i Pda dt + sA2a / 1t D)e 2D g, (¢, 1) 2de
=170 Jo 0

T
gcs,\/ 02 (t,0)e 2120 |5, 00 (¢,0)2dt,  (3.32)
0

with some constant C > 0 that now depends on v1,72,a and a. From (3.32), it
follows after some classical computations as developed in [27, Proposition 2], that

3T/4 R )
/ la(®)|I3,, < CeC*/T / |02q2(t,0)| dt. (3.33)
T/4 0

Now, thanks to the regularity result in point 2 of Proposition 2.3 (which is also
valid for the adjoint system (3.1) with source term f = 0), we have [¢(0)]|3,, <

C’a||q(t)||3_ta for any 0 < t < T(< 1). Using this and by choosing s = s1 = (T2 +
T)o1 > 0 the inequality (3.33) reduces to

T
la(O)lI%,, < CeCoT*+T)/1? / 19aq2(t, 0) 2,
0

which gives the required inequality of our proposition with the constant C' > 0,
independent on T and (.
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Proof (of Theorem 1.2)

Once we have the above observability inequality, then by the Hilbert Unique-
ness Method, one can prove the existence of a boundary null-control v € L?(0,T)
for the problem (1.7)—(1.8a); see for instance [35] where this kind of idea has been
described (indeed, such an argument has been used for instance in [28] and the
corresponding observability inequality is in Section 1.3.4 of this reference).

The estimation of the control cost Ce€/T follows from the sharp observability
inequality in Proposition 3.4.

Remark 3.5 For the other system, that is for (1.7)—(1.8b), the observation term
is B5q(t) = v1(0)0zq1(¢,0), and so to obtain a good Carleman estimate one has
to choose the functions B;, i = 1,2 where ¢1 =: ¢1(y1,72) < 0 with large enough
modulus and co = 1 (which is opposite to the previous case), to construct the
suitable weight functions.

In that case, a Carleman estimate similar to (3.8) still holds with the observa-
tion integral

T
SA / e1(t, 0)@7257]1@’0) |0z qa (¢, O)|2dt,
0

but we cannot hope for a good observability inequality with observation term
71(0)0zq1(t,0). The reason behind this is the following: in this case, we have
e 25 > 7252 (since 1 > B2 now and consequently 71 < 72), which will prevent
us from absorbing the source term fOT fol e~ %M |ago|? dadt (a # 0) appeared in the

right-hand side, by the term s3\* fOT 01 e 25253 go |2 dzdt in left-hand side.

The above remark tells us that the Carleman trick is no more applicable to
prove the boundary null-controllability of the system (1.7)—(1.8b).

In fact, it is not really a technical issue since, as we previously mentioned, the
controllability property of the system (1.7)—(1.8b) will depend on the values of the
coupling coefficient a and the boundary parameter a. This will be investigated in
the next section.

4 Boundary controllability of our system with control on the first
component

This section is devoted to find a control for the prescribed problem (1.7)—(1.8b)
with v1 = v2 = 1, using the moments technique; and as we know, the key point to
develop and solve the moments problem is to obtain sharp estimates on spectral
elements of the adjoint to the associated elliptic operator.

4.1 Description of spectrum of the underlying elliptic operator

In this section, we investigate some important spectral properties of the elliptic
operator Ap, o, having the formal expression in (2.10) with v =2 = 1.

Remark 4.1 For v1 = v2 = 1 also, we keep the same symbol Aq,. and A}, , (for
any a € R,a > 0) to denote the elliptic operator and its adjoint respectively.
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Below, we present the eigenvalue problem A3 ,u = Au, for A € C, that is explicitly

—uf + aug = Mg in (0,1),
—uly = Auo in (0,1),
u1(0) =0, u2(0) =0, (4.1)

u1 (1) = ua(1),
ui (1) + u5(1) + aur (1) = 0.

We recall from (2.10) that for a # 0, the operator A, , is no more self-adjoint and
here we develop the spectral analysis of this operator (more precisely of its complex
version) using some perturbation argument of linear operators which we discuss
in Section 4.1.2. That is the reason why, we first need to describe the spectrum of
the self-adjoint operator A}.

4.1.1 Spectrum of the self-adjoint operator A,

We directly start with the eigenvalue problem Aqu = Afu = Au, u # 0, where one
may assume that X is real since A, is self-adjoint,

—’(Llll — )\ul in (O, 1),
—ul = Aus in (0,1),
u1(0) = 0, u2(0) =0, (4.2)

ul(l) = u2(1)7
wy (1) + ub(1) + aus (1) = 0.

Observe first that we necessarily have A > 0. Indeed, multiplying the first and
second equations by u; and ug respectively, then upon an integration by parts and
using the boundary conditions, one has

1 1
/ (1w (2)[2 + b ()[2) iz + afun (1) = A / (01 ()2 + s (@) ?) dar,
0 0

which certainly tells us that A > 0 since o > 0. We shall set u = v/A.

Let us now solve (4.2). We start by observing that if u; = 0 then the equation
for uz along with the boundary conditions gives uz = 0. Therefore, by using the
boundary condition at x = 0, we expect the solution to be of the form

ui(z) = Cy sin(uz), ua(z) = Casin(uzx), Vr € [0,1],

for some C1,C2 € R. On the other hand, the conditions u1 (1) = u2(1) and v} (1) +
ub(1) + auy (1) = 0 respectively provide

(C1 —C2)sing =0 and (4.3a)
uC1 cos p+ puCs cos u+ aCy sinp = 0. (4.3b)

— First, when sinpu # 0, then C; = C2 # 0 from (4.3a), so that from (4.3b) we
end up with

2ucos 4 asinp = 0. (4.4)
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—If a = 0, then g, = (k+1/2)7 for k > 0 are the positive roots of
the above equation. A first family of eigenvalues of (4.2) is thus given by
A= (k+1/2)*n% k> 0.

— If a > 0, we rewrite the equation (4.4) as

2
9(n) := tanp + —p =0.

We calculate that ¢’ () = sec® u 4+ 2/a > 0, and so in particular, ¢’(u) > 0
in (k4 1/2)m, (k+ 3/2)m), for any k > 0. Beside this, we have

2
li =00, g((k+1)m)==(k+1)7>0.
(i 9 = —o0, gkt Dm) = C(k+ 1)m

So, there exists exactly one root of g in ((k+1/2)7, (k+1)7), for each k& > 0,
and given a > 0. Let us denote the roots of g by u%l and the eigenvalues

by Ay, = (ug1)?, for all k> 0 and given any a > 0.
Note that an associated set of normalized eigenfunctions is given by

Prg (1) 1= (Sm(“g»lm)) . (4.5)

sin(p; @)

— Assume now that sin p = 0 (see (4.3a)), from which we deduce that p = (k+1)7
for some k > 0. By (4.3b) we have C; = —C2. Now, to be consistent with the
notation, we shall denote this second set of eigenvalue-eigenfunction pairs by
{AR2:Pxg, } oo even if they are not depending on a, with A{, = (k + 1)*n
and

sin(k + 1)mz ) (4.6)

Pig, (@) = (— sin(k + 1)7z

Remark 4.2 Since the operator A} is self-adjoint, the family {¢’>\5 L Pag }k>0 in-

deed forms an orthonormal basis of E.

Remark 4.3 For any a > 0, we deduce the following asymptotic formula of )\3717
o _ 12 2
k= (k+ 5) 7 4+ a+o0a(l), fork large,

To obtain the above asymptotic, we express uj; ; = (k +1/2)7 + &, with 63, €
(0,7/2) for a > 0. Then we see from g(uj ;) = 0 that

2
tan((k +1/2)m + 65 1) + a((k +1/2)7 +651) =0,
) cosdy,; 2 o
e g = ~((k+1/2)m + 67), (4.7)

of which, the right hand side goes to 400 as k — 400, and so, for any fixed a > 0,
571 — 0T, Consequently, sindf; ~ 67 | and coséjy ; ~ 1 for large k. So, by taking
into account (4.7), we have

Ofq ~ %, for k large.
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Henceforth, we deduce that

1 1 1
%1— (k+§)27l'2: <,U/g’1— (k+§)7T) <Mg’1+(k+§)ﬂ'>
:5?’1((2k+1)7r+6,?71)

— Q.
k—o0

4.1.2 Spectrum of the main operator Ag ,

We begin with our main problem of interest, that is the system of odes (4.1). For
our use, we first denote the set of all eigenvalues of A} 4 by Aq,q for any a € R
and o > 0.

Let us choose a € R* and o > 0 and we pursue some detailed analysis step by
step as follows.

Localization of the spectrum. We observe that

AoaC | DO 20al), (4.8)
AEAL 0

where Aq 0 is the set of all eigenvalues of the self-adjoint operator Ay = Aq 0.
Indeed, if £ € C is such that | — A| > 2|a| for any A € Aq 0, then in particular

~,0 — &1 is invertible and satisfies the resolvent estimate

I(AGo =€) = sup
It follows that
Al = €1 = Ado — €1+ Mi = (Al — D) (1= (Al — €17 M),
and thus £ lies in the resolvent set of A} , since
[(Af0 — €D Ma| < [I(A%0 — DT HIIME] < ﬁlal <L

In particular, A} , has compact resolvent since the self-adjoint operator Aq,o
has so (see for instance [31, IV-Theorem 3.17]), which ensures that the spectrum
of Aa,q is discrete.

Multiplicity. Observe now that all eigenvalues have geometric multiplicity 1. As-
sume that it is not the case, then we can find one associated eigenfunction u =
(u1,u2) such that u1(1) = 0. By the boundary condition at z = 1, we also have
uz2(1) = 0. Note that u5(1) # 0 since if it were not the case, we would have uz = 0
in (0,1) and then u; =0 in (0,1) which is not possible.

From (4.1), we see that uy satisfies a second order ode with homogeneous
Dirichlet boundary conditions from which we deduce that A = (k+1)*x? for some
k > 0 and, up to a multiplicative constant, uz(z) = sin(k + 1)z, Vx € [0,1]. In
particular, X is real.
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Now, we multiply the differential equation of w1 by u2 and integrate, i.e.,

1 1 1
—ulllmuccm a ’l,l,l‘?ﬂf: Ul \r)us\xr) ax.
/0 <)2<>d+/0|2<>|d A/O s (@)us(z) d

Performing integration by parts and u;(0) = u;(1) =0 (for i = 1,2), we get

/ i (e)ur(a) o+ / (o) de = A / i (@)us(e) do.

Now, since —uf = Auz in (0,1), and a # 0, we deduce from the above equality that
uz = 0 in [0, 1] which is not possible as discussed above. The claim is proved.

The case A = 0. We observe that A = 0 is an eigenvalue if and only if a+3a+6 = 0.
Take A = 0 in (4.1). Then solving the set of odes along with the homogeneous
boundary condition at z = 0, one obtain u2(z) = c1z and ui(z) = claT””a + cox.
Now, thanks to the Kirchhoff boundary condition at = = 1, we obtain ¢z = ¢;(1-%)
and

ci(a+3a+6)=0,

which shows that ¢; = 0 (consequently, co = 0) provided a + 3a + 6 # 0; in that
case, A = 0 is not an eigenvalue of A7 ,.
But, as soon as we have a + 3a+ 6 = 0 (then fix ¢; = 1), we see that A =0 is
an eigenvalue with the eigenfunction
ax3 a
Bo(z) = (T +(1- 6)$) . Vaelo1]. (4.9)
z
The case A # 0. As we have seen above we cannot have ug = 0 in (0,1). We take
p € C such that x2 = X and we observe that the solution of (4.1) is necessarily of
the form X
_ a1, gy —ipx T —ipx
ui(xr) = — (e +e + Kol(e —e R
(@) = G )+ Ko ) w1o)
ua(e) = Ka(¢7 — e=2),

for some K, K2 € C. Thereafter, the two boundary conditions at x = 1 provides
us the following two equations

Ki(acy — 2ipsy) + K2(2ips,) =0 and (4.11)
K1(=2p2cp + aipsy + acy + 2iapsy) + Ko (—2u%c,) = 0, .
where we introduced s, := 2isinp and ¢, := 2cospu. Now, for the existence of

non-zero solution (K1, K2) of the above system, the following condition should
necessarily be satisfied:

8u%i(sucn) + 2ua(sy — cb) — 2ai(sucu) + dauss, = 0,

which is actually the determinant of the coefficient matrix of system (4.11). Since
we have assumed that p # 0, the condition above implies that s, # 0.

Using the relations s,c, = 2isin2u, si = —4sin? y and si fci = —4, the above
equation simplifies as

(4p® — a) sin 2p 4 2ap + 4opsin® = 0. (4.12)
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2ius, sin p
Next we fix K1 = 1/2i and deduce from (4.10) that the eigenfunction associated
with A\ = p? is given by

oa(2) = (<> + (L) sin<w>) S
sin(ux)

Now, from the first equation of (4.11), we have K2 = K (1— s ) =K (1 + 2% COS“) .

as soon as p € C satisfies (4.12).

Real solutions of the transcendental equation (4.12). We set
F(w) := (4p® — a) sin 2u + 2ap + 4apsin? 4.
Our goal is to prove the following lemma.

Lemma 4.4 Let a € R* and a > 0. There exists some ka,o € NU{0}, and Cq,q >0
such that for each k > kq,a, the function f has:

— at least one real root, denoted by ,ug’f, in the interval

((k+1/4)7, (k+ 3/4)7),
and that satisfies

200+ a
4km

iy = (k+1/2)m + + 0a,a(1/k), (4.14)

— at least one real root, denoted by ,uz‘g, in the interval

((k +3/4)m, (k+ 5/4)7r),

and that satisfies
a
MZ:; =(k+1)m— T + 0a,a(1/k). (4.15)
Proof Let e = F7/4. Then, we observe the following facts.
— A straightforward computation gives
F((k+1/2)7 + €) ~ —4sin(2e)k*x*,  for large k.

Hence, for k large enough, f((k+1/4)7) and f((k+3/4)m) have different signs,
which proves the existence of a root up"!" € ((k+ 1/4)w, (k + 3/4)x).
Let 0y, := py ) — (k+1/2)m € (—n/4,7/4). The equation f(u;’}) =0 gives

— (4((k + 1/2)7 + 65)* — a) sin(26y) + 2a((k + 1/2)7 + d;,)
+ 4a((k +1/2)7 4 8;) cos® 6, = 0,  (4.16)

and in particular we get for some Cq,q > 0,
. C
| sin(26)] < —Z’a,

which implies that 6 — 0 as k — +oo and coming back to (4.16), one can
deduce that
_ (20c4a)

Ok 4km

+ Oa.a(1/E).
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— Similarly, we have
F((k+1)m +¢€) ~ 4sin(2e)k*x>,  for large k,

and by the similar trick as previous we get the existence of a root ,uz’g €
((k+3/4)m, (k+ 5/4)m). Setting now &, := pyy — (k+ 1)7 € (—n/4,7/4), the
equation f(uyy) = 0 gives

(4((k + 1)m + 63,)* — a) sin(285) + 2a((k + )7 + 5)
+4a((k 4+ )7 + 6;,)sin? 6, =0, (4.17)
again from which we first deduce that &5 tends to 0 (using the similar argument
as before) and then

a

O =~ Thm

+ Oua(1/K?).

Corollary 4.5 For any k > ka,a, the operator A, o has exactly two real eigenvalues

)\g’f and )\Z"; that satisfy

M= (k+1/2)°7 + (e + a/2) + 0a,a(1),

X = (4 107 02 4 00a(1).

Moreover, for each k > ka,a (possibly some larger ka,o than earlier) and i € {1,2},
)\Z’ia is the unique eigenvalue of Az,a in the following disk of the complex plane

D(X;),2lal),

where conventionally )\Z"io = )‘?m the eigenvalues of our self-adjoint operator Aq .

Proof The solutions uz‘f of the transcendental equation f(u) = 0 are the square
roots of the eigenvalues of our operator. Thus we can set A\, = (ugf)Q
Moreover, for k large enough, we have for : = 1,2, that

a (N, Aao \ TS} = 4lal,

so that, we have the resolvent estimate

* _ 1
(AL —eD~ < Sl V¢ € aD(AY,2lal),
and thus )
IMGII(AS — €D < 5, V6 €D, 2lal).

From [31, IV-Theorems 3.16, 3.18, and V-§4.3], we know that the perturbed oper-
ator Ap, o and the self-adjoint operator A7, have the same number of eigenvalues in
the disk D()\Z"?, 2|a|). Therefore, in this disk, A% o has only one eigenvalue which
is A%,

ki
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Conclusion on the structure of Aa,q. Using the fact given by (4.8) and the Corollary
4.5, we deduce that the spectrum of A7 , can be split into two disjoint parts

Aa,a = A?x,a U Ag?av (4’18)

where Ag,a is finite, with possibly some complex eigenvalues, and satisfy

Ra.cly U begy.2al, (4.19)
i=1,2 0<k<ka,a

and Ag’, C (0,+00) and is defined by
AL, = {)\Z:f’ k> ka,a} U {Ag;;, k> ka,a} . (4.20)

The situation is illustrated in Figure 4.1. This image has been obtained by
numerically computing the spectrum of the discretized operator A7 , on a very
refined mesh (see Section 5.2 for details about the discretization procedure).

— T
|
Agz,a, | Agtoqa
10 % % x : —
" |
|
X |
|
= 0 ‘
& ‘
|
X |
x 1
1oL X N
10 X x |
|
|
[ ! ! ! !
0 200 400 600 800 1,000

RN

Fig. 4.1 A numerical description of a part of the spectrum: for a = 30, « = 0.1

We can summarize the above analysis as follows.

Proposition 4.6 Let a € R and a > 0 be any two parameters.

— The spectrum of the operator A}, 4 is discrete, made only of simple eigenvalues,
and has the structure given in (4.18).

— Moreover, the associated family of eigenfunctions {®x}xeca
Ha.

is complete in & and

a,a

Note that we considered here the complex version of the spaces E and H. Every-
thing was proved above, except the completeness property of the eigenfunctions
which comes as a consequence of a theorem of Keldysh, see for instance [38, Chap-
ter 1-Theorem 4.3], since the perturbation Mj is bounded.
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4.2 Observation estimates and bounds on norms of eigenfunctions

In this section, we analyze the size of the observation terms [B3®y| for A € Aa.q
(B5 is defined by (2.13b)). If those quantities do not vanish then the approx-
imate controllability of the problem (1.7)—(1.8b) will be guaranteed by means
of Fattorini-Hautus test (see [25,39]). Moreover, suitable lower bound for those
quantities combined with upper bounds of ||®, (%, will let us build and estimate
a null-control in L2(0,T) via moments technique.

4.2.1 Approzimate controllability

We prove the following lemma (recall that we have assumed the diffusion coeffi-
clents y1 =2 = 1).

Lemma 4.7 There exists a non-empty set R C Rar x R* of null measure, such that
we have the following properties:

1. If (aya) ¢ R, the problem (1.7)—(1.8b) is approzimately controllable at any time
T>0imH_q.

2. On the other hand, if (o,a) € R, there exists a subspace Yo,a C H—qa of codimen-
sion one, such that the problem (1.7)—(1.8b) is approzimately controllable at any
time T > 0 if and only if the initial data belongs to Ya,a.-

The set R and the spaces YVa,a are defined by (4.29) and (4.31) respectively
inside the proof of this lemma.

Proof (of Lemma 4.7)
We recall that the observation operator B3 is given in (2.13b).

— In the simplest case when a = 0, for any o > 0, one can immediately see that
the eigenfunctions in (4.5)—(4.6) satisfy

35%3,1 = /A1 #0, ngﬁkm =, /A;2 =(k+1)7#0, Vk>0. (4.21)

— The case A = 0 can only happen if a + 3a + 6 = 0 (so that in particular a < 0)
and it follows from (4.9) that

Bido=1-2>0.
6
— Let us assume that a # 0 and X # 0 be an eigenvalue of A}, ,. The associated
eigenfunction @) is given in (4.13).
An immediate computation gives

By = — o+t ool

o Teina (4.22)

From now on, we suppose that B5®, = 0. Since pu # 0 and sinpu # 0, this is
equivalent to the relation

(21 — a)sin p + apcos u = 0. (4.23)
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This equation has to be satisfied in addition to the transcendental equation
(4.12). If we suppose that cosp = 0, then (4.12) and (4.23) show that this can
occur if and only if we have

a+2a=0, and p? = —a, (4.24)

this last equation not being compatible with the condition cos y = 0.
Therefore, we can assume that cosp # 0. Multiplying (4.23) by 2cosp and
using straightforward trigonometry we obtain that the two equations (4.12)
and (4.23) can be equivalently written as follows

(4p® —a) dap sin2up) [ —2ap
<(2u2 —a) —2ap) \sin? ) — \ —2ap )" (4.25)
Denote the coefficient matrix in the left hand side of (4.25) by M,, € M2x2(C)
and we calculate the determinant:

det M, = 2ap(a + 20) — 84> (a + ).

— Let us prove that det My, # 0 if p satisfies (4.25).
The claim is clear if a + 2a = 0 or a + a = 0, since a and p are non-zero.
From now on we assume a + 2a # 0 and a + a 7# 0. The determinant of M,

a(a+2a)

A(ata) € C and, if that happens, the matrix

cancels if and only if p = +

becomes

ax 192 a(a+2w)

o ata (a+a)
MM_ 1 a? a a(a+2a) ’
2 ata + (a+a)

and a straightforward computation shows that

Ker M,, = Span { (;;) } .

We deduce from (4.25) that (1) belongs to the range of M,,, which implies
that it should be orthogonal to Ker M;, that is

1 a
(1) +(5.)
This is a contradiction since a + 2« # 0 and the claim is proved.
— Solving (4.25).

From the previous point, we know that M, is invertible, so that we can
solve (4.25) to get

sin2u = 2ap(a + 220‘) 7
ala + 2a) — 4p2(a + @) (4.26)
p— 2 :
sin? o= 2ap

ala+2a) —4p2(a+ «a)’
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Using the standard trigonometric relation sin? 2u = 4 sin? u(1 — sin? ), we can
deduce from (4.26) that

4u2 =ala+2a+2).

Since the sign of p is unimportant, we conclude that this situation can only
occur for the particular value

B = Hoa 1= %\/@2 + 2aa + 2a.

To summarize, we have finally obtained that if B5&, = 0, then we necessarily

have

ala + 2a + 2)
4

This is a necessary condition and we still have to check whether or not this
value of A (or u) does satisfy (4.26), that is to say if @ and a satisfy

A=A = . (4.27)

. a+ 2a)va? + 2aa + 2a
sin(v/a? + 2ac + 2a) = - (a2 + 21 + 3aa 4+ 202) 7 (4.283)

.o (Va2 +2aa+2a\ _ (a® + 2aa+ 2a)
sin ( 3 ) = 2(a? T a+ Baa + 207 (4.28b)

This leads us to introduce the critical set R as follows
R :={(a,a) € Rf x R*, s.t. (4.28) holds}. (4.29)

The set R is the set of solutions to the two equations (4.28). We recall that
those two equations were obtained from (4.26) by eliminating the value of u
and therefore, are not independent one from the other. Thus, we observe that
any solution (4.28b) necessarily satisfies

. \/27 _ (a+2a)Va? + 2aa + 2a
sin(v/a? 4+ 2aa + 2a) = ¢ (@ + a+ 3ac +2a7) (4.30)

for e € {—1,1}. On any connected component of the set of solutions of (4.28b),
we have either e = —1 (in which case (4.28a) is satisfied) or e = 1 (in which
case (4.28a) is not satisfied).
We have plotted in Figure 4.2 the solution curves of (4.28b) in two colors: in
blue the ones for which e = —1 and in red the ones for which ¢ = 1. The set R
is thus the union of the blue curves. The blue dot corresponds to the particular
pair (a,a) = (1,3.1931469) that is used in the numerical results of Section 5.3.
— To sum up the previous analysis, we have identified the set R of parameters
(o, a) for which there exists a single critical eigenvalue g , given by (4.27) for
which the associated eigenfunction is not observable, that is B3®yc = 0.
We can now find out the approximate controllability properties of our problem.
1. For any given pair (a,a) ¢ R all the eigenfunctions of AZ , are observ-
able, and henceforth, the Fattorini-Hautus criterion is satisfied (see [25,
39]) which implies the approximate controllability of the system in the
space H_q.
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Fig. 4.2 In blue: the set R of critical pairs (e, a). In red: The solutions to (4.28b) that are
not solution of (4.28a).

2. If a given pair (o, a) belongs to R, then the system (1.7)—(1.8b) cannot be
approximately controllable in the full space H_,, since for the particular
eigenvalue given in (4.27), we have B;®). = 0; thus the Fattorini-Hautus
criterion fails. ’

However, it is not difficult to observe that if the initial data belongs to the
smaller space defined by

Voo = {yo EMHoal (o, Pre IH_oHo = 0}, (4.31)

then the approximate controllability of the system holds true.

4.2.2 Estimates on the eigenfunctions

We will gather here the estimates we need on the eigenfunctions, namely a bound
from below for the observation terms B3®, and a bound from above for the norms

1Pl -

Lemma 4.8 Let a € R and a > 0 be given. Then, there exists some Cq,q such that
we have

HQZSAH'H0 < Ca7a/(1 + v |>‘|)» A2NS A%av

and moreover, the observation terms enjoy the following estimate

1. When (a,a) ¢ R, we have
1
|B5®y| > C—(l +VIAD), VYA€ Aa. (4.32)
a,a

2. On the other hand, for any pair (a,a) € R, we have the same estimate (4.32) for
all X € Ao \ {Aa 0}, where NG o is given in (4.27).
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Proof We first observe that, thanks to the structure of the spectrum of our operator
(o)

given in (4.18), it is enough to establish the required estimates for A € A%,
in which case we can take advantage of the explicit asymptotic behavior of the
eigenvalues that we have established above. Moreover we only treat here the case
a # 0 since the case a = 0 can be treated easily in the very same way by using
formulas (4.5)-(4.6) instead of (4.13).

— For the case A = 0, (which is possible only when a 4+ 3a + 6 = 0) it is easy to
see from (4.9) that there exists some Cq,q > 0 such that
12ol[#., < Casa-
— Next, we suppose A # 0 and observe that

D73, = (Aa,0Px, PA)E
= (A8,a®), Pr)E — (My®Py, D\ E
= N[@AllE — (Madr, @2 E
< (lal + A1 @Al

Therefore, we are reduced to find a uniform estimate of the norm in E of &,.
Using the explicit expression (4.13) of the eigenfunction &, we get that

1
PAlle < Ca <1 +— ) ,
| sin gl

and so we finally simply need to show that

sup || ®yeallp + sup [@xe-0ll 2 < +o0.

ZRa,a

— Concerning the first family of eigenvalues, by the asymptotics (4.14), we
have that |sin(u; )| is close to 1 for k large enough. Therefore it is clear
that ||¢)\:,{z ||g is a bounded quantity when k goes to infinity.

— For the second family of eigenvalues, using (4.15) we see that sin(u;’y) is
now close to 0 for k large. However, the precise asymptotics shows that the
product

Kis Sin(ugy)|
is close to |a|/4 for k large, and thus ||¢>\<;,; || is also bounded.
— Concerning the observation terms, we start from (4.22) and separate again the

study for the two families of eigenvalues.
— By the same argument as before, we see that |sin(y; )| is close to 1 and

| cos(y,’y')| is close to 0, so that we get
* a,a a,a
BQ@/\?f <|:)Jo /,Lk71 = )\k,l'

— Concerning the second family of eigenvalues, we need to carefully study the
last term in (4.22), that gives

acos(uy’y) a(—1)F*1
ZSin(pg:g) +oo 2(=1)k+1 (F2)

a,a
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Coming back to (4.22), we conclude that

* a,a /[ya,a
BQ@)\Z:S +Noo 7/1%72 = — )\k,Q'
This, along with Lemma 4.7 gives the required results in points 1 and 2 of our
Lemma.

4.3 Null-controllability

We now focus on obtaining a null-control for the system (1.7)—(1.8b). We recall
again that the diffusion coefficients are v = v2 = 1.

4.3.1 The moments problem

The set of eigenfunctions {®@)} e, , of A%, 4 is a complete family in Hq on account
of Proposition 4.6, so it is enough to check the controllability equation (2.12) for
@, for each A € Aq,q. This indeed tells us that, for any yo € H—qn, the input
v € L?(0,T;C) is a null-control for (1.7)~(1.8b) if and only if we have

J— T —
—eiAT<y0,¢)\>H7mHa = B;@,\/ v(t) e~ AMT=t)dt, VA€ Aaa. (4.33)
0

where we used the fact that e_tA;vaé)\ =e o, for any A € Aqa.
The above set of equations are the moments problem in our case, that we need
to solve.

4.3.2 Existence of bi-orthogonal family

From the set of moments problem, we shall find a control v built upon a suitable bi-
orthogonal family to the time-dependent exponential functions. In this context, it
is worth mentioning [8, Theorem 1.5] where the authors proved the existence of bi-
orthogonal families to {tjef‘”“t}kz()?ogjsn (n € N) for a complex sequence {oy} >0
with non-decreasing modulus. This proof is based on a proper gap condition of
|ox — on| for all k # n and some property of the counting function associated with
{0k }k>0- In fact, concerning this hypothesis on the counting function, a slightly
modified version has been introduced in [2, Remark 4.3] and below, we write a
simpler version of [8, Theorem 1.5] combined with [2, Remark 4.3] which will be
used in our case.

Theorem 4.9 Let {o;}1>0 C C be a sequence of complex numbers fulfilling the fol-
lowing assumptions:

1. o # on for all k,n € NU{0}, with k # n;
2. R(og) > 0, for all k > 0 and there exists some constant ¢ > 0, independent on
k > 0, such that
[S(ox)| < ev/R(og), V>0

3. {ok}k>0 is non-decreasing in modulus, that is

lokt1] > ogl, VE > 0;
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4. {0k }k>0 satisfies the following gap condition: there exists some p > 0 and p € N
such that

ok —onl > plk> —n®|, Vk,n:|k—n|>p,
inf log — on| > 0;
k#n:|lk—n|<p

5. for some 0 > 0 and cmin, cmax > 0, the counting function N : (0,400) — (0, +0o0)
corresponding to the set {0} } >0,

N(r) =#{k : log| <7}, ¥r >0,
satisfies the following inequality
—0 + cmin VT < N(r) < 0 + cmaxVr, Vr > 0;

Then, there exists To > 0 such that, for 0 < T < Tp, we can find a family of complex
valued functions {qk}k>0 C L*(0,T), bi-orthogonal to {eigk(T*t)}kN), that is,

T ——
/ qk(t)e_al(T_t) dt =0, Vk,1 >0,
0

with in addition,
SR C
lakllL2c0,1) < CeCVREDET - for any k > 0,

with a constant C := C(c, p, 0, cmin, Cmax) > 0 which does not depend on the choice of
sequence {0} }r>0-

We will show that the set of eigenvalues Aq,q satisfies all the assumptions of
Theorem 4.9 to find the bi-orthogonal family for {e_A(T_t)}/\eA .

Remark 4.10 According to Theorem 4.9, all the elements of Aq,q should have posi-
tive real part. So, if needed, one could choose some mq,q > 0, such that (A+ma,a)
has positive real part for all A\ € An,q, and we shall then focus on finding the
bi-orthogonal family for {ef()"*'mav“)(T*t)})\eAa E

Thus, without loss of generality, we assume that the eigenvalues A € Aq,q have
positive real parts.

1. We know that the set of eigenvalues An,q is discrete, and that only a finite
number of them are possibly non-real, see (4.18). Therefore, we clearly have

the estimate
IS(V)| € Ca,aVR(N), VA€ Aqa

2. The gap condition
Since the spectrum of A, , is discrete, one has \/\7X| # 0 for any two eigenvalues
A F# X in Aa,a. So, it is enough to obtain a proper gap condition for large
eigenvalues where we take the advantage of having only real eigenvalues.
In this context, it is important to recall the set of all real eigenvalues defined in
(4.20) and for simplicity one may re-denote the sequence {/\g;f}kzka,a,i:l,? by
{X2k+i}k>ka a,i=1,2 (Ko, has been introduced in Corollary 4.5), in increasing
order as follows

A2k o1 < A2k o t2 < Ao(hg ot D1 < 7
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with
Aogt1 = Az:]l_lv Aofqo 1= /\2;;’, Vk > ka,a-

Note that for the re-defined sequence above, we start with the index 2ka,q +1,
the reason is that the set A3, C Aa,a (see (4.19)) contains exactly 2ka,a
eigenvalues.

Let us take into account the asymptotic formulas given by Corollary 4.5 and
compute the following,

1
A2k42 — A2kg1 = )\25 - )\zla =(k+1)*° — (k+ 5)27r2 + Oa,a(1)

> Caa kr?,  (for large k)

7'('2

> Coa [(2k +2)% — (2k + 1)?],

as also,
_yaa a,a _ 12 o 2 2
)\2(k+1)+1 - )\2k+2 == )\k:—‘rl,l — )\k,Q == (IC + 1 + 5) T — (k + 1) T+ O(y,a(l)
> Ca,a (k4 1)x2,  (for large k)

> za,a“; [(2(k+1) + 1) — (2k +2)7],

for some constant ¢q., > 0. Now, from the above two inequalities, it is not
difficult to obtain

. _ k>n>kaa, i, je{l,2},
Nokti — Ao i > 26402 - (@2n+4)3, v o
2k+i 2n+j Z Pa,a [( ) ( J)] k=n>kaa i> ],
(4.34)

for some ka,q > ka,a and with pa,q = ¢a,q 72/7, independent on the choices of
the eigenvalues. Hence, the requirement of gap condition satisfies.
The counting function
Let N be the counting function associated with the set of eigenvalues Aq,aq,
defined by

N(r) =#{N € Adaya: [N <7}, Vr>0.

We have that, the function N is piecewise constant and non-decreasing in
the interval [0,+00). Also for every r € (0,+00) we have N(r) < +oo and
limy—s 400 N(r) = +00.

Without loss of generality, one can start with some sufficiently large number
7 > 0, such that Vr > 7, the eigenvalue Ay, is real. Assuming this N(r) to be
an odd number, we have, from the definition of N, that

N(r) =2k +1 <= Agpy1 <7 and Agpyo >7r, for k> kaa,
e, ok SV <y Aopga, for k> kaa,

which yields, by Lemma 4.4,

(k+%)7r§\/77<(k+g)7r, for k > ka,q and Vr > 7 > 0.
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Replacing k by w, we determine that
2t eNm) < 2yt g, wr2Ts0 (4.35)

Similarly, for even N(r), we shall have similar estimate for N(r).

Now, for smaller 0 < r < 7, it is obvious that there always exists some constant
Ca,a > 0, sufficiently large and independent of 0 < r < 7 such that

N(r) < Caa(vV7 + 1), (4.36)

since N is a bounded function in (0, 7).
The above inequalities (4.35) and (4.36) are the required conditions for count-
ing functions.

So, by virtue of [8, Theorem 1.5], we can ensure the existence of a family

{ax}rea,. . C L?(0,T;C), bi-orthogonal to {e_/\(T_t)}AeAa,a’ t € (0,T), that is to
say

T e — ~
/0 q)\(t) e~ MT=1) gt = 6)\5, A WS Aa,a.

In addition, this family satisfies the following estimate

laallLz(o,1) < Caa eca’"'(M+%): VA € Aaa, (4.37)

for some Cq,q > 0 which only does depend the constants obtained in the points 1,

2, 3 in the above discussions but definitely not on the eigenvalues A € Aq,q.

4.8.8 Existence of a control

Now we are in the situation to prove the null-controllability result of (1.7)—(1.8b),
typically the following proof.

Proof (of Theorem 1.8)

Without loss of generality, we prove the theorem for given time 0 < 7' < 1.
Since for any time 7' > 1, we know that a continuation by 0 of a control in (0,1)
will still be a control in (0, T).

— We first suppose (a,a) ¢ R and consider

v(t)= Y (), Vt€(0,T), with (4.38a)
/\eAa,a
e—AT
OA(t) = === W0, PA)n_ . 1. 1 (1), VEE(0,T), (4.38b)
Bid)

for A € Aa,a, any given yo € H—o and any 0 < T' < 1. The above construction
of vy is well-defined since we have, by Lemma 4.7, that B5®, # 0, VA € Aq.a.
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With this choice of v, we can observe that the set of moments problem (4.33)
is formally satisfied. It remains to show the convergence of the series, and here
we need to find the L?(0,T) norm of vy for each A € Aq,q. We see that

=T
e
loallz2(0,m) < 7:B*¢)\‘| lyoll#_o 1PAll3e0 llaxll 20,1 (4.39)
2

Ca.a g
3 —TR(A a,a A a,a A o
< Cae TR Coa Tty WA
B3 Al

thanks to the estimate of bi-orthogonal family in (4.37).
Thereafter, an application of Cauchy-Schwarz inequality gives

02
Ca a §R()‘) S 20;:1 )

)

R(N) +

T
2
so that one has
Cla
e~ TRO) [CaaVRO) < (~ TR+ vy ¢ Aaa, (4.40)

Next, we use the estimates of the eigenfunctions from Lemma 4.8 to deduce

P ll3¢,

— e (O VA€ Aaja-
Byo,| =T TS e

Now, take the sum over A € Aq,q in (4.39), then using the above bounds and
applying (4.40), we obtain

Ca,a T

“a — TR
37 lloallzzor) € Caae T llyolla_. . e 27V
AE€AG a A€Aq a

We finally get that

Ca,a
[vllL20,7) < Cavae ™ lyolla .. (4.41)

with a constant Ca,q > 0 does not depend on T
On the other hand, when (o, a) € R, we consider our control as

o(t) = > vy (t), Vte (0,T), (4.42)

A€, a\{AG 0}

with the same formulation of vy as prescribed in (4.38b).

Since we have assumed that yo € YVa,a (the space Va,o has been defined in
(4.31)), we see that the moments problem (4.33) is actually satisfied for any
eigenvalue (in the case A = Ag 4, both sides of the equality are zero).

The L2-bound of this control alike (4.41) can be then obtained by a similar
approach as previous.
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5 Some numerical studies

We devote this section to illustrate experimentally the controllability results shown
in the previous sections and make experiments for some other control systems. We
begin by presenting some facts about the classical penalized Hilbert Uniqueness
Method (see e.g., [30,14]). Precisely, we shall accommodate [14, Proposition 1.5
and Theorem 1.7] in our functional setting which is not exactly the same as of
the above references, as we recall that the weak solution y to (1.7) with (1.8a),
or (1.8b), belongs to the space C°([0,T]; H—a), where the abstract space H_q is
larger than E := (L2(0,1))?. Next to this, we will introduce a general methodology
to incorporate the effects of the boundary coupling(s) into the discretization of the
system (1.1) (under the Assumption 1). We conclude this section by presenting
several experiments.

5.1 Adapting the penalized HUM approach

Following the well-known penalized HUM approach, we shall look for the control
v minimizing the primal functional given by

T
F(w) =5 [ OPa+ @B, (5.1)

where we used the same notation y = (y1,y2) to denote the unique weak solution
to the system (1.7) either with the boundary conditions (1.8a) or (1.8b) and for
given initial data yp € E. For the sake of exposition, we deal with the system
(1.7)—(1.8b).

Observe that, for any € > 0, the functional (5.1) has a unique minimizer in
L2(07 T;R) since Fe is continuous, strictly convex and coercive. Hereafter, we de-
note this minimizer by ve.

Using Fenchel-Rockafellar theory (see for instance [23]), we can identify an
associated dual functional: for any e > 0, we consider

1 (T ooy a2 e
5(Q) =5 | |Bre 0 Anac ek SclBy, + (e THReC) L (52)
0

for all ¢ := ((1,¢2) € Ha. We choose the initial data yo € E and also recall the
observation operator B3 defined by (2.13b) associated with the control problem
(1.7)—(1.8b).

For any € > 0, the dual functional (5.2) also has a unique minimizer, that we
denote by ¢¢. Note that, in this case the coercivity comes from the term %HCH%Q
which corresponds, by duality, to the penalty term introduced in Fe.

Now, we characterize the minimizers ve and (¢ in the following way.

Proposition 5.1 For any ¢ > 0, the minimizers ve and ¢ of the functionals Fe and
Je respectively, are related through the formula

ve(t) = B3 ef(Tft)A;vaCE for a.e. t € (0,T), (5.3)

and moreover, we have

yE(T, ) = _EAOCQ€7
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where y© is the associated weak solution to (1.7)—(1.8b) with control ve and initial data
yo € E. As a consequence, we have
Lz(ior,lzf";R) Fe = Fe(ve) = —Je(¢") = - %lf Je.

We can prove this proposition by following a similar approach as [14, Proposi-
tion 1.5]; for a rigorous proof we refer to [11, Proposition IV.5.1].

The following result allows us to relate the controllability properties of system
(1.7)—(1.8b) with the behavior of the minimizers shown above. More precisely, we
write the following theorem.

Theorem 5.2 Let ve and y© be as in Proposition 5.1. Then we have the following.

— System (1.7)—(1.8b) is approzimately controllable at time T if and only if
y(T) =0, as e¢— 0.
— System (1.7)-(1.8b) is null-controllable at time T if and only if

M= QSup( inf Fe) < +o0. (5.4)
€>0 \ L?(0,T5R)

In this case, we have

lvellz2(0,75) < M, Ny (T3, < MV/e.
Moreover, the HUM control satisfies ||vol| 120, 1;r) = M, and

ve <% wg strongly in L*(0,T;R).

The proof of such result follows from an adaptation of [14, Theorem 1.7],
also we refer to [11, Theorem IV.5.2]. Let us remark that the supremum in (5.4)
corresponds actually to the limit as e — 0 of infr2 (o gy Fe.

The main relevance is that the above theorem allows us to recapture the con-
trollability results presented in the previous sections, using the constructive ap-
proach of the penalized HUM instead of other more involved arguments. At the
numerical level this will be important since we expect that upon discretization
the corresponding system maintains its controllability properties and Theorem 5.2
will help to conclude and illustrate this fact.

Now, we discuss some details about the implementation we follow to obtain
the controls for the system (1.7)—(1.8b). We first define a bounded, non-negative,
symmetric (w.r.t the duality product between H, and H_,) operator A : Ho —
H_qo (usually referred to as the Gramian operator) as follows

AC = wS(T), V¢ € Ha,

where the function w¢ = (wg,wg) e C°([0,T);H_qo) is obtained from ¢ € Ha
as follows: we solve first the adjoint system (3.1) (with its solution ¢(t,z) =
e~ (T=N4%.a¢(2)), and then solve

Orw1 — Oz (y10zw1) =0 in (0,7) x (0,1),
Orwa — Oz (v20zw2) + awr =0 in (0,7) x (0,1),
wi(t, 1) = wa(t, 1) in (0,7),

v1(1)0zw1 (¢, 1) + v2(1)Ozwa (¢, 1) + awi(t,1) =0 in (0,7),
w1(0,-) = w2(0,-) =0 in (0,1),
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along with the conditions at x = 0 as
wi(t,0) = By e T DAcag, wy(t,0)=0 in (0,7).

Now, recall the definition of Je from (5.2), and a straightforward computation
yields
VJe(€) = AC + eAn( + e~ TAaay, (5.5)

one can see that e~TA«ay, is the (free) solution to (1.7)~(1.8b) when we consider
v =0 in (1.8b), and with initial data yo € E.

In this way, the control we are looking for, can be obtained as follows: for any
given € > 0, we first compute the unique minimizer ¢ of Je, that is the unique
solution to the linear problem

eAaC 4 AC = —e7 TAwayy, (5.6)

and then determine the solution to the adjoint equation (3.1) by choosing the
terminal data (€. Since A is a symmetric and positive semi-definite operator, the
conjugate gradient algorithm is a good candidate to solve the linear problem (5.6).
We refer to [30, Ch. 2, Sec. 2.1-2.3] for the implementation of such algorithm.

Once we have computed the minimizer, we use the formula (5.3) to obtain
the desired control and by means of Theorem 5.2, the expected controllability
properties can be tested by analyzing the involved quantities with respect to the
parameter e.

5.2 Numerical implementation for the general interior-boundary coupled system

For the numerical tests, the systems (1.1) (along with the Assumption 1) and
its adjoint are discretized in time by using a standard implicit Euler scheme and
discretized in space by a finite-difference scheme adapted to the corresponding
boundary conditions. Let N,M € N*, we set 6t = T/M and h = 1/(N + 1) and
consider the following discretization for the space and time variables

O=20<21<...<2Ny <2ZN41 =1,
O=to<t1 <...<Ty =T,

where z; = ih, i € [0, N 4+ 1], and t,, = ndt, n € [0, M]. With this, we consider fully
discrete systems of the form
n+1

Yy —y" n+1 _ n+1
T‘i‘Ahy —BhU s TLE{O,...M*l},
0

0
y :yh7

(5.7)

where y = (y")nejo,pm] and v = (v"),ej0,p—1] are the (discrete) state and control
variables, yj € R2Y is an approximation of the given initial data y(0,-), A €
R2NX2N g a suitable approximation of the elliptic operator A and B;, € R?Y stands
for the corresponding approximation of the control operator. We also choose here

constant diffusion coefficients v1,72 € RT and further we denote ~v := (71 0) €

0 2
Max2(R).
As usual, we denote by y; (j = 1,2), each of the components of system (1.1).
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Using a standard finite-difference method, we construct the matrix A, p €
R2VX2N which is composed by two tridiagonal matrix coming from the dis-
cretization of the operator —v; 92, j = 1,2, with homogeneous Dirichlet bound-

ary conditions, that is
_ (A0
Anp = ( 0 A,Zl) : (5.8)

where for each ] = 1,2, (A.;Ly])l = _%(yj,ljrl — Qyj,i + yj7i_1), i = 1,. . .,N.
At this point, we impose that y;o = yj~+1 = 0. In the subsequent steps
we will compute and add the contribution of the boundary conditions to the
discretization scheme.

To incorporate the effect of the boundary conditions (of the system (1.1)) at
the left point, we compute

Apo =~ (~Nov + hDo) " No. (5.9)

This corresponds to writing the boundary unknowns y; ¢ in terms of the values
of y;1 and yields a 2 x 2 matrix. The result will be then used to construct the
auxiliary matrix:

e 1 00 - :
Ap = An,p — ﬁ"/v‘lhp @ (5.10)
0

where ® denotes the Kronecker product, i.e., for matrices S € R™*" and
T € RP*?, the product S ® T is the mp x ng matrix given by

s111T -+ sinT
ST = Do (5.11)
Simd - SmnT

In a similar fashion, for adding the contribution of the boundary at z =1, we
compute

Apa = (N1y + hD1) " "Ny (5.12)

This will give the coefficients obtained by expressing y; y4+1 in terms of the
values y; . We add the resulting matrix to the one obtained in the previous
step as follows

00 ---0

~ = 1 0. L

Ap = Ap — ﬁ’Y-Ah,l @ (5.13)
.00
0+ 01/ y x

To conclude, we need to add the internal coupling terms. This can be easily
done by computing
An = Ap + Meoup ® INxN- (5.14)



Boundary controllability of parabolic systems with Kirchhoff conditions 43

Observe that in our theoretical results, we have considered the simple case where
the control v is applied to one of the equations of system (1.7) through the bound-
ary conditions (1.8a) or (1.8b). However, observe that in the general system (1.1),
the control can be applied in fact to any linear combination of boundary values.
To take into account this in our discretization, we propose the following;:

1. We obtain the auxiliary vector
By, = h(=Novy + hDo) ' B, (5.15)

where one might consider B as the canonical vector (1,0) or (0,1), depending
on which equation the control is being applied.
2. We obtain the control operator by setting

1

1 =~ 0
By, = th’YBh &1 . . (516)

N
Remark 5.3 Some remarks are in order.

— In the general case, under the conditions of Assumption 1, the invertibility of
the matrices shown in formulas (5.9), (5.12) and (5.15) is guaranteed for any
h > 0 small enough, see Lemma A.1l in appendix.

— The discretization of system (1.7) with either boundary conditions (1.8a),
(1.8b) is a particular case of the scheme presented above. Indeed, we read-
ily see that for such cases we have A}, o = O2x2,

Y1 Y2

h h

Ah,l — <71+jfyzl+a 71+:/yz2+oc ) , (5.17)
Yit+v2+ah yi+y2+ah

Meoup = Mg and By, = ((1)) for the boundary condition (1.8a) (resp. <(1)> for

(1.8b)). In this case, we note that since o > 0, (5.17) holds for any value of
h > 0.

We denote by Ej,, H_q p, Uy and Lglt(O7 T; Uy) the discrete spaces associated to

E, H_q, R and L?(0,T;R), respectively. We denote by F!"9% the discretization of
e, h,0t __ (yé,h,ﬁt ye,h,ét)
=W Y

the functional Fr, v©% the corresponding minimizer and y
the associated controlled solution.

As usual in this context, to connect the discretization to the control problem,
we use the penalization parameter ¢ = ¢(h) = h*. This choice is consistent with
the order of approximation of the finite difference scheme. We refer the reader
to [14, Section 4] for a more detailed discussion on the selection of the function
¢(h) in the context of the null-controllability of some parabolic problems and its
implications.

To concentrate on the dependency of the numerical experiments with respect
to the mesh size h, in the following we will always set M = 4000. This is due to
the fact that the results do not depend too much on the time step (as soon as it
is chosen to ensure at least the same accuracy as the space discretization). This
was observed in [14] and the same still applies here.
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5.3 Numerical experiments
5.3.1 Dirichlet boundary control

The case a = 0. Using our computational tool, we begin by obtaining the solution
to system (1.7)—(1.8b) without any control. We consider the set of parameters

T=04, y=ry =1, (5.18)
a=0, a=1, (5.19)
yo,1(x) =sin(nz), yo,2(z) = 1(0.3,0.8) (z), (5.20)

and plot the time evolution of the uncontrolled system in Figure 5.1. We observe
that the solution of both components is damped over time, however they are far
from the desired null target.

T=04 T=04
(a) The state (¢,z) — y1 (¢, z) (b) The state (¢, z) — y2(t, x)

Fig. 5.1 Evolution in time of the uncontrolled solution of system (1.7)—(1.8b) fora = 0, = 1.

T=04

(a) The state (t,z) — y1 (¢, z) (b) The state (¢, z) — y2(t, x)

Fig. 5.2 Evolution in time of the controlled solution of system (1.7)—(1.8b) for a = 0, = 1.

In Figure 5.2, we show the solution (y1,y2) obtained after applying the HUM
control v(t) (see Figure 5.3) computed by algorithm (5.5)—(5.6). We observe, that
due to this action, both components reach zero at the prescribed time T = 0.4.
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Notice that, since we have chosen a = 0 in (1.7)—(1.8b), the action of the control
acts indirectly on the second component just by means of the boundary coupling.
Intuitively, this problem is harder to solve than other classical problems where the
coupling is made in the internal domain.

As far as the asymptotic of the method, we present in Figure 5.4 the behavior
of various quantities of interest as the mesh size goes to 0. We observe that the
control cost ||vg’(‘:f) L2, (0,7;0,) (—#=) as well as the optimal energy inf F(Z(’it) (—o—)
remain bounded as the mesh size h tends to 0. Also, we see that the norm of
the state ||(y?’6t(T),yg’ét(T))Hq_Lmh (—) behaves like ~ C/6(h) = Ch®. This
behavior is in agreement with Theorem 5.2 and illustrates our null controllability
result.

0 0.1 0.2 0.3 0.4

time

Fig. 5.3 Control function v(t).

ol ' T | —#—Cost of the control

*:':.:’aﬁh, —— Size of target

—@— Optimal energy

10-1 B

h

Fig. 5.4 Convergence properties using the penalized HUM technique, the case ¢ = 0,a0 =1
(Dirichlet control case).

The case a # 0. According to our main controllability results: Theorems 1.2 and
1.3, the controllability of system (1.7) is guaranteed depending on the selection
of the parameters (a,a) and the way the control enters the system. When the
control enters through the first component, that is, when (1.8b) is verified, we
know from Lemma 4.7 that there exist values of (a,a) for which system (1.7)
is not even approximately controllable, this is described by means of the set R
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defined in (4.29). We illustrate this fact below. By using a numerical algorithm,
we can determine that the approximate pair (ag,ao) = (1,3.1931469) belongs to
R (see Figure 4.2) and corresponds to the critical eigenvalue Ag, ¢, =~ 5.7421936.
Therefore, the eigenfunction @< - fails to verify the Fattorini-Hautus criterion.

In Figure 5.5, we plot the eigenfunction corresponding to the critical eigenvalue
Xoo,a0- We observe that the first component of the eigenfunction, that is the one
in blue color, is almost flat as it approaches to the boundary point z = 0 and
in fact, numerically we can compute the size of the normal derivative which is of
order 107°. We expect that this is somehow reflected during the penalized HUM
procedure.

—— First component
—— Second component

0 0.2 0.4 0.6 0.8 1
T

Fig. 5.5 The eigenfunction 45)\301&0 corresponding to the critical eigenvalue Ag, | o (Dirichlet

case).

We set the parameters

T:03, Y1 :’}/2:1,
ap = 3.1931469, ag =1, (5.21)
Yo,1(x) = 105111(27”3)37 Yo,2(x) =5 x 1(0.3,0.8) (2),

and apply our computational tool to obtain boundary controls. In Figure 5.6a we
observe the asymptotic behavior of the algorithm. Unlike the previous case, we
observe that the optimal energy (—@—) blows up as ¢(h) ™! = h* while the size of
the target (—) remains constant. This indicates that for the above selection of
the initial data (under the consideration of the critical pair), our system (1.7)-
(1.8b) is neither approximately nor null-controllable, which is in accordance with
our theoretical results.

A further validation of this result can be done by adapting [14, Theorem 1.11],
which gives a hint of the general behavior of the penalized HUM approach in the
limit. In our case, it can be shown that as h — 0, A;’lhyh(T) should converge
towards a nonzero function which belongs to the space of unobservable modes; as
we have seen in Section 4.2.1, the span set of such space consists only one element
which is the eigenfunction associated to the critical eigenvalue. Thus, we expect
to see this at the numerical level.
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In Figure 5.7, it can be seen that as N increases (and therefore h | 0) the
target is converging towards some function instead of going to zero. In this case,
it is clear that the target converges to the critical eigenfunction (up to a constant)
shown in Figure 5.5 which validates the discussion above.

106 - b

100 1 E 1072 ¢

102 |- b

10—# ,
ll)U i m | 1075 %
s = = —®» 8§

‘ ‘1‘0‘*3 - ‘1‘0‘*2 :1‘0‘*3 ‘ — ‘1‘0‘*2
h h

(a) Control applied on y1 ((1.7)- (b) Control applied on y2 ((1.7)—

(1.8b)) (1.8a))

Fig. 5.6 Convergence properties of the HUM technique for the critical pair (ag,ap) with
Dirichlet control applied on different components. Same legend as in Figure 5.4.

- N = 400
--- =800
—  =1600

xT T

(a) AZLyh(T) (b) AZ 3, u3(T)

Fig. 5.7 Convergence of the target as h | 0 for the critical pair (ag,ao) = (1,3.1931469) for
the system (1.7)—(1.8b).

At this point, we shall mention that the approximation of the critical parameter
ao plays an important role in the numerical experiments. In Figure 5.8 we present
a series of experiments where the parameter ag is approximated by truncating up
to a certain number of decimals. For a fixed value of h, We see that for a rough
approximation (two decimals) the convergence of the target is not as good as for
the finer ones (in the experiments shown h = 1/1600). We recall that the critical
parameters come from obtaining a simultaneous solution to (4.28), therefore the
non-controllability result is very sensitive w.r.t. even small changes of such values.
The behavior shown in Figure 5.8 is therefore consistent with this fact.
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1F N ---ap = 3.19
=3.193
0.8 R --- =3.1931469
0 1 0 1
—1 —1
(a) Ag v (T) (b) A jy5 (T)
Fig. 5.8 Convergence of the target for ap = 1 and different approximations of ag for the

system (1.7)—(1.8b).

We finish the discussion here by emphasizing that the behavior shown in Figure
5.6a comes from the fact that the control is placed on the boundary of the first
component, namely the condition (1.8b). If instead we consider the boundary
control on the second component as (1.8a), Theorem 1.2 indicates that regardless
the choice of (a,a) € Rf x R, system (1.7)—(1.8a) is null-controllable at any time
T. We illustrate this fact in Figure 5.6b, where consider the same parameters as
in (5.21) with the difference that the control is applied on the boundary of the
second equation. We observe that as h — 0 the size of the target decreases as
Vo(lh) = h? and both the control cost and the optimal energy remain bounded,
which is in concordance with the theoretical controllability result.

5.3.2 Neumann boundary control

The goal of this section is to show that our computational tool can be used to
illustrate other cases not covered in the theoretical results presented in this paper.
This is possible, thanks to the general methodology we introduced in Section 5.2.

We will discuss about the controllability of system (1.7) in the case when the
boundary conditions at x = 0 are replaced by the Neumann conditions

either 9,y1(¢,0) =0, ~20zy2(¢,0) =v(¢t) in (0,T), (5.22a)
or Y10zy1(t,0) = v(t), 0Oxy2(t,0) =0 in (0,7), (5.22b)

where ~1,v2 are chosen as positive constants.

The well-posedness of this kind of system can be drawn almost in a similar
approach as we did for the Dirichlet cases.

For later use, we write down the observation operator corresponding to the
second system (1.7)—(5.22b) as follows

B*:u=(u1,u2) € (H(0,1))* — u1(0). (5.23)

For the above Neumann control systems (1.7)—(5.22), one could again play with
the Carleman technique and/or a rigorous study of the spectral analysis (which is
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at the heart of the moments approach), but we shall not pursue any detailed study
regarding those in this paper.

However, at the numerical level, using the discretization scheme shown in Sec-
tion 5.2, we just have to set the matrices

wi=(39). 2= (20). 521
Nl:(?(l))’ 191:((1’01), (5.25)

and compute the formulas given in (5.8)—(5.16).

This simple idea actually allows to test for many configurations and different
values of a and a.

We first consider the following simulation parameters

T=05 ~m=y=1,
a=2, «a=4,
Yo,1(x) = sin(rz), yo2(z) = 1(0.3,0.8)(90),

and use our tool to obtain numerical results for two different configurations. In
Figure 5.9a, we show the convergence result for the case where v is applied on the
first component, that is, (5.22b). We can see that as h tends to zero, the size of the
target decreases as \/¢(h) = h? and both the optimal energy and the control cost
remain bounded.

On the other hand, we show the result in Figure 5.9b by changing the control
to the second component, i.e., we consider (5.22a).

102 7 T — T T T — T T — T T T T

100

104

106

1073 1072 1073 102

(a) Control applied on the first com- (b) Control applied on the second
ponent component

Fig. 5.9 Convergence properties of the HUM technique with Neumann control applied in
different equations for a = 2, = 4 (the systems (1.7)—(5.22)). Same legend as in Figure 5.4.

Both the simulations point toward a positive null controllability result, nev-
ertheless one should be cautious with such conclusion. In fact, in the case where
the control is applied on the component y2, we expect that some adaptations can
be made to our Carleman estimate presented in Theorem 3.2 to deduce a similar
result for (1.7)—(5.22a), and thus one can expect null-controllability for any a and
a.
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On the other hand, alike the Dirichlet case (1.7)—(1.8b), we suspect that a
detailed analysis of the adjoint elliptic operator associated with the Neumann
case (1.7)—(5.22b) is essential to answer the controllability question.

Although we will not give any theoretical details, the numerical evidence pre-
sented in Figure 5.10 shows that as in the Dirichlet case, there exists at least one
couple (a,a) for which the observation of one eigenfunction is 0. We numerically
find some pair (approximate value) (ae,ac) = (0.1,1.2369289). In Figure 5.11 we
are plotting the first eigenfunction associated to this pair and from there, it is clear
that such eigenfunction is non-observable (see the def. of observation operator B*
in (5.23)).

102

)
T
|

1
oLa

R(B;®y

08 0.9 1 11 12 13 14 15
a
Fig. 5.10 Size of the observations w.r.t. the first eigenfunctions 51 , in the Neumann case

(1.7)-(5.22b) for a = 0.1 and a € [0.8, 3].

—— First component
—— Second component

Fig. 5.11 The eigenfunction $y1 corresponding to the critical eigenvalue (the first one)

1

te,a, (Neumann case).
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We use this new couple (ac, ac) for some simulation purposes. In Figure 5.12a,
we present the convergence properties w.r.t. to the penalized HUM approach and
as in the Dirichlet case we observe that the size of the target is not decreasing while
the optimal energy and cost of the control are blowing up. This points towards a
non-controllability result.

107 |

103 |-

10! |-

107] 7\ L L L T ] L L L Lo
103 102 103 102
h h

(a) Control applied on yi1 ((1.7)— (b) Control applied on y2 ((1.7)—
(5.22b)) (5.22a))

Fig. 5.12 Convergence properties w.r.t. HUM approach for the critical pair (o, ac) with
Neumann control applied on different components.

Following with the discussion of the Dirichlet case, we see in Figure 5.13 that
the target is indeed converging towards the critical eigenfunction (up to some
constant) which is consistent with the lack of controllability. In view of these
results, a deeper study of the Neumann control case is needed to conclude.

----N =400
0.2 B 0.2 =800
—  =1600
0.15 . 0.15
0.1 0.1 .
5-1072 5-1072 1
0 0F .
0 1 0 1
x x
(a) First component of the target (b) Second component of the target

Fig. 5.13 Convergence of the target as h | 0 for the critical values (ac, ac) = (0.1, 1.2369289)
for the system (1.7)—(5.22b).

We would like to emphasize now that as in the Dirichlet case, we need a good
approximation of the critical parameter a. to observe the lack of controllability of
the system. In Figure 5.14, we see the convergence of the target for h = 1/1600
and different approximations of a.. This experiment seems to be more sensitive
than the previous case since we need at least four decimal approximation (for the
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Dirichlet case, it was three; see Fig. 5.8) of the parameter a. (precisely, 1.2369) to
obtain some convergence of the target for the given value of h.

a, =123
02} 1 0.2 =1.236
— =1.2369
oo =1.2369289
0.15 |- 1 0.15
0.1 01} ]
5-1072 5-1072 b
0 ol A
0 1 0 1
T xT
(a) First component of the target (b) Second component of the target

Fig. 5.14 Convergence of the target for a. = 0.1 and different approximations of a. for the
system (1.7)—(5.22b).

We finish this part by placing an experimental result for the same critical
pair (ac,ac) but the control we exert on the second component instead of the first
one, i.e., for the system (1.7)—(5.22a). In contrast of the case (1.7)—(5.22b), we
obtain here nice behavior of the target size, control cost and optimal energy (see
Figure 5.12b), which shows a positive hope of the null-controllability of the system
(1.7)—(5.22a), at least from the numerical point of view.

A An intermediate result

Lemma A.1 Let D and N be two real d x d matrices such that
(D, N) is full rank, (A1)

and
DN is self adjoint, (A.2)
then N + tD is invertible for any t € R except perhaps for a finite number of values of t.

Proof We follow the same computations as in [10, Theorem 1.4.4]. More precisely, we first

observe that, under the assumptions of the lemma, we have that D + i\ is invertible. Indeed,
— by (A.1), we know that (ker D*) N (ker N*) = {0},
— by (A.2), for any = € C? we have

I(D* —iN*)z||* = | D*x||® + IV x|,

so that ker(D* —iN™*) C (ker D*) N (ker A*) = {0} and the claim is proved.
We can now can define U = —(D 4 iN)~1(D — iN) (which is actually a unitary matrix but
we don’t need this fact here). It satisfies

2D+ iN) D = (D +iN) YD+ iN+D—iN) = (I - U),
2D +iN)TIN = —i(D +iN) (D +iN) — (D —iN)) = —i(I + U).

If we assume that t € R is such that A+ ¢D is not invertible, then there exists z € R%, z # 0
such that (N + tD)x = 0. Left-multiplying this equality by 2(D 4 iN)~! an using the above
relations we end up with

‘i

( ‘1 u) z=0,
t+1

which proves that (¢t —1)/(¢t+%) is an eigenvalue of . This can only happen for a finite number
of values of t.
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