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Abstract This paper tackles the challenge presented by small-

data to the task of Bayesian inference. A novel method-
ology, based on manifold learning and manifold sampling,
is proposed for solving this computational statistics prob-
lem under the following assumptions: 1) neither the prior
model nor the likelihood function are Gaussian and neither
can be approximated by a Gaussian measure; 2) the num-
ber of functional input (system parameters) and functional
output (quantity of interest) can be large; 3) the number of
available realizations of the prior model is small, leading
to the small-data challenge typically associated with expen-
sive numerical simulations; the number of experimental re-
alizations is also small; 4) the number of the posterior real-
izations required for decision is much larger than the avail-
able initial dataset. The method and its mathematical aspects
are detailed. Three applications are presented for validation:
The first two involve mathematical constructions aimed to
develop intuition around the method and to explore its per-
formance. The third example aims to demonstrate the oper-
ational value of the method using a more complex applica-
tion related to the statistical inverse identification of the non-
Gaussian matrix-valued random elasticity field of a dam-
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1 Introduction
1.1 Overview of the Bayesian approach

The Bayesian approach is a very powerful statistical tool
that provides a rigorous formulation for statistical inverse
problems and about which numerous papers and treatises
have been published [68,34,38,71,12,10,70,52,14,25,61].
In general, this approach requires the use of variants of the
Markov Chain Monte Carlo (MCMC) methods [2] for gen-
erating realizations (samples) of the posterior model given
a prior model and data typically derived either from numer-
ical simulations or from experimental measurements. This
probabilistic approach is extensively used in many fields of
physical and life sciences, computational and engineering
sciences, and also in machine learning [43,57,74] and in al-
gorithms devoted to artificial intelligence [37,23].

In the supervised case, the most popular Bayesian inver-
sion approach consists of constructing the likelihood func-
tion using a Gaussian model. For instance, using the output
predictive error, the conditional probability density function
(pdf) of the random quantity of interest, QQ, given a value w
of the random parameter W, is constructed using the equa-
tion Q = f(W) 4 B in which B is a Gaussian random vector
that accounts for modeling errors introduced during the con-
struction of the mathematical/computational model of the
system (represented by the deterministic mapping f) and/or
the experimental measurements errors. Although generally
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more efficient than their alternatives, MCMC generators for
sampling from the posterior distribution [30,61], still re-
quire a large number of calls to the computational model,
which can present insurmountable difficulties for expensive
models, specially when dealing with high-dimensional prob-
lems (functional inputs/outputs). Generally, this situation re-
quires the introduction of a surrogate model for f in order to
decrease the numerical cost such as the Gaussian-process
surrogate model including Gaussian-process regression and
linearization techniques (see for instance [35,36,55] for cal-
ibration of computer models, [6,48] for formulations using
Gaussian processes, and [22,50,33,69,75] for algorithms
adapted to large-scale inverse problems in the Gaussian like-
lihood framework).

Nevertheless, the additive Gaussian noise model for the
likelihood is not always sufficient and embedded models
have to be considered for the likelihood. Consequently, the
Bayesian approach becomes much more computationally tax-
ing, in particular for high-dimension where it can become
outright prohibitive. This is the case if Q = f(W) is replaced
by Q = f(W,U) in which U is a random vector. For in-
stance, U corresponds to the spatial discretization of a non-
Gaussian tensor-valued random field appearing as a coeffi-
cient in a partial differential operator. In such a case, the con-
ditional probability density function of Q = f(w, U), given
W = w, involves solving the forward problem for several
realizations of U. A number of procedures have been pro-
posed in recent years to tackle this challenge, ranging from
adapted representations [72,73], to reduced-order models,
and surrogate models (see for instance, [32,11,9,20,54] for
reduced-order models and [42,45,8,62] for stochastic redu-
ced-order models). Many methods based on the use of poly-
nomial chaos expansions have also been developed (see for
instance, [24,4,17,61] for the identification of stochastic sys-
tem parameters and random fields in stochastic boundary
value problems, [40,39,53,73] for Bayesian inference in in-
verse problems, and [44,29] for explicit construction of sur-
rogate models).

The Bayesian approach for parameter estimation in the

non-Gaussian embedded likelihood case has significantly been

developed for low dimension [47,3] and using filtering tech-
niques and functional approximations [31,46,41, 1]. Recently,
a nonparametric Bayesian approach for non-Gaussian cases
has been proposed [49] for which the invertible covariance
matrix of the Gaussian kernel-density estimation is optimized
by taking into account the unknown block dependence struc-
ture.

The high-dimension case concerns functional inputs/out-
puts for which the numerical cost of the computational model
is expensive (the one considered in this paper). Concerning
the case of a high dimensional target for which a large num-
ber of realizations are also required, methods have been pro-
posed [13,5].

1.2 Framework of the developments, difficulties involved,
and novelties

This paper is devoted to the Bayesian inference for the small-
data challenge using the probabilistic learning on manifolds
(PLoM). The PLoM method has been introduced in [63].
Complementary developments can be found in [26,64—66].
Applications and validations can be found in [27,28,67,62].
The small-data character is related to the given initial dataset.
We clarify hereinafter the role-played by the initial dataset in
the proposed methodology, using for explaining it an exam-
ple and detailing the difficulties involved that contribute to
demonstrate the novelty of the approach. Let us consider the
statistical inverse problem for identifying a posterior prob-
ability measure of a non-Gaussian random field. This ran-
dom field is the functional input that is the parameter in infi-
nite dimension of a partial differential operator of a stochas-
tic boundary value problem (BVP). Partial observations are
done on the functional output (the solution of the BVP),
which is also in high dimension. Only a few experimen-
tal realizations are available (small number of experiments).
Consequently, this Bayesian inference is in high dimension
(functional input and functional output), with small experi-
mental data for the observations. The problem consists of es-
timating the posterior probability measure of the functional
input using the experimental data for the functional output
while preserving the non-Gaussian character of the likeli-
hood function. The fundamental assumption used, which jus-
tifies the proposed novel method, is as follows. The numer-
ical cost of an evaluation of one realization of the random
output, knowing one realization of the random input, using
the computational model of the BVP, is very large. Only a
very limited number of evaluations (tens, or at most hun-
dreds) can be carried out. This number is too small to use
the Bayes method in very high dimensions. Classically, a
surrogate model must then be constructed. Taking into ac-
count the high-dimension character of this surrogate model
(functional input — functional output) and the limitation of
the number of evaluations, any algebraic representation can-
not be constructed. We thus propose an alternative approach
based on the use of the PLoM, which allows for generating
a large number of additional realizations of the random cou-
ple (input — output) from the knowledge of an initial dataset
of this couple. These realizations are calculated using an in-
formative prior model of the random input and the computa-
tional model of the BVP. This initial dataset is small due to
the limited number of evaluations. As it has been shown in
[63], a small initial dataset allows for constructing a prob-
abilistic surrogate model without algebraic representation.
For solving this problem, the PLoM method published in
[63] requires key modifications. It is necessary to introduce
several novel ingredients in the methodology that are de-
tailed in Section 2.
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Introducing a mathematical framework, we now synthe-
size the novel approach dedicated to the high-dimension case
in the context of the small-data challenge. We consider the
case Q = f(W,U) in which W, U, Q are random vari-
ables with values in R™», R™, R™, and where (W, U) —
f(w, u) is a nonlinear mapping. In addition to the mapping
f, only two pieces of information are available. The first one
consists of an initial dataset (the training set), Dy, made
up of N, independent realizations (samples) {(q/,w/), j =
1,...,Ng} of the couple of random vectors, (Q, W). The
second piece of information consists of an experimental data-
set, D", used for updating, and consisting of n,. given in-
dependent experimental realizations (measures or simula-
tions) {(q*P",r = 1,...,n,} of Q. The objective then is
to construct, using the Bayesian approach, a set of v/, real-
izations, {WP*HY ¢ = 1,... Upoy} of the posterior random
vector, denoted by WP!, The following requirements have
guided the development of the proposed novel methodol-

ogy.

1. The non-Gaussian case is considered. The conditional
probability distribution of Q given W = w is not Gaus-
sian. For instance, mapping f is not additive with re-
spect to the Gaussian random vector U, contrarily to the
case for which the output-predictive-error formulation is
used, which consists in adding to Q = f(W) a Gaussian
noise U.

2. The problem is in high dimension, n,, is large and n,
can also be large.

3. The number N, of realizations of the prior model is
small, which means that we are in the context of the
small-data challenge. This situation can be induced, for
instance, by the use of an expensive computer code for
generating the set Dy, of realizations.

4. The number n,. of experimental realizations is small.

5. The number v of the posterior realizations required
for decision is large.

1.3 Organization of the paper

In order to discuss and motivate the intricate interplay be-
tween the requirements presented in Section 1.2 necessary
details concerning PLoM and the various modeling choices
are included in the paper, which is organized as follows.

Section 3 is devoted to the mathematical statement of the
problem. In Section 4, we introduce the scaling of the initial
dataset. The scaling of the random vector X = (Q, W) is
denoted by X = (Q, W). Section 5 deals with the generation
of additional realizations for the prior probability model us-
ing the PLoM while the reduced-order representations for Q
and W are constructed in Section 6 using the learned dataset.
Section 7 is devoted to the Bayesian formulation for the pos-
terior model and Section 8 deals with the nonparametric

statistical estimation of the posterior pdf using the learned
dataset, for which a regularization model is proposed. The
dissipative Hamiltonian MCMC generator, which is a non-
linear It6 stochastic differential equation (ISDE), is detailed
in Section 9 for the posterior pdf. The question relative to
the choice of a value of the regularization parameter is ana-
lyzed in Section 10. In Section 11, we summarize the main
steps for implementing the algorithm. Three applications are
presented in Sections 12 and 13. The first two are relatively
simple and can easily be reproduced. The third application is
devoted to the ultrasonic wave propagation in biological tis-
sues for which W is the random vector corresponding to the
spatial discretization of a non-Gaussian tensor-valued ran-
dom elasticity field of a cortical bone exhibiting osteoporo-
sis. In order to retain clarity throughout the paper, several
of the mathematical and algorithmic details have been rele-
gated to 9 appendices. For reasons of limitation of the num-
ber of pages, the first two applications and all the appendices
have been moved to the Supplementary material.

Notations

x: lower-case letters are deterministic real variables.

x: boldface lower-case letters are deterministic vectors.

X: lower-case blackboard letters are deterministic vectors.
X upper-case letters are real-valued random variables.

X: boldface upper-case letters are random vectors.

X upper-case blackboard letters are random vectors.

[x]: lower-case letters between brackets are matrices.

[X]: boldface upper-case letters between brackets are ran-
dom matrices.

n: dimension (n = ng + n,,) of vector x or X.

nq: dimension of vectors q, g, Q, and Q.

n,: number of independent experimental realizations.

N : dimension of vectors w, w, W, and W.

v: dimension (v = v, + v,,) of vectors X and X.

vy number of additional realizations.

Upost: numMber of independent realizations for the posterior.
vq: dimension of vectors q and 6

V,,: dimension of vectors w and w.

[I,,]: identity matrix in M.

M, n: set of the (n x N) real matrices.

M., : set of the square (n x n) real matrices.

M} set of the positive-definite (n x n) real matrices.
M0 set of the positive-semidefinite (n x n) real matrices.
R: set of the real numbers.

R™: Euclidean vector space on R of dimension n.

[y]k;: entry of matrix [y].

[y]T: transpose of matrix [y].

E: Mathematical expectation.

||x||: usual Euclidean norm in R™.
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< x,y>: usual Euclidean inner product in R".
II[A]|| 7: Frobenius norm of a real matrix [A].
Ok Kronecker’s symbol.

pdf: probability density function.

MCMC: Markov Chain Monte Carlo.

2 Outline of the novel method

In order to improve numerical conditioning, the initial dataset
Dy, is scaled using an adapted affine transformation into a
dataset Dy, made up of the N, independent realizations
{(q?,w?),j = 1,..., Ny} of the scaled random variables
(Q, W) with values in R x R™w, Using this same affine
transformation, experimental dataset DY is transformed into
a scaled experimental dataset D}, made up of the n, inde-
pendent realizations {q**"",r = 1,...,n,}.

Each of the requirements listed in Section 1.2 presents
its own significant challenges which are addressed through-
out the paper.

(i)- For addressing the small-data challenge, the PLoM, which
has been introduced in [63], is used. This PLoM allows for
generating a learned dataset (big dataset) D, of v, addi-
tional realizations of the prior model of the scaled random
vector (Q, W) in which the number v, can be arbitrarily
large (var > Ng), using only information defined by the
scaled initial dataset Dy,. The convergence in probabil-
ity distribution of the learning with respect to Ny is investi-
gated. This learned dataset D,,. allows for constructing an
accurate estimate of the posterior distribution.

(i1)- For addressing the high-dimension data challenge, a
novel approach is proposed. Two reduced-order representa-
tions are separately constructed, one for random vector Q
and another one for random vector W, using for each one a
principal component analysis (PCA) based on their covari-
ance matrix estimated with the v, additional realizations
that are extracted from the learned dataset D,,.. Random
vector Q (resp. W) is then transformed into a random vector
6 (resp. W) with values in R”< (resp. in R”»). In general,
but depending on the application, the reduced dimensions
are such that v, < ng and v,, < 1. It should be noted that
a direct construction by PCA of a reduced-order representa-
tion of random vector X = (Q, W) cannot be done because
we need to have a separate representation for the projected
random variable 6 and for its counterpart W in order to be
able to write Bayes formula. Consequently, the random vec-
tor Q (resp. W) is centered with an empirical-estimated co-
variance matrix that is the identity matrix [I,, ] (reps. [I,,]).
The centered random variables Q and W, which are statis-
tically dependent, are then correlated. This means that the

empirical-estimated covariance matrix [C'¢] of random vec-
tor X = (Q, W) is not a diagonal matrix. The (2 x 2) block
writing of [C'¢] (with respect to Q and W) exhibits two
block diagonal identity matrices, namely [/, | and [1,,, ], but
there are extradiagonal block matrices that, in general, are
not equal to zero. At this stage, there is an additional diffi-
culty that is related to the fact that, in general, matrix [C'¢]
is singular or is not sufficiently well conditioned to carry
out the algebraic manipulations necessary for the construc-
tion of the posterior pdf based on the use of the Gaussian
kernel-density estimation method, using the learned dataset
D,,,. Most often, in the literature, either the rank of [C'¢] is
assumed to be less than v = v, + v, (in this case, adapted
algebraic methods have been proposed) or matrix [C'¢] is
assumed to be invertible (in that case, there is no difficulty).
However, no adapted method seems to have been proposed
for the “intermediate” case. Therefore, we had to develop a
novel regularization [C.] of [C¢] in order to achieve the re-
quired robustness.

(iii)- To ensure the robustness of proposed methodology,
several novel ingredients have been analyzed, tested, and
validated.

- The first one (as explained above) is related, if nec-
essary, to the construction of a regularization [65] in M}
of [C'¢] in order to obtain a positive-definite inverse matrix
[C.]~! whose condition number is of order 1 and for which
the value of the hyperparameter € can be set, independently
of applications.

- The second one is related to the construction of the
MCMC generator for obtaining a robust algorithm for the
computation of the v realizations of Wrost whose pos-
terior pdf is p%ﬁ“. This pdf is explicitly deduced from the
Gaussian kernel-density representation of the joint pdf Do W

using the v, additional realizations of ((A),VAV) and the n,
experimental realizations of 6 This MCMC generator is
the one (but adapted to the posterior model) used for the
PLoM. However, it has been seen through many numerical
experiments that a normalization with respect to the covari-

ance matrix of the posterior model W™ of W had to be
made in order to improve the robustness of the algorithm.
Unfortunately, although the expression of p%S * is explicitly
known, the algebraic calculation of this covariance matrix
is not possible and, as it will be explained in the following,
an approximation has to be constructed. Finally, a statistical
reduction along the data axis is performed using a diffusion
maps basis in order to avoid a possible scattering of the pos-
terior realizations generated, which then allows for preserv-
ing the concentration of the posterior probability measure
(when such a concentration exists).
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3 Formulation

In this paper, any Euclidean space £ (such as R™*) is equip-
ped with its Borel field B¢, which means that (£, Bg) is a
measurable space on which a probability measure can be
defined. In this section, we first detail the mathematical for-
mulation of the problem and we state the objective.

Defining the stochastic mapping ¥ and the initial dataset
Dy,. Let w — (W) be a stochastic mapping from R™ into

the space L?(©,R") of all the second-order random vari-

ables defined on a probability space (@, T, P) with values

in R™<. The vector w (the input) belongs to an admissible set

Cw C R™ and is modeled by a second-order random vari-

able W = (Wy,..., W, ) defined on (O, T, P) with val-

ues in R™, for which the support of its probability distribu-

tion Py (dw) is Cy, and which is assumed to be statistically

independent of IF. The quantity of interest (the output) is a

random variable Q = (Q,...,Q,,) defined on (0, T, P)

with values in R™7, which is written as Q = F(W), which

is statistically dependent of F and W, and which is assumed

to be of second order. For the problem considered, the only

available information consists of a given initial dataset (train-
ing set) constituted of Nz independent realizations { (g7, Wﬂ),
j =1,..., N4} of random variable (Q, W) with values in

R x R™w,

Example of stochastic mapping F and origin of the given
initial dataset Dy,. The stochastic nature of the mapping
F deserves a clarification. It is induced by the division of
the input random parameters of a computational model into
two separate subsets only one of which is initially observed,
and the influence of the other subset is manifested as un-
certainty about the mapping. Thus consider, for instance, a
large-scale stochastic computational model of a discretized
stochastic physical system for which the random quantity
of interest is written as Q = f(W,U). The random vari-
able U = (Uy,...,U,,) is construed as a hidden variable
defined on (O, T, P), with values in R, with probability
distribution Py(du), and which is statistically independent
of W. The function (w, u) — f(w,u) is a measurable map-
ping from R™» x R™+ into R™¢, which is a representation
of the solution of the stochastic computational model. Con-
sequently, the joint probability distribution Py iy (dw, du) of
W and U is Py (dw) ® Py(du). For all w in R™», stochastic
mapping F is such that F(w) = f(w, U). The origin of the
initial dataset D, can come from the computation of N4 in-
dependent realizations {qfl, j=1,..., Ny} such that qg =
f(Wfi,U(@)), in which {w/, = W(6,)}, are N, indepen-
dent realizations of W generated with Py (dw), and where
{U(0,)}; are N4 independent realizations of U generated
with Py(du). It should be noted that realizations {U(6,)};

are not explicitly included in the initial dataset.

Introducing the random variable X and its realizations. We
then introduce the random variable X = (Q, W) defined on
(©,T,P), with values in R™ (n = n4 + n,,), and for which
the probability distribution, Px(dX), on R™ is unknown, and
for which the initial dataset defined by

Dy, = (X} = (@), W), 5 =1,..., Ng}, (1)

is the only available information.

Existence hypothesis of probability density function for X. It
is assumed that the unknown probability distribution P (dX)
admits a density px(x) with respect to the Lebesgue mea-
sure dx on R™. Therefore, the joint probability distribution
Po,w(dq, dw) on R™ of Q and W admits a density pg w(d, W)
with respect to the Lebesgue measure dqdw on R™. The
probability distributions Py(dq) and Pyw(dw) of Q and W
admit the densities po(q) = [ pg,w(Q, W) dw and pw(w) =
| po,w(9,w) dg with respect to the Lebesgue measures dq
on R™ and dw on R™~, respectively. The conditional pdf
q — pgw(g/w) on R™ of Q given W = win Cy C
R™ is such that pow(q,W) = pgw(d|W) pw(w). Since
the support of pw is Cy C R™, if w is given in R"»\Cy,
then pw(w) = 0, and consequently, g — pg,w(q, W) is the
zero function. It should be noted that hypothesis Px(dX) =
px(X) dx would not be satisfied if F was a deterministic map-
ping, F(w) = f(w) independent of U, because the support,
Sn, = {(w,f(w)),w € Cy C R™} of Px(dx) on R",
would be the manifold of dimension n,, in R", consisting
of the graph of the deterministic mapping f.

Specifying the experimental dataset D}, . An experimental
dataset D" is given and is constituted of n, independent
experimental realizations of Q,

Dszx,p = {qexp7T7T: 1)"'7nT}’ (2)

that are also assumed to be independent of realizations {q;} e

Objective. As explained in Section 1, the objective is to gen-
erate realizations {WP*t ¢ = 1,..., 10} of the posterior
model of W for which the only available information con-
sist of the initial dataset D, associated with a prior model
of W and of the experimental dataset D, " .

4 Scaling the initial dataset

Initial dataset Dy, can be made up of heterogeneous nu-
merical values and must be scaled for performing computa-
tional statistics. Let X™* = max; {x}}, XM = min; {x},
and 3, = X™" be a vector in R™. The diagonal (n x n) real
matrix [, Jge = (XP — XM 5. is invertible. The scaling



C. Soize, R.G. Ghanem, C. Desceliers

of random vector X with values in R" is the random vector
X with values in R™ such that

X =[] H(X - B,). ®)

From Egq. (3), the scaled random variables Q and W with
values in R™ and R™» can directly be deduced,

Q:[aq]Q+ﬁq y Q:[aq]il(Q*ﬁq)a 4)
W =[] W+ B8, , W=, ' (W-23,). (5)

X=[a]X+8, ,

The Ny realizations of X are then {x’,}; with x/, = [a,] ™ (X, —

B3, )- The scaled initial dataset is then defined by
;Nat,

in which ¢} = [org] "1 (0}~ B,) and W/, = [a,,] 1 (W) —B,,).
The collection of these Ny vectors {x}, in R™ is repre-
sented by the matrix [z4] such that

Dy, = {x}, = (g}, W)),j=1,...

[.I'd] = [X(lj ..X(]ivd] S Mn,Nd .

In the following, we will use the scaled random variable
X = (Q,W) with values in R” = R"s x R"». The ex-
perimental dataset D}," defined in Section 3 is scaled using
Eq. (4), yielding the scaled experimental dataset,

DI = {7 r=1,..

oy .,TLT},

in which ¢ = [ ] 71 (g™ — 3,). If Q = f(W, U) (see
the example of stochastic function [ presented in Section 3),
then Q can be rewritten as

Q=f(W,U), (6)

in which f corresponds to the transformation of mapping f.

5 Generating additional realizations for the prior
probability model using the probabilistic learning on
manifolds

As explained in Section 1.2, the framework of this paper is
the Bayesian approach for the small-data challenge because
Ny is assumed to be small. The Bayesian method allows for
updating the prior pdf pw on R"» of W using experimen-
tal dataset D5," relative to Q with values in R4 in order to
obtain the posterior pdf p%vw on R™». Clearly, the posterior
pdf strongly depends on the joint pdf po w on R™¢ x R"»,
Consequently, a bigger dataset D,,, (that we have called

“learned dataset” in Section 2),
’ T2
DVar - {Xar = (qarvwar)7£ =1,..., Var} )

which is made up of vy > Ny independent realizations of
X = (Q, W), is required for the two following reasons:

- a better estimate of prior pdf pw has to be constructed using
D,,, instead of Dy, .

- the non-Gaussian conditional pdf q +— pq|w(q|w) on R«
of Q for given W = w in R™ has to be correctly estimated
thus requiring a big dataset such as D,,,.. The use of D, for
such an estimation would not be sufficiently ”good” because
Ny is assumed to be small.

In this paper, only Dy, and D5, are known. In addi-
tion, Dy, is assumed to be constituted of numerical sim-
ulations performed with a large-scale computational model
represented by Q = f(W,U) (see Eq. (6)) in which U is
not an “observation noise and model discrepancy”, but is for
instance (as explained in Section 1.2), the spatial discretiza-
tion of a non-Gaussian tensor-valued random field that ap-
pears as a coefficient in a partial differential operator in a
stochastic boundary value problem. In this framework, it
is important to preserve the non-Gaussian character of the
conditional pdf pqw(:|w), which is the pdf of random vec-
tor f(w,U). Since f and U are unknown (only Dy, is as-
sumed to be known), we propose to construct the big dataset
(learned dataset) D,,. of additional realizations using the
probabilistic learning on manifolds [63]. In order to facili-
tate the reading of this paper, a summary of this algorithm is
given in Supplementary material, Appendix A, in which
we propose numerical values and identification methods for
the parameters involved in the algorithm.

6 Reduced-order representations for Q and W using the
learned dataset

As explained in Section 1.2, dimension n = n, + n,, of
random vector X can be high. It is thus necessary to decrease
the numerical cost of the MCMC generator of piy™". For that
and as explained in Section 2-(ii), a statistical reduction of
Q and W is performed using a PCA for which the learned

dataset D, is used.

6.1 PCA of random vector Q

Let g € R" and [Coar| € M;’{f be the empirical es-
timates of the mean vector and the covariance matrix of
Q, constructed using the additional realizations {q’, ¢ =
1,...,var}. The PCA representation, Q(”q ), of Q at order
1 < vy < vy is written as

Q™) =q_ + (g [1g]'/* Q, )

in which [p,] € M, ., is the matrix of the eigenvectors
of [Cq,ar] associated with its v, largest eigenvalues (41 >
Hq2 = -+ = fiq,u, > 0, represented by the diagonal matrix
[1tq] € ML, . The value of v, is classically calculated in order
that the L2-error function v, + errq(v,) defined by

_E{Q-Q"I7} . YU mga
errq(vg) = E{|Q _garng} =1- w[Cou (®)
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be smaller than ¢, > 0. In Eq. (8), Q stands for Q(”Q). Since
[q] T [¢q] = [1,,), the random variable Q with values in R«
and its v, independent realizations are written as

Q= [ng) e "(Q—g,,),

~0

q = [;U'q]_lm [(Pq]T(qgr - ﬂar) , = L., var. ©)]
It can then be deduced that the empirical estimate g € R¥«

of the mean vector of Q, and the empirical estimate [Co) €
M,‘fq of its covariance matrix are such that

q=0 |, [C’ﬁ] =[L,]. (10)
Therefore, the components @1, ce @Vq of (3 are centered
and uncorrelated but they are statistically dependent because,
in general, Q is not a Gaussian vector.

6.2 Projection of experimental dataset D},

Using the representation of Q (at convergence) defined by

Eq. (7), the experimental dataset DS, is transformed into

the data set DS such that

DexP {AeXpr =1,...,n.}, (11D
in which """ € R¥ is given by

a7 = (g 72 )T (0P — q,)- (12)

6.3 PCA of random vector W

Similarly to the PCA of Q, let w,. € R™ and [Cwar] €
M;fg be the empirical estimates of the mean vector and the
covariance matrix of W, which are constructed using the ad-
ditional realizations {w4.,¢ = 1,...,va}. The PCA repre-
sentation, W*») of W at order 1 < v,, < vy is written
as

W) = wo + (o] 1] /2 W, (13)

in which [¢,,] € M,,,, ., is the matrix of the eigenvectors of
[Cw ar] associated with its v, largest strictly positive eigen-
values fiy,1 > fw,2 = ... 2> [y, > 0, represented by the
diagonal matrix [p,,] € M, . The value of v, is calculated
in order that the L?-error function v, ~ errw(v,) defined
by

E{|W - Wt )%}

w) — =1-
e () = W w )

Za 1 Mw,a
tr [Cw ar]

be smaller than ¢,, > 0. As previously, in Eq. (14), W
stands for W) Since [p,]7[¢w] = [I,,]. the random
variable W with values in R”» and its Vyr independent real-
izations are written as

, (14)

~

W = [110] 2 (0] T (W — wy,) (15)

0

W = ]2

ol (Wo—Wa) , £=1,...,va. (16)

The empirical estimates W € R and [C| € M of the

mean vector and the covariance matrix of W are such that
[Cxl =[] (17)

As for 6, the components Wy, ..., W,  of W are centered,
uncorrelated, and statistically dependent (in the general case).

6.4 Mean-square convergence of the sequence
{X(Vq,uw)}y .
g Vw

Let X(aw) = (Q(VQ)7 W(”w)) be the random variable with
values in R" = R™ x R™ and let

errx (vg, v) = E{|IX=X"07) |2}/ E{| X~ x|}

be the L2-error function in which x,, = (q,,,W,) € R" =
R™ x R™. In Supplementary material, Appendix B, it
is proven that if v, and v,, are such that errg(v,) < &, and
erry (V) < €4, then

errx (Vg, Vw) < ¢+ €y -

6.5 Learned dataset for the random vector X = ((A)7 W)

For a fixed value of €4 + £,,, which defines the level of the
mean-square convergence of the PCA of Q and W, we intro-
duce the learned dataset ﬁyar constituted of the v, indepen-
dent reallzatlons deﬁned by Egs. (9) and (16) for the random

vector X = (Q, ) with values in R” (v = v, + 1), such
that
Dy = (&' =@ W), £=1,...,var}. (18)

The methodology consists in constructing a MCMC gener-
ator of independent realizations {W"*™"* ¢ = 1,.._, Vpost }

(for a given vpoq as big as we want) of the posterior model
~ post

W™ of W, for which the pdf is pp % using the learned

dataset D,,ar defined by Eq. (18) and the experimental dataset

DE® defined by Eq. (11). As soon as these Vpost Tealizations
have been generated, the corresponding independent real-
izations {WP* [ = 1,... 1oy} Of WP, given experi-
mental dataset D7,* for Q, are calculated using Eq. (13) and
(5), by

Wpost,l =w, + [<Pw] [Mw]1/2 {;\VPOS[’K’ (19)
Wpost,é — [aw} WPOSM + /Bw . (20)
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7 Bayesian formulation for the posterior

The classical Bayes formula is used for constructing the pdf

post . < Post S . . v
Py of the posterior model W of W with values in R"»

given the datasets D, defined by Eq. (18) and D5 defined
by Eq. (11). It is assumed that the mean-square convergence
level of X(¥+*») is sufficient for substituting X V=) by X
or equivalently, substituting Q) by Q and W*») by W.
The pdf pg of X with respect to the Lebesgue measure dX
on R” is replaced by its nonparametric estimate using the
learned dataset ﬁyar. The use of Egs. (7) and (13) allows for
deducing the measurable mapping T from R x R™ into
R¥« such that

~

Q=f(W,U),

in which U is the R™“-valued random variable defined in
Section 3, which is statistically independent of W. Letw —
w = h(w) be the continuous mapping from R™ into R"»
defined by Eqs. (5) and (15), that is to say, h(W) = [1,,] ~'/?
[pw] " (W=w,) withw = [a,] " (W=8,,). Let Cg = h(Cw)
be the subset of R”» such that

Co={WeR™;W=h(Ww),weCy CR"™}.

Consequently, the support of the prior pdf W — pg (W) on
R¥» of random variable W is Cs C RY». The conditional
pdf q — pa‘w(ﬁ\i\v) of Q given W = W is defined for
w € Cg. Taking into account all the hypotheses previously
introduced, pdf p%ﬁ“ is given by the Bayes formula that is
written, for all w in Cg, as

PR (W —cO{HpQ‘W @77 |W)} pg (W) , 1)

in which ¢y is a positive constant of normalization. Let Po.W

be the joint pdf of 6 and W with respect to the Lebesgue
measure dq dw on R”s x R”», Then, for all W in Cg, Eq. (21)
can be rewritten as

post = ¢ {Hp

/\exp r

W)} oy (W) 7 (22)

8 Nonparametric statistical estimation of the posterior

Many works have been published concerning the multidi-
mensional Gaussian kernel-density estimation method [19,
18,21,76]. However, for the high dimensional case, we pro-
pose to use a constant covariance matrix that is parameter-
ized by the Silverman bandwidth.

8.1 Formulation proposed and its difficulties

Taking into account Eq. (22), we have to characterize the
joint pdf oW that can be deduced from an estimation of the
pdf pg of X = (Q, W). The estimate of pg is constructed us-
ing the Gaussian kernel-density estimation method with the
learned dataset lA)l,ar defined by Eq. (18). The construction
proposed involves the empirical covariance matrix [Cg] of
X given by

var var
1

S RE DT ,izyarZ“ (23)

(=1
Taking into account Eqgs. (10) and (17), it can be deduced
that X = (q, W) = 0. Matrix [Cg] is an element of M}" or
in M}, and can be expressed in block decomposition as,

R AN
ex1= ot 7] 2

[Ck] =

in which [C’qw] € Muq v, 18 the covariance matrix of ran-

dom vectors Q and W. By the Cauchy-Schwarz inequality,
we have

[[Cowlin | <1, je{l,...,v}, ke{l,...,vy}. (25)
Random vectors Q and W are statistically dependent and
are also correlated because we have introduced independent
PCA decompositions for Q and W. The following two com-
ments are appropriate at this point.

(i)- If [Cg] was invertible, the estimate p( var)
written, for all X in R, as [7,56],

of pg would be

Var

Py (% Zexp{—ﬁ (Cx) 7 (&%), G=x)>},
(26)

in which ¢; = ((2m)"/2s%/det[Cg] )
the Silverman bandwidth that is written as

4 1/(v+4)
= — . 27
Sar (Var(V n 2)> 27)

With such a hypothesis, from Eq. (26), it is easy to deduce
(var) (Var)
P& and Py

and where sy iS

(ii)- Unfortunately, in high dimensions, matrix [C;] can some-
times be singular. More critically, and also more commonly,
[Cg] is invertible in the computational sense but it is slightly
ill-conditioned. All the numerical experiments that have been
conducted have shown that, if [Cg] is slightly ill-conditioned
(for instance, with a condition number of the order 103 or
10%, which is much smaller that the usual tolerance on the
condition number for computing the inverse of a matrix),
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1 is still used, then the estimate of

and if its inverse [Cg]™
pg{*") defined by Eq. (26) induces some difficulties for the
MCMC generator of the posterior pdf defined by Eq. (21).
Consequently, we propose to introduce a regularization of
[Cg] that should be viewed as an essential part of the con-

struction of the estimation pg{*‘r) of pg.

8.2 Construction of a regularization model of [Cg]

~

Let [C.] be a regularization model in M of [Cg] such that
its condition number is of order 1. Therefore, [C.] ! is in
M} and its condition number is also of order 1. This reg-
ularization depends on a hyperparameter € € [y, 1[ were
€min > 0 controls the regularization and whose value will
be of close to 0.5. The methodology for choosing the value
of ¢ will be presented in Section 10. The proposed regular-
ization is constructed as follows and additional explanations
can be found in Supplementary material, Appendix C. Let
us consider the following classical spectral representation of
matrix [Cg],

[Cg) = [@] [N [@]", (28)

in which the real eigenvalues are in decreasing order, A\; >
A2 > ... > )\, > 0and where [@] is the matrix in M, of the
corresponding eigenvectors. Due to Eqs. (24) and (25), it is
proven that these eigenvalues are such that

0<A <2 , jefl,...,v}. (29)

If [Cyw] was the zero matrix in M, ., , then matrix [Cg]
would be the identity matrix and therefore, all the eigenval-
ues would be equal to 1. Since [Cy,,] is not the zero matrix
and taking into account Eq. (29), there exists and we define
(by construction of the regularization model) the integer v,
such that,

A >1 ) A<l , n+1<w. (30)

The regularization, [C.] of [Cg] is defined by
[Ce] = (@) [A:] (2] 3D
in which the diagonal matrix [A.] is such that

[Adji= N, 1<j<wvps[Adjj=e* Ay, i+l <5 <,

(32)

in which e € [eqin, 1[ were €min > 0 is a hyperparameter that
controls the regularization and whose value will be of close
to 0.5. The methodology for choosing the value of € will be
presented in Section 10. The following properties can then
easily be deduced:

[CleM) , [C 7t =[@)[A] @] eM).  (33)

The condition numbers of [C.] and [C.]~! are thus equal to
A1/(g2)\,,), and satisfy the following equation,

~ ~ 2

cond([C¢]) = cond([C.] 1) < -
e

For ¢ close to 0.5, the condition number is less that 8. We

next make four observations relevant to the proposed regu-
larization.

8.3 Construction of the regularized estimate pgar) of the
pdf pg of X

The regularized estimate of pg‘“) defined by Eq. (26) is ob-
tained by using the procedures detailed in Section 8.2. For ¢
fixed in [emin, 1[, let [G] be the (v x v) real matrix such that

C=(C] " eM | (G =[CleM;, (4
In these conditions, the regularized expression of pg{“‘) de-
fined by Eq. (26) is written (keeping the same notation) as

Var

Var) /= C2
g ®) = 2 exp{~
are—1

S <[GIR %), -3,

(35)

in which sy is the Silverman bandwidth defined by Eq. (27)
and where
det[G]

=V - 36
©= 2 ©0)

In Egs. (34) and (36), matrix [G] and pdf pg{*") depend on €,
which will be omitted for notational clarity. Let )Ail ey X

be v, independent copies of random variable X whose pdf
is pg. For all X fixed in R”, let P, (X) be the estimator
(positive-valued random variable) corresponding to the es-
timation p%””) (X) defined by Eq. (35), such that

Var

~ c 1 ol ~ ol -
Py (%) = éZexp{—QSQ <[GIX —%), (X =) >}.
=1 ar

(37

It is proven in Supplementary material, Appendix E that,

E{(Pu (%) — P, (%))}

4/(v+4) v/ (v+4)
<F} V”} VAG] o 3s)

o 4 (2r)v/2 v X

Var

inwhich P, (X) = E{P,, (X)} is the mean value that tends
to pg(X) when vr goes to infinity and consequently, the esti-
mator is asymptotically unbiased and consistent. Due to the
mean-square convergence of the sequence of random vari-

ables {P,,.(X)},,,, as implied by Eq. (38), this sequence of
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estimators converges in probability to pg(X).
Remark. Below, for notational clarity, p(A )( ) will simply

be denoted by pg (X X), which also means that Vur 18 chosen

sufficiently large for writing that p(”dr) =~ pg. The vy-depend-

ence of Do, W Poiw and pg will also be omitted.

8.4 Deducing the pdf pg & of (Q, ) and the pdf pg, of w

Vector X and realization X' in R” can be decomposed as
X = (4, w) and X’ = (@', W") in which (§, W) and (q°, ")
belong to R”s x R¥» with v = v, +1,. The (v4 X 1) block

notation of matrix [G] is introduced as

_ | 1G4 [Gqu]
6= [ G| o
Since [G] € M}, we have
G eM;  [GueM] . (40)

From Eq. (35) and taking into account Egs. (39)-(40), the
joint pdf Po.W of Q and W (with respect to the Lebesgue
measure dA dw on R¥s x R¥w) can be written, for all € R¥«
and w € R¥» as

Var

Po.si Ze p{—Q—2 ~q’,w-%")}, @

in which the real-valued function (q, W) — 1(q, w) defined
on R¥¢ x R¥» is defined as
P(q, W) =<[Gg]q,q> +2 <[G w) QW

<G W, %> . (42)

Moreover, the prior pdf pg of w (with respect to dw) can
be expressed as,

=

pw (W) = / Po.w(@ W) (43)
From Egs. (41) to (43), since matrix [G] is positive definite,
the right-hand side of Eq. (43) can be explicitly calculated
[51] and yields,

Var

> Zexp{—— <[Go](W—w"), (W—w") >},
(44)

in which c; is the constant of normalization and where [G]
is a positive-definite matrix that is constructed as the follow-
ing Schur complement,

[GO] = [Gw] - [qu]T [Gq]_l [qu] € M:Tw . (45)

9 Hamiltonian MCMC generator for the posterior

In Section 9.2, an MCMC generator of the posterior model

Wpos of W is presented, which is based on a nonlinear Itd
stochastic differential equation (ISDE) corresponding to a
stochastic dissipative Hamiltonian dynamical system for a
stochastic process {[U(¢)],t € R*} with values in M}, n..
The number, Ny, of columns of [U(t)] is chosen sufficiently
large (but such that Ny < vy) in order to increase the ex-
ploration of space R”» by the MCMC algorithm and to fa-
cilitate the construction of a reduced-order nonlinear ISDE
using the diffusion-maps basis.

The posterior pdf ppoSt defined by Eq. (22) with Egs. (35)
and (41) could requlre a large number of increments in the
MCMC generator if the “distance” of experimental dataset
D7%? to initial dataset Dy, is too large. For decreasing the
computational burden, the nonlinear ISDE has to be adapted

with respect to the covariance matrix of W™ Neverthe-
less, this covariance matrix is unknown and consequently,
an appropriate method has to be developed for estimating an
approximation of it. Such a relatively classical problem has
been addressed for the case of Gaussian likelihoods (see for
instance [22]) and more recently, for non-Gaussian likeli-
hoods in [3] within the parametric framework. In the present
work devoted to the non-Gaussian likelihood in high dimen-
sion and in a nonparametric framework, the proposed ap-
proach consists in constructing a nonlinear ISDE adapted to
the mean value and to the covariance matrix of VAVPOS[, which
we will call, adapted nonlinear ISDE. The use of an affine
transformation, W' = ur + [A]7T SP**" (constructed in
Section 9.2), which introduces the matrix-valued stochas-
tic process {[S(t)],t € RT} such that [U(t)] = [ur] +
[A]~T [S(t)], will transform the adapted nonlinear ISDE re-
lated to the MCMC generator of W™ into a nonlinear ISDE
for the MCMC generator of SP° that is a non-Gaussian
R¥» -valued random variable SP°*', ”close to” a centered ran-
dom vector with an identity covariance matrix.

Finally, in order to avoid the data scattering during the
generation of independent realizations of [S], in Section 9.3,
the nonlinear ISDE related to stochastic process {[S(t)],t €
R*} will be projected on a diffusion-maps basis similarly to
the methodology of PLoM summarized in Supplementary
material, Appendix A. The final generation of realizations

-~ post . . .
W is summarized in Section 9.4.

9.1 Criteria for choosing a value of N,

A natural choice would be N, = vy;. Nevertheless, in gen-
eral, the number v,; of additional realizations generated by
the PLoM is chosen very large in order to obtain a good
convergence of the statistical estimate of the probability dis-
tribution of the posterior model. Although such a choice is
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always possible, it will always induce a significant increase
in computational requirements, often without attaining com-
mensurate gains for the MCMC generator. The choice, N, =
Ny, is logical and efficient because the generation of the ad-
ditional realizations is done with this value by the PLoM.
The choice can also be highlighted by the following crite-
rion. The empirical estimate [C ] of the covariance matrix
of W, performed with {VAVZ, £ =1,... vy}, is the identity
matrix (see Eq. (17)). Let [Cg *] be the empirical covariance
matrix estimated with {WVar—j + j=1,..., Ns}. Integer
N can then be chosen such that || [C‘I)AVVS]— (L FE/NEL ) e
en,. It can easily be seen that there exists 0 < ey, < 1
such that N;, = Ny (for instance when N; = 200 and
var = 30000, e, = 0.05). Alternatively, a value of N, can
be assessed, using this same criterion, for a predetermined
value of e,

9.2 Adapted nonlinear ISDE as the MCMC generator

The nonlinear ISDE of the MCMC generator of VAVpOSt is
constructed as proposed in [59,60], which is based on the
works [58] (in which more general stochastic Hamiltonian
dynamical systems are analyzed, in particular with a general
mass operator that we use hereinafter). The adapted nonlin-
ear ISDE is deduced from it using a similar normalization as
the one proposed by Arnst [3]. Nevertheless, in the present
non-Gaussian case, the drift vector of the nonlinear ISDE is
completely different and the affine transformation for cen-
tering and normalizing the posterior model is not the same.
We then introduce the matrix [A] that appears in the affine

transformation W™ = uz+ [A]~T S mentioned above. The
method presented in Section 9.3 for constructing [K] (and
thus, [A]) is also different. Let [K] be a given matrix in M
and let us consider its Cholesky factorization

(46)

Consequently, the inverse matrices [K]~! and [A]~! exist.
As explained above, matrix [K], which is constructed in
Section 9.3, will be an approximation of the inverse of the
covariance matrix of VAVPOSt. ‘We consider, for ¢t > 0, the non-
linear stochastic dissipative Hamiltonian dynamical system
represented by the following nonlinear ISDE,

dUu(t)] = [K]7' [V(1)]dt, 47)
d[V(t)] = [L([U(#)])] dt — % 6 V()] dt

+ /SO (Al AW (1), (48)
with the initial condition at ¢ = 0,
[U(0)] = [wo] , [V(0)] =[vo] ,a.s., (49)
in which:

(i) f5° > 0is a free parameter allowing the dissipation to
be controlled in the stochastic dynamical system. This
parameter is chosen such that gw < 4. The value, 4, of
the upper bound corresponds to the critical damping rate
for the linearized ISDE in terms of stochastic process [S]
(see Section 9.3.3).

(ii) {[W¥(t)],t € R*} is the stochastic process, defined
on (©,T,P), indexed by R, with values in M, n_,
for which the columns of [WY"(¢)] are N, indepen-
dent copies of the R¥»-valued normalized Wiener pro-
cess {W""(t), ¢ € RT} whose matrix-valued autocor-
relation function is such that [ Ryywien (t, )] = E{ W™ (t)
wren ()T = min(t, t') [, ].

(iii) [v] — [L([u])] is a mapping from M, . into M, n_,
which depends on p%SSl and which is defined as follows.

The posterior pdf p%SSt defined by Eq. (22) is written as
Py (W) = cop(W) ,

(W) ={] ] rg.w @, W)} psy (W) . (50)
r=1

Let w — V(W) be the potential function on R”*, which
is such that

p(W) =e V™ V(W) = —logp(W). (51)
The matrix [u] is written as [u' ... u"*] with u/ = (u?,

...ud, ) € R". Thus, mapping [L] is defined, for all

[u] in M, n,, forall k = 1,... v, and for all j =
1,...,Ng, as
9 J
(]} = — V(W) (52)
Ouy,

which can be rewritten as

1 A
L i = —{Vwp)}s.
(L([u])]k; p(m){ wP(0)}e
For j fixed in {1, ..., N,}, the Hamiltonian of the asso-
ciated conservative homogeneous dynamical system re-
lated to stochastic process {(U’(t), V7 (¢)), t € R} is
thus written as H(u/, v/) = 1 <[K]71v/ vi > +V(u!).

(53)

(iv) [@o] € M,,, v, is defined by [@g] = [W"™*... W@ Vet
in which the N columns correspond to the N, last addi-
tional realizations {VAV””_j + j=1,..., Ns} generated
by the PLoM (See Section 5).

(V) [?\0] € Myw;Ns .
[Vo] independent of process [W"'"], for which the col-

is any realization of a random matrix

umns {f’é,j = 1,...,N,} are N, independent Gaus-
sian centered R~ -valued random variables such that the
covariance matrix of Vé is [K]~! for all j.
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It can be proven (see Theorems 4 to 7 in Pages 211 to 216
and the invariant measure Page 240 of [58]) that the non-
linear ISDE defined by Eqgs. (47) to (49) admits the unique
invariant measure,

@ o (0) pg (vV) du’ dv7} (54)

with pg(v?) = (2m)"w/2exp{-1/2 < [K]7*v/,v/ >}.In
addition, these Theorems can be used to show that Egs. (47)
to (49) have a unique solution {([U(¢)], [V(¢¥)]),t € R*},
which is a second-order diffusion stochastic process that is
asymptotic for £ — +o0 to the stationary stochastic process
{([Ug(ts)], [Va(ta)]), ts« € RT} for the right-shift semi-
group on R¥. For all fixed ¢, the joint probability distri-
bution of the random matrices [Ug(ts)] and [V (ts)] is the
invariant measure defined by Eq. (54) and the probability
distribution of random matrix [Ug(ty)] is

R psfft(uj) du’ |

that is to say, is the probability distribution of the random
0St.
] with values in M, n,, for which the columns
~ post,Ng . .
are N, independent copies of random

vector W whose pdf is ppm[ defined by Eq. (50). It can
then be deduced that, for any ﬁxed ts,

P
matrix [W
~ post,1
W

~ post

W] = [Ua(ta)] = 1im [U(2)]. (55)
Equation (55) implies that Egs. (47) to (49) represent an
MCMC generator for p%SSt. The free parameter f5°* allows
for controlling the transient response generated by the ini-
tial condition for quickly reaching the stationary solution
(the invariant measure is independent of f5°*). It can also
be proven that the asymptotic stationary solution is ergodic.

Expression of the mapping [L] adapted to computation. An
explicit algebraic expression is constructed in Supplemen-
tary material, Appendix F, for the mapping [u] — [L([u])]
defined by Eq. (53). This expression shows the presence of a
summation of exponential terms (summation over the num-
ber vy of realizations g and W' of Q and W). Consequently,
an adapted algebraic representation must be developed in or-
der to minimize the numerical cost for each evaluation of
[L([u])] and to avoid numerical noise, overflow, and under-
flow during the computation.

9.3 Transformation of the adapted nonlinear ISDE for the
generation of w

In this section, we construct the transformation introduced at
the beginning of Section 9, we deduce the nonlinear ISDE
from the adapted nonlinear ISDE, we verify that the con-
struction proposed satisfies the criteria, and finally, we pre-
sent the numerical aspects for the computation.

9.3.1 Construction of the transformation

The covariance matrix of W' can neither explicitly be cal-
culated using pdf ppmt nor estimated by computational statis-
tics. Indeed such an estimation would require an integration
on R™~ integration that has to be estimated using the Monte
Carlo method [30,61] with respect to a pdf for which a large
number of realizations would be drawn (for instance using
the v, additional realizations of the prior model of W, or
using a uniform pdf). The use of ppOSl is not possible since
the generator is under construction and as of yet unknown.
Even in relatively high dimension, this approach can be pro-
hibitive since the normalization constant co of pgﬁ
known and has to be numerically estimated. Consequently,

is un-

an approximation of the covariance matrix of VAVPOS[ is per-
formed using a linearization of mapping [u] — [L([u])]

around an approximation denoted by w**”, of the mean value
post

E{W" "} of W™ that is also unknown (because only ex-
perimental realizations {q“"",r = 1,...,n,} of Q are as-
sumed to be available. Let us assume that w7 is a given
vector in R™v, which will be identified in Section 9.3.5. For
given vector u in R"», let L(u) = (Ll(u), cooy Ly, (w))
be the vector in R”» such that, for £k = 1,...,1,, and for
j=1,..., Ny, the component Ly (u?) of L( ) is

L(w) = [L([uDle; ~  [u] =[u'...0™], (56)

in which [L([u])] is defined by Eq. (52). Matrix [K] € M}
introduced in Section 9.2, for which the factorization [K] =
[A] [A]T is given by Eq. (46), is then defined for all k and &’
in{l,...,vy}, as

8°V(u) )
[K]kk/ = {8ukauk'}u_aexp_ N {6’1,%/

From this definition, matrix [K] is symmetric, but it is not
necessarily positive definite for any value of W", because
function u — V(u) defined by Eq. (51), is not, a priori, con-
vex on R”» for the non-Gaussian pdf p%SSI. Howeyver, it can

Lk(u)} 6

@exp

be assumed that u — V(u) is locally convex in the neighbor-
hood of u = W if this vector is correctly estimated (see
Section 9.3.5). Therefore, K] will be in M (this prop-
erty will effectively be checked numerically in the algorithm
(see Section 9.3.4)). The first-order Taylor development of
u — L(u) around u = w*" is written as

L(u) = L&) +[VuL()],_gexo (u—%")+0(|ju—w"7|))

u=w
which yields the following linearized expression,
L") = L&) — [K] (u — &),
[K] = —[VUL(U)]u:@exp . (58)

Let uy € R be the solution of the equation L' (uz) = 0,
which is such that

ur = WP 4+ [K] P L(wP). (59)
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The transformation of stochastic process {[U(¢)], [V(¢)],t €
R*}, involved in the adapted nonlinear ISDE defined by
Egs. (47) to (49), is written as

[U()] =[ur] + [A]7" [S(®)], (60)
V®)] =[A] [R(#)], (61)
in which [ur] = [ur...up] € M, n,, where [4] is de-

fined by Eq. (46), and where {([S(¢)], [R(¥)]),t € RT} is
the new stochastic process with values in M, n, XM, n.,
such that

[S(t)] =[A]" ([U()] — [ur]), (62)
[R(t)] =[A]7" [V(1)]. (63)

9.3.2 Nonlinear ISDE for stochastic process
{(S()], R(2)]),t € RT}

Substituting Egs. (60) and (61) into Eqgs. (47) and (48), us-
ing Egs. (62) and (63) for transforming the initial conditions
defined by Eq. (49), simple algebraic manipulations yield,
for ¢t > 0, the following nonlinear ISDE,

aS(1)] = [R(1)] dt (64)
AR (1)) = [E(SO] dt — 5 5 R(0)

+ /S AW (1), (65)
with the almost-sure initial condition at ¢t = 0,

[S(0)] = [so]

The matrices [so] and [ro] in M, n, are given by

[R(0)] = [ro] -

[so] =[A]" ([@o] — [ur]), (66)
[ro] =[A]~" o] - (67)

The mapping [s] — [Z([s])] from M, n, into M, n, is
written as

[L([sD] = [A]7" [L([ur] + [A] 7" [s])]- (68)

9.3.3 Verifying that the linearized ISDE is well adapted for
stochastic process {([S(t)], [R(t)]),t € RT}

This verification is performed in Supplementary material,
Appendix G, and shows that the nonlinear ISDE defined by
Egs. (64) to (68) is well adapted to the covariance matrix of
the asymptotic stochastic process {[S(t«)],tsx € RT} and
therefore, to the covariance of [WP*"] via the transformation
defined by Egs. (60) and (61). It can be seen that f5> =
4 corresponds to the critical damping rate of the linearized
dynamical system.

9.3.4 Numerical aspects for computing matrix [K]

Assuming that W™ is given in R”», we must calculate [K]
defined by Eq. (57). Although the algebraic calculation can
actually be carried out, the corresponding numerical imple-
mentation carries a numerical cost that is greater than the di-
rect numerical calculation of the gradient. This last approach
will thus be pursued. Let {At,, o = 1,2,...} be a decreas-
ing sequence of positive real numbers that goes to zero. Let
[K o] be the sequence of matrices in M, such that

_ 1 ~exp Ata k' ~exp Ata I
[Kalke = At (LW —=e )~ Ly (W 5 ¢ )
in which {e!,... ,e"~} is the canonical basis of R*» and

where Ly, is defined by Eq. (56). Matrix [K] is then defined
as [K  opt] in which, for all & > «°, the symmetrization
error is sufficiently small for the Frobenius norm and all the
eigenvalues are strictly positive.

9.3.5 Estimating w®™"

The algorithm proposed for estimating W*" is based on a
predictor-corrector method. The predictor is based on the
fact that the size v, of the learned dataset, D,,., constructed
in Section 5 using the PLoM, can be chosen as large as re-
quired.

~exp,pred

(i)- Predictor. The predictor of W is the vector W' €
R¥» such that
Wexp,pred _ E{W | 6 _ aexp}
in which ™" = (1/n,) Y77, " is the vector in R”s
where q“"" is defined by Eq. (12). Therefore, we have
o~ ~exp ~
R v WP w(d W) dw
Eexp,pred o f]R Q,W/(\;(p 7/\ ) ’ (69)

 Jpew o (@, W) dw

where Po.W is defined by Eqgs. (41) and (42). The calcula-
tion of the integrals in Eq. (69) can be explicitly evaluated
yielding,

d var Wf A
‘/i,eXP’Pl’e _ f=1 "252 (70)

w var ¢
=1 52

in which va belongs to R”» and is written as
~/ ~/ _ A~ ~f
Wy =W — [Gy] ! [qu]T (ﬂexp -q),

and where (4 is positive and such that

1 ~EX] ~0\  ~ex| ~0
Cé:exp{—ﬁ <[Gi]@*-q), ¢ —q >}.
Sar
The matrix [G1] is the Schur complement defined by

[G1] = [Gq] - [qu] [Gw]_l [qu]T € qu :
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(ii)- Corrector. We introduce the maximum log-likelihood
of the posterior model,
GeXP

w7 = max log pp‘m( ).
WERVw

Using Eq. (50) for ppoSt with Egs. (41) and (42) for pg .
and Eq. (44) for pg, the non convex optimization problem
can be rewritten as

W = max J(W),
WeRvw

(71)

in which J(W) is written as

Var Var

J(W) = (1=n,) log{>_ ¢{(W)} + Zlog{ZC
=1 r=1

where (§(W) and (}*(W) are defined by Egs. (29) and (30)
of Appendix F in Supplementary material. The corrector
of WP is the vector W™ that is constructed by solving
the nonconvex optimization problem defined by Eq. (71) us-
ing the interior-point algorithm for which the initial point is
chosen as Wy = WPP™ that is computed using Eq. (70).

9.4 Projection of the nonlinear ISDE for stochastic process
{([S(1)], [R(t)]),t € RT} using a diffusion-maps basis

In order to avoid a possible scattering of the generated real-
izations constructed by solving the nonlinear ISDE defined
by Egs. (64) to (68) and in order to preserve a possible
concentration of the measure Pwpost(dﬁ/) = pVAVpost(W) dw
on R”», a projection of the ISDE is carried out using the

diffusion-maps basis following the methodology of the PLoM.

We then obtain a reduced-order nonlinear ISDE.

9.4.1 Construction of the diffusion-maps basis for the
posterior model

The diffusion-maps basis is represented by the matrix

1 mpost]

9] = [gs -8 My

s>Mpost

with 1 < mpost < Ny < vy, Which is constructed using
the set of independent realizations {s’,j = 1,..., N,} that
result from the transformation defined by Eq. (62) of the
set {w" 1 j =1,...,N,} extracted form the learned
dataset D,,. (see Eq. (18)). We then have,

o =[AT (W —up) eR,j=1,...,N,, (72)
in which ur € R"» is defined by Eq. (59). The construction
of this diffusion-maps basis is summarized in Supplemen-

tary material, Appendix H.

9.4.2 Reduced-order nonlinear ISDE

The reduced-order nonlinear ISDE is obtained by projection
on diffusion-maps basis [gs] € My, i of the nonlinear
ISDE relative to the (M, n, X M, n,)-valued stochastic
process {([S(t)], [R(#)]),t € Rt} defined by Egs. (64) to
(68). We then introduced the (Ml,,,, 1,0 X M, 1m0, )-Valued
stochastic process {([Z(¢)], [Y(t)]),t € RT} such that,

SO =[2(®)][gs]" . RE)] = [Y®)][gs]", t > 0.

Stochastic process {([Z(t)], [Y(t)]),t € RT} is then the
solution of the reduced-order nonlinear ISDE (obtained by
projection) such that, for all t > 0,

(73)

A ()] = V() dt, (74)
AV ()] = [E(ZO)] dt — 5 A de

5 AW ()] (75)
with the almost-sure initial condition at ¢t = 0,
Z0) =[] . PO)] = luol. 76)

The matrices [zo] and [yo] in M are written as

Vw y Mpost

[z0] = [s0] [as] , [yo] = [ro] [as],

in which matrices [so] and [r¢] in M, n, are defined by
Egs. (66) and (67), and where [a] is the matrix such that

[as] = [9:] ([gs]" [g:)) "
In Eq. (75), [C([Z(t)])] is such that

LL(Z0D] = [L(Z(®)] [g:])] [as],

in which [L([s])] is defined by Eq. (68), and where
e (t)] =

€ My

s9Mpost *

[WHen(6)] [as] -

. . . ~ pOs
9.5 Construction of realizations of W

The independent reahzatlons [Pt tr=1,. s Vpost | (used

in Eq. (19)) of W™ whose pdf is ppo“ defined by Eq. (50),
are constructed using the dlscretlzatlon of the reduced-order
ISDE defined by Egs. (74) to (76). The number, o, Of re-
alizations is reparameterized as

post
Vpost = Myc X Ny,

in which niy is a given integer. Let [W"Y'*"(-; §)] with 6 € O
be a realization of the Wiener stochastic process [W™'"]
defined in Section 9.2-(ii). Let {([Z(¢;0)], [V (t;0)]),t €
R*} be one realization of the (M, 1, XMy, 1m0, )-valued
stochastic process {([Z(t)], [Y(t)]),t € RT}, which is com-
puted by solving Egs. (74) to (76) with the Stormer-Verlet
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scheme detailed in Supplementary material, Appendix I,
for which the sampling step is At. Let )™ be the inte-
ger such that, for ¢t > (5° At, the solution of Eqs. (74) to
(76) is asymptotic to the stationary solution. Therefore, the
independent realizations of W™ can be generated as fol-
lows. Let M} be a given positive integer. Using Eqs. (60)

and (73), for n = 1,...,nhe and for t, = ¢’ At with
¢ = 065" 4+ n ME™, we have, for j = 1,..., N, and for
k=1,... 1,

ngost,f _ [uél]kj 7 E _ j + (g/ _ 1) Ns;

W] = [ur] + A7 [s"] , [s"] = [2(te; 0)] [9.]"

In this method of generation, only one realization 6 is used
and M}™" is chosen sufficiently large in order that [Z(t/)]
and [Z(t, Mgos!)] be two random matrices that are approx-
imatively independent.

10 Choice of the value of the regularization parameter

The regularization introduced in Section 8.2 and detailed in
Supplementary material, Appendix C, was aimed to fa-
cilitate the nonparametric statistical estimation of the pdf
pg of random variable X = (6, W) with values in R” =
R¥s x R"w, using the multidimensional Gaussian kernel-
density estimation (see Eq. (35)). As already explained in
that section, the proposed regularization depends on the pa-
rameter € and on the criterion for selecting ;. Consequently,
posterior pdf ppogl of W, which is directly deduced from Pgs
depends on €. There is no prior information constraining
chosen, which is typical when regularization is introduced.
Further, a mathematical exploration of Eq. (38), aimed at
deducing such constraints, seems intractable.

It may seem possible to compute an optimal value of €
by minimizing the L'-norm of the difference between the

pdf of onst and the pdf of Qexp. This is not possible if n,
is small, because the quality of the nonparametric estimation
of the pdf of Qexp would not be sufficiently good. If n,. is suf-
ficiently large for obtaining a good estimation of Qexp, then
an algorithm could proceed as follows. For a given value of
g, the first stage would consist of using the algorithm pre-
sented in this paper for estimating the pdf of w’

0St
and then
. . . ~ ‘t,Z
generating the 1,0, realizations Wt e=1,..., Vpost } Of
~ post

W (which depend on ¢). The second stage would consist

of estimating the pdf of QPOSl using the conditional pdf of

o post ~ ~ .
W' given Q = q, which has to be evaluated for the poy

realizations {Apmle 0 =1,.

uposl} (and not, using the
conditional pdf of w given Q = q, which should then be
evaluated for the experimental realizations of W, which are
not available). Note that the complexity of such an approach

would be similar to the one that we have used for estimating

the pdf of W The pdf of met that would be estimated
would depend on . The third stage would consist of solving
an optimization problem with respect to £ for which the ob-
jective function would be the L'-norm of the error. Such a
non convex optimization problem would be relatively tricky
and numerically expensive.

Consequently, we propose to fix the value of € to an "av-
erage value” that has been estimated by numerical experi-
ments. In order to estimate this “average” value, the follow-
ing method has been used. Let pfy" be the posterior pdf of
W that is estimated with the v, realizations {WPOS"E, ! =
1, ..., Vpost} that are deduced from {WPOst, Lo=1,..., Vpost }
computed in Section 9.5, using Eqgs. (19) and (20).

The methodology used for validating the range of the
values of ¢ consists in estimating an optimal value of ¢,
which minimizes a “distance” between the pdf p@@s}: of com-
ponent W™, for k = 1,...,n, (which depends on &),
and an experlmental reference, pgg‘,i, that is assumed to be
known for the applications used for the validation. Obvi-
ously, in the framework of the Bayesian inference, the fam-
ily of {py”, k =1,...,m,,} are unknown and consequently,
cannot be used for estimating € a priori. It is recalled that
only n,. experimental realizations {q**P"" r = 1,... n,} of
Q are available and that the corresponding experimental re-
alizations {W*P" r = 1,...,n,} of W are not available.
We thus introduce the error function, £ — OVL(¢), defined
by

fR ‘ppost exp ('LU)‘ dw
OVL(e < (71
= Z R pe »
Letp = (p1,...,Pn, ) beafunction in the space L' (R, R"+)

equipped with the L'-norm,

wmzém@mmzéimwww

Introducing the functions pP*t = (pggr . p‘{g’,‘t ) and p*P

= (Pw).--- by, ) that belong to L' (R, R"“’) it can be
seen that

PPt — p*P|| 11

< OVL
ool = ).

because, for j = 1,...,n,, wehave A;/(a1+...+ay,) <
Aj/aj for a; > 0 and A; > 0. All the numerical exper-
iments that have been conducted, in particular the applica-
tions presented in Section 12, show that the value 0.5 seems
an appropriate value for e. However, this value of 0.5 cor-
responds to an ad-hoc estimate deduced to a large number
of numerical calculations. Further applications and/or new
mathematical results are needed to strengthen the arguments
concerning this point.
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11 Summary of the main steps for implementing the
algorithm

In order to help the understanding of the proposed method,
we summarize hereinafter the main steps of the algorithm.

Data 4 o

1. Scaled initial dataset Dy, = {x}, = (¢}, w}),j =1,...,
Ny} defined in Section 4.

2. Scaled experimental dataset Dy," = {q®>",r =1,...,n
defined in Section 4.

Steps of computation

Step 1. For vy, >> Ny, generating the learned dataset D,
{(qs, W) = x4, £ = 1,... vy} for the prior probability
model using the PLoM W1th initial dataset Dy, (see Sec-
tion 5).

Step 2.1. Computing the realizations {q =1, vy} of
the PCA Q of Q using {q%,¢ = 1,...,va} (see Egs. (7)
and (9)), and controlling the mean-square convergence.

Step 2.2. Computing the realizations {\?’Z, {=1,...,VUs}of
the PCA W of W using {w’., £ = 1,..., vy} (see Egs. (13)
and (16)), and controlling the mean-square convergence.

Step 2.3. Deducing the learned dataset ix q' AZ) l=

1, ..., Vy} for the random vector X = (Q, W) (see Eq. (18)).

Step 2.4. Computing the projection {q""",r = 1,...,n,}
of the experimental realizations (see Eq. (12)).

Step 3.1. Estimating the covariance matrix [Cg] of X using

the realizations {ﬁl, £=1,...,va} (see Eq. (23)).

Step 3.2. For ¢ = 0.5, constructing the regularized matrix
[Cc] of [Cg] using the method presented in Supplementary
material, Appendix C.

Step 3.3. Computing matrix [G] = [C.]~! (see Eq. (34)).
Deducing matrices [G,] and [G,,] from matrix [G] (see Eq.
(39)). Computing matrix [Go] as a Schur complement us-
ing Eq. (45) and matrix [Gow] = (1 — n,-)[Go] + 1[G ).
Computing matrices [Lo], [£,], and [£,,] by Cholesky fac-
torization of matrices [Gy), [G,], and [G,,].

Step 4. Computing w**" using the predictor-corrector method
detailed in Section 9.3.5. Computing matrix [K] and vector
ur for the normalization with respect to the covariance ma-

. . G post . . .
trix of the posterior W : matrix [K] is calculated using the

algorithm given in Section 9.3.4 and then, ur is calculated
with Eq. (59).

Step 5. For a fixed value of Ny such that Ny < vy and
chosen as explained in Section 9.1, computing the realiza-
tions {s/,j = 1,..., N,} using Eq. (72). Then, computing
the diffusion-maps basis [g;] for the posterior model with
1 < mpost < Ny < vy using the realizations {sj ] =
., N} (see Section 9.4.1).

Step 6. For a fixed value Vpoy (such that vy = nhp x
N, in which nfs' is given), computation of the realizations
{\7vp05t’£7 £ = 1,...,Vpos} Of the posterior model W us-
ing the algorithm detailed in Section 9.5, which is based on
the solution of the reduced-order nonlinear ISDE defined in
Section 9.4.2 for which the Stormer-Verlet scheme is used.

Step 6. From realizations {wposw =1
puting the realizations {wP*t4 ¢ =1,. ..
terior model WP using Eq. (19).

- Vpost }» cOm-
Vpost } Of the pos-

12 Applications (AP1) and (AP2)

Two applications, referenced as (AP1) and (AP2), are pre-
sented in Supplementary material. These applications, which
can easily be reproduced, allow for performing the valida-
tion of the methodology and algorithms presented.

13 Application (AP3)

In this section, the methodology is applied to the ultrasonic
wave propagation in biological tissue for which W is the
vector of the spatial discretization related to the non-Gaussian
tensor-valued random elasticity field of a damaged cortical
bone due to osteoporosis. This application will be referred to
(AP3). All the data concerning this application are described
in order that the application can be reproduced.

13.1 Stochastic boundary value problem

This application deals with the numerical simulation of the
axial transmission technique that is used in biomechanics
for the identification of the cortical bone microstructure. The
principle of the axial transmission technique is illustrated in
Fig. 1. An impulse is generated by a transmitter placed on
the skin of a patient and then, the backscattered pressure
field is recorded at distant receivers in the ultrasonic range.

Probe

transmitter receiver

Q\\.

Z

uy
St tiswe.

Cortical layer of a long bone

Bone

Fig. 1 Application AP3: scheme of the axial transmission technique.
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Fig. 2 Application AP3: Geometry of the multilayer system for the
boundary value problem.

Boundary value problem The 2D physical space is equipped
with a cartesian frame (O, ey, e3) in which the coordinates
of a point are denoted by (x1, x3). A boundary value prob-
lem has been introduced [15, 16] for modeling the ultrasonic
wave propagation in human cortical bone. It consists of a
2D semi-infinite multilayer medium in the e; longitudinal
direction (see Fig. 2). The model consists of an elastic semi-
infinite layer {2 (cortical bone) with thickness & in the e3 ra-
dial direction. This elastic semi-infinite layer is sandwiched
between two acoustical fluid layers, 2; (skin and soft tis-
sues) and {25 (bone marrow) with thicknesses iy and hs in
the e radial direction. The media occupying domains (2,
and (2, are homogeneous while the cortical bone that oc-
cupies domain {2 is heterogeneous in the es direction. The
probe (transmitter and receivers) is located in £2;.

A mean (nominal) boundary value problem is written
in time and space domains considering the three coupled
layers: linear acoustic wave equation formulated with the
pressure field Py (x,t) and P»(x,t) in domains {2; and {25,
and linear elastodynamics equation formulated with the dis-
placement field D(x,¢) in domain {2. Such a formulation
requires to define,

(1) for the heterogeneous cortical bone (2, its mass density
p(x3) and its (3 x 3) matrix-valued effective elasticity field
{[C(x3)], w3 €] = h, 0[};

(2) for the acoustic fluids 2; and (25, their mass densities
p1 = p2 = 1000kg.m ™3, and their sound velocities ¢; =
¢ = 1500m.s~!. Note that the acoustic fluid 25 can also
be viewed as an elastic solid for which the non zero compo-
nents of its (3 x 3) elasticity matrix, denoted as [C¥'], are
equal to py c3.

Introducing a and b such that —h < b < a < 0 (see
Fig. 2 in which z = —h). In case of osteoporosis, there is a
gradient of porosity in domain {2 in the e3 direction:

(1) for —h < x3 < b, the cortical bone is a damaged mate-
rial mostly made up of an acoustic fluid, which has the same
behavior as the acoustic fluid §25.

(2) for a < x3 < 0, the cortical bone is an elastic solid
that is modeled by a homogeneous transverse isotropic elas-
tic medium for which its (3 x 3) elasticity matrix is denoted

by [C*]: the transverse Young modulus and the Poisson co-
efficient are £ = 9.8 GPa and v = 0.4; the longitudi-
nal Young modulus, the Poisson coefficient, and the shear
modulus are respectively Fr, = 17.7 GPa, v, = 0.38, and
G = 4.79 GPa,; its mass density is pg = 1600 Kg.m 3.
(3) for b < x3 < a, there is a gradient of porosity in the
cortical bone.

The model proposed in [16] is used for constructing the
mean (nominal) model, based on the hypotheses defined in
paragraphs (1) to (3) above, which is written, for all x5 €
] —h,0], as

p(z3) = (1 = f(z3)) ps + f(x3) p2,

(Caa)] = Be (1= f(@a)) [CF)+ flaz) [CT]) . ®)

in which B¢ is a parameter that allows a bias to be intro-
duced in the model, where f(z3) = 1ifz3 < b, f(z3) =0
if 13 > a, and f(z3) = ap + @123 + a2 13 + az 73
if b < 23 < ain which ag = a®(a — 3b)/(a — b)3,
ar =6ab/(a—b)% as = —-3(a+0b)/(a—0b)> and a3z =
2/(a —b)3.

Prior stochastic model of the matrix-valued effective elastic-
ity field of the cortical bone In practice, the effective elas-
ticity field of the cortical bone, which occupies domain {2,
is a non-Gaussian random field and is modeled by a (3 x
3) matrix-valued random field {[C(x3)], €] — h, 0[} whose
mean value is the field [C'(z3)] defined by Eq. (78),

E{[C(z3)]} = [C(z3)]

The prior probabilistic model of this non-Gaussian random
field is taken in the set SFEY introduced in [61]. The con-
struction of this set of non-Gaussian matrix-valued random
fields is based on the use of the Maximum Entropy principle
for constructing a set of positive-definite random matrices.
This prior probabilistic model depends only on two hyperpa-
rameters, a dispersion coefficient g and a spatial correlation
length /.

Y x3 E] — h,O[

Stochastic model for the acoustical source The transmitter
is an acoustic point source located in domain (27, which de-
livers a random acoustical impulse, and is modeled by a ran-
dom acoustical source density Q) such that

Q
o
in which dg is the Dirac function on the real line at the origin
and F(t) = fo sin(27F, t) e~ Fe=D* in which F, is the
random central frequency whose probability distribution is
uniform on [800, 1200] kHz and where f, = 100 N. At time
t = 0, the system is assumed to be at rest. For each given re-
alization of random field [C], the corresponding realization
of (1) the random displacement field D and its associated

(x,t) = p1 F(t)do(x1)d0(w3) ,
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Von Mises stresses fields SVM are computed in (2, (2) the
random pressure fields P, and P, are computed in {2; and
{25. These numerical calculations are performed using the
fast and efficient hybrid solver detailed in [15]. It involves
a spatial Fourier transform of the random boundary value
problems into the longitudinal direction (e; direction) and a
1D finite element discretization into the radial direction (e3
direction).

13.2 Illustration of results obtained with the stochastic
boundary value problem

This section deals with an illustration of the ultrasonic wave
propagation in the three-layers system using the stochastic
boundary value problem defined in Section 13.1, but for
which the following particular configuration and parame-
terization are used. Note that, in presence of a gradient of
porosity, the ultrasonic wave propagation is complex and the
plot of such waves is difficult to interpret; consequently, for
this illustration, it will be assumed that there is a damaged
cortical bone without porosity gradient, which means that
—h < b = a < 0. We consider the case hy = 1072 m,
h=8x10"2m, hy = 1072m,b=a = —h/2,and z =
—h (obviously, for generating the initial dataset used by the
probabilistic learning and for generating the experimental
dataset required for the Bayesian approach, we will consider
a porosity gradient (—h < b < a < 0)). The calculation has
been performed with 3¢ = 1 and pg = 1722 Kg.m~3. For
this illustration, parameters dg, {g, and F, are considered
deterministic (that will not be the case for generating the ini-
tial dataset) and are such that 6g = 0.2, /g = 3 x 10~ 3 m,
and F. = 1000kHz. The acoustical point source (trans-
mitter) is located in (2; with coordinates (z; = 0,z5 =
0.001) m. In the es radial direction, the number of nodes
used in the finite element interpolation of fields Py, P», and
D are 101, 101, and 82, respectively. The Monte Carlo nu-
merical simulation method is used as stochastic solver. The
sampling time step is At = 2.94 x 10~ %s and the number
of time sampling points is 330. The sampling spectral step
is Ak = 15.70rad.m~! and the number of spectral sam-
pling points is 1024. At observation time ¢t = 9.72x 107 6s,
Fig. 3 displays the mean and variance of random fields Py,
SYM and P,. Figure 3 shows the lateral wave (or head wave)
propagating from the fluid-solid interface (plane wave front,
which links the reflected P-wave front and the interface).

13.3 Generation of the initial dataset

Using the stochastic boundary value problem defined in Sec-
tion 13.1, the objective is to generate the initial dataset Dy, =
(X} = (q/,w)),j = 1,..., Na} (see Eq. 1) relative to ran-
dom variable X = (Q, W) in whichQ = (Q, ..., Q,,) and

a2

Fig. 3 Application AP3: Propagation of the mean (top) and variance
(down) of the random wave in the three layers at ¢t = 9.72 x 10~ 6s
with for h1 = 1072m, h = 8 x 1073 m, he = 10~2m. Ver-
tical direction: z3. In grey color, mean and variance of wave fields
(z1,3) = Pi(x1,z3,t) (upper layer), (z1,x3) — SYM(z1,x3,t)
(sandwiched layer), (z1,z3) — P2(z1, z3,t) (bottom layer).

W = (Wq,...,W,,). We then have to define the vector-
valued random Qol, Q, the vector-valued random system pa-
rameter, W, and the R™«-valued random variable U, which
are such that

Q = f(U,W).

The mapping f cannot explicitly be described because this

mapping is associated with the solution of the boundary value
problem. The generation is carried out with Ny = 200.

(1) Initial dataset Dy, is constructed for the case analyzed
in [16], that is to say, for a damaged cortical bone with

a gradient of porosity such that h; = 2x1073m, h =

8x1073m, hy = 1072m, a = —h/2,b = —h, z = —h

and ps = 1600 Kg.m 3. The acoustical point source (trans-

mitter) is located in (2; with coordinates (z; = 0,z3 =

0.001) m. The dispersion coefficient d¢ and the spatial cor-

relation length /g are modeled by random variables with
uniform probability distributions on [0, 0.7977] and [1, 8] x

1073 m respectively. The central frequency F, is the uni-

form random variable defined in Section 13.1. The is no

bias introduced in the model and consequently, Sc = 1 in

Eq. (78).

(i) The number of nodes for the finite element discretization
of P;, P», and D in the e3 radial direction are 21, 101, and
162, respectively. The sampling time step is At = 4.2565 x

10~ s and the sampling spectral step is Ak =44.8&ad.m ™.
The number of time sampling points is 300 and the number
of spectral sampling points is 2048.

(iii) Let Q be the random vector of the 300 time sampling

points of the random pressure field P; at positions {(z¢, 23 =
10=3m), ¢ = 1,...,14} (14 receivers) in which ¢ = 13.1x
1073 + ¢ Az with Az; = 0.8x1073 m. Thus, Q is a R™a-

valued random vector with n, = 4200.
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(iv) Let W be the random vector of all the random variables
{[L(25))ij, 1 < i < j < 33U{log([L(5)]j5) , 1 < j < 3},

in which {[L(z%)];;}i; are the entries of the random up-
per triangular matrix [L(z%)] constructed by the following
Cholesky factorization, [C(24)] = [L(z5)]7[L(x%)]. The
points {xg, 1 < £ < 120} are the coordinates for the /-th in-
tegration points of the finite element mesh of interval [—h, 0]
(see Fig. 1). Thus, W is a R™~-valued random vector with
Ny = 720.

(v) The R3-valued random variable U is written as U =
(00, s, F).

13.4 Generation of the experimental dataset

The experimental dataset Dy, is generated with n,, = 200
independent experimental realizations {q**P"" r = 1,...n,}
of Q%P = (Q7”,...,Qy,,), which are such that

Qexp — f(UexP, Wexp) , (79)

in which the deterministic mapping f is the same as the one
used in Eq. (78) and corresponds to the use of the boundary
value problem defined in Sections 13.1 and 13.3. The ran-
dom vectors U™P and WP are constructed as independent
copies of random vectors U and W define in Sections13.1
and 13.3, but the bias on the mean model of the random ef-
fective elasticity matrix introduced in Eq. (78) is chosen as
Bc = 0.9. It should be noted that the n,. independent real-
izations {w*P" r = 1,...n,} of random vector WP are
generated in order to construct the simulated experiments
{q¥P" r = 1,...n,} using Eq. (79), but these realizations
are not used in the Bayesian approach proposed. Neverthe-
less, these realizations of Wy, will be used for estimat-
ing the probability density functions {w — pi’ (w)}s of
the components {W; "}, of WP in order to validate the

methodology proposed (comparing p@i to the posterior pdf

0St
Piy,)-

13.5 Values of the numerical parameters, observed
quantities for convergence analyses, and validation

The values of the numerical parameters introduced in the
algorithm are summarized in Table 1. All the given values
of the numerical parameters have been obtained by using
the criteria introduced in the theory or have been estimated
by performing a local convergence analysis. The quantities
used for validating the choice of the value of the regulariza-
tion parameter ¢, for studying the convergence in probability
distribution of the probabilistic learning with respect to Ny,
and for validating the method proposed, are similar to those
introduced in Section 12 for Applications (AP1) and (AP2).

OVL as a function of ¢ for N, = 200
0.6

0.55 1
0.5 1
0.45 1
0.4 1

0.35 : :
0.485 0.49 0.495 0.5 0.505 0.51 0.515
€

OVL(e)

Standard deviation as a function of e for N =200
35

3 1
25 1
2 1
1.5 1

1

convstd(c)

0.5

0
0.485 0.49 0.495 0.5 0.505 0.51 0.515

Fig. 4 Application AP3: validation of the choice ¢ = 0.5. For Ny =
200, graph of € — OVL(¢) (top) and graph of e — convgq(e) (down).

OVL as a function of N, for e = 0.50

06 |
0.55 1
05 1
Z 045 1
=
g
2 04 |

0.35
0.3

0.25 . . . .
160 170 180 190 200 210

N

Standard deviation as a function of N, for e = 0.50

N

0
160 170 180 190 200 210
Ng

convstd(Nd)

Fig. 5 Application AP3: convergence of the probabilistic learning with
respect to Ny. For e = 0.5, graph of N; — OVL(N,) (top) and graph
of Ng + convgy(Ny) (down).

13.6 Results and comments for application (AP3)

The results are presented in Figs. 4 to 6.
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Fig. 6 Application AP3: pdf w — pgvk (w) of Wy, estimated with the
initial dataset Dy, of Ny = 200 realizations (thin black line), pdf
w pgg;g(w) of W, estimated with the experimental dataset D5,
of n,. = 200 realizations (thick red dashed line), pdf w > p{?;:‘(w)
of WP*! estimated with ¢ = 0.5, Ny = 200, and vposr = 40000
realizations (thick blue line), for k = 5 (a), k = 6 (b), k = 13 (c¢), and
k=14 (d).

(i) Concerning the validation of the choice ¢ = 0.5 of the
regularization parameter, Fig. 4 shows that function ¢ —
OVL(¢) has effectively a minimum in the neighborhood of

e = 0.5, as obtained for applications (AP1) and (AP2) (see
Section 12).

(i1) Concerning the convergence in probability distribution
of the probabilistic learning with respect to size Ny of the
initial dataset that is used in all the calculations detailed in
Sections 4 to 9, Fig. 5 shows the results obtained for the
functions Ny — OVL(N,) and Ny — convyy(Ny) with
€ = 0.5. The convergence of the learning is slower and a
best convergence could certainly be obtained by increasing
the maximum value of IV, that should be considered, but as
already explained, this slower convergence of the learning
with respect to N4 does not interfere with the validation of
the proposed methodology (see Section 12).

(iii) Concerning the validation of the method proposed, it
can be seen in Fig.4 that, for N; = 200 and ¢ = 0.5, the
norm convyq (&) of the vector of the standard deviations, nor-
malized by its counterpart for the experiments, is close to
1. Figure 6 shows, for selected components Wj, of random
vector W, the comparison of three probability density func-
tions: the pdf w — p; (w) of Wy, estimated with the initial
dataset Dy, with Ng = 200, the pdf w — py® (w) of W,
estimated with the experimental dataset D;,+ with n,. = 200,
and the pdf w — pfy* (w) of the posterior W™ estimated
with ¢ = 0.5, Ng = 200, and vpes = 40000. For each
value of k that is considered, the comparison between pwdvk
and py” shows that there are significant differences (mean
value, standard deviation, non-Gaussianity) between these
two pdf’s, which justifies the use of the Bayesian approach

for improving pg, with pg}(v)f:. An important element for the

. . . . t
validation is the comparison between piy™ and p;”.

We can see that the results are good considering the in-
trinsic difficulty of this inverse statistical problem that is in
very high dimension. The small differences that can be seen
are analyzed from a general point of view in the discussion
presented in Section 14. In addition to the general arguments
given in this discussion, which explain part of the differ-
ences induced by the proposed methodology, there is an ad-
ditional difficulty intrinsic to the inverse statistical problem
for this application (AP3) and which partly affects the qual-
ity of the results. For the inverse statistical problem of this
physical system, this difficulty is independent of the method
used to solve it. This is the sensitivity of the quantities of in-
terest with respect to certain components of the elastic ten-
sor field at certain spatial points of the elastic medium of the
dynamical fluid-structure coupled system. If these observed
quantities of interest are not very sensitive to the realizations
of Wy, which represent random values at a certain spatial
point of a certain component of the tensor of elasticity, then
the identification of their probability density functions is a
little more difficult.
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Table 1 For application (AP3), the table defines the values of all the
parameters introduced in the algorithm, and which are used in compu-
tations.

Parameters (AP3)
ng 4200
Ny 720
n 4920
Ny <200
max Ny 200
Ny 200
Learning Vy 164
(Appendix A in Ediff 350
Supplementary material) | ™ 166
fo 15
Nme 150
Var 30000
At 0.2163
My 100
Ly 100
PCA of Vq 125
Qand W eer(l/q) 3.9e—4
Vw 72
ety (V) | 2.7e—4
Posterior v 197
Iz 125
€ 0.5
Ny 200
en, 0.0433
gOSl 10_3
ghost 300 000
Mpost 69
nbest 200
Voost 40 000
At 0.05854
My 100
o 120

14 Discussion and conclusion

In this paper, we have presented a methodology for im-
plementing the Bayesian inference in the framework of the
small-data challenge using the probabilistic learning on man-
ifolds under the following hypotheses: the likelihood prob-
ability distribution is not Gaussian and cannot be approxi-
mated by a Gaussian measure, the problem can be in high
dimension, the number of given realizations in the initial
dataset of the prior model is assumed to be small, which cor-
responds, for instance, to the use of an expensive computer
code for generating the initial data set (training), the number
of experimental realizations is also small, and the number
of posterior realizations can be arbitrarily large. For solv-
ing these difficult problem, a novel methodology has been

developed. The method and the associated algorithms have
been adapted to take into account all the constraints induced
by the given framework. Three applications have been pre-
sented for validating the approach proposed: two are rela-
tively simple and can easily be reproduced, and the third
one corresponds to a difficult statistical inverse problem.
The method proposed will have to be tested for many other
applications for confirming its robustness and its capability
to treat problems in high dimension and in the framework of
the small-data challenge.

The results obtained for the three applications presented
are good. Nevertheless, the small differences obtained in
the third application require further discussion. Below, we
discuss from a general point of view the main steps of the
proposed Bayesian identification methodology, highlighting
their possible impact on the quality of the results.

The first step of the methodology is the use of the PLoM
method, increasing the number of realizations of the initial
dataset, which is not enough to obtain the convergence of the
statistical estimators. This step is not an approximation but
rather a modeling choice, which makes it possible to tackle a
key obstacle in the context of small-data. Obviously, this en-
richment must also be correct. This property has been shown
for many published applications and recently, its properties
have been proven mathematically.

The second step is the use of a PCA representation, on
the one hand for the quantities of interest (the outputs) and
on the other hand for the control parameters (the inputs).
The approximation errors thus introduced can be, and are,
reduced to a level as small as desired. There are therefore no
errors introduced by this step.

The third step is that of the regularization of the covari-
ance matrix of the vector of the concatenated coordinates of
the two PCAs. This step is clearly an approximation, which
can introduce an irreducible error and therefore, affects the
quality of the results. Indeed although the error induced by
the introduced regularization is minimized in the construc-
tion of the proposed method, this error cannot be estimated
and controlled. This regularization is the price to pay to ad-
dress the second obstacle induced by the high dimension in
the Bayesian framework. We cannot introduce a single PCA,
which would solve the difficulty of high dimension with-
out having to introduce a regularization, but which would
then not allow the calculation of the likelihood function.
The choice of the introduction of two PCAs solves the prob-
lem of the high dimension and allows the calculation of the
likelihood function. On the other hand, this method requires
the introduction of a regularization whose model is arbitrary
although the one proposed herein results from an in-depth
analysis.

The fourth step is again the use of the PLoM method
to generate the realizations of the posterior probability mea-
sure. An affine transformation of the posterior probability
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measure is constructed to improve the exploration of the
support of this measure, which can still live in a high-dimen-

sional set (despite the PCA reductions introduced). This trans-

formation does not introduce errors. It simply improves the
exploration by the MCMC generator, which is based on the
reduced-order It6 stochastic differential equation, obtained
by projection on the diffusion-maps basis, in order to gener-
ate the realizations of the posterior model.

Finally, following this discussion, it appears that the only

point that can generate an irreducible error is the regulariza-
tion. This question on the choice of regularization remains
an open problem.
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mentary material. On the other hand, the label Section (P-
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12 Applications (AP1) and (AP2)

In this section, two applications are presented and are used
for performing the validation of the methodology and al-
gorithms presented. All the random variables are defined
on probability space (©, T, P). These two applications will
be referenced as (AP1) and (AP2) for application 1 and 2.
These two applications are relatively simple and can be eas-
ily reproduced.

12.1 Stochastic model and simulated experiments for appli-
cations (AP1) and (AP2)

Stochastic model for (AP1) and (AP2) The stochastic model
used for generating the initial dataset Dy, = {Xg = (qfi,wé)7
j = 1,...,Ny} (see Eq. (P-1)) relative to random vari-
able X = (Q,W) in which Q = (Qy,...,Q,,) and W =
(Wq,..., W, ), is written, for (AP1) and (AP2), as

Q= [BU)](W+Vb),

in which U, V, and W are independent random variables.
The maximum value of Ny is 200 and n,, = 20. We have
ng = 200 for (AP1) and n, = 20000 for (AP2). The de-
terministic vector b in R™» is written as b = 0.2u + 0.9 in
which all the components of u belongs to |0, 1| (generated
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with the Matlab script: rng(’default’); u = rand(ny,1)).
The real-valued random variable V' = 0.24/ + 0.9 for (AP1)
and V = 0.2U — 0.1 for (AP2) in which i/ is a uniform
random variable on [0, 1]. The random vector U = (Uy, ...,
U, ) with n,, = 6 is written, for o« = 1,...,n,, as U, =
2uq Uy + 1 — uq in which Uy, ..., U, are n, indepen-
dent uniform random variables on [0, 1] and where, u, =
0.2(a—1)/(ny—1) for (AP1) and u, = 0.7(a—1)/(n,,—1)
for (AP2). The entries [B(U)]x; of the (ng X n,,) random
matrix are

[B(U)]k; = Z Aa(Ua) ¢k (Ua) 0 (Ua) ‘P?+7zq/2 (Ua) -

a=1

For (AP1), ¢ (U,) = sin{akm/(ny + 1)} is independent
of U, (deterministic) and A\, (U,) = 1/(aU,)?2. For (AP2),
0 (Uqy) = sin{aUq kr/(ng + 1)} and Ao (Uy) = 5(1 —
Us) +1/ (aU,)?. The random vector W is written as W =
S %1 /5 @ np.inwhich s = 1/52and ¢ = (47, ...,
@8 ) with ¢f = sin{fnj/(1 + n)}. The non-Gaussian
centered random vector 1) = (11,12, 73) i written as n =
237:1 y” d’aﬁ”) (Z1) %gw (5%) in which =} and =5 are in-
dependent normalized Gaussian random variables. The in-
dices ol and ol are such that 0 < (" + o < 6,
and wagw) (£1) and wagw) (Z3) are the polynomial Gaussian

chaos. The matrix [y] = [y!...y?"] is such that [y] [y]T =
[I5] and is generated using the Matlab script: rng(’default’);
ay = randn(27,27); [as, ] = eiglai1*(a1)"); as(:,4:27) = [1;
[y] = (a2)".

Simulated experiments for (AP1) and (AP2) The experimen-
tal dataset D}," is generated with n,, = 200 independent
experimental realizations {q**P",r = 1,...n,} of Q%P =
(QT*,...,QRP). As already explained, we also generate the
independent experimental realizations {W**P", r = 1,...n,}
of WP = (W™ ... W5P) in order to validate the choice
of the regularization parameter ¢ (see Section P-10). The ex-
perimental model is written, for (AP1) and (AP2), as

Qexp — [B('[UCXP)] (Wexp + VCXp b) ,

in which UP, VP and WP are independent random vari-
ables that are also independent of U, V, and W. The real-
valued random variable VP = 0.2U“P + 0.9 for (AP1)
and VP = 0.2U%P — 0.1 for (AP2) in which U*P is a
uniform random variable on [0, 1] independent of U. The
random vector U™P = (U™, ... URYP) is written, for o =
L., ny,as Ua? = 2ua’ Us P +1—ua’ inwhichU;™, .. .,
Uy, are n,, independent uniform random variables on [0, 1]
and where, ug’ = 0.3(a — 1)/(n, — 1) for (AP1) and
uq = 0.7(a—1)/(ny—1) for (AP2). Note that for (AP1), the
coefficient is 0.3 and not 0.2 as in the stochastic model. The

mapping U — [B(uU)] is the same as the one of the stochas-
tic model. The random vector W is written as W =
0.2 x 1+ WP in which 1 € R" is the vector whose com-
ponents are equal to 1 and where WP is an independent
copy of the stochastic model of W.

12.2 Values of the numerical parameters for the computation
of (AP1) and (AP2)

Table 1 summarizes the values of all the numerical parame-
ters introduced in the algorithms. Except for regularization
parameter ¢ and for the convergence of the learning in prob-
ability distribution with respect to dimension Ny of initial
dataset Dy, (theses two parameters will be the subject of
a particular analysis presented later), the other values of the
numerical parameters have been obtained by using the exist-
ing criteria or by performing a local convergence analysis.

OVL as a function of e for N, = 200

0.36

0.34

— 032

=l 03

0.28

0.26

0.24

0.47 0.48 0.49 0.5 0.51 0.52 0.53

Standard deviation as a function of ¢ for Nd =200

Fig. 1 Application AP1: validation of the choice e = 0.5. For Ny =
200, graph of e — OVL(e) (up) and graph of € — convggy(e) (down).

12.3 Quantities used for validating the choice of ¢ and for
studying the convergence in probability distribution of the
probabilistic learning

Definition of the graphs that are plotted As already explain-
ed in Section P-10, we propose the value 0.5 for the regular-
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Table 1 For applications (AP1) and (AP2), Table 1 defines the values
of all the parameters introduced in the algorithm, and which are used
in computations.

Parameters (AP1) (AP2)
Ng 200 20000
Naw 20 20
n 220 20020
Ny <200 <200
max Ny 200 200
ny 200 200
Learning Vg 9 15
(Appendix A) | Egisr 48 120
m 12 17
fo 1.5 1.5
Nyie 150 150
Var 30000 30000
At 0.1649 0.0903
My 100 100
Ly 100 100
PCA of Vg 6 12
Qand W eer(I/q) 4.3e—5 5.3e—5
Vw 3 3
errw (V) | 3.7e—15 | 5.3e—15
Posterior v 9 15
121 6 12
€ 0.5 0.5
N, 200 200
EN. 0.0422 0.0322
post 107° 107°
b’ 4000 3000
Mpost 9 11
nhe 200 200
Vpost 40000 40000
At 0.0277 | 0.03384
My 100 100
0 10000 | 10000

ization parameter €. In order to validate this choice, for the
applications and for N, fixed, we have plotted:

(i) the graph of function e — OVL(¢) defined by Eq. (P-77),
which has to be minimum in the neighborhood of ¢ = 0.5;

(ii) the graph of function € — convgq(€) that is defined here-
inafter and whose value should be close to 1 in the neighbor-
hood of e = 0.5. Let o™ (¢) = (o} (2), ..., a@{}iw (€)) be
the vector of the standard deviations estimated with the 1o

realizations of the components of random vector WP (esti-

mated with the v realizations) and let oy = (o@%}’z, e

oy, ) be the standard deviations of the components of ran-

dom vector W (estimated with experimental dataset ;7).

The function convyg is convga(e) = [l (e)||/l o5 l-

OVL as a function of N, for e = 0.50
0.5

0.45

—~ 04

=
= 0.35
o
0.3
0.25
0.2 . . .
50 100 150 200
Na
Standard deviation as a function of N, for € = 0.50
1.5
=]
£ 1
=
>
>
2
o
o
0.5

50 100 150 200
Ny

Fig. 2 Application AP1: convergence of the probabilistic learning with
respect to Ng. For e = 0.5, graph of Ny — OVL(N,) (up) and graph
of Ng + convgy(Ng) (down).

Studying the convergence of the probabilistic learning for
the posterior model For ¢ fixed at 0.5, the convergence in
probability distribution of the probabilistic learning is ana-
lyzed with respect to N, by studying the function Ny +—
OVL(Ny) defined by Eq. (P-77) (replacing € by Ny) and the
function Ny — convgg(Ny) thatis defined by convyg(Ng) =
o2 (V) | /1o -

Validating the proposed method In addition to the quanti-
ties just described and for several components of index k,
we will compare the graph of the pdf w — pg;vk (w) of Wy,
estimated with the initial dataset Dy, of Ny = 200 realiza-
tions, with the graph of the pdf w — pi” (w) of Wy, esti-
mated with the experimental dataset Dy, realizations, and
with the graph of the pdf w +— pfy™ (w) of W™ estimated
for e = 0.5 and Ng = 200, and v/post = 40 000 realizations.
post exp

The pdf w — pyy, (w) should be close to w — pyy;, (w) (the
reference).

12.4 Results and comments for applications (AP1) and (AP2)

The results are presented in Figs. 1 to 3 for application (AP1)
and in Figs. 4 to 6 for application (AP2).

(i) Concerning the validation of the choice ¢ = 0.5 of the
regularization parameter, Figs. 1 and 4 show that function
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Fig. 3 Application AP1: pdf w — pgvk (w) of Wy, estimated with the
initial dataset Dy, of Ny = 200 realizations (thin black line), pdf
w ps;;,(z(w) of W, estimated with the experimental dataset ]DJ%XTP

of n,. = 200 realizations (thick red dashed line), pdf w > pg;’:‘(w)

of WP*! estimated with ¢ = 0.5, Ny = 200, and vposr = 40000
realizations (thick blue line), for k = 1 (a), k = 37 (b), k = 145 (¢),
and k = 613 (d).

€ — OVL(¢) has effectively a minimum in the neighborhood
of € = 0.5 for these two applications.

(ii) For the two applications with € = 0.5, the convergence
in probability distribution of the probabilistic learning with

OVL as a function of ¢ for N, =200

1 1
o038 1
=T
>
O os |

0.4 1
02 ; : s ‘ ‘
0.47 0.48 0.49 0.5 0.51 0.52 0.53
€
Standard deviation as a function of e for N, = 200
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0
0.47 048 049 0.5 0.51 0.52 0.53

Fig. 4 Application AP2: validation of the choice ¢ = 0.5. For Ny =
200, graph of e — OVL(e) (up) and graph of € — convg(e) (down).

OVL as a function of N, for € = 0.50
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Fig. 5 Application AP2: convergence of the probabilistic learning with
respect to Ng. For e = 0.5, graph of N; — OVL(N,) (up) and graph
of Ng + convgy(Ng) (down).

respect to the size N, of the initial dataset that is used in all
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Fig. 6 Application AP2: pdf w — pgvk (w) of Wy, estimated with the
initial dataset Dy, of Ny = 200 realizations (thin black line), pdf
w pgg;g(w) of W, estimated with the experimental dataset D5,
of n,. = 200 realizations (thick red dashed line), pdf w > p{?;:‘(w)
of WP*! estimated with ¢ = 0.5, Ny = 200, and vposr = 40000
realizations (thick blue line), for k = 5 (a), k = 6 (b), k = 13 (c¢), and
k=14 (d).

the calculations detailed in Sections P-4 to P-9, Figs. 2 and 5
show the results obtained for the functions N4 — OVL(Ny)
and Ny +— convgq(Ny). For application (AP2), the conver-
gence of the learning is slower and a best convergence could

certainly be obtained by increasing the maximum value of
N4 that should be considered. Nevertheless, this slower con-
vergence of the learning with respect to N, does not inter-
fere with the validation of the proposed methodology, be-
cause, for a fixed value of Ny, the results obtained show
that the posterior model that is estimated allows the prior
model to be significantly improved; a better convergence of
the learning with respect to Ny would lead to even greater
improvement of the posterior model.

(iii) Concerning the validation of the proposed method, Figs.
1 and 4 show that, for N; = 200 and ¢ = 0.5, the norm
convgy(e) of the vector of the standard deviations, normal-
ized by its counterpart for the experiments, is close to 1. For
these two applications, Figs. 3 and 6 show, for selected com-
ponents W;, of random vector W, the comparison of three
probability density functions: the pdf w +— pgvk (w) of Wy,
estimated with the initial dataset Dy, with Ny = 200, the

pdf w — pi’ (w) of W), estimated with the experimental

dataset D;," with n,, = 200, and the pdf w p%i‘(w)
of the posterior W5 estimated with ¢ = 0.5, N; = 200,
and e = 40 000. For each value of £ that is considered,
the comparison between p@vk and p@i shows that there are
significant differences (mean value, standard deviation, non-
Gaussianity) between these two pdf’s, which justify the use
of the Bayesian approach for improving p‘{wk with pgwoi[. The
values of k selected for plotting, for each application, corre-
spond to the greatest difference between these two pdfs. An
important element for the validation is the comparison be-
tween ply and py;” . It can be seen that the results are quite
good for these two applications.

Appendix A. Summary of the algorithm of the proba-
bilistic learning on manifolds

In this Appendix, we summarize the algorithm of the prob-
abilistic learning on manifolds (PLoM) that is used in Sec-
tion P-5. This algorithm has been introduced in [16]. Com-
plementary developments can be found in [3,17-19]. Ap-
plications and validations can be found in [4,5,20,15]. In
addition, we give the formula for estimating the values of
the two hyperparameters that control the algorithm of the
PLoM.

Let {x), = (¢, w)),j = 1,..., N4} be the set of the N,
independent realizations given in R” = R™ x R™ with
n = ng -+ Ny, Which constitute the initial data set Dy;,. Let
X = (Q, W) be the random variable with values in R” =
R™2 x R™w for which {x({l,j =1,..., Ny} constitutes N in-
dependent realizations. The objective of the PLoM is to gen-
erate vy > Ny additional realizations {x’., £ = 1,... vy}
of random vector X. As soon as the set {x., £ =1,..., vy}

has been constructed, the additional realizations for Q and
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W can be extracted as (qk;, wh) = x4 for £ = 1,..., vpy,

which constitute the learned dataset D,,,.

A.l. Normalization of the initial dataset. The N, indepen-

dent realizations {xé, j =1,...,Ng} of X with values in
R"™ can be represented by the matrix [z4] = [x};...x}] in
M, n,. Let [X] = [X', ..., X"] be the random matrix with

values in M, n,, whose columns are IV, independent copies
of random vector X. Therefore, [x4] is one realization of ran-
dom matrix [X]. The normalization of random matrix [X] is
attained with the random matrix [H] = [H', ..., H"?] with
values in M, n, with v, < n, obtained by using the princi-
pal component analysis of random vector X. Consequently,
random matrix [X] is written as,

X] = [z] + [¢] (N2 H],

in which [A] is the (v, X v,) diagonal matrix of the v,
positive eigenvalues of the empirical estimate of the covari-
ance matrix of X (computed using X}, ... ,xév ), where [p]
is the (n x v, ) matrix of the associated eigenvectors such
()T [¢] = [I,,], and where [z] is the matrix in M, x,
with identical columns, each one being equal to the empir-
ical estimate X € R” of the mean value of random vector
X (computed using X}, ..., x}®). The columns of [H] are
N, independent copies of a random vector H wit values in
R¥=. The realization [ng] = [p*...n"N¢] € M, n, of [H]
(associated with the realization [x4] of [X]) is computed by
4] = [N72[0]" ([xaq) — [z]). When n is small, v, can
be chosen as n. If some eigenvalues are zero, they must be
eliminated and then v, < n. When n is high, a statistical
reduction can be done as usual and therefore v,, < n in such
a case.

A.2. Diffusion-maps basis. This is an algebraic basis of vec-
tor space R™¢, which is constructed using the diffusion maps
proposed in [2]. Let [b] be the positive-definite diagonal real
matrix in My, such that [b];; = J;; Z;del[K]jj/ in which
K] = exp(—481dlﬁ||77j — n7"||?), depending on a real
smoothing parameter 4 > 0. Let [P] be the transition ma-
trix in My, of a Markov chain such that [P] = [b]~! [K].
For 1 < m < Ng letg',...,g™ be the right eigenvec-
tors in RN¢ of matrix [P] such that [P]g® = A, g%, whose
eigenvalues are real and such that 1 = A; > Ay > ... >
A;,. The normalization condition of these eigenvectors is
[9" [b][g] = [I;n], in which [g] = [g"...g™] € M, m
is the diffusion-maps basis. The eigenvector g' associated
with the largest eigenvalue A4; = 1 is a constant vector.
For m = Ny, the diffusion-maps basis is an algebraic basis
of RV, The right-eigenvalue problem of the nonsymmetric
matrix [P] can be performed solving the eigenvalue prob-
lem [b]~1/2 [K] [b]~1/2 &* = A, $* related to a positive-
definite symmetric real matrix, and with the normalization
[®]7 [®] = [I,,], in which [@] = [®'...H™]. Therefore,

g® can be deduced from &* by g® = [b]~'/2&“. The
construction introduces two hyperparameters: the dimension
m < Ng and the smoothing parameter 45 > 0. An algo-
rithm is proposed in [17] for estimating their values. Most
of the time, m and 45 can be chosen as follows. Let g4 +—>
m(eqs) be the function from R™* =0, 400 into N such

that
< 0.1} |

If function m is a decreasing function of 4y in the broad
sense (if not, see [17]), then the optimal value €5 of &gy
can be chosen as the smallest value of the integer 77(cgh )

such that

m(eqr) = arg min

a(fdiff)
—_— 1
ala>3 { Ao (eqinr) M

{M(eah) < M(ean) , Year €10, } N {M(ea) = M(can)
V&‘dm S ]5:1’5;7 15 Egﬂ[ } . (2)

The corresponding optimal value m°"*
opt __ = (~Opt
mP = m(egy).

of m is then given by

A.3. Reduced-order representation of random matrices [H |
and [X]. The diffusion-maps vectors g',..., g™ € RN«
span a subspace of R™¢ that characterizes, for the optimal
values m°* and 535} of m and €4, the local geometry struc-
ture of the dataset {n’,j = 1,..., N4}. The reduced-order
representation is obtained by projecting each column of the
M, ., -valued random matrix [H]” on the subspace of R™¢,
spanned by {g', ..., g™}. Let [Z] be the random matrix with

values in M, ,,, such that

H] = [Z][g]". 3)

Since the eigenvector g! is a constant vector and since ran-
dom matrix [H] is centered, this eigenvector can be removed
from the basis. As the matrix [g]” [g] € M,,, is invertible, the
least-squares approximation of [Z] is written as [Z] = [H] [a]
in which

[a] =[] ([9]" [9]) ™" € Mingm

and the realization [z4] € M, , of [Z] is written as
[2a] = [na] [a] € Miy, m

A.4. Generation of additional realizations {n.,¢ = 1,...,
Var} of random vector H.

An MCMC generator for random matrix [H] is construc-
ted using the approach proposed in [13, 14] belonging to the
class of Hamiltonian Monte Carlo methods [13,6,7]. The
generation of additional realizations [2}], ..., [23"] of ran-
dom matrix [Z] is carried out by using an unusual MCMC
method based on a reduced-order It6 stochastic differential
equation (ISDE) that is constructed as the projection on the
diffusion-maps basis of the ISDE related to a dissipative
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Hamiltonian dynamical system for which the invariant mea-
sure is the pdf of random matrix [H] constructed with the
Gaussian kernel-density estimation method and [r4]. This
method preserves the concentration of the probability mea-
sure and avoids the scatter phenomenon. Let {(]
t € R™} be the unique asymptotic (for ¢ — -+00) stationary
diffusion stochastic process with values in M, ,,, X M, 1,
of the following reduced-order ISDE (stochastic nonlinear
second-order dissipative Hamiltonian dynamical system), for
t>0,

dt+\/fT) Ww1en )]
[24] and [¥(0)] = [N [a]

dy®)] = [£(2(®)])] drfffo

with the initial condition [Z(0)] =
almost surely.

(i) The random matrix [£([Z(¢)])] with values in M, , is
such that [L([Z(1)])] = [L([Z(t)] [9]")] [a]. For all [u] =
[u'...uMNe]in M, n, withw/ = (u?,...,u)) in R*, the
matrix [L([u])] in M, n, is defined, forall k = 1,..., v,
andforall j =1,..., Ny, by

)},

(L([uD)lk; = {V p(

1
p(ud)

Ze p{— o |27 —w |},

n -},

1 5,
exp{— 2§UQL || a
in which 5, is the modified Silverman bandwidth s,,_, which
has been introduced in [14],
~ Sv,
Sy, =

i

sy, + Nfifi;l LT {Nd(2+%

(i) W™ ()] = [W¥ier(4)] [a] where {[W¥e(¢)], ¢ € RT}
is the Ml, n,-valued normalized Wiener stochastic process.
(iii) [M'] is the Ml,,_ y,-valued normalized Gaussian random
matrix that is independent of stochastic process [W"en].
(iv) The free parameter fj, such that 0 < fy < 4, allows
the dissipation term of the nonlinear second-order dynami-
cal system (dissipative Hamiltonian system) to be controlled
in order to kill the transient part induced by the initial con-
ditions. A common value is fy = 1.5.

(v) We then have [Z] = lim;_,  , [Z(t)] in probability dis-
tribution, which allows for generating the additional realiza-
tions, [zL],..., [24¢], and then, generating the additional

Z(0)], Y@,

4 1/(Vm+4)
T

realizations [nL], . .., [na~°] by using Eq. (3), such that [%,] =
[25] [9)7 (see Section A6).

A.5. Algorithm for solving the reduced-order ISDE. Let M =
nuc X My be the positive integer in which nyc and M are
integers. The reduced-order ISDE is solved on the finite in-
terval R = [0, M At], in which At is the sampling step of
the continuous index parameter t. The integration scheme
is based on the use of the M + 1 sampling points ¢,/ such
that tp = (' At for ¢ = , M for which [Z¢] =
Z(te)). Vo) = [V(te)], and VE] = (W(1,)],
with [Zo] = [24], [Yo] = W I a). and WG] = [0, m]-
For ¢/ = 0,...,M — 1, let [AW}%‘i“l] = [AWP ] [a]
be the sequence of random matrices with values in M, _ ,,
in which the increments [AWYer] .. [AWYin] are M in-
dependent random matrices with values in M, n,. For all
k=1,...,v, and for all j = 1,..., Ny, the real-valued
random variables {[AW}/", ];;}; are independent, Gaus-
sian, second-order, and centered random variables such that

E{[AWY i [AWE Jjrj } = At Gppr 8550 -

For ¢/ = 0,...,M — 1, the Stérmer-Verlet scheme applied
to the reduced-order ISDE yields
At
(2ol =12e]+ - Dol
1-b At Vo
, , A W/lel’l
Vo] = 1+b[3’z] 1+b[£Z d+ 1—|—b[ Wi,
At
[Zen] =20 3]+ 5 el

with the initial condition defined before, where b = fy At /4,
and where [L; 1] is the M, ;,-valued random variable
such that

w1l = L(Zo1 1)) = +1l1gl")]fa] -

A.6. Additional realizations {x.,¢ = 1,... vy} of random
vector X. The reduced-order ISDE is then used for generat-
ing nyc additional realizations, [2}], ..., [za] in M, .
of random matrix [Z], and therefore, for deducing the nyc
additional realizations, [nL],..., [7a] in M, n, of ran-
dom matrix [H], such that [%,] = [ Elg)T forl =1,... nyc.
The computation is performed as follows. Let v, = nMC X
Ny, in which nyc is a any given integer. Let [WYe"(; §)]
with @ € O be a realization of the Wiener stochastic process
[W¥ien] defined in Section A.4-(ii). Let {([Z(t; )], [V (t; 0)]),
t € R*} be one realization of the (M, ,,, X M, ,,)-valued
stochastic process {([Z(t)], [Y(t)]),t € RT}, for which its
time-sampling is computed using the algorithm presented in
Section A.5. Let ¢y be the integer such that, for ¢t > ¢y At,
the solution is asymptotic to the stationary solution. There-
fore, the independent realizations {n’, ¢ = 1,... vy} of H
are generated as follows. Let M be a given positive integer.

(Lo [L((Z0
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For k = 1,...,nyc and for tp = ¢ At with ¢/ = £y +
Kk My, we have, for j = 1,...,Ngand for k = 1,..., vy,
nh = {[Z(te,0)] 9] }y with £ = j + (¢ — 1) Ny In
this method of generation, only one realization 6 is used
and M is chosen sufficiently large in order that [Z ()]
and [Z(t(y4n,))] be two random matrices that are approx-
imately independent. The realizations {x%.,¢ = 1,...,var}

of random vector X are then calculated by x, = x+[¢] [\]'/?
n‘ withn® = (nf,.... ;).

Appendix B. Proof of the mean-square convergence of
the random sequence X (Va*=),

Since X = (Q, W), X, = (ﬂawﬂar)’ and Xavw) = (Q(DQ)a
W) we have
B{IIX — %[} = B{IQ — q, |17} + E{[IW — w|?},

that is equal to tr [Cg] + tr [Cw], in which X, Q, and W stand
for X(7a-mw) Q("‘Z), and W) We also have

B{IX-X") 2} = B{[Q-QU P+ E{ W-W )

that can be rewritten, using Egs. (P-8) and (P-14), as
B{|X — Xare)|2}
= erro(vg) E{Q—a,,[I*} +errw (vu) E{||W —w,[|*} .

Since tr [Cq| > 0 and tr [Cw] > 0, it can then be deduced
that

_ errq(vq) erry (V)
1+u[Cw]/w[Col 1+t [Col/tr[Cw]

Defining ¢ = max{(1 + tr [Cw]/tr[Co]) ™, (1 + tr[Cq]/

errx (Vq, Va)

tr [Cw]) ™1} > 0 yields errx (v, Vi) < C (errq(vy)+errw ().

Since ¢ < 1, we then obtain

errx (Vg, V) < errq(vg) + errw (1) - 4)

Appendix C. Construction of the regularization model of
covariance matrix [C ;] defined by Eq. (P-24)

Let [C.] be a regularization model in M} of [Cg] such that
its condition number is of order 1. Therefore, [C.]™ is in
M} and its condition number is also of order 1. The pro-
posed regularization is constructed as follows. Let us con-
sider the following classical spectral representation of ma-
trix [Cg],

[C5] =[] [\ 2], (5)

in which the real eigenvalues are in decreasing order, A\; >
Ag > ... > )\, > 0and where [®] is the matrix in M, of the
corresponding eigenvectors. Due to Egs. (P-24) and (P-25),

%},

¥, = min{||[C:]¥ — X||? + ~2|X]|?},
y, %RV{H[ Y — X[+ 27X}

it is proven in Appendix D that these eigenvalues are such
that

0<A <2 , jef{l,....v}. (©6)

If [Cqw] was the zero matrix in M, , then matrix [Cg]
would be the identity matrix and therefore, all the eigenval-
ues would be equal to 1. Since [Cy,,] is not the zero matrix
and taking into account Eq. (6), there exists and we define
(by construction of the regularization model) the integer v,
such that,

A >1 ) A<l , m+l1<w. )

-~

The regularization, [C,] of [Cg] is defined by
[Ce) = [@)[Ac] 2], ®)
in which the diagonal matrix [A.] is such that

[Adjj=X, 1< <w; A=Ay, m+1<j <,
9

in which € € [emn, 1] Were emin > 0 is a hyperparameter
that controls the regularization and whose value will be of
close to 0.5. The methodology for choosing the value of €
will be presented in Section P-10. The following properties
can then easily be deduced:

[CleMf |, [C'=[a][A] " [@]" eMS. (10)

The condition numbers of [C.] and [C.]~! are thus equal to
A1/(g%\,, ), and satisfy the following equation,

~ PN 2
cond([C¢]) = cond([C-] 1) < - -

€

For ¢ close to 0.5, the condition number is less that 8. We
next make four observations relevant to the proposed regu-
larization.

(i) Remark concerning the Tikhonov regularization The Tik-
honov regularization [67} of [Cg] with respect to its inverse
(see for instance [22]), would be such that §v = [67]’1 X,
in which ?7 is the unique solution in R” of the optimization

problem,
(IT)

for any given X in R”, where y > 0 is the regularization pa-
rameter. The unique solution is such that ([Cg]*+~* [1,]) ¥,
= [C4] %, which yields [C, ]! = ([Cg]? +~2 [L]) " [Cg-
Therefore, for j = 1,...,v, the eigenvalues of [C]~! are
A/ (A3 +~?) while those of [C.,] are Aj +~2/),. This reg-
ularization shows that [@7]’1 is not positive definite if the
rank of [Cg] is less that v, and that, if the rank of [Cg] were
v, then the condition number cond([C,] ™) of [C,,]~*, which
is equal to {\1/A,} x {(\y ++%)/A1 + 7}, goes to infin-
ity as A\, goes to zero, which is antinomic with the property
sought. Consequently, the regularization that is constructed
with Eq. (11) cannot be used.
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(ii) Interpretation of the proposed regularization model as
a Tikhonov regularization Let us assume that the eigenval-
ues A1,..., A, of [Cg] are such that, for € € [epin, 1[ with
€min > 0, and for v; defined by Eq. (7), we have g2 AjAy, —
)\? >0forall j > v + 1. Let vyq,...,7, be the real num-
bers defined by v; = 0 for j = 1,...,v; and by ; =
(2 XA, — AHY2 for j = vy +1,...,v. Let [I'] be the
matrix in M}0 defined by [I'] = [®] [y] [@]" in which [4] is
the diagonal matrix such that [y];5 = 7;0,%. It can then be
seen that the regularization [55] defined by Eq. (8) is such
that, for all X in R”,y, = [55] X in which y. is given by

y. = min{|| [Cg]¥ —X|* + | [[]X[]*}.
yERY

(iii) Choice of the value of hyperparameter € that controls
the regularization The choice of the value of hyperparame-
ter € is presented in Section P-10.

(iv) Other remarks concerning the possible regularization
models Other types of regularization models could a priori
be used.

(1) If the rank of [Cg] is less than v, the generalized
inverse (or pseudo-inverse) of [Cg] (see for instance Chap-
ter 6, pp. 163-226 in [10]) could be used. Such an approach
would lead us to introduce a new parameterization of a sub-

manifold for X whose dimension would be the rank of [Cgl-

The estimation pgar) of pdf pg could then be constructed by

using, for instance, the approach proposed in [8]. Neverthe-
less, not only the construction of the pdf p%f") of W would
require an integration on the submanifold, which would in-
duce difficulties, but above all, the ’separation” of the rep-
resentations of Q and W would be lost, and such a “’separa-
tion” is necessary for our purpose. Moreover, this approach
would be equivalent to doing a PCA of random vector X
instead of two PCAs, one on Q and the other one on W, a
method that cannot be done as we have explained in Sec-
tion P-6.

(2) A more classical regularization of [C'g] would consist

in taking [6,,] = [Cg] + [C,] with [C})] a covariance matrix
in M}, A choice could be [C,,] = n?[I,]. Such a model
corresponds to the introduction of an additional Gaussian
noise represented by the random vector ﬁn independent of
fi, such that )A(n =X+ }A}n (taking into account the Gaussian
kernel-density estimation used for the estimate p%"““) of pg
defined by Eq. (P-26). The numerical evaluation of such a
regularization has been used for the applications presented
in Sections 12 and P-13, and has demonstrated a lack of ro-
bustness when used with the MCMC generator of p%St.

(3) A regularization of the probability measure pg“) (x)
dx could also be constructed using the Rao metric between
two probability distributions [11], which involves the Fisher

information matrix. Nevertheless, the algebraic expression

of pga’) given by Eq. (P-26) is not easy due to the pres-

ence of the summation over the v, realizations. In a similar
framework, another way would have been to use the Rie-
mann metric related to the geodesic distance on the man-
ifold related to the positive-definite matrices [1], which is
particularly well adapted to the Gaussian case as proposed,
for instance in [21], but which induces difficulties for the
non-Gaussian probability measure p%”‘“) (X) dx.

Appendix D. Proof of the range of the values of covari-
ance matrix [C ;] defined by Eq. (P-24)

Since matrix [C'¢] is positive or positive definite, we have
<[C%]X,X>> 0forallX = (q,W) in R = R"s x R».
Using Eq. (P-24) yields

2 <[Cyu]” @, W> +[a]* + |W]* > 0. (12)
For all q in R¥7, we can choose W = —[C,,,]7 q in Eq. (12),
which yields

I[Cqw] ™ alI* < [lql*,
which can be rewritten as
<[Co][Cou]"@,a> < [@]* , YaeR™. (13

LetA; > ... > A,,q > 0 be the eigenvalues of the positive
matrix [Cyu] [Cyw]? . Equation (13) shows that

1>A,>...>4, >0. (14)

Let us consider the eigenvalue problem [Cg] ¢ = A @ (see
Eq. (5) in which the columns of matrix [®] are the eigenvec-
tors ). Using the block decomposition defined by Eq. (P-
24) and @ = (¢, Pw) yield

SBq + [qu] SBw = )\Saq ) (15)

[Cow]” Bq+ Pw = AP - (16)

Eliminating @, between Egs. (15) and (16) yields
[qu} [qu]T ‘:/O\q =(1- /\)2 (ﬁq .

Consequently, (1—\)? appears as the eigenvalue A of [Cyy]
[Cyw]™. Taking into account Eq. (14), it can be deduced that
—1 < 1 — X < 1, which proves that any eigenvalue A\ of
matrix [C'g] is such that 0 < A < 2.
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Appendix E. Proof of Eq. (P-38) for the consistency of
the estimator defined by Eq. (P-37) corresponding to the
estimation defined by Eq. (P-35)

The proof is inspired of [9], is slightly different, is adapted
to the Gaussian kernel-density, and the upper bound defined
by Eq. (P-38) is not the same. The Silverman bandwidth
Sqr is defined by Eq. (P-27) and X is a point fixed in R".
Let X — x(X) be the Gaussian pdf, centered, with invert-
ible covariance matrix [@] defined by Eq. (8), such that
[G] = [C.]7* € M, and let X > k,,,(X) be the function
on RY, such that,

. det|G “
k(X) = (2:),][/2] exp{—§ <[G)x, x>},
~ 1 X
e (®) = — (). (17)

Using the change of variable X = [®] 7) with [G] = [®] [A] !
[®]T (see Eq. (10)) and since s5r — 0 when vy — +00, it
can be seen that we have the following limit in the space of
measures on R”,

lm Ky, (X) dX = 6(X), (18)

Var——+00

in which dX is the Lebesgue measure on R” and dy(X) is the
Dirac measure on R” at point X = 0.

~1 ~
(i) Sequence of estimators of pg. Let X ,...,XUar be vy
independent copies of random variable X whose pdf is pg.

Therefore, X" is a realization of )/ZZ For X fixed in R, the se-
quence of estimators of pg(X), whose an estimation is p;”"")( )
defined by Eq. (P-35), is the sequence { P, (X)},,, of positive-
valued random variables defined by

Az A
Var E K’Var 7X .

arZI

(it) Mean value P, (X) of P,,.(X). The mean value of ran-
dom variable P,,dr( ) is written as E{P,,,(X)} = ;= >/,

ot
E{ky,, (X" — %)}, which yields

P, (&)= / Fovme (% — %) pg () K . (19)

Assuming that pg is a continuous function in X € R, using
Eq. (18) yields

lim P, (%) =pg(X). (20)

Var——+00

~ ) ~1
(iii) Variance of P,,.(X). Since the random variables X, ...,
are independent copies of X, and using Eq. (17), the variance
of P, (X) is such that

Var

E{(Puar(ﬁ)*ﬂyar(ﬁ))z}:iE{(ﬁuar(f(*X)) }**( var (X))

Var
1 ENN
< — B{(m (X~ %)%}
ar
1 o~ ~
= — [ (kR ) pg (%) K.
Var Jrv
1 w/det[G]

Since VX, supi Ky, (X—X) = and using Eqgs. (17)

and (19), we have

s (2m)7/?

~ 12 1 det[G] .
E{(P)(x) = P,,.(x))°} < VarSZWB”‘“(X) - (2D

Substituting s, given by Eq. (P-27) into the right-hand side
of Eq. (21) yields

B{(Pry(X) - P, (%))*}
LYY (00 Jdet[G] .
SERN T

Var 4 271-)1//2 —Var

(iv) Properties of the sequence of estimators. It can be seen
that

E{( Var( )_pi(ﬁ))Z}
= E{(Py(X) = P,,,(%))*} + (B, (%) — pz(X))*. (23)

Using Egs. (20), (22), and (23) for vy — 00, it can be seen
that the estimator P,,, (X) is asymptotically unbiased and is
consistent because

Varligl_ooE{( var (X) — pg(x ))2} =0. 24
The mean-square convergence corresponding to Eq. (24) im-
plies the convergence in probability.

Appendix F. Expression of the mapping [L] defined by
Eq. (P-53) adapted to computation

An explicit algebraic expression is constructed for the map-
ping [u] — [L([u])] defined by Eq. (P-53), using Egs. (P-50)
for p, Egs. (P-41) and (P-42) for Py W and Egs. (P-44) and
(P-45) for pg,. These equations show the presence of a sum-
mation of exponential terms (summation over the number
Var of realizations ' and W' of Q and W). Consequently, an
adapted algebraic representation must be developed in or-
der to minimize the numerical cost for each evaluation of
[L([u])] and to avoid numerical noise, overflow, and under-
flow during the computation. Several expressions have been
developed and evaluated. We present the most efficient one
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with respect to the above criteria. For £k = 1,...,1,,, for
j=1,...,Nsandfor [u] = [ul,...,uM:]in M, v.,

L((u])]ts = —{~[Gou] i — b

Sar

(1= m)aow) + Sl e, (25)

r=1
where ag(w’) = (ag1(w/),...,a0,,(v/)) and aj(v/) =
(af 1(w?), ... af, (u?))are vectors in R¥* such that
var var
ao(w’) = (D W ¢5?)) /D ¢y, (26)
=1 =1
andforr € {1,...,n,},
var var
al(wl) = (3w () /> ). @7
=1 =1

In Eq. (25), the symmetric (v, X v,,) real matrix [Go,] is
given by

[Gow] = (1 = ny) [Go] + ny [G) - (28)

From Egs. (P-46) and (P-51), it can be deduced that [Gg,,] €
M} for n, > 2. The vector b*P € R" is given by

bexP — [qu]T Z aexp,r )
r=1

In Eq. (26), forall £ € {1,..., vy}, we have

W = [Go] W' e R™ |

. 1
‘ _
CO (uJ) - eXp{— 25%1«
in which the upper triangular (v,, X v,,) real matrix [Lo]
follows from the Cholesky factorization, [Go] = [Lo] [Lo].
In Eq. (27), forall ¢ € {1,...,va}, we have
Wi = [Gu] W +[Gpu] " Q" € R™

andforr € {1,...,n,},

(1 (u’) = exp{~

ol (@ = WP} eRY,  (29)

52 (06 +pi ()} R, (30)
Sar

in which the positive real number pj’ is expressed as

T ~exp,r ~0
py’ = L] @ =),
with [£,] the real upper triangular (v, x v/,) Cholesky factor,
[Gy] = [£4]T [£,], and where

P ) = || [L0] (W — )2
+ 2 < [qu}T(aexpﬂ.

where the upper triangular (v, X 1, real matrix [£,,] is ob-
tained from the Cholesky factorization, [G',] = [Lw]7 [Lw].
The numerical experiments that have been carried out have
shown that, for computation of (I*(u’) defined by Eq. (30),
the term in the exponential must be computed before expo-
nentiation in order to avoid underflow and numerical noise.

~0 ; ~0
7q}7uJ7W >7

Appendix G. Verifying that the linearized ISDE is well
adapted for stochastic process {([S(t)], [R(2)]),t € RT}

Using Eqs. (P-58) and (P-59), the linearization [s] — [L'"([s])]
of function [s] s [L([s])] defined by Eq. (P-68) is such that
[Lin([s])] = —[s]. From Egs. (P-64) and (P-65), it can be
deduced that the linearized ISDE is written as

d[s™ ()] = [R™(¢)] dt,

d[R]in(t)] _ 7[Slin(ﬁ)])] di — % gost[RIin(t)] dt

S AW (B)].

Let us write [S"™(¢)] = [S"™(#) ... 8" (¢)] whose columns
are statistically dependent for ¢ > 0 due to the coupling
by the initial conditions defined by Egs. (P-66) and (P-67).
Nevertheless, for the asymptotic solution (f — +o00), de-
noted as {([S"™ (t)], [R"™(ts)]), ts € R}, these are sta-
tistically independent and it is known (see for instance Page
241 of [12]) that each column {S"™7 (t), ty € Rt} of {[S""
(tst)], ts € RT} is a Gaussian, stationary, centered stochas-
tic process whose covariance matrix [C"] = E{S"™7(t)
$'im3 (£,)T} is independent of j and such that [C'"] = [I,, ].
This result shows that the nonlinear ISDE defined by Eqgs. (P-
64) to (P-68) is well adapted to the covariance matrix of the
asymptotic stochastic process {[S(ty)], tsx € R} and there-
fore, to the covariance of [WP*"] via the transformation de-
fined by Eqgs. (P-60) and (P-61).

Appendix H. Construction of the diffusion-maps basis
for the posterior model

The construction, based on [2], is the one presented in [16]
and is summarized in Appendix A.2, using the N, indepen-
dent realizations {s’, j = 1,..., Ny} defined by Eq. (P-72).
Let [P5] = [bs]~! [K] be the matrix in My, such that, for
all 4, j and j/ in {1,..., Ny}, [KJ]j;» = exp(—isﬁ;l s/ —
sj,H2) and [b,];; = d;; Zj\f;l[Ks}jj/ depending on a posi-
tive parameter £fy' whose value depends on dataset {s, j =
1,..., N} Therefore, [P,] is a transition matrix of a Markov
chain. For 1 < mypeq < Ng, let gl,...,g.™" be the right
eigenvectors in R+, of the eigenvalue problem [P,] g% =
As o g2 with the normalization condition [g5]T [bs] [gs] =
[Im,0,) and where the associated mpose < N positive eigen-
values are such that 1 = Ag1 > Aso > ... > Ag -
The diffusion-maps basis is represented by the matrix [g5] =
[gl...8¢"] € M, m,,. The eigenvector g! associated
with the largest eigenvalue A, ; = 1 is a constant vector
that has to be kept because stochastic process [S] is not cen-
tered (it is [S"™] that is a centered stochastic process). For
Mpost = N, the diffusion-maps basis is an algebraic ba-
sis of RYs. The right-eigenvalue problem of the nonsym-
metric matrix [Ps] can be performed solving the eigenvalue
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problem [b,] 712 [K,] [bs] /202 = A, , D2 related to a
positive-definite symmetric real matrix with the normaliza-
tion ||@¢|| = 1. Therefore, g can be deduced from $¢ by
g% = [b,]~'/2 &2, The construction introduces two hyper-
parameters: the dimension mpest < N and the smoothing
parameter by > 0. The algorithm for estimating the opti-
mal values of ei;' and myy is detailed in [17]. Most of the
time, these optimal values can be calculated using Eqs. (1)

and (2) in which e4; has to be replaced by 55"

Appendix I. Stormer-Verlet scheme for solving the reduced-

order ISDE
Let nhe and M be the given integers defined in Sec-
tion P-9.5. The reduced-order ISDE defined by Egs. (P-74)
to (P-76) is solved for t € [0,¢max] With tpax = (b0 +
nher ME*™) At in which At is the sampling step and where
ly is chosen in order that the solution of Eqs. (P-74) to (P-76)
has reached the stationary regime. For £ = 0,1,. .., nhw x
ME™, we consider the sampling points t, = £ At and the
following notations: [Z,] = [Z(t,)], [Ve] = [Y(te)], and
(W} = [W™<(t,)]. The Stormer-Verlet scheme is used
for solving the reduced-order ISDE, which is written, for

L t
0=0,1,...,nhe MJ™, as

(Zeay) = 2+ 5 D,

1 _ At _ post )
Wen] = 15 Wi+ 155 o]+ 0 (A,

At
[Zen] = (23] + 5 Yen],

with the initial condition defined by Eq. (P-76), where 3 =
POUAt /4, and where [C,, 1] is the My, i, -valued ran-

dom variable such that
[Loi1] = [L(Ze )] = [L([Z04 1] [95))] [as] -

In the above equation, [AW}']] = [AW}]] [as] is a ran-
dom variable with values in M, ., in which the incre-

ment [AW}1] = [W}1] — [W}"]. The increments are sta-

tistically independent. Forall k = 1,..., v, and forall j =
1,..., N, thereal-valued random variables {[AW}' |1 } &

are independent, Gaussian, second-order, and centered ran-
dom variables such that

E{[AW )1 [AWY Sk jr} = At G 6550

References

10.

11.

12.

13.

14.

16.

17.

18.

19.

. Bhatia, R.: Positive definite matrices, vol. 24. Princeton university

press (2009)

Coifman, R., Lafon, S., Lee, A., Maggioni, M., Nadler, B., Warner,
F., Zucker, S.: Geometric diffusions as a tool for harmonic analysis
and structure definition of data: Diffusion maps. PNAS 102(21),
7426-7431 (2005)

Ghanem, R., Soize, C.: Probabilistic nonconvex constrained opti-
mization with fixed number of function evaluations. International
Journal for Numerical Methods in Engineering 113(4), 719-741
(2018). DOI 10.1002/nme.5632

Ghanem, R., Soize, C., Thimmisetty, C.: Optimal well-placement
using probabilistic learning. Data-Enabled Discovery and Appli-
cations 2(1), 4,1-16 (2018). DOI 10.1007/s41688-017-0014-x
Ghanem, R.G., Soize, C., Safta, C., Huan, X., Lacaze, G., Oe-
felein, J.C., Najm, H.N.: Design optimization of a scramjet un-
der uncertainty using probabilistic learning on manifolds. Jour-
nal of Computational Physics 399, 108930, 1-14 (2019). DOI
10.1016/j.jcp.2019.108930

Girolami, M., Calderhead, B.: Riemann manifold Langevin and
Hamiltonian Monte Carlo methods.  Journal of the Royal
Statistics Society 73(2), 123-214 (2011). DOI 10.1111/j.1467-
9868.2010.00765.x

Neal, R.: MCMC using hamiltonian dynamics. In: S. Brooks,
A. Gelman, G. Jones, X.L. Meng (eds.) Handbook of Markov
Chain Monte Carlo, chap. 5. Chapman and Hall-CRC Press, Boca
Raton (2011). DOI 10.1201/b10905-6

Ozakin, A., Gray, A.: Submanifold density estimation. In: Pro-
ceedings of Neural Information Processing Systems Conference,
NIPS 2009, pp. 1-8. Vancouver, Canada (2009)

Parzen, E.: On estimation ofa probability density function and
mode. Annals of Mathematical Statistics 33(3), 1065-1076 (1962)
Puntanen, S., Styan, G.: The schur complements in statistics and
probability. In: F. Zhang (ed.) The Schur Complement and its
Applications, chap. 6, pp. 163-226. Springer, Boston, MA (2005)
Rao, C.R.: Appendix 3. on the distance between two populations.
Anthropometric Survey of the United Provinces, 1941: A Statisti-
cal Study 9(2-3), 246-247 (1949)

Soize, C.: The Fokker-Planck Equation for Stochastic Dynamical
Systems and its Explicit Steady State Solutions. World Scientific
Publishing Co Pte Ltd, Singapore (1994)

Soize, C.: Construction of probability distributions in high di-
mension using the maximum entropy principle. applications to
stochastic processes, random fields and random matrices. Inter-
national Journal for Numerical Methods in Engineering 76(10),
1583-1611 (2008). DOI 10.1002/nme.2385

Soize, C.: Polynomial chaos expansion of a multimodal random
vector. SIAM/ASA Journal on Uncertainty Quantification 3(1),
34-60 (2015). DOI 10.1137/140968495

. Soize, C., Farhat, C.: Probabilistic learning for modeling and

quantifying model-form uncertainties in nonlinear computational
mechanics. International Journal for Numerical Methods in Engi-
neering 117, 819-843 (2019). DOI 10.1002/nme.5980

Soize, C., Ghanem, R.: Data-driven probability concentration and
sampling on manifold. Journal of Computational Physics 321,
242-258 (2016). DOI 10.1016/j.jcp.2016.05.044

Soize, C., Ghanem, R., Safta, C., Huan, X., Vane, Z., Oefelein, J.,
Lacaze, G., Najm, H., Tang, Q., Chen, X.: Entropy-based closure
for probabilistic learning on manifolds. Journal of Computational
Physics (2019). DOI 10.1016/j.jcp.2018.12.029

Soize, C., Ghanem, R.G.: Physics-constrained non-gaussian prob-
abilistic learning on manifolds. International Journal for Nu-
merical Methods in Engineering 121(1), 110-145 (2020). DOI
10.1002/nme.6202

Soize, C., Ghanem, R.G.: Probabilistic learning on manifolds.
arXiv preprint:2002.12653, 2020, math.ST, 28 February 2020
(2020)



Supplementary material

20.

21.

22.

Soize, C., Ghanem, R.G., Safta, C., Huan, X., Vane, Z.P., Oefelein,
J.C., Lacaze, G., Najm, H.N.: Enhancing model predictability for a
scramjet using probabilistic learning on manifolds. AIAA Journal
57(1), 365-378 (2019). DOI 10.2514/1.J057069

Spantini, A., Cui, T., Willcox, K., Tenorio, L., Marzouk, Y.: Goal-
oriented optimal approximations of Bayesian linear inverse prob-
lems. SIAM Journal on Scientific Computing 39(5), S167-S196
(2017)

Tikhonov, A., Goncharsky, A., Stepanov, V., Yagola, A.G.: Nu-
merical methods for the solution of ill-posed problems (Mathe-
matics and its Applications). Springer, Berlin (1995)



