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This article investigates the role of cointegration in the context of urban growth processes. It proposes the use of cointegration tests to distinguish between two versions of Gibrat's law: a standard formalization with growth shocks that are iid across time and cities, and an alternative one with shocks that are only iid over time. It then shows that city-size distributions converge to Zipf's law under the standard version of Gibrat's law; in contrast, they are perfectly preserved under the alternative formalization. An empirical application to French data provides support for non-cointegrated city growth, and thus for the standard formalization.

From Gibrat's law to Zipf's law through cointegration?

Introduction

Gibrat's law and Zipf's law can be considered as ways of understanding dynamic and static organization of urban systems [START_REF] Gabaix | Zipf's law for cities: an explanation[END_REF]. Many articles about urban growth theory attempt to test Gibrat's law [START_REF] Eeckhout | Gibrat's law for (all) cities[END_REF][START_REF] Gonzáles-Val | New evidence on Gibrat's law for cities[END_REF], because it provides a plausible explanation for the most striking empirical regularity in urban economics: Zipf's law [START_REF] Krugman | Confronting the mystery of urban hierarchy[END_REF]. Indeed, [START_REF] Gabaix | Zipf's law for cities: an explanation[END_REF] proves that urban systems whose growth dynamics are driven by Gibrat's law converge towards a Zipf distribution.

Gibrat's law is a stochastic process according to which the growth of a given city does not depend on its absolute size, but only on exogenous random shocks. [START_REF] Gabaix | Zipf's law for cities: an explanation[END_REF] proposes a standard formalization of Gibrat's law, which is founded on the fundamental property that these shocks are identically and independently distributed (iid) across time and cities. This modelling device reflects the idea that due to structural differences between cities, the influence of a given shock is limited to a single city. In other words, shocks are city-specific and will therefore never have the same effect on two different cities.

However, this view of things is counterintuitive for cities of the same economic type. Actually, urban systems are composed of different types of cities such as administrative, touristic, mining cities, etc. One should thus expect that cities belonging to the same city-type are affected by similar shocks. For instance, an upswing in the tourism sector would surely have a similar effect on all major tourist cities, but essentially none on mining or industrial cities. In such a setting, the assumption of exogenous shocks which are iid across all cities should be relaxed. This brings us to an alternative formalization of Gibrat's law which seems better suited to represent urban growth dynamics within a subset of cities belonging to the same type: the exogenous shocks are now supposed to be the same across cities of the subset, while remaining iid across time.

We propose to use cointegration tests in order to verify if there are subsets of cities whose growth follows this alternative pattern. So far, cointegration testing has been little used in the literature on urban systems, unfortunately leading to rather contradictory results. According to [START_REF] Sharma | Persistence and stability in city growth[END_REF], cointegration is fairly generalized in the India urban system. In contrast, [START_REF] Chen | Searching for the parallel growth of cities in China[END_REF] suggest that cointegrated city growth occurs only rarely in China. Specifically, they provide evidence for cointegrated growth between coastal cities, between metropolitan cities (Beijing, Shanghai, Shenyang, Guangzhou), and between cities located in the same regions. This last point argues in favor of the alternative formalization of Gibrat's law, since cointegration seems to be exclusively detectable in subsets of cities with strong similarities.

The contradictory nature of the results provided by cointegration tests and the low use of these tests are both regrettable, because cointegrated city growth may has important implications. In fact, it is not clear whether Gabaix's proof of a convergence from Gibrat's law to Zipf's law still holds with the alternative formalization of Gibrat's law. To clarify matters, the remainder of the article is organized as follows. Section 2 provides a formal proof that cointegrated city growth is inconsistent with Gabaix's standard version of Gibrat's law, but it is implied by the alternative formalization. It then demonstrates that Gabaix's convergence result cannot be extended to the alternative formalization of Gibrat's law. Section 3 provides an empirical application to French city-size data. Section 4 concludes. 7 *, is a linear combination of (log transformed) iid processes, so it is itself iid, with mean 97 *, : = ; and variance !97 *, : = " ; # verifying | ; | < ∞ and 0 < " ; # < ∞. We can now rewrite 3 *, : 3 *, = 7 *, + 7 *, + ⋯ + 7 *, (9) implying 93 *, : = × ; and !93 *, : = × " ; # . Recall that +(0) requires that the first two theoretical moments are finite and time-independent. The only vectors [. . # ]′ assuring time-independence of 93 *, : are those verifying . = . # . But this leaves unchanged the variance, we still have !93 *, : = × " ; # . Consequently, 3 *, is not +(0), implying that ln , and ln *, cannot be cointegrated.

For the alternative process (3), we get the opposite result. Proceeding as above, we find:

3 *, = [. -. # ] × [ln ̅ + ln ̅ + ⋯ + ln ̅ ].
(10) By choosing . = . # , we obtain the degenerate random variable 3 *, = 0 for which timeindependency of first and second moments is trivially verified.

Cointegrated growth incompatible with convergence towards Zipf's law

The formal proof of convergence of Gibrat's growth to a Zipf's distribution is based on city 's share of national urban population: = , = > ?,@ ∑ > ?,@ ? [START_REF] Gabaix | Zipf's law for cities: an explanation[END_REF]. The standard formalization (1) can thus be rewritten

= , = , = , ∑ > ?,@AB ? ∑ > ?,@ ? = , = , C @ , (15) 
allowing to decompose the process into overall urban growth shocks D E and city-specific shocks , .

Gabaix shows that the tail distribution of city sizes F (=) = 9= , > =: converges to the Zipf distribution which is characterized by 9= , > =: = = , for some parameter and over a large range of sizes =.

Importantly, one cannot relax the assumption of a growth process based on shocks that are iid across time and cities. In fact, for growth shocks which are iid across time but identical across cities, as in process (3), we obtain , = ̅ , implying

= , = ̅ = , C @ = = , . (16) 
Equation ( 16) highlights that there is no convergence towards a Zipf distribution: the initial distribution of city size shares is perfectly conserved over time.

Empirical investigation

Our empirical application relies on high-quality census data of the 220 most populated French cities. This guarantees relatively high power of the used ADF-test (augmented test of [START_REF] Dickey | Distribution of the estimators for autoregressive time series with a unit root[END_REF]) thanks to the large number of observations (35 per city) and the length of the covered period .

As cointegrated time-series necessarily contain a unit-root, unit-root testing is an indispensable perquisite for cointegration testing. Thereupon, we used the regression equation of the ADF-test

, - , = , + H + I + ∑ J ,K ∆ , K + L , M KN . ( 17 
)
Once having identified the cities whose time-series contain a unit-root, we moved to the second stage of cointegration testing: we estimated the O *, -error term of the regression equation

, = * + P * + Q *, + O *, , (18) 
and then re-used the ADF-method to test for the presence of a unit-root in the O *, -series.

Table 1 summarizes the results of the preliminary unit-root tests. It reports that unit-root driven growth processes account for 94.1% of the tested French cities, thus providing strong empirical evidence that urban growth was generated by one of the two candidate processes (1) or (3). This outcome is in line with an important part of the specialized literature [START_REF] Clark | Gibrat's law and the growth of Canadian cities[END_REF][START_REF] Sharma | Persistence and stability in city growth[END_REF][START_REF] Chen | Searching for the parallel growth of cities in China[END_REF]González-Val et al., 2014). The cointegration test results presented in table 2 raise the question whether cointegration really exists among French cities. The null hypothesis of absence of cointegration (i.e. there is no unit-root in O *, ) was actually rejected in only 3.61% of cases, which is even inferior to the significance level of 5%. These rejections can thus reasonably be interpreted as type I errors. Moreover, and in clear contrast to [START_REF] Chen | Searching for the parallel growth of cities in China[END_REF], we did not find any indication that cointegrated growth occurs more often between cities that share some key characteristics. Accordingly, there is much less empirical evidence for the alternative growth process (3) than for the standard formalization of Gibrat's law (1). 

Concluding remarks

Our empirical results support non-cointegrated unit-root growth of French cities, which argues in favor of the Gabaix's formalization of Gibrat's law. This reinforces the relevance of [START_REF] Gabaix | Zipf's law for cities: an explanation[END_REF] argument according to which Zipf's law is the convergence result of city growth obeying to Gibrat's law. However, in view of the contradictory nature of cointegration test results [START_REF] Sharma | Persistence and stability in city growth[END_REF][START_REF] Chen | Searching for the parallel growth of cities in China[END_REF], it would be enlightening to have other case studies about the validity of cointegrated urban growth.

Table 1 :

 1 Overview of individual ADF unit-root test results number share

	Non rejection of unit-root hypothesis at 5%	207	94.1%
	Rejections of unit-root hypothesis at 5%	13	5.9%

Table 2 :

 2 Overview : number of cointegrated cities corresponds to the number of rejections of the null hypothesis at 5%; share of cointegrated cities corresponds to this number divided by the number of performed tests: combination

				of cointegration test results (each city tested against each other)
	Number of cointegrated cities	770
	Share of cointegrated cities	3.61%
	R	207 2	U = 21321.

Note

Implications of cointegrated growth on the organization of urban systems

2.1. Cointegrated growth incompatible with Gibrat's law "à la Gabaix"

Gibrat's law "à la Gabaix" (1999) is a stochastic process in which city 's population in period , noted , , is that in period -1, multiplied by , , where , is iid across cities and time:

, = , , .

(1) To test the relevance of Gibrat's law, [START_REF] Clark | Gibrat's law and the growth of Canadian cities[END_REF] recommend using unit-root testing. The basic Dickey-Fuller unit-root test is given by: ∆ , = , + , .

(2) If Gibrat's law is verified, city i's growth is independent of its absolute size, so the test should provide an estimated value = 0. City growth now obeys to the non-stationary unit-root process ∆ , = , , which only depends on the exogenous shocks , .

According to the alternative formalization of Gibrat's law, cities belonging to the same city-type are affected by similar random growth shocks, implying that in the subsample, urban growth is driven by

where ̅ is iid over time, but not across cities: at a given period t, growth shocks are identical for all (concerned) cities. As we have , = , = ̅ for all cities , of the subsample, the law of motion of its summed population is ∑ , = ̅ ∑ , . This alternative formalization of Gibrat's law is consistent with the presence of a unit-root, because for = 0, we have the unit-root process ∆ , = ̅ .

Suppose now that we empirically detect that the growth of two cities is cointegrated. Is it possible that data was generated by Gibrat's law "à la Gabaix"?

Take process (1) with a , distribution ( ) characterized by ( ) = and !( ) = " # verifying | | < ∞ and 0 < " # < ∞ (Gabaix,1999). Taking natural logarithms, we get the equation

which is evidently integrated of order 1. In empirical applications, we have necessarily an initial observation ,' , so we can rewrite equation ( 1) , = , × , × … × , × ,' .

(5) Likewise, we obtain for city j:

*, = *, × *, × … × *, × *,' . (6) Cointegration between I(1)-variables means that there is some linear combination of these variables which is +(0). To form a linear combination of ln , and ln *, , we raise expressions ( 5) and (6) to powers . and . # , with [. . # ]′ ≠ [0 0]′, divide powered (5) by powered (6), and then take logarithms. We get the cointegration equation 3 *, = . ln , -. # ln *, -4 *,' , (7) where 4 *,' = . ln ,' -. # ln *,' is the difference between the logarithms of the initial population levels, and with 3 *, = (. ln , -. # ln *, ) + (. ln , -. # ln *, ) + ⋯ + (. ln , -. # ln *, ). Now define process {7 *, }: 7 *, = . ln , -. # ln *, .