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Abstract The near-Earth space is a unique laboratory to explore turbulence and en-
ergy dissipation processes in magnetized plasmas thanks to the availability of high
quality data from various orbiting spacecraft, such Wind, Stereo, Cluster, Themis,
and the more recent one, the NASA Magnetospheric MultiScale (MMS) mission. In
comparison with the solar wind, plasma turbulence in the magnetosheath remains far
less explored, possibly because of the complexity of the magnetosheath dynamics
that challenges any “realistic” theoretical modeling of turbulence in it. This complex-
ity is due to different reasons such as the confinement of the magnetosheath plasma
between two dynamical boundaries, namely the bow shock and the magnetopause;
the high variability of the SW pressure that “shakes” and compresses continuously
the magnetosheath plasma; and the presence of large density fluctuations and tem-
perature anisotropies that generate various instabilities and plasma modes. In this
paper we will review some results that we have obtained in recent years on plasma
turbulence in the SW and the magnetosheath, both at the Magneto-HydroDynamics
(MHD) and the sub-ion (kinetic) scales, using the state of the art theoretical mod-
els and in-situ spacecraft observations. We will focus on three major features of the
plasma turbulence, namely its nature and scaling laws, the role of small scale coher-
ent structures in plasma heating, and the role of density fluctuations in enhancing the
turbulent energy cascade rate. The latter is estimated using (analytical) exact laws de-
rived for compressible MHD theories applied to in-situ observations from the Cluster
and Themis spacecraft. Finally, we will discuss some current trends in space plas-
mas turbulence research and future space missions dedicated to this topic that are
currently being prepared within the community.
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1 Introduction

Turbulence is ubiquitous in fluid and plasmas flows [Frisch(1995),Goldstein et al.(1995),
Matthaeus & Velli(2011)]. It plays a leading role in mass transport and energy (or
other invariant quantities) transfers through scales until it is dissipated at the very
small scales [Schekochihin et al.(2009),Howes et al.(2011)]. Unlike neutral fluids,
ionized plasmas have often a mean magnetic field that affects significantly the tur-
bulence properties. Indeed, non-zero mean field introduces: i) a specific direction in
the plasma that violates the rotation symmetry and renders the turbulence spatially
anisotropic; ii) characteristic scales of charged particles (e.g., electron and ion Lar-
mor radii), where the property of scale invariance of the turbulence is broken. This
is manifested in turbulence observations by the presence of spectral breaks in the en-
ergy spectra around those characteristic scales [Sahraoui et al.(2009)]. A third major
difference exists between neutral fluids and collisionless (or weakly collisional) plas-
mas: the nature of the dissipation mechanisms and associated characteristic scales.
In the former, dissipation is controlled by viscosity originating from molecular col-
lisions originating at the microscopic level, while in the latter it is mediated by ki-
netic processes in the form of wave-particle interactions, such as Landau damping
[Landau(1946),Howes et al.(2008),Schekochihin et al.(2009),Gary & Smith(2009),Sahraoui et al.(2010a),
Podesta et al.(2010),Sulem & Passot(2015),Kobayashi et al.(2017)], cyclotron damp-
ing [Leamon et al.(1998),Kasper et al.(2008),Cranmer(2014),He et al.(2015)] and stochas-
tic heating [Chandran et al.(2010)], which would involve different spatial or temporal
scales. Often magnetic reconnection is evoked as a potential dissipation process in lo-
calized current sheets [Matthaeus et al.(1984),Retino et al.(2007),Sundvist et al.(2007),
Chasapis et al.(2015)]. However, magnetic reconnection and wave-particles interac-
tions should not be seen as mutually exclusive. For instance, Landau damping is
shown to be very effective in numerical simulations of collisionless magnetic recon-
nection [Tenbarge & Howes (2013),Loureiro et al.(2013),Numata & Loureiro(2015)].

Turbulence in astrophysical plasmas is a very active area of research because of
the role that it plays in different objects. In the heliosphere, turbulence is thought
to be responsible for the heating of the solar corona and for accelerating the solar
wind (SW) [Matthaeus et al.(1984),Goldstein et al.(1995),Bruno & Carbone(2005),
Liu et al.(2006)]. In the interstellar medium (ISM), turbulence generated by super-
novae explosions plays a role in star formation by preventing the collapse of self-
gravitating molecular clouds (see [Schekochihin et al.(2009),Brandenburg et al.(2011),
Federrath et al.(2016)] and the references therein). In accretion disks of black holes
or neutron stars, turbulence is thought to be generated by the Magneto-Rotational
Instability (MRI) that allows converting the gravitational potential energy of the in-
flowing mass into MHD turbulence at the outer scale (i.e., scale size of the disk
height), which then cascades to smaller scales (following the classical picture of
MHD cascade), where it is converted into heat [Balbus et al.(1998)]. The heat is ob-
servable through the energetic X-rays and radio emissions emitted by the disks. In
tokamakcs, turbulence that can be generated by different plasma instabilities due to
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strong density and temperature gradients (e.g., Ion or Electron Temperature Gradi-
ent, ITG and ETG) is the major obstacle that prevents long-time plasma confine-
ment [Diamond et al.(2005)].

2 The near-Earth space plasmas

The near-Earth space plasmas refer to the plasmas of the Earth’s magnetosphere and
the SW at 1AU (Astronomical Unit). Because of their accessibility to very detailed in-
situ measurements, these regions of space are an excellent laboratory for the study of
different fundamental plasma processes. This is particularly true for fully-developed
turbulence studies because the high Reynolds numbers (∼ 105) estimated from space-
craft observations [Matthaeus et al.(2005),Bruno & Carbone(2005)]. By in-situ mea-
surements we refer to data taken by wave and particle instruments on board orbiting
spacecraft. These instruments includes DC and AC magnetometers, electric field an-
tennas, electron and ion mass and energy spectrometers that measure particle velocity
distribution functions (VDFs) and plasma composition, which allows one to compute
the plasma moments (density, velocity, temperature, ...) of each species. Often, ener-
getic particles detectors and radio wave receivers are also available.

Fig. 1 A 2D view of the terrestrial magnetosphere showing its different key regions resulting from the
interaction with the solar wind.

The results that we present in this paper were obtained in the SW and the mag-
netosheath, which is the region of space located behind the terrestrial bow shock
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(Figure 1). It is the interface of interaction between the SW and the magnetosphere,
which makes the understanding of the physical processes occurring in it very cru-
cial to apprehend the global SW-magnetosphere coupling. In particular, turbulence in
the magnetosheath is believed to drive the processes of energy and particle transfers
into the inner magnetosphere through the magnetopause [Belmont & Rezeau(2001),
Karimabadi et al.(2014)]. Due to the shock wave, the magnetosheath plasma is slower,
hotter and denser than the SW plasma. Behind the quasi-parallel shock the magne-
tosheath plasma is known to be very turbulent with larger amplitude fluctuations than
in the SW. From the observational viewpoint, the large amplitude of the turbulent
fluctuations in the magnetosheath make them more accessible to wave instruments,
in particular at small (kinetic) scales, because of their high SNRs (Signal-to-Noise-
Ratio) compared to those encountered in the SW [Sahraoui et al.(2013)].

Beyond the near-Earth space, the exploration of the inner heliosphere by mis-
sions such as the Parker Solar Porbe (PSP) [Fox et al.(2016)] and soon the Solar Or-
biter mission [Muller et al.(2013)], or the planetary plasma environments (Mercury,
Saturn, Jupiter) allows us to access a broad parameter space for which fundamental
plasma processes can be studied (Fig. 2). This is crucial if one wants to extrapo-
late some of the results obtained in these media to remote astrophysical objects not
accessible to in-situ measurements (e.g., the heliosheath, ISM or accretion disks)
[Schekochihin et al.(2009),Vaivads et al.(2016),Verscharen et al.(2019)].
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Fig. 2 Radial evolution of the the Alfvén (MA) and sonic (MS) Mach numbers and the plasma β inferred
from the models of [Hellinger et al.(2013)]and [Stverak et al.(2015)] for distances < 0.3AU (dahsed lines)
and from [Slavin & Holzer(1981)] for distances > 0.3AU (solid lines). The vertical dashed lines indicate
average locations of the Saturn, Earth and Mercury, and the closest distance of the Solar Orbiter (SoLO)
and Parker Solar Probe (PSP) spacecraft to the Sun.



Title Suppressed Due to Excessive Length 5

3 Solar wind turbulence

In the heliosphere, the solar corona and SW heating and acceleration are two major
problems that resist a satisfactory explanation despite decades of intensive research
work [Bruno & Carbone(2005)]. The main difficulty stems from the (nearly) colli-
sionless nature of the SW plasma: the mean free-path of particles is ∼ 1AU. There-
fore, fluid viscosity and electric resistivity that originate from particle collisions at the
molecular level are virtually absent. Thus, a fundamental question emerges: how to
explain the observed heating or acceleration of the plasma particles, often to relativis-
tic energies [Matthaeus et al.(1984),Liu et al.(2006),Cranmer(2014),Matthaeus & Velli(2011)]?
How is energy that originates from the macroscales dissipated at the microscales?
Turbulence is a crucial ingredient to explain these processes: it allows for transport-
ing (free) energy injected at the largest scales of the system to smaller scales where
kinetic processes can transfer it to the plasma particles [Schekochihin et al.(2009),
Sahraoui et al.(2009),Howes et al.(2011)].
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Fig. 3 A magnetic energy spectrum measured in the solar wind by ACE and Cluster spacecraft, depicting
a cascade over 8 decades in frequency, from the large MHD scales (∼ 105−106 km) down to the electron
scales (∼ 1 km). The spectrum shows different frequences band and slopes discussed in the text. The
vertical dashed lines indicate the frequencies corresponding to Taylor shifting the correlation scale λC , and
the ion (ρi) and electron (ρe) Larmor radii.

Indeed, in-situ observation in the SW showed that the power spectral density
(PSD) of the magnetic field fluctuations covers a wide range of scales, from macro-
scopic scales, where the MHD approximation is valid, to microphysical scales of the
order of the Larmor radius of charged particles where kinetic effects become impor-
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tant [Coleman(1968),Matthaeus & Goldstein(1982),Leamon et al.(1998)]. Unlike in
fluid turbulence [Frisch(1995)], the observed magnetic PSDs in the SW exhibit dis-
tinct frequency bands that span at least eight decades of frequencies and that have
power-laws with different exponents. As example is shown in Figure3, which was
obtained in the SW by combining data from the ACE spacecraft (from 2019-06-
09 02:00 to 2019-07-08 18:00) and the Cluster spacecraft (2006-03-19 from 20:30
to 23:20). The spectrum shows five spectral bands separated by breaks that occur
near the correlation length scale (λC) of the turbulence and the characteristic scales
(gyroradii or inertial lengths) of ions and electrons. First is the f−1 range gener-
ally observed in the fast SW for frequencies . 10−4 Hz (given in the spacecraft
reference frame –see below the discussion about converting observed frequencies
into wavenumber). The origin of this range, first reported in [Russell (1972)] and of-
ten referred to as the energy containing scales [Matthaeus et al.(1994)] or the “1/ f
flicker noise” [Matthaeus et al.(1986)], remains an open question [Chandran (2018),
Matteini et al.(2018)]. It includes the superposition of magnetic elements with differ-
ent statistical properties that emerge from the corona due to magnetic reconnection
[Matthaeus et al.(1986)], evolution of the Alfvén waves coming from the corona and
their reflection in the expanding SW [Velli et al.(1989),Verdini et al.(2012)] and in-
verse cascade in MHD turbulence [Dmitruk et al.(2007)]. It is worth recalling that the
“1/f noise” spectrum is observed also in planetary magnetosheaths [Hadid et al.(2015),
Huang et al.(2017a)], in the solar photospheric magnetic field [Matthaeus et al.(2007)]
and in a variety of other systems such as electronic devices, dynamo experiments and
geophysical flows (see [Dmitruk et al.(2011)] and the references therein). Second is
the inertial range with a scaling f−5/3 in the frequency range ∼ [10−4,10−1] Hz1.
This range, where dissipation is assumed to be negligible [Kolmogorov(1941)], is
thought to be generated via nonlinear interactions between counter-propagating in-
compressible Alfvén wave-packets [Iroshnikov(1963),Kraichnan(1965)]. These in-
teractions generate smaller and smaller structures, hence the classical paradigm of
energy cascade from large to small scales. Third is the range near the ion charac-
teristic scales ∼ [0.1,1] Hz that we call the transition range [Sahraoui et al.(2010a)]
(it is often referred to as the dissipation range), where spectra can steepen signifi-
cantly to ∼ f−4.5 [Goldstein et al.(1994),Leamon et al.(1998),Stawicki et al.(2001),
Smith et al.(2006),Sahraoui et al.(2010a),Bruno et al.(2014)]. The actual scaling and
the physics in this zone is still an unsettled question, e.g., [Bruno et al.(2014),Voitenko & De Keyser(2016),
Kobayashi et al.(2017),Passot & Sulem(2019)]. Fourth is the dispersive range far be-
low the ion scale,∼ [3,30] Hz, with a scaling f α and α ∈ [−3.1,−2.3] [Sahraoui et al.(2009),
Kiyani et al.(2009),Alexandrova et al.(2012),Sahraoui et al.(2013)]. In this range, where
dispersive and dissipation effects become important [Schekochihin et al.(2009),Passot & Sulem(2015)],
the nature of the turbulent fluctuations is also an unsettled question [Bale et al.(2005),
Sahraoui et al.(2009),Sahraoui et al.(2010a),Podesta et al.(2012b),Gary et al.(2012),
He et al.(2011),He et al.(2012),Salem et al.(2012),Kiyani et al.(2013)], although there
is an increasing body of evidence that the cascade is dominated by the Kinetic Alfvén
Mode (KAW) rather than the popular whistler mode [Sahraoui et al.(2010a),Podesta et al.(2012b),

1 There is still a debate as to whether the scaling of the PSDs of the magnetic and the velocity fluctu-
ations this range follow the Kolmogorov spectrum k−5/3 or the IK prediction k−3/2. This point will not
be further discussed in this paper.
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Salem et al.(2012),Podesta(2013)]. Fifth is the electron dissipation range (( f > 40
Hz) where a new steepening of the magnetic energy spectra has been reported and
was interpreted as an ultimate dissipation of the residual magnetic energy into elec-
tron heating [Sahraoui et al.(2009)]. Due to instrumental limitations, the actual scal-
ing of the magnetic energy spectra at sub-electron scales remains an open question in
SW turbulence [Alexandrova et al.(2012),Sahraoui et al.(2013)].

Although SW turbulence has been a subject of intensive theoretical, numerical
and observational research work over the past decades, many questions remain open.
Examples of these questions are:

– What are the actual scaling laws, e.g. δB2(k‖,k⊥) ∼ k‖
−α1k⊥−α2 that are “hid-

den” behind an observed spectrum onboard spacecraft δB2( f ) ∼ f−α ? How to
measure accurately the anisotropy of turbulence in wavenumber with respect to
the mean magnetic field (i.e., k‖ vs k⊥)?

– What are the actual plasma modes involved in the turbulence cascade at kinetic
scales? How can we identify them unambiguously? How do the plasma kinetic
instabilities fit into the global picture of fluid-like cascade?

– What are the actual mechanisms of energy “dissipation” into particle heating or
acceleration? What are their signatures in velocity space? How to identify them
in spacecraft data?

– What role coherent structures may play in the turbulence cascade and energy
dissipation?

The first question above points toward a tricky problem is studies of turbulence
using spacecraft data that warrants a short discussion here. This problem is commonly
referred to as the spatio-temporal ambiguity and is inherent to the interpretation of
any measurement made onboard a single spacecraft. In turbulence studies the prob-
lem is better reflected in the difficulty to infer the wavenumber spectra (generally pre-
dicted by turbulence theories [Galtier (2006),Meyrand & Galtier(2010),Schekochihin et al.(2009),
Boldyrev & Perez(2012)]) from the frequency ones measured onboard the spacecraft
(Fig. 3). Indeed, each frequency ωsc in that spectrum has two contributions, a tempo-
ral one coming from the frequency of the fluctuation in the plasma rest frame ωplas,
and a spatial one coming from the Doppler shift k.V. These three quantities are re-
lated by Eq. 1.

ωsc = ωplas +k.V = ωplas + kV cosθkV (1)

where θkV is the angle between wave vector k and the flow speed V.
In the solar wind, because the phase speeds of the fluctuations in the inertial range

are much smaller than the flow speed (VA∼Cs <<V , where VA∼CS∼ 100km/s is the
Alfvén and sound speeds), the Taylor hypothesis is generally used to infer the spec-
tra in wavenumber space from the frequency ones measured onboard the spacecraft2.
However, one should keep in mind that even when the Taylor hypothesis is valid
[Howes et al.(2014),Perri et al.(2014)], it provides wavenumber spectra only along
the plasma flow direction (ωplas << kV⇒ωsc ∼ kV = kV cosθkV ). The two other

2 In fact, the phase speeds must be smaller than the flow speed projected onto the wave vector k as can
be seen in Eq.1.
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directions perpendicular to the mean flow remain thus unresolved. Furthermore, in
the dispersive range the phase speeds of the turbulent fluctuations are expected to in-
crease as function of the wavenumber [Galtier (2006),Sahraoui et al.(2007),Howes et al.(2011),
Boldyrev et al.(2013)]. This is true at least for the KAW and whistler modes, the two
main channels debated in the literature that would carry the energy cascade down to
the electron scales. To unambiguously determine ωplas it is necessary to estimate the
k-spectrum at each observed frequency ωplas, which requires using multi-spacecraft
data3 and appropriate techniques such as the k-filtering technique (known also as
the wave telescope [Sahraoui et al.(2003),Tjulin et al.(2005),Sahraoui et al.(2010b),
Narita et al.(2010a),Narita et al.(2010b),Huang et al.(2010),Roberts et al.(2017)]. Note
that these constraints hold also for the magnetosheath plasmas, possibly even in a
more stringent way, since even at large (MHD) scales the characteristic phase speeds
in the medium become comparable to the flow speed (VA ∼CS ∼V ∼ 200km/s). This
is because of the deceleration of the SW flow downstream of the bow shock.

In the absence of multispacecraft data, often one has no choice other applying the
Taylor hypothesis. This has been done in observational studies of both MHD and sub-
ion scales turbulence [Bale et al.(2005),Sahraoui et al.(2009),Alexandrova et al.(2012)],
although its validity at those small scales can be questioned. To improve those stud-
ies [Sahraoui et al.(2012)] proposed a test of the validity of the Taylor hypotheis
that can be achieved on single spcacecraft data, which is based on the estimation
of the ratio between the spectral breaks at electron and ions scales. The test has
been applied recently to Cluster data in the SW and showed that a fraction of the
analyzed data sample can indeed violate the Taylor hypothesis at electron scales
[Huang & Sahraoui(2019)]. Note finally that other recent papers have raised the pos-
sibility of violating of the Taylor hypothesis by MHD scales fluctuations taken in the
inner heliosphere as those expected from the PSP mission [Matthaeus et al.(2016),
Bourouaine & Perez(2018)].

4 Magnetosheath turbulence

In comparison with SW turbulence, the magnetosheath turbulence is much less in-
vestigated. This might be due to the complexity of the magnetosheath plasma (as ex-
plained above), which renders the use of popular turbulence models (e.g. incompress-
ible MHD widely used in SW studies) inappropriate for the magnetosheath plasma.
For this reason we will focus in the paper on reviewing some the results that we have
obtained on magnetosheath turbulence using in-situ data from the Cluster and Themis
spacecraft, but still pay attention to comparing them to their counterparts in the SW to
highlight their major common features and differences. We emphasize here that this
paper is not a formal review that would cover all the work done by the community in
recent years. It is rather a collection of some of our own results and some of our per-
sonal views of these challenging problems of space plasmas, as clearly stated in the

3 More rigorously, estimating ωplas requires only measuring one component of the k-vector, namely
component parallel to the flow V. However, once ωplas is determined the full k-vector is needed to deter-
mine 3D dispersion relations, i.e., ωplas = ωplas(k).
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title of the paper. The paper is intended to a broader audience of plasmas physicists
beyond the space physics community.

A few studies have been carried out in the past on magnetosheath turbulence
[Sahraoui et al.(2003),Sahraoui et al.(2006),Lacombe et al.(2006),Mangeney et al.(2006),
Alexandrova et al.(2008),Yordanova et al.(2008),He et al.(2011)]. Two main similar-
ities with SW turbulence emerged from those studies: i) A strong anisotropy (k‖ <<
k⊥) both at sub-ion and electron scales [Sahraoui et al.(2006),Mangeney et al.(2006),
Chen et al.(2017)], ii) The presence of kinetic instabilities and nonlinear structures [Sahraoui et al.(2004),
Sahraoui et al.(2008),Alexandrova et al.(2006)]. Major differences exist though, e.g.,
i) magnetosheath turbulence evolves in a “confined” region of space bounded by the
bow shock and the magnetopause; these boundaries may influence the anisotropy of
the turbulence [Sahraoui et al.(2006),Yordanova et al.(2008)]; ii) the dominance of
very low frequency compressible fluctuations such as the mirror modes [Horbury et al.(2004),
Sahraoui et al.(2006)]. However, large statistical surveys of the turbulence properties
in the magnetosheath have been carried out only in recent years. We will now review
some of the reported results and compare them with SW turbulence.

4.1 Spectral laws in the MHD range

Owing to the fact that the magnetosheath plasma evolves in a confined medium lim-
ited by the bow shock and the magnetopause (Figure 1), turbulence properties, at
least at large scales, are expected to depend on the dynamical pressure of the SW,
the location within the magnetosheath or the geometry (quasi-parallel and quasi-
perpendicular) of the bow shock [Karimabadi et al.(2014)]. Analyses of large (MHD)
scales turbulence in the magnetosheath of Saturn and Earth showed interesting fea-
tures that are quite different from those known in the SW [Hadid et al.(2015),Huang et al.(2017a)].
Two examples of the observed spectra are shown in Figure 4. Intriguingly, some of
the spectra showed no inertial range with the so-called Kolmogorov scaling f−5/3:
Turbulence transitions from the ∼ f−1 spectrum to ∼ f−2.5 at kinetic scales, while
other spectra were found to have an inertial range [Alexandrova et al.(2008)]. The
breaks observed occur near the ion characteristic scales ρi or di. The f−1 spectrum
at MHD scales recalls the spectrum of the energy containing scales in SW turbu-
lence [Bruno & Carbone(2005)].

To explain the absence of the Kolmogorov inertial range we conducted a large
statistical study using more than 3 years of the Cluster data, which involved dif-
ferent orbits and different locations of the magnetosheath [Huang et al.(2017a)]. A
large fraction of the spectra did not show the Kolmogorov inertial range. When we
investigated the distribution of the observed slopes at different locations in the mag-
netosheath we clearly evidenced that the Kolmogorov-like inertial range occurs es-
sentially on the flanks of the magnetosheath away from the bow shock (Figure 5).
This observation questions the universality of the Kolmogorov spectrum and the ex-
istence of the inertial range in magnetosheath plasma. At kinetic scales the slopes do
not seem to depend on the location within the magnetosheath. This may be explained
by the fact that the scales involved (l ≤ 102km) are much smaller than the scale size
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Fig. 4 Examples of spectra measured in the magnetosheath showing the absence of the Kolmogorov in-
ertial range (left) and its presence (right). The vertical dashed lines indicate the ion gyrofrequency fci and
Taylor-shifted Larmor scale fρi .

of the magnetosheath (∼ 105km). In other words, the turbulence at kinetic scales is
“far” from the outer scales represented by the boundaries of the magnetosheath.

An immediate question that emerges from the previous observations is the reason
of the absence of the Kolmogorov inertial range behind the bow shock. In [Huang et al.(2017a)]
we argued that it may be caused by the interaction between the SW and the shock
itself. The shock somehow “destroys” the pre-existing correlations between the tur-
bulent fluctuations in the SW, which causes phase randomization. We verified indeed
this feature at large scales (i.e., above the ion spectral break) and showed that the fluc-
tuations are quasi-Gaussian [Hadid et al.(2015)] (see also [Wicks et al.(2013)] about
the “nonturbulent” nature of the 1/ f spectrum). Once those random-like fluctuations
are generated, they evolve in time and may interact nonlinearly as they propagate (or
get advected) away from the shock. The state of fully developed turbulence is reached
only away from the shock where the Kolmogorov inertial range is observed. This sce-
nario has been verified experimentally by comparing the estimated correlation time
of the turbulent fluctuations and their travel time within the magnetosheath as they
get advected by the flow [Huang et al.(2017a)].

Another question that has been explored was the nature of the fluctuations pop-
ulating the inertial range. Are they Alfvénic, as in the SW, or compressible magne-
tosonic? To answer these questions we used the magnetic compressibility C|| given by
the ratio between the PSDs of the parallel and total magnetic field fluctuations (paral-
lel is w.r.t. the background magnetic field B0) [Gary & Smith(2009),Salem et al.(2012)]:

C||( f ) =
|δB‖( f )|2

|δB‖( f )|2 + |δB⊥( f )|2
(2)

where δB( f )2 is the PSD of the magnetic fluctuations. From linear kinetic theory,
the Alfvén and the magnetosonic modes are known to have very different profiles
of the magnetic compressibility [Sahraoui et al.(2012)]. Briefly speaking, one can
say that at MHD scales Alfvénic fluctuation [Goldstein et al.(1995)] have C|| << 1
while compressible magnetosonic fluctuations have C|| & 0.3. Therefore, magnetic
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Fig. 5 Top: The histogram of the measured spectral slopes obtained from a survey of 3 years Cluster
data in the magnetosheath at MHD scales (left) and sub-ion scales (right). Bottom: The distribution of the
slopes within the magnetosheath. The ∼ f−1 spectra are more observed on the sub-solar point near the
shock, while the Kolmogorov spectrum ∼ f−5/3 is observed more in the flanks of the magnetosheath. The
numbers given in each pixel represent the number of the analyzed spectra. The vertical color bar gives the
values of the spectral slopes (adapted from [Huang et al.(2017a)]).
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compressibility can be easily used to check the dominance (or not) of the Alfvénic
fluctuations in our data [Podesta et al.(2012a),Kiyani et al.(2013)]. However, there is
a caveat regarding the computation of C|| when the magnetic fluctuations are high and
become comparable to the mean field B0 (i.e., δB/B0 ∼ 1). In this case the parallel
direction is ill-defined if the global (mean) field is used to project onto it the magnetic
fluctuations. Instead, a local field decomposition is necessary to capture correctly the
parallel and perpendicular fluctuations. A method based on a scale-by-scale decom-
position is developed and used in [Kiyani et al.(2013)].

(a) (b)

(c) (d)

Fig. 6 Estimated magnetic compressibility C‖ for all statistical events that have a Kolmogorov-like scal-
ing. Three distinct profiles were observed (grey curves: all events, red curves: mean values): (a) rising
characteristic of shear Alfvén wave turbulence, (b) falling-off and (c) steady, both characteristic of com-
pressible magnetosonic-like dominated turbulence. The dashed blue lines in (a-c) indicate the value 1/3 of
the compressibility. (d) shows the histogram of C‖ iaveraged over the frequency range [0.004,0.1]Hz.
.

The results of the analysis are shown in Figure 6. Different profiles of C|| reflect
different nature of the turbulent fluctuations [Huang et al.(2017a)]. The main result
though is that only a fraction (35%) of the observed Kolmogorov spectra were pop-
ulated by shear Alfvénic fluctuations, whereas the majority of the events (65%) was
found to be dominated by compressible magnetosonic-like fluctuations, which con-
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trasts with well-known turbulence properties in the SW. This results shows that, un-
like the SW, density fluctuations are important at the MHD scales in magnetosheath
turbulence, and must be considered in theoretical modeling of the magnetosheath
plasma.

4.2 Spectral laws at kinetic (sub-ion) scales

As mentioned above, investigation of sub-ion and electron scale turbulence in the
SW faces strong limitations due to the low amplitude electric and magnetic field
fluctuations, which require very high sensitivity instruments to capture them. In the
magnetosheath these restrictions can generally be relaxed considering the increase
of the amplitude of the turbulent fluctuations across the bow shock. This somehow
relaxes the stringent requirement on the wave instruments sensitivity when it comes
to probing into the magnetosheath plasma. Another advantage of the magnetosheath
is the availability of a huge amount of high quality data that covers a broader range of
physical parameters compared to the SW at 1AU (see for instance the histograms of β

in [Sahraoui et al.(2013),Huang et al.(2014)]). This is particularly true after the suc-
cessful launch of the MMS mission in 2015, which has been collecting data plasma
data with unprecedented high time resolution.

As we showed in section 4.1, MHD scale turbulence in the magnetosheath shows
features (e.g., the absence of the inertial range in the sub-solar region) that contrast
with those in the SW. This has motivated a new study to investigate the universal-
ity of the turbulence scaling at the sub-ion and electron scales in the magnetosheath.
To do so, we surveyed a large statistical sample of the Cluster/STAFF-SC wave-
forms (sampled at 225Hz) measured in the magnetosheath from 2002 to 2005, and
compared the spectra of the magnetic energy above and below the electron break fre-
quency [Huang et al.(2014)]. Some similarities and also differences were found with
SW turbulence.

A similarity is found regarding the slopes in the dispersive range, i.e. between the
ion and electron spectral breaks: the distribution is narrow and peaks near −2.8 (see
Figure 7). Considering the differences in the plasma parameters in the two regions,
which may drive different plasmas modes and instabilities, this result is rather sur-
prising and suggests that the scaling of turbulence does not depend statistically on
the local plasma conditions. This has been confirmed by the absence of significant
correlation between those slopes and the local plasma parameters (e.g., the plasma
β ) [Sahraoui et al.(2013),Huang et al.(2014)]. A major difference was found in the
histogram of the slopes below the electron spectral break (Figure 7). In the magne-
tosheath the slopes were found to be generally steeper: the distribution peaks near
−5.5 and slopes as steep as −7 were observed. We suggested an explanation of this
discrepancy in [Huang et al.(2014)] based on the differences in the SNRs between the
two regions. Indeed, a good anti-correlation was found between the SNRs (computed
at f = 30Hz ∼ kρe ∼ 0.5) and the observed slopes : the higher is the SNR the steeper
is the spectrum (see Figure 5 in [Huang et al.(2014)]). To show the effect of the low
SNR we over-plotted in Figure 7 the histogram of the slopes for the magnetosheath
events that have SNR≤ 10 to mimic SW observations. The resulting new histogram,
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Fig. 7 Comparison between the scaling of the magnetic energy spectra below and above the electron
spectral break, as observed in the magnetosheath (top, adapted from [Huang et al.(2014)]) and in the solar
wind (bottom, adapted from [Sahraoui et al.(2013)]).

plotted in red in Figure 7, resembles quite well that of the SW. This finding suggests
that an accurate determination of the turbulence scaling at, and below, the electron
scale in the SW requires SNRs as high as those in the magnetosheath (> 25), for
which the correlation SNR-slopes drops to zero (Figure 5 in [Huang et al.(2014)]).
This requirement cannot be met with the current space missions in the SW at 1AU
(see section 7) about the design of futures space missions with high sensitivity instru-
ments dedicated to electron scale turbulence at 1AU). In the inner heliosphere (< 0.3
AU), because of the increasing amplitude of the magnetic fluctuations the magne-
tometers onboard Solar Orbiter and the Parker Solar Probe missions would not face
these limitations.

One of the striking observations that can be made from Figure 7 is that the dis-
tribution of the slopes, both in the SW and in the magnetosheath, become broader as
we go to small scales, from the inertial range (see Figure 7in [Smith et al.(2006)]) to
the electron scales (Fig. 7). After several attempts to explain this broadening based
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on energy dissipation via Landau damping and possible dependence on the nonlin-
earity parameter using Landau-fluid simulations[Kobayashi et al.(2017)], we recently
proposed a rather simpler explanation based on the effect of violation of the Taylor
hypothesis at electron scales. Using a simple toy model of linear dispersive KAW and
whistler modes we succeeded in reproducing the observations of Figure 7 by trans-
forming into the spacecraft frame a single power-law wavenumber spectrum with a
scaling k−2.8 using different flow and phase speeds of the fluctuations typical of the
SW [Sahraoui & Huang(2019)].

There are two open questions that are not addressed here. The first is very fun-
damental and is related to the origin of the sub-ion scale turbulence observed even
when inertial range turbulence is absent. Indeed, the conventional wisdom holds that
kinetic scale turbulence originates from the cascade taking place in the inertial range
and transitioning into the sub-ion scales. Theoretically or numerically, this is mod-
eled by the extension of Alfvénic turbulence into the kinetic scales, for example by
including small scales effects such as the Hall term, electron inertia or FLRs (Finite
Larmor radius effects) in fluid descriptions [Galtier (2006),Sulem & Passot(2015),
Andrés et al.(2016),Andrés et al.(2018a)], leading to the KAW or whistler turbulence
models. However, when inertial range cascade is absent (or suppressed) a paradigm
shift is needed, and other mechanisms must act to generate the observed fully de-
veloped kinetic turbulence. This might happen through ion scale instabilities (e.g.,
mirror or firehose) that may drive the sub-ion scale turbulence[Sahraoui et al.(2006),
Kunz et al.(2014)], or magnetic reconnection as shown recently in Hybrid-Vlasov
simulations [Cerri & Califano(2017),Franci et al.(2017)]. This question requires fur-
ther investigation.

The second question that is not discussed in detail in this review is the nature
of the sub-ion scale turbulence, and the mechanisms by which energy is dissipated at
those scales into ion and/or electron heating, whether or not turbulence at MHD scales
is developed. As said earlier, there is now an ample evidence that KAW turbulence
is likely to be the dominant component of turbulence at the sub-ion scales, at least
in the limit βi & 1 [Sahraoui et al.(2010a),Podesta et al.(2012a),Salem et al.(2012),
Podesta(2013),Cerri et al.(2017b)], while other minor components can be present
such as ion cyclotron [He et al.(2015)], Bernstein [Sahraoui et al.(2012),Podesta et al.(2012b)]
or whistler [Lacombe et al.(2014)] modes. However, there is no large statistical sur-
veys that would confirm this conclusion. The reason is the absence of a simple diag-
nosis that can discriminate between the modes at those scales on which such statisti-
cal studies could be performed. For instance, the magnetic compressibility becomes
not very useful at those scales because of power isotropisation [Sahraoui et al.(2012),
Podesta et al.(2012a),Kiyani et al.(2013)]. Moreover, other complications come into
play, for example, the possible violation of the Taylor hypothesis [Huang & Sahraoui(2019)],
the presence of plasma instabilities, instruments limitations or calibration issues.
Overall, one can say that the interplay between sub-ion scale cascade, plasma in-
stabilities, coherent structures, and magnetic reconnection is a vast and a poorly un-
derstood problem, which requires further investigation.
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5 Energy cascade rate of compressible isothermal MHD turbulence

Derivation of the so-called exact laws in plasma turbulence theories has attracted a
particular attention over the past years. This is because these laws allow one to better
understand the turbulence dynamics, to evidence turbulence inertial range in numeri-
cal and experimental data and to estimate the energy cascade rate in turbulent flows.
The original idea developed by Kolmogorov [Kolmogorov(1941)] for Navier-Stokes
equations was generalized to plasmas described within various theoretical frame-
works: incompressible MHD (IMHD) [Politano & Pouquet(1998)] (hereafter PP98),
incompressible Hall-MHD (IHMHD)[Galtier (2008),Banerjee & Galtier(2017),Hellinger et al.(2018),
Ferrand et al.(2019)], compressible MHD (CMHD) [Banerjee & Galtier(2013)] (here-
after BG13) (see also the new derivation of the same law using the classical vari-
ables v, B and ρ instead of the Elsässer variables in [Andrés & Sahraoui(2017)]),
compressible Hall-MHD [Andrés et al.(2018a)] and incompressible two-fluid model
[Andrés et al.(2016)]. The PP98 model has been widely applied to in-situ measure-
ments in the SW to estimate the amount of the energy that is cascaded from large-to-
small scale where it is expected to be dissipated into plasma heating [Smith et al.(2006),
Sorriso-Valvo et al.(2007),MacBride, Smith & Forman(2008),Marino et al.(2008),Carbone et al.(2009),
Smith et al.(2009),Stawarz et al.(2009),Osman et al.(2011),Coburn et al.(2014),Banerjee et al.(2016)].
The use of the PP98 model is justified because the SW is only weakly compress-
ible (δρ/ρ ∼ 20% [Hadid et al.(2017)]). However, and as shown above, the terres-
trial magnetosheath (and other planetary magnetosheaths [Hadid et al.(2015)]) show
higher density fluctuations (δρ/ρ ∼ 50− 100% [Sahraoui et al.(2006)]). Those ob-
servations highlighted the need for deriving more general exact laws of turbulence
that include density fluctuations.

Here, we briefly review some of the results that we have obtained on estimating
the compressible energy cascade rate in the SW and in the magnetosheath with an
attempt to highlight the main differences and similarities between the two regions.

5.1 Theoretical models

We recall the basic equations of the two theoretical models, namely PP98 and BG13,
that were used in our studies.

Incompressible model: The PP98 law is written in terms of the Elsässer variables
z± = v± vA, where v is the plasma flow velocity, vA ≡ B/√µ0ρ0 is the magnetic
field normalized to a velocity and ρ0 = 〈ρ〉 is the mean plasma density. It reads in the
isotropic case

− 4
3

εI`=

〈
(δz+)2

2
δ z−` +

(δz−)2

2
δ z+`

〉
ρ0 ≡FI(`) , (3)

where the general definition of an increment of a variable ψ is used, i.e. δψ ≡ψ(x+
`̀̀)−ψ(x). The longitudinal components are denoted by the index ` with ` ≡ |`̀̀|, 〈·〉
stands for the statistical average and εI is the dissipation rate of the total energy. Note
that in S.I. units, we have the relation ρ0 = 1.673×10−21

〈
np
〉
.
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Compressible model: Following the approach used in [Banerjee et al.(2016)], the
original equations of the BG13 model can be reduced to the following compact form
in the isotropic case

− 4
3

εC`= FC+Φ(`) , (4)

where
FC+Φ(`) = F1(`)+F2(`)+F3(`) , (5)

and

F1(`) =

〈
1
2
[
δ (ρz−) ·δz−

]
δ z+` +

1
2
[
δ (ρz+) ·δz+

]
δ z−`

〉
,

F2(`) = 〈2δρδeδv`〉 ,

F3(`) =

〈
2δ

[(
1+

1
β

)
e+

v2
A
2

]
δ (ρ1v`)

〉
. (6)

where by definition δψ ≡ (ψ(x + `̀̀) + ψ(x))/2, e = c2
s ln(ρ/ρ0) is the inter-

nal energy, with cs the constant isothermal sound speed, ρ the local plasma density
(ρ = ρ0 +ρ1) and β = 2c2

s/v2
A is the local ratio of the total thermal to magnetic pres-

sure (β = βe +βp). To obtain Equations (4)–(6) several assumptions have been used.
These are the assumptions generally adopted in fully developed turbulence theories:
infinite kinetic and magnetic Reynolds numbers and a steady state with abalance
between forcing and dissipation, statistical homogeneity and stationarity of the tur-
bulent fluctuations [Galtier & Banerjee(2011),Banerjee & Galtier(2013)], along with
the statistical isotropy. Furthermore, the source terms have been neglected consider-
ing that they cannot be estimated using single spacecraft data because of the local
spatial divergence involved in those terms, and on the argument that they were found
to be sub-dominant (compared to the flux terms) in simulations of supersonic fluid
[Kritsuk et al.(2013)] and sub-sonic (isothermal) MHD turbulence [Andrés et al.(2018b)].
For the purpose of applying the model to spacecraft data, the plasma β is further as-
sumed to be nearly stationary, which is a stringent requirement in selecting the data
used in this work (see details in [Banerjee & Galtier(2013)]). Note that some of the
adopted hypothesis (e.g., homegeneity, isotropy) would be violated because of the
expanding nature of the SW [Narita et al.(2010a),Verdini& Grappin(2016)] or of the
presence large scale shears, which then would require adapting the BG13 as done for
the case of PP98 model [Wan et al.(2010),Gogoberidze et al.(2013),Hellinger et al.(2013)].
Below, equations (4)–(6) were evaluated using spacecraft data in the fast and slow SW
and in the magnetosheath.

5.2 Application to the slow and fast solar wind

The two models described above were applied to Cluster and Themis spacecraft ob-
servations in the slow and fast wind in order to emphasize the role of density fluctua-
tions. Many aspects were studied and discussed in [Banerjee et al.(2016),Hadid et al.(2017)].
Here, we focus on the role of density fluctuations in enhancing the energy cascade
rate (w.r.t. to the incompressible model PP98) and its spatial anisotroy.
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Figure 8 shows a comparison of the ratio between the compressible to the in-
compressible cascade rate R = 〈|εC|〉/〈|εI |〉 in the fast and slow winds obtained from
all the analyzed sample. Here, we use the average value of the cascade rate over all
the time lags τ within the range 10− 1000s (and not at a single value of τ as done
in previous studies [Stawarz et al.(2009),Coburn et al.(2014)]). This motivated a new
criterion applied while selecting our data sample: we kept only intervals of time dur-
ing which the compressible cascade rate showed a constant (negative or positive) sign
for all time lags in the range 10−1000s.

100 101

<|εC|>/<|εI|>

0

10

20

30

40

50

60

70

H
is

to
g
ra

m
s 

d
e
n
si

ty

Slow Wind

Fast Wind

Fig. 8 Histograms of the ratio between the compressible to the incompressible cascade rate R =
〈|εC|〉/〈|εI |〉 in the fast (pink) and slow (blue) winds (adapted from [Hadid et al.(2017)].

A first feature that can be seen in Figure 8 is that the plasma compressibility,
while in average may not modify significantly the cascade rate (since the bulk of the
distribution of the ratio R is centred around 1), in some cases it does nevertheless
amplify it by a factor of 3− 4. This trend is enhanced in the slow wind where the
(blue) histogram of R in Figure 8 is found to shift to higher values (up to 7− 8)
and for a larger number of events than in the fast wind. Note however that these
amplification values remain smaller than those reported in [Carbone et al.(2009)] (see
the explanation given in [Hadid et al.(2017)]).

To evidence the role of the density fluctuations
√
(〈ρ2〉−〈ρ〉2)/〈ρ〉 in enhancing

the cascade rate 〈|εC|〉 w.r.t. the incompressible one 〈|εI |〉 we plotted in Figure 9
〈|εC|〉 as function of the wind speed and the density fluctuations. First, one can see
that, overall, the fast wind has a higher 〈|εC|〉 than the slow wind. Moreover, one can
notice an increase in the cascade rate as compressibility increases in particular in the
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Fig. 9 Variation of the compressible cascade rate 〈|εC|〉 as function of the density fluctuations δρ/〈ρ〉
(see text) and the wind speed. The vertical color bar gives the magnitude of the cascade rate (adapted from
[Hadid et al.(2017)]).

case of the slow wind. This trend is less evident in the case of the fast SW possibly
because the spread in the compressibility values is smaller (∼ 3%−15%) than in the
case of the slow wind (∼ 1%−20%).

Another property that can be explored using in-situ data is the spatial anisotropy
of the cascade rate. The anisotropy of the cascade rate has been previously explored
using the PP98 model, and it has been shown that the cascade rate is more anisotropic
in the fast than in the slow SW [MacBride, Smith & Forman(2008)]. In the previous
works, the original PP98 equations were modified to fit the limit of either 1D (slab)
and 2D geometry, through the appropriate projection of the flux terms onto the two
directions parallel and perpendicular to the mean magnetic field. Here, we do not use
that approach for either the PP98 or the BG13 models. Instead, we simply examine
the dependence of the estimated cascade rates on the angle ΘVB. As we explained
above, the use of the Taylor hypothesis (l =−V τ) to convert time lags τ into spatial
scales implies that the analysis samples only the direction along the SW flow. Thus,
when ΘVB ∼ 0◦ (resp. ΘVB ∼ 90◦) the analysis yields information in the direction
parallel (resp. perpendicular) to the local mean magnetic field. Therefore, estimating
the cascade rate as function of the sampling direction of space given by the angle ΘVB
should allow us to gain insight into the anisotropic nature of the cascade. We used
this approach by spliting our statistical samples (in the fast and slow winds) as func-
tion of the angle ΘVB. The result is given in Figure 10. Two important observations
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Fig. 10 Estimated energy cascade rates from BG13 and PP98 as a function of the angle ΘVB and the total
compressible energy Ecomp

1 in the fast (Left) and slow (Right) solar wind. The blue curve represents the
ratio R = 〈|εC|〉/〈|εI |〉 as a function of ΘVB (adapted from [Hadid et al.(2017)]).

can be made. Both models, PP98 and BG13, provide a cascade rate that is strongly
depending on the angle ΘVB (as we will see below, this result contrasts with the one
obtained in the magnetosheath that has higher compressibility, see section 5.3). The
dependence on the angle ΘVB is even more pronounced in the slow wind than in
the fast wind. This contrasts with the finding of [MacBride, Smith & Forman(2008)]
who showed no significant anisotropic cascade in the slow wind. The reason of this
discrepancy may come from the criterion of uniform angle ΘVB used in this work,
which allows us to better evidence the difference in the cascade rates parallel and
perpendicularly to the mean field.

5.3 Application to the terrestrial magnetosheath

As explained in section 4, the magnetosheath plasma shows in general large density
fluctuations, which makes the use of the BG13 model necessary if one wants to es-
timate the energy cascade rate in the medium, although this model is derived within
the isothermal assumption whose application to the magnetosheath and SW plasmas
can be questioned. This was first done in [Hadid et al.(2018)]. Here, we recall some
of their major findings.

A similar procedure of data selection as in [Banerjee et al.(2016),Hadid et al.(2017)]
was adopted in this study. Furthermore, only intervals of time that showed Kolmogorov-
like spectrum (∼ f−5/3) were retained. To further highlight the role of density fluctua-
tions, the data intervals were split into two sub-sets: one dominated by incompressible
Alfvénic fluctuations and the other by compressible magnetosonic-like fluctuations
using the magnetic compressibility criterion as explained in section 4.1.

For each of these groups we computed the absolute values of the cascade rates
|εC| and |εI | from the compressible BG13 and the incompressible model PP98, re-
spectively. In this study we considered the magnitude of the cascade rate rather than
its signed value (assuming that the former is statistically representative of the actual
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Fig. 11 The energy cascade rates computed using BG13 (red) and PP98 (black) for (a) an Alfvénic turbu-
lence and (b) magnetosonic-like one (adapted from [Hadid et al.(2018)]).

cascade rate). This is because signed cascade rates require very large statistical sam-
ples to converge [Coburn et al.(2015),Hadid et al.(2017)], which are not available to
us for this study. However, by applying a linear fit on the resulting energy cascade
rates, we considered only the ones that are relatively linear with τ and showed no
sign change at least over one decade of scales in the inertial range. Two main ob-
servations can be made from the two examples shown in Figure 11: first, the in-
compressible cascade rate |εI | is larger by a factor ∼ 100 in the magnetosonic case
compared to the Alfvénic one, which can be explained by the large amplitude δB
in the former [Hadid et al.(2017)]. Second, density fluctuations in the magnetosonic
case amplify |εC| by a factor ∼ 7 w.r.t. |εI |. Overall, it was found that for the incom-
pressible Alfvénic cases, the values of 〈|εC|〉 and 〈|εI |〉 are very similar with a mean
∼ 10−14 J.m−3.s−1, whereas for the compressible magnetosonic events the values of
〈|εC|〉 are higher than those of 〈|εI |〉. The corresponding mean values are respectively
∼ 6×10−13 and ∼ 2×10−13J.m−3.s−1.

Interestingly, the role of the compressibility in increasing the compressible cas-
cade rate can be evidenced by the turbulent Mach number Ms =

√
< δv >2 /c2

s ,
where δv is the fluctuating flow velocity. Figure 12 shows a power law-like depen-
dence of 〈|εC|〉 on Ms as 〈|εC|〉 ∼M 4

s , steeper than the one observed in the SW
[Hadid et al.(2017)]. We are not aware of any theoretical prediction that relates ε to
Ms in compressible turbulence. However, in incompressible flows, dimensional anal-
ysis à la Kolmogorov yields a scaling that relates εI to the third power of Ms. The
high level of the density fluctuations in the magnetosheath seems to modify this scal-
ing to the one we estimated here. Although more analytical and numerical studies are
needed to understand the relationship between |εC| and Ms, the scaling law recalled
here may be used as an empirical model for other compressible media non accessible
to in-situ measurements such as the ISM (if the scaling obtained here proves to be
valid for supersonic turbulence).

The spatial anisotropy of the cascade rate is explored via the dependence of
the estimated cascade rates on the mean angle ΘVB between the local magnetic
and flow vectors, as it has been already done in similar studies of SW turbulence
[Smith et al.(2009),Marino et al.(2011),Hadid et al.(2017)].
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Fig. 12 Compressible energy cascade rate as a function of the turbulent Mach number for the Alfvénic
(a) and Magnetosonic-like (b) events. The black line represents a least square fit of the data, α is
the slope of the power-law fit. The error bars represent the standard deviation of |εC| (adapted from
[Hadid et al.(2018)]).

Fig. 13 Compressible and incompressible energy cascade rates 〈|εC|〉 and 〈|εI |〉 as a function of the mean
angle ΘVB and the total energy (colored bar) for the Alfvénic (a) and magnetosonic (b) events. The blue
line is the ratio R = 〈|εC|〉/〈|εI |〉 (adapted from [Hadid et al.(2018)]).

As one can see in Figure 13, for both models the cascade rate is lower in the par-
allel direction than in the perpendicular one. For the magnetosonic events the highest
cascade rate and total energy are observed at oblique angles ΘVB ∼ 50◦− 60◦. The
second observation is that the density fluctuations seem to reinforce the anisotropy
of the cascade rate w.r.t. the Alfvénic turbulence: The ratio R = 〈|εC |〉/〈|εI |〉 (in
blue) is close to 1 for the Alfvénic cases, but increases to ∼ 3 for the magnetosonic
ones at quasi-perpendicular angles. Numerical simulations of compressible MHD tur-
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bulence showed that fast magnetosonic turbulence is spatially isotropic while slow
mode turbulence is anisotropic and has a spectrum k⊥−5/3 similarly to Alfvénic tur-
bulence [Cho & Lazarian(2002)]. This first observation that density fluctuations en-
hance the anisotropy of the cascade rate suggests that a slow-like (or mirror) mode
turbulence dominates the compressible fluctuations analyzed here [Sahraoui et al.(2006),
Hadid et al.(2015)]. This result agrees with the analysis of the stability conditions of

Fig. 14 Compressible energy cascade rate 〈|εC|〉 averaged into bins of proton temperature anisotropy
(T⊥/T‖) vs β‖ for (a) the Alfvénic and (b) magnetosonic-like events. The dashed lines correspond to the
mirror, the AIC, and firehose linear instabilities thresholds (adapted from [Hadid et al.(2018)]).

the plasma derived from the linear Maxwell-Vlasov theory. Figure 14 shows that a
large fraction of the lowest values of the compressible cascade rate corresponds to
alfvénic-like events and lie close to the stability condition T⊥/T‖ ∼ 1. In contrast,
most of the highest compressible cascade rates correspond to magnetosonic events
and lie near the mirror more instability threshold. Considering that the maximum
growth rate of the linear mirror instability occurs at oblique angles ΘkB (approxi-
mated here by the angle ΘVB) [Pokhotelov et al.(2004)], the peak of the cascade rate
observed for ΘVB∼ 50◦−60◦ in Fig. 13 may be explained by energy injection into the
background turbulent plasma through the mirror instability, which seems to enhance
the cascade rate. A similar relationship was found in the SW between the incom-
pressible cascade rate and kinetic plasma instabilities [Osman et al.(2013)], however,
deeper understanding of the connection between these two features of plasma turbu-
lence requires further theoretical investigation [Kunz et al.(2014)].

It is important to emphasize here that while the MHD models we used above allow
us to obtain an estimation of the energy cascade rate, they do not tell us how this en-
ergy is eventually dissipated at the kinetic scales. This fundamental aspect will not be
discussed here, although it is clearly a subject of heated debates within the commu-
nity because several (sometimes competing) dissipation mechanisms are proposed.
These include wave-particles interaction (e.g., Landau, cyclotron) [Landau(1946),
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Howes et al.(2008),Schekochihin et al.(2009),Sahraoui et al.(2010a),Sulem & Passot(2015),
Cranmer(2014),He et al.(2015),Kobayashi et al.(2017)], stochastic heating [Chandran et al.(2010)],
or dissipation by magnetic reconnection within localized structures [Sundvist et al.(2007),
Retino et al.(2007),Servidio et al.(20111),Chasapis et al.(2015)]. An intensive research
work is currently being done to identify the signature in the particle VDFs associated
to each dissipation mechanism, both in numerical simulations (GK or Vlasov) and
MMS data [Howes et al.(2017),Klein et al.(2017),Chen et al.(2019)], and to investi-
gate the process of cascade in velocity space via Landau damping and its possible can-
cellation by the stochastic plasma echo [Schekochihin et al.(2016),Servidio et al.(2017),
Cerri et al.(2018),Meyrand et al.(2019)].

6 Other features of magnetosheath turbulence: coherent structures

Another important feature of the plasma turbulence that is subject to deep investiga-
tion is the nature of the coherent structures that form in turbulent plasmas and their
role in particle energization [Matthaeus et al.(1984),Servidio et al.(20111),Loureiro et al.(2013),
Karimabadi et al.(2013)]. Indeed, a nonlinear energy cascade in magnetized turbu-
lent plasmas generates self-consistently different coherent structures such as mir-
ror modes [Horbury et al.(2004),Sahraoui et al.(2008)], magnetic islands/flux ropes
[Daughton et al.(2011),Karimabadi et al.(2014),Huang et al.(2016)], Alfvén vortices
[Alexandrova et al.(2006)], current sheets and other discontinuities [Retino et al.(2007),
Servidio et al.(20111),Osman et al.(2012),Chasapis et al.(2015)], which all were re-
ported in the magnetosheath. In turbulence jargon these structures are generally re-
ferred to as intermittency.

Among the myriad of coherent structures that can be generated in magnetized tur-
bulent plasmas, current sheets are certainly the ones that attract more attention in tur-
bulence studies because of the important role they play in dissipating energy via mag-
netic reconnection [Matthaeus et al.(1984),Sundvist et al.(2007),Servidio et al.(2014)].
Figure 16 shows an example of energy “dissipation” (i.e., a sudden increase of J.E)
in a thin current sheet observed in Cluster data in the magnetosheath. More recent sta-
tistical studies have evidenced the role of thin (proton-scale) current sheets in heating
electrons in the turbulent magnetoseath plasma [Chasapis et al.(2015)].

Addressing the vast topic of coherent structures and their role in local particle
energization is beyond the scope of this paper. In this section we only give a small
glimpse of the new small scale structures evidenced recently by MMS in the mag-
netosheath. Indeed, thanks its unprecedented time resolution (in particular that of the
plasma instruments [Burch et al.(2016),Pollock et al.(2016)]), MMS data allows us
to probe into nearly electron-scale plasma dynamics, where new types of coherent
structures were evidenced along with their role energizing locally the plasma parti-
cles. This is the case of sub-ion scale magnetic holes/dips, found to be associated to
intense wave activity and electron dynamics [Gershman et al.(2016),Yao et al.(2017),
Yao et al.(2019)] and ion-scale magnetic islands [Huang et al.(2016)], which had been
reported earlier in global hybrid [Karimabadi et al.(2014)] and PIC [Roytershteyn et al.(2015)]
simulations. In the latter, MMS data showed intense particle dynamics and wave ac-
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Fig. 15 Detailed observations of the electron vortex magnetic hole in the magnetosheath, and schematic
of the electron vortex magnetic hole in the MN plane (adapted from Huang et al. 2017a).

tivity (e.g., electron beams, electrostatic solitary structures, strong electromagnetic
lower hybrid drift waves) [Huang et al.(2016)].

At even smaller scales, MMS data provided evidence of a new type of electron-
scale coherent structure, referred to as electron vortex magnetic holes, in the tur-
bulent magnetosheath plasma [Huang et al.(2017a),Huang et al.(2017b)]. An exam-
ple is shown in Figure 15. These electron-scale magnetic holes are characterized by
magnetic field strength depression, electron density enhancement, significant heat-
ing (resp. cooling) in the perpendicular (resp. parallel) directions, and an electron
vortex formed by the trapped electrons [Huang et al.(2017a)]. The strong increase of
electron temperature indicates that these magnetic holes have strong connection with
the energization of electrons [Huang et al.(2017b),Huang et al.(2018)]. The wealth
of information on small scale structures provided by MMS data calls now for new
theoretical (not only numerical) works in order to better understand how those struc-
tures form and elucidate their role in energizing the plasma particles.

7 Conclusions and some perspectives

The selection of results presented in this paper provides only a glimpse of the various
facets of nonlinear dynamics in turbulent magnetized plasmas. They emphasize some
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of the questions that in-situ measurements taken in different regions of the near-Earth
space can help to resolve. The data analysis is supported by the state of the art nu-
merical simulations and theories developed within different plasma approximations
(MHD, Hall-MHD, Landau-fluid, PIC, hybrid, GK and Vlaosov codes).

A clear trend toward investigating kinetic scale physics emerges from these stud-
ies. These ongoing efforts target the identification of the nature of the turbulent fluc-
tuations at the sub-ion and electron scale, the actual mechanisms of energy dissipa-
tion and its consequences in terms of particle energization, and the interplay between
waves and coherent structures. While space missions such as MMS, PSP and Solar
Orbiter (scheduled for launch in 2020) already (or will soon) provide crucial infor-
mation on the dynamics of the kinetic scales, a need for a new mission that is fully
dedicated to the very small (electron scale) physics emerged in recent years. The
new mission is expected to have higher sensitivity electric and magnetic field mea-
surements (Fig. 17) to capture small amplitude fluctuations at electron scales in the
SW at 1AU and high time, energy and angular resolution of the plasma particles
(ions and electrons) to allow for measuring a well-resolved velocity space, where key
signatures of energy dissipation can be detected [Grison et al.(2005),He et al.(2015),
Schekochihin et al.(2016),Howes et al.(2017),Servidio et al.(2017),Cerri et al.(2018),
Chen et al.(2019),Meyrand et al.(2019)]. These needs were reflected in recent years
by proposing new missions to tackle these science questions such us THOR (candi-
date to the ESA M4 call, 2015-2017, [Vaivads et al.(2016)]) and Debye (candidate
to the ESA F1 call, 2018-2019, [Verscharen et al.(2019)]). Although these missions
were not selected, they nevertheless paved the road for a future multi-spacecraft mis-
sion that would solve the problem of the energy dissipation at small (electron) scales
in the SW.
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Tor ACB sensitivity

ion scales

electron scales

Fig. 17 The sensitivity of the search-coil magnetometer targeted by mission proposals dedicated to the
study of electron scale turbulence in the solar wind such as THOR or Debye (red), compared to the sensi-
tivity of similar instruments that flew on previous spacecraft. The solid line shows a turbulence spectrum
in solar wind, measured by Cluster, when the turbulence amplitude is high.
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