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Abstract. We study the class of analytic binary relations on Polish spaces, compared with the notions
of continuous reducibility or injective continuous reducibility. In particular, we characterize when a
locally countable Borel relation is 22 (or Hg), when £ > 3, by providing a concrete finite antichain
basis. We give a similar characterization for arbitrary relations when £ =1. When & = 2, we provide
a concrete antichain of size continuum made of locally countable Borel relations minimal among
non-X9 (or non-II9) relations. The proof of this last result allows us to strengthen a result due to
Baumgartner in topological Ramsey theory on the space of rational numbers. We prove that positive
results hold when & = 2 in the acyclic case. We give a general positive result in the non-necessarily
locally countable case, with another suitable acyclicity assumption. We provide a concrete finite
antichain basis for the class of uncountable analytic relations. Finally, we deduce from our positive
results some antichain basis for graphs, of small cardinality (most of the time 1 or 2).
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1 Introduction

This article presents a continuation of the work in [L5], in which the descriptive complexity of
Borel equivalence relations on Polish spaces was studied (recall that a topological space is Polish if it
is separable and completely metrizable). These relations are compared using the notion of continuous
reducibility, which is as follows. Recall that if X, Y are topological spaces and A C X 2 BCY?,

(X, A) <. (Y,B) & 3f: X =Y continuous with A= (f x f)"}(B)

(we say that f reduces A to B). When the function f can be injective, we write C. instead of
<.. Sometimes, when the space is clear for instance, we will talk about A instead of (X, A). The
motivation for considering these quasi-orders is as follows (recall that a quasi-order is a reflexive
and transitive relation). A standard way of comparing the descriptive complexity of subsets of zero-
dimensional Polish spaces is the Wadge quasi-order (see [W]; recall that a topological space is
zero-dimensional if there is a basis for its topology made of clopen, i.e., closed and open, sets). If
S, Z are zero-dimensional Polish spaces and CC S, DC Z,

(5,C) <w (Z,D) < 3g: S — Z continuous with C =g~ (D).

However, the pre-image of a graph by an arbitrary continuous map is not in general a graph, for in-
stance. Note that the classes of reflexive relations, irreflexive relations, symmetric relations, transitive
relations are closed under pre-images by a square map. Moreover, the class of antisymmetric relations
is closed under pre-images by the square of an injective map. This is the reason why square maps are
considered to compare graphs, equivalence relations... The most common way of comparing Borel
equivalence relations is the notion of Borel reducibility (see, for example, [G], [Ka]). However, very
early in the theory, injective continuous reducibility was considered, for instance in Silver’s theorem
(see [S]).

The most classical hierarchy of topological complexity in descriptive set theory is the one given
by the Borel classes. If T'is a class of subsets of the metrizable spaces, then I':= {—S | S €'} is its
dual class, and A(T) :=T N T. Recall that the Borel hierarchy is the inclusion from left to right in
the following picture:

¢ =open »9=F, 22=(U,<e IM))o
A =clopen AY=3IN 11 Agzﬂg ﬂHg

19 =closed M)=G; = 22

This hierarchy is strict in uncountable Polish spaces, in which the non self-dual classes are those of
the form 22 or Hg. In the sequel, by non self-dual Borel class, we mean exactly those classes. A class
I' of subsets of the zero-dimensional Polish spaces is a Wadge class if there is a zero-dimensional
space Z and a subset D of Z in I such that a subset C' of a zero-dimensional space S is in I" exactly
when (S,C) <w (Z,D). The hierarchy of the Wadge classes of Borel sets, compared with the
inclusion, refines greatly the hierarchy of the non self-dual Borel classes, and is the finest hierarchy
of topological complexity considered in descriptive set theory (see [Lo-SR2]).



We are interested in the descriptive complexity of Borel relations on Polish spaces. In order to
approach this problem, it is useful to consider invariants for the considered quasi-order. A natural
invariant for Borel reducibility has been studied, the notion of potential complexity (see, for example,
[L2], [L3], and [Lo2] for the definition). A Borel relation R on a Polish space X is potentially in a
Wadge class T if we can find a finer Polish topology 7 on X such that R is in T in the product (X, 7)2.
This is an invariant in the sense that any relation which is Borel reducible to a relation potentially in
T has also to be potentially in I'. Along similar lines, any relation which is continuously reducible to
arelation in I has also to be in I

We already mentioned the equivalence relations. A number of other interesting relations can be
considered on a Polish space X, in the descriptive set theoretic context. Let us mention

- the digraphs (which do not meet the diagonal A(X):={(z,z) | z€ X} of X),
- the graphs (i.e., the symmetric digraphs),

- the oriented graphs (i.e., the antisymmetric digraphs),

- the quasi-orders, strict or not,

- the partial orders (i.e., the antisymmetric quasi-orders), strict or not.

For instance, we refer to [Lo3], [L1], [K-Ma]. For locally countable relations (i.e., relations with
countable horizontal and vertical sections), we refer to [K2] in the case of equivalence relations. An
important subclass of the class of locally countable Borel equivalence relations is the class of treeable
locally countable Borel equivalence relations, generated by an acyclic locally countable Borel graph.
More generally, the locally countable digraphs have been widely considered, not necessarily to study
equivalence relations (see [K-Ma]). All this motivates the work in the present paper, mostly devoted
to the study of the descriptive complexity of arbitrary locally countable or/and acyclic Borel relations
on Polish spaces.

We are looking for characterizations of the relations in a fixed Borel class I'. So we will consider
the continuous and injective continuous reducibilities. In other words, we want to give answers to the
following very simple question: when is a relation 22 (or Hg)? We are looking for characterizations
of the following form: a relation is either simple, or more complicated than a typical complex relation.
So we need to introduce, for some Borel classes I', examples of complex relations.

Notation. Let T be a non self-dual Borel class, K be a metrizable compact space, and C € T'(K)\['(K).

If the rank of T' is one (i.e., if T' € {39, TI9}), then we set K:= {0} U {27% | k € w} CR,
C:={0}if T =XY, and C:=K\ {0} if [ =TI, since we want some injectivity results.

If the rank of T is at least two, then we set K:=2%, and C N N, € T'(N,)\I'(Ny) for each s € 2<%
(this is possible, by Lemma 4.5 in [L5]). In particular, C is dense and co-dense in 2. We set

C:=Py:={ae2? | Incw a(n)=1}

if T =39, and C:=P;:={a€2” | V*new a(n)=0} if ' =IIJ, for injectivity reasons again. In
the sequel, we will say that (K, C) is I'-good if it satisfies all the properties mentioned here.

Examples. Let T" be a non self-dual Borel class, and (K, C) be I'-good. We define a relation on
D:=2xK as follows: (¢, 2) E§ (n,y) < (¢,2)=(n,y) V (z=y €C). The graph Gy, :=E3\A(D)
will be very important in the sequel.



The main result in [L5] is as follows. Most of our results will hold in analytic spaces and not only in
Polish spaces. Recall that a separable metrizable space is an analytic space if it is homeomorphic to
an analytic subset of a Polish space.

Theorem 1.1 Let I' be a non self-dual Borel class of rank at least three. Then E:I; is C.-minimum
among non-I locally countable Borel equivalence relations on an analytic space.

In fact, this result is also valid for equivalence relations with Eg classes, i.e., 28 sections. Recall
that if (@, <) is a quasi-ordered class, then a basis is a subclass B of @) such that any element of Q)
is <-above an element of B. We are looking for basis as small as possible, so in fact for antichains
(an antichain is a subclass of () made of pairwise <-incomparable elements). So we want antichain
basis. As we will see, the solution of our problem heavily depends on the rank of the non self-dual
Borel class considered. The next result solves our problem for the classes of rank at least three.

Theorem 1.2 (1) Let I be a non self-dual Borel class of rank at least three. Then there is a concrete
34 elements . and <.-antichain basis for the class of non-I" locally countable Borel relations on an
analytic space.

(2) GL is C.-minimum among non-T locally countable Borel graphs on an analytic space.

(3) These results also hold when T' has rank two for relations whose sections are in A(T).

The next surprising result shows that this complexity assumption on the sections is useful for the
classes of rank two, for which any basis must have size continuum.

Theorem 1.3 Let I be a non self-dual Borel class of rank two. Then there is a concrete <.-antichain
of size continuum made of locally countable Borel relations on 2* which are <. and C.-minimal
among non-I" relations on an analytic space.

Similar results hold for graphs (see Corollary 3.13 and Theorem 3.15). Our analysis of the rank
two also provides a basis for the class of non-X9 locally countable Borel relations on an analytic space
(see Theorem 2.15). The proof of Theorem 1.3 strengthens Theorem 1.1 in [B] (see also Theorem
6.31 in [T], in topological Ramsey theory on the space QQ of rational numbers).

Theorem 1.4 There is an onto coloring ¢: Q2 — w with the property that, for any H CQ homeomor-
phic to Q, there is h:Q— H, homeomorphism onto its range, for which c({z,y})=c({h(z), h(y)})
if z,y € Q. In particular, ¢ takes all the values from w on H'Z.

Question. For the classes of rank two, we saw that any basis must have size continuum. Is there an
antichain basis?

The next result solves our problem for the classes of rank one.



Theorem 1.5 Let T be a non self-dual Borel class of rank one. Then there is a concrete 7360 elements
<c-antichain basis, made of relations on a countable metrizable compact space, for the class of non-
T relations on a first countable topological space. A similar result holds for C., with 2 more elements
in the antichain basis.

Note that in Theorem 1.5, the fact of assuming that X is analytic or that R is locally countable
Borel does not change the result since the elements of the antichain basis satisfy these stronger as-
sumptions. The “first countable” assumption ensures that closures and sequential closures coincide.
Here again, similar results hold for graphs, with much smaller antichain basis (of cardinality <.-5,
C.-6 for IT{, and 10 for X9). We will not give the proof of Theorem 1.5 since it is elementary. We
simply describe the different antichain basis in Section 5.

Remark. Theorem 1.5 provides a finite antichain basis for the class of non-closed Borel relations
on a Polish space, for C, and <.. This situation is very different for the class C of non-potentially
closed Borel relations on a Polish space. Indeed, [L1] provides an antichain of size continuum made
of minimal elements of C, for any of these two quasi-orders. It also follows from [L-M] that in fact
there is no antichain basis in C, for any of these two quasi-orders again.

The works in [K-S-T], [L-M], [L-Z], [L4] and also [C-L-M] show that an acyclicity assumption
can give positive dichotomy results (see, for example, Theorem 1.9 in [L4]). This is a way to fix our
problem with the rank two. If A is a binary relation on aset X, then A~':={(z,y) € X2 | (y,z) € A}.
The symmetrization of A is s(A):= AU A~!. An A-path is a finite sequence (;);<,, of points of
X such that (z;, z;+1) € A if i <n. We say that A is acyclic if there is no injective A-path (x;)i<,
with n>2 and (x,, o) € A. In practice, we will consider acyclicity only for symmetric relations. We
will say that A is s-acyclic if s(A) is acyclic.

Theorem 1.6 (1) There is a concrete 34 elements C. and <_.-antichain basis for the class of non-Eg
s-acyclic locally countable Borel relations on an analytic space.

0
(2) Gyznz is C.-minimum among non-Eg acyclic locally countable Borel graphs on an analytic space.

Notation. For the class IT, we need some more examples since the complexity of a locally countable
relation can come from the complexity of one of its sections in this case. Let I' be a non self-dual
Borel class of rank at least two, and (2, C) be I'-good. We set S := {0>°} U N; (where N is the
basic clopen set {a €2 | a(0)=1}), and Gi*:=s({(0°, 1) | a €C}).

Theorem 1.7 (1) There is a concrete 52 elements T . and <.-antichain basis for the class of non-Hg
s-acyclic locally countable Borel relations on an analytic space.

0 0
(2) {(D, Ggﬂ, (S, ng’a)} is a C. and < -antichain basis for the class of non-I13 acyclic locally
countable Borel graphs on an analytic space.



Theorems 1.6 and 1.7 are consequences of the following, not involving local countability.

Theorem 1.8 (1) Let I be a non self-dual Borel class of rank two.

(1) There is a concrete 76 elements C . and < -antichain basis for the class of non-I" s-acyclic Borel
relations on an analytic space.

(2) {(D,GE), (S, GE[G)} is a C. and < -antichain basis for the class of non-T" acyclic Borel graphs
on an analytic space.

This result can be extended, with a suitable acyclicity assumption. In [L4], it is shown that the
containment in a s-acyclic X9 relation allows some positive reducibility results (see, for example
Theorem 4.1 in [L4]). A natural way to ensure this is to have a s-acyclic closure (recall Theorem 1.9
in [L4]). In sequential spaces like the Baire space w®, having s-acyclic levels is sufficient to ensure
this (see Proposition 2.7 in [L4]). Moreover, there is a s-acyclic closed relation on 2* containing Borel
relations of arbitrarily high complexity (even potential complexity), by Proposition 3.17 in [L4]. The
next result unifies the classes of rank at least two.

Theorem 1.9 Let I be a non self-dual Borel class of rank at least two.

(1) There is a concrete 76 elements T, and <.-antichain basis for the class of non-I' Borel relations
on an analytic space contained in a s-acyclic 9 relation.

(2) {(D,GL), (S, an’a)} is a C. and < -antichain basis for the class of non-I' Borel graphs on an
analytic space contained in an acyclic 28 graph.

Questions. For the classes of rank at least three, we gave finite antichain basis for small relations. Is
there an antichain basis if we do not assume smallness? If yes, is it finite? Countable? Is it true that
any basis must have size continuum? The graph (2“, C? \A(2“’)) shows that we cannot simply erase
the acyclicity assumptions in Theorems 1.8.(2) and 1.9.(2).

Theorems 1.2, 1.3-1.4, 1.6-1.9 are proved in Sections 2, 3, 4 respectively. In Section 6, we close
this study of C. by providing an antichain basis for the class of uncountable analytic relations on a
Hausdorff topological space, which gives a perfect set theorem for binary relations. We extend the
notation G| G1;* to the class T'={{}.

Theorem 1.10 (1) There is a concrete 13 elements C.-antichain basis for the class of uncountable
analytic relations on a Hausdorff topological space.

(2) {(D, G}{,? }), (S, Gi,?}’a), (2¥,#)} is a Ce-antichain basis for the class of uncountable analytic
graphs on a Hausdorff topological space.

Note that (2, #) is not acyclic, so that we recover the basis met in Theorems 1.8.(2) and 1.9.(2)
in the acyclic case. Also, (S, Gi,?}’a) and (2¥,#) are not locally countable. In conclusion, [L5]
and the present study show that, when our finite antichain basis exist, they are small in the cases of
equivalence relations and graphs.

We saw that there is no antichain basis in the class of non-potentially closed Borel relations on
a Polish space. However, it follows from the main results in [L2] and [L3] that this problem can be
fixed if we allow partial reductions, on a closed relation (which in fact is suitable for any non self-dual
Borel class).



This solution involves the following quasi-order, less considered than C. and <.. Let X, Y be
topological spaces, and Ag, A; C X2 (resp., By, B1 CY?) be disjoint. Then we set

(X, Ag, A1) < (Y, By, B1) < 3f: X —Y continuous with Ve€2 A.C (fx f)~(B.).

A similar result holds here, for the Borel classes instead of the potential Borel classes. We define
Or,:={((0,2),(1,z)) | z€C}, so that GL, =s(OF).
Theorem 1.11 Let T’ be a non self-dual Borel class.
(1) Let X be an analytic space, and R be a Borel relation on X. Exactly one of the following holds:
(a) the relation R is a T' subset of X2,
(b) (D, 0L, 0\ OF) < (X, R, X2\R).
(2) A similar statement holds for graphs, with (GL, , G \GL)) instead of (OL, ol \OL).

This last result can be extended to any non self-dual Wadge class of Borel sets. Note that there is
no injectivity in Theorem 1.11, because of the examples G and G for instance.

2 The general case

2.1 Preliminary results

We first extend Lemma 4.1 in [L5].

Lemma 2.1 Let T be a class of sets closed under continuous pre-images, Y, Z be topological spaces,
and R, S be a relation on Y, Z respectively.

(a) If R is in I, then the sections of R are also in T'.

(b) If S has vertical (resp., horizontal) sections in T' and (Y, R) <. (Z,S), then the vertical
(resp., horizontal) sections of R are also in T'.

(c) If S has countable vertical (resp., horizontal) sections and (Y, R) C. (Z,S), then the vertical
(resp., horizontal) sections of R are also countable.

Proof. (a) comes from the fact that if y € Y, then the maps iy : ¥/ — (y,9'), jy : ¥/ — (¢, y) are

continuous and satisfy R, =i, '(R), RY = j'(R). The statements (b), (c) come from the facts that

Ry=F~(Syy)), BY=§1(ST0)) 0
We now extend Theorem 4.3 in [L5].

Notation. Let R be a relation on D. We set, fore,n€2, R. ,:={(a, ) €K? | ((¢, ), (n, B)) € R}.

Theorem 2.2 Let T be a non self-dual Borel class of rank at least two, (2¥,C) be T-good, X be an
analytic space, and R be a Borel relation on X. Exactly one of the following holds:

(a) the relation R is a T' subset of X2,

(b) one of the following holds:
(1) the relation R has at least one section not in T,
(2) there is a relation R on 2“ such that R N A(2¥)=A(C) and (2¥,R) C. (X, R),
(3) there is a relation R on D such that Ro; N A(2¥)=A(C) and (D,R) T, (X, R).



Proof. We first note that (a) and (b) cannot hold simultaneously. Indeed, we argue by contradiction,
so that R has sections in I' by Lemma 2.1.(a), ReT'((2¥)?), Re'(D?), and RNA(2¢¥) e T (A(2¥)),
Ro,1 N A(2¥) €T (A(2¥)) respectively. This implies that C e T'(2), which is absurd.

Assume now that (a) and (b).(1) do not hold. Theorem 1.9 in [L5] gives f := (fo, f1):2* — X?
continuous with injective coordinates such that C= f~1(R).

Case 1. f[-C]CA(X).

Note that f[2¢] C A(X), by the choice of C, so that fo= f1. We set R:=(fo x fo) "!(R), so that
RN A(2¥)=A(C). Note that (2*,R) C. (X, R), with witness fj.
Case 2. f[-C|Z A(X).

We may assume that fy and f; have disjoint ranges, by the choice of C. We define ¢g:ID — X by
g(e, ) fg( ). Note that g is injective continuous, {((0,), (1,a)) | a€C} C(gxg) ' (R) and
{((o, @) | a¢C}C(gxg) *(—R). It remains to set R:= (g x g) ' (R). O

The followmg property is crucial in the sequel, as well as in [L5].
Definition 2.3 Let f:K— K be a function, and C CK. We say that f preserves C if C= f~1(C).
It is strongly related to condition (2) in Theorem 2.2.

Lemma 2.4 Let f:K— K be a function, CCK, and R be a relation on K with R N A(K)=A(C).
Then the following are equivalent:

(1) f preserves C.
(2) (f <))~ (B) N A(K)=A(C).

Proof. We just apply the definitions. O
Finally, we will make a strong use of the following result (see page 433 in [Lo-SR1]).

Theorem 2.5 (Louveau-Saint Raymond) Let £ > 1 be a countable ordinal, (K, C) be EQ-good (or
simply C € H2(2‘*’)\22(2w) if € >3), X be a Polish space, and A, B be disjoint analytic subsets of
X. Then exactly one of the following holds:

(a) the set A is separable from B by a Eg set,

(b) we can find f:K— X injective continuous such that CC f~1(A) and -CC f~1(B).

A first consequence of this is Theorem 1.11 (these two results extend to the non self-dual Wadge
classes of Borel sets, see Theorem 5.2 in [Lo-SR2]).

Proof of Theorem 1.11. (1) As C ¢ T', OF is not separable from ol \OF by a setin T, and (a),
(b) cannot hold simultaneously. So assume that (a) does not hold. As X is separable metrizable, we
may assume that X is a subset of the Polish space [0, 1]“ (see 4.14 in [K1]). Note that the analytic
set R is not separable from the analytic set X2\ R by a T subset of ([0, 1])2. Theorem 2.5 provides
h:K— ([0, 1]*)? continuous such that C C h~!(R) and =C C h~!(X?\ R). Note that h takes values
in X2. We define f:D— X by f(e,x):=h.(z), so that f is continuous. Moreover,

((0,2),(1,2)) €0f ©zcC e hz)= (ho(z),hi(z)) eR < (f(0,2), f(1,2)) ER,
so that (b) holds.

(2) We just have to consider the symmetrizations of the relations appearing in (1). O



2.2 Simplifications for the rank two

We will see that, for classes of rank two, the basic examples are contained in A(2) U P?c. The
next proof is the first of our two proofs using effective descriptive set theory (see also Theorem 4.6).

Lemma 2.6 Let R be a Borel relation on P, whose sections are separable from Py by a 3 set. Then
we can find a sequence (Ry,)necw of relations closed in Py, X 2¥ and 2% x P, as well as f:2% — 2%
injective continuous preserving Py such that (f x )™ (R) CU,c., Rn-

Proof. In order to simplify the notation, we assume that R is a Al relation on 2¢. Recall that we can
find 1! sets W C 2% xw and C' C 2% x w x 2 such that A}(a)(2¥) = {Cun | (o, n) € W} for each
a€?2¥and {(a,n,B8) €2¢ xwx2¥ | (a,n) €W A (a,n,B) ¢ C}isa Il subset of 2 x w x 2
(see Section 2 in [Lol]). Intuitively, W, is the set of codes for the A%(a) subsets of 2¢. We set
Wa:={(a,n) €W | Cqp is a I3 N Al(a) subset of 2¢}. Intuitively, (W2), is the set of codes for
the TI3 N Al(a) subsets of 2¢. By Section 2 in [Lo1], the set W is IT{. We set

P:={(a,n)e2*xw | (o,n) eWa A Ry C—Cy n CPu }.

Note that P is ]Yll. Moreover, for each « € Py, there is n € w such that («, n) € P, by Theorem 2.B’
in [Lo1]. The A-selection principle provides a Af-recursive map f : 2% — w such that (a, f (a)) epP
if & € P (see 4B.5 in [Mo]). We set B:={(a, ) € Pox x2¥ | (a, f(c), ) ¢ C}. Note that B is
a A% set with vertical sections in 28, and R, C B, C P4, for each o € P,,. Theorem 3.6 in [Lol]
provides a finer Polish topology 7 on 2% such that B € X9 ((2“’7 T) X 2“’). Note that the identity map
from (2¢, 7) into 2* is a continuous bijection. By 15.2 in [K1], it is a Borel isomorphism. By 11.5 in
[K1], its inverse is Baire measurable. By 8.38 in [K1], there is a dense G5 subset G of 2* on which 7
coincides with the usual topology on 2¢. In particular, BN (G'x2¥) € 39(G'x2*) and we may assume
that G C P,. Note that G is not separable from Py by a set in 39, by Baire’s theorem. Theorem
2.5 provides g : 2% — 2* injective continuous such that Pog C g~ 1(G) and Py C g~ (PPf). Note that
(gxg)~1(B)is XY in P, x 2% and contained in P2,. So, replacing B with (gx g)~!(B) if necessary,
we may assume that R is contained in a Borel set B which is X9 in P, x 2 and contained in PZ_.
Similarly, we may assume that R is contained in a Borel set D which is XY in 2“xP, and contained in
P2.. Let (Bp)pew, (Dg)qew be sequences of closed relations on 2 with B= Upew Bp N (Poo x2¥),
D =U, e, DgN (2% xPx) respectively. We set Ry q:= By N Dy N P2, so that R, , is closed in
P x 2% and 2% x P, since, for example, R, ,:= B, N Dy N (P x2¥) =B, N Dy N (2¥ x P ), and
R g Up,qew RP#J‘ O
Notation. We define a well-order <; of order type w on 2<% by s <;t < [s|<[t| V (|s|=|t| A s <jex t)
and, as usual for linear orders, set s <; t < s <t As #t. Letb: (w,<) — (2%, <)) be

the increasing bijection, ay,41 := b(n)10%, ap := 0, so that Py = {«a,, | n € w}. We then set
Q:={0} U{ul | ue2<¥}, so that Py ={t0® | t€ Q}.

Definition 2.7 A finitely dense Cantor set is a copy C of 2 in 2 such that Py N C' is dense in C.

Note that if C'is a finitely dense Cantor set, then Py N C' is countable dense, and also co-dense, in
C, which implies that Py N C is 9 and not ITY in C, by Baire’s theorem.



Conventions. In the rest of Sections 2 and 3, we will perform a number of Cantor-like constructions.
The following will always hold. We fix a finitely dense Cantor set C', and we want to construct
f 2% — C injective continuous preserving P;. We inductively construct a sequence (7¢)ico<w
of positive natural numbers, and a sequence (U;);co<w of basic clopen subsets of C, satisfying the
following conditions.

(1) U CU

(2) Qp, € Uy

(3) diam(U;) <21

(4) Ui N Uy =0

(5) nyo=my

(6) Ug N{an | n<t|}=0

Assume that this is done. Using (1)-(3), we define f:2% — C by {f(8)} :=\,c, Upjn- and f is
injective continuous by (4). If ¢t € Q and a = t0°°, then f(a) = a, by (5), so that Py C f~1(Py).
Condition (6) ensures that P, C f _1(IP’OO), so that f preserves IPy. For the first step of the induction,
we choose ng > 1 in such a way that a,,, € C, and a basic clopen neighbourhood Uy of c;,,. Condition
(5) defines ny. It will also be convenient to set s;:=b(n;—1)1.

Lemma 2.8 Let (R),)ne, be a sequence of relations on Py, which are closed in Po, X 2¥ and in
2 X Poo. Then there is f : 2 — 2% injective continuous preserving Py with the property that

(f(), £(B)) ¢Upew B if 0 BEP.
Proof. We ensure (1)-(6) with C'=2“ and

(7) (Ua xUs) N (| Ra)=0if s£te2!

n<l

Assume that this is done. If « # 3 € P, then we can find [ with |l # §|l, and a strictly increasing
sequence (lx)ge,, of natural numbers bigger than [ such that «(l;) = 1 for each k. Condition (7)
ensures that Uy, 1) X Up|(1,,+1) does not meet {J,,; Ry, so that (f(a), f(8)) €U,ecu Bn-

So it is enough to prove that the construction is possible. We first set ny := 1 and Uy := 2“.
We choose n; > 1 such that o, # oy, and Up, U; disjoint with diameter at most 21 such that
an, €U C2%\{ap}. Assume that (1) <; and (Uy) <, satisfying (1)-(7) have been constructed for
some [ > 1, which is the case for [=1. We set F':={ay, | t€2!} U{a, | n<i}and L:=J, ., Rn.

Claim. Let U, Uy, - - - , Uy, be nonempty open subsets of 2%, v; € Py N U;, for each i < m, and F
be a finite subset of Py containing {~y; | i <m}. Then we can find v € Py N U and clopen subsets
V, Vo, -+, Vi of 2% with diameter at most 27" such that €V CU\(F U V), v € V; CU; and

(VxVi) U (V;xV))NL=0

for each i <m.

Indeed, fix ¢ <m. Note that Poo X {7;} CPoo x P rand L C IP’%O are disjoint closed subsets of the
zero-dimensional space P, x2%. This gives a clopen subset ;C' of Py, x2% with Poo x{v;} C,C C—L
(see 22.16 in [K1]). So for each € P, we can find a clopen subset ; 3O of P, and a clopen subset
i,8D of 2¢ such that (5, 7;) €; 30 x; 3D C;C and ; gD CU;.
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As Poo =Upep,, 4,80, we can find a sequence (8p)pe. of points of Poy with the property that
Py = UPEw i,8,0. We set ; ;0 := Z’ﬂpO\(Uq@ i,6,0), so that (; ,0)pe is a partition of P, into
clopen sets. We set ; ,D :=; g, D, so that ; ,0 X ;,D C;C. Let ; ,W be an open subset of 2¢ with
ipO=Ps N ,W. By 22.16 in [K1], there is a sequence (; ,U )pe., of pairwise disjoint open subsets
of 2% such that ; ,U C; ,J/ and UPEW ipU= UpEw ipW. Note that ; ,O =P, N ;,U.

Similarly, let C; be a clopen subset of 2% P with {7; } XxPoo CC; C L, (O 4)gew be a partition
of P into clopen sets, (D; 4)qc. be a sequence of clopen subsets of 2*, and (U; 4)4e. be a sequence
of pairwise disjoint open subsets of 2* such that D; ;xO; , CC, v, € D;  CU; and O; g =P N U 4.
Now pick B€P, NU, p; €w with €, ,,0, and ¢; €w with 3€ O; 4,. We set

U':=Un ﬂ (l}piUm Ui»Qi)\F

i<m

As U’ is an open subset of 2 containing /3, we can choose v €PN U’, and a clopen subset V' of 2¢
with diameter at most 2~/~1 such that ~eV CU'. If i <m, then we choose a clopen neighbourhood
V; of ~; with diameter at most 2-1=1 guch that V; C ipiD N Dy g, As 7y # 70, we can ensure that V'
does not meet Vj. For example, note that (Poc N'V) X V; C (P N, U) x4, D C;C C —L since
Py N i,piU:i,piO' o

We put a linear order on the set 2! of binary sequences of length I, so that 2! is enumerated
injectively by {t; | j < 2!}, Let j < 2'. Note that (5) defines ni;0. We construct, by induction on
j<2., nt;1, and sequences (Ui)eeats (Utjil)iﬁ ;j of clopen subsets of 2¢ satisfying the following:

(a) Uy CULCU AU U, CU,
(b) Qg 6Ut() A anf 1 EUt 1
(c) dlam(UgO) dlam(UtJl)<2 =1
(d) Uth A Utjlf‘b
(e) Ug LNF=0

(f) ((Ugl (U UUL) U (U VU)X UL ) N L=0if i<

In order to do this, we first apply the claim to U := Uy, and a family (;)i<m, of elements of P
enumerating {c,, | t € 2!} in such a way that g = - The corresponding family of open sets
enumerates {U; | ¢ € 2'}. The claim provides an,,; € Py N Uy, and clopen subsets Ut%l, U of 2
with diameter at most 21 such that gy € Up 1 CUN\(FUUR,), am, €Uy CU; and

(UL xUR) U (UfhyxUR1)) N L=0
for each ¢ € 2'. Assume then that j <2'—1 and (n¢,1)k<j» (Ufy)seat p<; and (UF))i<p<; satisfying
(a)-(f) have been constructed, which is the case for j =0.

We now apply the claim to U:=Uy, , and a family (7;);< of elements of Py enumerating

{an, | te2l} U {ant . | <7} in such a way that o= an, - The corresponding family of open sets
enumerates {U}, | t€2!} U {Ut]1 |i<j}.
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The claim provides ay,, ., €Py N Uy, and clopen subsets Utjjil, U™, U of 2¢ of diameter
—1—-1 : S Jj+1 J+1 Jj+1 J
at most 2 . w1th the properties that ovy, , is in Uy CUs; ., \ (FU UthO), an, €Uy CUjps
Qny g € UtjiJ{l C Ulfl_1 and, when 7 < j,
J+1 J+1 Jj+1 Jj+1 Jj+1 J+1 _
(L x @ uTith) u (Ul v i) < Uit ) n =0,

ti+1 tjy1l
: gr2t-1
It remains to set Uy :=U;. . Il

Corollary 2.9 Let R be a locally countable Borel relation on 2*. Then we can find f : 2 — 2%
injective continuous preserving Ps such that R':=(f x f)7*(R) CA(2¥) U ]P’?.

Proof. As IP; is countable and R is locally countable, the set C':=J acP; (Ro U R®) is countable.

We set G: =Py, \C, so that G C P, is a non-meager subset of 2* having the Baire property. Lemma
7.2 in [L5] provides f :2¥ — 2¢ injective continuous such that f[P.] C G and f[P;] C P;. This
proves that we may assume that RN ((Poo XPf) U (PyxPy)) =0. By Lemma 2.6 applied to RNPZ
we may assume that there is a sequence (R, )new of relations closed in Py, x 2¢ and 2¥ x P, such
that R NP2, C R,,. It remains to apply Lemma 2.8. O

new

Corollary 2.9 leads to the following.

Definition 2.10 Let I' be a non self-dual Borel class of rank two, and (2%, C) be I'-good. A relation
R on 2% is diagonally complex if it it satisfies the following:

(1) RNA(2¥)=A(C),

(2) RCA(C)U P?.

Note that a diagonally complex relation is not in I' by (1), and locally countable Borel by (2).

Notation. We set, for any digraph D on @, Rp :=A(C) U {(s0°°,t0>°) | (s,t) € D}. Note that any
diagonally complex relation is of the form Rp, for some digraph D on Q).

In our future Cantor-like constructions, the definition of n;; will be by induction on <;, except
where indicated. Corollary 2.9 simplifies the locally countable Borel relations on 2. Some further
simplification is possible when the sections are nowhere dense.

Lemma 2.11 Let R be a relation on 2% with nowhere dense sections. Then there is f : 2% — 2%
injective continuous preserving Py such that (f(a), f(ﬁ)) ¢Rifa#[ePy.

Proof. We ensure (1)-(6) with C'=2% and
(7) (ns ), (s ) ERIFEEQ A s€2M A s <ot

Assume that this is done. If o # 3 € Py, then for example o <jex 3 and there are initial segments s, ¢
of o, 3 respectively satisfying the assumption in (7). Condition (7) ensures that (f(cv), f(8)) ¢ R.
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So it is enough to prove that the construction is possible. We first set ny := 1 and Uy := 2“.
Assume that (n)}y<; and (Up)<; satisfying (1)-(7) have been constructed, which is the case for
[=0. Fix t € 2. We choose n; > 1 such that

any €UN\({an,} U{on | n<ibu Ra,. UR),

€21 sy tl

which exists since 12 has nowhere dense sections. We then choose a clopen neighbourhood with small
diameter Uy, of oy, contained in Uy, ensuring (4) and (6). O

Corollary 2.12 Let R be a diagonally complex relation.
(1) If R has nowhere dense sections, then (2, Ry) C. (2, R).
(2) IfIP’?c\R has nowhere dense sections, then (2, R+) C. (2, R).

Proof. Lemma 2.11 gives f: 2% — 2 injective continuous preserving P; such that (f(a), f(8)) is
not in R (resp., in R) if a# B€P. Note that (f x f) "1 (R) =Ry (resp., (fx f) ' (R)=R,). O

Theorem 1.2 provides a basis. Theorem 2.15 to come provides another one, and is a consequence
of Corollary 2.9.

Notation. Let I' be a non self-dual Borel class of rank at least two, and (2¥, C) be I'-good. We set
So:=C, S1:=0, So:=2%\C, S3:=2%. The next result motivates the introduction of these sets.

Lemma 2.13 Let T be a non self-dual Borel class of rank at least two, (2¥, C) be I'-good, and B be
a Borel subset of 2*. Then we can find j € 4 and f : 2% — 2% injective continuous preserving C such
that f~1(B)=35;.

Proof. Note that since C € I'(2¢)\I'(2%), either C\ B is not separable from =C by asetin T, or CN B
is not separable from —C by a set in I, because I is closed under finite unions. Assume, for example,
that the first case occurs. Similarly, either C\ B is not separable from (-C) N (=B) by a setin I, or
C\ B is not separable from (—C) N B by a set in I, because T is closed under finite intersections.
This shows that one of the following cases occurs:

- C\ B is not separable from (—C) N (—-B) by asetin T,
- C\ B is not separable from (—C) N B by a setin T,
- C N B is not separable from (—=C) N (—B) by asetin T,
- C N B is not separable from (—C) N B by asetin T
Assume, for example, that we are in the first of these four cases. By Theorem 2.5, there is
f 2% — 2¢ injective continuous such that C C f~!(C\B) and ~C C f~((—=C) N (—=B)). In this

case, f1(B) =0 = S;. In the other cases, f~1(B) = Sa, So, S3, respectively. So we proved that
f~Y(B)=S; for some j €4. O

Corollary 2.14 T be a non self-dual Borel class of rank at least two, (2*,C) be T'-good, and R
be a Borel relation on D. Then there is [ : 2 — 2“ injective continuous preserving C such that
(f 3 )" (Rep) NA2%) €{A(S;) | j <3} for each e, €2.
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Proof. We set, for e, €2, E.,:={a€2¥ | (o,a) €R. ,}, so that £, is a Borel subset of 2* and
R., N A(2¥) = A(E. ). Now fix €, € 2. Lemma 2.13 provides j € 4 and g : 2* — 2 injective
continuous preserving C such that (gxg) ' (E. ) =S;. We just have to apply this for each &, n€ 2.0]

Theorem 2.15 Let I be a non self-dual Borel class of rank two, (2¥, C) be I'-good, X be an analytic
space, and R be a locally countable Borel relation on X whose sections are in I'. Exactly one of the
following holds.

(a) the relation R is a T subset of X2,
(b) one of the following holds:
(1) there is a diagonally complex relation R on 2% such that (2, R) C. (X, R),
(2) there is a relation R on D such that, for each e,m €2, if R. , N A(2¥) =A(E; ), then
(i) Egu=C=050, E1oc{S;|j<3},and E..c{S; | 1<j <3},
(ii) Re , CA(E; ) U ]P’fc (in particular, Ry 1 is diagonally complex),
and (D,R) C. (X, R).

Proof. By Theorem 2.2, (a) and (b) cannot hold simutaneously. Assume that (a) does not hold. By
Theorem 2.2 again, one of the following holds.

(1) There is a relation R on 2“ such that R N A(2¥) = A(C) and (2*,R) C,. (X, R). By Corollary
2.9 we may assume that RC A(2¢¥) U ]P’ff, so that R is a diagonally complex relation.

(2) There is a relation R’ on I such that Rj ; N A(2¢) = A(C) and (D, R’) C. (X, R). Note that
R/a,n is a locally countable Borel relation on 2%, for each ¢, n € 2. Corollary 2.9 provides ¢ : 2% — 2%
injective continuous preserving C such that (¢’ x ¢ )_I(UM62 RL,) C A(2Y) U P?. We define
h:D—Dby h(e,a):= (e, ¢'(a)) and set R=(hxh) ' (R’), so that R, ;, C A(2*) UIP’?. By Corollary
2.14, we may assume that R, , N A(2¥) € {A(S;) | j <3}. We are done since we are reduced to
Case (1) if R.. N A(2) =A(C). O

2.3 Proof of Theorem 1.2

‘We now introduce a first antichain basis.

Notation. Let I" be a non self-dual Borel class of rank at least two, and (2, C) be I'-good. We set
Pi={t€4®) | £(0,0),4(1,1)#0 A £(0,1)=0 A (¢(1,0)=0 = £(0,0)<¢(1,1))}

and, for t€ P, R} :={((e,2), (n,x)) €D? | x € Sy }. We order 22 lexicographically, so that, for
example, EY =RY ) 5. Note that G, =RT o ;. Finally, A":={(2*,A(C)) } U{(D,Rf) | te P}.
Note that the sections of the elements of AT have cardinality at most two, and are in particular closed.

Lemma 2.16 Let T be a non self-dual Borel class of rank at least two. Then AY is a 34 elements
<.-antichain.

Proof. Let (X,R) # (X, R’) in AT, We argue by contradiction, which gives f : X — X’ continuous.
Assume first that (X, R), (X', R’) are of the form (D, R} ), (D, RY,) respectively, so that f (e, ) is of
the form (fo(e, @), f1(e, @) €2x2%.
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Let us prove that fy(0,a) # fo(1, @) if o € C. We argue by contradiction, which gives [ € w
such that fo (0, 8) = fo(1, 8) =: ¢ if B € N,;, by continuity of fo. This also gives continuous maps
Ny — 2% such that f1(n, ) = gy(8) if 8 € Nyy. If € C N Ny, then ((0,5), (1, 8)) €R, so

that (f(0,8), f(1,5)) = ((6, 90(8)), (e, 91(5))) €R', go(8) =¢1(B) and go = g1 =: g by continuity
of go, g1. Note that there is j € {1,2, 3} such that C N Ny =g 1(S;) N N4> which contradicts the
choice of C.

Fix av€ C. Note that there is [ € w such that g := fo(0, 3) # fo(1, B) if B € N1, by continuity of
fo- There are g, : N,; — 2* continuous such that f1(n, 8) = g, (8) if 8 € Ny;. If B€C N Ny, then

((Ovﬁ)v (1,5)) € R, so that (f(ovﬁ)af(Lﬁ)) = ((80790(5))? (1750791(5))> ER,’ go(ﬁ):gl(ﬁ)
and go = g1 =: g by continuity of go, g1. Note that C N Ny, = gfl(St/(EO’l,go)) N N> so that
t'(€0,1—€0) =0 by the choice of C and C N N =g HC)N Ny If 0 =0, then

St N Nat=9""(Se(em)) N Nat =S (c.y N Nay

(em)

for €, €2, so that t =t' by the choice of C. Thus eg=1 and
St(z—:,n) N Na\l :gil(st’(lfs,lfn)) N Na|l :St’(lfs,lfn) N Na\l

for e,n € 2, so that t(e,n) =t'(1—e,1—n) if &, € 2, by the choice of C. In particular, note that
#(1,0)=t(0,1)=0=¢'(0,1)=t(1,0), ¢'(0,0), (1, 1) £0,

t(1,1)=t(0,0)<t'(1,1)=t(0,0),

t(0,0),t(1,1)#0and '(1,1)=¢(0,0) <t(1,1)=¢(0, 0), so that t =t' again.

We now have to consider (2, A(C)). Assume first that (2, A(C)) <. (D, R}), with (D ,]Rt)
AT and witness f. Let o € C. Then we can find g €2 With fola)=¢p, and [ €w such that fy(8)=¢
if B € Ny, by continuity of fo. Note that C N Ny = fi (s, (c0,0)) N Nayji» 0 that t(9,€0) =0 b
the choice of C, which contradicts the definition of AT

Assume now that (D, Rf) <. (2%, A(C)), with (D, R;) in A" and witness f. Let o € C. Then
((0,a), (1,)) €RF, so that f(0, )= f(1, ) €C. By the choice of C, g(8):= f(0, 8) = f(1, 3) for
each #€2¥. We set, fore,n€2, R p:={(a, 8) €2 x2¥ | ((e, ), (n, B)) ER] }. Note that

(o, B) €R:y & (g9(e), 9(B)) € A(C),

so that Rp o =R, 1, which contradicts the definition of AT, O

The next result provides the basis part of Theorem 1.2.

Lemma 2.17 Let T be a non self-dual Borel class of rank at least two, X be an analytic space, and R
be a locally countable Borel relation on X whose sections are in A(T). Exactly one of the following
holds:

(a) the relation R is a T' subset of X2,
(b) there is (X, R) € AL such that (X,R) C. (X, R).

15



Proof. By Theorem 2.2, (a) and (b) cannot hold simutaneously. Assume that (a) does not hold. By
Theorem 2.2 again, one of the following holds.

(1) There is a relation R on 2¢ such that R N A(2*) = A(C) and (2¥,R) C. (X,R). As R is
locally countable Borel, so is R by Lemma 2.1, so that we can apply Corollary 3.3 in [L5] if the
rank of T is at least three. This gives g : 2% — 2% injective continuous such that g preserves C,
and (g(a),9(B8)) ¢ R if a # 8. Note that g is a witness for the fact that (2*, A(C)) C. (2*,R),
so that (2, A(C)) C. (X, R). If the rank of T" is two, then by Corollary 2.9 we may assume that
RCA(2¥)U ]P’fc. As the sections of R are countable and ITJ, so are those of R. In particular, R
has nowhere dense sections. By Corollary 2.12, we may assume that R = A(C), so that, here again,
(2¥,A(C)) C. (X, R).

(2) There is a relation R on I such that Ry ; N A(2*)=A(C) and (D, R) C. (X, R). Note that R, ,,
is a locally countable Borel relation on 2¢. If the rank of I" is at least three, then Corollary 3.3 in [L5]
provides g : 2“ — 2* injective continuous such that g preserves C, and (g(c), 9(8)) ¢ U ez Rey
if a # 3. If the rank of I is two, then Corollary 2.9 provides ¢” : 2* — 2% injective continuous
preserving C such that R” := (¢” x g”)_l(U&_’7762 R.,) CA(2¥)U IP’?. As the sections of R are
countable and TT9, so are those of R”. In particular, R” has nowhere dense sections. By Lemma 2.11,
we may assume that R” C A(2¥). So we may assume that g exists in both cases.

We define b : D — D by h(e,a) := (g,9(a)), so that h is injective and continuous. We
then set R’ := (h x h)"!(R). Repeating the notation above, R, ,, € A(2¥) by the property of
g, and h is a witness for the fact that (D,R’) C. (D,R). This means that we may assume that
R., CA(2¥), for ,n € 2, and that Ry ; = A(C) = A(Sp). By Corollary 2.14, we may assume that
R., € {A(S;) | j<3}. Note that if R. . = A(Sp) for some ¢ €2, then (2¥, A(C)) C. (X, R). So we
may assume that R. . = A(S}) for some j € {1, 2, 3}. Finally, (D, R}, ;) Cc (D, RY ;) if i>5>0

with witness (¢, @) — (1—¢, ). So (b) holds. O
Proof of Theorem 1.2. For (1) and (3), we apply Lemmas 2.16 and 2.17. For (2), we use the closure
properties of C,. and the fact that GL, is the only graph in AT O
3 The rank two

In this section, I is a non self-dual Borel class of rank two.

3.1 The diagonally complex relations: minimality and comparability
Up to restrictions to Cantor sets, two comparable diagonally complex relations are bi-reducible.

Lemma 3.1 Let R, R. be diagonally complex, and K be a finitely dense Cantor set with the property
that (K, R« N K?) <. (2¥,R). Then (C,R N C?) C. (K, R, N K?) for some C finitely dense.

Proof. Let f be a witness for the fact that (K, R, N K?) <. (2*,R). Note that f preserves C since
R, R agree with A(C) on A(2). This implies that f is nowhere dense-to-one. Let us prove that
there is g : 2¥ — K continuous such that g preserves C and f(g(c)) <iex f(9(8)) if o <iex 8. We
ensure (1)-(6) with C =K and

(4) f(Oé) <lex f(,@) ifac UtO and ﬁ c Utl
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Assume that this is done. If o <jex 3, then Condition (4) ensures that f(g(c)) <iex f (9(8)).

So it is enough to prove that the construction is possible. We set Up := K. Assume that (n;)|s<;
and (Ut)|t\gl satisfying (1)-(6) have been constructed, which is the case for [=0. Fix t € 2!, Note that
Qy, is in Uy NPy, so that f (o, ) €Py. This gives s € 2<% such that f(cv,,) =s0°. In particular, there
is a clopen neighbourhood N C U, of «ay,, such that f(3) € N if € N. We choose 41 > 1 such that

O, €N\ ({an |n<i}uft ({f(ant)})>, which is possible since f is nowhere dense-to-one. Note

that f(cu, ) <iex f(@n,, ). It remains to choose a small enough clopen neighbourhood Uy of au,,. to
finish the construction, using the continuity of f.

Note then that f| 2] is a homeomorphism onto C:=f [g [2“]] . Moreover,

(9(0).9(8)) €R. & (£(9(@)). f(9(8)) ) €R.

so that f|;[12w] is a witness for the fact that (C, R N C?) C. (K,R. N K?), and R N C? is not in
I since the map o — (f(g(a)), f(g(a))) reduces C to R N C2. This implies that C' N C is not

separable from C \C by a T set. Using Theorem 2.5, we get m : 2% — C injective continuous such
that C=m~!(C). It remains to set C':=m|[2%]. O

The minimality of diagonally complex relations can be seen on restrictions to Cantor sets.

Lemma 3.2 Let R be a diagonally complex relation, X be an analytic space, and R be a non—Hg
relation on X such that (X, R) <. (2*,R), with witness f. Then there is g : 2 — X injective
continuous such that Py =g~ (f~1(Py)).

Proof. Note that R=A(S) U (R N P%), where S =P, if [ =3, and S =0 if [ =II3. As P}\R is
countable, it is a 339 subset of P}, and R N P% is a ITJ subset of P}, which provides G € TI3(2 x 2¥)
such that RNP=G NP7 As R=(fxf) ' (R)=(fxf)""(A(S)) U((fx)"HG)nf~H(Py)?),
f71(Py) is not IT3. Theorem 2.5 provides g as desired. O

Corollary 3.3 Let R be a diagonally complex relation, X be an analytic space, and R be a non-
I relation on X with (X, R) <. (2¥,R). Then there is a finitely dense Cantor set C' such that
(C,RNC?% C. (X,R).

Proof. Assume first that T' =TIJ, and let f be a witness for the fact that (X, R) <. (2¥,R). Lemma

3.2 provides g:2* — X injective continuous such that Py =g~ (f~1(Py)). Weset R':=(gxg) " (R).
Note that, for each oo € 2%,

(@,0) R’ & (g(0), g(0) €R & (F(9(0)), [(9(e))) €R & F(g(0)) €Py & acPy.
In other words, R’ N A(2¥) = A(P). This argument also shows that R’ C IP’?. In other words, R’

is diagonally complex, (2, R’) C. (X, R) and (2¥, R’) <. (2*,R). Lemma 3.1 provides a finitely
dense Cantor set C' such that (C, R N C?) C. (2¥,R’).
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Assume now that I'=39. By Theorem 2.2, one of the following holds:

(1) there is a relation R, on 2 such that R, N A(2¥) =A(P«) and (2¥,R,) C. (X, R).
(2) there is a relation R, on I such that Do :={((0, @), (1,)) | @ €Ps } TRy,

Df::{((()?a)v (1,0&)) ’ aepf}gﬁR*

and (D, R,) C. (X, R). Weset D:=D,, U Dy.
Assume that (2) holds, which gives f:ID— 2% continuous such that R, = (fx f)~!(R). Note that

- (f < f)[Dso) CR is not separable from (f x f)[Dy] by a £ set,

- (£ % F)[Doo] M A(2¥) is not separable from (f x f)[Dy] by a B set since R\ A(2¥) CP% is 3,

- Io:=(f % f)[Doo] N A(2%) is not separable from I :=(f x f)[D] N A(2*) by a 9 set,

- Roo:=D N (f x f)7}(Ioo) is not separable from Ry :=D N (f x f)~1(If) by a 9 set (otherwise
R CSC =Ry and I is separable from I by the K, set (f x f)[S N DJ),

- Coo:={a€2”|((0,a), (1,a)) € R } is not separable from Cy:={a€2*|((0,a), (1,a)) € Ry}
by a X9 set.

Theorem 2.5 provides g : 2* — 2¥ injective continuous with the properties that Po, C g7 (Cy)
and Py C g~ (Cy). We define a map h : 2 — {0} x 2 by h(a) := (0,«), and set ¢ := hog,
= foc, R :=( x)"HR) = (cxe) 1 (R4). As cis injective continuous, R’ is a Borel rela-
tion on 2¥ and (2¥,R’) C. (D,R,), (X, R). If o € Py, then ((O,Q(a)), (1,g(a))) € R, and

(f(O,g(a)),f(l,g(a))) € I, € A(2¥). This implies that (f(O,g(a)),f(O,g(a))) € R and
(o, ) €R’. Similarly, if € Py, then (o, o) ¢ R'. Thus R’ N A(2¥) = A(Pw), and R’ is a witness for
the fact that (1) also holds. So (1) holds in any case.

This implies that (2¥,R,) <. (2¥,R), with witness f’. By Lemma 2.4, f” preserves P;. In
particular, R, N ((Py xPoo) U (Poo xPy)) =0 since R is diagonally complex. Note that R, has 39
sections since R has. This implies that R,NP?_ is a Borel relation on P, whose sections are separable
from Py by a 39 set. Lemmas 2.6 and 2.8 provide ¢’ : 2¢ — 2¢ injective continuous preserving P ¥
such that (¢’ x ¢/) "1 (R, NP2,) C A(Ps). Thus we may assume that R, is diagonally complex. We
now apply Lemma 3.1. O

A consequence of Lemma 3.1 is a characterisation of the minimality of diagonally complex rela-
tions.

Corollary 3.4 Let R be a diagonally complex relation. The following are equivalent:
(a) R is <. and C.-minimal among non-I relations on an analytic space,

(b) (2*,R) C. (C,R N C?) if C is a finitely dense Cantor set.
Proof. (a) = (b) As Py N C'is densein C, RN A(C) and R N C? are notin I'. As
(C,RNC? C. (2¥,R)

and (a) holds, (b) holds.
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(b) = (a) Let X be an analytic space and R be a non-T" relation on X with (X, R) <. (2“,R).
Corollary 3.3 provides a finitely dense Cantor set C' with the property that (C, R N C?) C. (X, R).
By (b), (2, R) C. (X, R). O

Another consequence of Lemma 3.1 is about the comparison of minimal diagonally complex
relations.

Corollary 3.5 Let R, R’ be diagonally complex relations, <. and C.-minimal among among non-T'
relations on an analytic space, with (2¥,R) <. (2*,R’). Then

(2¥,R) Ec (2°,R)
and (2%, R) C. (2%, R/).

Proof. Lemma 3.1 provides a finitely dense Cantor set C such that (C,R' N C?) C. (2¥,R). By
Corollary 3.4, (2¥,R’) C. (2¥, R). An application of this fact implies that (2¥, R) C. (2¥,R’). O

3.2 Proof of Theorems 1.3 and 1.4

‘We now introduce our antichain of size continuum.

Notation. We define i : Q2 — w as follows. We want to ensure that i(z,t) = i(s,, s;), where s; is
defined before Lemma 2.8. The definition of ¢ is partly inspired by the oscillation map osc defined
in [T] after Theorem 6.33 as follows. The elements of 2<% are identified with finite subsets of w,
through the characteristic function. The oscillation between z and ¢ describes the behavious of the
symmetric difference zAt. The equivalence relation ~; is defined on zAt by

J ~zt k< [min(j, k), max(j, k)] N (z\t) =0V [min(j, k), max(j, k)] N (t\z) =0.

Then osc(z,t) :=|2At/ ~|. For i, we work on z Ut instead of zAt, and the definition depends more
heavily on the initial segments of z and ¢, in particular on their lexicographic ordering. If z € 2<“\{(0},
then we set 2z~ :=z|max{l <|z| | z|l€Q}. We also set

L= {(z,t)€Q? | Ji<min(|z],|t]) zli=t|i A 2(i) <t(i)}

and, similarly, | ~:={(z,t) €Q? | 3i <min(|z|, |t|) z|i=t]i A z(i) >(i)}. The definition of i(z, t)
is by induction on max(|z|, |¢|). We set

0if z=t,

2, 7))+ LIf ([ <[t A 2> 7)) V (2| =[] A (2, 67) 1<),
)it <[z v ([t =] At 2T) eLs),
+Lf ([t <[zl Aft[> [z )V (Jt]=[27 A (¢ 27) EL<),
D)L [z =[HA (|27 <[t A <iexz27)V([ET] < |27 A2 <iext7)),
) +2if [z =[HA (|27 <[t |A2T <iext )V ([ET]<]27 [AE <iex27)
(=7 1=t 1Az #17)).

z )
277
Z_7

t
t
t
27,1

Note that i(z,t)=1i(t, z) if z,t € Q.
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Lemma 3.6 Let (s¢);co<w be a sequence of elements of QQ with

(a) |SZ] <|s¢| if z<t arein Q

(b) st¢st1 iftisinQ
Theni(z,t)=i(sy,s¢) if 2, t€Q.
Proof. We argue by induction on max(|z|, |t|). Asi(z,t) =i(t, z) if z,t € Q, we may assume that
z <; t. We go through the cases of the definition of i.

If |z| <|t™|, then |s.| <|s;~ |<{ st)” | since ;- S s, and

(2, t)=i(2,t7) =i(s2, 8- ) =+ =i(s2, (50)7) =i(s2, 5¢).-
If |z|=|¢t"|and (z,t7) € L., then |s.| <|s;~| <|(s¢) | again and we conclude as above.

If |z| <|t| and |z|> [t ™[, then |s,| <|s¢| and |s,|>|s;-|. Let s€ @ with s C s and |s,| <|s| be of
minimal length. Note that i(z,t) =i(z,t7)+1=i(s,, 54— ) +1=1(s2, s) =1i(52, 5¢).

If |z|=|t"| and (2,t”) ¢ L ., then either z=t", or (2,t~) € L, so that
i(2,t)=i(z,t 7 )+ 1=i(ss, 8- )+ 1="-=i(sz, (1)) =i(s2, 5).
If [z|=t], |t7|<|z7| and 27~ <jext ™, then |s;— | <|s,-| <|s:| <|s¢],
i(z,t)=1i(z",t7 ) +1=i(s,—, 8- )+1=i(ss, 54— ) +1=1(s2, 5¢).
If [z|=t], |z7| <|t7| and 27~ <jext ™, then |s,— | <|s;— | <|sz| <|s¢],
i(z,t)=1i(z",t7 ) +2=1i(s,—, 8- )+2=1i(s,, 54— ) +1=1(52, 5¢).

If |z|=t], |27 |=|t"|and 2~ #t ", then (27, t7) €L, |s.— | <|s;— | <|s:| <|st|, and we conclude as
above. Thus i(z,t)=i(s., s¢) in any case, as desired. O

The next result is the key lemma to prove Theorems 1.3 and 1.4.

Lemma 3.7 Let H C IP; be homeomorphic to Py. Then there is f : 2¥ — 2% injective continuous
satisfying the following properties:

(i) f[P¢] C H; in particular, for each t € Q) there is ny > 1 with f(t0>°) =5,0>,

(ii) f[Poo] CPoo,

(iii) i(z, 1) =i(52,80) if 2, €Q.

Proof. We ensure (1)-(6) with C':= H, that Uy is of the form N, N C, and

(2) ap, €N, N H if tisin 2<%

(4) 210 <tex 2zt1 and |240| =241 ] if £ is in 2<%
(7) |sz\ <|s¢|if z<;t are in Q)

(8) 5t Gspiftisin Q

(9) ( t)=i(sz,s¢) if 2,1€Q

20



It is enough to prove that the construction is possible. We choose ny > 1 with s30°° € H, and
set 2 := sp. Assume that (1¢)jy<; and (2¢)|¢<; satisfying (1)-(9) have been constructed, which is the
case for [=0.

Fix t € 2!. As an, €Uy =N, NC, z C 5,0°. We choose s C 50> extending z; and s, in
such a way that Ny N ({a, | n <1}\{an,}) =0 and |s.| < |s| if z <; t1. Let ny > 1 such that
Qi € Ny N H\{ay, }, which is possible by density of H in the perfect space C. We set z;1 = s;1 and
210 = Qin, ||z¢1]- Note that (1) holds. (2) holds by definition. By our extensions, (3) holds. (4) holds
because of the choice of s and ns1. (5)-(8) hold by construction. By Lemma 3.6, (9) holds. [l

Proof of Theorem 1.4. We may replace Q with its topological copy Py. We set, for 2,2 € @,
c({20%°,t0°°}) := i(z, t), which is well-defined by symmetry of i. As i((10)¥0°, (01)*0>°) = 2k
and i((01)*0>, (10)**10°°) =2k+1, c is onto. If H C P is homeomorphic to Py, then Lemma 3.7
provides f:2% —2¥. We set h:= fip,. If 2,1 € Q, then

c({r(20%°), h(t0%°)}) =c({s:0%, 5:0°}) =i(s2, 51) =i(2, t) = c({20°°,10°}).

In particular, ¢ takes all the values from w on H2. |

Notation. We now set, when (2¢, C) is I'-good and 3 € 2%,

Rs:=AC)U [ {(20%°,t0°) | z £t€Q A i(z,t)=p},
Bp)=1

so that Rg is symmetric.

Corollary 3.8 Let 3 € 2¥. Then Ry is <. and C.-minimal among non-I" relations on an analytic
space.

Proof. Note that Ry is a diagonally complex relation, and therefore not in I'. Let C be a finitely
dense Cantor set. By Corollary 3.4, it is enough to see that the inequality (2*,Rs) C. (C,Rg N C?)
holds. We apply Lemma 3.7 to H := C' N P;. As C'is finitely dense, H is nonempty, countable,
metrizable, perfect, and therefore homeomorphic to Py (see 7.12 in [K]). Lemma 3.7 provides a
witness f:2* — 2% for the fact that (2, Rg) C. (C,Rz N C?). O

Lemma 3.9 The family (Rg)sen, is a <.-antichain.

Proof. Assume that 3,5 € Ny and (2¥,Rg) <. (2*,Rg ), with witness f. By Lemma 2.4, f
preserves C.

Claim. Let ug € 2<%. Then we can find u, € Q and uy,u) € Q\{0} such that f(uo0%)=u,0> and
f(uoui0%°) = ufu) 0.

Indeed, let uf, € @ with f(ug0>) = u(0°°. We can find a sequence (Sj;)xe. of points of Poy
converging to up0>°. As f preserves C, f(uo0°)# f(5k), and we can find (ny ) ke, stricly increasing
such that o, |k= 0|k and f(uo0>) # f(ap, ), so that (o, )kew is a sequence of points different
from 10> converging to up0>. Let vy, v, € Q with o, = v;0°° and f(ay, ) = v;,0°. We may
assume that ug ; vg. As f is continuous, we may assume that f(a,, ) € N% for each k, so that
uy G vy, It remains to choose uy, uj € Q\ {0} such that vy =wugu; and v} =ugu. o
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Assume that tg, - - - , top2 € 2<% are not initial segments of 0°°. Then
(tot102) -ty 012kl 0%, 460Nty - - OlF2rrtly 0)
isin {(20°°,t0%°) | z #t€Q A i(z,t)=2k+2}. Similarly,
(to0!1 1ty - - 0lt2r=1l10,0% 02,0121 - -ty 1 010261y 1 0°°)
isin {(20%°,t0%°) | z #t € Q A i(z,t) =2k+1}. We first apply the claim to ug := to € ), which

gives t;, € Q and t1,t} € Q\ {0} with the properties that f(t,0°°) =¢,0° and f(tot10°°) = ¢t} 0.
The continuity of f provides k1 > [t1| such that f[N; x| C Ntf) AR We next apply the claim to
ug :=to0", which gives fo, # in Q\ {0} such that f(to0*1£,0%°) = t4#,0°°. Note that 0“1l C #,. We
set to:=0"~11lf, and ¢} :=#, — 01", s0 that ¢5, ¢}, are not initial segments of 0°° and

f(to0llE50%) = ¢h 0l 500
This argument shows that we can find sequences of finite binary sequences (t;) . and (t}) je., Which

are not initial segments of 0°° and satisfy f(tOO‘tl‘tQ e O‘t%—l‘tgkoo") = t60‘t’1|t’2 e O|tl2’€—1|t’2k30OO
and f(tgt10/%2] - to_10M2klty, 10°°) = tht| 0l .. -t’zk_lo\t’zkit’%ﬂooo for each k € w. By the
remark after the claim, 5= 3" O

Proof of Theorem 1.3. We apply Corollary 3.8 and Lemma 3.9. g

Theorem 1.3 shows that if < is in {<., C.}, then the class of non—Hg countable relations on
analytic spaces, equipped with <, contains antichains of size continuum made of minimal relations.

3.3 Graphs

Theorem 1.3 shows that, for the classes of rank two, any basis must have size continuum. It is
natural to ask whether it is also the case for graphs. We will see that it is indeed the case.
Notation. We define, for €2, Gg:= s({ ((0,a),(1,7)) €D? | (a,7) € Rg}). Note that G is a
locally countable graph.
Lemma 3.10 LetI':= 28, (29, C) be I'-good, €2, X be an analytic space, R be a relation on X,
and R be a relation on D such that Ry N A(2¥)=A(C) and (D,R) C. (X, R) C. (D,Gg). Then
(2¥,Rp) C. (2¢, R 1) with witness h having the property that (R o URy 1) N h[2¢]2 =.
Proof. Let g, f be witnesses for the fact that (D, R) C. (X, R), (X, R) C. (D, Gg) respectively.

We set, fore €2, X.:={x€ X | fo(x)=¢}, which defines a partition of X into clopen sets. The
definition of G4 shows that R C (Xox X1) U (X1 x Xo). If ag € C, then (g(0, a), g(1, 0)) € R,

which gives g9 € 2 and [ € w such that g(0, ) € X, and g(1, @) € X1_¢, if @ € Ny);. This shows

that R N (2% Ny, 1)? Qs({ ((e0, @), (1—€0,7)) | a,fy€2“’}). Note that R, , is a relation on 2%, As
Ro,1 N A(2¥)=A(C), Rg,1 is not in I'. Moreover, by symmetry of Rz,

(,7)€Ro1 < ((0,a),(1,7)) ER = (9(0,),9(1,7)) ER
& (F(900,0), F(9(1,7)) ) €65 & (f1(900,0)), fi(9(1,7) ) €Rg

ifOéENaOIl.
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Claim. f1(g(0,a)) = f1(9(1,a)) if «€C N Ny 1.

Indeed, note that « € C < ((0,a), (1,0)) €R < (fl (9(0,)), f1(g(1, oz))) €Rg if a € Ny 1-

We argue by contradiction, which gives ap € C N Ny, £ € 2<% ne2and ! > with the properties
that f1(g(0, a)) € Ny and f1(g(1, ) € Ny(1—y) if @ € Ny . In particular,

Cn Nao\l’:{QENagﬂ’ ‘ (fl (g(ova))a fl (g(l7a))> ERﬁ N (NtUXNt(lfn))}’

which shows that C N N, » € ' =X since R\ A(2¥) is countable, contradicting the choice of C.o

By the claim, continuity of f, g and density of C, f; (g((), a)) =f1 (g(l, a)) if & € Ny This
shows that (N, 1;, Ro1 N Nc%oll) <¢ (2¥,Rg). By the proof of Corollary 3.4 and Corollary 3.8,

oll»

(2“,Rp) Ce (Nagp, Ro,t N NG ).

0|lv

and we are done. O

Lemma 3.11 Let T := 2(2), (2%,C) be I'-good, and € 2*. Then Gg is C.-minimal among non-T'
relations on an analytic space.

Proof. Let X be an analytic space, and R be a non-T relation on X with (X, R) C. (D, Gg). As Gg
has sections in ' =39, R too. By Theorem 2.2, one of the following holds:

(1) there is a relation R on 2¢ such that R N A(2*)=A(C) and (2¥,R) C. (X, R),
(2) there is a relation R on D such that Ry ; N A(2¥)=A(C) and (D,R) C. (X, R).

As Gg is a digraph, R and R are digraphs too. So (1) cannot hold. By Lemma 3.10,
(2¥,Rp) Cc (2¥,Rop),

with witness h having the property that (Roo U Ry 1) N h[29]% = (). We define k¥ : D — D by
k(e, &) := (g, h(c)). Note that k is injective, continuous, and

((0,a),(1,7)) €Gg & (M), h(7)) ERo1 < (k(0,),k(1,7)) €R,
showing that (D, Gg) C. (X, R) as desired. O
Lemma 3.12 Let T:=3%9, and (2°,C) be I'-good. Then (Gg)gpen, is a C.-antichain.
Proof. Let 3, 5/ € Ny. Assume that (D, Gg) C. (D, Gg). Lemma 3.10 shows that
(2°,Rgr) Ce (2%, (Ggo1) = (2, Rg),
so that 3=’ by Lemma 3.9. O

Corollary 3.13 There is a concrete C.-antichain of size continuum made of locally countable Borel
graphs on D which are C.-minimal among non-Eg graphs on an analytic space.

Proof. We apply Lemmas 3.11 and 3.12. O

We now turn to the study of the class TT9.
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Lemma 3.14 Assume that ' =113 and 3 € No\{0°°}. Then Rg has a non-II3 section.

Proof. We argue by contradiction, so that Rz has nowhere dense sections since it is locally countable.
By Corollary 2.12, (2, A(C)) T, (2¥,Rg). Note that (2, Rg) C. (2%, A(C)) by Theorem 1.2 and
Corollary 3.5, which contradicts the injectivity since € Ny\{0}. O

Remark. Lemma 3.14 shows that a locally countable relation can have a non-II9 section, and there-
fore be non-IIY because of that. This is not the case for the class 9. This is the reason why we
cannot argue for the class ITJ as we did in Corollary 3.13 for the class 9. More precisely, note

that an‘g’“ is a (locally) countable graph with a non-TIT§ section. Moreover, (S, GHQ’ ) Ce (D, Gp)
for any 8 € No\{0>}. Indeed, Lemma 3.14 gives o € 2% such that (Rg),, is not ITY since R is
symmetric. By Theorem 2.5, there is g : 2% — 2 injective continuous such that Py = g ! ((Rg)ao).
We define f:S—D by f(0°°):=(0, ap) and f(1er):= (1, g(cx)), so that f is injective continuous and

(Ea,n’y)e(@gg’a@(EzOAazOOO/\n:IA’ye}P’f) Vie=1NaePr An=0A~y=0%)
& (). £om) = ((0.00) (1.900) A (.9 R )

((f(aa>,f<m>) = ((1,9(0)), (0, 00)) A (a0, 9(e)) eﬂ%)
< (f(eq), f(1m)) €Gg.

So we need to find other examples for the class TT9.

Theorem 3.15 There is a concrete C.-antichain of size continuum made of locally countable Borel
graphs on 2“ which are C.-minimal among non-Hg graphs on an analytic space.

Proof. We set, for 5 € No\{0°}, Gg:=Rg\A(2¥). As Rg is symmetric, Gg is a graph. In particular,
we can speak of proj|Gg]. By Lemma 3.14, Rg has a non-TI9 section. A consequence of this is that
Gg is not ITJ. Let X be an analytic space and R be a non-ITJ relation on X with (X, R)C, (2¥, Gg),

with witness f. By injectivity of f, we get (X, RU(fxf)™1 (A((C))) C. (2¥,Rp). As A(C) e XY
is disjoint from Gg, R U (f x f)~'(A(C)) is not IIJ. By Corollary 3.8 and injectivity of f,
(2¥,Rp) C. (X,RU (fxf)_l(A((C))>. By injectivity of f again, (2,Gg) C. (X, R), showing
the minimality of Gg.

Assume now that 3, 5/ € No\ {0} and (2¥, Gg) C. (2¥, Gy ), with witness f.

Claim. Let ug € 2<% with ug0°° € proj|Gg|. Then we can find uf, € Q and u1, v} € Q\{0} such that
J(uo0%) =u(0%°, ugu10%° € proj|Ggl and f(ugu10°°) =wugyu; 0.

Indeed, as up0> € proj[Ggl, there is 7 such that (10>, 7) is in Gg, and (f(uo0>), f(7)) is
therefore in Gg . In particular, f(uo0>) € Py and there is ug € @ with f(ug0>) = u0°°. As f is
continuous, there is ko such that f[N, o] € Ny .

Let us prove that proj(Ggl is dense in 2. Let s € 2<%, and p:=2k+e > 1 with §(p) = 1. We set
(2,t) := (s1(10)%+°1, s1(01)%), so that z #t € @, i(2,t) = p, (20°°,t0%°) € Gz N N2 and proj[Gp]
meets [V, as desired.
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Let o € proj[Gg] N N, gkoy» and 4 such that (v, 6) is in Gg. Then (f(c), f(6)) is in G, and
f(@) € Py M Ny \ {up0>} by injectivity of f. This gives ui,u) € Q\ {0} with & = uou10> and
f(o) =uguy 0. o

The end of the proof is now similar to that of Lemma 3.9. Let us indicate the differences. We first
apply the claim to ug :=to € Q such that t,0°° € proj|Gg], which gives ¢, € Q and ¢, € Q\ {0}
such that f(t00°°) =60, tot10°° € proj[Gs] and f(tot10°°) =14t 0°°. The continuity of f provides
k1 > |t1] such that f[NtOOkl] C tho‘ti" We next apply the claim to ug := to0*1, which gives #5, ) in
Q\{0} such that t,0*1£20™ € proj[G] and f(to0*1£20°°) =t{,#,0°. This provides sequences (;),e.
and (t;) jew as in the proof of Lemma 3.9. By the remark after the claim in the proof of Lemma 3.9,

B=p" O

4 Acyclicity

Remark. Assume that 8 € Ny \ {0>°}. Then Rz is not s-acyclic. Indeed, (0°°,10°°,1%20%) is a
s(Rg)-cycle if B(1)=1, (10°°,010°°,0%10°) is a s(Rg)-cycle if 3(2) =1,

(101%+1p%° 1530 0101%0°)

is a s(Rp)-cycle if B(2k+3) = 1, and (010120(110)*0>, 10103(10%)¥0°°,010%12(101)¥0>°) is a
s(Rg)-cycle if 3(2k+4) = 1. We will see that Theorem 1.2 can be extended, under a suitable
acyclicity assumption. We need to introduce new examples.

Notation. Let I" be a non self-dual Borel class of rank at least two, and (2, C) be I'-good. We set
A:={te4®) | 1(0,0)€2 A (£(0,1)=0V #(1,0)=0) A(1,1)7#0}. We then set, for ¢ € A,
Ry “:={(0°,0%) | #(0,0)=1} U {(0°,1a) | a € Sy 1)} U {(1a,0%) | a € Sy 9)} U

{(la, 1a) | a €Sy 1)}

Note that G :Rg’&m. Finally BT := {(S, Rf’a) | te A}.

Lemma 4.1 Let T be a non self-dual Borel class of rank at least two. Then AT U BT is a 76 elements
<.-antichain.

Proof. Assume that ¢, € A and R} ** is <,-below RIE’“ with witness f:S—S. If Rg’“ is symmetric,
then Rf * is too, and t' is of the form (g,0,0,&’). As Rf’a,R?a have only one vertical section
not in I', f(0°°) = 0, f(1,a)(0) = 1 by the choice of C, and the function f(1,.) defined by
1f1(1,a) = f(la) preserves C. Thus ¢t =t'. So we may assume that Rg’a is not symmetric, i.e., ¢/
is of the form (e, &, ", &) with ¢’ £&”, and &' =0 or ¢” = 0. If, for example, ¢’ # 0, then Rf’a has
vertical sections in T', as well as Rf’a, so that ¢ is of the form (n,n’,0,n"") with 1y # 0. Note that
Rf’a, Rg’a have only one horizontal section not in I', f(0°°) =0, f(1,a)(0) =1 by the choice of
C, and fi(1,.) preserves C. Thus t=t', even if £’ #0.

As the elements of BT have a section not in T" and the elements of AT have closed sections, an
element of BT is not <.-below an element of AT By Theorem 1.2, it remains to see that an element R
of AT' is not <.-below an element R{’a of BT'. We argue by contradiction, which provides f:2% —S
or f:D—S.
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In the first case, note first that f(«)(0) = 1, since otherwise f(3)(0) = 0 if 8 is in a clopen
neighbourhood C of a. If § # v € C NC, then f(B) = f(y) = 0%, so that (0>,0%) € ]Rf’a
and (8,7v) € A(C), which is absurd. This shows that A(C) € T" since (Rf’a)u € I, which is
absurd. In the second case, note first that f(0,«)(0) = 1, since otherwise f(0,3)(0) = 0 if 3 is
in a clopen neighbourhood C' of a. We may assume that there is €9 € 2 with the property that
f(1,8)(0)=¢g if B€C. If B#~€C NC, then either £g =0, (f(0,8), f(1,7)) =(0,0) eRy

and ((0,8),(1,7)) €R, or g9 =1, (£(0,8), f(1,8)), (£(0.7), F(L,7)) R, f(1,8), f(1,7) are
in {la | a € C}, (f(0,8), f(1,7)) € R;** and ((0, ), (1,7)) € R, which is absurd. Similarly,
f(1,a)(0)=1. This shows that Rq ; € T since (RI'); 1 €T, which is absurd. O

We now study the rank two.

Lemma 4.2 Let R be a s-acyclic Borel relation on Po,. Then we can find a sequence (Ry)new of
relations closed in Poo X 2% and 2% x Po, as well as f : 2% — 2% injective continuous preserving Py

such that (fx f)"'(R) CU,e., Rn-

Proof. Assume first that 12, is not separable from Py by a set in Eg, for some a9 € Py,. Theorem 2.5
provides h:2% —2“\ {ay} injective continuous such that Poo Ch™1(Ry,) and Py Ch~(Py). We set
R':=(hxh)"}(R).If a, 3,7 € P are pairwise distinct and 3, y € R}, then (h(8), h(a), h(y), o) is
a s(R)-cycle, which is absurd. Thus R’ has vertical sections of cardinality at most two. So, replacing
R with R’ if necessary, we may assume that R,, is separable from P; by a set in 3 for each a € 2¥.
Similarly, we may assume that R is separable from PPy by a set in 39 for each a € 2%, It remains to
apply Lemma 2.6. O

Lemma 4.3 (a) Let R be a s-acyclic subrelation of IP’?. Then there is f:2% — 2 injective continuous
preserving Py such that (f x f)"1(R) CA(Py).
(b) Let R be a s-acyclic subrelation of (2 x IF’f)Q. Then there is f :2% — 2% injective continuous

preserving P¢ such that (f x f)*l(UE’,7€2 R. ) CA(Py).

Proof. (a) Assume that R, is not nowhere dense for some ag € P¢. This gives s € 2<“ with the prop-
erty that Ny C Riao Note that Ny N Ry, \{ao} is not separable from Ny NPy, by a Hg set, by Baire’s
theorem. Theorem 2.5 provides h:2* — N, \{ap} injective continuous such that Py Ch™!(R,,) and
Poo C h7 1 (P). If R := (hx h)"'(R), o, 8,7 € Py are pairwise distinct and 3,y € R.,, then
(R(B), h(cr), h(7), ) is a s(R)-cycle, which is absurd. This shows that, replacing R with R’ if nec-
essary, we may assume that R has vertical sections of cardinality at most two. In any case, we may
assume that R has nowhere dense vertical sections. Similarly, we may assume that R has nowhere
dense horizontal sections. It remains to apply Lemma 2.11.

(b) We argue similarly. Fix ¢,n € 2. We replace R with R. ;. We just have to note that the cycle
(h(8), h(@). h(), ao) becomes ( (n, A(5), (=, h(0)), (1, (1)), (¢, 0) ). =

Lemma 4.4 (a) Let R be a s-acyclic Borel subrelation of (Pf xPs) U (Poo X Pf). Then there is
f:2% = 2% injective continuous preserving Py such that (f x f)~'(R) =0.

(b) Let R be a s-acyclic Borel subrelation of ((2xPf) x (2xPsg)) U ((2xPog) X (2xPy)). Then
there is [ :2¥ —2“ injective continuous preserving Py such that (f x )~ (Uayn@ R ) =0.
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Proof. (a) By symmetry, we may assume that R C Py x P. Assume first that 12, is not meager
for some oy € Py. This gives s € 2<“ with the property that Ny N Rq, is comeager in N,. In
particular, Ny N Pf\ {a} is not separable from N N Ry, by a ITS set, by Baire’s theorem. Theorem
2.5 provides h: 2¥ — N\ {ao} injective continuous with Py C h™!(P) and Poy C h™ 1 (Ry,). If
R :=(hxh)" (R), a € Py, B # v € R, then (h(8), h(a), h(7),0) is a s(R)-cycle, which is
absurd. This shows that, replacing R with R’ if necessary, we may assume that R has meager vertical
sections. Let F' be a meager 3 subset of 2¢ containing | J acP; R,. Note that Pf is not separable
from Po \ F by a ITJ set. Theorem 2.5 provides f:2* — 2 injective continuous with Py C f~1(P)
and Po, C f 1 (Poo \ F). Thus (f x f)~1(R) is empty.

(b) We argue as in the proof of Lemma 4.3.(b). O

Corollary 4.5 (a) Let R be a s-acyclic Borel relation on 2%. Then there is f : 2* — 2 injective
continuous preserving Py such that (f x f)~1(R) CA(2%).

(b) Let R be a s-acyclic Borel relation on D. Then there is f : 2% — 2% injective continuous
preserving Py such that (f x f)_l(UE,T]62 R. ) CA(2Y).

Proof. (a) By Lemma 4.3, we may assume that R N IP’% C A(2¥). By Lemma 4.4, we may assume
that RN ((PyxPs) U (Pos X Py)) =0. By Lemma 4.2, we may assume that R\ A(2*) is contained
in the union of a sequence (R,,),e,, of relations on P, which are closed in Py, x 2% and in 2% X P.
By Lemma 2.8 applied to (R, )ne.,, we may assume that R NP2 C A(2%).

(b) By Lemma 4.3, we may assume that | J RN IP’?C CA(2¥). By Lemma 4.4, we may assume

£,n€E2
that R N (((2 XPs)x (2xPs)) U ((2xPoo) X (2% IP’f))> =(). By Lemma 4.2, we may assume that
(U ye2 Bey) \A(2¢) is contained in the union of a sequence (R, )ne. of relations on Po, which
are closed in P, x 2¥ and in 2% x Po,. By Lemma 2.8 applied to (R,,)necw, We may assume that
Uepea Ren NP CA(29). O

Theorem 1.9 for classes of rank at least three is a consequence of Lemma 4.1 and the following
result since the elements of A" are contained in either A(2%), orin {((e, z), (n,z)) €D? | x €2¥},
and the elements of BT are contained in A(S) U ({0%°} x N7) U (N7 x{0°°}), which are s-acyclic and
closed on the one side, and G, and GL;® are the only graphs in AT U BT on the other side. The next
proof is the last one using effective descriptive set theory.

Notation. We set, for any relation R on S, Ry 1:={(c, ) €2“x2% | (1, 18) € R}.

Theorem 4.6 Let I be a non self-dual Borel class of rank at least three, X be an analytic space, and
R be a Borel relation on X contained in a s-acyclic Borel relation with Eg vertical sections. Exactly
one of the following holds:

(a) the relation R is a T subset of X2,
(b) there is (X,R) € AT U BY such that (X,R) C. (X, R).
Proof. By Theorem 1.2 and since the elements of BT have a section not in T, (a) and (b) cannot hold
simultaneously. Assume that (a) does not hold. By Theorem 2.2, one of the following holds:
(1) the relation R has at least one section not in I",
(2) there is a relation R on 2 such that R N A(2¥)=A(C) and (2¥,R) C. (X, R),
(3) there is a relation R on D such that Ry ; N A(2¥)=A(C) and (D, R) C. (X, R).
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(1) Let zp € X such that, for example, R, is notin I', the other case being similar. Note that R \{zo}
is not separable from X\ (R, U{zo}) by asetin I'. Theorem 2.5 provides h:2“ — X \{zo} injective
continuous with C=h"1(R,,). We define g:S— X by g(0>°) := ¢ and g(1a) := h(a), so that g is
injective continuous. Considering (gxg) ~!(R) if necessary, we may assume that X =S, 29 =0> and
Ryy NNy ={la | a€C}. Let A be a s-acyclic Borel relation with 39 vertical sections containing R.

For the simplicity of the notation, we assume that the rank of I" is less than w1CK, and C, A are Al
Theorem 3.5 in [Lol] gives a sequence (C,,) of Af relations with closed vertical sections such that
A=U,c, Cn- By Lemma 2.2.2 in [L5], A} N 2¥ is countable and II}", so that V := 2%\ (A} N 2¥)
is X', disjoint from A} N2, and V N C is not separable from V' \ C by a set in I'. We will apply
Theorem 3.2 in [L5], where the Gandy-Harrington topology Y». on 2% generated by Xj (2¥) is
used. Let us prove that A; 1 N V? is (Zaw)?-meager in V2. It is enough to see that (Cp)11 N V2
is (Xow)2-nowhere dense in V2 for each n. By Lemma 3.1 in [L5], (Cy)1,1 is (Zaw)?-closed. We
argue by contradiction, which gives n and nonempty X} subsets S, T of 2 with the property that
SxTC(Cp)iaN V2. By the effective perfect set Theorem (see 4.F1 in [Mo]), S, T" are uncountable.
So pick z, y € S and z, t € T pairwise different. Then (1x, 1z, 1y, 1¢) is a s(.A)-cycle, which is absurd.
Theorem 3.2 in [L5] provides f : 2% — 2% injective continuous preserving C with the property that

(f(a), £(8)) ¢ Ay if a#B.

Considering the set (f x f)~!(R) if necessary, we may assume that Ry C A(2¥). We set
Eiq1:={ae2¥| (o,a)€ Ry 1}, so that E ; is a Borel subset of 2* and R 1 =A(E; ;). By Lemma
2.13, we may assume that E ; =S; for some j €4. If j=0, then (2%, A(C)) C. (X, R). So we may
assume that j # 0. Similarly, {a €2% | (1a,0%) € R} =S, for some j € 4. This provides t € A with
(S,RI"%) C. (X, R).

(2) We partially argue as in (1). Note that R is Borel and contained in a s-acyclic Borel relation with
329 vertical sections A.

This time, C, € A} ((2¥)?). Let us prove that C,, N V? is (X« )?-nowhere dense in V2 for each n.
We argue by contradiction, which gives n and nonempty X} subsets S, T of 2% with SxT' CC,, N V2.
Note that (z, z,y,t) is a s(.A)-cycle, which is absurd. Theorem 3.2 in [L5] provides f : 2% — 2¥
injective continuous preserving C such that (f(«), f(8)) ¢ Aif a#S.

Considering (f x f)~!'(R) if necessary, we may assume that R C A(2¥), which means that
(2#,A(C)) C. (X, R).

(3) We partially argue as in (2).

This time, C,, € A}(D?). Fix &,7 € 2. Let us prove that (Cy,)c, N V2 is (X5« )?-nowhere dense
in V2 for each n. We argue by contradiction, which gives n and nonempty X subsets S, T of
2¢ with S x T C (Cp)eyy N V2. Note that ((,2), (n,2), (¢,y), (n,t)) is a s(A)-cycle, which is
absurd. Theorem 3.2 in [L5] provides f : 2“ — 2% injective continuous preserving C such that

(£(0), F(8)) $Us pen Acn if a 5.

Considering (f x f)7'(R) if necessary, we may assume that R., C A(2%) and Ro1 = A(C).
Theorem 1.2 provides (X, R) € AT such that (X,R) C, (X, R).

So (b) holds in any case. [l

Theorem 1.8 is an immediate consequence of the following result.
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Theorem 4.7 Let I' be a non self-dual Borel class of rank two, X be an analytic space, and R be a
s-acyclic Borel relation on X. Exactly one of the following holds:

(a) the relation R is a T' subset of X2,
(b) there is (X,R) € A U B such that (X,R) C. (X, R).

Proof. We partially argue as in the proof of Theorem 4.6. For the case (1), recall that we may assume
that X =S, xp = 0% and R, N N1 = {la | « € C}. Corollary 4.5 provides f : 2% — 2¢ injective
continuous preserving C such that (f(c), f(53)) ¢ Ru,1 if a# 3. For the case (2), R is s-acyclic Borel,
and by Corollary 4.5 we may assume that R C A(2¢), which means that (2, A(C)) C. (X, R). For
the case (3), by Corollary 4.5 we may assume that | J_ ., Re, CA(2%) and Ro,1 =A(C). O

Theorem 1.6 is an immediate consequence of the following result.

g,ne

Corollary 4.8 Let X be an analytic space, and R be a s-acyclic Borel relation on X whose sections
are in 9. Exactly one of the following holds:

(a) the relation R is a Eg subset of X2,

(b) there is (X, R) € A2 such that (X,R) C. (X, R).
In particular, AZS is a 34 elements C. and <.-antichain basis.
Proof. We apply Theorem 4.7 and use the fact that the elements of BT have a section not in T". g
Notation. We set
CI3 .= AT

Hg,a (22)
{(S,R; %) | te4®) A1(0,0),t(0,1),£(1,0) €2 A (£(0,1)=0V £(1,0)=0) At(1,1)#£0}.
Theorem 1.7 is an immediate consequence of the following result.

Corollary 4.9 Let X be an analytic space, and R be a s-acyclic locally countable Borel relation on
X. Exactly one of the following holds:

(a) the relation R is a Hg subset of X2,
(b) there is (X, R) € C™2 such that (X,R) C, (X, R).

0. C L .
Moreover, C™2 is a 52 elements <_-antichain (and thus a C. and a < -antichain basis).

Proof. We apply Theorem 4.7 and use the fact that {o €2 | (1cr,0°°) € R} =5} for some j € 2 since
0

R is locally countable. This provides (S, R? 2% in C™2 below (X, R). O

S The rank one

Notation. Let K:={27% | kcw} U {0}, and C:={27% | kcw}. We first set
So:={(z,y)€K? | z,ycC Az <y},

Sp:={(z,y)€K? | z=yecC},
So:={(z,y)€K? | z,ycCA x>y},
Sy:={(z,y)€K? | zcCAy¢C),
Sui={(z,y) €K? | 2 ¢C AyeC},
55::{($7y)€K2 | l’,ygé(C}
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Note that (S;)j<¢ is a partition of K2, and the vertical sections of S and the horizontal sections of
So are infinite. We set N:={t€2% | (t¢15At(5)=0)V (t(2)=1At(3)=0) V (t(0)=1At(4)=0) }.
119

We first consider the class IT{ and set, for t € 2%, Ry’ :=U; 6 4(j)=1 S)-

We next code relations having just one non-closed vertical section, with just one limit point on
this vertical section, out of the diagonal. We set

Vi={te(26)% | £(0,0)€ ({0}°x2) A t(0,1)=(0,0,0,0,1,0) A £(1,0) € ({0}* x2x {0} x2)
At(1,1)¢ N},
and L:=(—C) & K. We set, forteV,

0
RI‘}% = U {((e,2), (n,v)) €L? | (2,y) € S;}.
(em)€22,5<6,t(e.n) (j)=1

Similarly, we code relations having closed vertical sections, and just one non-closed horizontal sec-
tion, with just one limit point on this horizontal section, out of the diagonal. We set

H:={te (26)2 | ¢(0,0) ¢ N A £(0,1)=(0,0,0,1,0,0) A #(1,0) € ({0}*x22)\{(0,0,0,0,1,0)}

At(1,1)€({0}°x2)},
and M:=K & (—C). We set, fort€ H,

HO
Ry = U {((e.2), () eM? | (z,y) €85}
(e:m)€22,5<6,t(en)(4)=1
We define a set of codes for relations on K with closed sections as follows:
C:={te2° [t(0)=1=t(4d)=1=t(5)=1At2)=1=t(3)=1=t(5)=1}.
We define a set of codes for the missing relations in our antichain basis. We set
S:={te (2% | #(0,0),t(1,1)¢ N A t(0,1)=(0,1,0,0,0,0) A t(1,0)€C A
£(1,0)=(0,1,0,0,0,0) = ¢(0,0) <jex t(1,1) }.

my 2 -

We set, for t€.5, R 1 := )22 j<6,4(,m) (j)=1 {((e,2), (n,y)) €D? | (z,y)€S;}. Finally,

0 0 0 0
A™ = {(K,Ry}) | te N} U {(L,Ry}) [ teV}U{(M,Ry}) [ t€ H} U {(D,Ry}) | te S}
is the 7360 elements <. -antichain basis mentioned in the statement of Theorem 1.5.

We set, for j € 22, Tj := {(272+=7() 2-2k=3(1)) | | € w}. We then define relations on K by

0 0
Rgll :=T{,1) and R?l :=T{0,1) UT{1,0)- They describe the 2 elements mentioned at the end of the

statement of Theorem 1.5. For the class 39, we simply pass to complements.

For graphs, in the case of the class ITY, the 5-elements <.-antichain basis is described by the
following codes:
-(0,0,0,1,1,0) (acyclic) , (1,0, 1,0,0,0), (1,0,1,1,1,0) € N,
- ((0,0,0, 0,0,0),(0,0,0,0,1,0),(0,0,0,1,0,0), (0,0,0,0,0,0)) € V (acyclic),
-((0,0,0,0,0,0),(0,1,0,0,0,0),(0,1,0,0,0,0), (0,0,0,0,0,0)) €5 (acyclic).
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0
In order to get the 6-elements C.-antichain basis, we just have to add (K, R?l) (which is acyclic).
In the case of the class 2(1), the 10-elements <. and C.-antichain basis is described as follows: take
-for (1,1,1,0,0,1) € N, Uj<64(j)=0 Sj (Which is acyclic),

- for
t€{((0,0,0,0,0,1),(0,0,0,0,1,0),(0,0,0,1,0,0), (g0, 1,0, £1,1,1)) €V | (0,£1) #(1,0)},

Uleme22,j<6.tem()=o 1 ((&, ), (n,y)) €L? | (z,y)€S;} (which is acyclic when (0,£1) = (1, 1)),
- for
te{((e0,1,€0,€1,€1,1),(0,1,0,0,0,0),(0,1,0,0,0,0), (e2,1,€2,3,€3,1)) €S |

(e0,€1), (e2,€3) #(1,0) A (0,1, €0, 61,61, 1) <iex (€2, 1, €2, €3, 3, 1) }.

Uleme22,j<6em()=o 1 (&, 2), (n,y)) €D? | (x,y) € S;}.

6 Uncountable analytic relations

Notation. We set H:=N; x{0°}, V := {0®°} x N, and L := HU V. If A € {H,V,L}, then
AT:=AU{(0°,0%)}. Let 0: 2 — 2% be defined by o(a)(n):=«a(n) exactly when n > 0. Then o is
a homeomorphism and an involution. We set
A= { (20.:’ (20.))2)7 (S, H)a (Sa V)a (Sa L)a (87 H+)7 (Sa V+)7 (Sv ]L+)a

(2w7 7&)7 (2w’ <lex)v (201’ :)a (20.1’ Slex), (2w, Graph(o)), (2w, Graph(O\No)) }

We enumerate A°:={&; | ¢ <12} (in the previous order).
Lemma 6.1 A€ is an antichain.

Proof. Note that if (X, A) C. (Y, B) and B is in some Borel class I, then A is in I" too. The second
coordinate of a member of £y-& (resp., E7-Es, E9-E12) is clopen (resp., open not closed, closed not
open). This proves that no member of £7-£15 is reducible to a member of £y-&, and that the members
of £7-&g are incomparable to the members of £9-E12. Note that the second coordinate of

- & and Ey-&1 is reflexive.

- &1-E3, E7-Eg and £11-E19 is irreflexive.

- &0, &3, &6, E7, Eg and £11 is symmetric.

- £1-E9, E4-E5, Eg-E10 and 19 is antisymmetric.
- &0-Ea, E4-E5, Eg-E1p and E1- is transitive.

Assume that (X, A) C. (Y, B), and that P is one of the following properties of relations: reflex-
ive, irreflexive, symmetric, antisymmetric, transitive. We already noticed that (X, A) has P if (Y, B)
does. Note also that if (X, A) has P, then there is a copy C of X in Y such that (C, B N C?) has
P. This implies that the only cases to consider are the following. In all these cases, we will prove by

contradiction a result of the form (X, A) [Z. (Y, B), which gives i: X — Y injective continuous with
A=(ixi)"Y(B).
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&1 e E:i(10%°) =4(1°°) =0°°, which contradicts the injectivity of 4. Similarly, £, Z. &1, E4 is
incomparable with &, & £, &, E2 L. E4.

&1 Ze E4:1(0°°) =0, so that (0°°,0°°) € H, which is absurd. Similarly, & [Z. & and &3 £, &.

&1 L. &s: for example i(10%°) <jex i(1°°) and (10°°,1°°) € H, which is absurd. Similarly,
52 ch 58-

&1 Ze &2 (1(10%°),i(0%°)) = (0c, 1), (i(1%°),i(0>)) = (03,18), so that o« = 3, which
contradicts the injectivity of 7. Similarly, & Z. £1a.

Es Le E7:i(10%°) #4(1°°), so that (10°°,1°°) € L, which is absurd.

&3 Ze En1: (1(0%),4(1%°)), (i(0°°), i(10°°)) € Graph(o), so that i(1°) =i(10°°), which contra-
dicts the injectivity of <. O

From now on, Y will be a Hausdorff topological space and B will be an uncountable analytic
relation on Y. Note that B N A(Y") is analytic.

Lemma 6.2 Assume that BNA(Y') is uncountable. Then (2, (2¢)?) C. (Y, B), (2¥,=) C. (Y, B)
or (20.)’ Slex) L (K B)

Proof. The perfect set theorem gives j:2“ — B N A(Y") injective continuous. Note that

T :=Proj [j [Qw]] =proj; [j[2w]]

is a copy of 2, A(w) C BN 72 and (7, B N 7?) C. (Y, B), so that we may assume that Y =2% and
A(2¥)C BeX1((2¢)?). By 19.7 in [K], there is a copy P of 2% in 2 such that <jex NP? C B or
<iex NP%2 C—B. Similarly, there is a copy Q of 2¥ in P such that >, NQ? C B or >1x NQ? C—B.

Case 1. <jox NQ?>C B and >1x NQ%C B.
Note that Q?=B N Q* and (2¢, (2¥)?) C. (Y, B).
Case 2. <iex NQ?>C—B and >, NQ*>C —B.
Note that A(Q)=B N Q? and (2¥,=) C. (Y, B).
Case 3. <jox NQ?>C B and >ix NQ%*C.—B.
Note that <jx NQ=B N Q% and (2, <iex) Ce (Y, B).
Case 4. <iox NQ?>C—B and >1x NQ*C B.
Note that >, NQ? = BN Q? and (2%, >1ex) Ce (Y, B). But (2¥, <jox) T (29, >1ex), With
witness ¢ defined by i(«)(n):=1—a(n). Thus (2¥, <) C. (Y, B). O

Lemma 6.3 Assume that there is C CY countable such that BC (C'xY) U (Y xC). Then there is
1<i<6 suchthat & C. (Y, B).

Proof. As B is uncountable, there is y € C' such that BY or B, is uncountable. As BY and B, are
analytic, there is a copy P of 2¥ in Y, disjoint from C, such that P x{y} C B or {y} x PC B.
Case 1. Px{y}CB.
Case 1.1. ({y} x P) N B is countable.
Note that there is a copy @ of 2¢ in P such that {y} xQ C - B.
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Case 1.1.1. (y,y) ¢ B.
Note that Q x {y} =B N ({y} U Q)? and (S, H) C. (Y, B).
Case 1.1.2. (y,y) € B.
Note that @ x {y} U{(y,y)} =B N ({y} UQ)* and (S,H") C. (Y, B).
Case 1.2. ({y} x P) N B is uncountable.
Note that there is a copy @ of 2¢ in P such that {y} xQ C B.
Case 1.2.1. (y,y) ¢ B.
Note that Q x {y} U{y} xQ@=BnN ({y} UQ)?and (S,L) C. (Y, B).
Case 1.2.2. (y,y) € B.
Note that @ x {y} U{y}xQ U {(y,y)} =B N ({y} UQ)*and (S,LF) C. (Y, B).
Case 2. {y} x PCB.
Similarly, we show that &2 C. (Y, B), &3 C. (Y, B), & C. (Y, B) or & C.. (Y, B). O

So from now on we will assume that B N A(Y) is countable, and that there is no countable
subset C' of Y such that BC (C'xY) U (Y x (). In particular, we may assume that B is irreflexive.
By Theorem 1 and Remark 2 in [P], there are ¢ : 2¥ — Y and h : ¢[2*] — Y injective continuous
with Graph(h) C B. As B is irreflexive, we may assume that h has disjoint domain and range. We
define i : 2 —Y by i(0c) := ¢(a) and i(1a) := h(¢(cv)), so that i is injective continuous. We set
A= (ix1i)"!(B). Note that A is an analytic digraph on 2¢, which contains Graph(o|, ), and that
(2¢,A) C. (Y, B). So from now on we will assume that Y =2%, B € %} ((2*)?) is a digraph, and
Graph(oy,) C B.

Lemma 6.4 Assume that B is meager. Then there is 11 <1 <12 such that & C. (Y, B).

Proof. It is enough to find a Cantor subset P of Ny such that B N (P U o[P])? C Graph(o). In order
to see this, we distinguish two cases.

Case 1. Graph(o,(p]) N B is uncountable.

There is a copy Q of 2* in o[ P] with Graph(ojg) C B, so that Graph(o|quo(g)) = BN (QUo[Q)])%.
Let ¢ : 2¥ — @ be a homeomorphism. We define j : 2 — 2 by the formulas j(0«) := ¥ (a) and
j(la) := o(¥(c)), so that j is injective continuous. Note that Graph(o) = (j x j)~*(B), so that
(2¥, Graph(o)) C. (Y, B).

Case 2. Graph(o,[p]) N B is countable.

There is a copy @ of 2* in o[ P] with Graph(o|) € —B, so that Graph(o;,(g)) =B N (Q U 0[Q)]).
Let 1 : 2¥ — 0[Q] be a homeomorphism. We define j : 2* — 2¢ by the formulas j(0«) :=(«) and
j(1a) :=o(y(a)), so that j is injective continuous. Note that Graph(o|y,) = (j x j)~*(B), so that
(2%, Graph(o)n,)) C (Y, B).

As B is meager, there is a sequence (K, )me., of meager compact subsets of (2¢)? satisfying the
inclusions B\ Graph(o) ClJ,,c., Km € —Graph(o).
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We build a sequence (Us ) eo<w of nonempty clopen subsets of Ny satisfying the following:
(1)

(2) <

(3) Uso N Us1 =0

(4)

Assume that this is done. We define ¢:2* — Ny by {¢()}:=(,c,, Uqjn- Note that ¢ is injective
and continuous, so that P := ¢[2%] is a Cantor subset of Np. It remains to check the inclusion
BN (P Uo[P])? CGraph(o). So let (o, 8) € BN (P U o[P])?\Graph(o), and m with (, 8) € K,,.
We get s,t € 2™ such that (av, 8) € (Us U o[Uy]) x (U U o[Uy])) N Ky, which is absurd.

Let us prove that the construction is possible. We first set Uy := Ny. Note that

{(ao,al)eUg | ap# vy and V(f, g)G{Ide,O}2 V(s,t)e2x2 (f(as),g(at)) ¢ Ko}

is a dense open subset of Ug . In particular, it is not empty, and we can pick (g, aq) in it. We
choose a clopen neighbourhood U, C Uy of o, with diameter at most 2~ ! such that Uy N Uy =0 and
Usyezxe Us XUt S 1 9)efldye oy (FX 9) "1 (—=Ko). Assume that (Us)5|<; satisfying conditions
(1)-(4) have been constructed, which is the case for =1, so that from now on [ > 1. Note that

{(0s)sez1 €(27)

1
20 | ys ettt s € Ugpp and Vu € 28 vy # ov1 and

V(f,g) € {Idaw, 0} V(s, ) €2 x 211 (f(as), g(aw)) ¢ Um<i K}

is a dense open subset of TI o141 Ug)y. We pick (aus)seqi+1 init, and choose a clopen neighbourhood
Us CUy; of a5 with diameter at most 2-=1 such that Uy, N Uy, =0 and

U U, xU; C N (fx9) L (=Kpn).

(s,t) €2+ x2l+1 (f,9)e{ldw 0}2,m<lI

This finishes the proof. O

So we may assume that B is not meager. The Baire property of B and 19.6 in [K] give a product
of Cantor sets contained in B. This means that we may assume that Ny x N1 C B C —-A(2%).

Proof of Theorem 1.10. (1) We distinguish several cases.
Case 1. B N (N1 x Np) is not meager.

By 19.6 in [K], B N (N1 x Np) contains a product of Cantor sets, so that we may assume that
(N()XNl) U (Nl XNo)gB
Case 1.1. There is a Cantor subset of 2* which is B-discrete. Then (S,L) C. (Y, B).

Indeed, assume for example that ) C Nj is a Cantor B-discrete set. Let h : 2¥ — @ be a
homeomorphism. We define i : S — Y by i(0*°) := 0 and i(1la) := h(«), so that i is injective
continuous. Clearly I C (i x i)~!(B), and the converse holds since B is a digraph and Q is B-
discrete.
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Case 1.2. No Cantor subset of 2¢ is B-discrete. Then (2, #£) C. (Y, B) or (2, <1ex) C. (Y, B).

Indeed, as in the proof of Lemma 6.2 there is a Cantor subset @) of 2¥ with <o, NQ? C B or
<jex NQ? C =B, and >, NQ? C B or >1ex NQ? C —B. As B is irreflexive and no Cantor subset of
2% is B-discrete, we cannot have <jox NQ? C —B and >, NQ?C —B.

Case 1.2.1. <o NQ?C B and >, NQ*C B.

Note that Q*\ A(Q)=B N Q% and (2, #) C. (Y, B).
Case 1.2.2. <jox NQ?C B and >1x NQ?C —B.

Note that <jex NQ?=B N Q? and (2*, <iex) Ce (Y, B).
Case 1.2.3. <jox NQ?C—B and >1x NQ C B.

Note that >1ex NQ =B NQ and (2¥, >1x) T, (Y, B). But (2¥, <jex) C¢ (2, >1ex ), With witness
i defined by i(«)(n):=1—a(n). Thus (2¥, <jex) C¢ (Y, B).

Case 2. BN (N1 x Ny) is meager.

By 19.6 in [K], (—B) N (N1 x Np) contains a product of Cantor sets, so that we may assume that
Ng XN1 ng—!(Nl XN()).

Case 2.1. There is a B-discrete Cantor subset of 2¥. Then (S, H) C. (Y, B) or (S,V) C. (Y, B).

Indeed, assume for example that () C Ny is a Cantor B-discrete set. Then as in Case 1.1 we see
that (S, H) C. (Y, B). Similarly, if Q C N; is a Cantor B-discrete set, then (S, V) C. (Y, B).

Case 2.2. No Cantor subset of 2 is B-discrete. Then (2¥, #) C. (Y, B) or (2, <jex) C. (Y, B).
Indeed, we argue as in Case 1.2.

(2) The indicated elements are the only graphs in .A°, up to the isomorphism (e, o) — cav. g
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