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ABsTrACT. We study mixed alphabet cyclic and constacyclic codes over the
two alphabets Z4, the ring of integers modulo 4, and its quadratic exten-
sion Zalu] = Za + uZg4,u? = 0. Their generator polynomials and minimal
spanning sets are obtained. Further, under new Gray maps, we find cyclic,
quasi-cyclic codes over Z4 as the Gray images of both A-constacyclic and skew
A-constacyclic codes over Z4[u]. Moreover, it is proved that the Gray images
of Z4Z4[u]-additive constacyclic and skew Z4Z4[u]-additive constacyclic codes
are generalized quasi-cyclic codes over Z4. Finally, several new quaternary
linear codes are obtained from these cyclic and constacyclic codes.

1. INTRODUCTION

Cyclic codes form one of the most important classes of codes, either over finite
fields [25], or over finite rings [29], for their properties of encoding, decoding, and
ease of generation allowed by their strong algebraic structure. They are defined
as linear codes invariant under the cyclic shift of coordinates. The condition of
linearity has been relaxed recently and replaced by additivity. Also, the definition
has been enlarged to accommodate codes over mixed alphabets. Note that every
linear code is additive, but not conversely. In 1973, Delsarte [I8] introduced the
additive codes in terms of association schemes. Later, Bierbrauer [I3] presented
these codes as a generalized class of cyclic codes defined as subgroups rather than
subspaces. In 2010, Borges et al. [14] studied ZsZ4-linear codes that generalize
both binary and quaternary codes. They have obtained their dual codes as well
as their generator matrices. In continuation, Fernandez-Cordoba et al. [2I] deter-
mined the rank and kernel of ZsZ,-linear codes. It is worth noting that these codes
have a successful engineering application in the area of data hiding, particularly, in
steganography [26]. Later, these studies were extended over ZsZss-additive codes
and obtained some good binary codes under Gray images in [9]. Subsequently, the
natural extensions of above codes are Z,Z,s-additive codes, Z,-Z,s-additive codes
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and well studied therefore in [10} 30} [32], 33]. On the other hand, to the progress of
cyclic codes on mixed alphabets, in 2014, Abualrub et al. [3] defined Z,Z4-additive
cyclic codes as Zy[x]-submodule of Zs[z]/{(x" — 1) X Z4[x]/(x® — 1) and derived the
unique set of generators, and minimal spanning set for these codes where s is an
odd integer. Also, Borges et al. [I5] found generator polynomials and duals for
Zs74-additive cyclic codes. After introducing the new mixed alphabets ZoZo[ul-
additive codes, where u?> = 0 in [6], Aydogdu et al. [7] were also investigated
constacyclic codes over mixed alphabets by defining them as Zs[u][x]-submodules
of Za[z]/{x*—1) x Za[u][z]/(z” — (14wu)). They obtained some optimal binary linear
codes as the Gray images of ZyZs[u]-cyclic codes. Meanwhile, [3T) 23] studied the
algebraic properties of ZoZs[u]-additive cyclic and constacyclic codes with the unit
1+ u, respectively. Therefore, in continuation of these studies, the expected gener-
alization should be ZyrZys [u]-additive cyclic and constacyclic codes, where u? = 0.
If r = s = 2, this turns out to be our present study. Obviously, the present work
on mixed alphabets cyclic and constacyclic codes is a bridge towards the study of
Zor Zos[u]-additive codes which is a stronger and still open problem. Based on the
above survey, one would also be agreed that mixed alphabets cyclic, constacyclic
codes over different and new alphabets are interesting and promising classes for
further study due to their rich algebraic properties and capable to produce several
best known codes.

For the sake of strong motivation discussed above, here we introduce the mixed
alphabets Z47Z4[u]-additive cyclic and constacyclic codes which lead to generalizing
the codes over Z, as well as Z, +uZ4, u? = 0. To the best of our knowledge, mixed
alphabets codes over Z4Z4[u] are not considered earlier and also constacyclic codes
over mixed alphabets setting are fresh after [7, 23]. We would like to mention that
the primary objective of the article is first, to characterize completely these codes in
terms of their generator polynomials and minimal spanning sets, etc. Then utilizing
these structure and new Gray maps, we are seeking to obtain some new Zy-codes.
To do so, for the odd positive integers «, 3, we find the complete set of generator
polynomials and minimal spanning set for the cyclic codes of length (a, $). Then
we define some new Gray maps and find well-known classes like cyclic, quasi-cyclic,
and generalized quasi-cyclic codes over Z4. As a computational result, we construct
Z4-codes and some of them improve on the best known [4]. Further, we extend the
study to skew constacyclic codes in the sense of [I7]. While skew cyclic codes have
been studied extensively since that reference (see publications 1,4,5,6,8,9,10 in [35]),
it is only the fourth time that they occur in a mixed alphabet setting [111 12, [28§].
The present article shows some algebraic richness of skew codes over the mentioned
mixed alphabets. For that, we define mixed skew codes under a non-trivial auto-
morphism 6 on Z, + uZy. Also, we characterize skew Z4Z4[u]-additive constacyclic
code as a left Z4[u][x; §]-submodule of Zy[z]/(z® — 1) x Z4[u][x;0]/{x” — \), where
Ais a unit in Z4 + uZ4. Among others, we connect these skew codes under Gray
maps to generalized quasi-cyclic codes over Zy.

The manuscript is organized as follows. In Section [2] we discuss some basic defi-
nitions and results. Section [3| gives the structure of Z4Z4[u]-additive cyclic codes
while Section [4] consider Z,7Z4[u]-additive constacyclic codes. In Section [5, we de-
fine some Gray maps and obtain the Gray images of Z4Z4[u]-additive constacyclic
codes. Section |§| and 7| contain skew Z47Z4[ul-additive constacyclic codes and their
Gray images, respectively. In Section [§ we obtain several new linear codes over Z4
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from these class of codes. The last section is the conclusion of this paper, and also
contains long term open problems.

2. PRELIMINARY

Throughout the article, Z4[u] denotes the finite commutative ring Z4 + uZsy,
where u? = 0 of size 16 and characteristic 4. Recall from [34], among 6 ideals of
Z4[u], the unique maximal ideal is (2, u). It is a local Frobenius non-chain ring and
quotient ring Zg4[u]/(2,u) = Zs. Also, {a+ub| a =1, or 3 and b € Z4} is the set
of units while the ideal (2,u) is the set of non-units in Z4[u]. A non-empty subset
C of Z4[u]™ is called a linear code of length n if it is a Z4[u]-submodule of Z[u]™
and each member of C is known as codeword.

Definition 2.1. Let C be a linear code of length n = st over Z,. We define the
quasi-cyclic shift operator 75 : Z} — Z} by

(1) ms(eo [ er |- [ es1) = (aleo) [oer) [ -+ [ oles—1));

where e; € Z for all i = 0,1,...,(s — 1) and o is the cyclic shift operator. Then C
is said to be a quasi-cyclic code of index s if C is invariant under the map g, i.e.
7s(C) = C.

The set ZsZ4s[u] = {(a,b) | a € Z4,b € Z4y[u]} is a commutative group under
componentwise addition. For positive integers a, 3, we define Z§ x Z4[u]® = {(a,d) |
a = (ag,a1,  ,a0-1) € Z$,b = (bo,b1, -+ ,bg_1) € Zs[u]?}. Then Z§ x Z4[u)? is
a commutative group under the componentwise addition. Now, we define a map
p 1 Zy[u] — Z4 by p(a + ub) = a and a multiplication

* Z4[u] X Z4Z4[U] — Z4Z4[U]
by
cx* (a,b) = (p(c)a,cd), for a € Z4,b, c € Zy[ul.

The extension of the multiplication * to the elements of Z$ x Z4[u]® by the elements
of Z4[u] defined by

C* (0’7 b) = (p(c)a();p(c)ala T 7P(C)ao¢—1a0b070b17' o 7Cb[3—1)
where a = (ao,al, s ,aa_l) S Zg,b = (bo,bl,' . ,b/g_l) S Z4[u}5.

Lemma 2.2. The set 2§ x Z4[u]? is a Z4[u]-module under the multiplication *
defined above.

Proof. Since Z4[u] is a commutative ring with unity 1, so there is no distinction
between left and right Z,[u]-modules. Clearly, Z$ x Z4[u]? is an additive commu-
tative group. Now, to complete the proof we need to check

(1) 7% [(a,b) + (@,9)] = 7 % (a,b) + 7 % (,1),

(2) (r+ 8) * (a,b) =r = (a,b) + s * (a,b),

(3) (rs) * (a,b) =7 x [s* (a,))], and

(4) 1% (a,b) = (a,b), for all r, s € Zy[u] and (a,b), (z,y) € Z§ x Zys[u)’.

Here, explicitly we prove (1) and the other three points follow similarly. In fact, let
(a, b) = (a()7(117 ey Qa—1, bo, bl, ey bg_l), (.’ﬂ, y) = (1'0,1'1, ey Ta—15Y05 Y1y - - - ,yg_l)
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€ 7§ x Zy[u)?, and r = r1 + ury € Zy[u]. Then p(r) = r1, and
rx[(a,b) + (z,y)] =7 * (ap + xo,a1 + T1,. .., -1 + Ta—1,

bo + Yo, b1 +y1, .- bg—1 +ys-1)

= (riap + r1xo, 7101 + 11T, ..., T100—1 + T1Ta—1,
rbo + Y0, b1 + 1Y1, ..., rbg_1 + TYz_1)

= (rao,r101,...,m0q-1,7bo,Tb1,...,Tbg_1)+
(r1eo, 11, - -, T1Ta—1,TY0, "Y1, - - -, TYB—1)

=rx*(a,b) +rx*(z,y).

Therefore, Z§ x Z4[u)? is a Z4[u]-module with respect to scalar multiplication *. [

Definition 2.3. Any non-empty subset C of Z§ x Z4[u]® is said to be a Z,Z4[u]-
additive code of length («, 3) if C is a Z4[u]-submodule of Z§ x Zs[u]”.

Definition 2.4. Let C be a Z4Z4[u]-additive code of length («, ). Then it is said to
be a Z4Z4[u]-additive cyclic code if for any z = (co,c1,- -+ ,Ca—1,T0,T1,** ;T8-1) €
C, we have 0, (%) = (ca—1,€0,"** sCa—2,73-1,T0, "+ ,73—2) € C.

An extension of the ring homomorphism p is
p: Zafulla] — Zal]
defined by

p(> " ria) = plri)a.
=0 =0

Let Ry p = Za[z]/{x® — 1) x Z4u][z]/(z” — 1). Then R, s is a Zy[u][z]-module
under the multiplication defined by

s(@) * (c(x), () = (p(s(x))e(), s(z)r(2)),

where s(x),r(x) € Z4[u][z] and c(z) € Z4[z]. Let C be a Z4Z4[u]-additive code of
length (, ). Then for any codeword z = (¢,7) = (co, €1, ;Ca—1,T0,T1," "+ ,T3—1)
€ C, we identify a polynomial z(x) = (c¢(z),r(z)) € Ra,p under the correspondence
z=(c,r) = (c(z),7(x)) = 2(z) where ¢(x) = co+crz+ -+ ~+co_12%71 € Zy[z] /{2~
D,r(x) =ro+rz+ - +rg12°7 € Zy[u][z]/(zP — 1).

Lemma 2.5. Let C be a ZyZ4[u)-additive code of length (o, B). ThenC is a ZaZ4[ul-
additive cyclic code if and only if C is a Zy[u][z]-submodule of Ry 5.

Proof. Let C be a Z,7Z4[u]-additive cyclic code of length (a, ). Let s(x) € Z4[u][x]
and z(z) = (c(z),r(x)) € C. Then z x (c(z),r(x)) = (zc(x),zr(x)) where xc(x)
and zr(x) are cyclic shifts of c(z) in Zy[z]/(z® — 1) and r(z) in Zy[u][z]/{z”® — 1),
respectively. Also, x * (c¢(z), r(x)) represents the image of z(z) under the operator
Oa.p3, therefore, z  (c(x),r(x)) € C. Similarly, for any positive integer ¢ > 2, we
can show that 2% x (c(x),r(z)) € C. As C is a Zy[u]-submodule of Z§ x Z4[u)?,
s(x) * (c(z),r(x)) € C, which proves that C is a Z4[u][z]-submodule of R, 3.

Conversely, let C be a Z4[u][z]-submodule of R, 3. For any codeword z(z) =
(c(x),r(x)) € C, x * (c(x),r(x)) represents the image of z(x) under the operator
oap and z * (c(x),r(x)) € C. Thus, C is a ZyZ4[u]-additive cyclic code of length
(@ 5). o
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3. Z474]u]-ADDITIVE CYCLIC CODES

The present section aims to determine the algebraic structure of additive cyclic
codes by means of their generator polynomials and minimal spanning sets. To do
so we use the pullback method which applied to find Z4 cyclic codes in [I]. Let
S be a cyclic code of odd length 8 over Z4[u]. Then the ring homomorphism p
acts on the polynomial ring Z4[u][z]/(z® — 1) by P(ZZ o Gizt) = ZZ 0 ' ()t e
Z4[z]/{(xP —1). Now, we consider the restriction of p on the ideal S. Clearly, p(S)
is an ideal of Z4[z]/(2” — 1), therefore, by Theorem 1 of [T], p(S) = (g1 + 2a;) and
ker(pls) = (ugs + 2uas) where a;, g; are polynomials such that a; | g; | (2 — 1)
mod 4 for i = 1,2. Hence, S = (g1 + 2a1 + up, u(g2 + 2a2)) for some polynomial
D E Ly [SL‘]

Now, we define the projection map
T : Zafa]/(z® = 1) x Za[u][a] /(2” — 1) = Za[u][2]/(” — 1)
by

T(a(x),b(z)) = b(z), where a(z) € Zy[z]/(x* — 1),b(z) € Zy[u][z]/(z” — 1).
Clearly T is a Z4[u][z]-module homomorphism. Let C be a Z4Z4[u]-additive cyclic
code of length («, 5) where «, 8 are both odd integers. Then ker(T|c) = {(a,0) |
a € Zy[z])/{z*—1)}. Let D = {a € Z4[x]/(z*—1) | (a,0) € ker(T|c)}. It is easy to
check that D is an ideal of Z4[z]/{x® — 1) and ultimately, D = (g1 +2a1) where a; |
g1 | (z*—1) mod 4. Hence, ker(T|c) = {(g1+2a1,0)) where a; | g1 | (z*—1) mod 4.
Moreover, T(C) is an ideal of Z4[u][z]/{z” —1), so T(C) = (g2 +2az +up, ugs +2uas)
with a; | g; | (2 — 1) mod 4, for i = 2,3. Thus, the Z,Z4[u]-additive cyclic code C
is given by

C = ((g1 + 2a1,0), (f1, 92 + 2a2 + up), (f2, ugs + 2uasz)),
where a; | g; | (z° — 1) fori = 2,3 and a; | g1 | (* — 1), f1, fo € Z4|x]. Therefore,

based on the above discussion we have the following result.

Theorem 3.1. Let C be a Z4Z4[u)-additive cyclic code of length (o, 5) where «, 3
are both odd positive integers. Then C is a Z4[u][z]-submodule of Ry g given by

C = ((g1 +2a1,0), (f1, 92 + 2a2 + up), (f2, ugs + 2uas)),
where a; | gi | (2% —1) fori=2,3 and ay | g1 | (x* — 1), f1, fo € Z4[7].
Remark 1. For further calculations, wherever we use Theorem [3.1] it is assumed
that g;,a;(i = 1,2, 3) are monic polynomials.
Lemma 3.2. For any odd positive integers o and (3, let C be a ZsZ4]u]-additive
cyclic code of length (a, B) given by

C = (g1 +2a1,0), (f1,92 + 2a2 + up), (f2, ugs + 2uaz)),

where a; | g; | (2% — 1) fori = 2,3 and a1 | g1 | (x® — 1), f1, fo € Za[z]. Let
h o= 2’1 my = ged{hp,z® — 1}, my = L_ll Then (g1 + 2a1) | maohf; and

as m

(91 +2aq) | fsz;l-

Proof. Here, T(””Z’1 (fo,ugs + 2uaz)) = T("”z;lfg, 0) = 0. Therefore, (Iig’lfg, 0)

€ ker(T) and this implies (g1 + 2a1) Iiglfg. Further, T'(m2h(f1,92 + 2a2 +
up)) = T(mah f1, mahup). Since my | hp, so hp = mymg for some mg and hpmg =
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mymaoms = 0. Hence, T(mz2h(f1,92 + 2a2 + up)) = T(mohf1,0) = 0. Thus,
(mahf1,0) € ker(T) and this implies (g1 + 2a1) | mahfi. O

Theorem 3.3. For any odd positive integers o and 3, let C be a ZsZ4[u]-additive
cyclic code of length («, B) given by

C = ((g1 +2a1,0), (f1, 92 + 2a2 + up), (f2, ugs + 2uaz)),
where a; | g; | (2% — 1) for i = 2,3 and a1 | g1 | (x® — 1), f1, fo € Za[z]. Let
h= ””B_l,ml = ged{hp,z” — 1}, mqy = “:;_11 and

as

a—deg(a)—1

S| = U {;L‘i * (g1 + 204,0)};
=0
B—deg(az)—1
Sy = U {z" * (f1,92 + 2a2 + up)};
=0
B—deg(m1)—1

S3 = U {z% % (hfy,uhp)};
i=0
B—deg(az)—1 .
Sy = U {z* * (f2,ugs + 2uas)}.
=0

Then S = S1U Sy U S3U Sy is a minimal generating set for the code C and | C |=
4a+467deg(a1)72deg(a2)*deg(as)*deg(ml)'

Proof. Let ¢ € C be a codeword. Then
c=cy* (g1 +2a1,0) + co * (f1, 92 + 2a2 + up) + c3 * (fa, ugs + 2uas)
(2) = (ple1)(g1 +2a1),0) + c2 * (f1, 92 + 2a2 + up) + c3 * (f2, ugs + 2uaz)

where ¢; € Zy[u][z] for i = 1,2,3. If deg(p(c1)) < (a—deg(a1) —1), then (p(c1)(g1 +
2a1),0) € span(Sy). Otherwise, by division algorithm,

(e

p(cl): q+r,

a
where deg(r) < (o — deg(a;) — 1). Therefore,

(pler) g +2a),0) = (©-—

= T(gl + 2017 0)

Hence, (p(c1)(g1+2a1),0) € span(Sy). To prove ca* (f1, 92+ 2a2 +up) € span(SyU
Sy U S3), we divide ¢ by h and can write co = ¢ah + ro where deg(rs) < (8 —
deg(az) —1). Therefore, cp * (f1, g2 + 2a2 + up) = (q2h +12) * (f1, g2 + 2a2 + up) =
a2(hfi, uhp) + r2(f1, 92 + 2a2 + up). Clearly, r2(f1, g2 + 2a2 + up) € span(Sz). It
remains to show ga(hf1,uhp) € span(S1 U Sy U Ss). Again, by division algorithm,
we have go = g3ma + r3, where deg(r3) < (8 — deg(my) — 1). Also, my | hp, so
hp = mimg for some m3 and this implies hpmo = mimoms = 0. Hence,

q2(hf1,uhp) = (gzma + r3)(hf1, uhp)
= q3(mah f1, uhpms) + r3(h f1, uhp)
= g3(m2hf1,0) + r3(hf1, uhp).

q+7r)g1 + 2a1,0)
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By Lemma (g1 +2a1) | mahfi, so gs(mahfa,0) € span(Sy). Also, r3(hf1,uhp)
€ span(Ss), therefore, cq * (f1, g2 + 2a2 + up) € span(S; U Sy U S3). Now, to show
cs * (fa,ugs + 2uasz) € span(Sy U Sy), again applying division algorithm, we have
¥ —1
as
where deg(ry) < (8 — deg(as) — 1). Therefore,

c3 = qq + 14,

P -1

c3 * (f2,ugs + 2uasz) = ( qs +14) * (f2,ugs + 2uaz)
P —1

asz

= qu( f2,0) + 74 * (f2,ugs + 2uas).

By Lemma we have (g1 + 2a1) | ‘”5_1f2, SO q4(x5_1f2,0) € span(S1). Also,

a a,
r4 * (f2,ugs + 2uas) € span(Sy). Therefosre, s (fa, ug;, + 2uaz) € span(Sy U Sy).
Hence, from equation |2, we conclude that ¢ € span(S), i.e., S generates the code
C. By the construction of S, we can easily check that none of the element of S is a
linear combination of the remaining elements of S. Thus, S is a minimal spanning
set for the code C. O

Corollary 3.4. Let C be a ZyZ4[u]-additive cyclic code of length («, 8) given by
Theorem[3.3. Then any codeword c € C is uniquely expressed as

c =81 % (g1 + 2a1,0) + s2 % (f1,92 + 2a2 + up) + s3 * (hf1, uhp)
+ 54 % (f2,ugs + 2uas),

where s1, 83, 84 € Zy[x], s2 € Zg[u][x] such that deg(s1) < (a—deg(a1)—1),deg(s2) <
(B — deg(az) — 1),deg(s3) < (B — deg(m1) — 1),deg(s4) < (8 — deg(as) — 1).

Proof. By Theorem [3.3] we know that S is a minimal spanning set of C, so any
codeword c € C is uniquely expressed as a linear combination of elements of S. [

4. 7Z474[u]-ADDITIVE CONSTACYCLIC CODES

In this section, by using the structure of additive cyclic codes obtained in the
previous section we discuss the algebraic properties of additive constacyclic codes.

Definition 4.1. Let A be a unit in Z4[u]. A linear code S of length 8 over Z4[u]
is said to be a A-constacyclic code if 75(c) = (Acg_1,¢0,- - ,cg—2) € C whenever
c¢=(cg,c1, -+ ,c8-1) € S. The operator 7 is known as A-constacyclic shift.

Let A =3+ 2u. Then A is a unit in Z4[u]. Define a map
v ¢ Zalulle] /(@P = 1) = Za[u][a] /(=" = )
by
v(a(z)) = a(A\z), where a(z) € Zy[u][z]/(z® — 1).

Then it is easy to check that v is a ring isomorphism if 3 is an odd integer. Also, by
above ring isomorphism ~y, we can characterize the A-constacyclic codes over Z4[u]
with odd length  as follows.
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Theorem 4.2. Let S be a A-constacyclic code of odd length 8 over Z4[u]. Then
generators of S are given by

S = (g1(y) + 2a1(y) + up(y), ugz(y) + 2uas(y)),
where y = \x and a; | g; | (z7 — 1) mod 4.

Definition 4.3. The Z4Z4[u]-additive code C of length (a, /) is said to be a
Z47.4[u)-additive constacyclic code if

T>\7ﬁ(z) = (Ca—h Coy " Ca—2, )‘T,B—la o, " 7T,8—2) cC
whenever z = (cg,¢1,- -+ ,Ca—1,T0,T1, - ,73-1) € C.
Lemma 4.4. A Z,Z4[u]-additive code C of length (c, 8) is a Z4Z4[u)-additive con-

stacyclic code if and only if it is a Z4[u][x]-submodule of Ry p.x = Zalx]/{x* — 1) X
Zalu][2]/ (P — ).

Proof. Let C be a Z4Z4[u]-additive constacyclic code. Similar to Lemma for
(a(z),b(z)) € C, we have z' x (a(x),b(z)) € C for i > 1. Therefore, r(z) *
(a(z),b(z)) € C for any r(x) € Z4[u][x]. Hence, C is a Z4[u][z]-submodule of
Rop.x. Conversely, if C is a Zy[u][z]-submodule of R, g, then for any code-
word z = (a,b) € C, we have z * (a(x),b(z)) = 7»5(z) € C, where (a(z),b(z)) is
the polynomial representation of the codeword z = (a,b) € C. Therefore, C is a
Z.47.4[u]-additive constacyclic code. O

Here, we define a projection map
P : Za[2)/(a® = 1) x Za[u][2]/{2” = X) = Za[u][2]/(” = X)
by
P(a(x),b(z)) = b(x), where a(z) € Zy[z]/ (™ — 1),b(z) € Zy[u][x]/(z® — N).

Then P is a Z4[u][z]-module homomorphism. Let C be a Z4Z4[u]-additive consta-
cyclic code of length (a, 8). Then, by similar arguments as given in case of cyclic
codes, ker(P|c) = {(g1 + 2a1,0)) with aq | g1 | (z* —1) and also P(C) is an ideal of
Za[u)[x]/{(x® — \). Therefore, by Theorem we have

P(C) = (g1(y) + 2a1(y) + up(y), uga(y) + 2uaz(y)),

with y = Az and a; | g; | (z”—1) mod 4. Thus, by above discussion, we characterize
the Z47Z4]u]-additive constacyclic code of length («, ) as follows.

Theorem 4.5. Let C be a Z474]u]-additive constacyclic code of length («, B) where
a, B both are odd integers. Then C is a Za[u][x]-submodule of Ry g x given by
C =((91(2) + 2a1(),0), (f1(2), g2(Az) + 2a9(Az) + up(Az)),
(f2(2), ugs(Az) + 2uaz(Ax))),
where ay(z) | g1(z) | (2 — 1), a;(2) | gi(x) | (27 — 1) mod 4 for i = 2,3 and
fi(@), f2(2), p(x) € Zslz].

ADVANCES IN MATHEMATICS OF COMMUNICATIONS Vorume X, No. X (20xx), X-XX



ADDITIVE CYCLIC AND CONSTACYCLIC CODES 9

5. GRAY MAPS AND Z4-IMAGES OF CONSTACYCLIC CODES

In this section, we define some Gray maps and discuss their Z,-images. Towards
this, we first define a map

¢1 1 Za[u] — Z3
by
(3) ¢1(a+ ub) = (2a,2b), a,b € Zy.
The map ¢; is linear and its extension
61 : Zalu) — Z°
is defined by
¢1(ro, 71, ,rg—1) = (2a0,2a1, -+ ,2ap_1, 2by, 2b1,- -+ ,2bg_1),

where r; = a; + ub; € Z4fu] for i = 0,1,--- ;8 — 1. We define the Gray weight
wa(z) = wr(¢1(x)), for x € Zy[u]?, where wr, is the Lee weight over Z, and hence,
the Gray distance is dg(z,y) = wg(x —y) for x,y € Z4[u]®. In this regards, the
map ¢; is a linear isometric map from Z4[u]? (Gray distance) to Ziﬂ (Lee distance).

Lemma 5.1. Let ¢1 be the Gray map defined in equation @, Ty, the A-constacyclic
shift and 7o, the quasi-cyclic shift defined in equation . Then @17y = Tod1.

Proof. Let r; = a; +ub; € Zy[u] for i =0,1,--- ,8—1 and r = (ro,71, -+ ,78-1) €
Z.4[u)®. Now,

(,2517')\(7‘) = gf)l()\’l’ﬁ_l, o, - .- ,Tﬁ_g)
= (2&5,1, 2&0, s ,2041372, 2b07 2b1, s ,Qbﬁ,Q).
On the other side, we have

7T2¢1(T) = 71—2(20'07 2@1, e 720/,6—1; QbOa 2b17 e ,Qbﬂ_l)
= (2a5-1,2a9, - ,2ap5-2,2bg, 2by1,- - ,2bg_2).

Hence, ¢1T)\ = 7T2¢1. O]

Theorem 5.2. Let S be a A-constacyclic code of length 8 over Zs[u]. Then ¢1(S)
is a quasi-cyclic code of length 23 and index 2 over Z,.

Proof. Since S is a A-constacyclic code, so 7(S) = S. By Lemma we have
D17A(S) = $1(S) = m2(¢1(S)). Therefore, ¢;1(S) is a quasi-cyclic code of length 23
and index 2 over Zj. O

We define another map
G2 Lau] — Zy
by
(4) ¢2(a+ub) = (2a + b,3b), a,b € Zy.

Lemma 5.3. Let ¢o be the Gray map defined in equation , Ty be the \-constacyclic
and o be the cyclic shift operator. Then ¢oTy = 0.
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Proof. Let r; = a; + ub; € Zy[u] for i =0,1,--- ,8—1and r = (ro,71, - ,78-1) €
Z4[u)®. Now,

PaA(1) = P2 (Arg—1,70," - ,73-2)
= (3bg—1,2a0 + bo, - -+ ,2a8—2 + bg_2,2a8_1 + bg—1,3bg, - - - ,3bg_2).

On the other side,

Ud)g(’l“) = 0'(2&() + bo,2aq + by, - - - ,2a5_1 + bﬁ_h 3bg, 3by, - - - ,3bﬁ_1)
= (31)5_1, 2a9 + bo, s ,20,5_2 + b5_2, 20‘,5_1 -+ bB—l, 3b0, cee ,31)5_2).

Hence, ¢o1y = 0. O

Theorem 5.4. Let S be a A-constacyclic code of length B8 over Zy[u]. Then ¢2(S)
is a cyclic code of length 23 over Zy.

Proof. Since S is a A-constacyclic code, so TA\(S) = S. Also, by Lemma [5.3) we
have ¢o7)(S) = 92(S) = o(¢2(S)). This shows that ¢2(S) is a cyclic code of length
23 over Zy. O

Definition 5.5. (Definition 1, [20]) Let mq,ma,...,m; be positive integers and
set R; = Z“[f]l), for i = 1,2,...,1. Then any Z4[x]-submodule of Z4[z]-module

<J;m,i
R’ := Ry X Ry X --- x Ry is said to be generalized quasi-cyclic (GQC) code of block
length (mq, ma,...,m;). Note that a GQC code of block length (mq,ma,...,my)
with m; = mg =--- = my is a QC code of length Im. Further, if [ = 1 then it is a

cyclic code of length m.

Now, we define a map ®; with the help of the map ¢; as follows:
Dy : Ly X La[u] — 73
by
(5) D1 (c,a+ ub) = (¢, p1(a + ub)) = (¢,2a,2b), a,b,c € Zy.
The map ®; can also be extended as

By : 2§ X Lyu)® — 25F

defined by

@1(00;Cla"' 3 Ca—1,T0,T1," " 770671)

= (007017"' y Ca—15 200,20y, - - - 72@5,1721)0,2()1," : 72b571>
where r; = a; + ub; € Z4lu] and a;,b;,¢; € Zy for i =0,1,--- , 8 — 1.

Theorem 5.6. Let C be a Z4Z4[u]-additive constacyclic code of length (v, 3). Then
D4 (C) is a generalized QC code of block length (a, 8, 8) over Z4.

Proof. Let (Co, Cly 5 Ca1,2a0,2071, - ,2&[371, 2bg, 2bq, - - - ,2b3,1) S (I)l(C)
Then there exists (co, 1, ,Ca—1,70,71," - ,75—1) € C such that

(1)1(007017 5 Ca—15T0,T1, 0 0 7Tﬁ—1)

- (CO,cl, e aca7172a0,2a17 te ,2&5,1,2b0,2b1, .. 'a2b,371)
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where r; = a; + ub; € Z4[u] and a;,b;,¢; € Zy for i = 0,1,---,8 — 1. Since C is
a Z4Z4[u]-additive constacyclic code, (cq—1,¢0, "+ ,Ca—2, \Pg_1,70, -+ ,73—2) € C.
Therefore,

¢1(Ca717007 s, Ca—2, >\Tﬁ7177407 T 77“572)

= (ca—la Co, 0, Ca—2; 20/5—1, 20/0) o a2a'ﬂ—2a 2bﬁ—la 2b07 e ;Qb,@—Q) c (I)(C)
This shows that @ (C) is a generalized QC code of block length («, 8, 8) over Z4. O

Corollary 5.7. If C is a Z4Z4[u]-additive constacyclic code of length (o, &), then
®(C) is a quasi-cyclic code of length 3c and index 3 over Zy.

Proof. It follows from the Theorem with o = B. O
Now, we define another map ®5 as follows:

By Z§ x La[u)® — 25T

by

Do(co, 1, 1 Cam1,T0,T1," "+ ,TB—1)

= (co,¢1," " yCa—1,2a0 + bo,2a1 + b1, -+ ,2a3—1 + bg_1,3bg, 3b1,--- ,3bg_1)
where r; = a; + ub; € Zy4[u] and a;,b;,¢; € Zy for i =0,1,--- , 5 — 1.

Theorem 5.8. Let C be a Z4Z4[u]-additive constacyclic code of length («, 8). Then
D5(C) is a generalized QC code of block length (o, 20) over Zy.

PTOOf. Let (CO,Cl, 5 Ca—1, 20’0+b07 2a1+b1a T 72aB—1+b5—17 3b0) Sbla T 73b5—1) €
®5(C). Then there exist (co,c1, - ,Ca—1,T0,71, - ,73—1) € C such that

(1)2(00)017 5, Ca—15T0,T1, 77‘,@71)

= (co,c1,++ ,Ca—1,20a0 + bo,2a1 + by, -+ ,2a5_1 + bg_1,3bo,3b1,- -+ ,3bg_1)

where r; = a; + ub; € Z4[u] and a;,b;,¢; € Zy for i = 0,1,--- , 8 — 1. Since C is a
Z4Z4|u)-additive constacyclic code, 80 (Co—1,C0," " Ca—2, \T3—1,T0,"** ,Tg—2) € C.
Therefore,

(I)Z(Cozflv Co,* 5y Ca—2, )\7’5,1, To, - 770672)

= (COL717 Coy 5 Ca—2, 3bﬂ717 2(10 + b07 e 720/571 + bﬁfla 3b07 e ;3b,372) € (PQ(C)
This shows that ®2(C) is a generalized QC code of block length («, 23) over Zy. O

Corollary 5.9. If C is a Z4Z4[u]-additive constacyclic code of length (26,0), then
®5(C) is a quasi-cyclic code of length 45 and index 2 over Zy.

Proof. 1t follows from the proof of the Theorem [5.8| with o = 26 = 25. O

6. SKEW CONSTACYCLIC CODES

In this section, we discuss skew constacyclic codes over Z4[u] and Z4Z4[u], re-
spectively. It is worth mentioning that skew constacyclic codes over Z4[u] with a
different unit A = 1 + 2u are studied in [27]. Here, we use the unit A = 3 + 2u
which allows to define suitable Gray maps to characterize these codes as quasi-
cyclic or cyclic codes over Zy. Now, we define an automorphism 6 on Z4[u] as
O(a+ ub) = a+ 3ub for all a,b € Z4. Here, the order of the automorphism is 2 and
the set of polynomials

Za[u][z;0) = {ao + a1 + -+ ag_12° 7" | a; € Zy[u], for all i}
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is a non-commutative ring under usual addition of polynomials and multiplication
of polynomials define with respect to the condition (az®)(bx?) = af®(b)z*t. Under
the left multiplication defined by

2(z)(a(z) + (2 = X)) = z(x)a(z) + (7 — \), where z(z),a(x) € Zy[u][z; 6],
the set Ry g5 = Zalu][x;0]/(xP — \) is a left Z4[u][x;0]-module. We identify each
codeword z = (29,21, ,2p-1) € Za[u)? by a polynomial z(z) = 2o + 212 + - -+ +
Zn_1$ﬁ71 € R)\ﬂﬁ.

Definition 6.1. A linear code S of length 3 over Z4[u] is said to be a skew -

constacyclic code if for any ¢ = (¢cg, ¢1,- -+ ,cp—1) € S, we have 7 g(c) = (0(Acg-1),
8(co), - ,0(cs—2)) € S. The operator 7y ¢ is known as the skew A-constacyclic
shift.

Lemma 6.2. Let S be a linear code of length 8 over Z4u]. Then S is a skew
A-constacyclic code if and only if S is a left Za[u][x; 8]-submodule of Ry ¢,5.

Proof. Let S be a skew A-constacyclic code of length 8. Let a(z) € S, where
a(r) =ag+ a1z +---+ag_12°~1. Now,
ra(x) = 0(ag)z + 0(ar)x? + -+ 0(ag_o)z" ' + 0(ag_1)2”

= M(ag_1) +0(ag)x + 0(ar)x?* + -+ 0(ag_o)z" !

= 7'>\79(a) eS.
Therefore, for all ¢ > 2, we have z'a(z) € S. Hence, for any r(z) € Z[z; 6], we
have r(z)a(z) € S. Therefore, S is a left Z4[u][x; §]-submodule of Ry g 3.
On the other hand, if S is a left Z4[u]x;0]-submodule of Ry g 3, then for any
a(x) € S we must have 7 g(a) = za(zx) € S. Hence, S is a skew A-constacyclic

code of length 5 over Z4[u].
O

To consider an algebraic structure on Ry g .5 = Za[x] /(2% —1) x Zy[u][z; 0]/ (x¥ —
A), we define the left multiplication by z(x)(a(z),b(z)) = (p(z(x))a(z), (m)b(az)),
where z(z) € Zy[ul[z;0],a(x) € Zylx]/(x® — 1) and b(x) € Zy[u][x;0]/(z” — \).
Under this multiplication, R .5 is a left Z4[u][x; 6]-module. We identify each
codeword z = (Co,C1,"** ,Ca—1,70,T1," " ,75—1) in Z$ X Z4[u]® by a polynomial
z(z) = (c(x),r(x)) € Rxg.ap Where c(z) = co+ 12+ + co12°" ! and 7(z) =
ro+nrx+---+ rﬁ,lxﬁ_l.

Definition 6.3. Let C be a Z4Z4[u]-additive code of length (a, 8). Then C is said
to be skew Z4Z4[u]-additive constacyclic code if for any

z = (COacla 5, Ca—15T0,T1, 7T,3—1) S Ca
we have
T)\,G,ﬁ(z) = (007 C1y" " ,Ca—1, 9()‘715*1)7 9(’/‘0), e 79(705*2)) eC.

Lemma 6.4. Let C be a ZyZ4[u]-additive code of length (v, 8). Then C is skew

Z4Z4[u)-additive constacyclic code if and only if C is a left Z4[u][x; 0]-submodule of

Rx.0,0,8-

Proof. Let C be a skew Z,Z4[u]-additive constacyclic code of length («a, ) and
(z) €

t(x) € Z4lu][x;0]. Let z(x) = (¢(x),r(x)) be any codeword of C where c(z
Zy[z]/(x* — 1) and r(x) € Za[u][z;0]/(xP — ). Tt is easy to verify that zc(z) is
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the cyclic shift of ¢(z) and zr(x) is the skew constacyclic shift of r(x). Therefore,
zz(x) = z(c(x),r(x)) is the image of z(z) under the operation 7 9 3. Since C is a
skew Z4Z4[u]-additive constacyclic code, so zz(x) € C. Similarly, for any integer
i > 2, we can show x'z(x) € C. As C is Z4[u]-submodule of Z$ x Z4[u]?, we have
t(z)z(z) € C. Hence, C is a left Z4[u][x; 0]-submodule of Ry ¢ o s.

Conversely, let C be a left Z4[u][x; f]-submodule of Ry g o 5. Let z(x) = (c(z),r(z)) €
C where c(x) € Z4[x]/{z® — 1) and r(x) € Z4[u][x;0]/(x® — \). Since zz(x) =
z(c(z),r(x)) is the image of z(x) under the map 7, ¢ g, and zz(z) € C, therefore C
is a skew Z47Z4[u]-additive constacyclic code of length (a, ). O

Theorem 6.5. Let C be a skew Z4Z4|u)]-additive constacyclic code of length (a, 1)
where « is any odd positive integer. Then C is a ZsZ4|u]-additive cyclic code of
length («, 1).

Proof. Let z = (co,c1,"+* ,Ca—1,70) € C. Since the polynomial representation of z
is z(r) = (co + 12+ -+ + ca_12% 1, 19), therefore,

2T 2(2) = (Cam1 + 0T + -+ + Can® 2, 0% (o)),

Also, a is an odd integer, so §%*1(ry) = 9. Moreover, in Z,[u][x]/(z — \), we have
x = A, which implies 2! = A**+! = 1. Hence,

a:a+1z(x) _ (Ca—l +cor 4+ Ca_2xa—2’9a+1(r0)xa+l)
= (Ca—1 +Cox + -+ Ca_z® 2 19) €C.
This shows that C is a Z4Z4[u]-additive cyclic code of length (a, 1). O

Corollary 6.6. For any odd positive integer «, every left Z4[u][x; 0]-submodule of
Zylx]/{x™ — 1) X Zg[u][z;0]/{x — X) is also a Zy|u][z]-submodule of Zy[z]/{x* —1) x
Zalullx]/(x = X).

7. GRAY MAPS AND Z4-IMAGES OF SKEW CONSTACYCLIC CODES

In the present section, like codes over commutative rings, we discuss the Z4-
images of skew constacyclic codes. These codes turn out to be quasi-cyclic or
generalized quasi-cyclic codes under different Gray maps.

Lemma 7.1. Let ¢1 be the Gray map define in equation (@, Tx,0 be the skew \-
constacyclic shift and m be the quasi-cyclic shift defined in equation . Then
D1Tr 0 = T2

Proof. Let r; = a; + ub; € Zy[u] for i =0,1,---,8—1and r = (ro,r1, -+ ,r5-1).
Now Arg_1 = (3+ 2u)(apg—1 + ubg_1) = 3ag—1 +u(2ap_1 + 3bs_1) and (Arg_1) =
3ag—1 + u(2ag_1 + bg_1). Therefore,

P17060(r) = 91(0(Arp-1), 6(r0), - -, 0(rs—2))
= (2aﬂ717 2ag, - - a2a572a 2b,3713 2b07 e 72bﬁ72)~

Also, from the proof of the Lemma [3.2] we have
Toda(r) = (2a5-1,2a0, - ,2a5-2,2bg_1,2bo, -+ ,2bg_2).
Hence, ¢1T)\79 = 7T2(b1. O

Theorem 7.2. If S is a skew A\-constacyclic code of length B over Zs[u], then ¢1(S)
is a quasi-cyclic code of length 23 and index 2 over Z,.
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Proof. Let S be a skew A-constacyclic code of length 3 over Z4[u]. Then 7 4(S)
is

S. Now, by Lemma $172,0(C) = $1(S) = m2¢1(S). Therefore, ¢1(S) is a
quasi-cyclic code of length 28 and index 2 over Z,. O

We define a map
b3 Ly[u] — 73
by
(6) ds(a+ ub) = (a+ 2b,3a+2b), a,b € Zy.

Lemma 7.3. Let ¢3 be a Gray map defined in equation (@, Txr,o be skew A-
constacyclic shift and o be the cyclic shift operator. Then ¢37x 9 = 0¢3.

Proof. Let r; = a; + ub; € Zy[u] for i =0,1,---,—1 and r = (ro,r1, - ,r5-1).
Now, Arg_1 = (34 2u)(ag—1 +ubsg_1) = 3ag_1 +u(2ag_1 +3bs_1) and (Arg_1) =
3ag—1 + u(2ag—1 + bg_1). Therefore,
®37x0(r) = ¢3(0(Arg-1),0(r0), - ,0(rg—2))
= (3ag_1 + 2bg—_1,a0 +2bg,- - - ,ag—2 +2bg_2,a3—1 + 2bg_1,
3ag + 2bg, 3a1 + 2b1,- -+ ,3ap—2 + 2bg_2).
On the other side,
ops3(r) = o(ag + 2by, a1 + 2b1,- -+ ,ag_1 + 2bg_1,3ap + 2by, 3a1 + 2b1,
coo Bag_y + 2bs_1)
= (Bag_1 + 2bg_1,a0 + 2bg, - - - ,ag—2 + 2bg_2,a_1 + 2bs_1,
3ag + 2bo, 3a1 + 2bq,- - ,3ag—2 + 2bg_2).
Hence, ¢375 9 = 0¢3. O
Theorem 7.4. If S is a skew A-constacyclic code of length § over Z[u], then ¢3(S)
is a cyclic code of length 23 over Zy.

Proof. If S is a skew A-constacyclic code of length 3 over Z4[u], then 7 4(S) = S.
Also, by Lemma ?37x,0(S) = ¢3(S) = 0¢3(S). Therefore, ¢3(S) is a cyclic
code of length 25 over Z,. O

Theorem 7.5. Let ®1 be the Gray map defined in equation (@ and C be a skew
Z4Z4[u)-additive constacyclic code of length (o, 8). Then ®1(C) is a generalized QC
code of block length («, B, 8) over Z,.

Proof. It is similar to the proof of Theorem O

Corollary 7.6. If C is a skew Z4Z4[u]-additive constacyclic code of length («, ),
then ®1(C) is a quasi-cyclic code of length 3a and index 3 over Zy.

Now, we define another map ®3 as

By : 2§ X Lyu)® — 25

by

P3(co,c1, 00 1 Cam1,T0, 157"+, TB-1)

= (co,¢1," " Ca—1,a0 + 2bg, a1 + 2b1,- -+ ,ag_1 + 2bg_1, 3ag + 2bg,
(7) 3ai +2b1,- -+ ,3ag-1 + 2bg_1)

where r; = a; + ub; € Z4lu] and a;,b;,¢; € Zy for i =0,1,--- 8 — 1.
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Theorem 7.7. Let &3 be a Gray map defined in equation @ and C be a skew
Z47.4[u]-additive constacyclic code of length (o, 3). Then ®3(C) is a generalized
QC code of block length (o, 28) over Zy.

Proof. Let (Co,Cl, <o Ca—1,a0 + 2bg, a1 + 2by, - - - ,ag—1 + 2b5_1,3a0 + 2bg, a1 +
2b1,--- ,3a3-1+2bg_1) € ®3(C). Then there exist (co,c1,- -+ ,Ca—1,70,71," "+ ,T3-1)
€ C such that

Qs3(co, 1, 1 Cam1,70,T1," "+ ,TB—1)
= (co,¢1, s Ca—1,00 + 2bg,a1 +2b1,- -+ ,ap_1 + 2bg_1, 3ag + 2bg, 3a;1 + 2by,
-+, 3ap_1 +2bs_1)
where r; = a; + ub; € Z4lu] and a;,b;,¢; € Zy for i = 0,1,--- ,n — 1. Since C is a
skew Z4Z4[u]-additive constacyclic code, so (cq—1,¢Co, "+, Ca—2,0(Ar5-1),
0(ro),- -+ ,0(rg—2)) € C. Therefore,
D3(ca—1,€0," "+ ,Ca2,0(Ar5-1),0(r0), - ,0(rg—2))
= (Ca—1,€0," " ,Ca—2,3a8-1 + 2bg_1,a0 + 2by, a1 + 2b1,--- ,ag_1 + 2bg_1,
3ag + 2bg, 3ay + 2b1,- - ,3ag_2 + 2bg_2) € P3(C).
Hence, ®3(C) is a generalized QC code of block length (a, 283) over Zy. O

Corollary 7.8. IfC is a skew Z4Z4[u]-additive constacyclic code of length (2c, ),
then ®3(C) is a quasi-cyclic code of length 4 and index 2 over Zy.

8. EXAMPLES

Here, we present some new quaternary linear codes from above obtained cyclic
and constacyclic codes. At first, we consider the (3 + 2u)-constacyclic code of odd
length 3 over Z4[u], which is found in Theorem as follows

S = (91(y) + 2a1(y), ug2(y) + 2uaz(y)),

where y = A\x = (3+2u)x and a; | g; | (#°—1) mod 4, for i = 1,2. Here, we represent
S by (h(x), k(x)), where h(z) = g1(A\x) + 2a1(Az), k(x) = uga(Ax) + 2uaz(Az). In
Table[1] column 2 and column 3 represent the generator polynomials h(z) and k(z),
respectively while column 4 and column 5 include the Gray images of constacyclic
codes under the maps ¢; and ¢, respectively. We write coefficients of generator
polynomials in decreasing order, for example, we write [3 + 2u,3,0,1,1 4 2u,0,1 +
2u,1 + u] to represent the polynomial (3 + 2u)z” + 328 + 2% + (1 + 2u)2® + (1 +
2u)z + 1+ u.

Again, we recall from Theorem that for the odd positive integers o and [ the
Z47.4[u]-additive cyclic code is given by

C = ((g1 +2a1,0), (f1, 92 + 2a2 + up), (f2, ugs + 2uas))

where a; | g; | (2% —1) for i = 2,3 and ay | g1 | (2 — 1), fu, fo € Za[z]. In Table[2]
we give the generator polynomials for Z,Z4[u]-additive cyclic codes and also obtain
their Z,-Gray images which give several new linear codes. In both, Table [I] and
Table 2] '*" denotes the new code and '#’ denotes the best known code according
to the online database [4].
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TABLE 1. Gray images of (3 + 2u)-constacyclic codes over Zg4|u]

B h(z) k(x) $1(S) $2(S)

3 1,3+ 2u,3 + 4 3u, u] [6,4024,2]* | [6,4120, 2]#
7 (1,3 4 2u,3,0,1 + u] [3u, 3u, 2u, u] [14,4327,2] | [14,4723 4]#
7 [34 2u,2,3 + 2u,1+ u] [Bu, 3u, 2u, u] [14, 49211 2] (14,4724 2]
9 3+ 2u,0,2,1 + 1] [1,0,0,3u,0,0,3u] [18,40215,2) | [18,4%20,2]
9 [3+2u,3,0,1,1+ 2u,0,1 + 2u, 1 + u] [u, 3u, 3u] (18,4921 2] | [18,4922,2]
15 [B+2u,3,2,1,2 + u] [u, 2u, 2u, 3u, u, u, 3u] [30,49226 2] | [30,415211 2]*
15 1,0,2,2,1,3 + 2u, 1,3 + 2u, 3 + u] [u, 3u, 3u] [30,49220 4] | [30,4%°25 4]*
17| [3+2u,3,2,1,2,2,1 +2u, 2,1 + 2u, 2,1 + 2u, 1 + ] | [u, 3u, 3u,0,3u, 0, 3u, 3u, 3u] | [34,40225, 2] | [34,41728,2]*
17 [1,0,2,1 + 2u, 1,1 + 2u,2,0,3 + u] [, 3u, 3u, 0, 3u, 0, 3u, 3u, 3u] | [34,40226,2)* | [34,41729, 2]*
21 3+ 21,0,0,3,0,0,0,0,2, 1 + u] [, 3u, 3u, 0, 3u, 2u, 3u] | [42,49233 2]* | [42, 421218, 9)*
21 3+ 2u,3,2,2,3 4 2u,1,2,1,3 + 2u, 3 + 1 [3u, 0, 2u, u| [42,40233 9)* | [42,421212 9]*

9T
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TABLE 2. Z4-Gray images of Z,Z4[u]-additive cyclic codes of length («, )

(o, B) Generators ®4(C) D5(C)
(3,3) gi=g=2>4+r+1l,gs3=c+1la,=a=a3=1,p=1,fi=fo=x+1 [9,4323, 1] 9,420 1]
(3,3) |gi=go=gz3=a~Lay=2?+ax+laa=az=a+3,p=1,fi=fo=a>+2| [9,4322 1] [9,4521, 1]
(3,7) g=23—1,go=a+23+322+ 22+ 1,93 =27 — 1,
ap =2’ +r+laa=x+3,a3=a3+322+22+3,p=1,fi=fo=a+1 (17,4228 2] | [17,4921, 2]
(7,3) g=2"—1l,gp=a%—1,g5=1x+3,
ar =2 +223 + 322 +x+ Lag =2 +x+la3=1,p=1,f1 = fo=a+3 | [13,4325,2]* | [13,4%22 2]*
(7,7) gi=2*+23+322+ 224+ 1, g0 =2 + 203+ 322+ + 1,93 = = + 3,
ap=a34+22 +x+3,a0 =23 +322+22+3,a3=1,p=1,f1 = fo=a+3 | [21,4528 2]* | [21,41322 2J*
(9,9) =24+l go=a"+325+2* +32° +x4+3, 935 =25+ 2% +1,
a=las=24+234+1a3=1,p=1,fi=fo=x+3 (27,4929 2]* | [27,41624 2]
(3,9) gp=2>4+2+1,g0=2"+32 +2* +323+2+3,93 =2+ 3,
ai=l,as=as=2+3,p=1,fi=fo=x+3 21,4329, 1)* | [21,4'220,1]
(9,3) gp=234+3,gp=23-1,9g3=x+3,
a=1>+r+las=a+3a3=1p=1fi=fo=a+3 15,4524, 2]* | [15,41121,2)*
(7,9) |gr=a*+ 23 +322+ 22+ 1, go=a" + 328 +2* + 323 + 24+ 3,93 =22 + 2 + 1,
g =23 +222+x+3a=2+3+las=1lp=1,fi=fo=ax+1 [25,46210 2]* | [25,4152L 2]

SHAOD DITODADVLSNOD ANV DITOAD HALLIAAY
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9. CONCLUSION AND OPEN PROBLEMS

In the present paper, we have studied codes over the mixed alphabet (Z4, Z4[u))
with respect to cyclicity. Thus, we have determined the algebraic structure of both
constacyclic and skew constacyclic codes, and of their Gray images, which turn out
to be quasi-cyclic or generalized quasi-cyclic. Examples in modest lengths show
that the resulting Z4-codes are sometimes as good as the best known. Although
algebraic properties of skew Z4Z4[u]-additive constacyclic codes are presented their
computational burden is still under consideration. Apart from the above, the fol-
lowing problems are worth to work on in the future:

1. The natural open question is to study the codes just replacing Z, by some
other ring R, and Z4[u] by some quadratic extension of R in this study. It
would also be rewarding to consider mixed codes over (Z4,Z4[v]) where v
satisfies different condition than v? = 0. For instance, v?> = v + 1 leads to
Z4v] = GR(4,2), the Galois ring of characteristic 4 and order 16, already
studied in [I7].

2. As stated in the introduction the mixed alphabets codes over the alphabets
ZioZas [u] or in more general, Zor Zgs [u], where u? = 0 are promising and open.
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