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Abstract This note aims to giving a new regularity criterion for weak solutions to the
three-dimensional micropolar fluid flows by imposing a critical growth condition on
the field of pressure.
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In this note we consider the following Cauchy problem (1) for the incompressible
micropolar fluid equations in R3:

du—Au+ u-V)u+Vr—-Vxo=0, (1a)
G0—ADO—VV-0+20+ (u-V)o—V xu=0, (1b)
Vou=0, (1c)

u(x,0) = up(x), ®(x,0) = @p(x), (1d)

where u = u(x,t) € R?, 0 = o(x,t) € R? and 7 = 7 (x,¢) denote the unknown velocity
of the fluid, the micro-rotational velocity of the fluid particles and the unknown scalar
pressure of the fluid at the point (x,7) € R x (0,T), respectively, while ug, @y are
given initial data satisfying V - u = 0 in the sense of distributions.

This model for micropolar fluid flows proposed by Eringen [6] enables to consider
some physical phenomena that cannot be treated by the classical Navier-Stokes equa-
tions for the viscous incompressible fluids, such as for example, the motion of animal
blood, muddy fluids, liquid crystals and dilute aqueous polymer solutions, colloidal
suspensions, etc.

When the micro-rotation effects are neglected or w = 0, (1) reduces to the in-
compressible Navier-Stokes equations, and it is well known that regularity criteria
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for weak solution to the fluid dynamical models attracts more and more attention.
Velocity or vorticity or pressure blow-up criteria for Navier-Stokes equations, mi-
cropolar fluid equations and magnetohydrodynamics (MHD) equations and so on (see
e.g., [1-4,7-10, 15-17] and the references therein) attracted during the last years the
attention of many researchers.

As for the pressure criterion, let us first recall some results on pressure regularity
of Navier-Stokes equations. In [14], He and Gala proved regularity of weak solutions
under the condition

T
/0 2030 di <o 2)

Here and thereafter, B;}w stands for the homogeneous Besov space, (for the definition
see e.g. [14] and [13]). Later on, Guo and Gala [13] refined the condition (2) to

, [EIC0] /ey
/ i dt < oo, 3)
0 I+log (6+||75('7’)||B;‘L)

Motivated by the paper of Guo and Gala [13], the aim of this paper is to give a
new regularity criterion for weak solutions to the 3D micropolar fluid flows in terms
of the pressure in critical Besov spaces.

1 Main result
Let us start by stating the main result of this note.

Theorem 1.1 Let T > 0 and (up, @) € L*(R3) NL*(R3) with V - ug = 0 in the sense
of distributions. Assume that (u, ®) is a weak solution to the 3D micropolar fluid flows
(1) on (0,T). If the pressure T satisfies the following condition :

EIonI

T
/0 (e+10g (e+ 12 1)l5.1. ) ) og (e+1og (e+ 2 (-1)l15.1 ) )

dt <oco, (4)

then (u, ) is regular on (0,T), i.e., (u,w) € C*(R* x (0, T)).

Remark 1.1 This result provides a new information concerning the question of the
regularity of weak solutions to the micropolar fluid equations and extends those of [14]
and [13]. In particular, the double-logarithm estimate (4) is sharper than any other
results [13, 14].

Before stating our result, let us recall what we mean by a weak solution.

Definition 1.1 ( [16]) Let (u, ax) € L? (R3) and suppose that V - ug = 0. A measur-
able function (u(x,7),®(x,t)) is called a weak solution to the 3D micropolar flows
equations (1) on (0,7) if (u, @) satisfies three properties :

(1) (u,0) € L ((0,T);L* (RY))NL*((0,T);H" (R?)) forall T > 0;

(2) (u(x,t),o(x,1)) verifies (1) in the sense of distribution;
(3) Forall 0 <t <T itholds:

1
) 2+ o) 2 +2 [ (IVul,2) 2+ Vo 2+ 19 o D)l F)dr

2 2
< luollz2 + lanlz2
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By a strong solution we mean a weak solution (u, ®) such that
(w,0) € L~ ((0,T):H' (R*))nL* ((0,T):H* (R?)).

It is well known that strong solutions are regular (say, classical) and unique in the class
of weak solutions.

In order to prove Theorem 1.1, we first establish some estimates between pres-
sure and velocity. Taking div and Vdiv to both sides of the micropolar fluid flows for
smooth solution (u, ), separately, we get the well-known pressure-velocity relation
in R3, given by

. 3 02 . 3 02
m=(-4) i,;lm(uiuj) and V= (-4) i,;ﬁm(wuiuj)).

Then, the Calderén-Zygmund inequality implies that for any 1 < @ < 4-o0:

I7llee < Cllullfoa  and [|Val|ze < C||u| Vul| e ®)

2 Proof of Theorem 1.1

Now we are in the position to prove Theorem 1.1. Firstly, by means of the local exis-
tence result, which is similar to the one used in the theory of Navier-Stokes equations
(refer to Giga [12], see also Dong et al. [5]), and the standard local solution extension
technique, equation (1) with (g, wp) € L*(R?) N L*(R?) admits a unique L*-strong
solution (#, ) on a maximal time interval. For the simplicity notation, we may sup-
pose that the maximal time interval is [0, 7). Thus, in order to prove Theorem 1.1, it
remains to show that

lim ([lue(r) [l + () [|4) < oo
T
This will lead to a contradiction to the estimates to be derived below.

Proof Before going into the proof, we recall the following inequality established in
[11] (see also [13]):

If1Z: < ClAL -+ VA2 (©)

Testing (1a) by u |u|2 and using (Ic), we get

1d

4 dt

:/(vayuM%u—/(wvmwﬂu
R3 R3

:/wwxwwww+/nwwwm )
JR3 JR3

1 2
4 2 2
el + e Va2 + 5 || V12

Testing (1b) by @ |a)|2, and using (1c¢) infers that
1d

4 dt

2 4

= [V 0loPd-2]olf:

1 2
4 2 2
lolifs+ o] V-l + 3| vieP|

= [ 1l x (@l )dx=2] o] ®)
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where we have used the following identities due to the divergence free property of the
velocity field u:

(u-Vu-ululdx=0= | (u-V)o-o|of*dx.
R3 R3

Summing up (7) and (8), it follows that

1d
4 dt
:/1R3w[Vx (u|u\2)]dx+/R3u[V>< (a)|w|2)dx_2”w”24 _/IR3(M_VE)|M|2dx' )

1 2 1 2
4 4 2 2 2 2
(it + lifa) + Nl Va2 + 5 [V 1P| |, + 10l V- 0l + 5 | VIoP]|

Using the Holder inequality and the Young inequality and integrating by parts, we
derive the estimate of the first three terms on the right-hand side of (9) as follows:

L olV s wlePldx+ [ u¥x (@of)dx =20l

4
< lull 2 ol o (el [Vl 2 + @]Vl 2) = 2| @]

2 2 4
< |lul|Vullz2 + @/ Vol|72 +Clulls - (10)

To estimate the last term of the right-hand side of (9), we have after integrating by
parts and employing the Holder inequality and the Young inequality,

‘/ - Vu|>dx
R3

g/ 1) u] | V]| dx
R3
1
2 2 2
< Cllalfs fulfs+ 5 [V

1
2 2
< Cllal s V72 el + 5 [V 1

2
12

2
12

2 1 2||?
< C gy Nl Vall o+ 5 [V 1|

1 1 2
2 4 2 2
< Cllal lulifs+ 5 NallValZa+ 5 [VI?]| . aD

and hence,

d 4 4 2 ik 2 2
2 @)z +leo(@) ) + ] V| 72 + HVM L TllelV-oll + o] Vol

2 4
<CO o) llullzs -

Applying the Gronwall inequality,yields

4 4
Ju(,0) |74 + [[@( 1) 74

't
< (ol + Tl exp (€ [0+ 7.1 e )

Taking the inner product of (1a) with —Au, (1b) with —A® in L*(R?), adding the
resulting equations together, and using the Gagliardo-Nirenberg inequalities:

1 4 1 1
[Vull o < Cllull s |Aullf, - and [[Vall 2 < Cllul| 5 [[Aul 7, -

we obtain,
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1d 2 2 2 2 2 2
S UIVul )l + Vo)) +[Aullz + Aol + VY- 0l +2[|Vo.

2dt
/(u-V)u~Audx—/ (an))~Audx+/ (u-V)a)-Awdx—/ (Vxu) Awdx
R3 R3 R3 R3
< ull s [Vaell o [Aull 2 + [V @ll2 [|Aul 2 + |l 4 [V @ 4 [[A @] 2+ [[Vae] 2 [[A @] 2

6 9 1 1 1 9 1 1
S Cllull o Aulls + ol Aol 5 [[Aull 2 + lull 4 |0l [[A @] 2> + lull 7> |Aull 7, |A o] 2

1

12 2 12 12 2 2 2

< Cllull s +Cllolz +Clullz +llol ) +Cllulz + 5 ([Aullp + [Aoll;:)
1
12 12 2 2

< CO A fullz + ol ) + 5 ([Aullz +lAo]:).

This yields,
d
S UVuC0lE +IVo(0[E) + [Aul + Aol + YV -0l +2 | Vol 7
dt
2 2
< C(1+[lull 3 + loll)-
Integrating the above inequality over (0,¢), we have
Vu) % + Vo) + [ (lau(@)]2 + 1A 2 4+|vv 2
IVu(@)llp2 + IVo@)lz+ [ (lAu(t)]2 + [Ae(7)]l + VY- o(7)|;
0
+2[|Vor(7)||72)dz

t
< Va0l + Ve |f2+C [ (1 + ()l + ()]s (12

On the other hand, combining a Sobolev embedding theorem H' (R?) — LS(IR?), (12)
and (5), we obtain that

2 2
e+ (7)1 < e+ ClluC0) s < e+-C Va0
t
< e+ C(|Vuol7 + |Vanlf) +C [ (14 uC,2) [ )ae

< e+ C(||Vuo|}2 + | Vew|[72) + Cle+1) sup (1+|u(-, 7))

0<t<t

< C e+ [IVuollf2 +[1Van|32) (e+1) sup (1+ [lul, D))

sup
0<t<t

< Co(e+1t)exp (C/(:(l + |”("T)”12?;,Lo)d1> ) (13)

where the constant Cy = C(e, ||Vuo||,2, [[Vooll;2 , |uoll ;4 , || @] ;4 ). Using the fact that
L*(RY) c B.L.(R%), it follows that

t
et ||m(- )]s < Clett)exp (C/O (1+ Iﬂ(-,f)llf;w;)df) (14)
Now, taking the logarithm on both sides of (14), we can conclude that

log(e+||m(-,1)||,3) Slog(C(e—&-t))—kC/Ot(l+||7r(~,‘c)|\é;}w)dr. (15)

For simplicity, set
Z (1) = log(e+[[7(-,0)ll3),

&(t) =log(Cle+1)) +C/Ot(1 + ||V7r(-,r)||lz-;;11‘>c)d1:, (16)
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with &(0) = log(Ce). Then, the above inequality (15) implies that
0<Z@1)<&@)
from which we easily get
(e+Z(1))log(e+ Z (1)) < (e+ &(t)) log(e +&(1)).
On the other hand, we have

%1og(e+(f(t)) = e+i@() (1 +C(1+||Va(, )@w;))
1 HIVEC Ol

<
S 2ty

o Rl
= 2T E e e Bl
e

S At T E ez ) e tEW)

Applying the Gronwall inequality to log(e + &(¢)), we find

log(e+&(1))
<log(e+&(0))exp 12 —|—C/t - an(.,r)"é;‘lw dt
e o (e+Z(7))log(e+ Z (7))

and equivalently

T " oo
21Ch erzmRer 20

14V o)2
exp dt
e+&(t) < (e+&(0)
Using the fact that L3 (R*) C B L (R?), it follows from (16) that

/||n ot dr<c/||n Dl

oooo

L, )\IZ
exp | B+d S ez @4t
<(e+£(0)) < oo,

Hence by virtue of (12) and (17), we conclude that
(u,0) € L= ((0,7):H"(B)) nL* ((0,7): H*(R?)) ,

which completes the proof of Theorem 1.1.

There is no conflict of interest.

3 Acknowledgments

(a7

Part of the work was carried out while S. Gala was a long-term visitor at the University
of Catania. The hospitality of Catania University is graciously acknowledged. The
paper is partially supported by GNAMPA 2019. Research of M.A. Ragusa is partially
supported by the Ministry of Education and Science of the Russian Federation (5-100
program of the Russian Ministry of Education). Research of M. Théra is supported by
the Australian Research Council (ARC) grant DP160100854 and benefited from the

support of the FMJH Program PGMO and from the support of EDF.



Title Suppressed Due to Excessive Length 7

References

11.

12.

13.

14.

15.

16.

17.

. J. Chen, Z.-M. Chen, and B.-Q. Dong. Uniform attractors of non-homogeneous micropolar fluid flows

in non-smooth domains. Nonlinearity, 20(7):1619-1635, 2007.

. Z.-M. Chen and W. G. Price. Decay estimates of linearized micropolar fluid flows in R? space with

applications to Lz-strong solutions. Internat. J. Engrg. Sci., 44(13-14):859-873, 2006.

B.-Q. Dong and Z.-M. Chen. Regularity criteria of weak solutions to the three-dimensional micropolar
flows. J. Math. Phys., 50(10):103525, 13, 2009.

B.-Q.. Dong and W. Zhang. On the regularity criterion for three-dimensional micropolar fluid flows in
Besov spaces. Nonlinear Anal., 73(7):2334-2341, 2010.

. W. Dong, B.-Q.and Zhang. On the regularity criterion for three-dimensional micropolar fluid flows in

Besov spaces. Nonlinear Anal., 73(7):2334-2341, 2010.

A. C. Eringen. Theory of micropolar fluids. J. Math. Mech., 16:1-18, 1966.

S. Gala. On regularity criteria for the three-dimensional micropolar fluid equations in the critical
Morrey-Campanato space. Nonlinear Anal. Real World Appl., 12(4):2142-2150, 2011.

S. Gala. A remark on the logarithmically improved regularity criterion for the micropolar fluid equa-
tions in terms of the pressure. Math. Methods Appl. Sci., 34(16):1945-1953, 2011.

S. Gala and J. Yan. Two regularity criteria via the logarithmic of the weak solutions to the micropolar
fluid equations. J. Partial Differ. Equ., 25(1):32-40, 2012.

G.P. Galdi and S. Rionero. A note on the existence and uniqueness of solutions of the micropolar fluid
equations. Internat. J. Engrg. Sci., 15(2):105-108, 1977.

P. Gerard, Y. Meyer, and F. Oru. Inégalités de Sobolev précisées. In Séminaire sur les Equations aux
Deérivées Partielles, 1996—1997, pages Exp. No. IV, 11. Ecole Polytech., Palaiseau, 1997.

Y. Giga. Solutions for semilinear parabolic equations in L” and regularity of weak solutions of the
Navier-Stokes system. J. Differential Equations, 62(2):186-212, 1986.

Z. Guo and S. Gala. Remarks on logarithmical regularity criteria for the Navier-Stokes equations. J.
Math. Phys., 52(6):063503, 9, 2011.

X. He and S. Gala. Regularity criterion for weak solutions to the Navier-Stokes equations in terms
of the pressure in the class L?(0, T;B;,"loo (R3)). Nonlinear Anal. Real World Appl., 12(6):3602-3607,
2011.

Y. Jia, W. Zhang, and B.-Q. Dong. Remarks on the regularity criterion of the 3D micropolar fluid flows
in terms of the pressure. Appl. Math. Lett., 24(2):199-203, 2011.

G. L ukaszewicz. Micropolar fluids. Modeling and Simulation in Science, Engineering and Technol-
ogy. Birkhéduser Boston, Inc., Boston, MA, 1999. Theory and applications.

B. Yuan. On regularity criteria for weak solutions to the micropolar fluid equations in Lorentz space.
Proc. Amer. Math. Soc., 138(6):2025-2036, 2010.



	1 Main result
	2 Proof of Theorem 1.1
	3 Acknowledgments

