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A new property of determinants and The generating function of 9-j symbols

We find a new property of determinants very useful for the computation of the generating function of the recouplings coefficients of the angular momentum. Using the generating function method, we simply transform the treatment of Schwinger's couplings in the bosons basis to the analytic space (Fock space). We find the exact generating function of the 9-j coefficients using the property of the determinants and the Gaussian integral. We also give a simple proof of the celebrated Mehler's formula.

2-The couplings matrices of angular momentum And its determinants

We write in the beginning the formula det (A n ) = det (M n + 2 ), and then we give the couplings matrices for 6-j and 9-j and their determinants.

The formula of the determinants of couplings matrices of angular momentum:

The matrices of the couplings det (A n ) = det(M n+2 ) are:

Introduction

The Angular Momentum are parts of the course of quantum mechanics and has been studied for long time ago by many scientists and by different methods [START_REF] Wigner | Gruppentheorie[END_REF][START_REF] Racah | [END_REF][3][START_REF] Schwinger | Quantum Theory of angular momentum[END_REF][START_REF] Bargmann | [END_REF]. Wigner, Racah has made an important contribution to the study of coefficients of Wigner 3-j and Wigner 6-j symbols. Furthermore, Schwinger studied the angular momentum by an algebraic (boson operator) method in his famous unpublished report [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF]. And he determined the generating function (GF) of the symbols 3-j, 6-j and 9-j but his method of calculating the coupling coefficients 9j is difficult [4, C28]. Bargmann studied the spaces of analytical functions [6,7] and he also studied the angular momentum using this spaces. He only determined the GF of 3-j and 6-j [START_REF] Bargmann | [END_REF]. And A.C. T. Wu [8] completed the Bargmann method for determining the GF of 9-j but the calculations in this case are far from simple. The calculation of the GF of 6-j can be carried out either by the coupling of three angular moments [START_REF] Hage | On the symmetry of Clebsh-Gordan (3-j) and Racah (6-j) Coefficients[END_REF] or four [START_REF] Hage | On Wigner's D-matrix and Angular Momentum[END_REF]. Thus we find two different matrices, of the same determinant and I designate them by the couplings matrices of angular momenta and the generalization of this property did not pose any problem.

In this work I want to follow the work of Schwinger for couplings because it is simple for beginners. The GF of the couplings in the base of the bosons is expressed simply in the base of the analytical functions using the method of GF [START_REF] Hage-Hassan | la méthode de la fonction génératrice et les Développements en Quasibosons[END_REF]. The method of GF is a transformation which allowed us to develop the Hamiltonian of the system in the base of the quasi-bosons for the study of the vibrations of the nucleus [START_REF] Fallota | Anharmonic vibrations in nuclei[END_REF][START_REF] Eg Lanza | Microscopic calculations of double and triple Giant Resonance excitation in heavy ion collisions-Physical Review C[END_REF][START_REF] Chomaz | Collectives excitations in nuclei[END_REF][START_REF] Ring | The Nuclear Many-Body Problem[END_REF].

Finally by applying the new property of determinants we simply find the generating function of 9-j. We also give a simple proof of celebrated Mehler's formula [START_REF] Szego | Orthogonal polynomials[END_REF].

The plan of this paper is as follows: in section 2 we expose the couplings matrices of angular momentum and its determinants. In section 3 we review the representation of SU(2) and the generating function method. In section 4 the generating functions of the coupling of four angular moments are exposed for 9-j. In parts six we find the generating function of 9-j symbols. In appendix we also give a simple proof of Mehler's formula.
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( ) n λ and ( ) n μ are anti-symmetric matrices of dimensions n≥2.

We note for later i n , i

x by μ and j n , j y by λ .We therefore write: det(A 4 )=det(M 6 ).
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2-2 Couplings matrices for 6-j

We generalize above for n = 6 or det (A 6 ) = det (M 8 ). We write: 
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2.3-Couplings matrices for 9-j

We designate i , i 5 ) ) det((λ by the determinant of the minor (i, i) of the matrix 5 ) (λ . ) 
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It is important to emphasize that the calculations for n = 10 and 12 show that the expression (2.1) is well verified.

3-The representation of SU(2) and the generating function method

The representation of SU (2) can be done using either the analytical spaces [START_REF] Bargmann | [END_REF][START_REF] Hage | On Wigner's D-matrix and Angular Momentum[END_REF] or the boson space introduced by Schwinger [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF]. 

2.1-The representation of SU(2) in the bosons space
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2.2-The representation of SU(2) in the analytic Hilbert space a-The Analytic Oscillator space (or Fock space)

Is defined by : !

) ( n z z u n n = (3.5)
With scalar product is:
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Furthermore, it is easy to check the useful relationship: 
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2.3-The generating function method and the unity operator

It is useful to write the unit operator in the base of the bosons using the generating function of In the base of the bosons [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF][START_REF] Hage-Hassan | la méthode de la fonction génératrice et les Développements en Quasibosons[END_REF] the unitary operator is:
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4-The generating functions of the coupling Of four angular moments

We can make the couplings in the bases of the bosons and using (3.12) we can make the computations the space of the analytical functions and what makes it possible to compare the results with the computations of Schwinger [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF].

4.1-The generating functions of the coupling of two angular moments

The generating function of the couplings is given by:
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And it is very important to observe that [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF]:
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So the function (4.1) is deduced from the generating function of the uncoupling functions simply. Moreover the expression (4.2) is very interesting for the couplings of the several angular moments for the calculations of the 6-j and 9-j symbols.

4.2-The coupling of the four angular moments

We follow method proposed by Schwinger [START_REF] Schwinger | Quantum Theory of angular momentum[END_REF]. This method starts with the coupling of four angular moments instead of three. The couplings of the four moments are:
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(4.4) Taking into account the relation (7.8) the coefficient of wigner 9-j symbol is written then: 
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The S function of Schwinger (1952) is given by: ( ) j ; j j j j ; j j j j S j j j j j j j j j ) 1 ( 

4.3-The coupling of the four angular moments

The uncoupled functions are: ( ) ( ) ( ) ( ) ( )0 

d t c
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with the help of (4.1)
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We do the coupling again 34 12
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A-We find the generating function of the coupling ( )jm 
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5-The generating function of 9-j symbols

We obtain the generating function of the coupling using (4.10) and (4.13). And using (3.12) we derive the expression of the coupling in analytic space. And by applying the Gauss's integral and the property of the determinants (2.8) and (2.9) we find the GF of 9-j symbols.

5.1-The expression of the coupling in analytic space

We will find the generating function of the Wigner 9-i coefficients by calculating: a-first the expression:

  representation of SU(2) By analogy avec la base (3.1), we define ) (u jm ϕ by the representation of SU(2) in the analytic Hilbert space with:

  calculations of the coupling coefficients 6-j and 9-j in the Fock analytical functions. The generating function of the base jm is:

5.2--The generating function of Wigner's coefficients 9-j symbols

In (5.3) we make the change of the variables i u 2 by i u 2 4 .. 1 j = and we denote the column X by ( )

then we perform the integration with respect to z, we find:

The integration of this expression is carried out using Gauss's formula (5.3):

With:

.

As a result we write (5.1) in the form:

with their expressions (4.12) and (4.15) in (2.8) and (2.9)

and so we find the expression of j 9 G .

By changing the signs of 1 α and 3 ' β we find the Schwinger's generating function. 

This GF was determined by two different methods, mine and that of Schwinger, therefore, the result of reference [8] should be rechecked.

Appendix: A simple proof of Mehler's formula.

The Mehler formula is useful, in modified form, in quantum physics, probability theory, and harmonic analysis. We have:

This identity is the celebrated Mehler's formula [START_REF] Szego | Orthogonal polynomials[END_REF], which was shown combinatorially by Foata [START_REF] Foata | A combinatorial proof of the Mehler formula[END_REF] and I want to demonstrate it using (3.8).

The generating function of the harmonic oscillator H n (x) is:

Using (3.8) we write the first member of (A.1) in the form: 

The integration of the second member of (A.3) is carried out without any difficulty using the Gauss's integral [START_REF] Gradshteyn | table of integrals series and products[END_REF] which gives us the second member of (A.1).