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EQUILIBRIUM CONFIGURATIONS FOR NONHOMOGENEOUS
LINEARLY ELASTIC MATERIALS WITH SURFACE DISCONTINUITIES

ANTONIN CHAMBOLLE AND VITO CRISMALE

CMAP, Ecole Polytechnique, CNRS, 91128 Palaiseau Cedex, France

ABsTrRACT. We prove a compactness and semicontinuity result that applies to minimisation
problems in nonhomogeneous linear elasticity under Dirichlet boundary conditions. This
generalises a previous compactness theorem that we proved and employed to show existence
of minimisers for the Dirichlet problem for the (homogeneous) Griffith energy.

1. INTRODUCTION

In this paper we study the minimisation of free discontinuity functionals describing energies
for linearly elastic solids with discontinuities, under Dirichlet boundary conditions. For a solid
in a given (bounded) reference configuration Q C R™, whose displacement field with respect
to the equilibrium is u: 2 — R™, the minimisation of integral functionals of the form

E(u) := / f(z,e(u)) da +/ gz, [u], vy) dH™ ! (1.1)
Q u
accounts for the interaction of the internal elastic energy and the energy dissipated in the
surface discontinuities.

The elastic properties of the solid are determined by the elastic strain e(u) = & (Vu+(Vu)T),
the symmetrized gradient of u, through a function f with superlinear growth in e(u) (often
a quadratic form) and in general depending on the material point € Q. The surface term
is related to dissipative phenomena such as cracks, surface tension between different elastic
phases, or internal cavities, and is concentrated on the jump set J,, representing the surface
discontinuities of w. The jump set is such that when blowing up around any = € J,, it is
approximated by a hyperplane with normal v, (z) € S*~! and the displacement field is close
to two suitable distinct values u™(z), u™(z) € R™ on the two sides of the body with respect to
this hyperplane. The jump opening, denoted by [u], is then [u](z) = u™(z) — u™ (). In order
to ensure that the volume and the surface term do not interact, it is usually assumed that g
be greater than a positive constant, or some growth condition for small values of [u] (besides
the superlinear growth of f). Therefore, the functionals we consider are bounded from below
through the Griffith-like energy (|32} 28])

G(u) := /Q le(u)|P do + H"(Ju), withp > 1. (1.2)

The first main issue in the minimisation of energies of the type (|1.1)) when also the control
from above is only through (in particular if g is independent of [u]) is how to obtain
suitable compactness. This is related to the lack of good a priori integrability properties for
displacements with finite energy G. In fact, a pathological situation may occur in the pres-
ence of connected components, well included in 2, whose boundary is contained (or almost
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2 EQUILIBRIUM IN NONHOMOGENEOUS LINEAR ELASTICITY WITH DISCONTINUITIES

completely contained) in Jy,: this allows to modify the displacement in these internal compo-
nents by adding any constant, so that arbitrarily large values of u may be reached without (or
slightly) modifying the energy.

Compactness results for sequences with equibounded energy have been obtained with
increasing generality. In [I1] compactness with respect to strong L' convergence is obtained
assuming a uniform L bound on the displacement field: this guarantees that the distribu-
tional symmetrized gradient Eu is a bounded Radon measure and then u belongs to the space
SBD(Q) of special functions of bounded deformation |§], and in particular u € L'(2;R"). In
[21], DAL MAso introduced the space of generalised special functions of bounded deformation
GSBD(Q) (with the smaller GSBDP(Q), the right energy space for (L.2)), see Section [2)) and
proved a compactness result under a uniform mild integrability control on sequences with
bounded energy, ensuring convergence in measure.

The first compactness result for without further constraints is obtained by FRIEDRICH
[29] in dimension two, basing on a piecewise Korn inequality. This inequality permits to
ensure the compactness for sequences with bounded energy, up to subtracting suitable piece-
wise rigid motions, namely functions coinciding with an infinitesimal rigid motion (that is
an affine function with skew-symmetric gradient) on each element of a suitable Caccioppoli
partition P = (P;); of the domain (that is 0*P = J; 9" P; has finite surface measure; see [17]
characterising piecewise rigid motions).

In [15] we proved in any dimension that each sequence (up,);, with equibounded energy
converges in measure (up to subsequences) to a GSBDP function %, outside an exceptional set
with finite perimeter A where |up| — 4+00. Outside the exceptional set, weak LP convergence
for the symmetrized gradients (e(uy))p, holds and H" 1 (Jz Ud*A) < liminf, H"~1(J,, ). The
main ingredient for basic compactness with respect to the convergence in measure is the Korn-
Poincaré inequality for function with small jump set proven in [I4], while the semicontinuity
properties are obtained through a slicing argument. In particular, this directly solves the
Dirichlet minimisation problem for the energy 7 with volume term possibly convex with
p-growth in e(u), but still attaining its minimum value for e(u) = 0: starting from a minimising
sequence (up,)p, a minimiser is given by any function equal to @ in Q\ A and to an infinitesimal
rigid motion in A. One may argue analogously if the minimum value of f is independent of x.

However, for general nonhomogeneous materials (for instance composite materials) such
that the minimum value of f(x,-) depends on z, this strategy does not work and a better
characterisation of the limit behaviour also in the exceptional set is required. A similar issue
arises when employing the compactness result by AMBROSIO [2}, 8, [5] in the space of generalised
functions of bounded variation GSBV, and in its subspace GSBVP to the minimisation of
energies

/Qf(x,V(u))dx—l—/J g(x, [u],v,) dH" ™t (1.3)

depending on the full gradient Vu in place of e(u). For this reason a compactness result in
GSBV?P of different type has been derived in [30]: for any sequence with bounded energy
(un)n it is possible to find modifications y, such that the energy increases at most by %,
L"({Vup # Vyn}) < #, and (ys)n converges in measure to some u € GSBV?. The functions
yp, are indeed obtained from wj, by subtracting a piecewise constant function up to a set of
small measure, in the same spirit of the aforementioned [29] with piecewise rigid motions
replaced by piecewise constant functions.

The present work is based on a different approach: we prove that, given (uy), with
sup, (G(up)) < +oo, for suitable piecewise rigid motions a; the sequence (up — ap)p con-
verges in measure to some u € GSBDP, such that G(u) < liminfp G(uy). Differently from
[30], we have e(up) = e(up — a) since we subtract piecewise rigid motions (without excep-
tional sets of small measure); this precludes in general uj, — ap to be a minimising sequence,
but nevertheless the lower semicontinuity for the surface part is obtained directly in terms of
Ju,, - Our compactness result is the following (we use notation for Caccioppoli partitions).

Theorem 1.1. Let p € (1,+00) and Q C R™ be open, bounded, and Lipschitz. For any
sequence (up,)p with supy, G(up) < 400 there exist a subsequence, not relabelled, a Caccioppoli
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partition P = (P;); of Q, a sequence of piecewise rigid motions (an)n with

ap = Zaflxpj , (1.4)

jEN
and u € GSBDP(Q) such that
\a{z(x) —a(x)| = +oo  for L-a.e. x €Q, foralli# 7, (1.5a)
and
up —ap > u  L"-ae in 2, (1.5b)
e(un) = e(u) in LP(; Mg, (1.5¢)
H (T, U0*P) < 1ihnigf7-l"_1(Juh). (1.5d)

The first step of the proof consists in finding a partition P, piecewise rigid motions ay,, and u
measurable such that , , and hold. In doing this, a fundamental tool is a Korn
inequality for functions with small jump set, proven in two dimensions in [I8, Theorem 1.2]
and recently extended to any dimension in [I3]. This permits, for every n > 0, to recover
and in a set Q7 C Q, such that £*(Q2\ Q") < n. Then, the so obtained sequences of
infinitesimal rigid motions are regrouped in equivalence classes for fixed 7, saying that any
(ai)n, (a})n (depending on 7) are not equivalent if and only if holds for ¢, j. Finally,
we pass to 7 — 0 observing that this procedure is stable when 7 decreases: the objects found
in correspondence to 7 coincide with those found for 7/2 on Q7 N Q"/2,

In the second step we prove through a slicing procedure. The guiding idea is that, if
(L), (1.54), hold for n = 1 (with 2 a real interval, a;, piecewise constant, and (|Vup|)n
equibounded in LP), then not only any jump point of u is a cluster point for (.J,, ), but this
holds also for any point y € 0*P: in fact, by and , the functions u; assume
arbitrarily far values, as h — oo, in couple of points close to y but on different sides of Q\ {y},
S0 up, have to jump near y for h large.

We conclude by noticing that in view of the aj are indeed piecewise rigid motions
(they are in SBV), so sup;, G(ur, — an) < +oo and follows from former compactness
results.

Besides compactness, we examine the semicontinuity properties of E. The lower semiconti-
nuity of the surface term has been recently established for a large class of densities in [31], for
sequences equibounded with respect to G and converging in measure (and also for functionals
defined on piecewise rigid motions), providing a counterpart for the analysis of energies
in [6, [7]. We then assume that the surface part is lower semicontinuous with respect to the
convergence in measure and move in two directions: we address the semicontinuity properties
both of the volume term, and of the surface term with respect to the notion of convergence
from Theorem [I.I] We prove the following result.

Theorem 1.2. Let p € (1,+00) and Q C R™ be open, bounded, and Lipschitz. Assume that
(f1) f: Qx M2 — [0,00) be a Carathéodory function;

sym
(f2) f(z,-) be symmetric quasi-convex for a.e. © € ;

(f3) for suitable C > 0 and ¢ € L* (), it holds

sym

é|§|p < f(z,8) < o(x) + C(1+ |€]P)  for a.e. x € Q and every &€ € MY ;

moreover assume that
(g1) g: Q@ x R" x S"~1 — [¢, +00) be measurable, with ¢ > 0;
(92) 9(z,y,v) = g(x,—y,—v) for any x, y, v;
(g3) 9(-,y,v) be continuous, uniformly with respect to y € R™ and v € S*~1;
(g4) for each x € Q g, = g(x,-,-) be such that for any cube Q and any v, — v weakly in
GSBDP(Q)

/ 9z ([v], Vv)d’;'-["_1 < liminf/ 9z ([vn], yvh)d’;'-l"_1 ;
JU J'Uh

g
)

h—oc0
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(g5) there is goo: 2 X R™ — [0,400] such that either goo = +00 or g(z,-) is a norm for
every x € S, and

lim g(z,y,v) = goolx,v) uniformly w.r.tox € Q and v € S~ *.
ly|—+o0

Then, for any sequence (up)n such that supy, E(up) < +oo there erist a subsequence (not
relabelled), a Caccioppoli partition P of Q, a sequence of piecewise infinitesimal rigid motions

(an)n, and u € GSBDP(Q) such that (L.4), hold and
/ f(z,e(u))da + / g(x, [u],vy) dH" ™ + / Goo(,vp) dH" 1 < liminf E(uy,)
Q J NP P h—roo

if goo 18 finite, while H"1(0*P) = 0 and E(u) < liminf;, E(up) if goo = +00.

The proof relies on a blow-up argument ([27]). For the bulk part we use again the result in
[13]. Blowing up around a point zg ¢ J,, since the density of jump vanishes in H"~!-measure,
the Korn-type inequality of [13] give that the rescaled function coincides with a W1 field up
to a small set; we then combine this with an approximation through equi-Lipschitz functions,
in the footsteps of [II, @ 24], in order to apply Morrey’s Theorem [33] in most of the blow-up
ball.

As for the surface energy concentrated on 0*P, we blow-up around xg € 9*P to find that
the rescaled function converges in measure, up to subtracting in the two halves of the blow-up
cell two different infinitesimal rigid motions whose difference diverges as h — 400, so that
the jump has arbitrarily large amplitude near the middle of the cell. This allows to conclude
through a slicing argument (anisotropic), together with (gs).

Theorem [I.2] ensures existence of solutions to the class of minimisation problems

min z,e(u dx+/ x, [u], vu d’H”_l—i—/ oo (T, v d?—["_l}
i, { [ et [ el el

under Dirichlet boundary condition. In this class of problems we minimise not only in u, but
also on the possible partitions that may be created by J,,. If goo = 400, minimising sequences
converge without modifications, see Proposition The case g(z,[u], V) = goo(V) = ¥(v)
corresponds to minimise an anisotropic version with general nonhomogeneous bulk
energy (see Proposition we refer to [20, Theorem 5.1] for an anisotropic version of
in the context of epitaxially strained materials [12]).

The paper is organised as follows: in Section [2] we recall basic notions and prove two lemmas
on infinitesimal rigid motions. Section [3]is devoted to the proof of Theorem [I.I} In Section [4]
we prove Theorem [I.2] and address the Dirichlet minimisation problems.

2. PRELIMINARIES
In this section we fix the notation and recall the main tools employed in this work.

2.1. Basic notation. For every 2 € R™ and ¢ > 0, let B,(z) C R™ be the open ball with
center x and radius g, and let Q,(z) =z + (—0,0)", QF () = Qu(x) N {z € R™: £ a1 > 0}
For v € "' := {z € R": |z| = 1}, we let also Q%(z) the cube with “center” x, sidelength
o and with a face in a plane orthogonal to v. We omit to write the dependence on = when
x = 0. (For z, y € R™, we use the notation z -y for the scalar product and |z| for the Euclidean
norm.) By M"™*™ M, and M5 we denote the set of n x n matrices, symmetric matrices,
and skew-symmetric matrices, respectively. We write xg for the indicator function of any
E C R”, which is 1 on F and 0 otherwise. If E is a set of finite perimeter, we denote its
essential boundary by 0*E, and by E* the set of points with density s for E, see [0, Definition
3.60]. We indicate the minimum and maximum value between a,b € R by a Ab and a V b,
respectively.

We denote by £" and H* the n-dimensional Lebesgue measure and the k-dimensional
Hausdorff measure, respectively. The m-dimensional Lebesgue measure of the unit ball in
R™ is indicated by ~,, for every m € N. For any locally compact subset B C R”, (i.e. any
point in B has a neighborhood contained in a compact subset of B), the space of bounded
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R™-valued Radon measures on B [respectively, the space of R™-valued Radon measures on B
is denoted by M;(B;R™) [resp., by M(B;R™)|. If m = 1, we write My(B) for My(B;R),
M(B) for M(B;R), and M; (B) for the subspace of positive measures of M,(B). For every
€ My(B;R™), its total variation is denoted by |u|(B). Given Q C R™ open, we use the
notation L°(2;R™) for the space of L"-measurable functions v: Q — R™ endowed with the
topology of convergence in measure.

Definition 2.1. Let £ C R", v € L°(E;R™), and 2 € R" such that

"ENB
Jim sup LM(E N By(x))
0—0+ o

>0.

A vector a € R™ is the approximate limit of v as y tends to x if for every € > 0 there holds
lim L™"(EN By(xz)N{|v—al| >¢e})

0—07F o"

:07

and then we write
aplimv(y) =a.
y—T
Definition 2.2. Let U C R™ be open and v € L°(U;R™). The approzimate jump set J, is
the set of points 2 € U for which there exist a, b € R™, with a # b, and v € S"~! such that
aplim  v(y) =a and aplim  v(y) =b.
(y—z)-v>0,y—z (y—z)-v<0,y—z
The triplet (a,b,v) is uniquely determined up to a permutation of (a,b) and a change of
sign of v, and is denoted by (v*(x),v™(z), v (x)). The jump of v is the function defined by
[v)(z) :=vT(x) — v~ () for every z € J,.

We note that J, is a Borel set with £™(J,) = 0, and that [v] is a Borel function.

2.2. BV and BD functions. Let U C R" be open. We say that a function v € L'(U)
is a function of bounded variation on U, and we write v € BV(U), if D;v € My(U) for
i = 1,...,n, where Dv = (Djyv,...,D,v) is its distributional derivative. A vector-valued
function v: U — R™ is in BV(U;R™) if v; € BV(U) for every j = 1,...,m. The space
BVioc(U) is the space of v € L{ (U) such that D;v € M(U) for i = 1,....d. If n = 1,
v € L' (U) is a function of bounded variation if and only if its pointwise variation is finite, cf.
[0, Proposition 3.6, Definition 3.26, Theorem 3.27].

A function v € L'(U;R™) belongs to the space of functions of bounded deformation if the
distribution Ev := 1 ((Dv)” 4+ Dv) belongs to M (U; Mg h). Tt is well known (see [8] [35]) that

for v € BD(U), J, is countably (H"~!,n—1) rectifiable, and that
Ev = E% + E‘ + E'v,

where E®v is absolutely continuous with respect to L™, E€v is singular with respect to £™ and
such that |Ev|(B) = 0 if H"1(B) < oo, while E/v is concentrated on .J,,. The density of E%v
with respect to L™ is denoted by e(v).

The space SBD(U) is the subspace of all functions v € BD(U) such that E¢v = 0. For
p € (1,00), we define SBDP(U) := {v € SBD(U): e(v) € LP(Q;MZx1), H" ' (J,) < oo}.
Analogous properties hold for BV, such as the countable rectifiability of the jump set and the
decomposition of Dv. The spaces SBV (U;R™) and SBV?(U;R™) are defined similarly, with
Vo, the density of D%, in place of e(v). For a complete treatment of BV, SBV functions and
BD, SBD functions, we refer to [9] and to [35] [8 [IT], [19], respectively.

2.3. GBD functions. The space GBD of generalized functions of bounded deformation has
been introduced in [2I]. We recall its definition and main properties, referring to that paper
for a general treatment and more details. Since the definition of GBD is given by slicing
(differently from the definition of GBV, cf. [3, 23]), we first introduce some notation. Fixed
£e S, we let

¢ := {y € R": y-£ = 0}, By5 = {t € R: y+t£ € B} for any y € R" and B C R", (2.1)
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and for every function v: B — R™ and t € Bg, let
vg(t) = v(y + t€), ﬁf/(t) = vg(t) £ (2.2)

Definition 2.3 ([2I]). Let © C R™ be a bounded open set, and let v € L°(2;R™). Then
v € GBD(Q) if there exists A, € M; (Q) such that one of the following equivalent conditions

holds true for every & € S*~1:
(a) for every 7 € C'(R) with —% <7< % and 0 < 7 < 1, the partial derivative
De(r(v-&)) =D(r(v-§)) - € belongs to M, (), and for every Borel set B C

[De(r(v-)|(B) < Auo(B);
(b) 5 € BVioe(§25) for H™ *-a.e. y € II%, and for every Borel set B C

/HE (|Dﬁ§| (BS\ Jgg) +H0(B5N Jgg)) dH" (y) < \(B),

where J1, = {t € Jps + [@S)I(1) > 1}.

The function v belongs to GSBD(Q) if v € GBD(Q2) and v5 € SBVioc (%) for every £ € "1
and for H" l-a.e. y € II¢.

Every v € GBD(Q) has an approzimate symmetric gradient e(v) € L*(€; Mg %") such that
for every ¢ € S"~! and H" t-a.e. y € II* there holds

e(v)(y +t8)E- ¢ = (ﬁg)'(t) for Ll-ae. t € Qg; (2.3)

the approximate jump set J, is still countably (H"~!, n—1)-rectifiable (cf. [21, Theorem 6.2])
and may be reconstructed from its slices through the identity

(J5)5 = Jge and vF(y+t€) - €= (T;)*(t) fort € (L), (2.4)

where JS := {x € J,: [v] - € # 0} (it holds that H (T, \JS) =0 for H' lae £ €SP It
follows that, if v € GSBD(Q) with H"~1(J,) < +o0, for every Borel set B C

H* Y (J, N B) = (29n_1) / (/7—[0 (J, NBS)d H"l(y)> dH"1(6) (2.5)

and the two conditions in the definition of GSBD for v hold for A, € M} () such that
A(B) < / le(v)|dz +H"*(J,N B) for every Borel set B C Q. (2.6)
B

For any countably (H"~!,n—1)-rectifiable set M C € with unit normal v: M — S"71, it

holds that for H"!-a.e. z € M there exist the traces v, (), vy;(z) € R™ such that
aplim  w(y) = vi (z) (2.7)
+(y—z)v(z)>0,y—z

and they can be reconstructed from the traces of the one-dimensional slices. This has been
proven by [21, Theorem 5.2| for C'! manifolds of dimension n—1, and may be extended to
countably (H"~! n—1)-rectifiable sets arguing as in [10, Proposition 4.1, Step 2|.

Finally, if 2 has Lipschitz boundary, for each v € GBD(2) the traces on 92 are well defined
in the sense that for H" !-a.e. z € 9 there exists tr(v)(z) € R" such that

aplim ov(y) = tr(v)(z).
y—x, yeQ

For 1 < p < 00, the space GSBDP(Q) is defined by
GSBDP(Q) := {v € GSBD(Q): e(v) € LP(;M™<™), H"1(J,) < oo} .

sym
We say that a sequence (vy)r C GSBDP () converges weakly to v € GSBDP(Q) if
sup (|le(ue)||rr) + H" ' (Ju,)) < 400 and  wup — uin LO(Q;R™). (2.8)
keN

We say that (vy)x is bounded in GSBDP(Q) if supy, ([le(wr)|| zr) + H"(Ju,)) < +o0.
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We recall the following approximate Korn-type inequality for GSBDP functions with small
jump set in a ball, recently proven in [I3]. (We fix the case ¢ = 1 in that result.) We refer to
[29] and [I8] for Korn-type inequalities in GSBDP? in two dimensions.

Theorem 2.4 ([I3], Theorem 3.2). Let n € N with n > 2, and let p € (1,+00). Given o €
(0,1) there exist C = C(n,p) and n = n(n,p,oc), such that for every ¢ > 0, v € GSBDP(B,)
with H"1(J,) < no"~ ! there exist w € GSBDP(B,) and a set of finite perimeter w C B,
such that w = v in B, \ w, H" 1 (0*w) < CH""1(J,), w € WIP(By,;R™), and

/ e(w)P dz < 2/ e)Pde,  H(T) S HTL).
BQ o

Employing this result, in [13] it is proven that any function v € GSBDP(f) is approximately
differentiable £"-a.e. in 2, that is for L"-a.e. x € Q there exists Vo(x) € M"*™ (such that
e(v)(z) = (Vou(x))™™ for a.e. x) for which it holds

i 1) = (&) = Vo(a)(y — )

=0.
y— ly — x|

2.4. Caccioppoli partitions. A partition P = (P;), of an open set U C R" is said a Cacciop-
poli partition of U if ZjeN 0*Pj < +00. (see [9, Definition 4.16]). For Caccioppoli partitions
the following structure theorem holds.

Theorem 2.5 (][9], Theorem 4.17). Let (P;); be a Caccioppoli partition of U. Then
UrPulJ@rnop)
jEN i

contains H"1-almost all of U.

For any Caccioppoli partition P = (P;); we set
oP=|Jop, and PY.=[]PVY. (2.9)

JEN JjEN

2.5. Symmetric quasi-convexity. We recall the definition of symmetric quasi-convex func-
tions, introduced in [25].

Definition 2.6 ([25]). A function f: M?X" — [0, +00) is symmetric quasi-convex if

sym

1
16) < Zgs [, FE+e(o)@) da

for every bounded open set D of R"™, for every ¢ € VVO1 °°(D;R™), and for every & € M2X"

sym *

This property is related to the quasi-convezity in the sense of Morrey [33]; indeed f is
symmetric quasi-convex if and only if f o 7 is quasi-convex in the sense of Morrey, where 7
denotes the projection of M™*™ onto MZX" (see [25, Remark 2.3]).

sym

2.6. Two lemmas on affine functions. We present below two lemmas that will be useful
in the slicing procedure in Theorems and We say that a: R? — R? is an infinitesimal
rigid motion if a is affine with e(a) = 1(Va + (Va)T) = 0.

Lemma 2.7. Let (ap)p be a sequence of infinitesimal rigid motions such that (1.4) and (1.5a))
hold. Then, for H" -a.e. £ € SP~1
|(ail(x) —ai(x))- & — +oo  for L-a.e. x €Q, foralli# 7, (2.10)
Proof. For fixed i € N, j € N, with i # j, (2.10) follows from [15, Lemma 2.7] applied to
v, = a) — aj,. This provides an H" !-negligible set of £ N; ; C S™~ 1.
Then (2.10) hold for any i # j for every £ € S*~!\ N, where N = U#J— N; j is still
H"~-negligible. O
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Lemma 2.8. Let ' C Q be such that H" Y(F) < +oo, and let (ap)n be a sequence of
infinitesimal rigid motions such that (1.4) and (1.5a)) hold. Then there exist two sets D C S*~1
countable and dense in S"~t, and N C F with H""1(N) = 0, such that

(a}, — a))(z) - €] = 400 ash — oo foreveryé € D,z € F\N,i#j. (2.11)
Proof. For any i # j, and h € N, we set (ah —al)(x ) = AT x4 b7 with A e MPX™ and

skew
b” € R". Then (a} — ah)( )- € = Awf T+ b” £ Let us fix i # j and £ such that
(a}, — a))(z) - €] = 400 L-a.c. in Q. We have two alternative cases (then one of these holds
for every h large enough, up to a subsequence w.r.to h):
1) € € kerA}’ and then (aj, fah)( x)-£=by7 - € € R, with |b” | — +o0;
2)¢¢ kerA” so that (aj, —aj )(z)-€ = 0 in a hyperplane Hgi with normal —A}/¢, and there
exist two sequences (sp)n, (tn)n € R (depending on &, ¢, j) such that s, — 0, t;, — +oo and

if dist(x, {(a}, — a]) - & = 0}) > sy, then |(a}, — a} )(z) - €| > t;. Then
Sé’j ={z e R™: s1}1Lp (a}, — a))(z) - €] < 400} C {dlbt(,Hg%}) > s} for h > h.

This implies that S” is contained in an affine space of dimension at most n—1; moreover,

i
Sm has dimension n—1 if £ ¢ kerA}’ and Iﬁy’él € S*~! converge to a vector in S*~! of
"

the form A»J¢ for some A% € M%X". Then S¢? coincides with the hyperplane with normal

skew "
—A»¢ € S" 1, that we denote by ng.
We observe also that, since H" 1(F) < +4oo0, there exist at most countable many hyper-
planes (H;)en such that H"1(F N H;) > 0. Let us define

E:=Jfges HY =B}, Ni:=EU{{es"': (210) does not hold}.
IEN i#j

(Notice that by writing H é] = H; we mean that there exists Hgﬂ with normal —A%J¢ such
that AL7¢€ = ¢(h)A™I¢ for ¢(h) € R and h > h). Since A™ # 0, for any i, j, [ there exists a
set of dimension at most n—2 (given by the intersection of S"~! with an affine space parallel
to kerA%J) of ¢ such that —A%¢ = vy,. Then H"1(N;) = 0, recalling also Lemma By
the discussion above it follows that

H ! ({2 € Q: (|(a), — a})(z) - £])p is bounded} N F)=0forany £ €S" '\ Ny and i # j.
Let us define D as a countable dense set in S"~! with D C S"~1\ Ny, and
N = U ({z € Q: (|(a, — al)(z) - €])n is bounded} NF).
§eD, i#j
Therefore H"~}(N) = 0 and holds true. O

3. THE COMPACTNESS RESULT

This section is devoted to the proof of Theorem [T.1]

Proof of Theorem[I1.1, We divide the proof in steps.

Step 1: Existence of (a)p. Let pp := H" 1L J,, € ./\/l+( ). Since (up)p, is bounded in
GSBDP(Q), supy, |un|() = H"(Jy,) < M and then, up to a (not relabelled) subsequence,
= pin M (). We denote by

B

J = {xE Q: hmsupw >O}.
o—0t om

By [9, Theorem 2.56], the set J is o-finite with respect to the measure H"~!, so in particular

L"(J) =0. Let us fix 7 € (3,1) and consider = () and C > 0 such that the conclusion of

Theorem holds true in correspondence to @. (We assume n and p fixed once for all.)
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Substep 1.1: Existence of (ap)p up to a set of small measure. Let us fix n € (0,7). In the
following we perform a construction in correspondence of & and 7n; to ease the notation, we
do not write explicitly the dependence on these parameters in the objects introduced in the
construction. Afterwards (starting from (3.6])), we shall keep track of the dependence on 7.

By definition of J, for any x € Q\ J there exists gg = 0o(z,7) such that p(B,(z)) < o™ *
for every o € (0, o). Then, in view of the weak* convergence of py, to u, for every o € (0, go)
such that u(9B,(x)) = 0 (notice that this holds for all ¢ except countable many) we have
that limy,— oo pn(Be(2)) = p(By(x)). This implies that there exists hg = ho(x,n) such that
pn(Bo(z)) < o™~ ! for every h > hg and a.e. o < go. Notice that by continuity this holds also
for every o < 0g, so that

pn(Bo(z)) < mo"~

Applying Theorem in correspondence to up € GSBDP(B,(z)) we deduce that for every
x € Q\J, h > hg, and ¢ < go there exist vy, ,, € GSBDP(B,(z)) and a set of finite perimeter
Wh,px C Bp(x) such that vy, o = up in By() \ Wh gz Vn,oe € WHP(Bz,(z); R™), and

/ le(vh,o,0)|F da < 2/ le(up)|P dz, (3.1a)
Be(z)

L for every h > hg, 0 < 00 -

B, (z)
H" (0 W o) < CH" Y Ju, N By(x)), (3.1b)
L™ (Wh,p,z) < Cnw-io". (3.1c)

In particular, by Korn and Korn-Poincaré inequalities applied to vp , . in Bz,(x), there exist
infinitesimal rigid motions ap, , , such that

/ (|vh,g,$ — ah,g,aj|”* + |V (vh,00 — ah}g,x)|p) de < C le(ug)|P dz . (3.2)
Bgo() By ()
We notice that the family

F :={Bzo(z): € Q\ J, o < go(x)}
is a fine cover of Q\ J (cf. [9, Section 2.4]). Then, by Vitali’s Covering Theorem, there exists
a disjoint family of balls (Bzy(s,)(:)): € F with L"((Q \ )\ Uien BEQ(Ii)(xi)) =0. In
particular, there exists N, depending on 7, such that

£ (@\ I\ Broten (a0) <. (3.3)

Let us fix i € {1,..., N}. There exist (we set o; = o(z;)) sequences of sets of finite perimeter
(wh79i7337:)h contained in By, (zi)v of functions (’Uh,Qi,iCi)h C GSBDP(B&' (Ii))ﬂwlﬁp(Bﬁgi (IZ)v Rn)
with vp, p, », = up in By, (2;) \ Wh,p;,2,, and of infinitesimal rigid motions (a4, 2, )n such that

7

(3.1) and (3.2) hold for o = g;, x = z;.
Then, by (3.1b)) and (3.1¢)), up to a subsequence (not relabelled) the characteristic functions
of the sets wy, p; 4; converge weakly* in BV (B,, (z;)) as h — +00 to a set wy, 5, C By, (x;) with
L (in,Ii) < Cnﬁgln . (34)
Moreover, again up to a (not relabelled) subsequence,
Vh,oi; = Ohyopa; — Ugyw, 1D Wlm(B?Qi (xl)’ Rn) : (35)
We may assume that the convergences above hold along the same subsequence, independently
oni€ {l,...,N}. Let us denote

N N N
W = U (in,ZEi N By, ($2)> , aZ = Zah,inwiXBﬁgi (z3) 5 u'l = Zugi@iXBng (2) - (3.6)
=1 =1 =1
By (3.4) we get
LM(wW") < C(@F,n)na— L), (3.7a)
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and (3.3), (3.5) imply that
N
up, —a] —u? in LP(Q\ E";R"), for E" :=w"U ((Q \ )N\ U ng(xi)(zi)) . (3.7b)
i=1

We may now find a partition P7 = (P}'); of Q\ E” and a function @ € LP(Q \ E";R") such
that, up to extracting a further subsequence with respect to h, in correspondence to any P;
there is a sequence (a;] ;)n such that

laj ;(x) —aj, ;(x)| = +oo for a.e. 2 € Q whenever i # j (3.8a)

and

up —ap ;= @’ in L°(P;R™Y). (3.8b)
In fact, this is done as follows by regrouping the sequences of infinitesimal rigid motions in
each Bz, (z;) in equivalence classes, up to extracting a further subsequence.

First, we claim that any sequence of infinitesimal rigid motions (ax)x in 2, up to a sub-
sequence either converges uniformly to an infinitesimal rigid motion (with values in R™) or
satisfies |ag(z)] — +oo for every z in  with the exception of a set of z of dimension at
most n—1. In fact, the first situation corresponds to the case where the coefficients of ay
are uniformly bounded on a subsequence. In the opposite case, if ax(x) = Agx + by for
A € MIXI and b, € R™, we may assume (up to a subsequence) that either |A;| — +o0
or |bg| — 4o00. Then, for k large (this implies that either Ay # 0 or by # 0), it holds that
{ar =0} = {2z € R™: ai(x) = 0} is an affine space of dimension at most n—1; moreover, there
are two sequences s — 0, t, — 400 such that if dist(x, {ar = 0}) > si then |ag|(x) > i (if
{ar, = 0} = 0, for suitable ¢, we have that |ay| > ti everywhere). Then (a(x))x is bounded if
and only if dist(x, {ar = 0}) < sy for every k large enough, and this proves the claim.

Thus, denoting a} = ap_p, », for every i € N, we may extract a subsequence (not relabelled)
such that any sequence in

G={(a)ntu |J (@ —a)n}-
1<i<j<N
either converges uniformly to an infinitesimal rigid motion or diverges a.e. in 2. We say that
i # j are in the same equivalence class if and only if (a} — a},)n converges uniformly to an
infinitesimal rigid motion.

We conclude by considering the union of the Bz, (x;) \ w" for the i’s in the same
equivalence class, to get a partition P7 = (P;’) 4j» and by fixing a sequence of infinitesimal rigid
motions as representative in each P;’. Notice that when we fix a given representative (aZ’ j) h
in each Pjﬁ we are able to guarantee the pointwise convergence of (uj, — az) j) n, but we loose a
global L? control on uy, — aj] .

Substep 1.2: Conclusion of Step 1. Let us now take the sequence 7 := 27" for k € N. By a
diagonal argument we may assume that hold for the same subsequence (uy);, for every
Ny, for suitable w™, E™ al* u. Moreover, we find partitions P such that hold for
Mk in place of 7.

Consider two ijl and Pim“2 such that

LM P np™)>0.

We notice that the sequences of infinitesimal rigid motions (azkj1 )n and (azlff)h belong to the
same equivalence class, since aZk} - azkf — @M1 — g2 in LO(P;”“ N Pinkz;]R”). This means
that for any k, the partition P+ coincides with the partition P in Q\ (E* U E™+1). Then

the partition P of \Nj< E™ given by
P =P in Q \ E" for every j <k
is well defined, and such that the analogue of ([3.8a)) holds, that is for ﬁ;”ﬁ ]Si"’“ € pm

|lap*; () — ap*;(z)| — +oo for a.e. x € B1(0) whenever i # j. (3.9)
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Since L£"((;<, £") < L™(E"™) — 0 as k — 400 and since the subsequence (with respect to
h) is independent of k, we obtain in the limit that there exists a partition P = (P;); of Q (up
to a L™-negligible set) and piecewise infinitesimal rigid functions defined as in ([1.4)) such that

(1.5a) holds and
up —ap —u in LY(Q;R™). (3.10)

Step 2: Proof of (1.5d). In this step we follow a slicing strategy, in the spirit of [I5, The-
orem 1.1]. In particular, the first part of the argument above is similar to that in [I5] The-
orem 1.1, lower semicontinuity]. We remark that we cannot directly apply that result (see

Remark .
We then fix £ € S"7! in a set of full H" !-measure of S"~! for which (2.10) holds (cf.

Lemma, and introduce
15(un) = [ Jana. (3.11)

Q5
where (i4)5 is the density of the absolutely continuous part of D(ty)5, the distributional
derivative of ()} ((ﬁh)g e SBVY (Qg) for every £ € S"! and for H" l-a.e. y € II¢, since

loc

up, € GSBDP(Q); we denote here and in the following @), for uy). Therefore

[15 ) = [lewiwe g < [leworar<a, @
T, Q Q

by Fubini-Tonelli’s theorem and since (up,)p is bounded in GSBDP (). Let ur = up, be a
subsequence of uy such that

lim H" 1 (J,) = 1ihxgi£fH"—1(Juh) < 400, (3.13)

k—o00

so that, by (2.5)), , and Fatou’s lemma, we have that for H" !-a.e. £ € S*~1

lim inf (HO(J(ak)g) + slg(uk)) dH " (y) < +o0 (3.14)
e

for a fixed ¢ € (0,1). Let us fix £ € S"~! such that (2.10) and (3.14) hold. Then there is a
subsequence u,, = u,, of u, depending on ¢ and &, such that

(U — @) — @5 in LO(Q5) for H" '-ae. y € Il¢ (3.15)
and

m—r o0
18P

. 0 n—1
= hkrggf (’H (J(ak)f,) + EIi(uk)) dH" " (y) .
I

As for (3.15), we notice that it follows from Fubini-Tonelli’s theorem and the convergence in
measure of u, —ay, to u (see (3.10)), which corresponds to tanh(uj,—ap) — tanh(u) € L'(Q;R™)
(with tanh(v) = (tanh(v-ey),...,tanh(v-e,)) for every v: Q — R™). Therefore, by (3.16) and
Fatou’s lemma, we have that for H" !-a.e. y € IT

liminf (H°(J g, )¢) + 218 (um) ) < +00, (3.17)

m—r oo

Moreover, we infer that if £ satisfies (2.10)), then
for H" -ae. y € ¢ (@), —a})5(t)| = |(@), —a),)5(0)] — +oo for every t € Q5. (3.18)

(3.16)

Indeed, since e(al) = 0 for every i, h, then, for fixed h, (@i — a{l)g is constant in 5. Thus
(ah, — ) - €] = 400 in | J{Q5:y € ¢ st |(af, — a)(y) - §] — +oo},

and ((3.18) holds true.
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Let us consider y € II¢ satisfying (3.15)), (3.17), (3.18), and such that ()5 € SBViec(25)
for every m. Then we may extract a subsequence u; = u,; from u,,, depending also on y, for
which

Jim (HO(Jg,)6) + €15 ) ) = liminf (HO(Jg, y5) + T () (3.19)
and
(ﬂj — aj)g — ﬂg Ll-a.e. in Qg ,
@ —a2)5 (1) = @ —a2)5(0)] — +o0 for t € QS and iy #is . (3.20)

In the following, we denote (similarly to (2.9)), in dimension one)
oP§ = J a(py); c .

JjEN
Since, by (3.19), the number of jump points of (aj)g is bounded uniformly with respect to
7, up to pass to a subsequence of ((ﬂj)g)J we may assume that for every j

0
H (J(aj)f,) =Ny e N.
Therefore we have M, < N, cluster points in the limit, denoted by
th, .o ta, -

Using the equiboundedness of I§ (u;), which follows from (3.19), we get that, for L1-almost
any choice of t € (¢;,t141),

t— (ﬂj)g(t) - (ﬂ])g(f) are equibounded with respect to j in Wﬁ,’f(tl, tiy1), (3.21)

by the Fundamental Theorem of Calculus, and then this sequence converges locally uniformly
in (t,t41), as j — o0.
Let us prove that
OPS C {tr,....ta, } (3.22)
We argue by contradiction, assuming that there exists [ € {1,...,M,} and 4; such that
8(Pi1)§ N (¢, t141) # 0. If this holds, there exist two sequences of infinitesimal rigid motions

(a;1 )js (aj-z) ;j (the latter corresponds to some P;, with i1 # i2) such that

(ﬁj — all)g — ’ag El—a.e. in (Pl )g n (tl,tl+1),
(ﬂj — 632)5 — ag L'-a.e. in (Piz)g N (tl,tl+1) ,
with El((Pil)g N (tl,tl+1)), Cl((Pz-z)g N (tl7tl+1)) > 0. But fchis gi_ves, with (3.21) and since
@} are infinitesimal rigid motions and @f: Q5 — R, that (aj' —a}?)§ is constant in Qf and
uniformly bounded with respect to j. This is in contradiction with (3.20). Therefore, (3.22))
is proven.
Moreover, for every [ there exists a unique ¢ € N such that

(@ —a%)5 — a5 in WP (t, tier) (3.24)

(3.23)

q

and in particular the above convergence is locally uniform in (t,%,41). Since a;

motions, we also have that

are rigid

||u§|\Lp(K) < lblgg}f ||(uh)§||Lp(tl’tl+l) for every compact set K C (t;,t141),

SO
uy, € SBVP(Qy) and Jge C {t1,...,tar, } -

This implies, with (3.19)), that
HO (Jgs UOPG) = HO (Jge N (P5)Y) +HO(OP}) < lim inf (7—[0 (Jae) T ¢ Ig(um)) . (3.25)

Notice that we have expressed J e U 8775 as the disjoint union (Jag N (775)(1)) U 8735, denoting

PO = J (25"

JEN
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(recall (2.9) and that E™) denotes the point where E C R? has density 1 with respect to £%;
above d = 1).
Integrating over y € II¢ and using Fatou’s lemma with (3.16) we get

/ [H0 (s 01 (P§D) + HO@PS)] am~ )

e (3.26)

< lim inf / [HO (g5 + 2 (8 (ur) -+ T15 (wg) | @t ()
T1¢

for H"1-a.e. £ € S"7!. In particular we deduce that each P; has finite perimeter (cf. [9,
Remark 3.104]) and 3,y HH9*Pj) < +oo.
Integrating further (3.26) over £ € S*~1, by (2.5)), , and (3.13]) we get

T (Ju 0y a*Pj) < O Me + liminf H" "1 (J,, ), (3.27)
h—o00
JjEN
for a universal constant C. By the arbitrariness of ¢, (1.5d|) follows.

Step 3: Proof of (1.5c|). In order to prove (1.5d)) it is enough to combine what we have
proven so far with the compactness and lower semicontinuity result [21, Theorem 11.3] (or [L5)
Theorem 1.1]). In fact, the sequence (uj, —ap)p is bounded in GSBDP(Q): by definition of aj,
we have that
e(up, —ap) =e(up), Ju,—ap C Ju, U U 0" P;,
jEN

and we know that (uy,)s is bounded in GSBDP(Q) and Y-, H"~'(9*P;) < +oo, by (L.5d).
Since we know that up — ap — u, we are allowed to apply [2I, Theorem 11.3] (or [I5, Theo-
rem 1.1], knowing that the exceptional set A therein is empty). We deduce

e(up) = e(up —ap) — e(u) in LP(Q;MZX") |

sym

so (1.5¢) is proven and the general proof is concluded. O

Remark 3.1. With the notation of Theorem the sequence (up — ap)p is bounded in
GSBDP(Q). This is proven in Step 3.

Remark 3.2. We cannot directly apply [15, Theorem 1.1] to uj — a{L for every j in Step 2.

Indeed, we would obtain H™ ' ((J, N Pj(l)) Uo*P;) < liminf, oo H" " *(Ju, ), but the j’s are
countable many and we cannot localize on right-hand side, since the P;’s are not open sets.

4. LOWER SEMICONTINUITY AND MINIMISATION

In this section we first prove our main lower semicontinuity result, concerning a class of free
discontinuity functionals with general bulk and surface energy densities. In the second part
we apply Theorem to the minimisation of free discontinuity functionals with general bulk
and surface energy densities.

Proof of Theorem[I-3 Up to a subsequence, we may assume that

liminf E(up) = lim E(up) < 4+00. (4.1)
h— o0 h—o00

In view of the growth assumptions on f and g, we have that (up)j is bounded in GSBDP(f2).
Thus we may apply Theoremto find a subsequence (not relabelled), a Caccioppoli partition
P of Q, a sequence of piecewise infinitesimal rigid motions (ap ), and u € GSBDP(Q) satisfying

and (L),

By (4.1) we obtain that, up to a further subsequence,
P, e(wn)) £ L Q2 + g(a, [un), vy ™ Ly = i 0 in M ()



14 EQUILIBRIUM IN NONHOMOGENEOUS LINEAR ELASTICITY WITH DISCONTINUITIES

as h — oo. Therefore, by the Besicovitch derivation theorem and the Radon-Nikodym decom-
position for p (cf. [9, Theorem 2.2]), the result will follow from the estimates
du
dcr

(z0) = f(wo,e(u)(zg)) for L a.e. zo € O (4.2)
and

d
Wfil(%) > g(zo, [u](z0), vu(zo)) for H Lae. zg € J,NPWD,
(4.3)
d
Wfil(ajo) > goo(z0,vp) for H" tae. 29 € O*P.

Step 1: Proof of (4.2)). We divide this step into different substeps.

Substep 1.1: Choice of the blow up point xo and first properties. We pick x( in a subset of 2 of
full £L™-measure, satisfying the following four criteria. First, we notice that by the definition
of Radon-Nikodym derivative and [9, Theorem 2.2] we have that for £L"-a.e. xg €

du . (Bo(xo))

=1 —_ 4.4
T (o) = tim M5 (4.4)
Second, in [I3] it is proven that every function in GSBD? is approximately differentiable
L"-a.e., namely that for L™-a.e. xg € Q there exists Vu(xg) € M"*" (such that e(u)(zg) =
(Vu(xg))®™™ for a.e. xg) for which it holds

ot [12) = () = V(o) & = o)

T—xT( ‘SL‘ - mOl

=0. (4.5)

Third, we take
zo € PY (4.6)

which is a set of full £™-measure in 2. The fourth and last criterion employed in the choice
of z( is based on the properties of f. Since f is a Carathéodory function, arguing as in [24]
proof of Theorem 1.2], by Scorza Dragoni Theorem (see, e.g., [26], p. 235) one deduces that
there exists F' C Q with £7(Q\ F') = 0 such that for any xg € F there exists a compact set
K, C Q (depending on () such that

f|K10 e is continuous in Kg, xMg5n and  mg € Kyy N Kg]) . (4.7)

Then the set of points xg satisfying (4.4)), (4.5), (4.6), and (4.7)) is of full £™-measure in .

Let us choose xg in this set.
Let us fix a sequence (g ), converging to 0 such that u(9B,, (zo)) = 0 for every k (in fact
this is true for any ¢ > 0 except at most countable many). Then, by (4.4) we have that
d B
Tn di[l:lln (.730) lim lim 7'“’1( Ok (IO))

k— 00 h—0c0 oy

1
= lim lim — / f(x,e(uh)(x))dx—i—/

g(l‘, [’U,h], Vuh) dHn_l} .

uhﬁBQk (zo)
(4.8)
Moreover, by (4.5)), (4.6), and ([1.5b)) it holds that
z up — ap)xo + —u(x . n

uft () = L Z NN ZUI) gy (BiRY, @49)

as h, k — 0 in this order, limy_,~ Q,;(nfl)’}-[”_l(a*P N By, (zg)) =0, and so

n—1 B

lim lim o a0 Ba(@0)) (4.10)

k—o00 h—00 O
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Substep 1.2: Blow up arqument: change of variables. We perform a blow up procedure in
correspondence of a point xg € € chosen as above, in order to prove (4.2).
Let us consider the functions u;",, defined in (4.9). We notice that (4.8) and (g2) imply

that for a suitable C > 0

1 ~
lim sup limsup —H" ! (Jy, N By, (70)) < C.

k—oco  h—oo O
Together with , by a change of variable this gives that
lim sup lim sup H"~*(J,#0 ) = 0. (4.11)
k—00 h—00 k,h
Setting
S, &) = fzo +ery,§),
by we obtain that

d o )
Tn —dﬁun (z9) > limsup lim sup fi(y, e(ut,)(y)) dy . (4.12)

k—oo  h—oo B;
Then a diagonal argument allows to define functions vy := u% such that (4.9), (4.11), and

(4.12)) hold true for vy (and considering the limit or the limsup only in k).
Eventually we observe that, due to (4.7),

klim Te(y, &) = f(m,€) for a.e. y € By, locally uniformly in MZX". (4.13)
—00

sym

In fact, the pointwise convergence follows from the fact that z¢ € K, N Kg(g(l)), and the local
uniform convergence in MZ % by the continuity of f in Ky, x M/ n.

Substep 1.3: Blow up argument: lower semicontinuity. Let us fix @ € (0,1). In correspondence
of @ we find positive constants 7() and C such that the conclusion of Theorem holds.
Fix also ¢ € (0, @), where C is the constant in . We notice that, up to consider a

subsequence (not relabelled), we may assume that
S OH ) < (CTEAL)S. (4.14)
keN
In particular, we have that H""1(J,, N B1) < n(7) for every k, and we may apply |13,
Theorem 2.2| to the functions vy, € GSBDP(B;). This provides functions wy, € GSBDP(B1)N
W1P(Bz;R"™) and sets of finite perimeter wy C Bj such that
wy, = vk in By \wg, H"H*wr) < CH" H(Jy,), (4.15)
H " (Jw,) < H ]y, ), and
/ le(wp)|? d < 2/ le(vR) [P dz . (4.16)
Bl Bl

By (@.14), and (4.15), and the fact that £"(wg) < C opH" (Jy,) < CH"1(J,,), we have
that

LM (ws) < 0 for ws := U Wi (4.17)
keN
and
wg, = vg in By \ws for every k € N. (4.18)

By and we deduce that wy are equibounded in W1P(Bz;R") and L"({wy #
vp}) = 0, so that
wi(y) — Vu(zg)y in WHP(BsR™).

We now perform a further approximation, through a sequence of equi-Lipschitz functions.
This is done for two reasons: first, to employ since therein the convergence holds for &
in compact sets; second, to pass to the limit in the integral of f(xo, e(wy)) over the set Bz \ ws,
which is not in general open and so the semicontinuity theorem in [I] does not apply directly.

Then we recall, adapting to the present case, what proven in [24] Proposition 3.1], in the spirit
of [1] and [4].
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In correspondence to ¢, there exist a Borel set Es with £"(Es) < ¢ (this replaces the
sequence (Ey), with L"(Ey) — 0 as k — oo in [24) Proposition 3.1]) and for every m and
k € N there exist Wy, € W1 (B R"), By, C Bz Borel sets such that

| Wk, m | oo + Lip(Wk,m) < C(n, B1)m, Wi,m = Wk in By \ Eg (4.19)

and, up to extracting a subsequence with respect to k, W, X @y in W (Bg; R™) for every
m, with

lim limsup/ (1 + fk(y7e(@k,m))>dy =0,
Ek,m\Eg

Mmoo k00 (4.20)
lim mP L"(A,,) =0, for Ay, = {@Wm # Vu(z) -} N (Bz\ Es) .
m—00
It follows that
fie@)dy= [ fleto)dy > [ Sy, () dy
B4 Bg\wg B;\(E5Uw5UEk,m) (4 21)

- / Felyse(@rom)) dy — / Fely, e(@om)) dy
Bz \(EsUws)

Ey,m \(EsUws)
recalling that fi > 0, wy = vg in By \ ws, and Wk, = wy in Bz \ Ekm. We now use the fact

that Wk m A Dy in W1 (B R™) (so that (@Wg )k is a sequence of equi-Lipschitz functions
and (f(xo,e(Wr,m))), is equi-integrable in By) and (4.13), to deduce that

lim inf/ fi(y, e(Wg,m)) dy = lim inf/ J(wo, e(Wr,m)) dy,
B\ (EsUws ) Ba\(EsUws)

k—o0 k—o0

(4.22)
> / F (o, e(@n)) dy
B;\(E(;Uw(;)

We observe that in the equality above we used , and to prove the latter estimate it is
enough to apply Morrey’s Lower Semicontinuity Theorem in an arbitrary open set containing
Bz \ (Fs Uws) and observe that for any € > 0, thanks to the equi-integrability, we can find
an open set B. D Bz \ (Es Uws) such that the integrals of f(xo,e(Wk,m)) (for every k) and
f(@o, (W) over QL \ (B \ (Es Uws)) are less than e.

The second estimate in ([£.20), (4.19), and f > 0 imply that

/ fzo, e(Wy,))dy > L" (B;\ (Es Uws U Am))f(zo, e(u)(xo)) . (4.23)
Bz \(EsUws)
Moreover, employing again fi > 0,
/ Al @)y < [ Sl el@in) dy. (4.24)
Ej m\(wsUEs) Er.m\Es

Collecting (4.21), (4.22)), (4.24), (4.23), (4.20), and passing to the liminf in & and to the
limit in m, we obtain that

fminf [ fultse(00)) dy > £7 (B \ (B o)) f (oo eu)(w0)) > 30 (5" = 26)f (o, ) ).

k—o0

Passing to the limit first as § — 0 and then as & — 1, by (4.12) (recall the definition vy = u}?, )
we deduce (4.2).
Step 2: Proof of (£.10). We denote J/, := (J, N PM)) U d*P.

Substep 2.1: Choice of the blow up point xo and first properties. Since J|, is countably rectifiable
and thanks to (2.7), for H"'-a.e. zg € J there exist uT(zo), u™ (z9) € R", vy € S"~! such
that

aplim  u(z) = u™(x). (4.25)

z€(Qy0 (20))™
T—To

Notice that v denotes v, (z¢) if ¢ € J, and the outer normal to P; at xg, if xg € 0*P and
xo € 0*P; NO*Pj for i < j. We remark that u™(zo) # u™ (x¢) for zo € J,.
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Moreover, since u is a positive bounded Radon measure and J/ is countably rectifiable,
there exists the Radon-Nikodym derivative of y with respect to H"~1 L J!, (which is o-finite)
and it holds (see e.g. [9, Theorems 1.28 and 2.83])

A M@ )
AR T o gt
We thus fix xg such that both (4.25)) and (4.26]) hold for zg. Moreover, let us consider the
8

sets D C S"~! and N C 9*P given by Lemma [2.8| applied to F' = 9*P, and fix 7o ¢ N.
Recalling the pointwise convergence of up — ap to u, by a change of variables we obtain

from (4.25) that

(up, — ap)(zo + oK) — ug 1= u+(x0)lello,+ + uf(xo)xcxo,f in L°(Q}°; R™) (4.27)

for H* t-ae. xo € J.,. (4.26)

as h — 00, k — oo. Analogously to (4.8), we fix a vanishing sequence (ox)x With 1£(0Q%° (20)) =
0, and then

du o R(Q (o))
" =1 1 TN eR VT
T (o) =l lim
1
= lim lim —— / f(x,e(uh)(x))der/ gz, [up), v, ) AH 1 5
koo hmeo gy Q9 (z0) Tup, QY (o)
(4.28)

Substep 2.2: Blow up argument for zo € J, N PM. Given zo € J, N PM), there exists j € N
such that zg € 73;1). Then

lim |ap —a)| =0 L -ae. in QY (4.29)

h—+oo

for afl the infinitesimal rigid motion corresponding to P;, cf. (1.4). Up to choosing a subse-
quence hy in (4.27), by (4.29) we get
U = (up,, — aflk)(xo + 0k) = up = u+(:co)xQ;0,+ + U_(JJO)XQT(»* in L°(Q°;R™). (4.30)
By (4.28)) and assumptions (g1), (¢g3) we obtain that
i (a) = lim { [ S |

Jik ﬁQ;U

9(zo, [Uk], v5,) d?-L”‘l} . (431)

We remark that above we used that g does not depend separately on the two traces v+ and
v~ but only on [v]. This allowed us to infer that for any function v and infinitesimal rigid
motion a the surface part evaluated on v is equal to the surface part evaluated on v — a.

By the growth assumptions on f and g it follows that (vy)x converges weakly in GSBDP(Q7°)
to ug.

Therefore, (g4) and imply that

9o, [u)(z0), (o)) = / G ([t v0) A"

uo

_ dp
< liminf 5) AH" T < :
<t [ o) 007 < o)

Substep 2.3: Blow up argument for xy € 0*P. Assume that ¢ € 0*P; N 0*P;, for i < j. Let
us take a subsequence hj such that the convergences in (4.27)) and (4.28) hold along hy, as
k — oco. Then we denote

vk (y) := un, (xo + ory) fory e QP°.
These functions satisfy (by a change of variables in (4.28]))

W(xo) = klim { o f(z,e(v)(z)) dx +/ g(x, [vg], Vvk)d’H"_l} (4.32)

Juw, NQYC
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and, by (4.27),

(uny, — an,)(xo + 0r) = uo  in LO(Q1°;R™)
as k — oo. In particular, since zo € 0*F; N 0*P;, setting a,j(y) = aik (xo + ory) and
ay, (y) := aj,, (x0 + ory) for y € Q°, we have that

vp — aif = (up, — aik)(l‘o +or) > ut(zo) in LO(Q7"T;R™),

_ i B T, (4.33)
v — ay, = (up, — ap, )(xo + ox+) — u” (wo) in L7(Q7";R™).

Moreover, in view of the choice z¢ ¢ N it holds that |(a; —aj,)-&| — +oc uniformly in Q}°, as
k — oo, for any £ € D (recall that N and D are given by Lemma . Since e(a; —ay) =0,
we get

(@) 76;)§| = |(a; 76;)5(0)| — 400 ask —oo,forany £ € D. (4.34)

Case goo(x0,) € R. Assume that g.o(x0,29) € R, so that g takes finite values, and fix
n > 0 small. We find & = &y(vo,n) € D C S"! such that & satisfies (2.10) and

o - &o
Joo(To,10) — ———~ | <1, (4.35)
gmo,oo(go)
where gy . is the dual norm of go(zo, ), given by ¢*(§) := supy(,y<1 [V - §|. This is done by
choosing a vector & in S*~! such that go. (2o, ) = g*ll’Oi‘E(‘E) and by continuity, using that D
Son00

is dense in S"L.
By (gs) there is a function &: [0, +00) — [0, +00) with lim;_, o k() = 0 such that

9(x,y,1) > goo(z,v) — K(t) for every . € Q, |y| > ¢, and v € S"71,

and, from (g3), 9(z,y,v) > goo(xo,v) — k(t) in a neighbourhood of . By the definition of
dual norm, (gs), (4.35)), and since |[vg] - &o| < |[vg]], we get

|Vvk §0|

9(, [vi], vu,) > (goo (T0, Vo) — K(O) X {llunl1>t) = | = = K(t) =0 | X {[on)-ol>tr (4.36)
gxg,oo(go)

H" La.e. in J,, NQT. We observe that
limsup H" *(J,, NQY) =: L < +o0, (4.37)

k—o0

since g takes values in [¢,400). Then, using also (4.32)) and (4.36]) we obtain that

dp o / le(vk)€o - ol? / Vo, - &0 1
————(xg) > liminf ——— dx+ —k il +e | dH”
J7gn=1 (%) 2 limin { " 8 onas g;o,oo(éo)X{” k-0l >t}

—(k(t)+n+e)L

— limint /H FSE (@05 AR W)~ () 4+ )L

k—4oc0
(4.38)
with
1 1
FOf () i= — V(s)Pds 4+ HO({s: |[v](s)] > t}) ——— + eHO(J,
wt (V)= 5 (Qi°)§°| (s)l ({s: [[v](s)] })gzom(&)) (Jv)

for v: (Q7°)5” — R. We observe that the second relation in follows from the Area
Formula (cf. e.g. [34, (12.4)]) and the slicing property (2.4).

Fatou’s lemma and give that lim infy, Ff‘f((ﬁk)go) < +oo for H" lae. y € TI%, so
we may find, for H" !-a.e. y € [1°, a subsequence v,, = v, (depending on y) such that

lim FS (0m)) = lim inf ES (@), H° (Jig,y20) = Ny €N. (4.39)
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Recalling (4.33), we may also choose the subsequence (k) such that, denoting by (0y, —a}n)go

the functions (v, — a,f )52, it holds
(B — 5)50 — uF(z0) - & in LO((QYF)%). (4.40)
We now claim that there exists m € N such that
{s € (QUE)50: |[(Brm)S)(s)] > t} £0 for m > . (4.41)

Indeed, let us argue by contradiction assuming that (4.41)) is not true. Then, by (4.39)),
~ vo,t
D(@5) (@) < |

(Q0)5°

(Bn)5?) ()] ds + 10, < €, (4.42)

for a suitable C > 0 independent of m. Therefore, for any s* € (Q’fo’+)§°, 57 e (QT)%,
[@h, = @)5 = 1@5)5 (s7) — (@,)5 (s7))
— |z _a-)e 5 _at)E 5 )0 (st) — (5. )60 (s~
= @ = @) (57) = B =) ) + (@) (1) = ) (s7)]-
From the identity above we obtain a contradiction for m large enough, since the left-hand side

tends to 400 by (4.34)) while the right-hand side is bounded by (4.40]) and (4.42)). This proves
(@.47).

In particular, (4.41) implies that lim,, F;“f((vm)g ) = 5= (5 &y Recalling (4.39) and

®(,°0
integrating in I1%0 = I1%(Q°), by Fatou’s lemma, (4 , and the arbitrariness of ¢, 1, €, we
get
du o - Lol
xg) > .
a1 2 g )

The second estimate in (4.3)) follows now by (4.35) and the arbitrariness of 7.

(4.43)

Case go, = +00. We have to prove (with the usual notation vy = v(zg)) that
HH(0*P) =0. (4.44)

Assume by contradiction that there is 9*P \ N # () (for N given by Lemma , and let
xo € 0*P \ N. Then, by the assumption (gs), for any fixed large M > 0 there exists tj; such
that

9(x, [v], o) = MXgai>tay = M Vo, - SolXjvn-ol>tar) (4.45)
for any £ € D. Arguing as in the case goo(xg,0) € R, with replaced by (4.45)), we
obtain that dﬁn = (xg) > M|y - &) for every M > 0 and & € D. Taking & such that
|vo - &o| < 5 we obtain a contradiction for M > 2 dH" 1 (29). Then 0*P C N, and is

proven.
Therefore the general proof is concluded. (]

Remark 4.1. In [31] a class of functions g: (R™)® — [0, +00) satisfying for any bounded open
set Q C R™

/ g v, v dH ! < lihm inf/ g v, ve,) dH™ ! if v, — v weakly in GSBDP(Q)
T = Sy,
has been provided. This is the class of symmetric jointly convexr functions, which are charac-

terized by (see [31), Definition 3.1 and Theorem 5.1])
g(i,j,V) = iug(fh(z) - fh(j)) v for all (ivja V) € (Rn)S with ¢ 7&.7
€

where fj,: R™ — R” is a uniformly continuous, bounded, and conservative vector field (that
is, there exists a potential F}, € C*(R"™) for which VF}, = f,) for every h € N. Any symmetric
jointly convex function depending only on the difference i — j provides a function satisfying
(g94). Examples of such functions are (see [31, Section 4])

g(t)

g1(y,v) =g(ly]) for g: [0, +00) — [0, +00) increasing with gT nonincreasing in (0, +00),
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n 1/2
92y, v) = sup (Zek(y-fk)le-ko)

{&€k}}_, orthornormal basis =1

for 6, € C(R;[0,400)) even and subadditive, for k = 1,...,n (this class has been introduced
and studied in a BD setting in [22]), and

93(y,v) = ¥(v)

for ¢ a norm.

From Theorem[I.2] we deduce existence for the following minimisation problems with Dirich-
let conditions, in the propositions below. In the following 2 C R"™ is a bounded, open,
connected and Lipschitz domain. Moreover, we assume that ug € WP(R™";R") and that
0p§) C 0N be relatively open with dp€) = QN oA for a bounded, open, connected domain
Qo Q.

We consider first the simpler cases corresponding to g,. = +oo and g independent of the
jump amplitude, in Propositions and Then we consider the case with general f, g as
in Theorem which formally includes the other two cases. We prefer to state three different
results since the proofs of Propositions [£.4] and [4.4] are more direct.

Proposition 4.2. Assume f, g as in Theorem[I.3, with goo = +00. Then the problem

u_gie%\g{/SIf(x,e(u))dx+/]u oz, [u]7uu)d7{"_1}

admits a solution in GSBDP (). In particular, this holds for g(y,v) = §(|y|) with §: [0, +00) —

[0, +00) increasing, unbounded, and such that g(t) 1S NOMINCTeasing.

Proof. Let us apply Theorem [1.2] to a minimising _sequence (up)p for in GSBDP(9).
Since g, = +00, we have that the partition P of Q is trivial, and the fact that up, = ug in
Q\ Q gives that uj — u in L°(Q; R™). In particular u, = uo in Q \  and using again that
Joo = +00 we get the lower semicontinuity of the functional E to minimise. O

Remark 4.3. In the above assumptions, if g(y,v) > ¢]y| for some ¢ > 0, the solutions to
belong to SBDP(Q). In fact, this follows from the fact that [u] € L!(J,;R™): under such
condition, every GSBD function is in SBD, as shown in [I6, Theorem 2.9| (take Av = Ev
therein, cf. [I6, Remark 2.5]). For other surface densities g, such as ¢g(y,v) = ¢+ /|y|, one
obtains existence for the Dirichlet problem in GSBD?.

Proposition 4.4. Assume f as in Theorem- 1.9 and let g: Q x S"™1 — [c, +00) be continuous
in the first variable and such that g(x,-) is a norm for every x € Q. Then the problem

min {/fme dx—i—/ g(x,uu)d?’-l"_l}
u=up€Q\Q

admits a solution in GSBDP(Q

Proof. Let us apply Theorem 1.2] -to a minimising sequence (un)n- By (1.5) we obtain a function

u € GSBDP(Q), with u = u in €\ Q. In fact, by (L.5a) and ( - the set €\ Q has to be
contained in the same element P; of the Caccioppoli partltlon corresponding to a} = 0.
Moreover, recalling Theorem [2.5] we have that

n—1 n—1
/Qf(z,e(u))dx—F/Ju g(z,vy) dH S/Qf(x,e(u))d:c—|—/(Jmp<l))ua*Pg(a:,yu)dH

< liminf f(x,e(uh))da:+/ g(x, vy, ) dH™ !
h—+o00 Q J“'h

= inf_ 7/ f(z,e(u))dx + /Ju gz, v,) dH .

u=up€N\Q JQ
Therefore w is a solution to the problem (4.4) and 9*P C J,. O
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We consider now the case of general g.

Proposition 4.5. Assume f, g as in Theorem[I.Z Then the problem

min {[ et ass [ oy S ) 7 [, ot

u=uoeM\Q
PCQ Caccioppoli partition, 8*PCJ,

admits a solution in GSBDP ().
Proof. Let us denote

/f(x,e(u))dx+/ g(x,[u],uu)d’H"_l-i-/ Goolx,v)dAH"™L i O*P C J,,
F(u,P):=<Ja JN\O*P =P

400 otherwise,

and fix a minimising sequence (us, Pp) for F. We observe that, for P, = (P ;); we can assume
that Q\ Q C P, 1 and find piecewise rigid functions aj such that

an = @XP,, (4.46)
JEN
ar =0, |@)(z)—a,(z)| = +oo for LMae. z € Q, forallij, (4.47)
and 1
Blun —n) < Flun, Pr) + 5 (445)

for every h € N. In fact, since up, € GSBDP(Q) it holds that [up]: J,, — R™ is measurable,
and then there exists for every h a vanishing sequence (SZ) , such that

H (T \A{l[un]| > K}) < st (4.49)
Moreover, since H"~1(0*P),) < +oo, for every h, k € N there exists m? € N such that
S H O PL) <k (4.50)
j>m’g

Then we choose, in correspondence of (P} ;);, a sequence (Efl)j C R”™ (that is, each Efl is

a constant function) with @; = 0 (in view of the Dirichlet boundary conditions), such that
laj —ai| > 2k for i # j < m}. By (£49) and (£50) we find that

H* 0P\ {lfun — anl| < k}) < sp+ k",
This implies, in view of (g5) and since g is a measurable function taking finite values, that
there is k € N, depending on h, large enough so that (4.48]) holds true.

Let us now apply Theorem to the sequence (up — ap)p C GSBDP(Q) (that satisfies
the assumptions of Theorem by (4.48)): this provides a function v € GSBDP(2) and
a sequence (ap)p of piecewise rigid functions corresponding to a partition P = (F;); (in
particular, J;, = 0*P) such that

up —ap —ap — u  L"-a.e.
and

/ f(z,e(w))dx + / g(x, [u], vy) dH" ! —|—/ Goo(z, vp) dH" ! < liminf E(uy — ap) .
Q TP P h=o00
(4.51)

In particular, in view of the boundary conditions we may take Q\ Q C P, a; = 0 and we

have that 9*P N C O and u = ug in Q \ Q. Collecting (4.48), (4.51), and since (up, Pp)s is

a minimising sequence for F', we have that
/ f(z,e(u)) dx—i—/ g(z, [u], vy) dH™ ! +/ Goo(,vp) dH" ™ <inf F(v,P). (4.52)
Q JunP M 8P v, P
We notice now that we can find a piecewise rigid function a with @ = 0 in Q \Qand J; C o*P
for which 0*P C J,_z. This follow from the fact that there are at most countable many
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s € R™ such that H"~1(8*P N {[u] = s}) > 0. Moreover, since 8*P C J,_5 (and in view of the
fact that g depends only on the jump amplitude, cf. below (4.31))), we have that for u =u—a

/Q f(@, e(u)) da+ / PR / fa e(@)) da+ / o Sl

(4.53)
Therefore, in view of the fact that 0*P C Jg, by (4.52) and (4.53) we get that (u,P) is a
minimiser for F'. This concludes the proof. O

Remark 4.6._The minimisation problem in Proposition [.5] formally reduces to those one in
Proposition and noticing that P = {Q} when g, = +00 (cf. Theorem and the
functional in Proposition does not depend on P when g depends only on v and coincides
with goo.

Acknowledgements. VC is supported by the Marie Sktodowska-Curie Standard European
Fellowship No. 793018.

REFERENCES

[1] E. Acersr anD N. Fusco, Semicontinuity problems in the calculus of variations, Arch. Rational Mech.
Anal., 86 (1984), pp. 125-145.

[2] L. AmBROSsIO, A compactness theorem for a new class of functions of bounded variation, Boll. Un. Mat.
Ttal. B (7), 3 (1989), pp. 857-881.

[3] , Existence theory for a new class of variational problems, Arch. Rational Mech. Anal., 111 (1990),
pp. 291-322.

[4] L. AmBRosIO, On the lower semicontinuity of quasiconvex integrals in SBV (€, R¥), Nonlinear Anal., 23
(1994), pp. 405-425.

[5] , A new proof of the SBV compactness theorem, Calc. Var. Partial Differential Equations, 3 (1995),
pp. 127-137.

[6] L. AmBROsIO AND A. BRAIDES, Functionals defined on partitions in sets of finite perimeter. I. Integral
representation and I'-convergence, J. Math. Pures Appl. (9), 69 (1990), pp. 285-305.

[7] , Functionals defined on partitions in sets of finite perimeter. II. Semicontinuity, relaxation and
homogenization, J. Math. Pures Appl. (9), 69 (1990), pp. 307-333.

[8] L. AmBrosio, A. Coscia, aAND G. DAL Maso, Fine properties of functions with bounded deformation,
Arch. Rational Mech. Anal., 139 (1997), pp. 201-238.

[9] L. AmBrosio, N. Fusco, aAND D. PaLLARA, Functions of bounded variation and free discontinuity
problems, Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York,
2000.

[10] J.-F. BaBAaDJIAN, Traces of functions of bounded deformation, Indiana Univ. Math. J., 64 (2015),
pp. 1271-1290.

[11] G. BeLLETTINI, A. Coscia, AND G. DaL Maso, Compactness and lower semicontinuity properties in
SBD(2), Math. Z., 228 (1998), pp. 337-351.

[12] E. BoNNETIER AND A. CHAMBOLLE, Computing the equilibrium configuration of epitazially strained
crystalline films, STAM J. Appl. Math., 62 (2002), pp. 1093-1121.

[13] F. CaceneETTI, A. CHAMBOLLE, AND L. SCARDIA, Korn and poincaré-korn inequalities for functions with
a small jump set, Preprint CVGMT 4636, 2020.

[14] A. CuamBoLLE, S. ConTi, AND G. A. FRrRANCFORT, Korn-Poincaré inequalities for functions with a
small jump set, Indiana Univ. Math. J., 65 (2016), pp. 1373-1399.

[15] A. CuamBOLLE AND V. CRISMALE, Compactness and lower semicontinuity in GSBD, 2018, Preprint,
accepted on J. Eur. Math. Soc.

, Phase-field approrimation for a class of cohesive fracture energies with an activation threshold,
Adv. Calc. Var., Prublished online, DOI https://doi.org/10.1515/acv-2019-0018,

[17] A. CuamBoOLLE, A. GiacoMINI, AND M. PONSIGLIONE, Piecewise rigidity, J. Funct. Anal., 244 (2007),
pp. 134-153.

[18] S. ConTi, M. Focarpi, AND F. IURLANO, Integral representation for functionals defined on SBDP in
dimension two, Arch. Ration. Mech. Anal., 223 (2017), pp. 1337-1374.

, Which special functions of bounded deformation have bounded variation?, Proc. Roy. Soc. Edin-
burgh Sect. A, 148 (2018), pp. 33-50.

[20] V. CrisMALE aAND M. FriepricH, Equilibrium Configurations for Epitazially Strained Films and Material
Voids in Three-Dimensional Linear Elasticity, Arch. Ration. Mech. Anal., 237 (2020), pp. 1041-1098.

[21] G. DAL Maso, Generalised functions of bounded deformation, J. Eur. Math. Soc. (JEMS), 15 (2013),
pp. 1943-1997.

[22] G. DAL Maso, G. OrLANDO, AND R. TOADER, Lower semicontinuity of a class of integral functionals
on the space of functions of bounded deformation, Adv. Calc. Var., 10 (2017), pp. 183-207.

[16]

[19]



https://doi.org/10.1515/acv-2019-0018

23]
[24]
25]

[26]

27]
28]
[29]
(30]
31]
32]
(33]

[34]

[35]

EQUILIBRIUM IN NONHOMOGENEOUS LINEAR ELASTICITY WITH DISCONTINUITIES 23

E. DE Giorar aND L. AMBROSIO, New functionals in the calculus of variations, Atti Accad. Naz. Lincei
Rend. Cl. Sci. Fis. Mat. Natur. (8), 82 (1988), pp. 199-210 (1989).

F. EBoBISSE, A lower semicontinuity result for some integral functionals in the space SBD, Nonlinear
Anal., 62 (2005), pp. 1333-1351.

F. EBoBisse B., On lower semicontinuity of integral functionals in LD(Q2), Ricerche Mat., 49 (2000),
pp. 65-76.

I. EkeLanD AND R. TEmaMm, Conver analysis and variational problems, vol. 28 of Classics in Applied
Mathematics, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, english ed.,
1999. Translated from the French.

1. FONSECA AND S. MULLER, Quasi-convex integrands and lower semicontinuity in L', SIAM J. Math.
Anal., 23 (1992), pp. 1081-1098.

G. A. FrRANCFORT AND J.-J. MARIGO, Revisiting brittle fracture as an energy minimization problem, J.
Mech. Phys. Solids, 46 (1998), pp. 1319-1342.

M. FRrIEDRICH, A piecewise Korn inequality in SBD and applications to embedding and density results,
SIAM J. Math. Anal., 50 (2018), pp. 3842-3918.

, A compactness result in GSBV'P and applications to I'-convergence for free discontinuity problems,
Calc. Var. Partial Differential Equations, 58 (2019), pp. Paper No. 86, 31.

M. FriepricH, M. PErucINI, AND F. SoLOMBRINO, Lower semicontinuity for functionals defined on
piecewise rigid functions and on GSBD, Preprint ArXiv 2002.08133, 2020.

A. A. GrirriTH, The phenomena of rupture and flow in solids, Philos. Trans. Roy. Soc. London Ser. A,
221 (1920), pp. 163-198.

C. B. MoRREY, JR., Multiple integrals in the calculus of variations, Die Grundlehren der mathematischen
Wissenschaften, Band 130, Springer-Verlag New York, Inc., New York, 1966.

L. Simon, Lectures on geometric measure theory, vol. 3 of Proceedings of the Centre for Mathemati-
cal Analysis, Australian National University, Australian National University, Centre for Mathematical
Analysis, Canberra, 1983.

R. TEMAM, Mathematical problems in plasticity, Gauthier-Villars, Paris, 1985. Translation of Problémes
mathématiques en plasticité. Gauthier-Villars, Paris, 1983.




	1. Introduction
	2. Preliminaries
	2.1. Basic notation
	2.2. BV and BD functions
	2.3. GBD functions
	2.4. Caccioppoli partitions.
	2.5. Symmetric quasi-convexity.
	2.6. Two lemmas on affine functions.

	3. The compactness result
	4. Lower semicontinuity and minimisation
	References

