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Abstract. In this paper a new generation of particle filters for nonlinear discrete
time processes is proposed, based on convolution kernel probability density esti-
mation. The main advantage of this approach is to be free from the limitations
met by the current particle filters when the likelihood of the observation variable
is analytically unknown or when the observation noise is null or too small. To
illustrate this convolution kernel approach two convolution filters, counterparts of
the well-known sequential importance sampling (SIS) and sequential importance
sampling-resampling (SIS-R) filters, are considered and their stochastic convergence
to the optimal filter under different modes are proved. Their good behaviour with
respect to that of the SIS and the SIS-R filters is shown on several simulated case
studies.

Keywords: Convolution Kernels; Particle Filter; Resampling; Sequential Impor-
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1. Introduction

Nonlinear filtering, i.e., estimating the distribution of a dynamical sys-
tem state variables z; conditional on the observations of state-depen-
dent variables y; up to time ¢, is a real problem in many fields of
engineering. Since the development of the Kalman filter in 1960 for the
linear case, a wide variety of approximate methods were proposed to
deal with the nonlinear one. The most famous and the most widely used
by the engineers is the extended Kalman filter (EKF). For more details
about the EKF see (Jazwinski, 1970). But the EKF lacks of theoretical
support and often presents troubles in practice. Some improvements,
a few of which are presented in (Chen, 1993), were proposed as gener-
alised Kalman filters but without really overcoming these drawbacks.
Investigation in the field of nonlinear filtering has thus remained very
active.

Among the alternatives to the EKF, the Monte Carlo approaches offer
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practical and theoretical results. The corresponding state of the art is
reviewed by (Liu & Chen, 1998) and (Doucet, 1998). The Monte Carlo
filters are divided into two families: the first one also the oldest, includes
the filters based on the sequential importance sampling (SIS) algorithm
and the second the filters based on the sequential importance sampling
resampling (SIS-R) algorithm. The principle of Monte Carlo filter based
on SIS was developed in the early 70’s, by (Handschin, 1970) and by
(Akashi & al., 1975) but due to the limitations of the processors of the
time remained dormant until the 80’s when it was revived by (Davis,
1981) and (Kitagawa, 1987). However, the SIS filters suffered from di-
vergence in long time. The new generation of Monte Carlo SIS-R filters
improved on this issue but did not completely overcome it. The idea of
introducing a resampling step in the SIS algorithm was independently
proposed by (Gordon & al., 1993) with “the boostrap filter”, (Del Moral
& al., 1992), (Del Moral, 1995) with “the Interacting Particle Filter”
(IPF) still one of the most powerful filters, and (Kitagawa, 1996). A
lot of filters based on SIS-R were then developed. A complete review
of these works is presented in (Doucet & al., 2001). The convergence of
the IPF to the optimal filter is proved by (Del Moral, 1998), (Del Moral
& al., 2001) and (LeGland & Oudjane, 2004).
However, in spite of their theoretical properties, the filters based on SIS-
R still present several drawbacks in practice. Systems with non-noisy
observations are not supported by these filters because the density of
the noise is used to weight the particles. Even too small observation
noise can induce divergence of the filters. Moreover, the problem of
divergence in long time has not completely disappeared. According to
(Hiirzeler & Kiinsch, 1998) it is caused by the discrete nature of the
distribution approximations produced by the SIS-R filters. A step of
regularization on the state variable distribution was then added into the
SIS-R algorithm successively by (Hiirzeler & Kiinsch, 1998), (Oudjane,
2000), ( Warnes, 2001) and (Musso & al., 2001), in order to produce a
probability density as approximation of the optimal filter. Actually, the
convolution kernels have been used to stabilize signal to noise ratios.
This idea has been introduced and analyzed in some details in (Del
Moral & Miclo, 2000) and in (LeGland & Oudjane, 2003). Practically,
the addition of this regularization step improves the behaviour of the
filters and the theoretical properties are kept. See (Oudjane, 2000)
or (LeGland & Oudjane, 2004) for the convergence of the resulting
Regularized Interacted Particle Filter (RIPF) using convolution kernel
regularization.

However these improvements do not relieve definitively from practi-
cal difficulties in case of too large (and even too small) signal-to-noise
ratio. Moreover, these regularized filters still rely on the analytical
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availability of the observation likelihood, a classic Monte-Carlo filter
assumption not frequently met in real situations. Only (Del Moral &
al., 2001), (Del Moral & Jacod, 2001) considered a context in which this
likelihood is not accessible and used a regularization of the observation
distribution.

The approach we propose is based on convolution kernel density
estimation and implicit regularization of both state and observation
variable distributions, and is free of their analytical knowledge. Only
the capability of simulating the state and observation noises is required.
The problem of null or small observation noise is also overcome. The
theoretical properties of these new particle filters rely entirely upon the
kernel probability density estimation theory and not upon that of the
current particle filter theory, even if from a certain point of view these
filters can be interpreted as generalization of that of (Del Moral & al.,
2001).

The paper is organized as follows. The next section is devoted to
reminding the Monte Carlo filtering context. A transition from the
particle filters to the convolution filters is presented in Section 3. The
algorithmic and theoretical properties of the basic Convolution Filter
(CF) are presented in Section 4 and that of the Resampled-Convolution
Filter (R-CF) in Section 5. In Section 6 the behaviour of our convolution
filters are compared with that of their counterpart interacting particle
filters and Monte Carlo filter, on simulated case studies in different noise
situations. Finally, results of kernel density estimation theory useful to
the study of the convergence properties of our convolution filters are
gathered in Appendix A and the proofs of these properties themselves
are presented in Appendix B.

2. The filtering context

Consider a general discrete dynamical system

{ zt = fe(zs-1,€4)

?Jt:ht(-*"?tﬂ?t); (l)

in which z; € R? and g, € IR? are the unobserved state variable
and observed variable respectively. ¢; and 7; are the independent state
noise and observation noise respectively. f; and h; are two known Borel
measurable functions, possibly time-varying.

The filtering problem is to estimate the distribution m; of z; conditional
on the past observations y, .. ., ¥, the so called optimal filter. When the
density function of m; exists it will be noted p(z¢|y1, ..., y) or p(z¢|yr.)
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or simply p;. The filtering problem only makes sense above all when
the mapping h; is not bijective in z;. All the filters are developed to
deal with such a context, and generally the mappings h; is not assumed
injective. Let us remark that even when h; is bijective and the distribu-
tion of the noise 7; is known, finding the distribution of z; conditional
on y; is generally not possible analytically. The filtering approach is
then still justified in this case.

To build up Monte Carlo filters, the following hypotheses are generally
assumed:

— the distribution, mg, of the initial state variable zg, is known.

— the distributions of the noises £; and 7, are known for all ¢ € IN.

The density of n; plays a crucial role for Monte Carlo filters since it is
used to weight the generated particles. Let us illustrate this point by
recalling briefly the Interacting Particle Filter (IPF) algorithm, one of
our filters of reference in this paper:

- Fort =40
Generation of n particles: (5;(1,,: -+, &g) ta.d. ~ .
Estimation of mo: 7§ = 3 i) wdz; (where d;; is the Dirac measure
at & and wh = 3;i=1,-+,n).
— Fort>1
(i)  Sampling step: (itl—la very ERy) me iy

(i) Evolving step: iip—l ~ ft(:_Eﬁ_l,.). .
(ili) Weighting step: wj = ‘Ilt(i':;lt_l)/(z.:?ﬂ Wy (Thy))-

(iv) Approximation step: 7} = Y1, wééi.,t-“_l.

The weight w} of each particle is given by the likelihood function ¥y(z) =
p(y:|z). The observations y; thus influence the filter through the like-
lihood function which is assumed to exist and to be known. This as-
sumption is rather restrictive in practice. Moreover let us note that it
rules out the non-noisy case and can also cause trouble when the noise
7 is too small and also when the noise is non-additive as in the general
system (1).

These severe drawbacks are circumvented in the approach proposed in
this paper, which as will be seen shortly, uses convolution kernels to
weight the generated particles, with furthermore interesting theoretical
and practical benefits.
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As a transition let us see beforehand a possible kernel-based improve-
ment of the particle filters to deal with the unknown likelihood case.

3. From the Particle Filter to the Convolution Filter

We shall illustrate this transition through the well-known IPF particle
filter of (Del Moral, 1995). This could have been performed with any
filter built up from the SIS or SIS-R principle.

Suppose that a limited knowledge of the distribution of 7; prevents
access to the likelihood function ¥;(z) = p(y;|z) and only permits to
simulate observation y; from a given z; through model (1).

Let Kj(.) be a Parzen-Rosenblatt kernel (see appendix A). In order to
clarify the presentation, we just recall at this stage that throughout the
paper, a kernel K is a bounded application from IR — IR, such that
J KdX =1, where X is the Lebesgue measure. Using kernel estimation
theory we could then consistently approximate ¥, by simulating ob-
servations, and use this approximation instead of the true function in
the previous IPF algorithm. This would amount to replacing steps (iii)
and (iv) by:

(iii)” Weighting step

For (i=1:n)
Stage 1
Generggion of.{y observations:
Ypsoroos Ut "’ht(l';u_l:-)-
Stage 2

Approximation of ¥y: :
~ i N e
pN(y;|:r§|t_1) = e Liet Kn(ye - 7).

Approximation of the weight of :T:;:lt_lz

wf = ﬁN(ytle:—ﬁ_l)-
Normalization of the weights: &f = wi/(T%, wi).

(iv)’ Approximation step 7} =} i' &)gdiilt—ll

Theorems A.1 and A.2 of Appendix A give general conditions ensuring
convergence of f)N(yt|§:§|t_l) to ¥y(Zy,_;) as N tends to co. But the
benefit of this approximation (and the possible recovering of the IPF
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properties) is impaired by the high computing cost induced at each step
(N x n random variable generations).

The convolution kernel approach we propose to remedy to the the-
oretical and practical limitations of the particle filters do not suffer
from this computing handicap. It uses a joint (x,y;) density estimation
which does not demand extra N x n observation simulations at each
step. Moreover the kernel density estimation theory allows a complete
original theoretical study of the convergence properties of these new
filters.

We shall introduce first the Convolution Filter, i.e., the convolution
counterpart of the basic particle filter.

4. The Convolution Filter (CF)
The density of the optimal filter is defined by

pXY(-Thyl:f.) (2)

P2tlyie) = Py (y1:1)

where pxy (z¢,y1.+) and py (y1.¢) are the (z, y1.¢) joint probability den-
sity and the marginal density of ., respectively. For all the y;.; such
that py (y1.¢) = 0, we use the usual convention p(z¢|y1.t) = 0.

Let us note z; = (x4, y1.¢)-

Assumptions:

— the distribution, mg, of the initial state variable zg, is known.

— the simulation of the noise variables ; and 7 according to their
true distributions is possible for all £ € IN.

— there exists a probability measure y; such that z; ~ p, for all .

— there exists a probability measure v; such that y;.4 ~ v, for all ¢.

4.1. KERNEL ESTIMATION OF THE OPTIMAL FILTER DENSITY

Let 7 (i = 1,--+,n) be generated according to mp. For i = 1,...,7n :
starting from Z} a recursive simulation of system (1) ¢ times successively,
leads to 2} = (%%, §t.;) ~ p.

Empirical estimates of the measures y; and v; are given by
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1< 1&
i 1 e ) b
e Z bz and v = Z 631'1:;’
i=1 s=1
where 4d; 5 and d; gi, are Dirac measures. Kernel estimates p’y and

py of the densities pyy and py are then obtained by convolution of
these empirical measures with appropriate kernels (see Appendix A for
definitions and properties):

Py (2t) = Kj * pf t(2t) =,11 o o (Zt"zt)

n K’: (-’L't = $t)Kh (y1:e — 'yl t)

and for py

Py (1) = KJ % v (y1) = ZKhn Y1t — Git)-
'L....
In which K} , Kj and Kzn are Parzen-Rosenblatt kernels of appro-
priate dimensions and K}Zﬂ (1t — B5.) = Ty KJ (95 — %)
An estimate of the density of the optimal filter py(z¢|y1.1) is then given
by:

Pxy(z)

Py (Y1:t)

Rehap e i iy

TR RT (e )

B} Kh, (z¢ — xt)Kh (y1:t — yl t)

i e h,n (y1:t — ’y1 ) -

Pn($t|’y1:t) =

The basic convolution filter (CF) is defined by this density estimator.
As for the true densities, we use the convention: p"(z¢|y1.t) = 0 for all
the y1.¢ such that p¥ (y1.¢) = 0. Before giving convergence properties of
CF, let us see a simple recursive algorithm for its practical computing.

4.2. CF ALGORITHM

— Fort=0

Generation of Zj,...,&[ ~ mo.
Initialization of the weights: w* =1 for (i = 1,---,n).

— Fort>1
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(i)  Evolving step: i~ fu(#_,,.) and g ~ hy(,.),
for (1 =1,<-n).

(i) Weight updating: w' =K} (y; — ;) x w',
for (4.2 1, =, n).

(iii) Estimation:

im W' KR (24 — 7))

Z?:l wi

Py (zey14) =

4.3. CONVERGENCE PROPERTIES OF THE CF FILTER

Several results of stochastic convergence and convergence rate are pro-
posed in the following for the CF filter. Proofs are given in Appendix
B.

Let us see first some results of punctual convergence.

THEOREM 4.1 (quadratic mean convergence).

If K* and KY are Parzen-Rosenblatt kernels, if py is positive and
continuous at y1.x and if py(z|y14) is bounded then,

lim hp, =0 ] g

i nhlatd — oo (= Jm Epf (ze|yi) - pe(welyia)]” = 0.

noco
The expectation is defined with respect to all the simulated variables
(Z}, §i.4)i=1,...n, conditional on the observed variables y;.;.

THEOREM 4.2 (a.s. convergence ).
If K* and KY are positive Parzen-Rosenblatt kernels, if py is positive
and continuous at y1,x and if pxy (T¢, y1.4) is continuous at (x4, y1.4) then

by oo By =10 i &

3 tq+d = lim t) = pe(zt|yne)  a.s.

yiiles v n]]'(.l,’n;n il Jim pg(24]y1:4) = pe(@e|yi:e)
Results of Lj-convergence are now provided which have no equivalent
for the usual (not regularized) particle filters since only the optimal
filter probability measure is estimated by these filters.

THEOREM 4.3 (a.s. Li-convergence ).

If K* and KY are positive Parzen-Rosenblatt kernels, if py is positive
and continuous at yi. and if x; — pxy (z¢, y1.¢) 1S continuous for almost
every xy, then

limn_poo hn = 0 g
Gl b ,};Hgo/ P} (2ly1:e) — pr(@e|ra)|dze =0 a.s.

limp, 00 logn
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Proof: Theorem 4.2 and Glick’s theorem (A.3) ensure this result.

Let us complete this L;-norm result by a convergence rate result. This
requires us to remind the notion of class s kernel (s positive integer).

DEFINITION 4.1 (Class s kernel).
Let s € IN and s > 1. A class s kernel is a Borel measurable function
K which satisfies

(i) K is symmetric, K(—z) = K(z), = € R%.

(i) [raK =1.

(#55)" " [ra 22 K(2)dz =0 for 8 2 2 and'l <'|la| < s—1.

(iv) [gre|z®||K(z)|dz < oo for |o| = s.
where @ € IN?, 2% = 2 ... .25 and |a| = a1 + ... + og with o; €
i S e,

Note that, a class s kernel, with s > 2, must necessarily take negative
values. Although in most theorems of this paper we consider positive
kernels, kernels taking negative values are allowed in nonparametric
estimation advanced works, (Devroye, 1987) for example.

Let © be an open set of IR%. Let WSP(Q) = {f € L,(Q)|D*f €
Ly(R), Ya : |a] < s} be a standard Sobolev space, where D*f =
Dt ... D4 f and D f is the a;th partial derivative of the function f
with respect to the i¢th variable.

THEOREM 4.4 (rate of Li-convergence).

Suppose that, K¥ € L1(IRY) and K* € L(RY"Y) are class s kernels
and that py € WS (IRY) and pxy € W5'(IR¥*%). Assume also that
for some e >0, K = K¥ K*?, f = py,pxy, 0 =1q,tq+ d, we have
[ lu)|fte K (u)2du < 0o and [(1 + ||ul|®*€)f(u)du < co. Then,

B[ [ " @y = plecdyio)lde] = O(h) + O(/y nhis ™).

The expectation is defined with respect to all the simulated random
variables (Z},7;) and the observation variables ;..

4.4. COMMENTS

The assumptions lim,_,o nhtt4 = oo and lim,_, by, = 0 used in the
first three theorems imply that the number n of generated particles
must grow with ¢ to ensure convergence. This restricting condition was
already required by the Monte Carlo filters built from the SIS algorithm.
The improvements then developed can still be considered here. The first
one is to limit the memory of the filter to T time steps backwards. It is
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easy to show that convergence results analogous to those just presented
are obtained under the more satisfying assumptions lim,,_,o, nhI9+¢ =
oo and limy, ;e hy, = 0. However, the optimal choice of T is difficult in
practice and such a limited memory approximation of the optimal filter
is only justified under mixing assumptions on the dynamical system
(Del Moral, 2004). Other approaches are possible, as the introduction
of a forgetting factor of the past. A more efficient one is the introduction
of a trajectory selection step in which only simulated trajectories (#.,)
sufficiently close to the observed one (y;.4) are kept, with a complete set
of theoretical convergence results (Rossi, 2004). In this paper we present
another improvement of the basic convolution filter using a resampling
step analogous to that of the SIS-R filters, with the effect of relieving
from a necessary particle number increase with time to improve the
optimal filter estimation.

5. The Resampled-Convolution Filter (R-CF)

A resampling step can take place very easily at the beginning of each
time step cycle of the basic CF algorithm, as follows.

5.1. R-CF ALGORITHM

- Fort=0
let pY be taken as the probability density of the initial state distri-
bution .
— Fort>1
(i) Resampling step: (Z}_y,...,30 ;) ~ PP ;.
(ii) Evolving step: # ~ fi(zi_1,.) and § ~ hy(E,.),

forie—1 " -n
(iii) Estimation step:

T KL - K @5
;'1:1 Kf!:n (yt ¥ g;)

Remark: even though the dependence of the z; density estimator pf' on

the past observed values y;.,—1 is not explicit in (5), the resampling step

makes it effective, as shown by the following convergent properties of
the filter.

P?(-’L'dyl:t) =
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5.2. CONVERGENCE PROPERTIES OF THE R-CF FILTER

All the convergence results proper to the CF filter are kept and even
improved since they are now free of any particle number increase with
time. We shall just show it through the study of the Li-convergence of
the filter.

THEOREM 5.1 (a.s. L;-convergence ).
If K* and KY are positive Parzen-Rosenblatt kernels, if hy, is decreasing
with n, of p(-|y1.4—1) 1s positive and continuous at y; and if there exist
M > 0 such that p(yi|z;) < M for all t and a €]0,1[ such that nh2? =
O(n®), then

lim,, nhgt? 00
—00 7 = ¢ n FNLE / =
{lime e = — iy [ i) -m(adldr =0 s
THEOREM 5.2 (rate of convergence).
Suppose that, K¥ € L1(IRY) and K* = K*KY € L;(IR9"%) are class s
kernels and that py = p(yi|y11-1) € W*'(IRY) and pxy = p(zt, Ye|y1:4-1) €
We1(IRI*Y). Assume also that for some ¢ > 0, for K = KY, K™,
f = py,pxy, 0 = ¢,q+ d, we have [ |lu]®**K(u)’dz < oo and
J(1+ ||ul|®+€) f(u)du < oo. Then

B[ [ 15" @lye) - pladuroldz = wlO(h3) +O(/V ng*),
with uy = 2¢ — 1.

The expectation is defined with respect to all the simulated random
variables (Z}, §;) and the observation variables y; ..

5.3. COMMENTS

As wanted, by comparison with the CF filter convergence conditions the
assumptions lim, . nh‘,’f’d /logn = oo and lim,_,, h, = 0 ensuring
convergence of the R-CF to the optimal filter, are more satisfactory
and the rate of convergence with respect to the particle number is less
time dependent.

6. Simulated case studies

The behaviour of the proposed CF and R-CF convolution filters are
now compared with that of their SIS and SIS-R counterparts, on a
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well-known bench-mark nonlinear dynamical system, for different state
and observation noise situations.

Let us consider the following system, considered by (Netto & al., 1978),
(Kitagawa, 1996; Kitagawa, 1998) and (Doucet, 1998; Doucet & al.,
2001) among others.

2y = x4+ %_—i%?‘«_—‘r + 8cos(1.2t) + v,
2
Yot = %(‘]' + wy,
where zo ~ N(0,5).

The competing filters are:

MCF : Monte Carlo Filter.

IPF : Interacted particle Filter.

IPF-R : Interacted particle Filter post-Regularised.
CF :  Convolution Filter.

R-CF : Resampled Convolution Filter.

In the three different situations:
Casel : v~ N(0,1) and w; ~ N(0,0.12).
Case2 : vy~ N(0,1) and w; ~ N(0,1).
Case3 : v~ N(0,10) and wy ~ N(0,1).

For each of the three noise cases and for a given number n of parti-
cles, the behaviours of the respective filters are compared through a
mean squared error criterion computed for each filter over N = 100
trajectories of length L = 500 time steps:

1o ol +8 .
MSE=E; ﬁglle,z—fﬂj,zﬁ :

in which z;; is the true value of the state variable for the 3t trajec-
tory at time ¢ and #;, is the estimate of E[z;¢|y;1,-- *,Yj,t) given by
% i=1 Zj, the mean of the n particles generated according to the filter
at time ¢.

A Gaussian kernel is used to build up the CF and R-CF filters and to
regularize the IPF filter (i.e., to compute the IPF-R). The kernel band-
width is taken as hy, = std(Z},...,2})/n'/5, as usually recommended.

Table 1 shows that in Case 1 (small observation noise) only the CF and
R-CF filters perform safely, whereas the MCF, IPF and IPF-R filters

all diverge whatever the number of particles used.
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Table I. Case 1: v, ~ N(0,1) and w, ~ N(0,0.1%)
Nb of particles | MCF  IPF IPF-R | CF  R-CF

N=20 1] 0 0 1] 17.39
N=50 [} 0 0 16.80 10.27
N=100 ] 0 0 14.70 9.26
N=200 ()] 0 1] 13.98 8.93
N=500 (] 0 1] 12.92 8.09
N=5000 0 0 0 13.26 7.58

For greater observation noise (Case 2 and 3) the performances of the
interacting particle filters and convolution filters are rather close to each
other, with a slight advantage for the R-CF filter.

Table II. Case 2: v; ~ N(0,1) and w; ~ N(0,1)
Nb of particles | MCF IPF IPF-R | CF  R-CF

N=20 27.57 3252 2590 || 24.53 24.33
N=50 2260 1963 15.84 || 19.55 15.70
N=100 19.73 13.54 11.67 || 16.26 12.43
N=200 17,884 FI1LTT 10910515108 ¢ 117439
N=500 16.19 10.94 10.70 || 14.76 10.89
N=1000 14.66 10.60 10.64 | 14.29 10.65
N=5000 12.55  10.56 10.54 13.90 10.46

Table III. Case 3: v; ~ N(0,10) and w ~ N(0,1)
Nb of particles | MCF IPF IPF-R | CF  R-CF

N=20 60.76 53.95  50.21 46.69 38.55
N=50 53.14 33.60 31.08 | 41.31 27.99
N=100 47.31 2596  25.55 || 36.50 24.75
N=200 46.30 2416 23.70 || 37.76 23.89
N=500 4423 2296 22.59 || 34.60 23.07
N=1000 4162 22.200 2226 | 9627 22381
N=5000 3746 21.71 21.69 || 36.72 21.68
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7. Conclusion

The convolution kernel estimation theory offers a set of probability
density estimation tools which are very efficient when large samples
of observations distributed according to the distribution to be esti-
mated are available. Following these lines the simulation of the state
and observation variables of a dynamical system from a given initial
state distribution, through the system noise simulation, allows to build
up several types of convergent estimate of the optimal filter of the
system, given an observed trajectory. This new convolution-based filter-
ing approach can take place within the particle filter family. However
besides the estimator construction itself, it differs from these filters
by several important traits such as the required assumptions (no use
of the observation likelihood), the structure of the noises (additive or
not), the intrinsic regularization of the distribution estimate (a density),
the estimation stability (enhanced robustness to small noise) and even
no restriction about system without observation noise. Moreover, one
can notice the rather simple form taken by the convolution filter algo-
rithms proposed, in particular that of the R-CF filter which achieved
the best performances in all our case studies. The analytical study of the
convergent properties of these new filters, quite different from that of
the usual particle filters, takes advantage of general results from kernel
estimation theory. Finally, no attention was paid in this paper to issues
of more practical than theoretical importance as the choice of the type of
convolution kernel to use and that of the kernel bandwidth parameter.
A deeper recourse to nonparametric density estimation theory could
help in improving these choices.

Appendix
A. Elements of kernel estimation theory

DEFINITION A.1. A kernel K is a bounded function from R — IR,
such that [ Kd\ = 1, where X is the Lebesque measure.

Example: the simple Gaussian kernel K(z) = (_I_)dexp ( o _I | m_Hz)
i V2w i
DEFINITION A.2. A Parzen-Rosenblatt kernel is a kernel such that

lim ||z||K(z) = 0.

||lz|| =00
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DEFINITION A.3. Let Xq,---, Xy be i.i.d. random variables with com-
mon density f. The kernel estimator of f, fn, associated with the kernel
K is given by

@) = =5 SO K = (Kh, # pn)(2), @ € T,

Where h, > 0 is the bandwidth parameter and pn, = Y7, 8x, is the
empirical measure associated to Xy, -+, Xy.

We often use the practical notation Kp, (z) = s K(;Z), = € RY.

n

LEMMA A.1 ( Bochner). Let K be a Parzen-Rosenblatt kernel and g €
LY(IRY), then for all z where g is continuous

lim (g * Kp)(z) = g(z).
h—0
Proof: see (Bosq & Lecoutre, 1987).

THEOREM A.1. For any f € Lo, if fn is associated with a Parzen-
Rosenblatt kernel, we have

hn =0, nh 500 = E[fu(z) - f(z)]>2 = 0.

Proof: the theorem was proved by (Parzen, 1962) for d = 1 and by
(Cacoullos, 1966) for d > 1 .

THEOREM A.2. If f, is associated with a positive Parzen-Rosenblatt
kernel, we have

d
n

" logn

nh

hn, =0 —+ 00 | =% falx) > f(z) a.s.

whenever f is continuous at .
Proof: see for example (Rao, 1983).

THEOREM A.3 (Glick). If{fn} is a sequence of density estimates con-
verging almost everywhere to a density in probability (or almost surely),
then [ |fn — f| = 0 in probability (or almost surely).

Proof: the theorem was proved by (Glick, 1974), a proof is also given
in (Devroye, 1987).
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THEOREM A 4 (rate of convergence). Suppose that K € Li(IR?) is a
kernel of class s > 1 and let f € W*! be a probability density over IR®.
Assume further that for some € > 0 we have [ ||z||%**K(z)%dz < oo
and [(1 + ||z||t€) f(z)dz < co. Then,

([ 1£a ~ £1] = O(h%) + O(1/y/nhd).

Proof: the theorem was proved by (Holmstrém & Klemeld, 1992).

B. Proofs

B.1. PROOF OF THEOREM 4.1 (QUADRATIC MEAN CONVERGENCE
OF THE CF FILTER)

The expectations are defined with respect to all the simulated (&, ),
conditional on the observed ..

"(zt|y1:) — p(Ze|yre) = IEL[S:ft‘Izi—t)](]E[PY(yl t)] — oy (u1. t))
Py (@, y1e) o
+—_IE[p’1}(y1:t)] p(zt|y1:t)
" (z4]y1:t) & %
= %&%(E[p}’(yl:tn —py(yl:t))
+p1}(Y($tay1:t) ) pXY("Bh yl:t)
E[p% (y1:)]

pXY(xtayl:t) » pXY(mtsylzt)
+( E[p} (y1:4)] Py (Y1:t) )

According to Lemma A.1 one has
Jim hn =0, lim nhlf = o0 = lim Blp} (1)) = py (1),

which implies

Pxy (T, y1e)  Pxy (Te, Yue)\ _
”i"”( IE[p} (y1:¢)] py (y1:t) ) 9y

In addition, Theorem A.1 ensures that

Jim hn =0, lim nhf*® — 0o = Elpky (21, y1:4) —pxy (a1, y14)]* = 0,
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which implies

o E[ny(mt, y1:t) — pxy (¢, Y1:t)

2
.. e b R

It only remains to study the behaviour of

P (ad o 2 )’
m[ﬁﬁj 5} (y1.0)] — 7§ (1))

By construction

Y Kz “mig)KE(yl:t — i)
Z?:l Kfy;(ylit_ ) gi:t)
Y WiK§ (2 — 1Y),

P"(T-dyl:t) =

where g
Ky e h‘i. o
Wi h(ygl't y1.t~)i i T
b Il Kh.(ylzt = Ui.)

and by applying Jensen inequality

n
P (zely12)? < Y WiKFE (2 — £)°.
=1

Then

E [p" lysa) (Blp}] — 28 liker 58]

< Y Wi(Bip¥] - £b) B[ Kim 215k

i=1

n 9 b = 1
= Y Wi(BlY- ) [ Ko - 5)p(EHli04%
i=1

1.2 e i
7 h—dei (]E[PW —'Py) fo(u)Qp(mt — uh|ii )du
L |
E ﬁ(IE[p" /Kz )2du,

where M = supy, .., p(ze|y1:t).-
In addition,
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E[ER] -rp] = V][]

VK] (y1: — f1:¢)] 4

%[E[K}:(}ll:t — §1:4)%] — E[K} (y1:4 — $12)]%]
= Am (KD« py) - LE[R)P,

n

and according to Bochner’s lemma (A.1) applied to py with the kernel

(K7)*/ [ ((KT)?),
Jim ((KJ)?  pv) 1) = py (1) [ (K7(0)*do,
Then

BBl (1)) - 5 (1)) = pv(ane) [ (KI@) v,

Finally

t pﬂ () T z
| Gy (EIPY] — 2]
_ MnhB[B(pp (1)) - 3 0n)] S K (w)*du
< Ep} ]
o M [ K*(u)?du [ K¥(v)%dv
pY(yl:t)

b

ensuring that

’ n D
,}Ln,}o]E[pt (zely1:t) — p(@ey14)]° = 0.

B.2. PROOF OF THEOREM 4.2 (A.S. CONVERGENCE OF THE CF
FILTER)

By construction
" P (¢, y1:4)
" (z yl:t) L s e e
| (1)
Theorem A.2 ensures that

p"(zt, y1:t) = (T4, y1:4)  a.5.
pn(ylzt) = p(y14) a.s.
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As p(y1.) is assumed positive, the result is proved.

B.3. PROOF OF THEOREM 4.4 (L;-CONVERGENCE RATE OF THE
CF FILTER)

Unless specified the expectations are defined with respect to all the
simulated (Z},7}) and observed y;.; variables.
Let By = {y1¢ : py(y1:t) > 0}, we have

[|P $t|y1t)"P($t|ylt)|d$t] Bz 50,8, [lp (Zelyr:e)— $t|y1:t)|d$t]-

We shall then suppose yi.: € By in the following equations:

Py (2t) o pxy(zt)
P’]‘((yt:t) Py (Ye:t)

P (ze|y1e) — p(zelyre) =

Pxy _ Pxy
Py Py

PxyPy — PXYDy
Py PY

Pkypy — Py PY + Py Py — PxYDY
Py PY

%y (py — pY) + 0¥ (p%y — Pxy)
Py pY

i 1 U 7L T
g [PXY ~pxy +(py pY)pX|y]:
then
1

py (Y1:t)
+py (y1:2) — P (010) Py (el

A

Ip" (zt|y1:) — p(ze|y1)| < [IP}Y(Et;yl't) — pxy (T, Y1:t)|

/|P"(-’£t|ylzt) — p(@t|y1.e)|dze

INA

5;"‘"“‘“[/- 1%y (Tt, y1:t) — Pxy (%t, Y1:¢) |dzy
+lpy (y1:¢) “Py(yl-.t)lfpx|y($t|y1-.t d$t]

= e /IPXY (zt, y1:t) — Pxy (24, Y1:) |
PY y1

+|py (y1:4) — pY(yl:t)l]'
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Now

Ey,., [|P (ze|y1:e) — plze|yr: t)ldﬂﬂt] = If 12" (zt|y1:t) = p(@t|yi:e)|[dzepy (yr:e)dyrae

IA

If 1Py (zt, y1:4) — Pxy (%4, Y1) |dzedyiy
Ipy (1:t) — PV (y1:6) | Ayt

So

By, (lp%)y = pxiylled < lIP%y — pxvllz: + 6% = pylles,

then

Elllpky —pxyllza] < Elllpky - pxylla] + E[lpY - pylli]-
I

Finally, according to Theorem A.4

E[llp%y — pxvllza] = O(h3) + O(1/y/nhif ™) + O(hS) + O(1/y/nhif)
= O(h3) + O(1/y/nhiatd),

B.4. PROOF OF THEOREM 5.1

For ¢ =1 the result is true according to Theorem 4.3. Let us assume it
is true until time ¢ and let us show it is still true at time ¢ + 1.
The three following lemmas will be useful to ensure this result.

LEMMA B.1. Let u(z) and v(z) be two probability densities on IR? and
f =min(u,v). Let U and V be respectively the subsets of IR® on which

min(u,v) = u and min(u,v) =v. Let I=UNV. Thenj{m is

a probability density.

Proof of the lemma

Jf=Jyuvtfyv—Jru

1= fpeut fgv—Jru

1-[fypu—frul+ fyv-[iu
1-fyu+ fyv

1= fy(u=-2)

1—1[|lu—v| according to Scheffe’s lemma.
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Now let it
An = 5lIpE (zelyre) = pa(ey, [y - (6)
By assumption

ImeaA =8 g 5

n—o0
Let 8P = (&, ..., 30) be sampled from pj'. We shall show that there
exists a subsample of S, Zi',...,ZM" and a new sample a:t sy,

which together can be considered as sampled from p;. Such a devxce was
used by (Devroye, 1987) to study the robustness of kernel estimates.
Let us define the three following functions:

fa = min(p}’ ,pt)
i =

o Pl mln(P; p:)
Gni= s

B = Pt—mmC‘!’; ;Pt
n — e .
Let us note that by Lemma B.1, f,,9, and h, are density functions
and that

p? = An'gn"i’(l—An)'fm
Pt An‘hn+(1_ﬂn)'fn-

This shows that each Z! sampled according to pf' is sampled from g,
with probability A,. Let Zi,...,Z, be random variables such that
Z: = 1 if 3} ~ gn and'Z; = O°HF :I:t ~ fn. The Z; are thus Bernoulli
va.na.bles with parameter A,. N, = ) Z; is then a binomial variable:
~ B(n,Ap).

Mn = n — N, is the random number of Et sampled from f,. Let
) S ,th" be this subsample, 1 < i3 < ... < ip, < n. Let Iy =
fh, o iar, ) aad Ty ="{1,... B} < Ip:

Consider now the new following random sample:

3 z ifiely ’
!‘ — t . — 9 7
e {d:; with £} ~ hy, ifi € Iy S T i,
#},..., %} can then be considered as a virtual random sample from the

unknown p; which holds M,, elements in common with the previous
sample S* drawn from p}.
By applying system (1) to the actual Z},...,Z} and then to the virtual

@i for i € Iy, one gets (Tiiq1,Yir1)s-- (:ct_H,yH_l) and (#,1,91,,) for
{ e Iy. Thus one gets new actual and virtual samples, (Z{ 1, Yts1)s--
oy (Zf41, Yiy1) and (53%+1aﬂg+1)s ooy (ZP41, Uy ) respectively, with Mn

common pairs.
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With the first sample, let us build the R-CF estimate of the optimal
filter:

Ty K (@1 — 26 KY (1 — yiya)
P (@e1lyne) = == : o 4148)
vy p 2t Kg(ytH = y§+1)

With the second sample, we can consider the virtual kernel estimate of
the optimal filter:

Y Kf (e — 2,0 Kp (Y1 — Ti41)
D1 (Te1]y1) = == 3 s )
o | Y K} (yee1 — 941)

built from particles #},, themselves born from particles #; sampled
from the true unknown p;(z:|yi1.¢). This virtual estimate can then be
considered as a simple convolution filter for one time step ahead.

Now we can write

Pt (Te41|y1:e) — pegr(zeralye)lln, < pfa (Teayi:e) — BRva (Teralyne)l 2,
+HD5 1 (Ze411y1:t) = P41 (Tes1y1:e) |, -

And according to Theorem 4.3 for CF filters, we have

d+q
: nhy s
{ limy, 00 logn —

1) i o
: = lim Tet1|Y1:t) —Pe+1(Zes1|v1:) ||z =0 aus.
Il S Jim ([ (@1 ]y1:6) =Pea (Ter1 [y1) |

It thus remains to study the behaviour of

||P?+1($t+1|y1:t)—15?+1($z+1|y1:t)||L1 =/|P?+1($t+1lyl:t)”ﬁ?ﬂ(xtﬂ|y1:t)|d$t+1-

Let
Dyp(z41) = P?+1($t+1|y1:t) % ﬁ?+1($z+1]y1:t),

then by definition one has
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3 i Kff,, (41 — wi+1)K§,, (Y1 — yf+1)
2 g Kgn (Yt+1 — y§+1)

Dn(wt-}-l) =

X KR (o1 = B0 KR (e — Gi4a)
)::'1:1 Kﬁfﬂ (Y41 — ﬂ%-m)

> > ie1 Kf,, (@egy = mé+1)KfIi,,(?Jt+1 B y§+1)
E?:l Kzn(yt-i-l 33 y§+1)

“Z?=1 Ky (T4 — m%ﬂ)Kgn(yHl iz yé+1)
Y1 KY (e = Bi41)

2 Kl:f,,(xﬁl = $§+1)Kg,, B~ yi+1)
Yo Kg,. (Yt+1 — §§+1)

-

T K (@ = B0 KG (e — BE)
E?:l Kg,, (Y1 — ﬁ%ﬂ)

This implies

n
| Dn(ze41)| < ZKrfn(th = $§+1)K;'{n(yt+1 — Yi41)
i=1

1 i
X - - —
‘E?:l K} (yer1 —4i1) Xha Kb (ve41 = §41) |
1
Eg 1Kh (Ye+1 — yt+1

1 Z R (zdmab, DKL, (1 — vhen)

n
W Z K’fn ($t+1 2 53;+1)Kgn (yt-l-l il g:_{,_l) |.
1=1

As (B ,1,%1) = (28, 1,4i,,) for i € In, ome gets:
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(Bishoes] < it Ki (o1 — 240 KY (Yee1 — Uit
n x5 2R ~f ]
Tic1 Kb (i1 — G) T K7 (ver1 — vi41)

x| > Kb (e — Y1) — > K (g1 - !7§+1)|
i€ly i€ly

+

i I : :
K 8 2 : Ky, (@41 — z040) Kh (Ye41 — Yig1)
1 Zn(ym ygﬂ) e n t+1) 8y 4

- Y KF (@1 — By KY (yer1 — ﬂ§+1)|-
i€l
By assumption, the kernel Kj; is a density, then
{Eiem K} (ye41 — Y1) — Tiery Kb (141 - gf+1)’
2 6] Kg,,(ytﬂ it 37§+1)

[ |Dn(e41)|dzesy <

Ticty Kb (41 — Y1) + Tiery K} (Y1 — Ji+1)

+ X
Lot Kﬁn(yz+1 = Gt41)

Finally we get

2iely Kﬁ,, (Ye+1 — ¥i1) + Juicly Kg,, (Ye+1 — Tir)
Diy Kﬂ,,(ywl i §§+1)

len(mtﬂ)idiEtH KD

2N, 7 Tiety Kb, (W1 — Biy1) + 7= Tiery KL (141 — vis1)

1 sn Y =
n e B 1 = 1)

Veg1—7 Vi1
) s e R S e
2N,y Na Liely hT, e doia e

n Nn
nhi, 2 T K (e — 940

n

According to Theorem A.2, it holds

e %
7 Z K}fn (Yt+1 = Tig1) = P(Ye1ly1e)  a.s.
i=1

and p(yi+1|y1:t) is positive by assumption.
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! K”(HH'] 1'” ) KV{le yt 1)

Let us show that g3 ey —q—ﬂ— and - ZzEIN —hq_nL—
are a.s. asymptotically bounded.
Let us consider the first term and to alleviate notations let

Ky(y“""l_g:il )
Xt-————hqh" , forielyn.

Let M, = IE[X;|F] and Z; = X; — M, with F; the set of all generated
variables through the instant ¢. The variables Z1, ..., Z, are identically

and independently distributed conditional on F;.
We have

Ny (Ny, — 1)

Nn
B((Y_ Z)) = NaEIZ{] + ==

i=1
because IE[Z,’ZjZng] = E[E[Zi]ﬂ]E[ZjZkZ;l}-t]] = 0 for all (j,k,l)
among {1,...,n} — i. According to Markov-Tchebychev inequality we
deduce

E(Z{]*

El 5 i ZilY)
!
E[Z{] | E[Z]?
= N3t ' 2N2e4°
Let us study the terms IE[Z?] et IE[Z{]:

IN

il
P(l“’ﬁ“"ZZil > ¢)
" o=1

(10)

E(Z}] = E[E[Z}|F]]
= E[E[X?|F)] - E[X;| 5]
< E[E[X?|F]).

However

Ky(yH'l _g;-_tl 2

E[X{|F] = f hz’;" P(Ge+1|y1:6) A1
Nn

he KY(u)? _
= /nz—q()p(yt+l — huly1.)du
hNn

IA

IA
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with M; = M [ K? and p(y|z:) < M, M exists by assumption. The
inequality p(#e+1]y1.4) < M rises from the joint-density p(%¢41, Jer1|y1:4)
and from the link between #;4 and ;1 which is in accordance with the
model. Indeed, §;+, is obtained by applying the equation of observation

of the system to Z;41. Thus we can write

P(Tr+1ly1:) = /ﬁ(it+1,§t+1|ylzt)dia+1

= fp(§t+1|5t+1)15(~’ft+1|yl;t)dit+1
[Mﬁ(ﬁt+1|y1::)d5t+1
M.

IA IA

Finally we get

Let us study now IE[Z{]:

(11)

E[z{] = E[E[Z{|F)]]
= E[E[X{|7] - 4E[X}|FJE[X|F] - 4E[X;| F]ELX;|7)*
+OE[X?| B | A + E[X|F]]
< E[E[X{|7] + 6E[X?|RIE[X|F] + BX:|F]].
However M
EX}| 7] < 7
Nn
Mhd
E[X\|] < 2 < M
and

Ky(y:+1—§':i1 4

E[X{|F] = / " p (i1 |y1:0)dTes1
hy.
hi KY(u)? _
= /_n_]q(—)p(yHl_hulyl:t)du
hNﬂ
KY(u)?
< [ Z5md
hy,
il
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with My = M [ K*. We get
M. M
E[Z]] £ = + 65— M? + M*. (12)
A, B
The application of (11) and (12) to (10) leads to
M* M, 6.M, M? M?
S34'*'33‘24 3pd 4 2120 _4°
Npe' ' N3hy et Nphy e®  2N2hyl e

b
P(|l— Zil > €
(5, %1 >e)

By assumption, there exists e > 0 such that N hi‘,’ = O(N?), then the
. 4 2 M2

series of general term 1@-{54 I¥ NE"M?:?J“ h ﬁﬁ%ﬂfﬁ i1 2N3hifqn£4

According to Borel Cantelli lemma, we deduce 1-\,1: Zf\;“l Z; converge a.s.

to zero as N, tends to infinity. Let

converges.

1 KY( yt-i-l};‘.&h; ) KY( yt+1h—ﬁ§i1 )
lim  — B - :: =0 a.s.
Naroo N, ig;; By, X e
as e
y(yt+l—y;::t1 ) th
0< IE[——#W] e

Ky(y“’l-y_:il )
where h, < hy,. Hence Ni T —hq—’m-——- is a.s. asymptotically
n Nn
bounded. .
Ky(vt'l'l _yiil )
The application of the same reasoning to "N!',I R el i Jeads

A,
to the same result.
Thus for large N, we have
Mh% | Mkl
I Tt

| Dn (zt41)|dZe41 < =
f i nhi o Yt K (Yer1 — Gi4q)

4N, M
n LY, KY (v — i)

And finally for large n and N,

Nn
/|Dn($t+1)|d$t+1 1“0(—,’1") a.s.

However &z is the empirical estimate of A, € [0, 1]. By Hoeffding’s
inequality (Hoeffding, 1963), for any A,,,

P2 — Al 2 ) < 2exp{-2ne?). (13)
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As Limy, .o Ap = 0 6.5, (13) implies that livge 85 ﬁnﬂ = 0o .s... Fhis
completes the proof of the theorem.
0

B.5. PrROOF OF THEOREM 5.2

To alleviate notations let us denote transitorily

py = p(Uelyie-1), Pxy = p(t, Yely1:-1), Px)y = p(@e|yr1:e)-

Py = p"(Wlvie-1), Pxy = P (@nwelyie1), Py = PM(@ly1a),
estimated from couples (x},4!) born from particles Z}_, generated from
P (@t-1|Y1:-1)- :

% = P(yt|y1:t—1), the virtual estimate of py from particles Z;_; sampled
from p(z¢—1|y1.4—1) the true optimal filter distribution, as given by (7).
Py = P"(%4,ytly14-1), the virtual estimate of pxy from the same
particles Zj.

Then by definition

Py  PXY
Xy —P el i
AR Yy Y
_ PxyPy — pxvypy
Py PY
_ DxyPy — PxyPy + PRy PY — PXYDY
Py PY
_ Pxy(py —p¥) + ¥ (Pky — Pxv)
Py PY
5 L[ L ekl il 7
= Py — pxy + (py PY)PX|Y .
by
Py - pxivl < = [Ip%y - pxvl + Ipy — s} Ipy]
Xy T HEEY = proy Pxy — Pxy|+ [Py — PyIPx|v|-
We deduce

Py — pxjyl oy < [PXy — pxvy|+Ipy — P¥| Py
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which implies

/IP}W — pxjy| pydXdY < flp')‘(y—pxﬂdXdY
% f lpy — Py | PxpydXdY

or

By, %)y —Pxjylic] < llpky — pxvllc + 1Y — pylio

and

Ellp%y — pxjyliz] < Ellpky — pxyllzi] + E[llpy — pyllza).

Now

E(llp%y — pxylzi] < Ellpky — %y llz1] + Elllp%y — pxv|lz1]

and

E(lpY — pylia] < Elllpy — 5% llo1] + E[IFY — py ).

As the virtual Z} are generated according to the optimal filter py|y, by
Theorem A.4 it holds

E[||f%y — pxvlizi] = O(h%) + O(1/y/ nhit?)
and also
E[I5% — pyllz] = O(hS) + O(1/y/nhi).

Now, let us turn to the term IE[||p%y — P'%y|lz1] and consider again the
quantity A, (6) previously introduced:

1
Bn = 3 l1PFr (@e-1lyre-1) = Pt (@e-1, lpaa-1) 1.

Let us notice that p%, and p, are built from M, = n — N, com-
mon couples (zf,y;) born from M, common particles z}_,, with N, ~
B(n,Ap). Then

L. 1 , :

9%y — Pl = - [ 1 5 KR, (@1 - oK, (v — i)
i€ly : :

~ K7, (o0 — K}, (1 - §0)ldzudy

< 2N,
— n b

As E[f2|A,] = A, it holds

E(llpky — Fxy)llz,] < 2E[Aq]
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and by the same arguments

Ellpy — ¥l < 2E[A,].
Finally

E(lp%y — pyvl] < 4E[Aq] +O(h) + O(1/y/nhE™)

namely

B |llp" (@lyra) — p(@ilyro)lle,] < 2B (e lyrect) = peoa(@en, lyre-1) o

+O(hs) + O(1/y/nhi*).

Furthermore for ¢ = 1, according to Theorem A 4, it holds

E[llp" (21]31) - p(@1]y1) 12, < O(hY) + O(1/y/ nh&)

which by ascending recursion leads to

E[[lp" (@ely1) - pladlyrln] < @ - 1)(0(k) +0(1/Vn hq+“‘)
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