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HELSON SETS, SPECTRAL SYNTHESIS AND
APPLICATIONS TO OPERATORS.

BRAHIM BOUYA AND MOHAMED ZARRABI

ABSTRACT. In this paper we highlight the role played by Helson sets
and/or sets of spectral synthesis in some recent results in operator the-
ory. We consider in particular the results on the cyclicity in LP spaces,
the Katznelson-Tzafriri type theorems and polynomially bounded oper-
ators.

1. INTRODUCTION

In this survey we discuss some recent results in operator theory involving
Helson sets and/or sets of spectral synthesis. Let G be a locally compact
abelian group and I' its dual group. A closed subset FE of I' is called a
Helson set if every continuous function on E vanishing at infinity is the
restriction to E of the Fourier transform of a function in L'(G); E is said to
be of spectral synthesis if every function in L'(G) whose Fourier transform
vanishes on E, can be approximated in norm by functions in L!(G) whose
Fourier transforms vanish in a neighborhood of E.

Helson proved in [11] that a Helson set in the unit circle T does not support
any non-zero measure with Fourier coefficients tending to 0. A closed subset
FE of T is called a set of multiplicity if £ supports a non-zero distribution
with Fourier coefficients tending to zero. It was shown by Piatetski-Shapiro
that there exists a multiplicity set in T which does not support any non-zero
measure with Fourier coefficients tending to 0. This result was extended by
Korner who proved that there exists a Helson set which is also a multiplicity
set ([21]). Notice that such a set is not a set of spectral synthesis. The proof
of Kérner is quite difficult and Kaufman presents a shorter one in [20].
Finally Lev and Olevskii obtain the following stronger result: for any real
q > 2, there exists a Helson set which supports a non-zero distribution S
such that the sequence of Fourier coefficients (5(n))nez is in €4(Z). This
result allows them to refute the conjecture of Wiener about bicyclicity for
translation of a function in LP(G) spaces. For G = Z and G = R, Wiener
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2 B. BOUYA AND M. ZARRABI

has characterized the functions which are bicyclic for translation in L'(G)
and in L?(G). This characterization is actually given in terms of the zero
set of the Fourier transform of the function in question(see [37]). However,
Lev and Olevskii proved that this is not possible in LP(G) for G = Z or R
and 1 < p < 2 (see [24] and [23]).

We now turn to the quantitative version of Katznelson-Tzafriri type the-
orems. Let S be a suitable subsemigroup of G and let T be a representation
of G by contractions on a Banach space X. For f € L}(S), we set

AT : 2 — /S F(OT )z dma(t), © € X,

where m¢ is the Haar measure on GG. The unitary spectrum of 71" with
respect to S is defined by

Spu(T,8) = {x € T; [F()| < |IF(T)] for all f in L'(S)}.

We consider the following order on S: s X t & t—s € S. It was
proved that if f € L'(S) satisfies spectral synthesis for Sp,(7T,S), then
lim; o0 ||T(t)f(T)H = 0. This result was first proved by Katznelson and
Tzafriri ([19]) in the case S = Z4 and then extended to S = Ry in [9] and
finally to the general case in [3] and [31]. Further results can be found in
[6], [8] and [22].

It is shown in [41] that if X is a Hilbert space and if S = Z% or S = Ry
then

~

Jin () F(T)]| = sup {|F(V)], A € Sp, (T, 9)} (1.1)

This equality does not extend to representations by contractions defined on
arbitrary Banach space. The second author obtained in [41] that if E is a
closed subset of I', then the following are equivalent:

(i) Equality (1.1) holds for every representation T' of S by contractions
such that Sp,(7,95) = E.

(ii) E is of spectral synthesis and is a Helson set with «(F) = 1, where
a(F) is the Helson constant of E.

On the other hand, it follows from Corollary 4.3 of [35] that if 7" is a
representation of S by contractions on a Hilbert space and if Sp, (7, S) is
contained in a Helson set E' with a(E) = 1, then equality (1.1) holds for T
(see Theorem 4.1).

Similar results are obtained in [40] about polynomially bounded opera-
tors. Thanks to the von Neumann inequality, a contraction on a Hilbert
space is polynomially bounded. The situation is actually quite different for
contractions on Banach spaces. It is shown in [40] that if F is a closed subset
of T then the following are equivalent:
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(i) Every contraction on a Banach space whose spectrum is contained
in E is polynomially bounded.
(ii) F is a Helson set and of spectral synthesis.
In section 5, we extend this result to all representations of S by contrac-
tions on Banach spaces (see Theorem 5.1).

2. DEFINITIONS AND CLASSICAL RESULTS

Let G be a locally compact abelian group equipped with the Haar measure
mg and let T' be its dual group. For f € L'(G) and x € T, we set

oo = /G FOX B dmal(t).

If I is a closed ideal of L'(G), we set

~

h(I)={xeTl: f(x)=0, forall fel}.
Let E be a closed subset of I'. We set
I(E)={feLYG), f=0on E}

and
J(E) = clos {f € L'(G), f =0 on a neighborhood of E}.

Clearly I(E) and J(E) are closed ideals of L'(G), J(E) C I(E) and we
have h(I(E)) = h(J(E)) = E (see [32], p. 161). The set E is said to be
of spectral synthesis if J(E) = I(E). Notice that E is of spectral synthesis
if there exists a unique closed ideal I such that h(I) = E. A function
f € LYG) (or ) is said to satisfy spectral synthesis for E if f € J(E). Here
are some examples of sets of spectral synthesis :

(1) The compact countable sets ( [18], Corollary, p. 240).

(2) The Cantor set in R or the unit circle T = {z € C; |z| = 1} ([13]).

(3) The sphere St in R? ([15]).

(4) All closed sets if T" is discrete ([4], p. 71).

Notice also that a function f on the unit circle T satisfy the spectral
synthesis for Z(f) = {z € T; f(2) = 0} whenever it satifies the following
condition : for every z,2/ € T, |f(2) — f(2')| < Cylz — #/|V/?*¢ for some
constant C'y and € > 0 ([17], Corollaire I, p. 123).

On the other hand it was shown by L. Schwartz that for n > 3 the sphere
S™=1 € R™ is not of spectral synthesis ([36]). Later P. Malliavin proved that
any non discrete I' contains a subset which is not of spectral synthesis (see
[25],[26],]27] and [10], pp. 70-71).

Let A(T') denote the Banach algebra of functions/f, f € LYG) endowed
with the norm || f[lary = [Ifll1(q)- Let A(E) = {fig, f € L'(G)} be the
Banach space equipped with the quotient norm of L(G)/I(E). A closed
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subset E of T" is called a Helson set if the canonical injection i : A(FE) —
Co(E) is onto, where Cy(F) is the space of continuous functions vanishing
at infinity, equipped with the supremum norm. This is equivalent to the
invertibility of i and in this case the norm of i~ is called the Helson constant
of E and is denoted by a(F). By duality E is a Helson set if and only if there
exists a positive constant C' such that for every p € M(E), ||p] < C|liloos
where M (E) is the set of Borel measures on I' supported by E, ||p| is
the total variation of p and ||fi||cc = sup,cq |fi(x)|. The smallest constant
satisfying the last condition is equal to the Helson constant a(FE).

The problem of whether a Helson set is of spectral synthesis was solved
by Korner in [21] (see also [20]). More precisely, he proved that there exists
a muliplicity set E' which is a Helson set with «(E) = 1 and this set is not
of spectral synthesis. For further discussion on sets from harmonic analysis,
see the books [4], [10], [12], [16], [17], [32].

We now give some examples of Helson sets which are of spectral synthesis.
Let F be a closed subset of I'; F is called independent if for every x1,..., Xk
in E and every set of integers {nq,...,ng},

n NE

XitxXP =Ll = =X =

A compact subset E of I' is called a Kronecker set if the following property
holds: for every continuous function h on E with |h| = 1 and for every ¢ > 0
there exists ¢ € G such that sup,cp|h(x) — x(t)] < e. Every Kronecker
set E is of spectral synthesis and is a Helson set with a(F) = 1 (see [33],
[39] and [32], Theorem 5.5.2, p. 113). Notice that every Kronecker set is
independent. If E is a finite independent set and if every element of E is of
infinite order, then F is a Kronecker set (see [32], p. 98).

Finally we note that any countable, compact, independent set is a Helson
set and of spectral synthesis (see [32], Theorem 5.6.7, p. 117 and p.161).

3. ON CYCLICITY IN LP SPACES.

Let G be a locally compact abelian group, I' its dual group and p > 1. For
a function f on G and y € G, we set 7, f(x) = f(z —y), x € G. A subspace
V of LP(G) is called invariant by translation if for every f € V and y € G,
T,f € V. A function f € LP(G) is called bicyclic in LP(G) if the subspace
span{t, f, y € G} is dense in LP(G). The Wiener theorem characterize the
bicyclic function for translation in L!(G) and L*(G) ([37]).

Theorem 3.1. ([Wiener/)

(1) A function f is bicyclic in L'(G) if and only if for every x € T,
fx) #0. R

(2) A function f is bicyclic in L*(G) if and only if f(x) # 0 for almost
all x € I
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The space L'(G) is a Banach algebra for the convolution product and
I' can be identified with the space of maximal ideals by using the map
x = I, = {f € L}G), F(x) = 0}. Moreover the closed translation invariant
subspaces of L'(G) are just the closed ideals of L'(G) (see [32], Theorem
7.1.2, p. 158). For f € L'(G) the closure of span{r, f, y € G} is invariant by
translation and therefore is a closed ideal. It follows that span{r,f, v € G}
is dense in L'(G) if and only if it is not contained in any maximal ideal,
that is f(X) # 0 for every x € I'. This proves part (1) of Theorem 3.1. Part
(2) of Theorem 3.1 follows from the more general Wiener theorem on closed
translation invariant subspaces:

A closed subspace V' of L*(G) is invariant by translation if and only if
there exists a measurable subset E of I' such that

~

V ={f € L*(G), f(x) =0 for almost all y € E}.

This result and Theorem 3.1 were proved by Wiener in the case G = Z
and G = R ([37]). For any group G, the proof of part (2) of Theorem 3.1 is
given in ([12], Theorem (31.39)).

It follows from Theorem 3.1 that the bicyclicity of a function f in L}(G)
for p = 1 and p = 2, is characterized in term the zero set of fA‘, that is
Zf ={x el ]? = 0}. Wiener conjectured that for 1 < p < 2, a simi-
lar characterization holds. In [24], N. Lev and A. Olevskii disproved this
conjecture (see also [23]).

Theorem 3.2. ([Lev-Olevskii]) Let G = Z or G =R. If 1 < p < 2, then
there exist two functions f and g in L*(G) N LP(G) such that 25 =15, [ s
cyclic in LP(G) while g is not.

The proof of this theorem is deduced from the following result.

Theorem 3.3. ([Lev-Olevskii]) Let ¢ > 2. Then there exists a Helson set
E C T which supports a non-zero distribution S such that the sequence of

~

the Fourier coefficients (S(n))nez is in £4(Z).

We now make some observations on how Theorem 3.3 implies Theorem
3.2 (see [24] and [23]). Let ¢ > 2 and let p be its conjugate number, that
is % + % = 1. Let F be a closed subset of T which support a non-zero
distribution S such that § = (§(n))nez € (4(Z). We take an infinitely

differentiable function h on the circle which vanishes exactly on E. We set

f= (E(n))nez. Then f € ¢X(Z), Z7=FE and, for every k € Z,

(SI(f(n — k))nez)ea o := > S(=n)f(n — k) = (S|e*On()) prem) pem).

neL
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where (.|.) x/, x denote the duality between a topological space X and its dual
X', Since e*()p(.) is a smooth function, it satisfies the spectral synthesis
for E ([17], Corollaire I, p. 123). Therefore (S|eik(')h(.))pz(rﬂ~)p(m =0. It
follows that, for every k, (§](f(n — k))nez)eap = 0, which implies that f is
not bicyclic in ¢P(Z).

On the other hand Lev and Olevskii showed by using Baire’s theorem that
for every Helson set E in T, there exists g € £1(Z) which is bicyclic in ¢P(Z)
for every p > 1 and such that Z; = E (see [24], Lemma 9). Thus, we see
that if E is the set constructed in Theorem 3.3 then there exists f,g € ¢1(Z)
as in Theorem 3.2 and such that Zf =Z;=FL.

We finish this section by recalling some known results on the bicyclicity
problem. In [5], Beurling showed that if f € ¢'(Z) and if the Hausdorff
dimension of Z;is less or equal to @ with 1 < p < 2, then f is bicyclic
in (P(Z). Salem showed in [34] that this result is sharp. On the other hand
Newman construct in [28] a set E of Hausdorff dimension 1 such that, if
f € (1(Z) and Z7=E then f is bicyclic in (#(Z), for every p > 1.

4. KATZNELSON-TZAFRIRI TYPE THEOREMS

Let G be a locally compact abelian group and S be a measurable semi-
group of G with non empty interior in G and such that G = .5 — 5. Denote
by S* the set of all the non-zero, continuous, bounded, homomorphisms of
S into the multiplicative semigroup C. Let

Sy ={x € 5% |x(s)]=1 forall sin S}.

We shall identify S, with the dual group I' of G, in the natural way. For
f € LY(S) and x € S*, we set

oo = /5 OBt

Finally we shall assume that {f, f € L'(9)} separates the points of S* from
each other and from zero and that the interior S° is dense in S.

Let X be a Banach space, £(X) the Banach algebra of all bounded linear
operators on X. Let T be a representation of S by contractions on X, that
is a strongly continuous homomorphism from S into £(X) such that T'(s)
is a contraction whenever s € S. For f € L!(9), let f(T) : X — X be the
bounded operator defined by

~

FT) 2 / FOT ) dme(b).
S
The spectrum of T with respect to S is defined by
Sp(T, 8) = {x € §*; [F(x)| < [ F(T)|| for all £ in L'(S)}.
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The unitary spectrum of T is defined by
Sp.(T,5) = Sp(T,5) NSy =Sp(T,5)NT.

In the sequel of the paper we will use the following notation: If F is a
closed subset of ', we denote by Cy(E) the space of all continuous functions
on F vanishing at infinity. For a continuous bounded function h on E we
set [hlecr) = sup {If ()], x € E}.

Examples. (1) Let G = R and S = R;. The set S* will be identified
with C_ = {z € C : Im(z) < 0} and S} with R. For f € L'(R,) and
z € C_, we have

fz)= | ft)e*at.
Ry
A Cp-semigroup T' = (T})¢>0 of contractions on X is a representation of R.
In this case we have Sp,(T,R;) =io(A) NR, where A is the generator of T
and o(A) is the spectrum of A.

(2) Let k > 1 be an integer, G = Z* and S = Z% , where Z is the set of
all nonnegative integers; S* will be identified with D" and S¥ with T*. For
fe Ll(Z’i) and z = (21,...,2k) = Xz € ﬁk, we have

flz) = Z f(n)z .oz,

k
nezy

where n = (ny,...,ng). Let T1,..., T be a finite many commuting con-
tractions on X. Then T' = (77" .. .T,?’“)HGZ;JCr is a representation of Z% by

contractions on X. For f = (f(n))nezljL in ¢1(Z%), we have

)= fyT . T,

k
nezy

Let A be a commutative Banach algebra that contains T7,...,T; and I the
identity map. We define the joint spectrum o.4(77,...,T), relative to A,
to be the set of all k-tuples of complex numbers A = (A, ..., Ax) such that
the ideal (and/or the closed ideal) of A generated by Ay — 17, ..., A\ — T} is
a proper subset of A.

We deduce from the above observations that Sp,, (T, Z% ) = o (T, ... Tx)N
T™. We see that o 4(T1, ..., T,)NT™ is the same for any commutative Banach
algebra that contain T1,...,7T, and I. We note that for k = 1, we have
Sp (T, Zy) =o(Th) N T.

It is shown in [41] that if G =R and S = R or if G = ZF and S = Z%
then

T () FT) = 1 Flleqsp, .50 (4.1)
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whenever f € L'(S) and T is a representation by contractions on a Hilbert
space. For any group G and a semigoup S, Seifert get the following result.

Theorem 4.1. ([35]). Let T' be a representation of S by contractions on a
Hilbert space and f € L'(S). If E = Sp,(T,S) is a Helson set then

Tim |T@) F(D)] < a(B)||fllece.
In particular if a(E) = 1, then limy_, !\T(t)f(T)H = HJ?HC(E)'

These results are not true for representations by contractions acting on
a Banach space. As it is shown in the following theorem it depends on the
thinness of Sp, (7', 5).

Theorem 4.2. ([41]). Let ¢ > 1 and E a closed subset of I'. Then the
following are equivalent.

(i) E is of spectral synthesis and is a Helson set with o(E) < c.

(ii) For every representation T of S by contractions on a Banach space
X such that Sp,(T,S) = E, we have

Jim [TOFD) < el fle). £ L'(S).

Notice that the inequality Hf”c( By < im0 IT(t)f(T)| always holds for
E = Sp,(T,S). From this observation and the above theorem we get (see
[40]).

Corollary 4.3. ([41]). Let E be a closed subset of I'. The following are
equivalent.

(i) E is of spectral synthesis and is a Helson set with o(E) = 1.

(ii) For every representation T of S by contractions on a Banach space
such that Sp,(T,S) = E, we have

Y [T = 1 Flle, £ e LHS).

5. POLYNOMIALLY BOUNDED OPERATORS

Let 11,75, ..., T} be finitely many commuting contractions on a Hilbert
space. We say that the multidimensional von Neumann inequality holds for
(T, Ty, ..., Ty) if

IP(TTor TN S sup [Pl ),
(21...,Zk)€Dk

for every polynomial P € Clz;...,z2;]. By the classical von Neumann in-
equality and [1], the multidimensional von Neumann inequality holds for
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k =1 and k£ = 2, while it fails in general for £ > 3. On the other hand, for
k > 3, it is not known if there exists a finite constant C such that

HP(Tl,TQ,...,Tk)H §C sup 7|P(21...,2k)‘, (51)
(21...,2)EDF
for every P € Clz1 ..., 2] ([7], [2]). Notice that T is the Shilov boundary of
the Banach algebra of holomorphic functions in D™ which are continuous up
to the boundary and equipped with the supremum norm. Then inequality
(5.1) is equivalent to
”P(Tl,TQ,...,Tk)H SC sup |P(21...,Zk)|.
(21...,21)ETE
We will now be interested in the last inequality for representations of semi-
groups. Let G, I' and S be as in section 4. In [40], Theorem 4.1, sharp
conditions are given on the thinness of the spectrum so that a contraction
on a Banach space is polynomially bounded. This result is extended to
representations in the following theorem.

Theorem 5.1. Let E be a closed subset of I'. Then the following are equiv-
alent.
(i) For any representation T of S by invertible isometries on a Banach

~

space with Sp,(T,S) C E, there exists a constant C such that ||f(T)] <

Csupyer | F(x)|, for every f € L'(S).
(ii) E is a Helson set and of spectral synthesis.

Proof. If T is a representation of S by invertible isometries then, for every
te S, If(T) = T f(T)|. Thus the implication (ii) = (i) follows from
Theorem 4.2.

Now we prove the implication (i) = (ii). Let I be a closed ideal of
LY(G) with h(I) = E. Let 7 : LYG) — L'(G)/I denote the canonical
surjection and, for ¢ € G, 7, the translation operator defined on L'(G)
by: nf(x) = f(x —t), v € G. We set T(t)(7(f)) = w(nf), f € LYG);
T is a representation of G by invertible isometries satisfying the following
properties (see the proof of Theorem 5.4 in [41]):

(1) For f € LY(G), f(T) is the operator defined by: w(g) — 7(f * g).

(2) For f € LN(G), f(T) = 0 holds if and only if f € I.

(3) For f € LY(G), [l=(f)] = [IF(T)]-

(4) Sp, (T, $) = Sp(T G) = E.

So by assumption (i) and property (4), there exists a constant C' > 0 such
that for every f € LY(S), |F(T)| < C'sup, e 17(x)|. It follows then from
Lemma 2.2 in [41], that for every f € L1(S) and for every y € LY(G)/I ,

I1f(T)y|| < CHfHC(Spu(T,S))HyH' Then we deduce from property (3) that
175 < Cllfllecey, | € LHS). (5.2)
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Now we want to extend this inequality to all functions in L'(G). Let f €
LY(G) and s € S, we set

fs(t):{f(t—s) if tes

0 otherwise.
We have
Hﬂ|suﬁn+3/ () ldma(0), (5.3)
G\(S—s)
and
rﬁmmsWMm+/ F(®)ldma(t). (5.4)
G\(S—s)

Let € > 0. There exists s € S such that fG\(S_S) |f(t)|dma(t) < €. Since I is
invariant under translation (([32], Theorem 7.1.2, p. 157), for every g € I,
we have 7_gg € I and

Iw (D < 1f = 7—sgll = I7:(f — —sg)l| = I7af — gl
snﬁ—g«+/’ () ldme(?)
G\(5—s)

< |lfs —gll +e

Taking now the infimum over g € I, we get ||7(f)|| < ||7(fs)| + €. Now
applying (5.2) to fs, we obtain

(NIl < Im ()l + € < Cl slleqs) +

By (5.4), we have ||7(f)|| < C’(Hﬂ\c(};) +€) + €. Letting € — 0, we get

I(F)l < Cliflleczy | € LNG). (5.5)

Let I = J(E). It follows from (5.5) that if f € L'(G) with f = 0 on
E, then w(f) = 0 and thus f € J(F). This shows that E is of spectral
synthesis.

Let now I = I(E). Let i : A(E) — Co(E) be the canonical injection.
Inequality (5.5) shows that the range of i is closed. On the other hand,
since A(T") is dense in Co(I") ([32], Theorem 1.2.4, p. 9), the range of i is
also dense in Co(E). So i is surjective, which implies that E is a Helson set
with a(E) = ||i 71| < C.

(]

Let G =7, S = Z4 and E a closed subset of T. For T' = (T7"),ez, where
T3 is a bounded operator on a Banach space, Theorem 5.1 can be formulated
in the following way: The two conditions below are equivalent:

(¢)" Any invertible operator 77 on a Banach space such that sup,,z || 17| <
+oo and o(77) C E, is polynomially bounded.
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(i) E is a Helson set and of spectral synthesis.

See ([40], Theorem 4.1 and Remark 5.5). The condition sup,,cz ||17"]| < 400
is sharp in property (). Indeed, we have the following result from ([40],
Theorem 5.4):

Let (8n)n>1 be a sequence of real numbers such that lim,_, . 3, = +00
and 8, > 1 for every n > 1. Then there exists a contraction such that
|77 "I < Bn, m>1, Sp(Th) is a Helson set and of spectral synthesis, and
T1 is not polynomially bounded.

(1]

(10]

(1]
(12]

(13]
(14]

(15]
(16]
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