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Markov-modulated M/G/1-type queue in heavy traffic
and its application to time-sharing disciplines

H. Thorsdottir! - I. M. Verloop>3

Abstract This paper deals with a single-server queue with modulated arrivals, ser-
vice requirements and service capacity. In our first result, we derive the mean of the
total workload assuming generally distributed service requirements and any service
discipline which does not depend on the modulating environment. We then show
that the workload is exponentially distributed under heavy-traffic scaling. In our
second result, we focus on the discriminatory processor sharing (DPS) discipline.
Assuming exponential, class-dependent service requirements, we show that the joint
distribution of the queue lengths of different customer classes under DPS undergoes
a state-space collapse when subject to heavy-traffic scaling. That is, the limiting
distribution of the queue-length vector is shown to be exponential, times a
deterministic vector. The dis-tribution of the scaled workload, as derived for general
service disciplines, is a key quantity in the proof of the state-space collapse.
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1 Introduction

Markov-modulation is a way to formalize the embedding of queues in a random
environment. The parameters of the queue in question, typically arrival rates, service
requirements or both, are governed by an external Markov chain, thereby creating an
extra layer of randomness around the stochastic queueing process. For classical results
on Markov-modulated single-server queues with the first-come-first-serve (FCFS) dis-
cipline see, for example, [26,28,30]. Recent work on systems in a Markov-modulated
environment can be found in, for example, [17,22,35].

In this paper we will analyse a modulated queue under a heavy-traffic scaling,
that is, evaluate the system at its critical load. It is a well-known result from the
literature on single-server queues that, under fairly general conditions [23], the steady-
state distributions of the appropriately scaled queue length and workload become
exponential when the critical load is approached. This property has been seen to
carry over to certain systems where arrivals and service times are modulated by an
external Markov process; see [3,12,15]. In fact, [3] establishes an even stronger result:
convergence of the queue-length process to a reflected Brownian motion. Multi-class
single-server queues under a heavy-traffic scaling have been studied in, for example,
[21] for FCFS with feedback routing, [20] for the discriminatory random order of
service discipline and [14,32] for the discriminatory processor sharing (DPS) policy.
In particular, [20,32] show that the steady-state queue-length vector undergoes a so-
called state-space collapse and converges to an exponentially distributed variable,
times a deterministic vector. The cited multi-class results under heavy-traffic scaling
are all for non-modulated systems. In light of this, we will in this paper put special
emphasis on a modulated multi-class single-server queue, and the limiting steady-state
queue-length distribution is derived.

While there is little ambiguity in how arrival rates are modulated, there are in the
literature typically two ways in which to modulate the service rates. One can (i) let
the departure rate be continuously modulated throughout a customer’s service, and the
other approachis to (ii) let a customer’s service requirement distribution be based on the
state of the environment when it arrives and remain the same until the customer departs.
We note that by adapting the number of different customer classes, the fixed service
requirements of case (ii) can be seen as a special case of the continuously modulated
requirements (i); we further elaborate on this later in the paper in Remark 1 in Sect. 2.

The way the load or traffic intensity for modulated queues is defined goes hand in
hand with the way the service rates are affected by the environment. In case (i), the
load is typically the average of arrival rates (where the averaging is with respect to
the equilibrium distribution of the environment), say A, divided by the average of
service rates, say [« (see, for example, [26]). In case (ii), the load is taken as the
average over the arrival rate times the mean service requirement, say, A;/[44 per state
d of the environment (see for example, [12,30]). The two load definitions represent
different scenarios. In particular, when load (ii) is equal to 1 (the critical load) it means
that in at least one state of the environment the total load over all classes must exceed
1, i.e. for at least one state we must have overload. This is true only for special cases
of definition (i).



In this paper, special focus will be given to a multi-class single-server queue under
the DPS discipline. The DPS discipline was first introduced by Kleinrock in [24] as
an extension of the well-known egalitarian processor sharing (PS) discipline and has
turned out to be very suitable to model the simultaneous parsing of diverse tasks,
such as processing network data. Under this service discipline, the service capacity is
divided between all present customers in proportion to their prescribed weights. Due
to the challenging nature of DPS systems, most available results are in terms of limit
theorems and moments. Fayolle et al. [16] established the mean sojourn time condi-
tioned on the service requirement. That analysis also yielded the mean queue lengths
of the different classes, which were shown to depend on the entire service requirement
distributions of all classes. The DPS model has finite mean queue lengths irrespective
of any higher-order characteristics of the service distribution; see Avrachenkov et al.
[5]. This is an extension of a result for the Processor Sharing (PS) system, which
holds while the queue is stable. DPS under a heavy-traffic regime was analysed in [14]
assuming finite second moments of the service requirement distributions. Assuming
exponential service requirement distributions, a direct approach to establish a heavy-
traffic limit for the joint queue-length distribution was described in [29] and extended
to phase-type distributions in [32]. Combining light- and heavy-traffic limits, in [19]
an interpolation approximation is derived for the steady-state distribution of the queue
length and waiting time of DPS. The performance of DPS in overload is considered in
[1]. Asymptotics of the sojourn time have received attention in [8,9]. Game-theoretic
aspects of DPS have been studied in [18,33]. A thorough overview of DPS results can
be found in [2].

We are not aware of work analysing a DPS system under modulation. We refer to
[27] where the processor sharing discipline (DPS discipline with unit weights) was
analysed in a Markovian random environment. Multi-class queues in a random envi-
ronment have been studied for different modelsin [11,31]. In [31], a modulated system
is studied where arrivals can only occur at transition epochs of the modulating process
but service requirements are class dependent and generally distributed. Using a time-
changing argument, the waiting time distribution is derived under the FCFS discipline.
In [11], the authors derive a Brownian control problem to establish a form of the cu
scheduling rule in heavy traffic under continuously modulated service requirements.
By using a particular scaling, the time-scale separation of the external environment and
the queue-length process is exploited. Similar scaling of a modulated queue can also
be seen in results on the Markov-modulated infinite server queue in, for example, [7].

The system we analyse in this paper is a single-server queue where the arrival
rates, service requirements and service capacity are modulated. We focus on the set-
ting where a customer’s service requirement distribution is based on the state of the
environment when it arrives and does not change throughout its service. The service
capacity is, however, continuously modulated. This assumption is in line with the
literature for various types of modulated queues; see [10,13,25,31]. In Remark 3 in
Sect. 6, we discuss how part of our results can be extended to a more general model
with continuously modulated service requirements. We derive the distribution of the
workload under a heavy-traffic scaling for generally distributed service requirements
and any service discipline which does not depend on the environment. We then turn
our attention to the DPS discipline in a multi-class queue, which is a particular case



of the general modulated system as described above. The weights of the DPS sys-
tem, determining the service proportion, depend on a customer’s class and do not
change with the environment, which means that the workload result remains valid.
An important finding in the present paper is that the queue-length vector under DPS
becomes independent of the modulating process in the heavy-traffic limit, which is
consistent with the modulated M/G/1 queue in, for example, [3,12]. This, together
with the obtained result on the workload, allows us to derive the distribution of the
queue-length vector under DPS and to show that it undergoes a state-space collapse.

The remainder of the paper is organized as follows. In Sect. 2 we describe the model.
In Sect. 3 we study the workload of a single-server queue with modulated arrivals,
service capacity and service requirement distribution, establishing its distribution in
heavy traffic. From Sect. 4 onwards the focus is on DPS. In Sect. 4 we derive some
basic properties of the queue-length distribution, obtain a rate conservation law and
derive an equation for the moments of the queue lengths weighted with the modulated
service capacity. Section 5 is devoted to the heavy-traffic scaling; there we show
that the distribution of the environment becomes independent of that of the queue-
length vector, in addition to deriving two technical lemmas. The exponential limiting
distribution of the joint queue length in heavy traffic follows in Sect. 6. The result is
shown in two steps; Sect. 6.1 for the state-space collapse and Sect. 6.2 for the exact
limiting distribution, where we rely on the workload result of Sect. 3. We conclude
with a summary and some open questions in Sect. 7.

2 Model

We analyse a single-server queue modulated by an independent external environment,
which is formalized by an irreducible continuous time Markov chain on a finite state-

space {1, ..., D}. The modulating process is denoted by Z and is governed by an
infinitesimal generator matrix Q = (qd@)£ ¢—; With an invariant distribution & =
(1, ..., mp). In what follows, vectors are generally denoted in bold. New customers

arrive according to a Poisson distribution with rate A; when the environment is in
state d. A customer arriving in state d has a service requirement distribution given by a
function H,;(-) with Laplace—Stieltjes transform (LST) 44(-). The service requirement
does not change further with the environment. The first and second moments are given
by h41 and hgo, respectively. In addition we let the service capacity be scaled by a
factor ¢4 during the environment’s stay in state d; this can thus change during the
service of the customers. The traffic intensity will be measured as

Poo = Zﬂd)\dhdl/coo, ()
d

with coo 1= D ; mgcq being the service capacity averaged over the environment. The
workload is defined as the time it takes to empty the system at an arbitrary moment

in time given the observed environment and is denoted by W. In Sect. 3 we study
the workload and the environment as a two-dimensional process (W, Z), under any
service discipline that is independent of the environment.



The first main result of this paper concerns the distribution of the workload when
the traffic intensity approaches its critical point. The system is said to be in heavy
traffic when poo approaches 1. Let N > 0 and define the following parametrization:

a PR
RS p—d(l—l/N)—> 24 =3, as N — o, )

o0 oo

where p 1s based on the unscaled parameters. Prelimit quantities will be denoted with

a superscript (NN); the prelimit traffic intensity is thus péév ) and is equalto 1l — I/N.
Limiting quantities will have a”; in heavy traffic the traffic intensity is denoted puo
and is equal to 1.

In the remainder of the paper, starting in Sect. 4, we analyse a single-server queue
with K customer classes under the discriminatory processor sharing policy; the queue
isagain embedded in arandom environment. Let o 4 be the probability that a customer,
arriving while the environment is in state d, is of class k; note that > «Qk,q = 1fora
given d. The Poisson arrival rate of a class-k customer is denoted by Ay 4 := otk ara
and for each class k it is assumed that A; 4 > O for at least one state d. In the multi-
class setting we assume that a class-k customer has an exponentially distributed service
requirement with mean 1/u;. We believe that the results obtained in this paper can be
extended to phase-type distributed service requirements, the latter being dense in the
space of all distributions on [0, 00). For the non-modulated DPS queue, the phase-type
analysis was performed in [32] using similar proof techniques. For ease of exposition,
however, we focus here on the exponential case.

We no longer let the service requirement of a particular customer be environ-
ment dependent (although the distribution of an arbitrary customer is, as explained in
Sect. 6.2). One can, however, retrieve the environment-dependent service requirements
by introducing additional classes for each environment; see Remark 1. By referring to
a class-k customer’s service rate while in state d as (4 1= urcq, we take the modu-
lated service capacity into account. Most of the results for the queue length can in fact
be shown without assuming this product form, representing a system where the service
requirements are continuously modulated; see Remark 3, Sect. 6.1, for further details.

We denote the average arrival rate of class-k customers by At oo = D, d M, dTTd
similarly we denote the average service rate for class k by px 0o 1= D Uk,dTd =
MkCoo aNd Pk oo = Ak oco/lMk,0co- The aggregate traffic intensity for the multi-class
model is defined as

K
Poo = Z Pk,00s
k=1

which is consistent with the definition in Eq. (1).

Let the state of the multi-class system be described by the vector of random variables
My, ...,Mg,Z) =: (M, Z), where M, is the number of class-k customers, for
k=1,..., K. As before, Z represents the state of the background process. In a DPS
system, the random fraction of service given to a class-k customer is



Table 1 A multi-class system

. . Classes Arrival rates Serv. rate Weight
where the service requirement
distribution is fixed upon arrival d=1 d=2 defl,2}
can be translated into one with
non-modulated service (1,1) Al 0 11 g1
requirements (1,2) 0 ) U2 g1
2.1 22,1 0 H2.1 82
2.2) 0 A22 2,2 82
8k
> j&iM;

where g; are weight parameters associated with each class k.
When in heavy traffic, we denote g oo := Ak.co/ k.00 and thus have for the multi-
class system

~ )»koo 1
Zpk,oo: = —
k Mk, 00 Poo

Pt R}
k Poo %

k,00

Remark 1 (Modulated service requirements rewritten to classes) Any multi-class sys-
tem where the service requirement distribution is determined by the modulating
process at a customer’s arrival can be written as a multi-class model with non-
modulated, only class-dependent, service rates ik, as illustrated below: While in state
d of the environment, class-k customers arrive with rate A; 4 and have exponential
service requirement with mean 1/uy 4 and weight g;. Such customers we refer to as
being of class (k, d) and count with My 4; hence, we need to keep track of K - D
different customer “classes”. Arrivals to class (k, d) are inactive while not in state d.

From Table 1 one can easily see how a K = D = 2 system can be written into one
with K = 4 and D = 2. The arrival rates are still modulated, but in an on-off way.
The service rates [y 4 are now non-modulated.

3 Workload

In this section we consider the workload in a modulated queue and extend the results for
an M/G/1-type queue from Falin and Falin [15] and Dimitrov [12] to include modulated
service capacity. We derive the mean of the workload and then its distribution in the
heavy-traffic regime.

Let pog = P(W =0,Z =d)andleta = (ay, ..., aD)T be a vector solving
[Q - alqs = ca — rdha1l — coo(l — poo), 3
ford = 1,..., D. Note that such a solution always exists since the right-hand side

vector of Eq. (3) is orthogonal to . We obtain the following result for the mean
workload.



Proposition 3.1 For any service requirement distribution H,(-) and any service dis-
cipline that does not depend on the state of the environment, the mean of the workload
satisfies

> [marahaz /2 + aama(hahay — ca) + po.acaad]
Coo(l = poo)

EwW = ; “)

where a is a solution of Eq. (3). Furthermore, 1 — pog = >, P0.dCd/Coo-

Remark 2 Although the solution vector a is not unique, the term

D

> aalma(hahar = ca) + po.acal,
d=1

as appearing in Eq. (4), is. This is due to the following argument: Suppose a and a*
are two solutions to Eq. (3). Then 0 = Qa — Qa* = Q(a — a*), so (a — a™*) is in the
nullspace of Q. But Q is a generator matrix so it can easily be seen that Or = 0 for
any vector r - 17 = (ryr,..., r)T, r € R. Also, since the environment is an irreducible
Markov chain, the nullspace of Q has dimension 1, and therefore, (a —a*) = r, - 17,
for some r, € R. Thus,

D

> (aa = aIwa(hahar = ca) + po.acal = racoo(poo = 1) + racoo(l = poo) =0,
d=1

where the first term follows by the definition of ps, and ¢, and the second term comes
from Eq. (7) in the proof below.

Proof of Proposition 3.1 Define Fy(x,t) = P(W(t) < x, Z(t) = d) for some time
t > 0. In an infinitesimal time df, a new arrival requiring service x changes the
workload with probability A; Hy (x)dz. The service capacity is scaled by c¢; when the
environment is in state d, meaning that in dr time, the workload is reduced by c,dt,
yielding by a classic birth-and-death argument for the M/G/1 queue,

Fy(x,t +dt) = (1 — Agdt + qgqdt) Fy(x 4 cqdt, t)

X
+ ZCIZng(x + cedt, t)dr 4 Addt/ Fi(x +cqdt — y,t)dHy(y).
0
t£d

We let + — o0 to go to steady state, and since

Fa(x 4 cqdt) — Fg(x) Fa(x + cqdt) — Fa(x) ,
=cy — cqFy(x),
dr cqdt dt |0

we obtain

CaF)) = Ot — qa) Fa®) = 3 quaFe() — g /0 Falx = dH ().
t£d



Denote the LST of Fy(-) by ¢4 (s) = E[e ™V, Z(t) = d] = po.a+ [, e **dFa(x).
The corresponding transform equation becomes

> quape(s) = [ka(l = ha(s)) = scalpa(s) + spo.aca. 5)

It is now convenient to sum over d and divide through Eq. (5) with s to get zero on
the left-hand side, leading to

h
Zpo dcd = Zw(s) [cd — w] (6)

Using that ¢4(0) = m; and by ’Hopital’s rule

1—h
fim L= G) — lim k), (s) = ha.
) s 540

We get by taking the limit s — O of Eq. (6) that
P0,dCd
D =1 e ™
a

We differentiate Eq. (6) w.r.t. s:

hy(s) | 1 —=ha(s) — ha(s)
%:(Pd(s))\d[ dss Sd s ] de(s) [Cd—/\d = ]

which in the limit s — O results in

Tarahaz
Zd:T = ;wd [ca — rahar], )

with the first moment of the workload while in state d being

—limg,(s) =E[W,Z =d] =
540

Now multiply Eq. (5) with a4, sum over d, take the derivative w.r.t. s and lets — 0
to obtain

= Walcoo(poo = 1) + ca = kahar] = D [aamta(hahar — ca) + po.acaaa).
d d



by using Eq. (3). Adding this equation to Eq. (8) yields

mahahaz
Coo(l = poc) D Wa=>_ [T + aama(hahay — ca) + PO,dCdad] )
d d

which gives the desired expression for the mean of the workload, EW = >, W,;. O

Eq. (7) makes it clear that in heavy traffic, that is, when pgﬁ’ ) 1, all the proba-

bilities pé{\;) go to zero. Also, in heavy traffic, the right-hand side of Eq. (3) reduces

tocg — ):dhdl. Recalling the parametrization 1 — péév ) = 1/N in Sect. 2, we obtain

the following result.

Proposition 3.2 For any service distribution H;(-) and any service discipline that
does not depend on the state of the environment, the mean of the workload in heavy
traffic satisfies

1 1 A A
i wWN) — z _
lim NE = g - Tq I:)»a’hd2/2 + ad()\«a'hdl Cd)] s (10)

N—oo

where a is a solution of [Q - alg = cq — ):dhdl.

Proof Under the heavy-traffic scaling, the empty probabilities p(%) go to zero for

d =1, ..., D.Theresult then follows immediately from Eq. (4) and 1 — pg)v ) =1 /N.
]

This leads to the main result of this section.

Theorem 3.3 In heavy traffic, the scaled workload % W) converges in distribution
to W, where W is exponentially distributed with mean given in Eq. (10).

Proof This follows from combining Proposition 3.2 with Theorem 4 in [12]. The full
proof is in the Appendix. O

The above results yields that W is relatively compact, which together with the
metric space being separable and complete implies that the scaled workload % ww)
is tight, by Prohorov’s theorem [6].

4 Queue-length vector under DPS

In the remainder of the paper we focus on the multi-class model under DPS, where we
assume that the service requirements of class-k customers are exponentially distributed
with rate ug. In this section we establish some properties of the joint queue-length
distribution. We start with the flow equations, followed by a rate conservation law and
an equation for the moments of the queue lengths conditioned on the environment.



Equating the flow in and out of state (M, Z) = (m, d) yields (noting that —qgq =
227&4 qde)

K
Med + =——Mk,a - 1y 0)—61dd Pm.d
(Z( Zl glml mk>} "

K

gk(my + 1)

= Z ()»k,dpm—ek,d A0 + =————— Mk, dPmter.d | + anlzpm,z,
P 2. 8imi + 8k oy

(11)
where pp.q == P((M, Z) = (m, d)) and e, is the vector with 1 in the k-th place and

zeros elsewhere. We now define the partial probability generating function (PGF) for
when the background process is in state d:

Pi(z) == B[z} - 2% A z—a)]

o0 o0
= Z Z P(Mi=my,....,Mg =mg,Z=d) -z|" - 2k*

m1=0 mg=0

= z pm,dzm,

m=>0
where z{'' ... 2 =: 2™ and (mi,...,mg) > (0,...,0), ie. m > 0. Then the
overall generating function for the queue length is P(z) := IE[ziV[1 . 11‘(/1’{] =

25:1 P;(z). We also define

Pm.az™
Ri(2) := Z Zm;,mj {Z/ o >0} hence

m=>0

aRd(Z) _1
0z Z Z] gjm pm az" I{Zle mj>0}'

m=>ej

By multiplying the flow equation (11) with z™, summing over all vectors m > 0 and
rearranging terms, we can eventually write it in terms of the PGF P;(z) and the partial
derivative d R;(z)/0zk, that is,

K

JR
Z[m(l—Zk)Pd(z>+ukdgk(Zk—1) d(ﬂ ZPe(Z)CMd (12)

k=1

It will be convenient to write the equation fully in terms of d Ry/dzk, SO we note
the relation

dR4(2)
02k

Py(z) = ngz,k + po.d, (13)

k=1



where po g = P((M, Z) = (0, d)) is the probability of an empty queue in state d,
which is equivalent to the probability of no workload defined in Sect. 3. We incorporate
this into Eq. (12) to obtain

K K
0R;(2)
Z)\k,d(l — 2k) ZngjT + Po.a
k=1 j=1 J

R 2 R
+ Zuk a8k(zk = 1) d(z) = Z |:Z 8z(Z) + po, z] Gea-  (14)
=1

k=1 k=1

This equation we will use later when deriving the heavy-traffic limit.

For the M/M/1 queue with modulated arrivals and service times, moments of the
queue length and the sojourn times can be found for the FCFS service discipline in [34]
and [25], respectively. In [29] the authors establish a recursive formula to calculate
moments of the queue length in a non-modulated DPS system. In a similar fashion,
we obtain an expression for the sum of the state-dependent moments weighted with
the capacity of the server. We also derive a rate conservation law, which shows how
the average arrival rates per class are proportional to the resources allocated to that
same class, and the service they receive. Both results can be found in the following
proposition.

Proposition 4.1 When the queue is stable, the average number of class-k arrivals is
proportional to the service resources allocated to class-k customers, i.e.

_&kMy

fork =1, ..., K. Furthermore, the state-dependent expectations of My satisfy

M, dBIM; - 1iz—qy] + X j aB[My - 1{z=a)]
+Z g .

caB[My - 1iz=qy] =
; Hk8k + 1jgj

Proof We sum Eq. (12) over d and take the derivative w.r.t. z; to obtain

oR
Z —)ude(Z)+Z)»Jd(l Zj) d(Z)+Mi,dgi 4
Zj

- 7 0z;
3 Rq(2)
+ agj(z; —1 0.
;M/,dg/( J ) 02,92,
Letting z — 1 yields
0R4(2)
> [ui‘dgi — hiaPa(2) =0. (15)
4 0Zi |71 z—1



Since

lim Py(z) = 7y,
z—1
the following conservation law results from Eq. (15), fork =1,..., K:

BR
)hkoo—z,u d(Z)

z—1

gk M,
= D> wdl | =—— 1> m.-0 - liz=a) |- (16)
2 [z,»g./M./ A

By taking partial derivatives of Eq. (13), we obtain after standard calculations the
recursive relation

ade(Z)

3T Ry (2) / 3/ Rd<z)
_ o) 17
9z -+ 0zi; Z a7

= 8k
i1 oy 9209202k az’/

=

In particular, this yields the explicit form
APy 3*Ry

=28
7 0707

E[M; - 17—y] = —<
(M - 1i7—q)] 0

0Ry
+ 8k
z—1 02k

z—1 z—>l

Proceeding from the rate conservation law, Eq. (16), and by using k¢ = prca, we
have

By taking two partial derivatives of the balance equation Eq. (12), we can solve for a
second mixed derivative of R;, namely

2Ry

_ 2 E[McM;jLz—n)] qea+ridB [MjLiz—a)]+2jdE [Mi-Liz=a)]
02102 '

71 B Hik.d8k+1hjd8j

thus also yielding a mixed moment. Summing over the weighted moments of the
number of class-k customers while in state d, we obtain a linear equation resembling
Eq. (16) in [29] for the non-modulated DPS queue:

2

0°Ry
caBIMi - Liz—q)] = ==+ ¢4
; (7= Mk Z 8 0740z

(by Eq. (17))

z—1

)‘koo Z > ElMM;- lz o1qea+ i dBIM j-1iz—ay]+Xj dE[My-1(z=a}]
8 Uk8k+ Mg




Moo +Z M dBIM; - Liz—gy] + X 4E[My - 1{z= d}]
4] Hk8k + 1jgj

where the last equality comes from >, g¢q = 0. O

5 Preliminary results for the queue length in heavy traffic

We proceed to show that in heavy traffic the distribution of the environment and the
joint queue length become independent. This result, along with two technical lemmas
that we derive in this section, will later help establish the main result about the limiting
queue length under DPS, presented in Sect. 6. Here we consider the queue-length

vector (M1, ..., M) scaled with 1/N and evaluate the PGF in zU/N The objective is
to determine the distribution of % M I(N), oM E(N)) -1{z=q4) as N goes to infinity. We

will state the existence of the limiting vector, and thus also the limit of the generating
function Pd(N) (z'/N), as an assumption. This assumption will be proven in Sect. 6.2.

The superscript N denotes dependency on the prelimit parameter )L;N).

We make use of the change of variables e™ = gz;, for sy > 0, and denote
e SN = (e7SVN . esk/N), Assuming that the limit exists, we use the new
variables to define the heavy-traffic quantities: We let po g = limy_ p((){\;),
Pa(s) = limy o0 PV (e73/N) = limy o0 Ele™ 27 5Mi/N . 11;_ 1] and P(s) =
> Py(s) = limy_ o E[e” 2, s-fM-f/N]. We denote by (My, ..., Mg) the random
vector corresponding to the LST P(s). Finally, let

1 — efZ,»s.fo

J

where the 1 in the numerator is to ensure that the bracketed expression remains bounded
when the queue length quantities My are all near zero. We can now proceed to the
following lemma.

Lemma 5.1 [flimy_, P;N)(e_s/N) exists, then it satisfies
K

A aR
Pals) = Z "(s) + Poa- (18)
=1

Proof From Eq. (13),

(N)
IR; " (2) .
+ Po.d- (19)

z:e—s/N

: (N).—s/N
lim P Jin 2
Jim Py(em ) = lHm ) grzy— ——




Note that

(N)
R, (z
hm kd—()
N—o0 A7k 2—e—s/N
my
= lim —p M m s 50
N= oomZek Z gjm md 2y mi=0) z=eS/N
mk (N) e—simi/N —sxgmg /N
= lim =7 1 S KK s a0
N—oo rr; 2. 8jmj md (22 m5=00
(V)
M (V)
T "k 7Z~XjM. /N . .
= e [Z oM (N)e Y L, mf =0 1{Z=d}]
Mk S M
:E[Z g] e 2 5iMj .l{szj>0} '1{Z=d}:|
AR, (s
_ IRa(s) (20)
oSk
(N) V)
The second-to-last step follows from the fact that # CeT XM
Jj8iM;
1 = M(_N)>0} is upper bounded by 1/ min;(g;). By the continuous mapping theorem
My —> i siM
(see Billingsley [6]), it converges in distribution to o it {ZJ M;>0)°
The environment is not affected by the heavy-traffic scahng Egs. (19) and (20) now
conclude the proof. O

With the help of Lemma 5.1 we obtain:

Proposition 5.2 [f limy_, o P;N) (e=5/NY exists, the joint queue-length distribution
is independent of the environment in heavy traffic, that is,

Py(s) = 14 P(s).
Proof We use the change of variables z; = e™*. Since

IRy

Zkﬂ(z)

ORs  _
- aSk (e )7

z=e"$

we obtain, by applying the heavy-traffic scaling to Eq. (14),

(N) /N —9R" /N (N)
—S‘ —S
> | (1=e) ng o (<) + il

k

(N)
— Wk.d8k (e_s"/N - 1) Sk/N—ag (e_s/N):|
Sk



D[ K (N)
—0R

ZZ Z e 2 —s/N) .

|: 8k st ( +Po :|‘I£d

With Taylor expansion we obtain

al —BR(N)
= [ (- 35) | S o o) e

k
(N)
Sk —0R, ( 7s/N)
Mk,dgk(N + N2) Bs €

ng 9k (e_S/N) + p(()},\?j| qea + O(N7). @21

(N) .
—9RY

Since —54— is bounded (see the proof of Lemma 5.1) and converges to i , we
Sj

obtain, as N — o0,

Ro(s R
3;(( ) + Po,z} qea =0, s>0, Vd, (22)

D K 9 A
v-[Qli=) [ng
(=1 Lk=1

where [Q]y is the d"* column of Q and v is a row vector with vy = Zk 1 8k 3R(;§]Es) +
Po.¢. This implies that vQ = 0, and since Q is a generator we conclude that

K A
OR4(s)
Vg = = T4x,
d Z}gk st + Do.a d

where x does not depend on d. Observe now that by Lemma 5.1 we have

K A~
- . IR, (s)
Pa(s) — po.a = ng
P AR
= 74X — Po.d

= E[l{z=a)]x — Po.a-

Since Py(s) = ]E[ —XuM 1iz= d}] this implies that x = E [e_ 2 ‘YJMJ'] =

P(s). This shows that the environment becomes independent from the joint queue-
length process in the heavy-traffic limit. O

The flow equation, Eq. (14), simplifies considerably in heavy traffic, as shown in
the following lemma.



Lemma 5.3 Iflimy_ o P;N) (e=5/NY exists, then Iéd (s) satisfies the following equa-
tion:

aR
0= Fras) CHVAPY
— 0S5k

with Fy q4(s) defined as

Fi.a(s) == gk Zij,dsj — Kk.dSk
J

Proof We start by multiplying through Eq. (21) with N, followed by summing over
d. Due to Q being a generator, this eliminates the right-hand side with the transition

rates gy -
(N)
Med ( ) Zgj
k,d

3R(N)
_Z[Mkdgk(sk-l— ) o5 (es/N):|+O(N ) =0.

k.d

(N)

e +p

Taking the limit N — oo yields

) IR4(s) IRy (s)
0= E Ak,dSk E 8j - E Wke,d 8k Sk
k, j k.d

s A

IR4(5) ¢ dRq(s)
= Z 8o Z Ajdsj — Z Pd8kSk—y
k.d j k.d

5 dRa(s)
= ng Z)»j,de ~ PkdSk | o
J

k.d

IR
Z Fra(s) d(s) (23)
k,d

In what follows we focus on

Fioo(8) = D Fra($)ma =gk | D hjooSj — Ik.oosk |
d J

and denote its vector counterpart by Foo(s) = (F1,00(8), -, FK.00(8)).



6 Queue-length distribution in heavy traffic

We now state and subsequently prove our main result about the queue-length distrib-
ution.

Theorem 6.1 When scaled by 1/N = (1 — ,oc(,év )), the queue-length vector converges

in distribution as (pff\g, R pﬁ(Ngo) = (Pl.cos - - - PK.c0)s i-€. ,oc()év) — 1, namely
1 N N d A~ A~
N(Mf ),...,M;( )) lyz=ay — (MlyanK)'l{Z:d}
4 ("‘—“ "K’“) X, 4)
81 8K

d e ; . o ;
where — denotes convergence in distribution and X is exponentially distributed with

mean R .
2 Prooo/ Mk — 2y Camtada(1 — pa)

Coo Dt Ph,oo/ (8kitk)

EX , (25)

with pg = cgl Zk )A»kyd/,uk anda = (ay, ...,ap)" being a solution of

[0 -alq = ca(l — pa).

We will prove this theorem in the two following subsections, first showing in Sect. 6.1
the state-space collapse observed in Eq. (24) and then in Sect. 6.2 we will show that
X is exponentially distributed with the mean given by Eq. (25).

6.1 State-space collapse

The first part of the proof of Theorem 6.1 is the state-space collapse. In this section,
. (N) (,—s/N ;
we assume limy 00 P; (€ ) exists.
Observe that due to Proposition 5.2,

N 1 — e~ ZusiMi
Ralsy =T 2k g M, - I{Zk M>0} Liz=a)
1 — e Xk sk
" |: >k 8k M e Mk>0}:| o

=: R(s)my, (26)

where the last equation defines R(s), which is independent of d. We now derive some
properties of R(s).



Lemma 6.2 ﬁ(s) is constant on a (K — 1)-dimensional hyperplane H,., where

chz[SEO:Zpk’ooskzc], c > 0.

R

Proof We follow closely the steps of the proof of Lemma three in [32]. The proof
has three steps: (i) Show that Fj «(s) is parallel to the hyperplane. Hence, any flow
corresponding to Fj ~ that starts in the plane, stays in the plane. (ii) Show that R(s)
is constant along each flow in the hyperplane and (iii) show that each flow in the
hyperplane converges to a unique point. This implies that R(s) is constant on the
hyperplane.

(1) Foo(s) is parallel to H,
Observe that with 1 = 3"} fr o0 and g 00 = Ak,co0/ Mk, o0

Z ﬁ(l;_’kooFk,oo(s) = Z)ak,oo Z)A\j,oosj — Mk,008k
X X ;
= Zij,oosj - Zﬁk,oollvk,oosk
; X
= zik,oosk - Zik,oosk
k k
=0.

This indicates that the K -dimensional vector F (s) is parallel to the hyperplane.
(i) I%(s) is constant along flows in H,

For each state s > 0, there exists a unique flow f(u) = (fi(u), ..., fx W)’

parametrized by u# > 0, such that

f(O)=s and

d{’;(”) — Feoo(f ). @7

Due to (i), any flow that starts in H,, stays in H,.. Now,

dR(f @) _ i dfiw) 9R(s)
du - ISk ls=fw
K N
oR
=Y Ay 2
k=1 Sk Ns=f(u)
K D N
oR
=30 A o
k=1d=1 Sk ls=f )




IR4(s)

K D
ngk,d(f(u))- ™

1d=1 s=f(u)

k
0, byEq.(23),

implying that R( S (w)) is constant along each flow f(x) which lies in H,.

(iii) Each flow in H, converges to a unique point
Here we first write the flow specifications in a vector-matrix form, then show that
one eigenvalue of that matrix is zero with eigenvector s* € Hj, and the other
eigenvalues are negative, and thus we can write f(u) = ¢ - s* + g(u) where
Eq. (27) can be written in matrix-vector form as

flw) =Af®),

with
gl(il,ooA_ Kieo) 812,00 gng,oo
A 82M 1,00 82(A2,00 — M2,00) * - 82AK 00
gK M oo gk Ak 0o — K, 00)

Let D be the diagonal matrix with d; = p; ~0/g; on the diagonal. Then with

g1 (M0 — [41,00) 822;%25»2,00 e 8K ﬁ['(‘_Z)A»K,oo
S DAD-! glgf_:zil,oo 820000 — H200) *+ 8K 5[2(2 K o0
gllgf_::j)\l,oo gK()LK,oo _H«K,oo)

ST is a generator corresponding to a finite-state Markov chain.

From the proof of Lemma 4 in [32], it is easily seen that the Markov chain cor-
responding to S is irreducible (since we assume that all Ay 4 > O for all k and at
least one d). Retracing the arguments stated there, for completeness, it follows that
this Markov chain has a unique equilibrium distribution (column) vector, 7, such that
n” ST = 0.In particular, O is an eigenvalue with multiplicity one and all other eigenval-
ues have a strictly negative real part; see [4]. Since the eigenvalues of ST and A are the
same, 0 is also an eigenvalue of A with corresponding right eigenvector s* = D™y,
s* > 0,s* € Hj. The solution of the linear system f'(u) = Af(u), f(0) € H,
can now be written as the sum of the homogeneous and the particular solution, i.e.
fw) =c-s*+ g(u), where lim,_, o g(u) = 0. This implies that all the flows in H,
converge to one common point ¢ - s*.

Combining (i), (ii) and (iii), we conclude that the function Ié(s) is constant on H..
O



Asa consequence of Lemma 6.2, the function R(s) depends on s only through the
sum Xk 1 (Pk,00/8k)sk. Therefore, there exists a function R* : R — R such that

R(s) = R*(X [ (Pr.00/gk)s1)- Then

3 dR*
o R (s) = pk,oo )
oSk Sk dv

’

v=3"K | (Br.0o/81)5%

SO we obtain
K Y D
E[e™ Zk=15%Mk] = [im PN (e=s/N
[ 1= Jim 37 P )

IR4(s)
Sk

Il
M
4= 5

U=Z;€(=1 (lak,oo/gk)sk

) (28)
v=zf=1 (Pr.oo/ 8K)Sk

which only depends on v = Zle (Pk.c0/ 8k )Sk- Since we also have

. 2,00 5} 8
81 _ o
Ee™ Zk 1AkMk] - K e_ploole e @ sz(pzooMz Ml)

8K PK 00 K P1,00

_PK,OOSK(AA’K Mo 81 Ml)
..... e B > s

this, together with Eq. (28), implies that ( S M .

i M1) — 0, forall j =

1,..., K. Thus (gk/,ék,oo)Mk 4 (g; / oQ)M for all k, j, almost surely. Com-
bining this finding with that of Eq. (£2) we obtain Eq. (24) with X distributed as

(81/h1.00) M.

Remark 3 (Continuously modulated service requirements) In Sect. 3 we saw that the
critical load is indeed reached when po, — 1, since then pg s — 0. This indicates
that (1 — poo) is the right heavy-traffic scaling when wi s = picq. This is less
clear for a general uy 4, that is, for continuously modulated service requirements,
where the environment can influence the departure rate of customers present in the
system. For that setting, the workload process is no longer independent of the employed



scheduling discipline, since the decision on which class to serve impacts the rate at
which customers leave. We are not aware of any results on workload and waiting time
distributions where the service distribution is a general function of both class and
environment.

The majority of the preceding queue-length results in this paper can, however, be
proven without the restriction of the product form, i.e. for continuously modulated
service requirements. The traffic intensity for this variant is defined as for the multi-
class model above, only this time one cannot split the average class-k service rate into
Mk.co = MkCoo- The traffic intensity per class k, pr oo = Ak.co/ Mk, o0, 18 in line with the
Markov-modulated single-server queues. Assuming there exists a scaling f(N) such
that f(N)(My, ..., Mg)l{z—4) converges in distribution, it can be shown that the
empty probabilities pg 4 vanish in heavy traffic as N — oo, for a general g 4. This
property then follows from Proposition 5.2 without relying on the workload results
from Sect. 3 and the product form assumed there. Furthermore, under this assumption,
all results in Sect. 6.1 hold, implying that a state-space collapse will appear. In other
words, we can prove the first half of Theorem 6.1. However, we do not know what the
distribution of the common factor X will be.

6.2 Distribution of the common factor

In order to prove that the limiting queue-length distribution exists and to find the
common factor of the queue-length distribution in heavy traffic, the random variable
X, we make use of the results on the workload of the total system. From [32] and Eq.
(24) we have that

K -~ K 4

A M,

wiS Mk _ oy N Phoo (29)
= = gkl

In order to apply the workload result of Sect. 3, we first derive the service requirement
of an arbitrary customer while in state d. If Hi(-) is the distribution function of a class-
k customer’s service requirement, then the probability of a class-k customer arriving
and requiring service not exceeding x is o 4 Hy (x). Summing over k now yields the
desired distribution,

K
Hy(x) =) ax.a Hi (x).

k=1

The overall service requirement distribution thus depends on the state of the environ-
ment at its arrival. With exponential service requirements, the corresponding LST is
given by

K
hats) = > SRdE > g, (30)

and the first and second moment are given by

Qk.d
ha1 = —, ha = 22
PRt k

o

L (31)
Hk



We can now apply the result of Theorem 3.3 with moments as given in Eq. (31). Hence,
we have that W is exponentially distributed with mean

EW = ¢3! (Z Pk,o0/ Ik — ZCdTrdad(l - ﬁd)),
k d

where a is a solution of [Q - aly = ¢4 — id Zk O;’;—: = cq(1 — pg). Along with Eq.

(29), this yields the mean of the exponential random variable X:

B EW

> Prioo/ (8Kl

2k Proo/ Mk — 2y camtada (1 — pa)
B Coo Zk lsk,oo/(gklik)

EX

(32)

The first term of the numerator is in accordance with the results of [29] and [32], and
the second term is a result of the random environment.

The results in Sects. 5 and 6.1 are based on the assumption that limy_ s %M .
1{z—q) exists. Since the scaled workload is tight, see Sect. 3, so is the scaled queue
length. Then, by Prohorov’s theorem ([6]) there exists a subsequence of N such that
%Mk converges in distribution, and hence for this subsequence limy _, oo Pd(N) (e=s/N)
exists. Since each converging subsequence yields the same limit, the limit itself exists

(see corollary page 59 in [6]), i.e. %(M, Z=4d) —d> M- 1(z=a), a3 N — oo, with
the limiting vector as in Eq. (24).
This concludes the proof of Theorem 6.1.

7 Conclusion and future work

We first studied the workload for a queue with modulated arrivals, service requirements
and service capacity, and derived that the scaled workload converges to an exponen-
tially distributed random variable in heavy traffic. The workload results obtained are
valid for any service distribution and for any service discipline which does not depend
on the environment. We then focussed on the special setting of a multi-class queue
under the DPS policy and showed that the joint queue-length distribution for such a
system undergoes a state-space collapse in heavy traffic. Under the scaling of (1 — po),
the vector-valued limiting distribution is independent of the modulating environment
and converges in distribution to a one-dimensional random variable times a determin-
istic vector. In this derivation, the distribution of the scaled workload is a key quantity.
With this we extend known results about the DPS queue to a Markov-modulated
setting.

Clearly an interesting question for future consideration is whether the state-space
collapse for the DPS policy carries over to continuously modulated service require-
ments, as discussed in Remark 3. Another open question concerns the characterization
of the moments of the queue lengths for the modulated DPS queue, outside of heavy



traffic. Last but not least, modulating the weights of the DPS would open the possi-
bility of dynamical scheduling based on the environment. The latter would be a study
on its own, as already the stability conditions will no longer be independent of the
weights of the DPS policy.
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Appendix: Proof of Theorem 3.3

The proof Theorem 3.3 is based on Theorem 4 in [12], which can be adapted to our
model as follows:

We start with notation and some preliminaries. Let A = diag(A1, ..., Ap), H(s) =
diag(l — hi(s), ..., 1 —hp(s)), C = diag(ci, ..., cp) and pg = (po,1, - -, Po.D)-
Furthermore Hj and H are the diagonal matrices corresponding to the moments /4]
and hg7, respectively, ford = 1, ..., D. Recall Eq. (3), [Q - alg = ¢4 — Agha1 —
Coo(l — poo). We will now construct a partial inverse of Q to make it easier to find a
vector a which solves this equation. Let Q1 and R be matrices such that

00 ---0
q22 423 -+ 42D 0
or=1 : . R=1.
20
4p2 4D3 ** " 4DD 0

Then det Q1 # 0 and, due to Q being a generator (for more details, see [12]), we have

0 =X 1. . —Ip
T T T
o1 o0 ---0
OQR=100 1 0
00 --v .- 1
It follows that for any vector x, it holds that
XOR=x— 2Ly (33)

T
Then it can be verified with straightforward calculations that
a=(a,....ap)= R(c1— ih1 = coo(1=px), ... cp— Aphp1— coo (1= poo))”
= R[C — AHile — coo(l — pso)Re
= R[C — AHile —r (34)

is a possible solution vector, with 7 := ¢ (1 — poo) Re.



Define the vector ¢ = (p1(s), ..., ¢p(s)) and write Eq. (5) in matrix-vector terms:
9(5)Q = @()[AH(s) — sCl + 5 poC. (35
Observe that, according to Eq. (7),
PoCe = cool — poo).

Now multiply from the right both sides of the new vector-matrix equation, Eq. (35),
with a D-dimensional vector of 1’s, e, to obtain

@($)[AH (s) — sCle + scoo(l — pog) = 0. (36)
Multiply from the right both sides of Eq. (35) with the matrix R to get
@(5)OR = @(s)[AH(s) — sCIR + s p,CR.

Rewrite this equation by using the property of Eq. (33) to obtain

0(s) = 7+ @()[AH(s) — sCIR + spoCR. (37)

@1(s)

1
Iterate Eq. (37) with itself by inserting ¢ (s) into the right-hand side of the equation to
obtain, after some algebraic transformations,

@1(s)
T

o) =

[l + G(s)R]+ y(s), (38)

with G(s) := AH(s) — sC and
y(s) := 9()[G ()R> + spoCRIG(s)R + I]. (39)

Substitute Eq. (38) into Eq. (36) to obtain an expression for ¢ (s):

0= @1(s)
= 7L+ G()RI+ y(s) [ - G(s)e + scoo(l — poo)

= <P71T(s) (TG (s)e +TG(s)RG(s)e]l + y(s)G(s)e + scoo(l — poo)

_ ‘p;(f) [Ba(s) + B3(s)] + Bi(s), (40)

with Bi(s) = y()G(s)e + scoo(l — poo), Ba(s) = mG(s)e and Biz(s) =
T G(s)RG(s)e.

The next step is to insert the scaling s — s/N for each term. Recall that using the
heavy-traffic parametrization introduced in Sect. 2, we have (1 — ps) = 1/N. Now
observe that, as N — oo,



H(s/N) - His/N—H(s/N) H
— 'l L H, N ——
s/N (s/N)? 2

Therefore the limit

GG/N) i —c.
s/N
is a constant, and since |@(s/N)| < 1 and p(()N) — 0 (see Eq. (7)), we have
ys/N) [G(s/N)RI* ()
SN (D(S/N)S/—N + py CRIG(s/N)R+ 1]

B s\[GGs/N) T2

=@(s/N) (ﬁ) [ N R} + py 'CR[G(s/N)R + 1]
— 0,

as N — oo. Combining the above we obtain

Bi(s/N) = y(s/N)G(s/N)e + scoo(1 — poc)/N
= 5Coo(1 = Poc)/N + 0(N7%) = 5¢oo/N* + 0(N2).

Then

By(s/N)=m [AH (s/N) —sC/N]e
=nA[H (s/N)— His/N]e+n [AHs/N —sC/N]e
H (s/N)— His/N

=nA
(s/N)?

(s/N)?e — scoo(1 — poo) /N

H.
- —nATZ(s/N)ze T+ 0o(N"2) = scoo/N?

D

= —(s/N)* D 7arahar/2 = scoo/N* + o(N72),
d=1

since t AHje = Zgzl Tarahgl = PooCoo. Furthermore,

B3(s/N) =m [AH (s/N) — Cs/N|R[AH (s/N) — Cs/N] e
H (s/N) _C} . [AH<s/N) _C}e
(s/N) (s/N)
=n(s/N)?[AH — C]R[AH; — C]e+o(N?)
=—n(s/N)*[AH, — C](@+7r)+0o(N?)

== > 7al(aq + ra)hahar — ca)l (s/N)* + o(N72),
d

= (s/N)? [A



dueto R [C — AH;| e =a +r;see Eq. (34). Under the heavy-traffic scaling,
r = coo(l — pog)Re = cou N~ 'Re
is an o(1) term. Observe that
— (B2(s/N) + B3(s/N))

D
= (s/N)* >_ malhahar/2 + (@g + o) hahar — ca)] + scoo/N* + 0(N 7).
d=1

Rearranging Eq. (40) yields

Bi(s/N)
—(B2(s/N) + Bs(s/N))
. CooS/N? + 0(N72)
1
(/N2 XD walhahaz/2 + aa(iahat — ca)l + coos /N2 + 0(N=2)
. 1+o(1)
" + cod Dy a ahaz/2 + agOahar — ca)ls +o(1)

@1(s/N) = m

Let M be the desired mean stated in Theorem 3.3, that is,

M = cgol an [)A»dhdz/Z + agGughar — cd)] .
d

Then, taking the heavy-traffic limit,

‘PI(S/N)n_ T
71 1+ Ms’

li N)= 1
N1—r>noo¢(s/ ) N1—r>noo

i.e. the LST @(s) converges in distribution to the LST of an exponentially distributed
random variable with mean M.
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