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Abstract: We propose a theoretical study of two realistic estimators of
conditional distribution functions using random forests. The estimation
process uses the bootstrap samples generated from the original dataset
when constructing the forest. Bootstrap samples are reused to define the
first estimator, while the second uses the original sample, once the forest
has been built. We prove that both proposed estimators of the conditional
distribution functions are consistent uniformly a.s. To the best of our knowl-
edge, it is the first proof of a.s. consistency (previous consistency results
are in L2 norm or in probability) and including the bootstrap part. The
consistency result holds for a large class of functions, including additive
models and products. The consistency of conditional quantiles estimators
follows that of distribution functions estimators using standard arguments.
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1. Introduction

Conditional distribution functions and conditional quantiles estimation is an im-
portant task in several domains including environment, insurance or industry. It
is also an important tool for Quantile Oriented Sensitivity Analysis (QOSA), see
e.g., [16, 23, 9, 14]. In order to estimate conditional quantiles, various methods
exist such as kernel based estimation or quantile regression [21] but they present
some limitations. Indeed, the performance of kernel methods strongly depends
on the bandwidth parameter selection and quickly breaks down as the number
of covariates increases. On the other hand, quantile regression as presented in
[21] may not be adapted in a non-gaussian setting since the true conditional
quantile is not necessarily a linear combination of the input variables [24]. To
overcome these issues, we propose to explore the random forest estimation of
conditional quantiles [25].

Random forest algorithms allow a flexible modeling of interactions in high
dimension by building a large number of regression trees and averaging their
predictions. The most famous random forest algorithm is that of [6] whose con-
struction is based on the seminal work of [1, 19, 11]. Breiman’s random forest
estimate is a combination of two essential components: Bagging and Classifi-
cation And Regression Trees (CART)-split criterion [8]. Bagging for bootstrap-
aggregating was proposed by [5] in order to improve the performance of weak
or unstable learners. Two types of randomness are included: a bootstrap sample
is used to construct each tree and at each split step, some input variables are
chosen randomly in {X1, . . . , Xd}.

Random forests are also related to some local averaging algorithms such as
nearest neighbors methods [22, 3] or kernel estimators [33]. More precisely,
thanks to [22], the random forest method can be seen as an adaptive neigh-
borhood regression procedure and therefore the prediction (estimation of the
conditional mean) can be formulated as a weighted average of the observed
response variables.

Based on that approach, we develop a Weighted Conditional Empirical Cu-
mulative Distribution Function (W_C_ECDF) approximating the Conditional
Cumulative Distribution Function (C_CDF). Then, α-quantile estimates are ob-
tained by using W_C_ECDF instead of C_CDF. [25] defined a W_C_ECDF
with weights using the original dataset whereas we allow to construct the weights
using the bootstrap samples, as it is done practically in regression random
forests. We prove the almost sure consistency of these two estimators. The main
hypothesis are:

1. the convergence to 0 of the variation of the conditional distribution func-
tion on leaves;

2. a control of the size of the leaves, implying that the trees are not fully
developed.
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In Section 5, we prove that the first hypothesis is satisfied for a large class
of models, including additive models and product functions. Also, this class of
functions is dense in the set of non-negative continuous functions on [0, 1]d.
Moreover, the first hypothesis is satisfied for some modified version of the
CART algorithm, such as in [25]. The second hypothesis may be seen as a
stopping rule in the algorithm, so that it should be controlled by practitioners.
An implementation of both algorithms is made available within a Julia pack-
age called ConditionalDistributionForest [15] as well as a Python package
named qosa-indices, [13].

The C_CDF can be seen as a regression function. Several authors such as
[7, 4, 38, 35, 27, 37, 17] have established asymptotic properties of particular vari-
ants and simplifications of the original Breiman’s random forest algorithm. For
instance, in [4], the tree construction is done by choosing at random the split-
ting coordinate and once the latter is selected, the split is at the midpoint of
the chosen side. Facing some theoretical issues with the bootstrap, most stud-
ies replace it by subsampling, assuming that each tree is grown with sn < n
observations randomly chosen without replacement from the original dataset.
Most of the time, in order to ensure the convergence of the simplified model,
the subsampling rate sn/n is assumed to tend to zero at some prescribed rate,
assumption that excludes the bootstrap mode. Besides, consistency is generally
showed by assuming that the number of trees goes to infinity which is not fully
relevant in practice. Under some conditions, [31] showed that if the infinite ran-
dom forest regression estimator is L2 consistent then so does the finite random
forest regression estimator when the number of trees goes to infinity in a con-
trolled way.
Recent attempts to bridge the gap between theory and practice, provide some
results on random forest algorithms at the price of fairly strong conditions.
For example, [35] showed the L2 consistency of random forests in an additive
regression framework by replacing the bootstrap step by subsampling. Their
result rests on a fundamental lemma developed in [34] which reviews theoretical
random forest, the additive assumption being required here. Furthermore, con-
sistency and asymptotic normality of the whole algorithm were recently proved
under strong conditions by [37] replacing bootstrap by subsampling and simpli-
fying the splitting step. One of the strong conditions used in Theorem 3.1. of
[37] is that the individual trees satisfy a condition called honesty. An example
of an honest tree given by the authors is one where the tree is grown using one
subsample, while the predictions at the leaves of the tree are estimated using a
different subsample. Due to this assumption, the authors admit that their theo-
rems are not valid for the practical applications most of the time because almost
all implementations of random forests use the training sample twice. In a recent
work [20], the L2 consistency in a regression framework is also obtained for the
expectation over all possible trees of the regression function (infinite forest), the
bootstrap process is not taken into account. The result in [20] holds for a class
of regression functions broader than the additive model. This class of functions
requires some control on the partial derivatives of the model.

Thus, despite an active investigation during the last decade, further consis-
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tency results are still welcome. Our major contribution is the proof of the almost
sure uniform convergence of the estimator W_C_ECDF both using the boot-
strap samples (Theorem 4.2) or the original one (Theorem 4.3). Remark that
[25] gave a proof of the consistency in probability of the W_C_ECDF for a
simplified model where the weights are considered as constant while they are
indeed random variables heavily data-dependent. We provide an a.s. consistency
proof under realistic assumptions for a method based on bootstrap samples.
This consistency result holds for a large class of functions called ♠-class which
contains, for instance, additive functions, product functions. Our ♠-class also
contains some dense class of functions, as does the class considered in [20]. Con-
trary to [20], our result holds for finite random forests and takes the bootstrap
into account, so that it is closer to practical situations. Also, a sub-product of
the consistency proof is an asymptotic proximity result between empirical and
theoretical trees (see Proposition 5.4), which is interesting in itself for further
theoretical studies on random forests.

The paper is organized as follows. Breiman’s random forest algorithm is de-
tailed in Section 2 and notations are stated. The random forest estimations of
C_CDF based both on bootstrap samples and the original dataset are intro-
duced in Section 3 as a natural generalization of regression random forests. The
main consistency results are presented in Section 4 and a deep discussion on
the variation of the conditional distribution function on leaves is proposed in
Section 5. The main proofs are gathered in Section 6 and some of them are
postponed in Appendix A. A short conclusion is given in Section 7.

2. Breiman’s random forest

The aim of this section is to present Breiman’s random forest algorithm as well
as notations used throughout this paper.

Random forest is a generic term to name an aggregation scheme of decision
trees allowing to deal with both supervised classification and regression tasks
and we focus on the latter in this paper.
The general framework is the nonparametric regression estimation where an in-

put random vector X ∈ X =
d∏
i=1

[ui, vi] ⊂ Rd is observed and a response Y ∈ R

is predicted by estimating the regression function m(x) = E [Y |X = x]. We as-
sume that we are given a training sample Dn =

(
Xj , Y j

)
j=1,...,n of independent

random variables distributed as the prototype pair (X, Y ) which is a (d + 1)-
dimensional random vector. The purpose is to use the dataset Dn to construct
an estimator mn : X → R of the function m.

Random forests proposed by [6] build a predictor consisting of a collection of
k randomized regression trees grown based on the CART algorithm.
The CART-split criterion of [8] is used in the construction of the individual trees
to recursively partition the input space X in a dyadic manner. More precisely,
at each step of the partitioning, a part of the space is divided into two sub-parts
according to the best cut perpendicular to the axes. This best cut is selected in
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each node of the tree by optimizing the CART-split criterion over the d variables,
i.e. minimizing the prediction squared error in the two child nodes. The trees are
then grown recursively until reaching a stopping rule. There are several rules,
but one generally proposed is that the tree construction continues while leaves
contain at least min samples leaf elements. This criterion is implemented in
the RandomForestRegressor class of the python package Scikit-Learn [29] or
in the build_forest function of the Julia [2] package DecisionTree.

Building several different trees from a single dataset requires to randomize
the tree building process. [6] proposed to inject some randomness both in the
dataset and in the tree construction. First of all, prior to the construction of
each tree, a resampling step is done by bootstrapping [12] from the original
dataset, that is, by randomly sampling n observations with replacement. Only
these bootstrap observations are taken into account in the tree building. Ac-
cordingly, the min samples leaf hyperparameter introduced previously refers,
in the random forest method, to the minimum number of bootstrap observations
(counted with repetitions) contained in each leaf of a tree. Secondly, at each step
of the tree construction, instead of optimizing the CART-split criterion over the
d variables, a number of variables called max features is selected uniformly at
random among the d variables, the set of selected variables is denotedMtry. In
what follows, we shall assume that the max features co-variates are selected
randomly, with positive probability for each co-variate to be selected, which in-
cludes of course the uniform selection. Then, the best split is chosen as the one

optimizing the CART-split criterion as follows: for a given node A =
d∏
i=1

[ai, bi],

the CART-split is given by maximizing over j ∈Mtry and z ∈ Aj = [aj , bj ]

LnA(j, z) = 1
N b
n(A)

n∑
i=1

(
Y i − Y A

)2
1{Xi∈A} − (2.1)

1
N b
n(A)

n∑
i=1

(
Y i − Y AL1{Xij≤z} − Y AR1{Xij>z}

)2
1{Xi∈A},

where AL = {x ∈ A, xj ≤ z} (resp. AR) is the left (resp. right) child of A, Y B is
the mean of the Y i’s in the bootstrap sample with Xi ∈ B and N b

n(B) denotes
the number of elements in the bootstrap sample belonging to B.
Now, for any query point x ∈ X , the `-th tree estimates m(x) as follows

mb
n (x; Θ`,Dn) =

∑
j∈D?n(Θ`)

1{Xj∈An(x;Θ`,Dn)}

N b
n (x; Θ`,Dn) Y j , (2.2)

where:
• Θ`, ` = 1, . . . , k are independent random vectors, distributed as a generic

random vector Θ =
(
Θ1,Θ2) and independent of Dn. Θ1 contains indexes

of observations that are used to build each tree, i.e. the bootstrap sample
and Θ2 indexes of splitting candidate variables in each node, we assume
that Θ2 gives a positive probability to each co-variate,
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• D?n (Θ`) is the bootstrap sample selected prior to the tree construction,
• An (x; Θ`,Dn) is the tree cell (subspace of X ) containing x,
• N b

n (x; Θ`,Dn) is the number of elements of D?n (Θ`) that fall into
An (x; Θ`,Dn).

The trees are then combined to form the finite forest estimator

mb
k,n (x; Θ1, . . . ,Θk,Dn) = 1

k

k∑
`=1

mb
n (x; Θ`,Dn) . (2.3)

We may now present the conditional distribution function estimators.

3. Conditional Distribution Forests

We aim to estimate F (y|x) = P(Y 6 y|X = x). Two estimators may be de-
fined. One uses the bootstrap samples both in the forest construction and in
the estimation. The other uses the original sample in the estimation part. Once
the distribution function has been estimated, the conditional quantiles may be
estimated straightforwardly.

3.1. Bootstrap samples based estimator

First of all, let us define the random variable Bj
(
Θ1
` ,Dn

)
as the number of

times that the observation
(
Xj , Y j

)
has been drawn from the original dataset

in the bootstrap sample for the `-th tree construction. The conditional mean
estimator in Equation (2.3) rewrites as

mb
k,n (x; Θ1, . . . ,Θk,Dn) =

n∑
j=1

(
1
k

k∑
`=1

Bj
(
Θ1
` ,Dn

)
1{Xj∈An(x;Θ`,Dn)}

N b
n (x; Θ`,Dn)

)
Y j

=
n∑
j=1

wbn,j (x; Θ1, . . . ,Θk,Dn)Y j ,

where the weights are defined by

wbn,j (x; Θ1, . . . ,Θk,Dn) = 1
k

k∑
`=1

Bj
(
Θ1
` ,Dn

)
1{Xj∈An(x;Θ`,Dn)}

N b
n (x; Θ`,Dn) . (3.1)

Note that the weights wbn,j (x; Θ1, . . . ,Θk,Dn) are non-negative random vari-
ables as functions of Θ1, . . . ,Θk,Dn and their sum for j = 1, . . . , n equals 1.

The random forest estimator (3.1) can be seen as a local averaging estimate.
Indeed, as mentioned by [32], the regression trees make an average of the ob-
servations located in a neighborhood of x, this neighborhood being defined as
the leaf of the tree containing x. The forest, which aggregates several trees, also
operates by calculating a weighted average of the observations in a neighbor-
hood of x. However, in the case of forests, this neighborhood results from the
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superposition of the neighborhoods of each tree, and therefore has a more com-
plex shape. Several works have tried to study the random forest algorithm from
this point of view (local averaging estimate) such as [22] who was the first to
point out the connection between the random forest and the adaptive nearest-
neighbors methods, further developed by [3]. Some works such as [33] have also
studied random forests through their link with the kernel methods.

We are interested in the Conditional Cumulative Distribution Function
(C_CDF) of Y given X = x in order to obtain the conditional quantiles. Pairing
the following equality

F (y|X = x) = P (Y 6 y|X = x) = E
[
1{Y6y}

∣∣X = x
]
, (3.2)

with the weighted approach described above, we propose to estimate the C_CDF
as follows

F bk,n (y|X = x; Θ1, . . . ,Θk,Dn) =
n∑
j=1

wbn,j (x; Θ1, . . . ,Θk,Dn)1{Y j6y} . (3.3)

Hence, given a level α ∈ ]0, 1[, the conditional quantile estimator q̂α (Y |X = x)
is defined as follows

q̂α (Y |X = x) = inf
{
Y p, p = 1, . . . , n : F bk,n (Y p|X = x; Θ1, . . . ,Θk,Dn) > α

}
.

Let us turn now to the estimator using the original sample.

3.2. Original sample based estimator

Trees are still grown with their respective bootstrap sampleD?n (Θ`) , ` = 1, . . . , k.
But instead of considering them in the estimation, we may use the original sam-
ple Dn. Consider the weights

won,j (x; Θ1, . . . ,Θk,Dn) = 1
k

k∑
`=1

1{Xj∈An(x;Θ`,Dn)}

No
n (x; Θ`,Dn) , (3.4)

where No
n (x; Θ`,Dn) is the number of points of Dn that fall into An (x; Θ`,Dn).

As previously, the weights won,j (x; Θ1, . . . ,Θk,Dn) are non-negative random
variables as functions of Θ1, . . . ,Θk,Dn and their sum over j = 1, . . . , n equals
1.

It was proposed in [25] to estimate the C_CDF with

F ok,n (y|X = x; Θ1, . . . ,Θk,Dn) =
n∑
j=1

won,j (x; Θ1, . . . ,Θk,Dn)1{Y j6y} . (3.5)

The conditional quantiles are then estimated by plugging
F ok,n (y|X = x; Θ1, . . . ,Θk,Dn) instead of F (y|X = x) as before.

A python library named qosa-indices has also been developed to per-
form the numerical estimations of conditional distributions and quantiles for
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both methods. It is available at [13] and uses Scikit-Learn, Numpy, Numba.
Both approaches are also implemented in a Julia package based on the library
DecisionTree and that is available at [15].

It has to be noted that a package called quantregForest has been made
available in R [30] and can be found at [26]. The estimation method currently
implemented in quantregForest is different from the method described in [25].
As a matter of fact, for a new observation x and the `-th tree, one element of
Dn =

(
Xj , Y j

)
j=1,...,n falling into in the leaf node An (x; Θ`,Dn) is chosen at

random. This gives, k values of Y and allows to estimate the conditional distri-
bution function with the classical Empirical Cumulative Distribution Function
associated with the empirical measure.

4. Consistency results

In this section, we state our main results, which are the uniform a.s. consis-
tency of both estimators F bk,n and F ok,n of the conditional distribution function.
It constitutes the most interesting result of this paper because it handles the
bootstrap component and gives the almost sure uniform convergence. Indeed,
most of the studies [35, 37, 17] replaces the bootstrap by subsampling without
replacement in order to avoid the mathematical difficulties induced by this one
and therefore differs slightly from the procedure used in practice. In [20], the
bootstrap procedure is not analyzed and the L2 consistency is proved for the
expectation over Θ of the estimator of the regression function, which does not
lead directly to the result for finite forests.

[25] showed the uniform convergence in probability of a simplified version
of the estimator F ok,n. In [25], the weights won,j (x; Θ1, . . . ,Θk,Dn) are in fact
considered to be non-random while they are indeed random variables depending
on (Θ`)`=1,...,k and Dn.

Overall, proving the consistency of the forest methods whose construction
depends both on the Xj ’s and on the Y j ’s is a difficult task. This feature makes
the resulting estimate highly data-dependent, and therefore difficult to analyze.
A simplification widely used by most authors from a theoretical point of view
is to work with random forest estimates whose tree shape depends only on Xj ’s
which [10] called the X-property but the Y j ’s are still used to compute the
prediction, either the conditional mean or the conditional distribution function
for example. One of the first results dealing with data-dependent random forest
estimator of the regression function is [35] who showed the L2 consistency in an
additive regression framework by replacing the bootstrap by subsampling. Our
main result is stated in Theorems 4.2 and 4.3 hereafter but we first rewrite it
in a more explicit way in order to emphasize their applicability. We begin by a
description of the class of functions on which our result holds, then we state the
hypothesis and the result.
In what follows, X is a compact hyper-rectangle of Rd:

X =
d∏
i=1

[ui, vi], −∞ < ui ≤ vi < ∞ and we denote by A the set of hyper-
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rectangles in X : A ∈ A writes A =
d∏
i=1

[ai, bi] with ui ≤ ai ≤ bi ≤ vi. Also, we

denote by A−j =
∏
k 6=j

[ak, bk] and AJ =
∏
k∈J

[ak, bk] for any J ⊂ {1, . . . , d}. Given

x ∈ Rd, x−j is the vector of Rd−1 where the j-th coordinate has been removed
and xJ is the vector of RJ whose coordinates are xj , j ∈ J .
Definition 4.1. Let f : X → R, it does NOT belong to the ♠-class if there

exists a rectangle A =
d∏
j=1

[aj , bj ] ⊂ X , with aj ≤ bj such that for all j = 1, . . . , d,

z 7→ E
[
f
(
z,X−j

)
1{X−j∈A−j}

]
is constant on [aj , bj ] and f is not constant on

A.

Remark 4.1. From Definition 4.1, if f belongs to the ♠-class then either for
any rectangle A, there exists j = 1, . . . , d such that
z 7→ E

[
f
(
z,X−j

)
1{X−j∈A−j}

]
is not constant on [aj , bj ] or if for some rectan-

gle A, z 7→ E
[
f
(
z,X−j

)
1{X−j∈A−j}

]
is constant for all j = 1, . . . , d then f is

constant on A.

Let us give some examples of functions of the ♠-class, the proof is more or
less straightforward, a sketch of proof is given in the Appendix (see Lemma A.3).

Remark 4.2. The ♠-class contains:

1. additive functions f(x) =
∑d
j=1 fj(xj),

2. product functions f(x) =
∏d
j=1 fj(xj) provided that for all j = 1, . . . , d,

E
[∏

k 6=j fk(Xk)1{Xk∈[ak,bk]}

]
6= 0,

3. sums of product functions f(x) =
∑
I∈I

∏
j∈I

f Ij (xj) with I a partition of

{1, . . . , d} provided that for all j = 1, . . . , d, for I 3 I 3 j,

E

 ∏
k∈I, k 6=j

f Ik (Xk)1{Xk∈[ak,bk]}

 6= 0,

4. sums of product functions f(x) =
∑
I∈I

∏
j∈I

f Ij (xj) with I a family of subsets

of {1, . . . , d} provided that the f Ij are either all increasing or all decreasing
and they are either all positive or all negative,

5. other functions, such as - for example - in dimension 2 with (X1, X2)  
U
(
[0, 1]2

)
- f(x, y) = ln(x+ y).

A particular case of item 4) above is the set of linear combination of Gaussian
radial basis functions on [0, 1]d, with positive weights:

G =


p∑
i=1

ai exp[
d∑
j=1

(xj − µj)2σ2
j ], ai ≥ 0, σj ≥ 0, µj ∈ R

 .
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It is known that the class G is dense in the set of non-negative continuous
functions on [0, 1]d (see [28] and also [20] where the class G is also considered).

Assumption 4.1.
• Y = m(X) + ε;
• X = (X1, . . . , Xd) is a continuous random vector with independent coor-

dinates;
• ε and X are independent, ε is a continuous, centered random variable with

increasing distribution function, ε has light tails i.e. there exists 0 < θ < 1
such that for any D > 0, P (|ε| > D) ≤ CθD.

• X takes its values in X which is assumed to be a compact hyper-rectangle

of Rd: X =
d∏
i=1

[ui, vi], −∞ < ui ≤ vi <∞;

• for any y, x 7→ F (y|x) is continuous and increasing.

Theorem 4.1. Let Assumption 4.1 be satisfied, with m belonging to the ♠-class,
assume that for fixed β > 5

2 , C > 0, each constructed tree is the highest such
that C

√
n(lnn)β ≤ N b

n (Θ`,Dn), let k = O(nα), with α > 0. Then

∀x ∈ X , sup
y∈R

∣∣F bk,n (y|X = x)− F (y|X = x)
∣∣ a.s.−→
n→∞

0,

and
∀x ∈ X , sup

y∈R

∣∣F ok,n (y|X = x)− F (y|X = x)
∣∣ a.s.−→
n→∞

0 .

Remark 4.3. Let us mention that the number N b
n (Θ`,Dn) of elements from

D?n (Θ`) in each leaf may be controlled during the construction of the forest. In-
deed, in most of the implementations, it is a parameter that may be chosen by
the user.
The algorithm used to get the highest tree such that C

√
n(lnn)β ≤ N b

n (Θ`,Dn)
is as follows: choose (j, z), with j ∈ Mtry maximizing LnA(j, z) while the num-
ber of elements from D?n (Θ`) in A ∩ {[aj , z]} and A ∩ {]z, bj ]} is greater than
C
√
n(lnn)β.

In section 5, we shall see that with this procedure the height of the trees goes
to infinity with n a.s. (we do not have and do not need further control on the
height).

It will be clear from the discussion of Section 5 that Theorem 4.1 is a direct
consequence of Theorems 4.2 and 4.3 that we now state. Remark that Theorems
4.2 and 4.3 could apply in other contexts than Theorem 4.1, possibly with some
dependencies, the main point being to satisfy Assumption 4.2. For example, for
some adhoc tree constructions, Assumption 4.2 is satisfied without independence
assumption, see Remark 4.4. In [20], some hypothesis weaker than independence
between theXi’s are given but the specific examples provided there are also with
independent Xi’s. The following assumptions allow to prove the a.s. consistency
of our estimators in a general framework.
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Assumption 4.2. For all ` ∈ J1, kK, we assume that the variation of the con-
ditional cumulative distribution function within any cell goes to 0:

∀x ∈ X ,∀y ∈ R, sup
z∈An(x;Θ`,Dn)

|F (y| z)− F (y|x)| a.s.−→
n→∞

0 .

We shall discuss further on Assumption 4.2. In particular in Section 5, we
show that this assumption is verified if Assumption 4.1 is satisfied with m in
the ♠-class.

Remark 4.4. Let us remark that Assumption 4.2 is satisfied, for example, pro-
vided that the diameter of each tree cell goes to zero and for all y, F (y|·) is
continuous. This is satisfied, for example if the splitting rules in the construc-
tion of the trees imply that each direction j = 1, . . . , d is chosen with positive
probability at each split and a positive proportion of the sub-sample goes in each
child node (see [25] Assumption 3 and Lemma 2). Imposing that each direction
is chosen with a positive probability at each split seems unrealistic since even
non informative variables will be chosen. This is why we propose an approach
where no additional assumptions on the splitting rules are needed, see Remark
4.3 and Section 5.

Assumption 4.3. We shall make the following assumptions on k (number of
trees) and N b

n (x; Θ,Dn) (number of bootstrap observations in a leaf node):

1. k = O (nα) , with α > 0.
2. ∀x ∈ X , N b

n (x; Θ,Dn) = Ω
(√

n (ln (n))β
)
, with 1 β > 1, a.s.

or
3. ∀x ∈ X , E

[
N b
n (x; Θ,Dn)

]
= Ω

(√
n (ln (n))β

)
, with β > 1, and

∀x ∈ X , CV
(
N b
n (x; Θ,Dn)

)
= O

(
1

n(α+1)/2 (ln (n))γ/2

)
, with 2 γ > 1.

Remark 4.5. In order to prove our main consistency result, either Assump-
tion 4.3 item 2. or item 3. is needed. Item 2. may seem much stronger than
item 3. but it has to be noted that the number of bootstrap observations in a tree
leaf is a construction parameter of the forest, so that it can be controlled. Using
item 2. simplifies the proof but item 3. is sufficient.

Assumption 4.4. For every x ∈ X , the conditional cumulative distribution
function y 7→ F (y|X = x) is continuous and increasing.

The two theorems below give the uniform a.s. consistency of our two estima-
tors.

Theorem 4.2. Consider a random forest which satisfies Assumptions 4.2 to 4.4.
Then,

∀x ∈ X , sup
y∈R

∣∣F bk,n (y|X = x)− F (y|X = x)
∣∣ a.s.−→
n→∞

0 .

1f (n) = Ω (g (n)) ⇐⇒ ∃k > 0, ∃n0 > 0 | ∀n > n0 |f (n)| > k · |g (n)|
2CV (X) = σX/E [X]
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Theorem 4.3. Consider a random forest which satisfies Assumptions 4.2 to 4.4.
Then,

∀x ∈ X , sup
y∈R

∣∣F ok,n (y|X = x)− F (y|X = x)
∣∣ a.s.−→
n→∞

0 .

Remark 4.6. Using standard arguments, the consistency of quantile estimates
stems from Assumption 4.4 as well as the uniform convergence of the conditional
distribution function estimators obtained above.

Let us mention that Assumption 4.3 allows to control the estimation error
of our estimators and expresses that cells should contain a sufficiently large
number of points so that averaging among the observations is effective.

Finally, Assumption 4.4 is used to get uniform convergence of the estimators.
Section 5 is devoted to comments on Assumption 4.2 and to prove that As-

sumption 4.1 together with a control on the leave size is sufficient to have As-
sumption 4.2 for functions of the ♠-class.

5. On variation in Random Forest leaves

This section is devoted to some further analysis on the variation of F (y|·) on
leaves, as formalized in Assumption 4.2.

5.1. Some comments on Assumption 4.2

Assumption 4.2 ensures a control on the approximation error of the estimators.
It is drawn from Proposition 2 of [35] which shows the consistency of Breiman’s
random forest estimate in an additive regression framework. Their Proposition
2 allows to manage the approximation error of the estimator by showing that
the variation of the regression function m within a cell of a random empirical
tree is small provided n is large enough. This result is based on Lemma 1 of
[35] which states that the variation of the regression function m within a cell
of a random theoretical tree goes to zero for an additive regression model. A
random theoretical tree is grown following the same rules as a random empirical
tree, except that the theoretical equivalent of the empirical CART-split criterion
(2.1) on a node A below is used to choose the best split

L?A(i, z) =Var (Y |X ∈ A) (5.1)
− P (Xi < z|X ∈ A) Var (Y |Xi < z,X ∈ A)
− P (Xi > z|X ∈ A) Var (Y |Xi > z,X ∈ A) .

Hence, a theoretical tree is obtained thanks to the best consecutive cuts (i?, z?),
among i ∈Mtry, z ∈ Ai optimizing the previous criterion L?(·, ·). Remark that
Mtry is selected with respect to Θ2, as for the empirical forest.

General results on standard partitioning estimators whose construction is
independent of the label in the training set (see Chapter 4 in [18] or Chapter
6 in [10]) state that a sufficient condition to prove the consistency is that the
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diameter of the cells tend to zero as n → ∞. Instead of such a geometrical
assumption, Proposition 2 in [35] ensures that the variation of m inside a node
is small thanks to their Lemma 1. But the cornerstone of the Lemma 1 is the
Technical Lemma 1 of [34] recalled below for completeness.

Lemma (Technical). Assume that:

• Y = m (X) + ε with m (X) =
d∑
i=1

mi (Xi) ,X ∼ U
(

[0, 1]d
)

and ε ∼

N (0, σ2),
• L?A(i, z) = 0 ∀i = 1, . . . , d, ∀z ∈ [ai, bi] (0 6 ai < bi 6 1),

then the regression function m is constant on A.

This lemma states that if the theoretical split criterion is zero for all cuts in a
node, then the regression function m is constant on this node, i.e. the variation
of m on the cell is zero. But, examples for which L?A(i, z) = 0 ∀i,∀z ∈ [ai, bi]
and the regression function is not constant can be easily constructed. Let us
consider a two-dimensional example, let A = A1 × A2 = [a1, b1] × [a2, b2] and
suppose that the response Y is

Y = X1X2 + c1X1 + c2X2 + ε =: m(X1, X2) + ε, (5.2)

with

• X = (X1, X2) independent random inputs,

• c1 = −
E
[
X21{X2∈A2}

]
P (X2 ∈ A2) and c2 = −

E
[
X11{X1∈A1}

]
P (X1 ∈ A1) ,

• and ε a centered noise independent of X.

It can be shown for this model that within the node A, L? ≡ 0 for all i ∈ {1, 2},
for all z ∈ [ai, bi] and yet the regression function m is not constant.

Accordingly, the technical lemma above is well-designed for an additive regres-
sion framework. But this context is far from reality for many concrete examples.

5.2. Sufficient conditions to control the variation on leaves

Our purpose is now to prove that Assumption 4.1 with a control on the size
of the leaves and a regression function in the ♠-class is sufficient to ensure As-
sumption 4.2 which controls the variation of F (y|·) on leaves. An interesting
sub-product of this study is Proposition 5.4 which shows the asymptotic prox-
imity of empirical and theoretical trees.
In what follows, C denotes any positive constant so that we may write C+C =
C, uC = C, with u > 0, ....

We are interested in F (y|·), remark that F (y|·) is constant on A if and only
if m(·) is constant on A. Indeed,

F (y|x) = P(Y ≤ y|X = x) = P(ε ≤ y −m(x)) = Fε(y −m(x)) .
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We shall use theoretical trees construction as in [35], the theoretical CART-split
is done by maximizing L?A(i, z) defined in (5.1). If L?A admits several maxima,
then one is chosen uniformly at random.
Let us denote by An (Θ`,Dn) any leaf in an empirical tree, and N b

n (Θ`,Dn)
be the number of elements of D?n (Θ`) that fall into An (Θ`,Dn). We have the
following result.

Theorem 5.1. Let Y satisfy Assumption 4.1, with m belonging to the ♠-class,
let β > 5

2 , C > 0, let the constructed trees be the highest such that C
√
n(lnn)β ≤

N b
n (Θ`,Dn), then Assumption 4.2 is verified.

Note that for additive m it is proven in [35] that the variation of m on
leaves goes to zero in probability, with an assumption on the height of trees. We
extend this result to the ♠-class and obtain an a.s. convergence. The control on
the height of trees is replaced by a control on the size of leaves. The strategy
of proof is partially inspired by [34] and [35]. The following lemma proves that
the variation of F (y|·) on leaves of theoretical trees goes to 0 a.s. as the height
of the trees goes to infinity.

Lemma 5.2. Assume that Assumption 4.1 is satisfied with the regression func-
tion m in the ♠-class, let S∞ = (sj , j = 1, . . .) with sj ∈ {L,R}, it describes an
infinite path in a binary tree, let Sh = (sj , j = 1, . . . , h), it describes a path in
a binary tree of height h. Let Ah(Sh,Θ) be the corresponding leaf in a theoret-
ical tree. Then the variation of F (y|·) on Ah(Sh,Θ) goes to 0 a.s. as h goes to
infinity.

Proof. Since x 7→ F (y|x) is assumed to be continuous, then the result holds
if the diameter of Ah(Sh,Θ) goes to zero. Let A∞(S∞,Θ) =

⋂
h≥1

Ah(Sh,Θ),

it is a decreasing intersection of rectangles, if its diameter is non zero then it
writes: for a non empty subset J ⊂ {1, . . . , d}, let Jc be its complementary,
(xj , j ∈ Jc, aj , j ∈ J); (xj , j ∈ Jc, bj , j ∈ J) ∈ X

A∞(S∞,Θ) = {xj , j ∈ Jc} ×
∏
j∈J

[aj , bj ] = {xj , j ∈ Jc} ×AJ , with aj < bj .

Remark that for any rectangle A =
∏d
k=1[αk, βk],

L?A(i, z) = P (Xi < z|X ∈ A) (E [Y |Xi < z,X ∈ A]− E [Y |X ∈ A])2

+ P (Xi > z|X ∈ A) (E [Y |Xi > z,X ∈ A]− E [Y |X ∈ A])2

can be seen as a continuous function of (αk, βk)k=1,...,d , i, z.
For j ∈ J , L?A∞(S∞,Θ)(j, z) rewrites

L?A∞(S∞,Θ)(j, z)

= P
(
Xj < z|XJ ∈ AJ

) (
E
[
Y |Xj < z,XJ ∈ AJ

]
− E

[
Y |XJ ∈ AJ

])2
+ P

(
Xj > z|XJ ∈ AJ

) (
E
[
Y |Xj > z,XJ ∈ AJ

]
− E

[
Y |XJ ∈ AJ

])2
.
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Also, for j ∈ Jc, L?A∞(S∞)(j, z) = 0.
Write Ah(Sh,Θ) =

∏d
j=1[ahj , bhj ], then for j ∈ J , ahj → aj and bhj → bj as

h→∞, also L?Ah(Sh)(j, z)→ L?A∞(S∞)(j, z).
Let (j?, z?) ∈ argmax L?A∞(S∞)(j, z), if j? ∈ Jc then L?A∞(S∞)(j?, z?) = 0
and thus L?A∞(S∞)(j, z) = 0 for any j, z. Assume j? ∈ J and consider a sub-
sequence (hp)p∈N such that j? ∈ Mtry at each level hp, it exists a.s. because
Θ gives a positive probability to each j ∈ {1, . . . , d} of belonging to Mtry
at each level. Then, consider (jp, zp) ∈ argmax L?

Ahp (Shp )(j, z) and (j∞, z∞)
any limit point of the sequence (jp, zp), which means that for a subsequence
pq → ∞, (jpq , zpq ) → (j∞, z∞), thus for q large enough, jpq = j∞. It eas-
ily follows that L?A∞(S∞)(j?, z?) ≤ L?A∞(S∞)(j∞, z∞) and thus (j∞, z∞) ∈
argmax L?A∞(S∞)(j, z). Now, if j∞ ∈ J , each zh is either ahjh or bhjh ; z

∞ is
either aj∞ or bj∞ . So that either {Xj∞ < z,XJ ∈ AJ} = {XJ ∈ AJ} and
{Xj∞ ≥ z,XJ ∈ AJ} = ∅ or {Xj∞ < z,XJ ∈ AJ} = ∅ and {Xj∞ ≥ z,XJ ∈
AJ} = {XJ ∈ AJ}, thus

L?A∞(S∞)(j∞, z∞)

= P
(
Xj∞ < z|XJ ∈ AJ

) (
E
[
Y |Xj∞ < z,XJ ∈ AJ

]
− E

[
Y |XJ ∈ AJ

])2
+ P

(
Xj∞ > z|XJ ∈ AJ

) (
E
[
Y |Xj∞ > z,XJ ∈ AJ

]
− E

[
Y |XJ ∈ AJ

])2
= 0.

If j∞ ∈ Jc, then L?A∞(S∞)(j∞, z∞) = 0. Finally, since L?A∞(S∞)(j, z) ≤
L?A∞(S∞)(j∞, z∞) = 0, we conclude that L?A∞(S∞)(j, z) = 0 for all (j, z). This
is equivalent to: for all i = 1, . . . , d, z ∈ [ai, bi],

E[Y |Xi ≤ z,X ∈ A∞]− E[Y |X ∈ A∞] = 0⇔
P(X ∈ A∞)E

[
Y 1{Xi≤z, X∈A∞}

]
= P(Xi ≤ z,X ∈ A∞)E

[
Y 1{X∈A∞}

]
.

By derivating with respect to z, we may see that it is equivalent to z 7→
E
[
m
(
z,X−i

)
1{X−i∈A−i∞ }

]
is constant for all i = 1, . . . , d. Since we assumed

that m belongs to the ♠-class, either m is constant on A∞(S∞) or the diameter
of A∞(S∞) is zero. In both cases, the variation of F (y|·) on Ah(Sh,Θ) goes to
0 as h goes to infinity.

We now show that empirical and theoretical trees are close. The main tool
for this step is the following result which has an intrinsic interest since it proves
that the theoretical and empirical cost functions used for the tree constructions
are uniformly close, provided that the leave sizes are not too small. Recall that
LnA(j, z) is the empirical cost on the rectangle A on direction j and at level z.

Proposition 5.3. Let Assumption 4.1 be satisfied. Let β > 5
2 , let A be a rectan-

gle in X , we shall say that (A, j, z) ∈ An if the numbers N b
AL

, N b
AR

of elements
of D?n belonging to AL := A ∩ {xj ≤ z} and AR := A ∩ {xj > z} are greater
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than C
√
n(lnn)β. We have

sup
(A,j,z)∈An

|L?A(j, z)− LnA(j, z)| a.s.−→ 0 as n→∞.

Proof. Let (A, j, z) ∈ An be fixed. Rewrite the difference |L?A(j, z)−LnA(j, z)| =
|TL + TR| with

TL = TL,1 + TL,2

=:
N b
AL

N b
A

((
YA − YAL

)2 − (E [Y |X ∈ A]− E [Y |X ∈ AL])2
)

+ (E [Y |X ∈ A]− E [Y |X ∈ AL])2

(
N b
AL

N b
A

− P (X ∈ AL|X ∈ A)
)
.

The term TR is defined in the same way by using AR instead of AL. In order
to prove the proposition, we shall prove that supA,j,z TL,1 and supA,j,z TL,2 go
to 0 a.s. The same holds in the same way for TR,1 and TR,2. Using Vapnik-
Chervonenkis theory on rectangles in A (see Lemma A.1 in Appendix A) we
have:

P
(

sup
B∈A

∣∣∣∣N b
B

n
− P(X ∈ B)

∣∣∣∣ > κ

)
≤ 16(n+ 1)2de−nκ

2/128. (5.3)

TL,2 decomposes into:

|TL,2| ≤ (E(Y |X ∈ A)− E(Y |X ∈ AL))2

×

[
n

N b
A

∣∣∣∣∣N b
AL

n
− P(X ∈ AL)

∣∣∣∣∣+
∣∣∣∣ 1
P(X ∈ A) −

n

N b
A

∣∣∣∣P(X ∈ AL)
]
.

Remark that for B ∈ A, if∣∣∣∣N b
B

n
− P(X ∈ B)

∣∣∣∣ ≤ C

2
(lnn)β√

n
(5.4)

and N b
B ≥ C

√
n(lnn)β , then P(X ∈ B) ≥ C

2
(lnn)β√

n
. So that, for (A, j, z) ∈ An,

we have, provided that (5.4) holds for A,

E(Y |X ∈ A) = 1
P(X ∈ A)

[
E(Y 1{X∈A}1{Y≤D}) + E(Y 1{X∈A}1{Y >D})

]
≤ D + E(Y p)

1
p

P(Y > D)
1
q

P(X ∈ A)1− 1
r

the second term is obtained using Hölder inequality

≤ (lnn)γ + Ce(lnn)γ ln θ
q

n
1
2 (1− 1

r )

(lnn)β(1− 1
r )

≤ C(lnn)γ ,
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by taking D = (lnn)γ , γ > 1, p, q, r > 0 with 1
p + 1

q + 1
r = 1. Now, Equation

(5.3) gives that (5.4) is satisfied for A and AL with probability greater than
1 − 16(n+ 1)2de−C

(lnn)2β
512 and the condition on NAL for (A, j, z) ∈ An gives

that

P(TL,2 > κ) ≤ 16(n+ 1)2de−C
(lnn)2β

512 + C(n+ 1)2de−Cκ
2 (lnn)2β(lnn)−4γ

128 .

Then, Borel-Cantelli Lemma gives that sup(A,j,z)∈An TL,2 goes to 0 a.s. provided
that 2β − 4γ > 1.
The term TL,1 is treated in the same way, instead of using (5.3), we use Lemma
A.2 in Appendix A to get that for any D > 0, for any κ > 0, A ∈ A and
1
p + 1

q = 1

P

(∣∣∣∣∣ 1n
n∑
i=1

Y ?i 1{X?
i∈A} − E(Y 1{X∈A})

∣∣∣∣∣ > κ

)

≤ 6
(

24eD
κ

ln
(

48eD
κ

))2d
e−nκ

2/(128D2) + C
E(Y p)

1
pP(Y > D)

1
q

κ
,(5.5)

where the (X?
i , Y

?
i )’s form a bootstrap sample from (X1, Y1), . . . , (Xn, Yn) and

we take D = (lnn)γ as before.

The last stone for the proof of Theorem 5.1 is to prove that at each level h,
each node of the empirical tree An(S) is close to a level h node of a theoretical
tree.

Proposition 5.4. Let Assumption 4.1 be satisfied. Assume that for β > 5
2 ,

N b
n (Θ`,Dn) ≥ C

√
n(lnn)β. For h ∈ N, let S ∈ {L,R}h describe a path of length

h in a binary tree, let An(S) and A(S) be corresponding nodes in empirical and
theoretical trees. Denote

A(S) =
d∏
j=1

[aj , bj ] and An(S) =
d∏
j=1

[anj , bnj ].

Denote Th the set of theoretical trees of height h, then

inf
Th

max
j=1,...,d

max
(
|aj − anj |, |bj − bnj |

)
−→ 0 a.s. as n→∞ (5.6)

Remark 5.1. Proposition 5.4 implies that for any h ∈ N fixed, for any empirical
tree with node sizes greater than C

√
n(lnn)β, we may find a theoretical one as

close as we wish, until height h. This is an a.s. and more precise version of
Lemma 3 in [35].

Proof. We proceed by induction on h. If h = 0 then A(S) = An(S) = X and the
assertion holds. Let us assume that the result holds for h ∈ N, let S′ ∈ {L,R}h+1
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describe a path of length h + 1 in a binary tree, S′ = (S, u) with S ∈ {L,R}h
and u ∈ {L,R}. Let (jn, zn) ∈ argmax LnAn(S)(j, z), then

An(S′) = An(S) ∩ {xjn ≤ zn} or An(S′) = An(S) ∩ {xjn > zn}.

Let us denote An(S) =
d∏
j=1

[anj , bnj ]. Our hypothesis on the construction of

the empirical tree implies that for all n ∈ N, (An(S), jn, zn) ∈ An so that by
Proposition 5.3:

|LnAn(S)(jn, zn)− L?An(S)(jn, zn)| −→ 0 a.s. as n→∞ . (5.7)

The induction hypothesis implies that, taking if necessary a subsequence,

we may find A(S) =
d∏
j=1

[aj , bj ] a node in a theoretical tree at height h such

that |anj − aj | → 0 and |bnj − bj | → 0 a.s. Let (j∞, z∞) be any limit point
of (jn, zn), the continuity of L? as a function of (aj , bj , j, z) and (5.7), lead
to |LnAn(S)(jn, zn) − L?A(S)(j∞, z∞)| −→ 0, a.s. as n goes to infinity, taking if
needed a subsequence.
Let us consider any (j, z), if (An(S), j, z) 6∈ An for n large enough, then
L?A(S)(j, z) = 0 because, in that case, either:
P(Xj < z,X ∈ A(S)) = 0 and P(Xj ≥ z,X ∈ A(S)) = P(X ∈ A(S)) or
P(Xj ≥ z,X ∈ A(S)) = 0 and P(Xj < z,X ∈ A(S)) = P(X ∈ A(S)) (using
(5.3)).
Otherwise, (An, j, z) ∈ An for infinitely many n and using again Proposi-
tion 5.3, we have L?A(S)(j∞, z∞) ≥ L?A(S)(j, z). We conclude that (j∞, z∞) ∈
argmax L?A(S)(j, z) and thus

A(S) ∩ {xj
∞
≤ z∞} and A(S) ∩ {xj

∞
> z∞}

are level h + 1 nodes of a theoretical tree. In other words, zn and z∞ are
respectively new end points of An(S′), A(S′) and since z∞ is a limit point of
(zn)n∈N, this concludes the induction step and the proof.

End of proof of Theorem 5.1. In order to conclude the proof of Theorem 5.1,
we need to prove that the variation of F (y|·) on any leaf in an empirical tree
goes to 0 a.s.
Consider h ∈ N, a leaf is described by a finite sequence S ∈ {L,R}h of some
S∞ ∈ {L,R}N. If An(S) is a node of the empirical tree, it means that the
number of elements from D?n in An(S) is greater than C

√
n(lnn)β .

Let (jn, zn) ∈ argmax LnAn(S)(j, z). On one side, if (An(S), jn, zn) 6∈ An for
infinitely many n, let A(S) be a node in a theoretical tree, given by Proposition
5.4. As in the proof of Proposition 5.4, we have that L?A(S)(j, z) = 0 for all (j, z),
since m belongs to the ♠-class, this implies that the variation of F (y|·) on A(S)
is zero. Using again Proposition 5.4, we conclude that for any κ > 0, for n large
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enough, the variation of F (y|·) on An(S) is less than κ. In this case, An(S) is a
leaf of the empirical tree (since the condition on the number of elements in the
child nodes is not satisfied).
Otherwise, (An(S), jn, zn) ∈ An for n large enough, which means that the
construction of the empirical tree continues.
By induction on h, we get that if An(S) is a leaf in an empirical tree, with
|S| = hn then either the variation of F (y|·) on An(S) goes to 0 or hn goes to
infinity. Consider the second case. Fix κ > 0 and using Lemma 5.2, choose h so
that for |S| = h the variation of F (y|·) on a node A(S) in an empirical tree is
less than κ. Choose η so that if |z − z′| < η then |F (y|z)− F (y|z′)| < κ. Using
Proposition 5.4, choose n such that for any z ∈ An(S) there is z′ ∈ A(S) with
|z − z′| < η. Then, the variation of F (y|·) on An(S) is less than 3κ.

To conclude this section, let us say that Theorem 5.1 gives simple and realistic
conditions under which the hypothesis of Theorems 4.2 and 4.3 are verified.

The next section is devoted to the proof of Theorem 4.2. The proof of Theo-
rem 4.3 is similar and left to the reader.

6. Proofs of Theorem 4.2

The proofs of Theorems 4.2 and 4.3 are close. We only provide that of Theo-
rem 4.2 below.

The main ingredient of the proof is to use a second sample D�n in order to
deal with the data-dependent aspect. Thus, we first define a dummy estimator
based on two samples Dn and D�n which will be used below. The trees are grown
using Dn, but we consider another sample D�n (independent of Dn and Θ) which
is used to define a dummy estimator

F �k,n (y|X = x; Θ1, . . . ,Θk,D�n,Dn)

=
n∑
j=1

w�n,j
(
x; Θ1, . . . ,Θk,X�1, . . . ,X�n,Dn

)
1{Y �j6y} ,

(6.1)

where the weights are for j = 1, . . . , n,

w�n,j
(
x; Θ1, . . . ,Θk,X�1, . . . ,X�n,Dn

)
= 1
k

k∑
`=1

1{X�j∈An(x;Θ`,Dn)}

N�n (x; Θ`,X�1, . . . ,X�n,Dn) ,

with N�n
(
x; Θ`,X�1, . . . ,X�n,Dn

)
, the number of elements of D�n that fall into

An (x; Θ`,Dn). Throughout this section, we shall use the convention 0
0 = 0

in case N�n
(
x; Θ`,X�1, . . . ,X�n,Dn

)
= 0 and thus 1{X�j∈An(x;Θ`,Dn)} = 0 for

j = 1, . . . n.
The weights w�n,j

(
x; Θ1, . . . ,Θk,X�1, . . . ,X�n,Dn

)
are nonnegative random vari-

ables, as function of Θ1, . . . ,Θk,X�1, . . . ,X�n,Dn. To lighten the notation in
the sequel, we will simply write F �k,n (y|X = x) =

n∑
j=1

w�j (x)1{Y �j6y} instead

of (6.1).
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Let x ∈ X and y ∈ R, we have∣∣F bk,n (y|X = x)− F (y|X = x)
∣∣ 6 ∣∣F �k,n (y|X = x)− F (y|X = x)

∣∣
+
∣∣F �k,n (y|X = x)− F bk,n (y|X = x)

∣∣ .
The convergence of the two right-hand terms is handled separately into the
following Proposition 6.1 and Lemma 6.2.

Proposition 6.1. Consider a random forest which satisfies Assumptions 4.2
and 4.3. Then,

∀x ∈ X ,∀y ∈ R, F �k,n (y|X = x) a.s.−→
n→∞

F (y|X = x) .

Hence, Proposition 6.1 establishes the consistency for a random forest esti-
mator based on a second sample D�n independent of Dn and Θ. [37] proved that
estimators built from honest forests are asymptotically Gaussian. Remark that
in [37], it is also required to control the proportion of chosen observations at
each split and in each direction. In our case, going through a kind of honest
trees is just a theoretical tool. We go one step further with the following lemma
by showing that the estimators built with D∗n and D�n are close.

Lemma 6.2. Consider a random forest which satisfies Assumption 4.3. Then,

∀x ∈ X ,∀y ∈ R,
∣∣F �k,n (y|X = x)− F bk,n (y|X = x)

∣∣ a.s.−→
n→∞

0 .

Hence, according to Proposition 6.1 and Lemma 6.2, we get

∀x ∈ X ,∀y ∈ R, F bk,n (y|X = x) a.s.−→
n→∞

F (y|X = x) . (6.2)

Now, thanks to Dini’s second theorem, let us sketch how to obtain the almost
sure uniform convergence relative to y of the estimator.

Note that
{
Y j 6 y

}
=
{
Uj 6 FY |X=x (y)

}
under Assumption 4.4 with Uj =

FY |X=x
(
Y j
)
, j = 1, . . . , n which are i.i.d random variables. Then, (6.2) is equiv-

alent to
∀x ∈ X ,∀s ∈ [0, 1] ,

n∑
j=1

wbj (x)1{Uj6s}
a.s.−→
n→∞

s .

As in the proof of Glivenko–Cantelli’s Theorem, using
that s 7→

n∑
j=1

wbj (x)1{Uj(ω)6s} is increasing and Dini’s second theorem, we get

the uniform convergence almost everywhere, which concludes the proof of the
theorem.

We now turn to the proof of Proposition 6.1 while that of Lemma 6.2 is
postponed to the Appendix. To that aim, the following lemma, based on Vapnik-
Chervonenkis classes [36] is a key tool. The proof is postponed to the Appendix.

Lemma 6.3. Consider Dn and D�n, two independent datasets of independent n
samples of (X, Y ). Build a tree using Dn with bootstrap and bagging procedure
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driven by Θ. As before, N b (An (Θ)) = N b
n (x; Θ,Dn) is the number of bootstrap

observations of Dn that fall into in An (Θ) = An (x; Θ,Dn) and N� (An (Θ)) =
N�n
(
x; Θ,X�1, . . . ,X�n,Dn

)
, the number of observations of D�n that fall into in

An (Θ). Then,

∀ε > 0, P
(∣∣N b (An (Θ))−N� (An (Θ))

∣∣ > ε
)
6 24(n+ 1)2de−ε

2/288n .

Lemma 6.3 is the main ingredient of the proof of Proposition 6.1.

Proof of Proposition 6.1.
We aim to prove

∀x ∈ X ,∀y ∈ R, P
(
F �k,n (y|X = x) −→

n→∞
F (y|X = x)

)
= 1 .

Let x ∈ X and y ∈ R, we have

∣∣F �k,n (y|x)− F (y|x)
∣∣ 6

∣∣∣∣∣∣
n∑
j=1

w�j (x)
(
1{Y �j6y} − F

(
y|X�j

))∣∣∣∣∣∣
+

∣∣∣∣∣∣
n∑
j=1

w�j (x)
(
F
(
y|X�j

)
− F (y|x)

)∣∣∣∣∣∣ .
Define

Wn =
n∑
j=1

w�j (x)
(
1{Y �j6y} − F

(
y|X�j

))
=

n∑
j=1

w�j (x)Z�j

with Z�j = 1{Y �j6y} − F
(
y|X�j

)
, n i.i.d random variables and

Vn =
n∑
j=1

w�j (x)
(
F
(
y|X�j

)
− F (y|x)

)
.

Remark that E
[
Z�j
∣∣X�j] = 0.

We first show that (Wn)n>1 goes to 0 a.s. in the case of Assumption 4.3 item
2. This is achieved by adapting Hoeffding inequality’s proof to our random
weighted sum context. For any ε > 0, t ∈ R∗+, we have

P (Wn > ε) ≤ E
[
etWn

]
· e−tε .

We shall make use of the folklore lemma below.

Lemma. Let X be a centred random variable, a.s. bounded by 1. Then, for any
t ∈ R, E

[
etX
]
6 e

t2
2 .
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Let t > 0, we have

E
[
etWn

]
= E

 n∏
j=1

etw
�
j (x)Z�j


= E

E
 n∏
j=1

etw
�
j (x)Z�j

∣∣∣∣∣∣Dn,Θ1, . . . ,Θk,X�1, . . . ,X�n


Conditionally to Dn,Θ1, . . . ,Θk,X�1, . . . ,X�n, the w�j are constant and the Z�j
are centred, independent and bounded by 1. Thus, using the folklore lemma,

E
[
etWn

]
= E

 n∏
j=1

E
[
etw

�
j (x)Z�j

∣∣∣Dn,Θ1, . . . ,Θk,X�1, . . . ,X�n
]

6 E

 n∏
j=1

et
2w�j (x)2/2

 .
Let K > 0 be such that for all ` = 1, . . . , k, N b

n (An(`)) = N b
n (x; Θ`,Dn) >

K
√
n (ln (n))β a.s. by using Assumption 4.3 item 2. Denote Γ(`) the event{

N�n(An(`)) < K
√
n(ln(n))β

2

}
. Remark that

Γ(`) ⊂
{∣∣N�n(An(`))−N b

n (An(`))
∣∣ > K

√
n (ln(n))β

2

}
. Thus, using Lemma 6.3,

we have that P (Γ(`)) ≤ 24 (n+ 1)2d exp
[
−K

2(ln(n))2β

1152

]
.

We have
n∑
j=1

w�j (x)2 =
n∑
j=1

w�j (x)
k

(
k∑
`=1

1{X�j∈An(`)}

N�n(An(`))
(
1{Γ(`)c} + 1{Γ(`)}

))

6
n∑
j=1

w�j (x)
(

2
K
√
n(lnn)β + 1

k

k∑
`=1

1{X�j∈An(`)}1{Γ(`)}

)
.

So that,

E

 n∏
j=1

et
2w�j (x)2/2

 6 exp
[
t2/
(
K
√
n (ln(n))β

)]
× E

[
exp

(
t2

2 · 1{
⋃k
`=1 Γ(`)}

)]

6 exp
[
t2/
(
K
√
n (ln(n))β

)]
×

(
1 + et

2/2
k∑
`=1

P (Γ(`))
)

6 exp
[
t2/
(
K
√
n (ln(n))β

)]
×

(
1 + 24k (n+ 1)2d exp

[
t2

2 −
K2 (ln(n))2β

1152

])
.
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Taking t2 = K2(ln(n))2β

576 leads to

P (Wn > ε) 6
(

1 + 24k (n+ 1)2d
)

exp
[
K (ln(n))β

576
√
n
− εK (ln(n))β

24

]
.

The same upper bound is obtained for P (Wn < −ε) by using that
P (Wn < −ε) = P (−Wn > ε).

Thus, by using Assumption 4.3, item 1., k = O(nα) so that the right hand
side is summable, we conclude that Wn goes to 0 almost surely.

In the case where Assumption 4.3 item 3 is satisfied, the proof that (Wn)n>1
goes to 0 a.s. is done in a similar spirit, the sketch of proof under Assumption 4.3
item 3, is proposed in the Appendix.

Finally, we show that (Vn)n>1 goes to 0 a.s. which easily follows from As-
sumption 4.2. This allows us to conclude that

∀x ∈ X ,∀y ∈ R, F �k,n (y|X = x) a.s.−→
n→∞

F (y|X = x) .

Thus, we have proved Theorem 4.2, the proof of Theorem 4.3 which is a bit
simpler is left to the reader.

7. Conclusion

This article proposes two conditional distribution functions and conditional
quantiles approximations based on random forests. The former is a natural gen-
eralisation of the random forest estimator of the regression function making use
of the bootstrap samples, while the latter is based on a variant using only the
original dataset.

The consistency of the bootstrap samples based estimator is shown under
realistic assumptions and constitutes the major contribution of this paper. In-
deed, this is the first consistency result handling the bootstrap component in
a random forest method whereas it is usually replaced by subsampling. As for
the second estimator, the consistency proof established in [25] for a simplified
random forest model is extended to a realistic one by taking into account all the
randomness used in the procedure. The two estimators have close performances
on our toy example. A specific interest of the bootsrap estimation is that the
Out-Of-Bag samples could be used for cross-validation and / or back-testing
procedures.

The estimators developed in this paper rest on trees grown with the CART-
split criterion. But the assumptions providing the consistency results are de-
tached from the split procedure used. Thus, the theoretical tools developed
here could be useful for a large class of methods by just changing the splitting
scheme. An ambitious additional work would be to develop a theoretical analysis
for obtaining convergence rates and also to construct confidence intervals.
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Appendix A: Technical complements

We provide some technical Lemmas used in Section 5 and Section 6.
Lemma A.1. Let A be the class of rectangles in Rd, let κ > 0, for any n,

P
(

sup
B∈A

∣∣∣∣N b
B

n
− P(X ∈ B)

∣∣∣∣ > κ

)
≤ 16(n+ 1)2de−nκ

2/128 .

Proof. Denote by NB the number of elements of the original sample Dn that
are in B. We have:

P
(

sup
B∈A

∣∣∣∣N b
B

n
− P(X ∈ B)

∣∣∣∣ > κ

)
≤ P

(
sup
B∈A

∣∣∣∣NBn − P(X ∈ B)
∣∣∣∣ > κ/2

)
+ P

(
sup
B∈A

∣∣∣∣N b
B

n
− NB

n

∣∣∣∣ > κ/2
)

≤ P
(

sup
B∈A

∣∣∣∣NBn − P(X ∈ B)
∣∣∣∣ > κ/2

)
+ E

(
P

(
sup
B∈A

∣∣∣∣∣ 1n
n∑
i=1

1{X?i∈B} − P(X? ∈ B|Dn)
∣∣∣∣∣ > κ/2

∣∣∣∣∣Dn
))

,

where X? is a bootstrap sample, whose distribution conditionally to Dn is
uniform on {X1, . . . ,Xn}. We apply Vapnik-Chervonenkis ([36]) inegality condi-
tionally toDn to get that the second term is bounded above by 8(n+ 1)2de−nκ

2/128

and Vapnik-Chervonenkis inegality to get that the first term admits the same
above bound.

Lemma A.2. Let (X?
i , Y

?
i ) be a bootstrap sample from (X1, Y1), . . . , (Xn, Yn).

For any D > 0, for any κ > 0, A ∈ A and 1
p + 1

q = 1. Assume that E(|Y |p) <∞
then

P

(∣∣∣∣∣ 1n
n∑
i=1

Y ?i 1{X?
i∈A} − E(Y 1{X∈A})

∣∣∣∣∣ > κ

)

≤ 6
(

24eD
κ

ln
(

48eD
κ

))2d
e−nκ

2/(128D2) + C
E(Y p)

1
pP(Y > D)

1
q

κ
.

Proof. Let Z = min(Y ,D), Zi = min(Yi, D), Z?i = min(Y ?i , D). Write:∣∣∣∣∣ 1n
n∑
i=1

Y ?i 1{X?
i∈A} − E(Y 1{X∈A})

∣∣∣∣∣
≤ E((Y − Z)1{X∈A}) +

∣∣∣∣∣ 1n
n∑
i=1

(Y ?i − Z?i )1{X?
i∈A}

∣∣∣∣∣+∣∣∣∣∣ 1n
n∑
i=1

Z?i 1{X?
i∈A} − E(Z1{X∈A})

∣∣∣∣∣ .
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The probability that the sum of the first two terms is greater than κ is bounded
above by C E(Y p)

1
p P(Y >D)

1
q

κ . The probability that the last term is greater than
κ is bounded by following the proof of Theorem 9.6 in [18] page 155, once
conditionally to Dn to take into account the bootstrap sample and then uncon-
ditionally.

Let us now turn to the proof of Lemma 6.2 which shows that the dummy
estimator F �k,n is close to the interesting one F bk,n.

Proof of Lemma 6.2.
Let x ∈ X and y ∈ R, recall that Bj

(
Θ1
` ,Dn

)
has been defined in Section

3.1. We have∣∣F �k,n (y|X = x)− F bk,n (y|X = x)
∣∣

=

∣∣∣∣∣∣1k
k∑
`=1

 n∑
j=1

1{X�j∈An(x;Θ`,Dn)}1{Y �j6y}

N�n (x; Θ`,X�1, . . . ,X�n,Dn)

−
n∑
j=1

Bj
(
Θ1
` ,Dn

)
1{Xj∈An(x;Θ`,Dn)}1{Y j6y}

N b
n (x; Θ`,Dn)

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
1
k

k∑
`=1

#
{
j 6 J� / X�(j) ∈ An (Θ`)

}
N� (An (Θ`))

−

∑
j∈S

Bj
(
Θ1
` ,Dn

)
N b (An (Θ`))


∣∣∣∣∣∣∣ ,

with S =
{
j 6 J / X(j) ∈ An (Θ`)

}
, where we denoteAn (Θ`) = An (x; Θ`,Dn),

N� (An (Θ`)) = N�n
(
x; Θ`,X�1, . . . ,X�n,Dn

)
andN b (An (Θ`)) = N b

n (x; Θ`,Dn).
J, J� are such that Y �(J�) 6 y < Y �(J

�+1) and Y (J) 6 y < Y (J+1), with Y �(j)
(resp. Y (j)) the order statistics of (Y �1, . . . , Y �n) (resp. (Y 1, . . . , Y n)) and the
X�(j) (resp. X(j)) the corresponding X�p’s (resp. Xp’s).

Let us consider for some ` ∈ J1, kK,

G =
#
{
j 6 J� / X�(j) ∈ An (Θ`)

}
N� (An (Θ`))

−

∑
j∈S

Bj
(
Θ1
` ,Dn

)
N b (An (Θ`))

def= N�J� (An (Θ`))
N� (An (Θ`))

− NJ (An (Θ`))
N b (An (Θ`))

.

We have,

|G| 6
∣∣N� (An (Θ`))−N b (An (Θ`))

∣∣
N b (An (Θ`))

+ |N
�
J� (An (Θ`))−NJ (An (Θ`))|

N b (An (Θ`))
def= |G1|+ |G2|

We continue the proof below in the case where Assumption 4.3 item 3. is
satisfied. The case where item 2. is verified is done easier following the same
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lines. Let ε > 0. We are now going to show the almost everywhere convergence
to 0 for each term G1 and G2. Let us start with G1.

P (|G1| > ε)

= P

(∣∣N� (An (Θ`))−N b (An (Θ`))
∣∣

N b (An (Θ`))
> ε

)
= P

(∣∣N� (An (Θ`))−N b (An (Θ`))
∣∣ > εN b (An (Θ`)) , N b (An (Θ`)) > λ

)
+ P

(∣∣N� (An (Θ`))−N b (An (Θ`))
∣∣ > εN b (An (Θ`)) , N b (An (Θ`)) 6 λ

)
where λ =

E
[
N b (An (Θ))

]
2

6 P
(∣∣N� (An (Θ`))−N b (An (Θ`))

∣∣ > ελ
)

+ P
(
N b (An (Θ`)) 6 λ

)
.

Thanks to Bienaymé-Tchebychev’s inequality,

P
(
N b (An (Θ`)) 6 λ

)
6 4

Var
(
N b (An (Θ`))

)
(E [N b (An (Θ`))])2

6 4
(
CV

(
N b (An (Θ))

))2
. (A.1)

Now, using Lemma 6.3 and Assumption 4.3, we get

P (|G1| > ε) 6 P
(∣∣N� (An (Θ`))−N b (An (Θ`))

∣∣ > ελ
)

+ 4
(
CV

(
N b (An (Θ))

))2
6 24(n+ 1)2d exp

[
−ε

2K2 (ln (n))2β

1152

]
+ 4M2

nα+1 (ln (n))γ .

Then, thanks to Borel–Cantelli Lemma

∀ε > 0, P
(

lim sup
n→∞

{|G1| > ε}
)

= 0 ,

which implies G1
a.s.−→
n→∞

0.
The G2 term is treated by using again the Vapnik-Chervonenkis theory. By

considering the class B =
{

d∏
i=1

[ai, bi]× ]−∞, y] : ai, bi ∈ R
}
, it gives (following

the lines of proof of Lemma A.1)

P (|G2| > ε) 6 P (|N�J� (An (Θ`))−NJ (An (Θ`))| > ελ) + 4 (CV (N (An (Θ))))2

6 24(n+ 1)2d exp
[
−ε

2K2 (ln (n))2β

1152

]
+ 4M2

nα+1 (ln (n))γ .

Thanks to Borel–Cantelli Lemma, we get

∀ε > 0, P
(

lim sup
n→∞

{|G2| > ε}
)

= 0 ,
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which implies that G2
a.s.−→
n→∞

0.
We conclude that G goes to 0 for all `, thus,

∀x ∈ X ,∀y ∈ R,
∣∣F �k,n (y|X = x)− F bk,n (y|X = x)

∣∣ a.s.−→
n→∞

0 .

In the case where Assumption 4.3 item 2. is verified, it exists K > 0 such
that

N b (An (Θ`)) > K
√
n (ln (n))β a.s.

So that P(|G1| > ε) and P(|G2| > ε) are bounded above respectively by

• P
(∣∣N b (An (Θ`))−N� (An (Θ`))

∣∣ > εK
√
n (ln (n))β

)
,

• and P
(
|N�J� (An (Θ`))−NJ (An (Θ`))| > εK

√
n (ln (n))β

)
.

A simple application of Lemma 6.3 and an adaptation of it to NJ (An (Θ`))
show that G1 and G2 go to 0 a.s.

Now we turn to Lemma 6.3 which is key for the proof of Proposition 6.1 and
that of Lemma 6.2.

Proof of Lemma 6.3.
Let ε > 0 and x ∈ X , we have

P
(∣∣N b (An (Θ))−N� (An (Θ))

∣∣ > ε
)

6 P

∣∣∣∣∣∣N
b (An (Θ))

n
− 1
n

n∑
j=1

1{Xj∈An(Θ)}

∣∣∣∣∣∣ > ε

3n


+ P

∣∣∣∣∣∣ 1n
n∑
j=1

1{Xj∈An(Θ)} − PX (X ∈ An (Θ))

∣∣∣∣∣∣ > ε

3n


+ P

(∣∣∣∣N� (An (Θ))
n

− PX (X ∈ An (Θ))
∣∣∣∣ > ε

3n

)

6 P

sup
A∈B

∣∣∣∣∣∣ 1n
n∑
j=1

1{X∗j∈A} −
1
n

n∑
j=1

1{Xj∈A}

∣∣∣∣∣∣ > ε

3n


+ P

sup
A∈B

∣∣∣∣∣∣ 1n
n∑
j=1

1{Xj∈A} − PX (X ∈ A)

∣∣∣∣∣∣ > ε

3n


+ P

sup
A∈B

∣∣∣∣∣∣ 1n
n∑
j=1

1{X�j∈A} − PX (X ∈ A)

∣∣∣∣∣∣ > ε

3n


where X∗1, . . . ,X∗n denotes a bootstrap sample and B =

{
d∏
i=1

[ai, bi] : ai, bi ∈ R
}
.

The last two right-hand terms are handled thanks to a direct application of the
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Theorem of [36] over the class B whose Vapnik-Chervonenkis dimension is 2d.
This class is nothing more than an extension of the class R of rectangles in Rd.
Following the lines of the proof of Theorem 13.8 in [10], one sees that the classes
R and B have the same Vapnik-Chervonenkis dimension.

The first right hand term is treated by applying Vapnik-Chervonenkis’ The-
orem under the conditional distribution given Dn as in the proof of Lemma
A.1.

Finally, we get the overall upper bound

P
(∣∣N b (An (Θ))−N� (An (Θ))

∣∣ > ε
)
6 24(n+ 1)2de−ε

2/288n .

Let us now sketch the part of proof of Proposition 6.1 which states that
(Wn)n>1 goes to 0 a.s., under Assumption 4.3 item 3.

Proof. 1. First show that (Wn2)n>1 goes to 0 a.s. This is achieved by decom-
posing

E
[
(Wn)2

]
= E


 n∑
j=1

w�j (x)Z�j

2


=
n∑
j=1

n∑
m=1

E
[
w�j (x)w�m (x)Z�jZ�m

]
=

n∑
j=1

E
[
w�

2

j (x)Z�
2

j

]
+

∑
16j,m6n
j 6=m

E
[
w�j (x)w�m (x)Z�jZ�m

]
def= In + Jn

Bienaimé-Tchebychev’s inequality, Lemma 6.3 and Assumption 4.3 items
1. and 3., give that there exist C,K and M positive constants such that

In 6 kP
(∣∣N b (An (Θ))−N� (An (Θ))

∣∣ > λ
)

+ 4
E [N b (An (Θ))] + 4k

(
CV

(
N b (An (Θ))

))2
6 24Cnα(n+ 1)2d exp

[
−K

2 (ln (n))2β

4608

]

+ 4
K
√
n (ln (n))β

+ 4CM2

n (ln (n))γ .

Then, the trick of using a second sample D�n independent of the first-one
and the random variable Θ is really important to handle the Jn term.
Indeed, we have Jn = 0 because E [Z�m|X�m] = 0 while the equivalent
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term encountered in the proof of the Theorem 2 developed by [35] is han-
dled using a conjecture regarding the correlation behavior of the CART
algorithm that is difficult to verify (cf. assumption (H2) of [35]). Finally,

∀ε > 0, P (|Wn| > ε) 6
E
[
(Wn)2

]
ε2 = In

ε2 .

Hence, since
∑
n≥1

In2 <∞, Borel–Cantelli Lemma gives

∀ε > 0, P
(

lim sup
n→∞

{|Wn2 | > ε}
)

= 0 ,

which implies that Wn2
a.s.−→
n→∞

0.
2. Show that (Wn)n>1 converges almost surely to 0. Bienaimé-Tchebytchev

inequality, Lemma 6.3 and Assumption 4.3 items 1. and 3. as well as
Borel-Cantelli Lemma give that

∀ε > 0, P
(

lim sup
n→∞

{∣∣Wn −Wp2
∣∣ > ε}) = 0 ,

for p = p (n) = b
√
nc. From this, we deduce that (Wn)n>1 goes to 0 a.s.

We end this Appendix with the proof that sums of products of functions
considered in Remark 4.2 belong to the ♠-class. The proof for the other classes
of function may be done straightforwardly in the same way.

Lemma A.3. Let I be a familly of subsets of {1, . . . , d} and f Ij , j ∈ {1, . . . , d},
I ∈ I, be functions either all increasing or all decreasing and they are either all
positive or all negative then sums of product functions

f(x) =
∑
I∈I

∏
j∈I

f Ij (xj)

belong to the ♠-class.

Proof. Let A =
d∏
k=1

[ak, bk] and j ∈ {1, . . . , d} be fixed, for any z ∈ [aj , bj ],

E(f(z,X−j)1{X−j∈A−j}) =
∑

I∈I, j∈I
f Ij (z)E

 ∏
k∈I\{j}

f Ik (Xk)1{Xk∈[ak,bk]}


+

∑
I∈I, j 6∈I

E

(∏
k∈I

f Ik (Xk)1{Xk∈[ak,bk]}

)
.
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So that z 7→ E(f(z,X−j)1{X−j∈A−j}) is constant on [aj , bj ] if and only if for
any z, z′ ∈ [aj , bj ],

∑
I∈I, j∈I

(f Ij (z)− f Ij (z′))E

 ∏
k∈I\{j}

f Ik (Xk)1{Xk∈[ak,bk]}

 = 0,

since the functions f Ik are either all increasing or all decreasing and they are
either all positive or all negative, this may happen for all z, z′ ∈ [aj , bj ], only if
f Ij is contant on [aj , bj ].
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