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We study the Vainshtein mechanism in the context of slowly rotating stars in scalar-tensor theories.
While the Vainshtein screening is well established for spherically symmetric spacetimes, we examine its
validity in the axisymmetric case for slowly rotating sources. We show that the deviations from the general
relativity solution are small in the weak-field approximation outside the star: the solution for the frame-
dragging function is the same as in general relativity at leading order. Moreover, in most cases the
corrections are suppressed by powers of the Vainshtein radius provided that the screening operates in
spherical symmetry. Outside the Vainshtein radius, the frame dragging function receives corrections that
are not suppressed by the Vainshtein radius, but which are still subleading. This suggests that the Vainshtein
mechanism in general can be extended to slowly rotating stars and that it works analogously to the static
case inside the Vainshtein radius. We also study relativistic stars and show that for some theories the frame-
dragging function in vacuum does not receive corrections at all, meaning that the screening is perfect

outside the star.

DOI: 10.1103/PhysRevD.102.044046

I. INTRODUCTION

A way to test the validity of general relativity (GR) is to
put constraints on theories that deviate from it. One of
the approaches to modify GR is to add extra fields
mediating the gravitational force, and the simplest exten-
sions are scalar-tensor theories with one additional scalar
field. However, GR passes all local experimental tests,
therefore it is necessary to have a mechanism that screens
the effect of the scalar field (fifth force) close to the
gravitational source, i.e., in the Solar System. Such a
mechanism, analogous to the Vainshtein mechanism in
the decoupling limit of massive gravity [1-4] (see also
[5-10] and a review [11]), allows one to recover GR inside
a so-called Vainshtein radius, while deviations from GR
may be observed at large radii [12]. The Vainshtein
mechanism has been extensively studied in scalar tensor
theories for spherically symmetric spacetimes, in particular,
in Horndeski [12-19] and beyond Horndeski [20-25]
theories, and in degenerate higher order scalar tensor
(DHOST) theories [26-30].

However, realistic astrophysical objects typically rotate,
and one may naturally ask whether rotation affects the
validity of the Vainshtein mechanism. Indeed, it has been
found that the chameleon screening mechanism is shape
dependent [31,32], i.e., the fifth force does depend on the
deviation from spherical symmetry. In the case of the
Vainshtein mechanism, the recovery of GR for nonspheri-
cal configurations in particular models has been previously
considered in [18,25,33,34].
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The aim of this work is to make a systematic study of the
Vainshtein screening in scalar-tensor theories for slowly
rotating bodies. We consider generic quadratic DHOST Ia
theories, meaning that the Lagrangian contains at most terms
quadratic in the second derivatives of the scalar field, and can
be mapped to the Horndeski theories via a general disformal
transformation [35]. To study the effects of slow rotation, we
follow the Hartle-Thorne formalism developed for GR and
include the scalar field in the discussion. We consider both
time-dependent and static scalar fields, and derive the general
equation for the frame-dragging function in a compact form.
For a particular subclass of the DHOST theories with shift
symmetry, we are able to establish the full recovery of GR in
vacuum for slow rotation. The rest of our results are found in
the weak-field approximation, i.e., the metric is assumed to
be almost flat, which allows us to make an expansion in small
deviations from Minkowski spacetime. We study various
cases of scalar-tensor theories and coupling to matter.

The key feature of the Vainshtein mechanism can be
most easily demonstrated for nonrelativistic spherically
symmetric static configurations outside the source. The GR
solution for the metric is recovered inside the Vainshtein
radius ry up to small corrections. More precisely, when the
metric is written in the form

ds? = —e*"de? + *dr? + r2d6? + r?sin? 6dg?, (1)

the GR vacuum solutions for the metric functions are
recovered for distances smaller than the Vainshtein radius,

© 2020 American Physical Society
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where rg is the Schwarzschild radius, ry is the Vainshtein
radius, and 7 is a parameter which depends on the theory at
hand. The deviations from flat spacetime are proportional
to rg/r (as in GR) and the corrections to these deviations
are suppressed due to the Vainshtein mechanism. Note that
when the Vainshtein mechanism does not operate, normally
the corrections to GR are of the same order as the solution
itself, i.e., instead of the Vainshtein suppressed terms one
finds corrections of order rg/r in the above expressions.
A similar picture can be depicted for slow rotation.
While v and A are not modified, an extra metric function
@(r), which we dub the frame-dragging function, is added
to take into account the effects of rotation. As we find later
in the paper, the equation for @ outside the source in the
weak-field approximation can be presented in the form

o 4

dw
Ty

(1+38) P 0,
where the term S shows modifications with respect to the GR,
for which § = 0. In the weak-field approximation, we will
see below that when the Vainshtein mechanism operates in
spherical symmetry, then generically S = (’)(ﬁ)’, where [
depends on the theory.! Then, the solution for @ acquires
leading corrections of the same order as S, which is analogous
to the screening for nonrotating sources [see Eq. (2)]. On the
other hand, we have S = O(rg/r) in the non-Vainshtein
regime, i.e., @ receives corrections of order rg/r, while the
leading term is not modified. This is different from what
happens for the metric functions {4, v}, whose leading term is
modified when the Vainshtein screening no longer operates.
Inside matter, the situation is more complicated, and the
Vainshtein mechanism for rotating sources can be broken. We
will say that the Vainshtein screening for the frame-dragging
function operates if the leading term of the solution for @ is the
same as in GR. In situations where the screening works, we
examine the leading corrections to the frame dragging
function in the weak-field limit. We will see that the screening
for w is usually more effective (meaning that corrections to the
GR solution are suppressed by powers of ry) when the
Vainshtein mechanism operates in the nonrotating case.
However, we show some examples for which this is not true.
|

The plan of the paper is the following. In Sec. Il we give
the action for DHOST Ia theories, describe the Hartle-
Thorne formalism and derive equations of motion for
slowly rotating sources. In Sec. III we apply the formalism
to shift-symmetric DHOST Ia Lagrangians and find, in
some cases, the full recovery of GR in vacuum, i.e., the
equation for the frame-dragging function is exactly the
same as in GR. In the following Sec. IV, we assume
the weak-field approximation in addition to slow rotation.
We examine the equation for the frame-dragging function,
and find leading and subleading terms of the solution in the
general form. In Sec. V, we systematically study the effects
of slow rotation in general scalar-tensor theories for a time-
dependent scalar field. We consider several subcases,
depending on the structure of the equations in the non-
rotating limit, and study subleading corrections to the
frame-dragging function. Section VI is devoted to the
time-independent scalar field, where the nonzero fifth force
is due to a nonminimal coupling of the scalar field to the
curvature. Finally, we conclude in Sec. VIL

II. ACTION AND EQUATIONS OF MOTION
FOR SLOW ROTATION

We will consider quadratic DHOST theories, meaning that
the Lagrangian contains terms at most quadratic in second
derivatives of the scala field. The action is given by [36,37]

5 =13 [ atxy=3( 70 0R + K930 = Gu(9. X009

5
+) A x)c,-) + StnlGus Wil (3)
i=1

where Mp = (87G)~!/? is the reduced Planck mass, ¢ is a
dimensionless scalar field, and X = —1(9¢)?. Defining
¢, =V,pand ¢, = V,V ¢, the L; are given by

El = ¢;w¢m/7
[’4 = ¢y¢y¢ﬂa¢uw

L, = (00  Ls=du¢"¢'0,
Ls = (ue"e")*. (4)

The most interesting case of the above action is the DHOST
Class Ia [37]. It is obtained by imposing three constraints on
the functions A;. Assuming f + 2XA, # 0, one can express
A,, Ay, As in terms of f, A, A5 as follows:

A2 - —Al,

Ay

_ 8XA] + AT(3f + 16X fy) — X2fAT + A3A (8X2 fx — 6X[) + 2fxA; (Bf +4X[fx) + 2fA5(Xfx — f) +3ff%
B 2(f +2XA,)? ’

(fx + A1 + XA;3)(AT = 3XA A3 + fxA; = 2fA%)

ASZ

2(f +2XA,)? ’

'For some theories it can also happen that S is exactly zero even for relativistic stars, as we show below.
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where the subscript X should be understood as the
derivative with respect to X, i.e., fy = df/0X, etc. Notice
that the above expressions differ from those in [37] because
of our definition of X. It is known that in spherical
symmetry, theories belonging to this class exhibit the
Vainshtein screening [26], meaning that GR is recovered
inside a radius ry called the Vainshtein radius, and
deviations from GR may be observed at large radii. For
some theories beyond Horndeski, the screening is broken
inside matter [20] when the scalar field depends on time,
and sometimes even outside the matter source [29,30]. In
this work, we will extend these studies by deviating from
spherical symmetry and examining how the Vainshtein
screening is affected.

We consider a slowly rotating source of radius R
modeled by a perfect fluid. We will follow the Hartle-
Thorne formalism [38] developed for general relativity, and
assume a uniform rotation of the fluid at angular velocity Q.
We take the same ansatz for the metric tensor as in GR,

ds? = _ez/(t.r)dt2 4 eﬁ(t,r)er + r2d6>
+ 2 sin O[dg — ew(t, r)di]?, (5)

where the frame-dragging function @ is the angular
velocity acquired by an observer falling freely from
infinity, due to the dragging of inertial frames. The book-
keeping parameter e accounts for the slow rotation of the
source, and we will keep only terms up to first order in € in
the following. The relation between the functions {4,v}
used in this work and the Newtonian potentials {®, ¥}
often encountered in the literature can be found in the
Appendix B. For the scalar field we take the (generically)
time-dependent ansatz [15,39,40]

¢ =qt+$(r). (6)

The metric functions can a priori depend on time if the
constant ¢ # 0. Indeed, the Lagrangian functions generi-
cally depend on ¢(¢). The solutions for the metric poten-
tials depend on these functions, meaning that they also
depend on time. We assume the energy-momentum tensor
of the perfect fluid,

™ = (p + P)u'u* + Pg", (7)

where u* is the 4-velocity of the fluid, given at first order
in € by

w = (e72,0,0, eQe™/?). (8)

We will calculate the equations of motion up to order 1 in €.
We will be interested in the differential equation for the
function w, obtained from the t¢ component of the metric
equations:

1
Et(ﬂ = ZM%, Ttw )

where &, = \/%75(‘535) and T, = —\/%_g&‘/;ff‘"). At the

same time, for the other nontrivial equations, (#¢), (rr), and
(tr) components as well as for the scalar field equation, it is
enough to keep zero order in ¢, i.e., to consider these
equations of motion without rotation,

i
(‘:(St) - T(St>, (10)
1t ZM%;, 1t
g = L gt (11)
M
g8 =, (12)
ey =0, (13)

where the superscript (st) implies that one should set
e =0 in the equations of motion. Note that not all of
the equations (10)-(13) are independent, because of the
following relation due to the diffeomorphism invariance
of the action:

1
Vi, = =5 V,Ey. (14)

With the choice (7) for T

> Eq. (9) can be written as

K
o +K,a)’+M—§(p+P)(w—Q) =0, (15
P

where the functions K; and K, depend on the specific
theory considered and on the solution in the nonrotating
limit,

4 NV+v d
="- | 2XA 16
1=y g In(f - 2X4,), (16)
A
e
Ky=——" | 17
2T f+2XA, (17)

and ' denotes a derivative with respect to the radial
coordinate. Thus the system of equations to solve is given
by (10)—(13) and (15) with (16) and (17), where all the
functions depend on ¢ given by (6) and X evaluated in the
spherically symmetric limit,

X =3 (g — ), (18)

Using (18), Eq. (16) can be written in an expanded form,
which will be useful in the following, as
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4 I+
7y 2
+(2XA1X+2A1+fX)X’+¢’(2XA1¢+f¢) (19)
2XA, + f '
where
1
X =S [0 -24) - e ). (20)

Equation (15) with the coefficients given by (16) and (17) is
the main equation we will focus on throughout the paper.

Note that the GR case is easily obtained from the above
equations. Indeed, we set £ = R/2, corresponding to G3 =
K=A;=0and f = 1/2. Using (16) and (17) in (15) one
obtains

4 N+ 2
o + (155 o - =0, )
P

which coincides with the GR equation for @ [38]. In
vacuum we impose p = P = 0, which implies ' = —/ in
GR, so that Eq. (21) becomes

4
“o =0. (22)
p

The solution to this equation is

2JG
where J is the total angular momentum of the star [38,41],
and we have set lim,_ @ = 0. The angular momentum
can be expressed in terms of the moment of inertia / of the
star as J = QI. In the following, we will examine the
solutions for @ in DHOST Ia theories and compare them to

the GR expression Eq. (23).

III. SLOW ROTATION OF RELATIVISTIC
SOURCES IN SHIFT-SYMMETRIC THEORIES

In this section, we study the slow rotation of relativistic
stars for shift-symmetric theories that are invariant under
|

KII—

¢ — —¢, meaning we set Gz = 0 throughout this section.
We also assume slow rotation, but otherwise the equations
are fully nonlinear in the metric functions 4 and v, i.e., we
do not assume the weak-field approximation in this section.

A. Horndeski theories

We first consider Horndeski theories with general
functions f(X) and K(X). The Lagrangian density reads

L=KX)+ f(X)R+ fx[(Op)* - ¢pd]. (24)

The authors of [34] studied slowly rotating neutron stars in
the case when f(X) and K(X) are linear functions of X.
They showed that the equation for @ in vacuum reduced to
the GR expression, meaning that we have K; = 4/r and the
term proportional to K, in Eq. (15) is absent. We extend
this result to a more general class of theories. We assume
[xx # 0, while the case fxyy = 0 was treated in [34]. With
this assumption, the scalar field can be obtained in terms of
{A,v,V'} from the equation &, = 0:

5 = A2fx(1+ 1/ —e*) +r(2¢* fxxV e — rKye™)]
2f xx(1+ 1) '

One then substitutes this expression into the (rr) compo-
nent of the metric equations to obtain 1 in terms of v/:

o — 201+ /) (f% + ffxx)
2f% 4+ r*fxKx + fxx(2f + PK + r*P/M3})

Using the (77) equation one can then obtain A’ in terms of
{Av, @', ¢d", p}. After substituting this expression in
Eq. (19), the second derivatives of ¢ disappear and we
are left with a coefficient K; which depends only on
{2, v,V/, ¢"}. Upon substituting the expressions for ¢'> and
A the final expression for K; depends only {p, P,v,V'}.
Finally, the coefficients read

4 re’(14+r/)2(f% + ffxx)(p + P)

Kzz

One can see that the GR case is recovered in vacuum, where
we simply have K; = 4/r. This shows that the result of
[34] can be extended to general functions f and K in
Horndeski theories.

r_2M%>e”[2f—|—r2(P/M%—i—K)}(f?(—l—ffXX)(l+ry’)—2q2fx[2f§(+r2fXKX+[2f—|—r2(K—|—P)]fXX]’

et

Cf-2Xfx

It is also worth pointing out a mistake in formulas (44)
and (53) of Ref. [34]. In their notations [obtained from ours
byw - Q, —w, e - b,qg— Qand K, > —K,(p + P)],
these formulas should read

044046-4
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2 sin? Ow
= & — s
" NG
4(b + rb/)z(P + ,D)
b[(Pr* + 4x)(b + rb') —nQ?’

u

K2:

With the above expression for u,,, one recovers the correct
expression for the 4-velocity vector [38]:

w = (u°,0,0,eQu),

unlike the case of Ref. [34].

B. Quadratic GLPV theories

The above result—namely, that the equation for @
reduces to the one of GR in vacuum—shown for
Horndeski theory with arbitrary f(X) and K(X) can be
extended to quadratic Gleyzes-Langlois-Piazza-Vernizzi
(GLPV) theories. We consider the following Lagrangian
density [42]:

L=K(X)+ fX)R+ fx[(0¢) - ]

A3 (X) gﬂuaagﬂnK0¢y/1¢un¢a¢Kv (25)

where €/ is the totally antisymmetric Levi-Civita tensor,
and we have set

f=rX),
K=K(X),

Aj=—Ary=—fy—XA5(X), Ay=—Ay(X),

The inclusion of A; makes &, = 0 a quadratic equation in
45’2, in contrast to the Horndeski case, where the analogous
equation is linear in ¢>. In order to obtain the desired
result, we use the metric equations in a different order than
in the previous case for Horndeski theory. First, we use &,,
to express ¢'¢” in terms of {¢',4,v,v'}. Then, we sub-
stitute this expression into &, to obtain A’ in terms of
{¢',A,v,'}, which we inject into &,. This yields a
quadratic equation for ¢, and the two solutions are
expressed in terms of {4,v,0'}. Using the expressions
for {¢'¢", X', ¢}, one can obtain that K, =4/r in
vacuum, which means that the GR equation for w is fully
recovered in the case of (25) as well.

C. DHOST Ia with constant X
Assuming in addition constant X, i.e., Xy = q* /2, the
previous result can be extended to shift-symmetric DHOST
theories. Indeed, when X = const., A, and As, defined in
(4) drop out of the field equations, because one can rewrite
them as

Ly=X,X".  Ls= (X"

Since the above expressions are quadratic in X,, their
variation will not give any contribution to the field
equations when X is constant. Then it immediately follows
from (16) that

4 VY
r 2 7

1

since f(Xg) + 2XpA;(Xp) is a constant. With the choice
X, = q*/2, the scalar can be expressed in terms of {1, v} as

# = Pele — 1), (27)

Using (27) in the t¢, tr, and rr components of the metric
equations, one can show that

A+ ~r(P+p),

so once again the GR equation for w, Eq. (22), is recovered
in vacuum.

IV. WEAK-FIELD APPROXIMATION:
EQUATION FOR THE FRAME-DRAGGING
EQUATION AND ITS SOLUTIONS

From now on we will employ the weak-field approxi-
mation [4], assuming that 4, v, ¢ and their derivatives are
small, which one can check once the solutions are found:

S dw
{r a dr"}<< L (28)

where 7 is a positive integer. Additionally, we assume that
0 <K Q,

which is the appropriate approximation in the Newtonian
regime [38]. Physically, the above conditions correspond to
nonrelativistic sources, for which we also assume P < p.
These assumptions considerably simplify Eq. (15), since it
becomes a first order equation for '

4 r5K1 Kz(r)Q
w// + ; |:1 T:| (U/ = M—%p(l"), (29)
where
4
6K1 = Kl -
r

marks the departure from the vacuum GR behavior (p = 0).
The integration of Eq. (29) with the conditions @'(0) = 0
and lim,_,, w = 0 leads to
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where we have defined the function

Il(r) _ e_fﬁKldr.

We see that the overall integration constant for Z; is not
important, as it disappears in the final result for w. Note
that (30) is valid for 6K not necessarily small. In order to
make a comparison of a generic situation with GR,
let us briefly go through the GR case, i.e., f = 1/2 and
G; = K = A; = 0. The linearization of Egs. (10) and (11)
gives, respectively,

1
A1l =—rp,
M3

1
r/ —i=—=rP
Mp

In the case of nonrelativistic matter, P < p, we obtain
from (21)

4 GM' 4GM'Q 2GM
w”+—(1 _ >wf:_ / (1 + ) (31)

r 4 r r

where M = 4z [} pu*du. This is the weak-field equivalent
of the relativistic GR equation found in [38]. As one can
see by comparing (29) and (31), outside the source 5K,
measures the departure from GR, while inside the source it
takes into account both GR and non-GR corrections due to
the presence of matter.

A. Leading term

Let us now calculate the leading term in (30), assuming
that f 0K dr is small and K, is almost constant. We can
then write

Il == 1 + 8511,
K2 = K2(1 + 6'(31(2), (32)

where k, is a constant, {6Z,6K,} < 1, and ¢ is a book-
keeping parameter used to keep track of small terms.

1. Outside the source

In the exterior region, » > R, Eq. (30) simplifies to

o(r) = 26J

S+ 0Le). (33)

where we have defined an effective angular momentum

G _4mQ [REy(up(u)
J= 3/) T.(0) 4du. (34)

This coefficient can a priori be different from the GR value.
However, if the density profile of the star is unknown, 7

and K, can be reabsorbed in the definition of p. Therefore,
unless the density profile p(r) is known, any physical effect
related to frame-dragging outside the star is the same as in
GR at leading order. Thus, one can say that the Vainshtein
screening can be extended outside the star to the case of
slowly rotating bodies in the weak-field approximation.

2. Inside the source

Inside the source, we have from (30)

0—0(0) =22 / L < /0 ' p(u)u4du> dv+O(e).  (35)

M%,()U4

The constant @(0) is not free and it should be fixed by
continuity at the surface of the star. One can see that for
K, # —2, the solution for w differs from its GR counterpart
at leading order inside the star.” In this case the Vainshtein
mechanism is broken for rotating solutions inside the
star. On the other hand, the Vainshtein screening operates
for theories in which x, = —2 (for instance A; =0 and
f =1/2). As an illustration, let us consider a constant
density star with p = p, for r < R. From (35) we have

Q 2
(U-(,U(O) _ K2p0 2]'
10M2

+ O(e).

In order for J to be positive at leading order in Eq. (34), one
must have x, < 0. This implies that w(r) is everywhere
decreasing (as in GR) and that it is maximal at r = 0.

B. Subleading terms

In this subsection, we examine the subleading terms in
the solution to Eq. (29), when the corrections to the
coefficients K; and K, are power laws. The coefficient
K, is only relevant inside the star where p # 0. On the other
hand we will be interested in the corrections to K; for all r.
As we will see in the following, one can in general identify
three regions of radii, and in each of those the correction
0K has a particular power-law behavior. These regions are
r<R,R <r<ryandr> ry, where ry is the Vainshtein
radius of the considered theory. Therefore, we can write
approximately

roK, r\ r\ %
a Al H,<gp + a3\ — | Hger<r,
r s
r\ %
+(13 - Hr>rva
r3

wwal2)

*Note that nonrotating solutions in some theories require a
renormalization of M p. In this case one should write (35) in terms
of the renormalized Planck mass and take into account this extra
factor in the definition of «,.
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where H is the Heaviside function, a; are constants, and we
assume that (r/r;)% < 1. The scaling exponents s; depend
on the theory at hand and should satisfy certain constraints in
order for the integral (30) to be finite and for @ to have the
correct boundary conditions. Therefore we set sy + 1 > 0,
s;+1>0, s, #0, and s3 < 0. We also assume s, # 3,
since we did not find an example of a theory with such a
behavior, although it is not difficult to consider the case
s, = 3 separately. Itis worth noting that in the case of a time-
dependent scalar field, Sec. V, our analysis allows us to
calculate the coefficients K; and K, up to r ~ 1/q. In this
case, instead of imposing the boundary condition at
r = 400, we set the boundary condition at r = 1/g¢, i.e.,
w(1/g) = 0. This does not affect the final result, due to a
very weak dependence of the integral (30) on the upper
bound. In this case, we obtain the following corrections in
the region r > R outside the star:

as r\3 (rv) 53
1=12¢]—2 (2} (X~
L3(S3 -3) <rv> r3
a, ro\ %2 r\3
— 2 (D) (1-( H
" s2(s2—3) (r2> < (”V) >] fersr
n 12aze (r>S3H
s3(s3=3) \r3 e

Assuming s, < 3, one can write the solution in the regions
R <r<ry and r> ry that we will focus on in the

following:
12a,¢ r SZH
€ —_—
SQ(SQ — 3) ry R<r<ry

n 12a5¢ r 53H
s3(s3 =3) \r3 )

The above expression tells us how the corrections to w
outside the star can be read off from the coefficient K.

P

267

-
B GJ[I

w =
’,.3

(36)

1. Inside the source

As we saw in the above subsection, the leading term
differs from GR inside the star when k, # —2, meaning that
|

the Vainshtein screening is broken. In theories for which

Kk, = —2, the leading term in the solution for @ coincides

with its GR counterpart, and the corrections to the frame-

dragging function come from the subleading terms.

Assuming for simplicity that the star has a constant density

po, the frame-dragging function inside the star can be
PoQer’

written as follows:
2 [1 + 10age <L> "
SMP (So+5)(50+2) Ty
40a, ¢ < r > Sl]
(S1+5)(S1+2) r ’
where @(0) can be determined using Eq. (36) by continuity
of @ at the surface of the star r = R. Once again, the

subleading terms can be read off from the coefficients K,
and K.

o(r) = 0(0) =

(37)

V. SLOW ROTATION IN THE WEAK-FIELD
APPROXIMATION WITH A TIME-DEPENDENT
SCALAR FIELD

In this section, we study the slow rotation in DHOST Ia
theories with g # 0, which means the scalar field is time
dependent. In addition to the weak-field assumption (28),
we also assume that

P* < g, (38)
i.e., that the spatial gradient of the scalar field is much
smaller than the time derivative of ¢p. This can be viewed as
a manifestation of the “static” Vainshtein screening and the
failure of the Vainshtein mechanism for the time evolution
of the scalar [43]. Clearly, for static solutions, the condition
(38) does not apply; therefore, we will not use it in the case
of purely static configurations, see Sec. VI. We will also
assume that dimensionless combinations of coefficients are
of O(1), for instance f ~ g*fx ~ g*A; ~ O(1). Under the
assumptions (28) and (38), the coefficients K; and K,,
Egs. (16) and (17), read

K — 4 I+ n 2fy+ @A) — (fx +2A1 + PA) (Y +2¢'¢") (39)
o 2 2(f +q°A) ’
1 2
o= [0 )) @

where we have used Eq. (20) in the weak-field approxi-
mation, and all the functions are evaluated at ¢ = gt and
X = ¢*/2. The aim is to see how the solution to Eq. (15) for
w 1s modified in the case of the scalar-tensor theories, with

[
respect to the GR solution. We can see that generically the
coefficient k, defined in Eq. (32) is not the same as in GR,
signaling that the screening is broken inside the source. If
the condition r¢/¢"/q* < 1 is verified, it is clear from
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Eq. (39) that the corrections to K; are small compared to
4/r, in which case w has the same form as in GR at leading
order outside the star, see Sec. IV. For instance, this
condition is satisfied if the solution for ¢ is a power
law, and we will see in many examples below that this is
generically the case. Note that only the functions f and A,
directly appear in these coefficients. Of course the other
functions of the Lagrangian enter the expression implicitly
via the scalar and metric functions in (15). However, we can
immediately see that in a theory for which fy =A; =0
and the Vainshtein mechanism is effective in spherical
symmetry, the coefficient K is the same as in GR up to
subleading corrections. Indeed, in this case we have

A+ fy
'y

When the Vainshtein mechanism in spherical symmetry is
operational, the fifth force is screened for r < ry, implying
¢ < {¥,V}. Also, the solutions for {1, v} are those of GR
at leading order. Assuming f,/f < O(1), these two con-
ditions show that the GR expression for K is recovered up
to ry suppressed corrections, which means that the sub-
leading corrections for @ outside the star are also ry
suppressed.

The Vainshtein mechanism in spherical symmetry was
studied for DHOST Ia theories in [26,27,29,30]. Adopting
similar notations, we define

o Yo Y
r M
M(r):47f/ p(F)F2dr, A(r) :G2(3r).
0 qr

Outside the source, we have A = rg/(2¢*r?), and we will
define the Vainshtein radius ry as A(ry) ~ 1, meaning that

ry = (41)

Sl

The functions {4, v} vary slowly with time in this section,
and we assume

i~qz Vg,
which can be checked once the solutions for {y,z} are
found. The (7z) and (rr) field equations for the metric,

Eqgs. (10) and (11), can be solved in terms of x and A, and
written in the form

y=a A+ pix +yx* 4 §rxx’ + oy, (42)

2= A+ fox + yx° + Syrxx’ + 1y, (43)

where all the time-dependent coefficients are listed in
Appendix A. They can be expressed in terms of the
Lagrangian functions evaluated on the background ¢ = gt
and X = ¢*/2. Note that these coefficients are not neces-
sarily dimensionless. In order to obtain the above Egs. (42)
and (43), we have also assumed r < 1/g. In terms of the
function A defined above, the Vainshtein screening in the
nonrotating case generally happens when A > 1, which
corresponds to r < ry. However, there are deviations from
GR when A <« 1, which we will examine in the region
ry < r < 1/q where our equations are valid. The terms
we neglected should be kept if we want to match to the
appropriate de Sitter solution at cosmological radii
r > 1/q. This is the asymptotic condition consistent with
the linear time dependence of the scalar field, as discussed
in [15] for the cubic Galileon theory.

The expressions (42) and (43) for y and z can then be
used in the scalar field equation, Eq. (13), yielding a cubic
equation for x [26]:

(P AY

I‘2

C3x3+C2x2+<C1+F1A+F2 >x+F0A+773:O.
(44)

Substituting Egs. (42) and (43) in (39) results in

4
[1 4 agrr A+ Lo (P A) + por’x + kor’x' + yor’x?

T
+ 8or3xx’ + oort (xx” + x'?) + nor?]. (45)

K,

The coefficients of (44) and (45) are listed in Appendix A.
One can see from Eq. (45) that there is always a leading
term in the brackets corresponding to the Minkowski limit
of the metric K| ~4/r (for radii r < 1/q). We discuss
below various cases of Eq. (44) leading to different non-
rotating solutions [13,26]. Substituting the relevant solution
for x in Eq. (45), we will examine how the modification of
gravity affects slowly rotating solutions, i.e., Eq. (29) for w.
We will show that the leading corrections to the coefficients
K, and K, are small and take the form of power laws. In
this case, we showed in Sec. IV that @ has the GR form at
leading order outside the star, up to an overall factor (which
can be absorbed in the definition of the angular momentum
of the star as measured by an exterior observer, unless the
density distribution of the star is known). On the other
hand, the screening can be broken inside the star. We will
be interested in the subleading corrections to @ when the
leading term is not modified and compare them to those
of GR.

A. Outside the Vainshtein radius

We first examine the linear regime outside the Vainshtein
radius, where we have A < 1. There are two different
cases, depending on the coefficient ;. In this regime the
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Vainshtein mechanism for nonrotating sources does not
operate, and the corrections to the metric for the spherically
symmetric solution are expected to be large. Therefore, we
also expect that the equation for w receives corrections
larger than those inside the Vainshtein radius.

1. n3=0and C; #0

Let us first consider the case 13 = 0. A sufficient
condition for this coefficient to vanish is K = Gz = 0.
In this case, the nonlinear terms in x in Eq. (44) can be
neglected, and the solution for x is

Iy rs
=—A~2,
* Cl 7"3

Substituting this expression into Eq. (45), we obtain the
expression for K,

K, :ﬂwo@)} (46)

This shows that the corrections due to the scalar field are
not suppressed by powers of the Vainshtein radius, and are
of the order of the Newtonian potentials. This is expected in
the region r > ry, where the Vainshtein screening in
spherical symmetry is no longer effective [meaning we
do not have /' + ¢/ ~0 in Eq. (39)].

2.n135#0and C; #0

If 773 # 0, we have I'.A < 73, since A < 1. In this case
Eq. (44) reduces to the following cubic equation for x with
r-independent coefficients:

C3)C3 + C2x2 + C]X + N3 = 0.

The relevant solution for x must be chosen by taking into
account the asymptotic behavior of the solution at large
radii, > 1/g. Since the coefficients of the algebraic
equation depend only on time, x does not depend on the
radial coordinate and we have x = xy(¢). Substituting this
solution into Eq. (45), we obtain

Ki="[1+0(P) @7)

Note that here the corrections have a clear physical
interpretation; they arise as a backreaction on the metric
due to the “weight” of the scalar field, see e.g., [44]. They
are present even in the simplest theory with a minimally
coupled scalar field. The corrections are larger in this case
than for #3 = 0, considered above. Indeed, using Eq. (41),
we obtain that the ratio of the corrections in (46) to the
corrections in (47) are of order (ry/r)>.

In the rest of this section, we will consider the region
r < ry, where the Vainshtein mechanism usually operates
in spherical symmetry.

B. Case 1: C3 # 0 and I'; # 0, inside
the Vainshtein radius

We first consider the generic case I'; # 0 and C5 # 0 (see
Appendix A for their expressions). Note that when I'y = 0
then we also have C; = 0. We assume that C;I"; < 0 and
we will confirm this choice later. Then the solutions to (44)
for r< ry are’

N A-T,
1 272 , (48)
G

X1 =

where we used A > 1 to simplify. The + sign must be
chosen in order to match the solution at infinity, depending
on the theory. Outside the star (r°.A)" = 0; therefore, our
choice C3I"; < 0 is indeed correct to have a real solution in
the exterior region. Extra conditions should be also
imposed on I', for the argument of the square root to be
positive. In particular, a sufficient condition is I'; < 0. We
do not consider the third solution to the cubic equation,
since there is no known example where it is matched to de
Sitter asymptotics. (Note however that in [13] the asymp-
totically flat spherically symmetric solutions of this branch
were found, and it was shown that the Vainshtein mecha-
nism is not effective for this branch unless the speed of
gravitational waves ¢y = 1). Substituting the solution (48)
for x in (45), we obtain

4
K, =- 1+di(lor3A+Llr4A/+12r5.A”)+(’)(q2r2\/.71) ,

r r

(49)

where we assumed A ~ " A" for the subsubleading part,
and the expressions for the ¢; are listed in Appendix A. The
above coefficient K; generically differs from its GR
counterpart inside the source [see Eq. (31)]. In particular,
as can be seen from Eq. (31), 1 =1, =0 in GR. In the
exterior region outside the star, R < r < ry, we have
(r*A)’ = 0 and the previous equation simplifies to

K, _4 [1 +O(r53—\//j>]
r ry

The corrections to the solution for @ are subdominant, as
we showed in Sec. I'V. Furthermore, they are suppressed by
powers of ry, in an analogous way to the screening in
spherical symmetry. In fact, the screening is even more

3For some theories these solutions have been shown to match a
de Sitter asymptotic [24].
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effective for w, since one has a power rg/ry instead of r/ry
as in Eq. (2). A similar screening also happens for the third
solution to (44) that cannot be matched to the de Sitter
solution at large radii, which we do not consider here.

1. A class of shift symmetric beyond
Horndeski theories

Let us now restrict ourselves to the quadratic sector of
GLPYV theories [42], which corresponds to the Lagrangian
(25). In the case of shift-symmetric beyond Horndeski
theories, the Vainshtein mechanism for spherically sym-
metric configurations has been extensively studied. In
particular, in Ref. [19] it was shown that the backreaction

|

of the scalar field on the metric leads to a redefinition of
Newton’s constant G. Also, in a subclass of the theory, the
Vainshtein screening has been considered for slowly
rotating sources. Indeed, the specific case of constant A
was studied in [24,25] for relativistic stars. It was shown in
this theory that w satisfies the GR equation outside the star,
meaning that K; = 4/r exactly, with no subleading cor-
rections. This result remains true for the shift symmetric
theories defined above, and does not rely on the weak-field
approximation, as we discussed in Sec. III.

Here we discuss the equation for @ in the weak-field
approximation inside the matter source. After substituting
the solution for x, given in (48), the metric potentials read

~<
Il
Qe

I
Il
Q¢

M
(”3 2[f(q*Asx +4As +2fxx) + ¢*Asfx +2f%] 1

q4 A% M//>

(50)

P 2[f(q*Asx +4As + 2f xx) + ¢*Asfx +2f%)

where we have defined an effective gravitational constant:

G
2f - 4612fx - 2q4fxx - 5q4A3 - CI6A3X '

The above equations show that the Vainshtein mechanism
in spherical symmetry is broken inside the source [20], but
that GR is recovered in the exterior region where M is
constant.

Substituting the metric potentials in Eq. (15) with the
coefficients (40) and (45), the equation for @ inside the star
and in the weak-field limit reads

G:

" i _ GM' /
o +-|1 5 7} W
r 42f = 2¢°fx — q*A3)
4GM'Q

=T -2 —ga | O

which is the same equation as in GR (up to the subleading
term in the coefficient K,) provided we redefine Newton’s
constant as

G N
Gt = +£G.
2f =24 fx — ¢*A;

As we can see, in general the two redefined Newton
constants G and G* do not coincide. This means that the
coefficient k, is not the same as in GR, and the Vainshtein
screening is broken inside the star [see Eq. (35)]. This is
expected for A; # 0 since the Vainshtein screening for
static sources is broken inside matter for these theories [20].
However, this remains true even for A; =0 when the
Vainshtein screening in the nonrotating case works inside

<M A3 (q* Asx + 2fx +5¢°A3 + 247 fxx) M)

I

the star [as can be seen from Eq. (50)]. The two redefi-
nitions of G coincide in theories with fy = A3 = 0, but in
this case I'y = C3 = 0, so the analysis of the present section
is not valid.

C. Case 2: C3=I''=0and C, # 0
inside the Vainshtein radius

In this section we consider a particular case of the
DHOST Ia theories,

fAix +Afx — fA3 =0, (51)

which implies C; = I'; = 0. In this case (44) is quadratic,
and the general solution is

r2C1 +F2(r3A)’:t \/[rzcl +F2(FSA)/]2—4F4AC2FO
27‘2C2 '

(52)

Assuming I'yC, < 0 and neglecting C; in the limit A < 1,
the solution for x, in the exterior region R < r < ry reads

—-AI
X2out = + ?2 0' (53)

Substituting this expression in (45), we obtain

K, :i[1+§r:+0<r5ﬁ>], (54)

32
ry

where the coefficient £ reads
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Qy [y

TN

3(80 — 460) = 270].

The full expression is rather lengthy, but it can be rewritten
in the form

E=[f+PAlf(PAx +2fx) + A1 (2f +4*fx)lé.  (55)

where the coefficients &, is in general a time-dependent
function.

Several interesting observations can be made from (55).
First of all, for theories with A; = A3 = fx = 0 [we also
used the condition (51)], one automatically obtains & = 0.
This means that there are only subleading (Vainshtein sup-
pressed) corrections to the coefficient K, see Eq. (54). For
example, this is the case for the cubic Galileon, which we will
discuss in more detail below.

In fact, from (54) one can draw a conclusion for more
general theories, namely those satisfying (51) with fyx # 0.
Indeed, assuming that the Vainshtein mechanism in spheri-
cal symmetry is at work, the metric potentials approxi-
mately verify the GR relation in vacuum:

y—z=0.

This relation is valid whenever the Vainshtein mechanism
in spherical symmetry operates outside the star, up to
subleading corrections. Substituting Eq. (53) into Egs. (42)
and (43), we obtain

|

52_

(1+2¢%A1)(2¢%A; + ¢*A1x)[2A,,(4 + 64°A,

r(y—z) = —4&ofx(f + q2A1)2 + O<rs3\//2—> (56)

We see that if fx # 0, one must impose &, = 0 to recover
the Vainshtein screening in the absence of rotation. In
this case, & also vanishes, see Eq. (55). On the other
hand, when (51) is satisfied but fy = 0, the Vainshtein
mechanism operates in spherical symmetry, but £ is not
necessarily zero. We will consider an explicit exam-
ple below.

1. Example 1: Theory with larger corrections to the
Jframe-dragging function in the exterior region

As we mentioned above, there are theories which allow
for the spherically symmetric Vainshtein screening, but
for which the corrections to the frame-dragging equation
are of the order of the Newtonian potentials (showing that
the screening is less effective for @ than for the metric
potentials). We consider such theories in detail in the
present section. For theories verifying (51), a necessary
condition for the Vainshtein mechanism to work in
spherical symmetry is &, # 0 is fy = 0. This can be seen
from Eq. (56), which shows deviations of the metric
functions from the GR case. If we assume fy =0,
Eq. (51) implies A; = A,x. For simplicity, we will set
f = 1/2, although the result below can be extended for
a generic f. In this case, the dimensionless coefficient
£ reads

—q*Arx) + (14+24%A,)(3Gax + 2¢°A )]

Note that since we consider the case C, # 0, either G5y # 0
and/or A, # 0. The metric potentials in these theories read

,

ry = 13 S+ (9( s3\//2—> (57)

Pr=nS4 0(“3\//2;), (58)
r rv

where the coefficient 73 is given in Appendix A.

After redefining Newton’s constant, the metric poteten-
tials have the GR form up to subleading corrections,
meaning that the Vainshtein mechanism works in spherical
symmetry. Meanwhile & # 0, and therefore the corrections
to the frame-dragging function @ are of order rg/r, as
Eq. (54) shows. This implies that the screening for @ is not
as effective as it is for the metric potentials A and v. We have
thus demonstrated for a particular theory that the Vainshtein
screening in spherical symmetry is not sufficient to ensure

22+ 64°A; + q*A1x)*[3A1,(2 + 2¢%A,

—q*Aix) +2(1 4+ 2¢°A))(Gax + ¢*A1yx)]

that the leading corrections to the GR expression for @ are
suppressed by powers of ry.

2. Example 2: Theory with cy =1 and no decay
of the graviton into dark energy

Most of the DHOST Ia theories as models of dark energy
[45] have been ruled out by the constraint ¢y = 1 (the
graviton propagates at the speed of light) coming from the
merger of a binary neutron star system [46—48], and
requiring that the graviton does not decay into dark energy
[49]. The surviving theories correspond to the choice

2fA4 - 3f§(, A1 - A2 - A3 - A5 - 0 (59)
The Vainshtein screening in the absence of rotation for
these theories was studied in [29,30]. It was shown that the
screening is broken inside the star, and that it may work in
the exterior region provided the parameters of the theory
are fine-tuned.
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a. Outside the source.
Outside the star, the coefficient K is of the form (54),
with

- IxRfs(f + 56 fx) = 3f4*Gsx — 21 4* [ xy]
8(q*fx —2f)*(fGsx = 3fxfy) 7

where we used (59). Note that the denominator does not
vanish in the case C, # 0. It was shown in [29,30] that the
Vainshtein mechanism can work outside the star in this
theory if the parameters verify

Ix2fy(f +50°fx) = 3f4°Gax = 2f 4’ fxy] =0, (60)

which is exactly the condition for £ to vanish, as can be seen
from the above expression. This shows that if we fine-tune
the parameters to recover the Newtonian potentials outside
the source, then the screening for @ becomes more
effective, in the sense that corrections to the GR expression
for w are suppressed by powers of ry [see Eq. (54)].

b. Inside the source.
Let us examine the (f¢) equation inside the source,
where (r*A)’ # 0 and we assume rA’ ~ A. We also assume

Ty =24¢°f*(2f — ¢*fx)fx # 0,

which implies that the leading term inside the square root of
(52) is the one containing I',. One of the branches obtained
with these assumptions is physically unacceptable, as
argued in [29], so we focus on the second branch for which

rlx o~ _Do r'A
T, (rA)

~O(g*r?).

This expression is only valid when (rA) #0 and
(r*A) > 1. We assume that the Vainshtein mechanism
in spherical symmetry operates outside the source, meaning
that condition (60) is verified. Additionally, one must
rescale Newton’s constant as G = G/(2f — ¢*fx). The
frame-dragging equation inside the star reads

, 4 fx GM (f—q*fx)GM' ,
) Ry e o Ty vy U L
:_2(2f_q2fX)GM/‘Q[1_'_O(VZZ)]‘

7

On the left-hand side of this equation there is an extra term
« GM/r compared to the equation in GR [see Eq. (31)].
Note that this term is nonzero, since we study the case
I'; #0, which implies fy #0 (see Appendix A). The
screening is broken inside the star, because generically
Ky # —2 when fx # 0 as can be seen from the equation
above. This behavior is not surprising, since the Vainshtein

mechanism in spherical symmetry is broken inside the
source. Note that the expressions for K inside and outside
the star were obtained in different limits [(+3.A)’ > 1 in the
former and (r*.A)’ = 0 in the latter case], therefore they
cannot be matched at the surface of the star. One would
have to solve the full equation to obtain a continuous
profile, as was done in Ref. [29].

3. Example 3: Cubic Galileon

The time-dependent cubic Galileon was studied in
Ref. [13], and also in Ref. [15], where the appropriate
de Sitter asymptotics were discussed. To get the cubic
Galileon from the general action (3), we set

1
fzi, G3 :ﬂX, K:?']X, Al:() (61)
With these choices, the coefficient ', = 0 in Eq. (44), and

the expression for x for r < ry reads

X = :I:qz\/%.

The sign should be chosen when properly examining the
asymptotic behavior for large radii, but it does not affect the
resulting equation for @ [since quadratic terms are dom-
inant in (45) inside the Vainshtein radius] both inside and
outside the star. Then the equation for the frame-dragging
function can be written as follows:

4 {1 GM'

" + . 1 + O(qzrzm)] @'

AGM'Q 2GM
- [1—1— - —f—(’)(qzrz\/Z)},

where we have assumed A ~ r A’ and fg*> ~ 1. By compar-
ing the above equation with Eq. (31) and taking into
account (41), we can see that the corrections for @ to the
GR equation are suppressed by powers of ry inside the
Vainshtein radius both inside and outside the source. Using
the results of Sec. I'V, we then conclude that deviations from
the GR expression for @ are also suppressed by powers of
ry in a way analogous to the screening in spherical
symmetry. It should also be noted that nonlinear GR
corrections (which we did not take into account) may be
larger than those due to modified gravity, but they are of
course still smaller than the linear GR terms.

VI. SLOW ROTATION IN THE WEAK-FIELD
APPROXIMATION WITH A STATIC
SCALAR FIELD

In this section, we will set ¢ = 0, meaning ¢ = ¢(r), and
consider the shift-symmetric sector of the DHOST Ia class
with an additional linear coupling of the scalar field to the
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Ricci scalar of the form a¢R. This term breaks the shift
symmetry, i.e., ¢ — ¢ -+ const is no longer a symmetry of
the action, and allows one to escape the no hair-theorem of
Ref. [50]. The coupling to the Ricci scalar provides a
nontrivial scalar field configuration with rich phenomenol-
ogy, including k-mouflage gravity [12]—an analog of the
Vainshtein mechanism. In this setup, the scalar equation
can be written in the form

Vﬂ.l” = —aR,

where J# = — %L s the conserved current associated

5(0,4)
with the shift symmetry of the action when a = 0. An
interesting property of the above equation is that it can be
integrated in the weak-field regime:

| ~

1
—S— [P +a2ri- /)] = 0.
.

o

r

Even though the action is not shift-symmetric if a # 0,
there is an effective conserved current in the weak-field
limit in this particular case of a linear coupling to the Ricci
scalar. In the following, we will set the integration constant
to 0, in order for the norm of the current J,,J* = ¢*(J")? to
be regular at the center of the star. In this case, the scalar
field equation reads

rI" 4+ (24— r/) = 0. (62)

As it is clear from the above equation, the radial component
of the current cannot be zero, in contrast to the shift-
symmetric time-dependent case, where we have J" = 0.
The presence of the symmetry-breaking term renders J”
nonzero. This, and the fact that the ratio ¢'*>/g? is no longer
a small parameter in the equations, cf. Eq. (38), changes the
results in the weak-field approximation. This means that
one cannot simply set g = 0 in the above study, Sec. V, and
we have to proceed starting from square one.

A. K-essence

Let us first consider a k-essence theory, i.e., we take
f=1/2,A; =0and K = uX”, where p € N\{0, 1} and y
is constant. Neglecting the backreaction of the energy-
momentum of the scalar field on the metric, which
corresponds to neglecting nonlinear scalar contributions
in Egs. (10) and (11), one can integrate Eq. (10) to obtain
the metric potentials:

A= 2GM(r) + 2argd’,
26
= g(r) —2aq. (63)

After combining these expressions with Eq. (63), we obtain
the following equation for the scalar field:

L;g(r) + 34 - p <— %) up =0, (64)

Equation (64) corresponds to the weak-field limit of the
scalar equation in the Einstein frame, obtained by rewriting
the action in terms of the conformal metric g, = €**?g,,.In
the weak-field limit, the conformal transformation corre-
sponds to the change A — 4 4 2ar¢/’ and v — U — 2a¢. In
this frame, {7,4} satisfy Eqs. (63) with ¢ =0. The
conformal transformation introduces a coupling of ¢ to
matter, and a kinetic term for the scalar field, which explains
the appearance of the first two terms in Eq. (64).

1. Linear regime and Vainshtein radius

Outside the star, we have 2GM (r) = rg, and in the limit
r — oo we can neglect the nonlinear term in (64). Then the
solution for the scalar field can easily be found:

= - (65)

Note that the limit @ — 0 is not well defined in (65). This is
a consequence of the absence of a standard kinetic term in
the considered theory. Indeed, due to the mixing term a¢R
the scalar degree of freedom has a kinetic term; however, it
disappears in the limit @ — 0, thus making the theory
strongly coupled in this limit. Said differently, the nonlinear
term is dominant for small a, therefore the linear regime is
nowhere valid.

Using (65) in the first two equations of (63), one can see
that in the linear regime, the GR condition 4 + v = 0 is not
satisfied even approximately. Instead, the solution of (63)
reads

ZrS 4rS
A== =——, 66

3r v 3r (66)
meaning that deviations of the Newtonian potentials from
the GR solutions are of O(1). Upon substituting (65) and
(66) into Eq. (39) for w, we obtain

4
o +— <1 —E>a)’ =0. (67)

r

This expression is to be compared with (31) in vacuum,
for which M’(r) = 0. One can see that the term propor-
tional to rg has a coefficient different from the GR
case. Thus, according to the results of Sec. IV, the leading
term in the solution for w is the same as in GR, unlike the
metric potentials. However, the subleading corrections in
the weak-field approximation are of order rg/r, meaning
that the screening is less effective than in the region
r < ry, where the leading corrections are suppressed by
powers of ry.
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2. Inside the Vainshtein radius

The linear regime breaks down at the Vainshtein radius
r ~ ry where nonlinear terms become important. Let us
determine the Vainshtein radius by taking the solution for
¢’ at infinity and evaluating at which radius the nonlinear
term becomes comparable to the linear one [12]. We find

1
o rs lulp \w=
s <3 21’0:21’) . (68)

For r < ry, we can neglect the linear term in Eq. (64), and
in this range of radii the scalar field reads

(69)

¢ = sgn[(=1)Pay] <M>#l‘

plulr?

Note that the limit @« — 0 is well defined, and we have
¢ — 0, in contrast to the solution in the linear regime
Eq. (65). The limit is consistent with the solution to the
scalar equation (64) for ¢ = 0. In the limit @ — 0 the
Vainshtein radius (68) is infinite; therefore, the Vainshtein
mechanism operates for all distances and the linear regime
is invalid.

In the region r < ry, one can compare the strength of the
fifth force with the Newtonian force {5y, vgg } ~ 2GM /r?,
obtained by setting ¢p = 0 in (63):

2p-2
2p—1
)

1 rgr
" 6a \2GM ()13

{’IGR’ VGR}

Outside the source, in the region R < r < ry, we have
2GM = rg, and it is clear that the fifth force is screened.
Inside the star, assuming it has a constant density p,, we have
2GM(r) = rgr®/R3. In this case, it is clear from the above
expression that the fifth force becomes dominant for radii
smaller than r, = R*/r}, < R. Meanwhile, in the region
r, < r <R, the fifth force is screened. To examine the
effects of rotation, we substitute Eq. (64) into the (7¢) metric
equation. Assuming for instance that (—1)?au > 0 (the other
case is analogous), the coefficients K; (outside and inside the
star, respectively) and K, read

4 r\ %
K"=—-14+0(—=(—
ry \r'v
Kin :f Ll rer [ 3 — 4p Tz
r 8r2, 3(1—2p) T,

o)

This shows that the Vainshtein mechanism operates in the
region r, < r < ry. Furthermore, corrections to the GR
expression for @ are suppressed by powers of ry in this
region. On the other hand, the subleading correction to @

)

v

differs from GR in the region r < r,, due to a different power
law as compared to the GR case. Hence, the screening for @ is
less effective in this region, meaning that corrections to the
GR expression are not ry, suppressed. One can check that the
size of the value of r, is very small in physically relevant
situations, i.e., r, < R.

B. Cubic Galileon

We now discuss the cubic Galileon theory, defined by
(61). The static Vainshtein screening in this theory was
studied in [15], though the authors considered both a time
dependence of the scalar field and a coupling of the scalar
to the matter fields. The slow rotation in this theory has
already been discussed in [18], where they found that the
correction to the (t¢) equation coming from the Galileon
term is highly suppressed. The scalar field equation (62) is
quadratic in ¢, and the solution reads

2argr
= 1—4/1
’ kary [ "

2GMr3
fv] , (70)

rgr

where we chose the solution that does not diverge at r — oo,
and we defined k, =  + 6a® and ri, = 8aprs/k3 (assuming
aff > 0). The solution for the scalar field in the linear regime,
¢’ ~ arg/(kyr?),is similar to its counterpart in the case of k-
essence (65). The difference is that in the case of the cubic
Galileon we included a canonical kinetic term; therefore, the
limita — 0is well defined in this regime as well. In the linear
regime, the equation for the frame-dragging function is
modified in a similar way to the k-essence case (67), and
the conclusions of the previous section about a less effective
screening for @ hold. Inside the Vainshtein radius, i.e., for
r < ry, we expand the solution (70) and obtain

2GM
k2r3/2 rsr .

2arg

¢/

In order to study the equation for the frame-dragging function
inside the star, we assume the matter source has a constant
density. It is easy to check from the above expression that the
fifth force is screened everywhere in the region r < ry,
unlike in the k-essence case, where the fifth force becomes
dominant for small radii inside the source (see Sec .VI A).
Substituting the expression for ¢ into the (z¢) equation, we
obtain the following expressions for the coefficients K
(outside and inside the source) and K,:

=4[ vo(5)]

o 4 3rer? R3/2
=212 (10(22))).

044046-14



VAINSHTEIN SCREENING FOR SLOWLY ROTATING STARS

PHYS. REV. D 102, 044046 (2020)

For a star of constant density, p, = 3rg/R>, the leading
corrections to the GR equation (31) are suppressed by powers
of ry. This means that the corrections to the GR solution for @
are also suppressed by powers of ry, in a way analogous to
the screening in spherical symmetry.

C. Quadratic sector of Horndeski theory

‘We now consider the quadratic sector of Horndeski theory,
where A, = —A| = fy,and K = Gy = A3 = A, = A5 =0.
We will treat the case fyy = O separately.

1. Case fxxy #0

For now let us assume fyyx # 0. Neglecting nonlinear
terms in the (7¢) and (rr) equations, the expressions for
{A,v} are the same as Eq. (63). After substituting these
expressions for the metric potentials, the scalar equation
reads

aGM(r) + 3a*r2¢' + ¢ fxx =0, (71)

where fxy is evaluated at X = —%(/)’2. In the nonlinear
regime outside the source, i.e., for R < r < ry, the linear
term in (71) can be neglected. Then the scalar field is
constant and verifies the equation,

2¢'3fxx = —arg,

unless f(X) « /X, in which case the nonlinear term
disappears in the scalar equation. For these particular
theories, solving Eq. (71) leads to ¢’ ~ 1/r* everywhere
outside the star. A similar case was studied in an application
to black holes in [51]. In the general case, when f(X) is not
proportional /X, so that fyy # 0, the derivative of the
scalar field ¢’ must be constant. This allows us to simplify
the equation for w, since ¢” = 0. Let us examine what
happens for polynomial functions of the form

00 =Lear.

with p > 1 so that fyy # 0, and « is a constant coefficient.
The spherically symmetric Vainshtein regime in such
theories was discussed in [17]. For large radii, one can
neglect the nonlinear term in Eq. (71), and the solution for
¢’ is the same as those for k-essence and the cubic Galileon
discussed above. One can then define a Vainshtein radius
ry by equating the linear and nonlinear terms in Eq. (71),
and show that in the region r < ry the fifth force reads

5o S <2GM(r)>zp'-1_ (72)

2
6ary, rs

The fifth force is constant outside the source, and one can
easily check that it is screened for r < ry. Inside the source

the situation is similar to the k-essence theories discussed
above. Indeed, for a star of constant density the fifth force
becomes larger than the Newtonian force near the center of
the star when p > 2 (for p = 2, |¢'| grows linearly and the
Vainshtein screening is effective for all radii » < ry). For
p > 2, the fifth force becomes dominant for radii smaller
than some r,, which is much smaller than R. A simple
estimate, assuming that ry is of the order of the Neptune
orbit, gives r, < 10 m (the case of k-essence is recovered
for large p), while for more realistic Vainshtein radii, the
value of r, is much smaller. As in the k-essence theories,
this small radius is not physically relevant.

Substituting (72) into the (7¢) equation, we obtain the
following expressions for the coefficients K; (outside and
inside the source) and K,:

4
K = - {1 - O(—rirﬂ,
r rV
4 3rer? R? R\ 7=
Kn="1- 1+ 0= ,
1 { 8R3<+r"‘v <> ﬂ

) o 2p—4
rgr R R\ 7=
Ky=-21+—(1+—5-0O(— . 73
’ [ - R} < Jr”v <’”) >] (73)

Using the results of Sec. IV, one can see that for p = 2 the
situation is similar to the cubic Galileon case. The correc-
tions to the GR expression for @ are suppressed by powers
of ry, and the screening operates in a way analogous to the
spherically symmetric mechanism. For p > 2, the situation
is similar to the k-essence case, and the subleading terms in
the solution for @ are not the same as in GR in the region
r < r,. However, as we discussed above, this region is not
physically relevant.

[\S]

2. CasefXX=0

Let us now look at the case where the Lagrangian
contains a derivative coupling to the Einstein tensor
~¢*$*G,,, which corresponds to f(X) = 1/2 + xX. The
spherically symmetric Vainshtein mechanism in spherical
symmetry in this theory was discussed in [16]. The
particularity of this Lagrangian in application to the
Vainshtein mechanism is that the leading nonlinear term
in the scalar equation (71) vanishes. Therefore we have to
keep nonlinear terms in the metric equations, as well as the
subleading term for the scalar current, since the leading
term vanishes. This modifies the expression for 4 [com-
pared to (63)], and the metric potentials read

2GM
7= 25M0D) | arg 4+ 2.
2GM(r
V= r2( ) 2ag. (74)

Substituting these expressions into the scalar equation, we
obtain
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! N\ 2
aGM(r) + 3a*r’¢/ [1 + 2@ +% <@> } =0.
ar 3\ ar

Defining the Vainshtein radius as x¢'(ry) ~ ary, which
implies rj, ~ krg/a?, both nonlinear terms are of the same
order around r ~ ry. In the nonlinear regime r < ry, the
expressions (74) for the metric potentials imply that
kr¢®> < GM in order for the static Vainshtein screening
to work. In this case, one can show that the cubic term
dominates in the scalar equation [otherwise we find
xr¢? ~ GM, which modifies the GR expression for 4 in
Eq. (74)], and the fifth force reads

= _% <GM(r)>1/3‘

ary \ 2rg

The above expression is similar to the one obtained for
p =2 in the previous section. This means that the fifth
force is screened for all radii r < ry, inside and outside the
matter source. After substituting this expression in the (7¢)
metric equation, we obtain the following coefficients for the
frame-dragging equation:

1 -o(2)]
r ry
4 3rgr? R? rer?
K'=-11- 1 —
3 ro(8) o)
2
S P R
k==2l1+ 5 (11 0(2))

The subleading corrections depend on the value of r inside
the star. In any case, however, the corrections to the GR
expression for w are screened by a power of ry, and the
conclusions are the same as for p =2 in the previous
section. It is worth stressing again that in addition to these
corrections due to modifications of gravity, there exist
nonlinear GR terms. Both types of contributions can be
seen as higher order corrections to linearized GR. We do
not consider them here, though it is possible for these
corrections to be larger than those coming from modified
gravity.

VII. CONCLUSION

We have studied the Vainshtein mechanism for slowly
rotating stars in scalar tensor theories belonging to the
DHOST Ia class. While the Vainshtein screening is usually
studied for spherically symmetric objects, we have shown
that in general slow rotation does not spoil the Vainshtein
screening. In the weak-field approximation the form of the
leading term in the solution for the frame-dragging function
coincides with the GR expression outside the star (up to an
overall constant that can be reabsorbed in the definition of

the angular momentum of the star). The angular momen-
tum, being a constant of integration in the solution for the
frame-dragging function, can be found if the mass distri-
bution of the star is known. Inside the star, the Vainshtein
screening can be broken for some theories, when the
coefficient K, in the equation for the frame-dragging
function (15) receives leading order corrections. We also
found that in most situations, when the Vainshtein screen-
ing operates in spherical symmetry, the leading corrections
to the GR expression for @ in the weak-field approximation
are also suppressed by powers of the Vainshtein radius.

An important qualification is in order. Although the
corrections to @ may receive sizable modifications (inside
the star), nevertheless the metric functions v and A are not
modified. This means that if the theory exhibits the
Vainshtein mechanism in spherical symmetry, slow rotation
does not change the Vainshtein suppression of non-GR
corrections to the “static” part of the metric v and A4,
independently of the behavior of the frame-dragging
function w.

In our approach we applied the Hartle-Thorne formalism
for slowly rotating stars to the scalar-tensor theories of
the DHOST Ia class, Egs. (3) and (4). We considered both
a time-dependent and a time-independent scalar field,
Eq. (6). For rotating sources, the metric (5) contains the
frame-dragging function w, which takes slow rotation into
account. Our main purpose in the paper was to study the
equation for @ and compare the results with the standard
GR case. We found the general equation for the frame-
dragging function in DHOST Ia theories, Eq. (15), with
coefficients of the equation given in (16) and (17).

For slowly rotating relativistic sources in a subclass of
Horndeski theory (24), we calculated exact expressions for
the coefficients K| and K,. We have shown that in vacuum
the GR equation for the frame-dragging function is fully
recovered, see Sec. III. The latter result also applies to the
quadratic beyond Horndeski theories, namely, for the
theories described by the action (25), the vacuum equation
for the frame-dragging function is the same as in GR. This
result can be extended general DHOST Ia theories, with the
additional assumption that the kinetic term for the solution
has the constant value X = ¢°/2.

In the rest of the paper, Secs. IV, V, and VI, we assumed
that the weak-field approximation (28) is valid. In Sec. IV,
we showed that outside the star the solution for the frame-
dragging function  is the same as in GR at leading order.
Inside the source, the screening can be broken, in this case
Ky # —2, see Eq. (32). We also computed corrections to
solution for @ assuming that the coefficients of the frame-
dragging equation acquire small modifications. In Sec. V
we studied the equation for the frame-dragging function for
various subclasses of the DHOST Ia class. We found the
expressions for the coefficients K| and K, of the equation
for w in this approximation, (39) and (40). Outside the
Vainshtein radius, the coefficient K| receives a correction

044046-16



VAINSHTEIN SCREENING FOR SLOWLY ROTATING STARS

PHYS. REV. D 102, 044046 (2020)

suppressed by rg/r (and by ¢’>r* in the time-dependent
case), Eq. (46). To study the region inside the Vainshtein
radius, we considered different classes of theories case by
case. In most cases, when the Vainshtein screening works in
spherical symmetry, the corrections to the GR expression
for w are screened by powers of ry, in a way analogous to
what happens in the nonrotating case. However, we have
found a particular theory for which the suppression is not as
effective, in this case the leading correction is suppressed
by rg/rinstead. We also studied a different class of theories
for which the static metric potentials in the nonrotating case
are exactly the same as in GR (possibly up to a redefinition
of Newton’s constant), while the screening for @ is broken
inside the star.

In the case of a static scalar field, see Sec. VI, the results
are quite similar to the time-dependent case. In all the
examples we considered, the Vainshtein mechanism works
for the frame-dragging function w. Furthermore, the screen-
ing is more effective in regimes where the Vainshtein
mechanism operates in spherical symmetry, meaning that
the corrections to the GR expression are suppressed by
powers of ry,. Meanwhile, outside the Vainshtein radius, the
coefficients of the frame-dragging equation receive
nonscreened corrections, see e.g., Eq. (67) for k-essence.
The screening still works for the frame-dragging function
w, but it is less effective in this region.

Although the results of the paper show that the devia-
tions from GR are always small (outside the source), it is
interesting to see whether local gravity tests can provide
additional constraints on scalar-tensor theories coming
from the subleading modifications to the frame-dragging
function. Probably the simplest way is to check constraints
on PPN parameters (although it should be noted that
precisely speaking the PPN analysis does not apply).
The frame-dragging function w can be written as (see
e.g., Sec. 4.4 of [52])

1 J
WppN = <1 +7+10‘1> 3

The deviations from GR are characterized by the combi-
nation y — 1 + /4. This is to be compared to our results
on the frame-dragging function. Generically the deviation
of w from its GR value is of order rg/r for non-Vainshtein
suppression, and much smaller for the Vainshtein sup-
pressed cases. Therefore the combination of PPN param-
eters y — 1 4+ a; /4 is not larger than O(rg/r) in our case,
which gives a deviation of order 108 at Earth’s orbit. This

|

value is well within the experimental constraints on both y
and a;; therefore, we do not get any additional constraints
on the parameters of the scalar-tensor theories from this
estimation. However, it would be worthwhile to look for a
way to constrain particular classes of scalar-tensor theories
by present or future observations using the results of this

paper.
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APPENDIX A: LIST OF COEFFICIENTS

We list here the coefficients of Eqgs. (42), (43), (44), and
(45). Each time a function is written, it is evaluated on the
time-dependent background. For instance,

_ 7
f:f<qt’?>

The time dependence of these coefficients comes from the
¢ dependence of the functions. We will implement the
constraint A, = —A1, but in order to keep expressions light,
we will not substitute the expression for A, in DHOST Ia
theories. One must keep in mind that the following
constraint holds:

1

T8(f+ qPA )

+ (241 fx +8q*Asfx + 16¢* % — 1247 fA3)A,
+ (4% fx — 8f — q*A3)Asf].

Ay [12£f% + 16¢%A3 + (12f + 32¢*fx)A?

The terms involving As were negligible in the field
equations when assuming dimensionless quantities to be
of O(1), so it does not appear in the following.

1. Coefficients of the metric equations
With the definition

C = f(2f +2¢°A = ¢*Ay) + 2¢° fx(@* fx = f).

the coefficients for Eqs. (42) and (43) read

Cal - quv

Cay = qz(f - qux)’

2CB = =21 4(f —24*fx) — *[fGx + @*fAsp + (6f — 44> fx)A1y].
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2Cp, = @*[(@*fx = [)Gx = 2(f =26°A1 = 3¢° fx + q*A) A1 + (0 fx = )@ Asg] + 21 4(f +20°A1 + ¢ fx = ¢*Aq).
2Cy; = 2f (A = @*Ax) + ¢°F(3A3 +2A4) +2fx(f = 2¢°fx = 34°A),
2Cy, = A1 (3¢* Ay = 4f) + ¢*(3f A3 + 2f Ay = 6AT) = fx (2f + 64°A, + 3¢ A3 +2¢°fx) + 2¢°A1x(¢°fx = f),
208, = 2(A + fx)(f = 2¢°fx) + ° (A5 +24,),
2C8, = q*f (A3 4 2A4) = 2A,(f + 2¢°A1 — ¢*As) — fx(2f +2¢°fx + 64°A; + ¢*A3),
6Cny = 2fK + ¢*[f(Kx — 4G,) = 3fx(K — ¢°G)],

12Cny = K(3¢* Ay = 6¢°A, = 2f) + ¢*[2f Kx = 2fx(2K + ¢°Kx — 4¢°G,) + G, (6¢°A, — 2f — 3¢*A4)].

2. Coefficients of the scalar equation

We now list the coefficients of the scalar equation (44). We do not write C; or 53 because the expressions are
cumbersome, and we always neglect those terms in the nonlinear regime where the Vainshtein mechanism is operational.
The other coefficients read

C, = —6{f + ¢*A }{A] [366]4f¢ - 24q6fx¢]
- 4Aﬂ3q6f¢(A3 —2Ax) + fx(¢°Gax + 6q6A1¢ + 4(]4f¢ + 4618A3¢ - 4QSA1X¢)
=+ qgfx¢(4A1x —34;3) - f(64*Gax + 9q4A1¢ + 12q6A3¢ + 6q2f¢ - 6Q6A1x¢ - 1044fx¢)]
+ @A AP [ pArx + T8 fxAry + 5F xfp) = 30°F 4A5 + 447 Fx (Fx[66° A1y + 5f ] = 2A1x[4q" A1y + 3471 4])
+81%(5Gsx + 12A,4 + 10q2A3¢ - 5q2A1X¢ — 2fx¢)
—4A3f (2" G3x + 15q" A1y + 2¢°As5 + 1047 f 4 + q°A1xy — 547 fxp)
+4fA1x(3¢*Gsx + 12¢* A5 + 4616A3¢ +84%f 4 — 64" fxp)
—4ffx(34*°Gsy +28¢%A1, + 8¢ Az, + 185 — 6G* A xp)]
+ flA3(5¢°A 4 + 2q6f¢) - 4A3(CI6A|X[2612A1¢ + fgl = 2q4fx[5q2A1¢ +4f4) + f2¢*Gsx + 16614A1¢ + 2616A3¢
+ 8¢ f 5 + q®Aixy — 20 fxy]) + 467 fx (fx[T1q* A1y + 6 4] — 2A1x[64* A1y + 5421 4))
—8ffx(6fy + ¢*[Gsx + 10A1, + ¢* (2434 — Aixy]) + 16f%(Gax 4 3A14 + ¢*[2A3, — Aixy))
+4¢°fA1x(3¢*Gx + 16(]2A1¢ + 4(]4143(/; +6fy— Zqux¢)]}»

Cy =24(f + ¢*A)*(fAix + Aifx — fA3) 247 fx + 3q* A3 —4f — 64%A; — 4q*Ax),

Ty = -24¢*{f + *A H{f4*(2fx + 92A3)(2‘12A1¢ +fg) = F2fy + 7*(Gsx + 4A,4 + 2‘12A3¢ —2fxp))]
+ A12¢" fxpBf +247A1) — ¢ f 4 (4f + 64° A, + q* A3 + 247 fx) — 4" fGax — 26°fA34]},

[y =96¢*(f + ¢*A1)*(fAix + Aifx — fA3),

Ty = 64°[2fA) + ¢*(4AT — fA3) + 2fx(f +2¢°A)][f (4f + 64°A1 + 4*A3) — 247 x(f +24°A))].

3. Coefficients of the (fp) equation

We now list the coefficients of Eq. (45), apart from f, k,, since we neglect these terms inside the Vainshtein radius.
We define

D = f(4f +64%A; + ¢*A3) = 2¢° fx(f + 24°Ay).
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The remaining coefficients read
Dag = =2¢*(f + ¢*A1)(2f Ay + @*fAix + fx[2f + ¢*Ai]).
D¢y = =2¢*(f + ¢°A)*(f = ¢ fx).

4D% = {f + A H[APA1x (2f + 44%A, + 2¢*A1x — 3¢*A3) + 3¢°A3 — 12¢°(A} + fA3) — 8fA, — 244" A Aj]
+ 8fx[3q*A} + ¢°A A x — 2] + 44° f3[f + 24°A,]}.

2D%8y = (f + ¢*A1) (A, + ¢*A; + 21 ) (fIAf + 64°A; + 3¢* A5 — 24 A x| — 2¢° fx[f + 34%A1)).

4Doy = (f + ¢*A1)(2A; + ¢*As + 2f x).

4. Other coefficients
We define

B =16(f + ¢*A\)(Aifx + fAix — fA3)[Af 4+ 24 (3A, — fx) + ¢*(4A1x — 343)].
Then, the coefficients of Eq. (49) read

Biy = =47 (f +2q°A,)[AT = 2f A3 + fx(4A1 + fx)] — q°A3(4AT + 3fA3) — 8fq°Aly
—4q°Aix[2¢"A  fx + f(2f +447A, = 3¢*A3)],

Biy = ¢*(2A, + 2fx + ¢*A3)[2f A, + 2f x(f + 3¢°A1) + ¢*(4AT7 = 3fA3 + 2fA )],
2B, = ¢*(2A; +2fx + ¢*A3)[2f A1 + 21 x(f + 2¢°Ay) + ¢*(4AT — fA3)].
The coefficient of Eqgs. (57) and (58) reads

- 4A14[6 +4¢7A (T +10¢°A; + 64°A7) — q*A1x (2 + 10¢°A; + 4q* AT + ¢*Ax)]
22+ 6¢%A; + q*A1x)*[3A14(2 + 2¢%A; — ¢*A1x) + 2(1 + 2¢%A1) (Gax + ¢*Ayx)]
(14 2¢°A))[Gax(8 + 30¢°A; +24¢* A% + ¢*A1x) + 2% A yx (4 + 14¢%A| + 8¢*AT + ¢*Ax))]
22+ 64°A; + q*A1x)*[3A14(2 + 2¢%A; — ¢*Arx) +2(1 +2¢°A,) (Gax + ¢*A1yx)] '

APPENDIX B: RELATION BETWEEN SCHWARZSCHILD AND NEWTONIAN POTENTIALS

We briefly remind the reader of the way to switch between the functions {4,v} used throughout this work to the
Newtonian potentials {®, ¥} often encountered in the literature. The two line elements we want to relate in the weak-field
limit are (we set w ~ 0)

ds® = —(1 4 v(r))df* + (1 4 A(r))dr* + r*dQ?,
ds® = —(1 +20(7)dr* + (1 = 2'¥(7)[d7* + 7dQ?].

Then, in the Newtonian limit {¥, ®} < 1, we obtain

r~7(l1-¥)~r,
v =20,
A=2r?.
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