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CLASSIFICATION AND LIOUVILLE-TYPE THEOREMS FOR SEMILINEAR
ELLIPTIC EQUATIONS IN UNBOUNDED DOMAINS.

LOUIS DUPAIGNE AND ALBERTO FARINA

1. INTRODUCTION AND MAIN RESULTS

A noncompact Riemannian manifold M is said to be parabolic if every positive superharmonic function
u: M — Ry is constant. This is equivalent to asking that there exists no positive fundamental solution
of the Laplace equation or that Brownian motion is recurrent on M, see e.g. [29]. R? is parabolic, while
RY is not when N > 3. Hoping that our findings could give an interesting way to study noncompact
Riemannian manifolds! in higher dimensions, we focus in what follows on those positive superharmonic
functions that are also solutions of a semilinear elliptic equation. We shall be interested more specifically
in solutions having some stability property, although this assumption is not needed for some of our results.
We work in the Euclidean setting and prove sharp Liouville-type theorems and classification results.

Since RV is invariant under dilations, such theorems are very much related to the corresponding
regularity theory, notably some tools and results of the recent paper [6] exploiting the dilation invariance
(a version of Pohozaev’s classical argument [32] suited for stable solutions), the autonomous nature of
the equation (a geometric Poincaré formula? discovered in [33]) and universal bounds in the C® and H*
norms (due to [6]). Among novelties in what follows, we are able to handle the critical dimension N = 10,
to work without any convexity assumption on the nonlinearity and to classify solutions which are stable
outside a compact set. Finally, we provide new Liouville-type theorems on half-spaces, improving those
of [26], as well as on coercive epigraphs.

Our first result extends a theorem in our earlier work [15], which held for bounded stable solutions in
dimension N < 4, and reads as follows.

Theorem 1. Assume that u € C2(RY) is bounded below and that u is a stable solution of
(1) —Au = f(u) in RN
where f: R — R is locally Lipschitz and nonnegative. If N < 10, then u must be constant.

We recall that if f € C1(R), a solution u of —Au = f(u) in an open set Q C R is stable if for every
© € CH(Q), there holds

(2) /Q F(u)g? < /Q Vel?

When f is locally Lipschitz, the definition ® requires more care, see [25] and [6].
Under a weaker lower bound, the previous result remains true up to dimension 9 :

Theorem 2. Assume that u € C2(RY) is a stable solution of (1), where f : R — R is locally Lipschitz
and nonnegative. Assume in addition that for some C > 0

(3) u(z) > —C'ln(2 + |z), r e RN,
If N <9, then u must be constant.

1. at least under curvature or curvature-dimension conditions.

2. which also holds on manifolds, see [22], and ca also be reformulated in the general language of I'-calculus, see [13]

3. In [6], a slightly different definition than that in [25], is used. Note that when f is nondecreasing, the condition in [6]
is a priori more restrictive. However, as observed by the authors of both papers, when restricting to test functions of the
form ¢ = |Vult or of the form ¢ = druth, ¥ € CH(RYN), then both definitions yield the same information. In particular,
our results hold using one definition or the other.
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Remark 3.
Some remarks are in order.

— Theorem 1 is sharp. Indeed, if N > 11, for f(u) = u?, p sufficiently large, there exists a nontrivial
positive bounded stable solution to the equation, see [19].

— Theorem 2 is also sharp. Indeed, if N > 10 and f(u) = e, there exists? a radial stable solution
u € C%(RY) such that u(z) ~ —21In|z| as |z| — +oc.

— In the important cases where f(u) = |[u[P"!u, p > 1 and f(u) = €%, Theorems 1 and 2 were
already known to hold, see [19,20]. In addition, in these cases, the theorems hold without assuming
any bound on u, due to the scale invariance of the equations.

— In the particular case where u is radial and bounded, Theorems 1 and 2 were already known to
hold, see [5,34].

— It will be clear from the proof of Theorem 2 that the same conclusion holds true if we replace
(3) by the weaker one : u(xz) > —C'In” (2 + |z|), where v > 1. Some lower bound is however needed
in Theorems 1 and 2. Indeed, the function u(z) = —|z|? is a stable solution (with f(u) = 2N). It
is bounded above, but not below.

— The assumption that u is superharmonic (i.e. f > 0) is also essential. Indeed, if f(u) = u — u?,
then f changes sign and for any N > 1, u(z) = tanh(x;/+/2) is bounded and monotone (hence
stable) yet non constant ®. Similarly, if f(u) = —2N, then f < 0 and u(z) = |z|? is a stable solution
bounded below. Still, when f < 0, one can clearly use our theorems to classify stable solutions
which are bounded above (simply work with —u in place of w).

— At last, the theorems cannot be generalized to solutions which are merely stable outside a compact
set (and so to finite Morse index solutions). Indeed, if N > 3, the standard bubble is a nonconstant

bounded solution of —Au = u~¥=2 in RV of Morse index 1. The same remark holds in dimension
N = 2 for solutions stable outside a compact set satisfying the weaker bound (3), by considering
the Liouville equation —Au = e* in R? (see Theorem 3 in [20]).

— Additional examples of non-trivial solutions of finite Morse index are provided by subcritical

nonlinearities of the form f(u) = [(u— 8)*]?, for all p € (1, §£2), N > 3 and some 3 > 0, see [16].

— Note however that all these counter-examples are radial functions. We address the question of
radial symmetry in Theorem 10 below.

As important corollaries, we obtain the following Liouville-type results on half-spaces and on coercive
epigraphs.

Theorem 4. Let u € CQ(@) be a bounded solution of
—Au=f(u) nRY,
(4) u>0 inRY,
u=0 on 8R_1~\_[.
Assume f € C1(R) and
(1) either f(t) =0 fort >0,
(2) or there exists z > 0 such that f(t) = 0 fort €[0,z] and f(t) <0 fort > z.

If2 < N <11, then u must be one-dimensional and monotone (i.e., w = u(xyn) and % >0 in RY).

Theorem 4 recovers and improves upon a result of [26], which held for N < 5 (see also [2,3,8,11,12,
18,19,21,23-25] for some other results concerning problem (4).)

For the Neumann boundary condition, the following result holds.

4. To prove this, using Emden’s transformation, the equation is equivalent to an autonomous ode having a unique
2(N—-2)

stationary point, which corresponds to the singular solution us(z) = In and is attractive, see e.g. pp. 36-37 in

z|2
Chapter 2 in [14]. In addition, us is stable for N > 10, thanks to Hardy’s ine‘ql‘lality. Since us is singular at the origin, it is
clear that u < us in some ball Br. In fact, the inequality holds throughout RY and so u is also stable. Otherwise, there
would exist R’ such that us —u =0 on dBg/. Using ¢ = us —u € H}(Bp/) as a test function in (2) would then contradict
the stability of us, using (the proof of) Proposition 3.2.1 in [14].

5. One could ask whether other kinds of solutions exist. This is a delicate question deeply related to the celebrated De

Giorgi conjecture, see e.g. [7,14,27] for more on this subject.
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Theorem 5. Letu € CQ(@) be a stable solution of
—Au=f(u) inRY,
(5) N
Opu =0 on JdRL.

Assume in addition that f : R — R is locally Lipschitz and nonnegative and u is bounded below. If N < 10,
then u must be constant.

Here, a solution of (5) is said to be stable if (2) holds with Q = RY for all ¢ € C} (@)

At last, for coercive epigraphs, the following result holds true.

Theorem 6. Let Q2 C RY denote a locally Lipschitz coercive epigraph and v € C*(Q)NC(Q) be a bounded
solution of

—Au= f(u) inQQ,
(6) u>0 in(Q,
u=0 on .
Assume that f € CYH(R), f(t) >0 fort >0 and 2 < N < 11. Then, f(0) =0 and u = 0.

Before stating our results on solutions which are merely stable outside a compact set, it will be useful to
discuss the proof of Theorem 2, which relies on the following a priori estimate, recently established in [6].

Theorem A ([6]). Let By be the unit ball of RN, N > 1. Assume that u € C?(By) is a stable solution of
—Au= f(u) in By,

where f : R = R is locally Lipschitz and nonnegative. If N < 9, then

(7) ||U||Ca(m) < C||U\|L1(Bl)7

where a € (0,1), C' > 0 are dimensional constants.

Since the proof of Theorem 2 is very short, we provide it without further ado.
Proof of Theorem 2.
Given R > 2, apply (7) to ur(z) = u(Rz), leading to

|u<x>—u<y>|scR-“|x—y|“f W fora,y € Bays.

Br

Since u satisfies the lower bound (3), observe that
lul = lu+Cln(2+ |z]) = Cln(2 + |z|)| < |Ju+ Cln(2 + |z])| + |CIn(2 + |z|)| = v + 2C' In(2 + |z]).
So, recalling that u is superharmonic,
0 §][ |ul §][ u+2CIn(2+ R) <u(0)+2C1In(2+ R)
Bgr Br
and so

lu(z) — u(y)] < CR™%z — y|“(u(0) + 2C' In(2 + R)).
Let R — 400 to conclude that u(x) = u(y) for all z,y € RY. O

Remark 7. Since Theorem 2 fails for finite Morse index solutions, it follows from the proof above that
the a priori estimate in Theorem A cannot hold either for such solutions.

As already observed in Remark 3, Theorems 1 and 2 fail for solutions with positive and finite Morse
index. Nevertheless, we can prove radial symmetry and sharp asymptotic behavior at infinity of such
solutions. More precisely, we have the following two results.

Theorem 8. Let u € C*(RY) be a solution of
(8) ~Au= f(u) inRY,

which is stable outside the ball By and bounded below. Assume that f > 0 is locally lipschitz continuous
and 1 < N < 10. Then,
i) if N =1,2, then u is constant.
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it) if 3 < N <9, there exists a constant C > 0 depending on u and N only such that
9) |u(z) —%n}\fm < C|;1c|_%_vN_1+27 for all x € RV,

|Vu| € L2(RY) and
/ |Vul|? < CR2WVN-1-1) for all R > 2.
RN\BR

ii1) if N =10, for any € > 0 (small enough) there exists a constant C. > 0 depending on u, N and
€ only such that

10 u(z) — inf u SCEQ:_%_VN_H'Q%, for all z € RV,
]RN
|Vu| € L2(RY) and

/ |Vul? < C.R™2(VN-1-1+e for all R > 2.
RN\Bg

Furthermore, f(infgy u) = 0 and (u — infgy u) € L?" (RY).

Remark 9.

— Clearly, Theorem 8 remains true for solutions stable outside a compact set.

— Theorem 8 complements some results established in [15,21]. It was already known to hold for
any N > 3 in the particular case where u is bounded and radial, see [35].

— Theorem 8 fails if N > 12 for nonradial solutions. Indeed, if n > 11, there exists a nontrivial
bounded stable positive radial solution v for the nonlinearity f(v) = v?, p large, see [19]. Then, the
function u(z’, zn) = v(a’) for (2/,2n) € R™ x R is a bounded stable positive solution (of the same
problem) in dimension N = n + 1 > 12. In addition, u /4 0 as |z| — oo and Vu & L2(RY).

— Whether Theorem 8 holds in dimension N = 11 is an open problem.

Theorem 10. Let u € C*(RY) be a solution of (1) which is stable outside a compact set and bounded
below. Assume that f € C’ﬁ;cl (R), f 20 and N < 10. Then, u is radially symmetric about some point and
radially decreasing (and radially strictly decreasing if u is not a constant).

Remark 11.

— The assumption f € 013 C;Cl (R) is most likely technical. It is needed only at every zero of f. As
follows from its proof, the theorem remains true if f € C’llo’c1 (R)and 5 < N <10 and if f € Clzo’i (R)
and N =4.

— Whether the result remains true in dimension N = 11 is an open problem, even for the nonli-
nearity f(u) = uP, p large. However, the positive cylindrical solution mentioned in Remark 9 shows
that Theorem 10 fails in dimension N > 12. Working similarly with the exponential nonlinearity,
Theorem 10 also fails in dimension N > 11 under the weaker lower-bound (3).

— Thanks to the result of [35], (10) holds true for e = 0, that is, optimal asymptotic bounds also
hold in dimension N = 10.

2. STABLE SOLUTIONS

Let us prove Theorem 1.

Proof of Theorem 1.

We start by noting that, if u is a stable solution of (1) in R® n > 1, then the function vy :=
OR(Z1, ooy Ty ooy Ty k) = (X1, ..., T,) is a stable solution of (1) in R"** for any k > 1. Therefore, it
is enough to prove the claim for solutions u in dimension N = 10.

Since u is superharmonic and bounded below, its spherical average fa By U decreases to a limit £ € R,
as R — +o0o. Replacing u by u — ¢, we may assume from here on that

(11) ][ u N\ 0, as R — 400
OBR
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(note that u— ¢ is a bounded below stable solution of (1) with f replaced by the non negative nonlinearity
fG+0).)

We begin by proving the following lemma (which holds in any dimension) :

Lemma 1.

(12) / |z|>~N|Vul? = o(In R), as R — +oo.
Br

Proof. According to Proposition 2.5 in [6], the following H!-bound holds true
IVullLz(p,) < Cllullr s

Applying the above to ug(xz) = u(Rx) (as we may) yields

(13) /BR IVul? < CRNQ(]{%R u)2.

Here, we have used that f{)B u > 0, thanks to (11). Using polar coordinates and integration by parts,
we find

R r=R R
/ |22~ N | Vul? = / 1"27N/ |Vul? = |:T’2N/ |Vu|2] —(2- N)/ rlfN/ |Vul?
Br\Bi 1 9B, B, =1 1 B,

Let us inspect each term in the right-hand side. Since w is superharmonic, f5 u < u(0). By (13), we
deduce that the first term is bounded. For the second term, either [, u is bounded and so

lim T_N/ u=20
r——4o00

T

or using L’Hopital’s rule and (11) we have, once again,

lim T*N/ u = lim NflrlfN/ u=20
r—+00 B r—+00 B,

r

Hence, by (13) and the above

1 2
rlfN/ |Vu|? SC’f(][ u) =o(1/r), as r — +0o0.
B r By

r

/1Rr1—N/BT|vu|2=o </1Ri> = o(InR),

and the lemma follows since [, |2|2~N|Vul? is bounded. O

Hence,

Next, we use inequality © (2.2) in [6], which, up to rescaling, reads as follows : for all ¢ € COH(RY), if
2 < N <10, there holds

0< / —2|z|>~N|Vul*¢(z - V) + /4|x|2_N(x -Vu)(Vu - V(+
[ Wl Mo Va7 + [ oo TuP (TP
In particular, if ¢ is radial and r = |z|, the above inequality reduces to

2
2/7“2_N|Vu|2§r§’ < /TQ_N ((;)7:) r¢’ {(6 — N)¢+ ('}

6. This inequality is derived by computing the second variation of energy along dilations, similarly yet differently from
what can be done in Pohozaev’s identity or certain monotonicity formulae.
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Choose (¢ as follows. Given R > Ry > 2, r € Ry,
r in [0, Ry),

R}  in[Ry,R)

¢(r) = R In 7

In

L in [R, R?),
R
0 otherwise

Since N = 10, we have that
r¢('{(6=N)C+r{'} =0 in [0, R],

which leads us to an inequality of the form
8/ Vul? < czz%/ 2PN |Vaf? (n R)~ + (In R)~?)
Br, Br2\Br

Applying Lemma 1 and letting R — +00, we arrive at

/ |Vul|? = 0.
Bg,

Letting R1 — +o00, we deduce that wu is constant. O

Proof of Theorem 4. Since f(0) > 0 and u is bounded, we have that % > 0 on RY (see [3], [11]).

Therefore 8‘9?“ is a positive solution of the linearized equation —Aw — f'(u)w = 0 on Rj\_f and so u is a
N

stable solution of —Aw = f(w) on RY (see for instance [28,31]).
The boundedness of u, standard elliptic estimates and the monotonicity of u with respect to the
variable x, imply that the function

(X1, TN_1) 1= lei_}H}_OO u(z)
satisfies
ve C2RN-1) N Lo (RN,
(14) —Av = f(v) in RV-1,

v>=0 in RV-1,

In addition v is a stable solution of the above problem (see for instance [1,3]). Here we have used the
continuity of f/.

If f satisfies 1. we can apply Theorem 1 to (14) to infer that v = ¢ = const. Here we have used
that N — 1 < 9. The equation then yields f(c) = 0. To conclude we observe that a‘?ﬂ—’j\] > 0 on Rf
implies SUPRY U = SUPRN U (=c¢) and so f (Supr u) = 0. The one-dimensional symmetry of w is then a
consequence of Theorem 1 in [2].

When 2. is in force, we observe that u(z) < z for any z € RY, thanks to Lemma 2.4 in [26]. The
latter and the definition of v imply that v(z) < z for any z € Rf and SUPRY U = SUPRN U < z. As before,
to conclude, it is enough to prove that f(supRﬁ v)=0.If SUpgy v = 2 we are done since f(supRi v) =
fz)y=0.1f SUpgy v < 2, then v is a stable solution of
15) {v e C2(RN-1) N L®(RNY),

—Av = g(v) in RV—1,

where ¢ is any nonnegative function of class C'(R,R) which coincide with f on (—oc, 3), for a fixed
B e (supr v, z). Therefore an application of Theorem 1 to (15) yields v = ¢ = const. and so f(c) = 0.
Hence f(supr u) = f(supg~y v) = f(c) = 0, which concludes the proof.

O
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Proof of Theorem 5. By proceeding as in the first part of the proof of Theorem 2 in [12| we get that
the even extension of u to RY is a bounded below stable solution of (1) in RV, N < 10. This function
must be constant by Theorem 1. The latter implies the desired conclusion. O

Proof of Theorem 6. Assume by contradiction that u > 0 in . According to [4] (see also [17] for a
prior result concerning smooth epigraphs) u is monotone. Therefore u is a stable solution and working as
in the proof of Theorem 4, we deduce that

v(T1, ., TN_1) 1= $N1erim u(x)

is a positive stable solution of —Au = f(u) in R~ with N — 1 < 10, and so it must be constant by
Theorem 1. But this is in contradiction with f(¢) > 0 for ¢ > 0. Hence u must vanish somewhere in { and
so it must be identically zero by the strong maximum principle. The latter then implies that f(0) = 0.

O

3. SOLUTIONS WHICH ARE STABLE OUTSIDE A COMPACT SET

Proof of Theorem 8. If N < 2 the solution u must be constant since it is bounded and superharmonic.
We may therefore suppose that N > 3.
We begin by adapting Lemma 1 to solutions which are stable outside a compact set.

Lemma 2. Assume that N > 3 and that u is a solution which is stable outside a compact set. Then,

(16) / |z|2~N|Vul|? = o(In R), as R — +oo0.

Br

Proof. Assume without loss of generality that (11) holds and that R = 2" for some n € N*. Then,

/ Vul? = / Vuf? = Z/ V2.
Br\B: Ban\B2 k=2 Bak \Byk—1

Given k € {2,...,n}, let v(z) = u(2¥71z), z € RV \ By_(x-1). Then, v is stable outside the ball of radius

BQ—(k—l) and
/ |VU|2 _ 2(k71)(N72) / |VU‘2
B,k \Byk—1 B\B1

The annulus Bs \ By can be covered by finitely many balls of radius % On each of these balls, v is stable.
Applying Proposition 2.5 in [6], we deduce that

/ Vo2 < © |v|:C’][ w=o(1) ask — +oo,
B>\ B1 B4\Bi/2 Byk+1\Byk—2

where we used (11) for the last equality. So,
(17) /B = |Vul|? < 020(2(k_1)(N_2)) =o(RN7%) as R=2" — 4oo.
R\ B2 k=2

Integrate by parts [, \ g |z|2~N|Vu|? exactly as in the proof of Lemma 1 and (16) follows. a

Next, we prove that Vu € L?(RY). Assume that 3 < N < 9. According to Lemma 2.1, inequality (2.2)
in [6], for all ¢ € COY(RYN), ¢ radial with support outside the ball of radius 1, there holds

as) (N2)4(110N)/RNTQN(g:f>2<2S

2
< —2/ r2 =N |Vul|?¢rd! —|—/ r2=N (au) r¢’ {(6 — N)¢+r¢'}
RN RN 87"
By analogy with a strategy found in [35], we choose ( as follows. Fix Ry > R > 2 and

(19) a:ng\/Nf —2.
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Given r € Ry, let

2%(r—1) in [1,2),
re in [2, R)
R® in [R, Ry)
C(T) = In =
le% R3 : 2
R T in [Ra, R3),
1n E
0 otherwise

All integral terms in (18) in the region [1 < |z| < 2] are controlled by a constant C' depending on u and
N only. For the region [2 < |z| < R], our choice of « leads to the cancellation of all terms involving the
radial derivative of u, so that all remains is the negative term (in the right-hand side)

7204/ P2 NF20 7 |2
BR\BZ

where we denoted the tangential part of the gradient by Vyu = Vu — g—ﬁer, e, = z/]z|. In the region
[R, R2), all terms disappear except the left-hand side :

p2e (N = 2)(10 — N) / oo (u)?
4 BRQ\BR 87"

Finally, in the region [Ry < |z| < R3], all terms can be bounded above by a constant C' = C(R, N) times

(/ |x|2_NVu2> (InRy)™' + (InRy)7?).
BR%\BRZ

This quantity converges to 0 as Ry — —+00, thanks to Lemma 2. So, in the limit Ry — +00, inequality
(18) reduces to

N—-2)(10—- N ou\>
( )( )R2a/ |.’L‘|2_N (u) +2a/ ‘$|2_N+QQ|VTU|2 < C.
4 RN\ Bpr or Bgr\B»

The above inequality being true for all R > 2, we readily deduce that for 3 < N <9,

(20) / |Vu|2 < CR—(2-N+20)
B2r\Br
When N = 10, we only have
/ |VT'LL|2 < CR—(2—N+2a)
B2r\Br
However, replacing o by a. = o — €, € > 0 small, in the definition of { leads to an inequality of the form

/ Vul? < CeR™ (G200,
Bar\Br

Note that 2 — N +2a = 2(v/N —1 —1) > 0 for N > 3. So, applying this inequality with 2R, k € N, in
place of R and summing over k implies that Vu € L?(RY) and

(21) [ 1P < or,
RN\Bgr

if 3< N <9 (and Vu € L}(RY) and Jem\ B |Vu|? < C.R2VN-1-D+e if N = 10).

Next, fix a point z € RY \ By and let R = |z|/2. Take another point y € 0B(x,r), r < R, and apply
the fundamental theorem of calculus :
d
—u(x +t(y — x))

) —utw)| < [ |5

Integrating over dB(z,r), we deduce that

[ w@-uldety< [ v [ v
OB (x,r) B(z,r) B(z,R)

1
dt < r/ V(e + t(y — )| dt
0
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Integrating once more in r € (0, R), using Cauchy-Schwarz and applying at last (21), for 3 < N < 9 we
get

@) f ju@) -l dy <R [ wuzorVE( [
B(z,R) B(z,R) B(z,R)

1
2

< OR-N/2 / |Vu|2 < CR—%—\/N—H-Q’
- B(0,3R)\B(0,R) N

(for N = 10 the latter is replaced by C. R™2(VN=1=1)+€),
We may draw two conclusions from the above inequality. Firstly,

1
2

lim wu(z)=0.
|z| =400

Recalling that u is superharmonic, we have indeed
u(x) é][ fu(2) —u(y) dy+][ u< CRTET* 40 uly) dy
B(x,R) B(x,R) B(0,3R)
< CR™ = VN-142 4 0y(0) < C.
So, u is bounded. By elliptic regularity, so is Vu. We also know that Vu € L2(RY), whence u — & €

L (RYN), for some ¢ € R, thanks to Theorem 1.78 of [30]. The proof of this result also implies that & =
lim; o0 fB(072j) uand so & = 0 by (11) (as already seen in the proof of Lemma 1.) Therefore, u € L* (RY)

and thus u?* is integrable and globally Lipschitz on RY. This clearly implies that lim| ;400 u(z) = 0.
Secondly, similarly to (22), we have for 3 < N <9

][ |u(2z) — u(y)| dy < CR™ > VN-T42  and
B(2z,R)

][B(gw,QR)

Using the notation u, , = fB(z U for the average of u on a given ball B(z,r), it follows that

(20 (B -

Uz, R u 2'T u 2x Ham R
3
2 B(2x,R)

B(z,R)
3
u (256) - u(y)’ dy

<CR VN2 4 0][

< 5
Applying the above inequality to 2¥z, k € N, in place of = and _summing over k, we deduce that the
sequence (ug) defined by ug(z) = u(2¥z), converges in C? (RN \ By) to a limit v as k — 400 and

loc
lu(z) —v(z)| < Cla|" > VN-T#2 if 3< N9,

(resp. |u(z) —v(z)| < Cola|~2 ~VN-T+2te if N = 10). Since lim| 4 400 u(2) = 0 we necessarily have that
v =0 and so

u (gx) - u(y)‘ dy < CR™> VN-1+2

lu(z) — u(2z)| < |u(z) — up r| + + |uge, r — u(2x)]

" (29&) _ u(y)’ dy

%z,ZR)

< C|$|7%7m+2

lu(z)] < Cla|" 2 VN-1#2  if 3< N <09,

(resp. |u(x)] < Cclz|=2 ~VN-T+2+= if N = 10).

In order to establish (9) and (10), it remains to prove that infpy u = 0. We consider a sequence (zy,)
such that u(x,) — infg~ u. Then, either |z,| — 400 or (z,,) posseses a bounded subsequence (still called
(2,)) such that x,, — . In the first case we clearly have infg~y u = 0, while in the second case we get that
u(T) = infry u and so the nonnegative subharmonic function v := u—u(Z) vanishes at T. Therefore v must
be zero by the strong maximum principle which, in turn, yields that u = infg~y u = lim ;| o u(z) = 0.

O
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Proof of Theorem 10.

If N <2, uis constant by Theorem 8 and so we are done. When N > 3 we can assume that u is not
constant (otherwise the claim is trivially true). As before, up to replacing u by v — infg~ u, we may and
do suppose that infgx u = 0 and so v > 0 in RY by the strong maximum principle. Also, thanks to the
asymptotics of Theorem 8 we have

we Lz (RN) if N =5,
(23) uw?e L2 (RY) if N =4,
W e LT(RY) if N=3.

Moreover, since f > 0 by assumption and f(0) = 0 by Theorem 8, we must have f'(0) = 0 and
f”(0) > 0. We also observe that in dimension N = 3,4 we must have f”(0) = f”(0) = 0. Indeed, if

f7(0) > 0, then liminf; o+ f(N) € (0,+o0] and Theorem 3.5 of [9] implies that u must be identically

tN-2
zero, in contradiction with w > 0. Thus, f”(0) = 0 and so f/(0) = 0 (again by f > 0). In particular we
have

ct if N > 5,
(24) Vit e [O,I%%XU] ') < Ct? if N =4,
ct* if N=3

i

where C' > 0 is a constant depending only on f.

We are now ready to apply the moving planes method. Given A € R, set ¥y = {(z1,2') € RN : 21 < A}
and for z € Xy, let as usual 2* = (2X\ — z1,2'), ur(z) = u(z?) and wy = uy — u. Since u > 0 and
lim| g, o0 u(z) = 0 we may and do suppose that (up to translation) u(0) = maxg~ v > 0 and then we
prove that u = ug in Yg. Since the coordinate axis x; can be chosen arbitrarily, we will then conclude
that u is radially symmetric about the origin. That u is radially strictly decreasing is also a standard
consequence of the moving planes procedure and the strong maximum principle. This will provide the
desired result.

We claim that wy > 0in X if A < —K for some K > 0. Indeed we have that

(25) —Awy = f(uy) — f(u) = arwy in X,

where

U\ —Uu

F@)=F@ i s S 0
(26) ay = oumm
0 if uw—wuy <0,

belongs to LN/2(E>\). To see this we observe that, by the mean value theorem, for every = € ¥, we have
lax(z)] = [f'(§(x, A))|1fu—u,>0} (), where &(2, A) € (ux(x),u(x)). Combining the latter with (24) we get

Cu if N > 5,
(27) lax] < { Cu? if N =4, on X,

Cu? if N =3,
where C' > 0 is a constant depending only on f. The latter and (23) imply ay € LY/2(Zy) for any .
Therefore, given any € > 0 we can find K > 0 such that [ax|[p~/2(s,) <€, for any A < —K.

Let xr(z) = x(z/R) be a standard cut-off function, with R > 1. Multiplying (25) by w} x%, integrating
by parts and making use of Sobolev’s inequality we find

2/2* 5/2"
([ wnel) <c |V[waR]|2sc{ [ w9+ losllpvecs ([ toval?) }
DIPN 2 3 Za

Letting R — +oo and then choosing [[ax||L~/2(s,Ausuy)) < € small enough, we deduce that (wy)™ =0
as claimed. Here we also used that (wy)? € L%(RN) to show that fzA (wy )?|[Vxr|*> = 0 as R =
(recall that u € L? (RY) by Theorem 8).
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Let us now finish the moving planes method by setting
X :=sup{A<0:w;>0 inX VE<A}

To conclude the proof it is enough to prove that A\g = 0. We argue by contradiction and suppose that
Ao < 0. By continuity, wy, > 0 in X,. By the strong maximum principle we deduce that either wy, >
0 in ¥y, or wy, = 0 in X),. The latter is not possible if A\g < 0 since in this case we would have
u(2X0,0") = w(0) = maxgy u > 0 and so wy = 0 in Xy for any A € [2), A\g] by the strong maximum
principle and the Hopf lemma. By repeating (infinitely many times) the previous argument we would find
u(s,0") = u(0) = maxg~y u > 0 for any s < Ao, contradicting thus the assumption lim,|_, 4o u(z) = 0.
Therefore wy, > 0 in Xy, .

Now we achieve a contradiction by proving the existence of 79 > 0 such that for any 0 < 7 < 79 we
have wy,4+- 2 01in Xy 4+-.

To this end we are going to show that, for every § > 0 there are 79 > 0 and a compact set K C Xy,
(both depending on § and Ag) such that

(28) ||Cl)\HLN/2(EA\K) < 4, wy >0 in K, VA € [Ao, Ao + 7o)
We prove this for N > 5 (the case N = 3,4 is obtained in the same way by using (23) and (27)
for N = 3,4). First pick a compact set K C X,, such that fZA \K(C’u)% < (g)% and then fix a
0
71 = 71(d, Ao) > 0 such that fEA\A (Cu)> < (%)% for every A € [Ag, Ao + 71, where C is the constant
0

appearing in (27) (this choice is clearly possible in view of (23)). Combining these information with (27)
we obtain that [|ax||L~/2(x,\ k) < d for any A € [Ao, Ao +71]. Then, the uniform continuity of the function
u(2X — 31‘1,.1'/) — u(x) on the compact set K x [A\g, Ao + 71] and the fact that wy, > 0 in X, ensure
that uy,4+r —u > 0in K for any 0 < 7 < 73, for some 75 = 72(d, A\g) < 71. Hence, (28) holds true with
To € (O,Tg).

As before, we multiply the equation (25) by wy x%, we integrate by parts and use Sobolev’s inequality
to get

2/2* 2/2*
(/ w;xRP) <ci [ |V[w;xR1|2sc§{ [ s 9l + laallov, (/ |w;xR|2) }
3a PPN P3N 2

which, in view of (28) with ¢ = gives for every A € [Ao, Ag + 0],

1
207

2/2* 2/2*
(/ IwAXRI2*> <G / (w3 )*[Vxrl® + llaxllLvrzce,) (/ |waRI2*>
EA\K SA\K EA\K
1 2/2*
< cg/ (wy)*IVxal® + 5 (/ |waR2*> :
SA\K UA\K

2/2*
(/ |w/\XR2*> < 20%/ (wy)?|Vxr* =0 when R — oo,
SA\K SA\K

since u € L? (RY). Therefore, fEA\K lwy|?" =0 and so wy > 0 in Ny, for every A € [Ag, Ao + 7o]. This
contradicts the definition of Ag and so A\g = 0 which, in turn, yields v < ug in Xy. Now we can apply the
same procedure to the function v(x) := u(—x1,2")(= ug(z)) to find that v < vg in X, i.e., up < u in Xo.
This proves that ug = v on ¥y and concludes the proof.

Then

O

REFERENCES
[1] L. Ambrosio, X. Cabré. Entire solutions of semilinear elliptic equations in R® and a conjecture of De Giorgi. J. Amer.
Math. Soc. 13 (4) (2000) 725-739.

[2] H. Berestycki, L.A. Caffarelli and L. Nirenberg, Symmetry for elliptic equations in the halfspace, in Boundary value
problems for PDEs and applications. Vol. dedicated to E. Magenes, J. L. Lions et al., ed. Masson, Paris, 1993, 27-42.

[3] H. Berestycki, L. Caffarelli and L. Nirenberg. Further qualitative properties for elliptic equations in unbouded domains.
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 15, 1997, 69-94.



12
[4]
(5]
(6]
(7]
(8]
(9]

(10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]

31]
32]

(33]

LOUIS DUPAIGNE AND ALBERTO FARINA

H. Berestycki, L. Caffarelli and L. Nirenberg. Monotonicity for elliptic equations in an unbounded Lipschitz domain.
Comm. Pure Appl. Math. 50, 1089-1111 (1997).

X. Cabré and A. Capella, Regularity of radial minimizers and extremal solutions of semilinear elliptic equations, J.
Funct. Anal. 238 (2006), no. 2, 709-733, DOI 10.1016/j.jfa.2005.12.018. MR2253739

X. Cabré, A. Figalli, X. Ros-Oton, and J. Serra, Stable solutions to semilinear elliptic equations are smooth up to
dimension 9, arXiv:1907.09403 (2019).

H. Chan and J. Wei, On De Giorgi’s conjecture: recent progress and open problems, Sci. China Math. 61 (2018),
no. 11, 1925-1946, DOI 10.1007/s11425-017-9307-4. MR3864761

Z. Chen, C.-S. Lin and W. Zou, Monotonicity and nonezistence results to cooperative systems in the half space. J.
Funct. Anal. 266 (2014), 1088-1105.

L. D’Ambrosio and E. Mitidieri, A priori estimates, positivity results, and nonezistence theorems for quasilinear
degenerate elliptic inequalities. Advances in Mathematics 224 (2010), 967—1020.

J. Davila, L. Dupaigne, and A. Farina, Partial regularity of finite Morse index solutions to the Lane-Emden equation,
J. Funct. Anal. 261 (2011), no. 1, 218-232, DOI 10.1016/j.jfa.2010.12.028. MR2785899 (2012e:35090)

E. N. Dancer. Some notes on the method of moving planes. Bull. Australian Math. Soc., 46, 1992, 425-434.

E. N. Dancer, Stable and finite Morse index solutions on R"™ or on bounded domains with small diffusion, Trans.
Amer. Math. Soc. 357 (2005), no. 3, 1225-1243, DOI 10.1090/S0002-9947-04-03543-3. MR2110438

S. Dipierro, A. Pinamonti, and E. Valdinoci, Rigidity results in diffusion Markov triples, J. Funct. Anal. 276 (2019),
no. 3, 785-814, DOI 10.1016/j.jfa.2018.06.005. MR3906292

L. Dupaigne, Stable solutions of elliptic partial differential equations, Chapman & Hall/CRC Monographs and Surveys
in Pure and Applied Mathematics, vol. 143, Chapman & Hall/CRC, Boca Raton, FL, 2011. MR2779463

L. Dupaigne, A. Farina. Stable solutions of —Au = f(u) in RY. JEMS - Journal of the European Mathematical Society,
Vol. 12, Issue 4, 2010, 855-882.

L. Dupaigne and A. Farina, Liouville theorems for stable solutions of semilinear elliptic equations with convex
nonlinearities, Nonlinear Anal. 70 (2009), no. 8, 2882-2888, DOI 10.1016/j.na.2008.12.017. MR2509376

M.J. Esteban and P.-L. Lions, Ezxistence and nonexistence results for semilinear elliptic problems in unbounded
domains, Proc. Roy. Soc. Edinburgh Sect. A 93 (1982/83), no. 1-2, 1-14. MR688279

A. Farina. Rigidity and one-dimensional symmetry for semilinear elliptic equations in the whole of RN and in half
spaces. Adv. Math. Sci. Appl., 13 (1), 2003, 65-82.

A. Farina, On the classification of solutions of the Lane-Emden equation on unbounded domains of RN, J. Math. Pures
Appl. (9) 87 (2007), no. 5, 537-561, DOI 10.1016/j.matpur.2007.03.001 (English, with English and French summaries).
MR2322150

A. Farina, Stable solutions of —Au = e* on RY. C. R. Math. Acad. Sci. Paris 345 (2007), 63-66.

A. Farina, Some symmetry results and Liouville-type theorems for solutions to semilinear equations. Nonlinear Anal.
Theory, Methods and Applications, 121 (2015), 223-229.

A. Farina, L. Mari and E. Valdinoci, Splitting Theorems, Symmetry Results and Overdetermined Problems for Rie-
mannian Manifolds. Comm. Partial Differential Equations 38 (2013), no. 10, 1818-1862.

A. Farina, B. Sciunzi, Qualitative properties and classification of nonnegative solutions to —Au = f(u) in unbounded
domains when f(0) < 0. Rev. Matematica Iberoamericana, 32 (2016), no. 4, 1311-1330.

A. Farina, B. Sciunzi, Monotonicity and symmetry of nonnegative solutions to —Au = f(u) in half-planes and strips.
Adv. Nonlinear Stud. 17 (2017), no. 2, 297-310.

A. Farina, B. Sciunzi, and E. Valdinoci, Bernstein and De Giorgi type problems: new results via a geometric approach,
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 7 (2008), no. 4, 741-791. MR2483642

A. Farina, E. Valdinoci. Flattening results for elliptic PDEs in unbounded domains with applications to overdetermined
problems. Arch. Ration. Mech. Anal., 195 (3), 2010, 1025-1058.

A. Farina and E. Valdinoci, The state of the art for a conjecture of De Giorgi and related problems (2009), 74-96.
MR2528756

D. Fischer-Colbrie, R. Schoen. The structure of complete stable minimal surfaces in 3-manifolds of nonnegative scalar
curvature. Comm. Pure Appl. Math. 33 (2) (1980) 199-211.

A. A. Grigor'yan, The existence of positive fundamental solutions of the Laplace equation on Riemannian manifolds,
Mat. Sb. (N.S.) 128(170) (1985), no. 3, 354-363, 446 (Russian). MR815269

Maly, J., Ziemer, W.P. Fine regularity of solutions of elliptic partial differential equations. Mathematical Surveys and
Monographs, 51. American Mathematical Society, Providence, RI, 1997.

W.F. Moss, J. Piepenbrink. Positive solutions of elliptic equations. Pacific J. Math. 75 (1) (1978) 219-226.

S. I. Pohozaev, On the eigenfunctions of the equation Au + Af(u) = 0, Dokl. Akad. Nauk SSSR 165 (1965), 36-39
(Russian). MR0192184

P. Sternberg and K. Zumbrun, A Poincaré inequality with applications to volume-constrained area-minimizing sur-
faces, J. Reine Angew. Math. 503 (1998), 63-85. MR1650327



CLASSIFICATION AND LIOUVILLE-TYPE THEOREMS FOR SEMILINEAR ELLIPTIC EQUATIONS IN UNBOUNDED DOMAINR

[34] S. Villegas, Asymptotic behavior of stable radial solutions of semilinear elliptic equations in RY, J. Math. Pures

Appl. (9) 88 (2007), no. 3, 241-250, DOI 10.1016 /j.matpur.2007.06.004 (English, with English and French summaries).
MR2355457

, Dichotomy of stable radial solutions of —Au = f(u) outside a ball, Calc. Var. Partial Differential Equations
55 (2016), no. 3, Art. 57, 13, DOI 10.1007/s00526-016-1001-z. MR3500295

[35]

InsTtiTuT CAMILLE JORDAN, UMR CNRS 5208, UNIVERSITE CLAUDE BERNARD LvyoN 1, 43 BOULEVARD DU 11
NOVEMBRE 1918, 69622 VILLEURBANNE CEDEX, F'RANCE
E-mail address: dupaigne@math.univ-lyonl.fr

LAMFA, UMR CNRS 7352, UNIVERSITE PicarDpIE JULES VERNE 33, RUE ST LiEu, 80039 AMIENS, FRANCE
E-mail address: alberto.farina@u-picardie.fr



