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Abstract

The dynamically hot and cold populations of the Kuiper Belt probably formed
from two distinct regions of the Solar System. The former originated from a
massive planetesimal disk extending from the primordial position of Neptune to
~30 AU and the latter from a light extension of the planetesimal disk, prolong-
ing beyond 30 AU. Previous studies on the dynamical evolution of the primordial
cold population only accounted for the giant planets and did not consider its
evolution under the influence of the massive part of the planetesimal disk. The
latter affects it only indirectly through its interactions with the giant planets.
Our goal is to introduce the perturbation of the massive part of the planetes-
imal disk on the apsidal and nodal precessions of both the giant planets and
planetesimals, using the linear secular theory. We want to see how it affects the
positions of the secular resonances. In the first place, we look at the positions
of the secular resonances after the disappearance of the solar nebula, when the
giant planets were locked in a multiresonant configuration. Because of this mul-
tiresonant configuration, the linear secular theory allows us to compute only
the nodal part. The existence of a massive disk of planetesimals makes the f5
frequency non-zero. We show that the associated secular resonance is located in
the region corresponding to the current cold Kuiper Belt in several multireso-
nant configurations of the giant planets. The efficiency of this secular resonance
in rising the inclinations of the objects depends on the misalignment between
the total angular momentum of the giant planets and the direction orthogonal
to the massive planetesimal disk. If both are aligned, the amplitude associated

to the f5 frequency is null and the resonance has no effect. We illustrate this
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with simple numerical integrations, where the nodal precessions exerted by the
massive disk is mimicked using fictitious forces. Then, we look at the positions
of the apsidal and nodal secular resonances just before the instability between
the giant planets. We find that taking into account the massive part of the disk
only shifts the secular resonances by less than 1% compared with the case where
we do not account for it and the f5 secular resonance is located beyond 150 AU.

Keywords: celestial mechanics, Kuiper Belt, secular resonance

1. Introduction

The Kuiper Belt is the residual disk of a more massive primordial planetesi-
mal disk. The Kuiper Belt objects, in their orbital structure, keep a trace of the
past dynamical evolution of the giant planets. Studying their dynamics is there-
fore important to acquire a better understanding of the dynamical evolution of
the giant planets during the life of the Solar System.

It has been shown that before the dissipation of the protoplanetary gas disk,
the giant planets should have followed an inward migration until they got locked
in a multiresonant configuration where each planet is in mean motion resonance
(MMR) with the others (Masset and Snellgrove (2001), Morbidelli et al. (2007)),
with a preference for the configuration where Jupiter and Saturn are in a 3:2
MMR because it allows their gaps in the protoplanetary gas disk to overlap.
This overlap of the gaps is needed to explain why our solar system does not
contain a hot Jupiter, because it refrains Jupiter from migrating close to the
Sun.

From this multiresonant configuration, the giant planets, by interacting with
the planetesimal disk, were driven in a migration phase until they reached their
current positions and during which a dynamical instability among them oc-
curred. This instability, which has been proposed in the framework of the Nice
model (Tsiganis et al. (2005), Morbidelli et al. (2005), Gomes et al. (2005))
and the planetesimal-driven migration allow to reproduce many of the orbital
features of the Kuiper Belt (Nesvorny, 2018).

In order to explain the difference in color, size distribution and binary frac-
tion between the dynamically hot and the dynamically cold populations in the
classical Kuiper Belt, it has been suggested that the hot population formed in
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a region between Neptune and 30 AU, from a primordial massive planetesimal
disk of mass in the range ~10 — 60 Mg (Gomes (2003), Levison et al. (2008),
Nesvorny and Vokrouhlicky (2016)). The outer edge of this disk is placed at
30 AU because it allows to stop at this location the planetesimal-driven mi-
gration of Neptune which corresponds to its current semi-major axis (Gomes
et al., 2004). In other respects, the cold classical population is probably the
remnant of a lighter planetesimal disk formed in-situ (Nesvorny, 2015b). Be-
sides, numerical integrations that tried to reproduce the cold Kuiper Belt from
a single massive disk extending from the primordial position of Neptune to 50
AU did not succeed to reach a sufficient rate of mass depletion in the region of
the current cold Kuiper Belt (Gomes et al., 2018). However, it is still unclear
where the inner and the outer edge of this last one were located and why there
is this sharp transition between the massive planetesimal disk and the light
planetesimal disk.

In the rest of this paper, we will call the massive disk (MD) the part of the
planetesimal disk between Neptune and 30 AU, and the light disk (LD) the part
of the planetesimal disk beyond 30 AU.

The cold classical Kuiper Belt allows us to put strong constraints on the
dynamical evolution of the giant planets and in particular Neptune (Batygin
et al. (2011), Dawson and Murray-Clay (2012)), because the latter must migrate
in such a way that the hot population forms from the MD while keeping the
LD located in the region corresponding to the current classical Kuiper Belt
cold enough by not exciting it. Given that the MD has a mass comparable to
that of an ice giant planet, it can have a significant influence on the dynamics
of an object in the LD and in particular, it will bring a perturbation on the
apsidal and nodal precessions of the orbits of the planets and of the small bodies.
This can have an important effect in determining the positions of the secular
resonances. The latter occur where the frequency of the free apsidal or nodal
precessions of a small body, depending on its semi-major axis, equals one of
the eigenfrequencies of the apsidal or nodal precessions of the planetary system,
respectively. Batygin et al. (2011) did numerical integrations where they follow
the evolution of the MD and of the LD. In their paper, it is said that the

presence of the massive Kuiper Belt enhanced the free precession of the Kuiper



88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

Belt objects, so it suggests that the MD objects act on the LD objects. However,
they did their numerical integrations by using the Mercury6 integration software
package. Yet, in the standard version of Mercury6 the planetesimals of the disk
do not interact with each other. Therefore, it is likely that in their numerical
integrations the MD does not directly perturb the LD objects but that the latter
see only the indirect effect through the action of the planets. On the other hand,
Dawson and Murray-Clay (2012) analytically explored the excitation of the
eccentricities of the LD objects caused by Neptune alone but where the other
giant planets indirectly act on the LD objects through their influence on the
apsidal precession of Neptune. However, they did not include the contributions
of the other giant planets and of the MD to the apsidal precession of the LD
objects. In their numerical study, where only Neptune is present, they included
fictitious forces on the ice giant so as to reproduce its radial migration and its
eccentricity damping under the effect of the interactions with the planetesimal
disk as well as its apsidal precession. The MD itself is represented by a set
of massless particles and does not act on the LD objects. Nesvorny (2015b)
included fictitious forces on the giant planets so as to reproduce their radial
migrations and their eccentricity and inclination damping but the MD is not
present so it does not directly affect the apsidal and nodal precessions of the
giant planets and of the LD objects

Thus, in this work we investigate the positions of the secular resonances by
considering both the effects of the MD on the giant planets and on the LD
objects. In order to do so, we represent the MD by an axisymmetric continuous
thick disk and we take into account its contribution to the apsidal and nodal
precession frequencies in the linear secular theory.

Studies of the positions of the secular resonances and of their effects in the
Kuiper Belt under the perturbation of the gravitational potential of a disk have
already been made by Nagasawa and Ida (2000) and Li et al. (2008). They
showed that the locations of the secular resonances due to the giant planets are
shifted when they account for the solar nebula. They modeled the latter based
on the minimum mass solar nebula of Hayashi (1981). Then, the depletion of
the nebula causes the sweeping of the secular resonances in the Kuiper Belt.

With the current orbital architecture of the giant planets, they showed that if
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the exponential depletion timescale is 107 yr, the sweeping secular resonances
are efficient in exciting the eccentricities and inclinations of the Kuiper Belt
objects at the observational level, provided that the inclination between the in-
variant plane of the planets and the midplane of the solar nebula is high enough.
Moreover, with a more compact orbital architecture of the giant planets, they
showed that the exponential depletion timescale has to be 10% yr. However,
the lifetime of gas nebulae around stars is of the order of 106 — 107 yr (Haisch
et al. (2001), Mamajek (2009)). Thus, with a compact orbital configuration,
this mechanism cannot be sufficient to rise the eccentricities and inclinations
of the Kuiper Belt objects. Besides, the mass distribution of the primordial
planetesimal disk is not the same as the mass distribution of the solar nebula
and the former is much less massive than the latter, while still as massive as the
ice giant planets. Hence, we think that it is worthwhile to explore the positions
of the secular resonances caused by the gravitational effects of the primordial
planetesimal disk.

We present the method used in the next section. In section 3, we explore
the positions of the secular resonances during the period when the giant planets
were placed in a multiresonant configuration and the timescale needed to excite
an object located in it. As it will be explained in the concerned section, we can
only look at the nodal secular resonances in such multiresonant configurations.
In section 4, we explore the positions of the secular resonances just before the

dynamical instability. We conclude in section 5.

2. Method

We base our approach on the linear secular theory (see for example Murray
and Dermott (2000), chapter 7, for details). Given the gravitational potential
of a disk, the secular theory allows us to determine its contribution to the
apsidal and nodal precessions of bodies. We model the MD as an axisymmetric
continuous thick disk with a planar symmetry and centered on the Sun. We
arbitrarily choose the reference frame such that its origin is also centered on the
Sun and such that the plane (Ozy) corresponds to the plane of symmetry of the
MD. Consequently, the MD has a radial density profile symmetric around the

z-axis and a vertical density profile symmetric in regards to the plane z = 0. In
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the following, the inclinations of the bodies are referred with respect to the latter
plane. With the help of the numerical method developed by Fukushima (2016)
we calculate the gravitational potential induced by the MD from its density
profile. In the linear secular theory, the disturbing function developed to the
second order in eccentricities and in inclinations is the gravitational potential
averaged on one orbital period along a fixed ellipse. Therefore, in order to
include the dynamical effect of the MD in the linear secular theory, we calculate
its contribution to the second order disturbing functions of the giant planets and
of a LD object, which is considered as a massless particle. For that, in the first
place, for each of the giant planets, let us consider its total disturbing function
Ré"t where the subscript j denotes the jth giant planet, from the closest to the
Sun to the outermost. We can write R§Ot = Rf +R§V1 D where the superscript P
denotes that this is the part of the disturbing function due to the giant planets
only and the superscript M D denotes that this is the part of the disturbing
function due to the MD. They are expressed as:

N
1
p_. 2fLl,p 2 P o
R; —njaj<2Ajjej—|— E Ajpejer cos(w; — wi)

k=1,k#j

N
1
+5BiG+ Y Bﬁfjfkcos(szjﬂk)>,
k=1,k#j

R}'P = nja; (;A%Def + ;B%DIJ2> : (2)
where N is the number of giant planets, the coefficients {Afk, 1<j<N, 1L
k < N} and {BﬁC7 1 <j < N,1<k< N} are frequencies associated to the
apsidal and nodal precessions, respectively, of the giant planets without the
MD and from which the eigenfrequencies g7’ and ff, respectively describing
the apsidal and nodal evolutions of the planetary system, are determined. The
coefficients A%— D and B% D are frequencies associated to the apsidal and nodal
precessions of the jth giant planet with the presence of the MD only. We can
see that in equation 2, there are no coupling terms between the eccentricities of
the giant planets and the ”eccentricity” of the MD and between the inclinations
of the giant planets and the ”inclination” of the MD because of the axisymme-
try and the planar symmetry of the MD. We can determine R}D analytically

(see appendix A). To determine the MD contribution to the apsidal precession
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frequency A% D we calculate the gravitational potential numerically, and we
averaged it on one period of the orbit of the planet, keeping its inclination fixed
to zero, for values of the eccentricity starting from zero until e,,q, = 0.002 and
by increasing the eccentricity of 0.0001 at each step. We obtain the averaged
gravitational potential as a function of the eccentricity, corresponding to the
disk contribution of the apsidal part of the disturbing function which is of the

form R;VID =1 2-A%De2

*TLjCL] 5

5 (see appendix A, figure 6, top panel). Second, we

use the same method to determine the MD contribution to the nodal precession
frequency B%[ D We fix the eccentricity equal to zero and starting with an in-
clination equal to zero, we increase it with a step of 0.0001 rad until it reaches
the value I, = 0.002 rad. At each step, we calculate the gravitational poten-
tial averaged on one period of its orbit. We obtain the disk contribution to the
nodal part of the disturbing function which is of the form RM? = in;a?BMNPT?
(see appendix A, figure 6, bottom panel). Then, using a linear regression we
obtain the values of the apsidal precession frequency A% D and of the nodal
precession frequency B%[ D By using the frequencies A;‘;t = Afj + A% D and
tot

Bt = Bﬁ- + B%I D we can determine the eigenfrequencies g?

and f°! respec-
tively describing the nodal and apsidal evolutions of the giant planets which
account for the effect of the MD. To calculate the MD contribution to the free
frequencies A%t = AP 4 AMD and Btot = BP 4 BMD of the apsidal and nodal
free oscillations of a LD object, we can operate in the same way as previously

for the giant planets. The apsidal and nodal secular resonances are localized at

semi-major axes where A% = g!°* and B! = f!°! respectively.

3. Positions of the nodal secular resonances in the primordial orbital

configuration of the giant planets

3.1. Model

In the first part, we look at the positions of the secular resonances in the
initial conditions of the models proposed by Deienno et al. (2017). They studied
the dynamical evolution of the giant planets, interacting with the MD, from
several multiresonant configurations. In their models, there are initially Jupiter,
Saturn, Uranus and Neptune as well as an extra ice giant. This additional

planet is ejected during the dynamical instability. They found that only four
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multiresonant configurations can lead to the current orbital architecture of the
outer solar system. These configurations are the following: (a) 3:2, 3:2, 4:3,
4:3; (b) 3:2, 3:2, 3:2, 3:2; (¢) 3:2, 3:2, 2:1, 3:2; (d) 3:2, 3:2, 2:1, 2:1, with the
semi-major axis of Jupiter initially at ~5.4 AU. We use those four multiresonant
configurations. We place the semi-major axis of Jupiter at 5.4 AU, the inner
edge of the MD at 1 AU from Neptune and its outer edge at 30 AU from the Sun.
The radial density profile of the MD is of the form ¥(r) = Xo22. Its vertical
density profile follows a Gaussian law with o, = rtan(c;) where o; = 2°. We
choose to fix the mass of the extra ice giant to 15 Mg and we place it between
Saturn and Uranus. The giant planets being in a chain of first order resonances,
in their disturbing functions the apsidal and nodal parts of the resonant part
contain terms of orders O(e) and O(el?) respectively whereas in the secular
part, the apsidal and nodal terms are of orders O(e?) and O(I?). Thus, for
the apsidal part, the resonant effects are stronger than the secular ones so the
computation of the apsidal eigenfrequencies of the planetary system by using the
linear secular theory would be wrong and it would not give the correct positions
of the secular resonances. Hence, we cannot use the secular theory to look at
the positions of the apsidal secular resonances. For the nodal part, the secular
effects are more important than the resonant ones, so we are allowed to use the
secular theory. However, for the configurations (c) and (d), some giant planets
have a ratio between their semi-major axes corresponding to a 3:1 MMR. In
such a resonance, the nodal part of the resonant part of the disturbing function
is of order O(I?) and it is as high as in the secular part. Depending on the
libration or circulation of the resonant angles involved in this resonance, it can
have the effect of slightly moving the positions of the secular resonances from

the original ones.

3.2. Positions of the nodal secular resonances

In the secular theory, if we do not consider the MD but only the five giant
planets, one of the eigenfrequencies f; associated to the inclinations and to the
nodal precessions is null. The reason is that the choice of the reference plane
being arbitrary, the inclination of a planet in regards to the reference plane
evolves as a function of its inclination with respect to the other planets. In

other words, there is an invariant plane, corresponding to the plane orthogonal
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to the total angular momentum vector of the planetary system (hereafter called
the planetary plane), that does not precess because of the invariance of the
total angular momentum. The frequency in question (usually denoted f5 for
the Solar System) is associated to the precession rate of the planetary plane
relative to the arbitrary reference plane, and therefore it is zero. Now, if we
add the MD, the total angular momentum of the giant planets is not conserved
anymore and the planetary plane precesses with the frequency f5 which is no
longer equal to zero. However, the MD being static in our model, if we put the
constraint that the orthogonal direction to the plane of symmetry of the MD is
aligned with the total angular momentum of the planets, the amplitude of the
oscillation corresponding to the f5 frequency is null. Nevertheless, if the MD is
in such a way that its orthogonal direction is misaligned with the total angular
momentum of the planets, the amplitude associated to the f5 frequency is not
null anymore.

Figure 1 shows the positions of the nodal secular resonances for the orbital
configuration 3:2; 3:2, 3:2, 3:2. The frequencies are negative because the nodal
precessions are retrograde. We arbitrarily choose the subscripts of the eigen-
frequencies according to their values: the lower is the absolute value of the
frequency the higher is the subscript, except for the f5 frequency corresponding
to the frequency of the precession of the planetary plane of the giant planets.
We represent three different cases: (a) in the first case, only the giant planets
are present (top panel). All the secular resonances are located below 20 AU.
(b) In the second case, we add the MD, with a mass My;sx = 40Mg, in the
model but it affects only the giant planets. It has for effect to increase the
absolute values of the eigenfrequencies but the nodal free frequency of the LD
object remains the same as in the case where only the giant planets are present
(bottom panel, the horizontal lines represent the values of the eigenfrequencies
of the planetary system affected by the MD and the dashed curve represents the
nodal free frequency of the LD object not affected by the MD). It corresponds
to the case of numerical integrations where the MD is represented by a set of
massive planetesimals acting on the planets but not on the other planetesimals.
The fg, f7, fs and fg secular resonances are still located below 20 AU. However,

the secular resonance associated to the f5 frequency, which is not null anymore,
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is located in the LD near 33 AU. (c) Finally, in the third case, the MD also
affects the LD objects and increases their nodal free frequencies (bottom panel,
the full black curve represents the nodal free frequency of the LD object affected
by the MD). The positions of the fg and f7 secular resonances remain nearly
the same as in the other two cases but the fg and fy9 secular resonances are
pushed toward ~30 AU and the f5 secular resonance is located near 44 AU
which is inside the region of the current cold classical Kuiper Belt. This high-
lights that the consideration of the direct effect of the MD on the LD objects
shifts significantly the positions of three secular resonances. The fact that a
secular resonance was primordially located in the region corresponding to the
current classical Kuiper Belt, which is a stable region populated with objects
whose orbits only have had a slight evolution, is important because it can let a
dynamical signature which can be observable today. The migration of the giant
planets, the evolution of the shape of the disk and its loss of mass, cause the
migration of the secular resonances. If the excitation timescale of the f5 secular
resonance is short enough with respect to its migration timescale, the resonance
can remove the cold population objects from the swept region by rising their
inclinations to values higher than 5°; which roughly corresponds to the inclina-
tion border beyond which the objects are not considered as cold anymore, and
it creates a local population of objects with excited inclinations but with ec-
centricities staying low, which are on stable orbits. Otherwise, if the excitation
timescale of the f5 secular resonance is too long compared with its migration
timescale, its passage preserves the cold population while slightly exciting it. In
this configuration, the fs and fg secular resonances are located just below 30
AU whereas the 2:1 MMR with Neptune is located near 26 AU. Thus, the two
secular resonances must excite the inclinations of the objects before the passage
of the sweeping 2:1 MMR during the migration of Neptune. This could have
affected the inclination distribution of the objects captured by the 2:1 MMR.
Hence, we will now look at the positions of the f5 secular resonance in
the different orbital configurations proposed by Deienno et al. (2017) and with
several masses of the MD. The results are shown in table 1. The f5 secular
resonance is located in the current cold Kuiper Belt for the configuration 3:2,

3:2, 4:3, 4:3 with My;s, = 20Mg and for the configuration 3:2, 3:2, 3:2, 3:2 for
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Figure 1: Nodal free frequency of a LD object as a function of its semi-major axis in the
configuration 3:2, 3:2, 3:2, 3:2, in a model without the MD (top panel) and in a model
with a MD of mass Mg;s, = 40Mg (bottom panel). The horizontal lines are the nodal
eigenfrequencies. In the bottom panel, the dashed curve is the nodal free frequency in the
case where the MD does not act on the LD object and the full black curve is the nodal
free frequency but in the case where the MD acts on the LD object. The nodal secular
resonances occur at the semi-major axes where the nodal free frequency crosses one of the

nodal eigenfrequencies.

the three different masses of the disk. In the configuration 3:2, 3:2, 2:1, 3:2, with
Mygisi, = 40Mg and Mg, s, = 60Mg, the resonance is located at the outer border
of the current cold Kuiper Belt, near the 2:1 MMR. With My;s, = 20Mg, it
is located in a region where an extension of the cold population beyond the
2:1 MMR has been discovered (Bannister et al., 2018). In the configuration
3:2, 3:2, 2:1, 2:1, the resonance is located in a region where cold Kuiper Belt
objects have still not been observed so far. Finally, in the configuration 3:2, 3:2,
4:3, 4:3, with My;s, = 40Mg and Mg;s, = 60Mg the resonance is located in a

region where the current cold Kuiper Belt does not exist anymore because the

11



322

324

325

326

327

328

329

330

333

334

335

336

Orbital configuration | My;s, (Mg) | Position of f5 (AU)
20 42.7
3:2, 3:2, 4:3, 4:3 40 41.0
60 40.5
20 45.0
3:2, 3:2, 3:2, 3:2 40 43.5
60 43.3
20 48.3
3:2, 3:2, 2:1, 3:2 40 47.5
60 47.7
20 55.1
3:2, 3:2, 2:1, 2:1 40 54.7
60 54.7

Table 1: Position of the f5 secular resonance for four orbital configurations and for several

masses of the MD.

lifetime of an object on an orbit in that region is short, in particular because of
the presence of the current gg secular resonance. The other secular resonances
remain below 33 AU in all the configurations and never reach the region of the

current classical Kuiper Belt.

3.3. Efficiency of the fs secular resonance

We performed simple numerical integrations in order to illustrate the effi-
ciency of the f5 secular resonance. We cannot include directly the massive disk
and compute the forces it exerts on the bodies because it is computationally
too heavy. Therefore, we only include the nodal precession it exerts. To do so,
we proceed as follow: as a first step, for a given shape and mass of the disk,
we use the method described in section 2 in order to sample the values of the
nodal precession frequency as a function of the semi-major axis. We sample the
frequency every 0.1 AU in a range from 1 AU to 60 AU. It is illustrated in figure
2. Then, we use a linear interpolation in order to have a continuous function

of the frequency. In a second step, to allow the variation of the longitude of
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the node of a body, we use the method of Lee and Peale (2002) implemented in
the same way as Wolff et al. (2012) in the Mercury6 N-body integrator package
(Chambers, 1999), adding acceleration and velocity perturbation terms corre-
sponding to the variation of the longitude of the node, as described in appendix
B.

Here, the goal of our numerical integrations is not to include the effect of the
f5 secular resonance in a complete model of dynamical evolution of the giant
planets and of the Kuiper Belt and then to compare the Kuiper Belt obtained
with the observations. It would demand to construct a strong model where
the evolution of the shape and of the mass of the disk is coherent with the
migration of the giant planets. The construction of such a model is beyond
the scope of this study and is left for future work. The aim of the present
study is qualitative and is to illustrate how efficient the f5 secular resonance
can be in a numerical integration. Therefore, in the present model, the giant
planets remain unrealistically at their initial semi-major axes during the whole
numerical integration and the shape of the MD does not evolve but we allow
its mass to decrease exponentially with time, simulating the migration of the f5
secular resonance. We do not allow the giant planets to migrate because, as we
can see in figure 2, there is a strong variation of the nodal precession frequency
in the region of the MD. However, as Neptune follows its outward migration,
the inner border of the MD moves back and Neptune never reaches the region
where this strong variation takes place. So, if we allow Neptune to migrate but
we do not adapt the shape of the disk to it, the nodal precession frequency of
Neptune would be more enhanced than it is in a more realistic model. We do
not explore the effect of the fg and fy secular resonances either because the
decaying disk would cause them to move inward whereas the migration of the
giant planets would make the resonances to migrate outward. Therefore, if the
effect of the outward migration is stronger than that of the inward migration,
a model that accounts for the two effects would see the outward migration of
the resonances whereas in our model we only see an inward migration, thus the
representation would be wrong.

We illustrate our numerical integrations with the example of the multires-

onant configuration 3:2, 3:2, 2:1, 3:2 which is evaluated as the most probable
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by Deienno et al. (2017). We choose the initial mass of the massive disk to be
Maisk = 20Mg. We use fictitious forces of Lee and Peale (2002) to keep the
semi-major axes of the giant planets in the multiresonant configuration and to
damp their eccentricities. Given that the efficiency of the f5 secular resonance
depends on the inclination of the planetary plane with respect to the mean plane
of the disk, we did numerical integrations with different initial inclinations of
the planetary plane. We place the giant planets initially on coplanar orbits.
We put massless particles from 45 AU to 55 AU, with one particle every 0.1
AU. We generate the eccentricities and the inclinations of the particles with a
Rayleigh distribution with a mode of 0.01 and 0.01 radians respectively. The
other angles of the giant planets and of the particles are uniformly distributed
over 360°. Given that in the linear secular theory, the precession frequency is
linearly proportional to the mass of the disk, we can account for the depletion
of the disk directly by modifying the precession frequency. We represent the
depletion of the mass of the disk by an exponential decay with a timescale 7.
In a first set of numerical integrations, we explore the effect of the inclination
of the planetary plane. We choose a disk depletion timescale 7 = 50 Myr and
we run three numerical integrations over 10 Myr with a timestep of 100 days
and with three different initial inclinations of the planetary plane: 0°, 1° and
2°. Figure 3 presents the results and shows that the higher the inclination of
the planetary plane, the higher the efficiency of the f5 secular resonance.

In a second set of numerical integrations, we fix the initial inclination of the
planetary plane at 1° but we try three values of the depletion timescale: 7 = 50
Myr, 7 = 30 Myr and 7 = 10 Myr. We run our numerical integrations for
200 Myr. The time step is kept at 100 days. Figure 4 shows the results, with
the semi-major axes averaged over the last 50 Myr and the proper inclinations.
In the case 7 = 50 Myr the resonance sweeps from ~48 AU to ~55 AU in
~100 Myr. The rising of the proper inclinations after 54 AU is associated to a
dephasing effect. In the case 7 = 30 Myr it sweeps in ~60 Myr and for 7 = 10
Myr it sweeps in ~30 Myr.

We remind that those numerical integrations are not autocoherent and it
would demand to do stronger effort in order to perform numerical integrations

including the effect of the massive disk with the latter evolving with respect to
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the migration of Neptune in a consistent way. Besides, there is an uncertainty
of the time of the triggering of the instability. It has a consequence on the
timescale during which the f5 secular resonance is efficient. During the pre-
instability period, the mass of the disk is slowly depleted and remains high
enough, so the resonance slowly moves from its initial location. Then, during
the instability, the mass of the disk is quickly depleted and the secular resonance

migrates very rapidly toward higher semi-major axes.
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Figure 2: The frequency of the nodal precession caused by the MD as a function of the semi-
major axis. The mass of the MD is Mg;sx = 20Mg, its inner edge is at 21 AU and its outer
edge at 30 AU.

4. Positions of the secular resonances just before the planetary insta-

bility

During the migration of the giant planets, they interact with the planetes-
imals of the MD and some of the latter get ejected. Therefore, the MD is
gradually depleted. The aim of this section is to check whether the shift of the
secular resonances remains important or not and to check the position of the
f5 secular resonance, just before the planetary instability. For that purpose,
we use the results of a numerical integration for a Neptune migration scenario
developed by Nesvorny (2015a). It also includes the planetary instability, rep-
resented via a jumping Neptune, which occurred when the ice giant is near 28

AU in order to explain the kernel in the cold population (Nesvorny, 2015b).
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Figure 3: Inclinations of the particles after 10 Myr. The multiresonant configuration of the
giant planets is 3:2, 3:2, 2:1, 3:2. The initial mass of the MD is Mg;sx = 20Mg, its inner edge
is at 21 AU, its outer edge at 30 AU and its depletion timescale is 50 Myr. The three colors
of the particles represent the results of three different numerical integrations, for which the
initial inclination of the planetary plane with respect to the mean plane of the disk is ¢ = 0°

(blue dots), i = 1° (green dots) and i = 2° (red dots).

The context of this numerical integration is different than that of numerical
integrations of Deienno et al. (2017). The aim of the study of Nesvorny (2015a)
was to reproduce the inclination distribution of the hot Kuiper Belt population
from a set of massless particles initially located between Neptune and 30 AU
with a slow radial migration of Neptune. Here, there are only the four giant
planets and they are not in a multiresonant configuration anymore. Thus, it is
possible to look at the positions of the apsidal secular resonances. The initial
positions of Jupiter, Saturn and Uranus correspond to their current ones and
Neptune was placed with an initial semi-major axis lower than 25 AU. Its radial
migration and its eccentricity and inclination damping were driven by fictitious

forces.

4.1. Model

From the orbital elements of the particles provided by the numerical inte-
gration of Nesvorny (2015a) we estimate the distribution of the MD at ¢ = 3
Myr before the instability between the giant planets. Let (7,0, z) be the helio-

centric coordinates. We assume that the MD distribution is axisymmetric and
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Figure 4: Proper inclinations of the particles after 200 Myr numerical integrations. The
multiresonant configuration of the giant planets is 3:2, 3:2, 2:1, 3:2 and the initial inclination
of the planetary plane with respect to the mean plane of the disk is ¢ = 1°. The initial mass
of the MD is My;s, = 20Mg, its inner edge is at 21 AU and its outer edge at 30 AU. The
blue dots represent the results of the particles for a numerical integration where the nodal
precession due to the MD is not included. The other colors represent the results for numerical
integrations whith different depletion timescales 7 of the mass of the MD. The green dots
are for 7 = 10 Myr, the orange dots for 7 = 30 Myr and the red dots for 7 = 50 Myr. The

semi-major axes are averaged over the last 50 Myr of the numerical integrations.

uncoupled in r and z. We construct histograms of the r and z distributions

from which we obtain the following density profiles:

23.5
or

2961
7= = 19)

if r < 28 AU,

if 28 AU < r <1000 AU,

0 if r > 1000 AU,

and
exp(—%) if =100 AU < 2 <100 AU,
A(z) =
0 otherwise,
where 7 and z are expressed in AU, o,.(r) is the radial surface density in kg. AU2

and \,(z) is the vertical linear density in kg.AU™!. Here, those two last quan-
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Orbital elements
a (AU) e
Jupiter 5.201731 0.01824838
Saturn 9.578610 0.05086522
Uranus 18.16524 0.03557539
Neptune 27.80457 0.01387243

Table 2: Semi-major axes and eccentricities of the giant planets 3 Myr before the planetary

instability.

tities are not normalized. The density profile of the MD is:

o (r)A.(2)
f:zzoR F=zman (0=27 or(r)\.(z)rdrdzdf 7

Z2=Zmin J0=0

p(r,z) = Maisk (3)

in kg.AU™3, where the denominator is used to normalize the function. The
mass of the MD is chosen with an initial value of 20 Mg, because the migration
timescale of Neptune in that numerical integration is typical of that with such
a mass. It has the value 5.9604 Mg at the time ¢ = 3 Myr before the planetary

instability.

4.2. Results

We apply the method described in section 2 to evaluate the apsidal and
nodal eigenfrequencies of the planetary system and the free frequencies of the

LD object.

Table 2 shows the semi-major axes and eccentricities of the giant planets 3
Myr before the planetary instability. The f5 secular resonance is located beyond
150 AU, because the mass of the MD is low and the radial distance of the f5
secular resonance increases as the disk loses mass.

Figure 5 presents the results that we obtained for the positions of the gg
secular resonance, exhibited by the dashed vertical lines, according to several
perspectives. AT (red curve) and ¢! (red dashed horizontal line) are the fre-
quencies in the case where the apsidal precessions are only driven by the giant

planets, whereas A" (blue curve) and g§°* (blue dashed horizontal line) are the
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frequencies in the case where the apsidal precessions are driven by the giant
planets but also by the MD. The red dashed vertical line shows the position
of the resonance in the case where the MD does not act neither on the giant
planets nor the LD objects and then is located where AY = gf’  at 37.21 AU.
The purple dashed vertical line corresponds to the case where the MD acts on
the giant planets but not on the LD objects and is located where AT = gt
at 37.59 AU. Finally, the blue vertical line is the ideal case where the MD acts
both on the giant planets and on the LD objects. It is located where A'* = glot,
at 37.44 AU. It makes a shift of 0.6% compared to the case where the MD is
neglected. The other resonances are also shifted by less than 1%. We conclude
that the shifts imposed by the MD are negligible.

We also check the positions of the secular resonances 50 Myr after the plane-
tary instability. In this case, the mass of the disk is 2.9006 Mg, two times lower
than at 3 Myr before the instability, but the peak of the mass distribution is
located at ~30 AU, which is closer from the Kuiper Belt than in the previous
case. However, we find that the f5 secular resonance remains located beyond
150 AU and the shift of the other secular resonances is even smaller than in the

previous case.
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Figure 5: Position of the gg secular resonance in the case without the MD (red curve) and
with it (blue curve), 3 Myr before the instability between the giant planets. Horizontal dashed
lines represent the value of ggs. We exhibit the intersection of the curves with the horizontal
dashed lines by dashed vertical lines which is the position of the gg secular resonance. The
purple dashed vertical line shows the position of gg in the case where the MD acts on the

giant planets but not on the LD object.
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5. Discussion and conclusion

Studies of the primordial dynamical evolution of the giant planets and of the
primordial planetesimal disk have shown that the latter must have a sharp edge
near 30 AU in its mass distribution. The part of the disk beyond this sharp edge
is a light extension of the disk so as to make unefficient the planetesimal-driven
migration of Neptune beyond this edge and to stop the ice giant at its current
position. Besides, current models starting with initial conditions presenting a
continuous mass distribution in the planetesimal disk between Neptune and 50
AU do not succeed in sufficiently depleting the mass of the cold Kuiper Belt
region. The cold Kuiper Belt population is supposed to be formed from this
light extension.

That being said, dynamical studies of the objects of the light part of the disk
have so far always been restricted to the dynamical evolution of those objects
under the effect of the gravitational interactions with the giant planets only.
However, given the important mass of the disk between Neptune and 30 AU
(~10 — 60 Mg), it can have a non-negligible influence. This is what we wanted
to check in this paper. We have called the massive disk (MD) the part of the
planetesimal disk between Neptune and 30 AU, and the light disk (LD) the part
of the planetesimal disk beyond 30 AU. We have studied the different positions
that the secular resonances can have in three different situations: (a) a case
where the MD is not included, (b) a case where the MD modifies the apsidal
and nodal precessions of the giant planets but not those of the LD objects and
(c) a case where the MD also acts on the apsidal and nodal precessions of the
LD objects.

In section 3, we have investigated on the positions of the secular resonances
once the solar nebula vanished and the giant planets were still locked in a
multiresonant configuration. We could only look at the positions of the nodal
secular resonances because the resonant dynamics is dominant in the evolution
of the longitudes of the perihelion of the giant planets. We have found that the
f5 secular resonance, driven by the precession of the total angular momentum of
the giant planets, is located in the region of the LD in several configurations. It
can have an effect in exciting the inclinations of the LD objects. Consequently,

it can create a population of objects with high inclinations but low eccentricities.
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Its efficiency in rising their inclinations mainly depends on the angle between the
planetary and the MD planes. While revising this manuscript we became aware
of the work of Toliou and Tsiganis (2019), performed independently, that find
results similar to ours on the existence and the role of a non-zero f5 frequency
during the disk phase.

In planetary formation models, the planets and the planetesimal disk formed
from the same protoplanetary disk in the plane of the solar equator. In the cur-
rent Solar System, we observe an inclination of ~6° between the solar equator
and the invariant plane. It has been shown that the presence of a ninth planet
located in the outer Solar System can explain this tilt (Bailey et al. (2016),
Gomes et al. (2017) and Lai (2016)). Another possibility, as suggested by Baty-
gin (2012), is that the tilt can be produced by the passage of a star in the birth
cluster. The passage of a star can warp the protoplanetary disk, making its
outer part inclined with respect to the inner part where the planets are formed.
Moreover, Izidoro et al. (2015) have shown that during the accretion of Uranus
and Neptune, ejections of planetary embryos caused by close encounters were
common. As ejected objects take away with them a part of the total angular
momentum, the ones remaining in the Solar System have an angular momentum
different from the total one and that is not conserved. Therefore, the orienta-
tion of the plane orthogonal to the angular momentum of the remaining objects
varies with time, until the Solar System reaches its current architecture and the
ejections of objects stopped, leaving what is currently called the invariant plane.
All of these elements give weight to the conception that the invariant plane of
the planets got misaligned with the plane of the disk.

In section 4, we have looked at the positions of the secular resonances during
the migration of Neptune just before the instability between the giant planets
occurred, when Neptune is near 28 AU, from data provided by the works of
Nesvorny (2015a). We have found that during this phase of the planetary evo-
lution, the mass of the MD is not high enough anymore and that consequently
the positions of the secular resonances are only shifted by less than 1% with
respect to the case where the MD is neglected. In this case, if numerical in-
tegrations omit the effects of the MD, the evolution of the LD objects will be

qualitatively the same as if they do not.
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Appendix A

In a planetary system with N giant planets, the secular part of the disturbing
functions Rf of the jth giant planet and R” of a LD object are (Murray and
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Dermott, 2000):

N
1
RP :nja? <2AP_62. + Z Aﬁcejek cos(w; — wy)

J J3=g
k=1,k#j
1 . (4)
+ QBJI;IJZ + Z B]P/;IJI]C COS(Q]‘ — Qk));
k=1,k%j

N

RP =na? (;Ape2 + Z Afeej cos(w — w;)
1 o (5)

+ 5B+ > BIII;cos(Q— Qj)>,

j=1

where the terms with the superscript P denotes that they are due to the plan-
etary system only and the variables with the subscript j and without it respec-
tively relate to the jth giant planet and to the LD object. n is the mean motion,
a the semi-major axis, e the eccentricity, I the inclination, @ the longitude of
the perihelion and €2 the longitude of the node. The coefficients AZ? Afk, Bﬁ-,
Bﬁc, AP, Af , BY and BJP are frequencies, which depend on the masses and

semi-major axes of the bodies such that:

N
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s.s  where m, is the mass of the Sun, m; is the mass of the jth giant planet,

ag/a; if a; > ag,
677 Ok =

aj/ar if a; < ay,
678

1 if aj > ag,
679 ajk =

a;/ar if a; < ag,
680

aj/a ifa> aj,
681 o =

aja; if a <aj,
682

1 ifa > aj,
683 071- =

a/a; if a < aj,

ess and where

2
o5 b () = & cos nyp dy) 14
() / : , (14)

3/2 ™ 1—2acosy +a?)?

ess 1s called the Laplace coefficient.

687 We write AP and BP the matrices of dimension N x N containing the
e elements {A5,1 < j < N,1 <k < N}and {Bfj,1 <j<N,1<k<N}
s Tespectively. By introducing h¥ = esinw, k¥ = ecosw, p¥’ = I'sinQ and ¢* =
e0 1 cos§), then by using the Lagrange planetary equations with the disturbing

e1 functions Rf and RP, we obtain the solutions:

WY = el . sin(APt + BF) + (1), 15

16
692

+p§ (1), 17
(

)
kP = efreecos APt—i—,BP)—i—ké)(t ,
)
)

( ) (15)
( ) (16)
P’ = I e sin(BYt + ) (17)
q" = If;cccos(BYt + ) (18)

+q§ (t),

P P
603 where €free IfT

P P . . o, . .
ce» B° and " are constants determined by the initial condi-
ea tions. The first terms of the right members of the equations 15, 16, 17 and 18

e correspond to the free oscillations while the terms hi (¢), k& (t), pf (t) and ¢f (¢)
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correspond to the forced oscillations:
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where the frequencies g7’ and f7 are the eigenvalues (which we will call eigen-
frequencies in the following) of the matrices AP and BF respectively. We also
have v} = Zjvzl Afeli and pf = Zjvzl BF IS where ef;, IT7, B and 7 are
constants depending on the eigenvectors associated to the eigenfrequencies and
on the initial conditions of the giant planets. These equations bring out the ex-
istence of resonances when the secular frequency A” and B of the LD object,
which depends on its semi-major axis, are equal to one of the eigenfrequencies
gF and fF respectively. The resonances involving the frequencies A and g
are called apsidal secular resonances whereas those involving the frequencies BY
and f} are called nodal secular resonances.

Now, if we consider the disturbing function R;-W D of the jth giant planet due
to the MD and the disturbing function RMP of the LD object due to the MD,

we have:

1 1
MD 2 MD 2 MD 72

1 1
RMP = na? <2AMD62 + 2BMDIQ> : (24)

where the terms with the superscript M D denotes that they are due to the MD.

RMD

and computationnally.

As described in section 2, we can determine Rj»w b

For example, figure 6 shows the apsidal part (top panel) and the nodal part

(bottom panel) of the disturbing function of Jupiter due to the MD as a function

of the eccentricity and the inclination of the planet respectively.
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Figure 6: The disturbing function (or equivalently, the gravitational potential averaged on
one orbital period along a fixed ellipse) of Jupiter (subscript j = 1) due to the MD as a
function of the eccentricity (top panel) and of the inclination (bottom panel). The dots are
the values for which we have computed the averaged gravitational potential. The curves are
the best fit functions of the form Ry M D = ae? (top panel) and Ry M D = BI? (bottom panel),

where a and (8 are coefficients.

Appendix B

Here we describe the terms that we need to add to the user-defined accelera-
tion and to the user-defined velocity in order to allow the longitudes of the node
of the bodies to evolve as defined by the user in addition of the mutual interac-
tions between the bodies. The components of the position vector (x,y, z) and
the components of the velocity vector (&, y, 2) can be expressed as a function of

the osculating elements:
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z =rcos Qcos(w + f) — rcosisin Qsin(w + f)
y =rsinQcos(w + f) + rcosicos Qsin(w + f)
2 =rsinisin(w + f)
i =cos (Fcos(w + f) = 7 fsin(w + /)
~sin®) (r cosisin(w + f) + rf cosi cos(w + f))
§ =sinQ (r cos(w + f) — rf sin(w + f))
+cos (r cosisin(w + f) + 7 f cosi cos(w + f))

2 =rsinisin(w + f) 4 rf sini cos(w + f),

(25)

where r is the heliocentric distance, f the true anomaly, i the inclination, w the

argument of the perihelion and € the longitude of the ascending node. Using

the notations and the method of Lee and Peale (2002), we can obtain the terms

needed to update the acceleration and the veolocity:

dz T -
= (—rsinQcos(w + f) — rcosicos sin(w + f)) Q
=—yQ
d .
= (rcosQcos(w + f) — rcosisin Qsin(w + f)) Q
=20
e _ oz
dt|, ~ 00
G| _ ok
dt |, 09

= {— sin (i’cos(w + f) —rfsin(w+ f))
—cos ) (fcosisin(w + f) +rf cosicos(w + f))}Q

=— g0
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