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Abstract

Fast Incremental Expectation Maximization was introduced to design Expectation-
Maximization (EM) for the large scale learning framework involving finite-sum
and possibly non-convex optimization. In this paper, we first recast this iterative
algorithm and other incremental EM type algorithms in the Stochastic Approz-
imation within EM framework. Then, we provide non asymptotic convergence
bounds as a function of the number of examples n and of the maximal number
of iterations Kp.x. We propose two strategies for achieving an e-approximate
stationary point: either with K. = O(n?/3¢™1) or with K. = O(y/ne 3/2),
both strategies relying on a random termination rule before K, ,x and on a con-
stant step size in the Stochastic Approximation step. Our bounds are explicit
and improve over previous results. We provide a complexity bound which scales
as v/n which improves over the bounds obtained so far; it is at the cost of a larger
dependence upon the tolerance € thus making this control relevant for small to
medium accuracy with respect to the number of examples n. For the n?/3-rate,
our bounds show a numerical improvement thanks to a tighter definition of crucial
quantities playing a role in the efficiency of the algorithm.

*This work is partially supported by the Fondation Simone et Cino Del Duca through the project
OpSiMorE, and by the French Agence Nationale de la Recherche (ANR), project under reference
ANR-PRC-CE23 MASDOL.
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1 Introduction

Expectation Maximization (EM) is a popular algorithm introduced by |Dempster et al.
(1977) to solve non linear programming on © C R? when the function F to be
minimized is defined through an integral:

F(6) =~ log /z G(2:0) dpun(2) | (1)

for n € N'\ {0}, a positive function G and a o-finite positive measure p, on a mea-
surable set (Z,, Z,). EM is a Majorize-Minimization (MM) algorithm which, based
on the current value of the iterate O.y,, defines a majorizing function 6 — Q(6, Ocyyrr)
given, up to an additive constant, by

Q(Q, gcurr) = Tll/ IOg G(z,@) G(Zaecurr) eXP(nF(chrr)) ,un(dz) )

n

then, the new point is chosen as the/a minimum of Q(-, f¢yyr). Each iteration of EM
is divided into two steps: the definition of the surrogate function is called the E step
(expectation step), and its optimization is the M step (maximization or minimization
step, depending on the convention). The computation of a function at each iteration
can be greedy and even intractable; in many models, log G has a special form: there
exist explicit functions ¢ : ©® — R? and S : Z — RY such that n~'logG(z,0) =
(S(2),¢(0)). In these cases, the function Q is defined by a vector §(fcurr), equal to

the expectation of the function S with respect to (w.r.t.) the probability distribution

g 2 G (3 Oenrr) exp(n F(Beury) )i

This paper is concerned with the optimization of a function F when Z, = Z",
S(z) =n 1Y si(z1), din(2) = 0 dja(z:) so that

def .

FO) = 2380, 50 —log [ epl(s(:.00) duz)s @)
=1

it addresses the finite-sum setting in the case n is large so that the computation of
the full sum 5(fcurr) = n~ ' > 1, [ sidmg,,., has to be avoided.

This framework is motivated by computational problems in large scale learning
when the n available data are modeled as independent; the function f; stands for a



non-convex loss associated to the example #i and it can also include a penalty (or a
regularization) term. For finite-sum optimization, the existing EM-based algorithms
are incremental: at each iteration, a single example or a mini-batch is selected and
the E step uses this new information in an iterative updating mechanism of the Q-
quantity. The time to convergence of these incremental procedures is always a trade-
off between a loss of information since only part of the data are used per iterations,
and a quicker exploitation of the new information since the parameter is updated
more often without waiting the full scan of the data set.

A pioneering work in this vein is the incremental EM by Neal and Hinton| (1998)):
the data set is divided into B blocks and one block is visited per EM iteration chosen
through a deterministic cycle or through a random selection. The Q-quantity of
incremental EM is again a sum over n terms, but each E step consists in updating
only one term (or a block) in this sum while the original EM would update the n
terms. The role of the size of the blocks is studied for some specific applications (see
e.g. Ng and McLachlan (2003)) for an application to inference of Gaussian mixture
models).

The online EM algorithm, proposed by (Cappé and Moulines| (2009), can be easily
adapted to the framework of an incremental processing of a large data set even if
originally, is was designed to process a stream of data. It is derived in the case the
function G is of the form exp((S(z), ®(0))), which in the statistical context when F is
the negative normalized log-likelihood of the observations in a latent variable model,
means that the complete likelihood G is from the exponential family. In that case,
as explained above, the E step of EM is equivalent to the construction of expected
sufficient statistics 5(fcurr); When this integration is intractable, Delyon et al.| (1999)
proved that the successive E steps can be replaced with a Stochastic Approximation
(SA) procedure targeting the roots of a mean field h. Exploiting the parallel between
SA and gradient descent algorithms, online EM mimes what Stochastic Gradient De-
scent (see e.g. Bottou and Le Cun| (2004)) is for finite-sum optimization. Going
further in this parallel, |Chen et al.| (2018]) and |[Karimi et al. (2019c) proposed resp.
Stochastic EM with Variance Reduction (sEM-vr) and Fast Incremental EM (FIEM)
as variance reduction techniques within online EM as an echo to Stochastic Vari-
ance Reduced Gradient (SVRG, Johnson and Zhang| (2013)) and Stochastic Averaged
Gradient (SAGA, Defazio et al| (2014)) introduced as variance reduction techniques
within Stochastic Gradient Descent.

In this paper, we aim to study such incremental EM methods combined with a
Stochastic Approximation approach. The first goal of this paper is to cast online EM,
incremental EM and FIEM into a framework called hereafter Stochastic Approzima-
tion within EM approaches; see We show that the E step of FIEM
can be seen as the combination of a SA update and of a control variate; we propose
to optimize the balance between these two quantities yielding to the optimized FIEM



algorithm; this new algorithm is numerically explored in

The second and main objective of this paper, is to derive non asymptotic conver-
gence bounds for FIEM (see [section 3).

Following |Ghadimi and Lan| (2013) (see also |Allen-Zhu and Hazan (2016]), Reddi
et al.| (2016), |[Fang et al.| (2018]), Zhou et al. (2018) and Karimi et al. (2019¢|)), we pro-
pose to fix a maximal length K., and terminate a path {#* k > 0} of the algorithm
at some random time K uniformly sampled in the range {0, ..., Kpax — 1} prior the
run and independently of it; our convergence bounds control E [||[VF(6%)[?] and as a
corollary, we discuss how to fix K.« as a function of the sample size n in order to reach

an e-approximate stationary point i.e.to find 6K such that E [HVF(@KE)HZ} < e.

Such a property is sometimes called e-accuracy in expectation (see e.g. (Reddi et al.,
2016, Definition 1)).

Karimi et al.| (2019c|) established that incremental EM, which picks at random
one example per iteration, reaches e-accuracy by choosing Kpax = O(ne™!): even if
the algorithm is terminated at a random time K, this random time is chosen as a
function of Ky,ax which has to increase linearly with the size n of the data set. [Karimi
et al.| (2019b) and Karimi et al. (2019c) provide the same analysis for online EM and
FIEM showing that for both methods, e-approximate stationarity is reached with
Kuax = O(n?/3¢1) - here again, with one example picked at random per iteration.
For these reasons, online EM and FIEM are preferable especially when n is large (see
for a numerical illustration). Our major contribution in this paper is to show
that for FIEM, the rate depends on the choice of some design parameters. By choosing
a constant step size sequence in the SA step, depending upon n as O(n_z/ 3), then e-
accuracy requires K ,x = O(n2/ 3¢~1); we therefore retrieve the conclusions of Karimi
et al.| (2019¢|) but provide a value of the step size and a value of the convergence bounds
which improve on Karimi et al.| (2019¢) - as numerically illustrated in We
then prove that such an e-accuracy is possible with Kyax = O(y/ne%/?) and another
strategy for the definition of the step size. To our best knowledge, this second result is
new: it provides a weaker dependence on n but a larger dependence on the tolerance
€; the second approach is preferable for small to medium accuracy € w.r.t. the size of
the data set n.

2 Stochastic Approximation within EM algorithms for
non-convex optimization
Notations. (a,b) denotes the standard Euclidean scalar product on RE, for ¢ > 1;

and ||a|| the associated norm. For a matrix A, AT is its transpose. For a smooth
function ¢, ¢ denotes its gradient.



2.1 A non-convex finite-sum optimization problem

This paper deals with EM-based algorithms to solve

Arguingeo PO, FO)S LS £60)+R0). )
=1
where
£i(0) % ~1og /Z ha(z) exp ((si(2), 6(0)) p(dz) | (4)

under the following assumption:

H1. © C R? is a measurable convex subset. (Z,Z) is a measurable space and u
is a o-finite positive measure on Z. The functions R : © - R, ¢ : © — R? and
hi +Z — Ry, s;i: Z — RY? fori € {1,...,n} are measurable functions. Finally, for
any 0 € © andi € {1,...,n}, —oco < L;(#) < .

Under for any # € © and i € {1,...,n}, the quantity p;(z;0) u(dz) where

def
pi(z:0) = hi(z) exp ((si(2), d(0)) + Li(0)) ,
defines a probability distribution on Z. We assume below that

H2. For all € © and i € {1,...,n}, the expectation

5:(0) /Z si(2) pilz; 0)u(dz)

exists and is computationally tractable.

Define
def 1 w—
55 - z; 5i . (5)
1=

The framework defined by and covers many computational learning problems
such as empirical risk minimization with non-convex losses: R may include a regular-
ization condition on the parameter 6, n=" Yo, L; is the empirical loss and £; is the
loss function associated to example #i.

Among applications concerned with the form of the loss function, let us cite
the normalized negative log-likelihood in a latent variable models (see e.g. Little and
Rubin| (2002)), when the complete data likelihood is from a curved exponential family
(see e.g. Brown (1986); Sundberg| (2019)) for properties of exponential families): the
additive form of the global loss n™1 Y- | £;(6) is the consequence of an independence



assumption on the n observations; in such models, the likelihood of the observation
#1 is of the form

Yo /z Wy, 2) exp((T(y, 2), 6(6)) — ¥(8)) du(z)

which corresponds to by setting h;(z) o h(y,z) and s;(2) of T(y,z). The nor-
malizing constant exp(—1(6)) can be part of the term R(6) in (3).

2.2 A Majorize-Minimization approach based on EM
Given ¢’ € ©, define the function F(-,0") : © — R by

n
def 1

F(0,6) = = (s(6),0(0)) + R(O) + — ZQ(@’) :

Ci(0") < £i(0) + (5:(0), 6(0")) -

The following result shows that {F(-,0),0’ € O} is a family of majorizing function
of the objective function F' from which a Majorize-Minimization approach for solving
can be derived under the following assumption:

H 3. For any s € RY, Argmingcg (—(s,¢(0)) + R(0)) exists and is unique. It is
denoted by T(s).

When 6 — — (s, $(0)) +R(0) is continuous and either © is compact or the function
is coercivdﬂ on O, then T(s) exists.

Proposition 1. Assume and HZ.
1. For anyi e {l,--- ,n} and 0' € ©, L;(-) < —(5,(0"),¢()) + Ci(0").
2. Forany ' € ©, F < F(-,0), and F(0',0") = F(¢).

def

3. Assume also b@ Given 6° € O, the sequence defined by 0¥t = T o 5(6%) for

any k > 0, satisfies (1) < F(6).

The proof is provided for completeness in [subsubsection 6.1.1]
The algorithm described by of Proposition [T}, is the EM algorithm: upon
noting that is equivalent to the maximization of

n

0 — log /zn (H ilz‘(zi)) exp <<Z 3i<2i>v¢(9)>> pu(dz1) ... p(dzn) — nR(6)

i=1

for any A > 0, there exist p, B > 0 such that if & € © and either ||§]| > B or d(#,©°) < p, then
| = (s,90(0)) + R(O)| = A.



the E step of the EM algorithm would compute the auxiliary quantity

n

Q(o, 7" /n <Z Si(Zi)7¢(9)> Hpi(ZiQTk) p(dz;) — nR(0)
=1

=1

=n(5(r%),6(0)) = nR(0) .

given the current parameter 7%; and then the M step would update the parameter by
setting 7F*! € Argmaxycg Q(0, 7%). Tt is easily seen that this mechanism is equal to
TRl = T o 5(7%).

The map T defined in is therefore the maximization map of the M step in EM.
We assume that T is explicit even if the optimization may be constrained.

The assumption that T is defined for any s € R? may be restrictive for some
applications. When deriving theoretical analysis of EM-based algorithms, it is some-
times assumed that T is defined on a convex subset (and sometimes also compact)
S C RY (see e.g. (Delyon et al., 1999, Assumption M5), (Fort and Moulines| 2003, As-
sumption M2), (Kuhn and Lavielle, 2004, Theorem 1), (Cappé and Moulines, 2009,
Assumption 1), (Allassonniere et al.l 2010, Theorem 1), (Le Corff and Fort} 2013,
Section 4.1), (Karimi et all [2019c, Assumption H4)). While in many applications,
it is difficult to prove that the argument of T remains in S - and often is not even
discussed - it is often observed that a smart implementation - such as a convenient
initialization - may make the conditions to be satisfied numerically (see e.g. |Donnet
and Samson| (2007)), Cappé and Moulines| (2009))). For the theoretical results derived
hereafter, we assume HJ| which is the easiest way to cover the EM-based algorithms
studied here; it is out of the scope of this paper to address a more general case.

Starting from the current point 6%, the iterative scheme 6! = T o 5(0%) first
computes a point in §(0) through the expectation 5, and then apply the map T to
obtain the new iterate #*T1. It can therefore be described in the 5(©)-space, a space
sometimes called the expectation space, being equivalently defined as follows: define
{5, k € N} by 5% € R? and for any k > 0, and is

gt 4t 2o T (k) (6)

This approach in the expectation space comes up more naturally in the derivation of
incremental algorithms designed for the large scale learning setting; it will be adopted
throughout this paper.

Before deriving incremental EM-based methods, we conclude this section by a
discussion on the limiting points of the iterative method @ Sufficient conditions for
the characterization of the limit points of any instance {5*, k > 0} as the critical points
of FoT, for the convergence of the functional along the sequence {FoT(5%),k > 0}, or



for the convergence of the iterates {5, k > 0} towards the critical points of F'oT exist
in the literature (see e.g. Wul (1983); Lange| (1995)); Delyon et al.| (1999) in the EM
context and Zangwill (1967); (Csiszar and Tusnady| (1984); (Gunawardana and Byrne|
(2005)); [Parisi et al.| (2019) for general iterative Majorize-Minimization algorithms).
Proposition 2 characterizes the fixed points of Tos and of 50T under a set of conditions
which will be adopted for the convergence analysis in Section [3]

H4. 1. The functions ¢ and R are continuously differentiable on ©V where O def

© if © is open, or OV is a neighborhood of © otherwise. T is continuously
differentiable on RY.

2. The function F is continuously differentiable on ©V and for any 6 € ©,
. . ONT :
B(0) =~ ((0)) 5(0) +R(O).

3. For any s € RY, B(s) def (qbéT)(s) s a symmelric ¢ X q matriz with positive
minimal eigenvalue.

Under HJ1| to H4| and the assumption that © and ¢(©) are open subsets of
resp. R? and R?, then Lemma [8] in [subsubsection 6.1.3| shows that HH] holds
and the functions £; are continuously differentiable on © for all i € {1,...,n}.

Under and the assumptions that (i) T is continuously differentiable on

R? and (i) for any s € RY, 7 — Q(s,7) e (s,p(7)) + R(7) is twice continuously

differentiable on ©Y (defined in Hdlfitem 1)), then for any s € RY, 92Q(s, T(s)) is

positive-definite and

Bs)= (1) 22Q(s,T6) (T05) ;

see Lemma [J] in [subsubsection 6.1.3] Therefore, B(s) is a symmetric matrix and if

rank(T(s)) = ¢ = ¢ A d, its minimal eigenvalue is positive.

Proposition 2. Assume H3 and H3 Define the measurable functions V : R1 —
R and h: R? — R? by

Vi) @ FoT(s), h(s)&s50T(s)—s.

1. If s* is a fixed point of soT, then 0* def T(s*) is a fized point of Tos. Conversely,
if 0% is a fized point of T o § then s* def 5(60%) is a fized point of 50 T.

2. Assume in addition Hj. Then for all s € RY, V(s) = —B(s) h(s); and the zeros
of h are the critical points of V.



The proof is in [subsubsection 6.1.2l As a conclusion, the EM algorithm summa-

rized in is designed to converge to the zeros of
s h(s) L 5oT(s) - s, (7)

which, for some models, are the critical points of F'o T.

However, the computational cost per iteration of EM is proportional to the num-
ber n of examples, since it requires the computation of § i.e. a sum over n terms.
It is therefore intractable in the large scale learning framework. We review in
few alternatives based on an incremental approach, and proposed in the
literature to overcome this intractability.

Data: K.y € N, 30 € RY

Result: The EM sequence: 5%,k =0,..., Kpax
1 for k=0,..., Kp.x — 1 do
2 | M =50T(s)

Algorithm 1: The EM algorithm in the expectation space

2.3 Stochastic Approximation within EM approaches

It was proposed in Delyon et al.| (1999)) to overcome the intractability of the expecta-
tion 5 by substituting the induction 5+ = 50 T(5*) with the definition of a random
sequence {S*, k > 0} satisfying

SR GE oy <Sk+1 _ §k) 7 (8)

where {7y, k > 1} is a [0, 1]-valued deterministic positive sequence of step sizes (also
called learning rates) chosen by the user and s**! is a Monte Carlo approximation
of 50 T(§k); the definition of s**! is such that the updating rule is a Stochastic
Approximation (SA) algorithm designed to target the zeros of the mean field h(s)
(see (7)); see e.g. Benveniste et al| (1990); Borkar (2008) for a general review on SA.
Many stochastic perturbations of EM can be described by : let us cite for example
the Stochastic EM |Celeux and Diebolt| (1985), or the Monte Carlo EM (introduced by
Wei and Tanner| (1990) and studied by Fort and Moulines (2003)) which corresponds
to ye41 = 1.

We review below some stochastic perturbations of EM, recently introduced to
overcome the large scale learning intractability. The originality of this review is to
recast these algorithms in a SA framework. For this purpose, the key observation is
the equality

h(s) =El[s10T(s) = s+ V] (9)



where I is a uniform random variable on {1,...,n} and V is a zero-mean random
vector. Such an expression gives insights for the definition of SA schemes, including
the combination with a variance reduction techniques through an adequate choice of
V (see e.g. (Glasserman) 2004, Section 4.1.) for an introduction to control variates).
Since [ is finitely sampled, the mean field h is from the finite-sum family of functions.

2.3.1 Online EM

A first natural idea is given by [algorithm 2} at iteration (k + 1), s**1 is to sample at
random an example #1;1 € {1,...,n} and to compute the expectation SIi1 oT(Sk).

Each iteration only requires the computation of one expectation s;. This algorithm,

Data: Kp.x € N, S0 e RY, v, € (0,00) for k =1,..., Knax
Result: The Online EM sequence: §k, k=0,..., Knax

1 for k=0,..., Kh.x — 1 do

2 L Sample I uniformly on {1,...,n};

3 Skl :§k+'yk+1 <§[k+1oT(§k)—§k).

Algorithm 2: The Online EM algorithm

hereafter called Online EM, corresponds to a SA scheme: Gk+l _ Gk — Ye+1Hg1 with
def

Hy1 = 51, o T(5%) — SF satisfying E [Hj11|Fi] = h(S*); the filtration Fj, is defined
by Fi def a(go, Ii,--- ,It). It is a natural extension of the online EM by [Cappé and
Moulines| (2009)).

Different variants were proposed: instead of sampling a single observation among
a batch of size n (or incorporating a single new observation in a data stream), a
mini-batch of examples can be used: line |3| would get into

§k+1 _ §k + Vet 1 N1 Z 5 0 T(§k) B §k

1€1k4+1

where 7y 11 is a set of integers of cardinal N, sampled uniformly and with replacement
in {1,...,n}. Convergence of the iterates in the long-time behavior (Kpyax — 00) for
online EM is addressed in |Cappé and Moulines| (2009); similar convergence results in
the mini-batch case for the ML estimation of exponential family mixture models were
recently established by Nguyen et al. (2020). Karimi et al. (2019a) and Kuhn et al.
(2019) also proposed an asymptotic convergence result, in the mini-batch case for the
ML estimation in latent variable models from the exponential family, combined with

10



a Monte Carlo approximation of the expectations 5;. Finally, non asymptotic error
rates are derived in Karimi et al.| (2019b)).

Note that an algorithm close to Online EM is proposed in Nowlan| (1991)): it
corresponds to an update of the statistic of the form Shtl — 'ygk + 51, © T(S%). A
convenient choice of v seems to favor an exponential forgetting of out-of-date statistics;
and convergence to the same limiting value of EM is observed - when convergence is
observed which is not guaranteed.

2.3.2 The incremental EM algorithm
The Incremental EM (iEM) algorithm is described by Lines [4] to [7] are

Data: K. € N, S0 e RY, v, € (0,00) for k =1,..., Knax
Result: The iEM sequence: §k, k=0,..., Knax

So,i = 5i oT(§0) foralli=1,...,n;

SO ==t 3T Sos

for k=0,..., Knax — 1 do

Iyr ~U{L, ... ,n}) ;

Sk+1,i = Sk, for @ # IkAH ;

Skt1dpsy = Sy © T(S%)

S = 8% 4 (Spit 1y — Shiten)

§441 = 4 g (5 5

Algorithm 3: The iEM algorithm

o N O ok W N =

a recursive computation of
n
Qk+1 _  —1
S"=n E Sk+1i (10)
i=1

where for k > 0,
def { §Ik+1 o T(Sk) ifi =141

Sk 1i — .
e Sk.i otherwise .

(11)

It avoids the implementation of a sum over n terms. The sequence {S’\k ,k >0} is not
a SA sequence but the bivariate sequence {(S*,Sy.),k > 0} is: we have Sgy1.—Sy. =

11



nt H,gi)l and Sk+1 — Gk — 7k+1H15321 where

) §10T(§k>
BlEAE] =] | oS

E [ngi)ﬂ]:k] = h(§k) + (n—l —1) (50 T(§k) B §k) ;

here again, Fp def a(§0,Il, ..., Iy). If there exists (s*,Ss,.) such that limk(gk, Sk,.) =
(s*,Ss4,.), then it may be seen (with no rigorous proof) that it satisfies n=* Y"1 | S, ; =
50 T(s*) = s*. This observation and the following equality obtained from lines [5| to
of lgorithm 3

ot = g4 T L5y o T(8h) = 85 4 8% =Sy, + (n—1) (85— 54)}

show that (i) the update mechanism for {S*, k > 0} is of the form (9) with a random
variable V' correlated to I whose conditional expectation is (n — 1) (gk - §k), (i) if

convergence holds, a convergence of {gk, k > 0} to a fixed point of h is expected and
the conditional expectation of V' vanishes to zero.

generalizes the original incremental EM proposed by [Neal and Hinton
(1998), which corresponds to the case 7,41 = 1 and to a deterministic visit to the
successive examples. With v;1 = 1 for any k > 0, we have Gk = Gk = 1 oy Sk
can be adapted in order to use a mini-batch of examples per iteration: the
data set is divided into B blocks prior running iEM: per iteration, the examples of only
a block are processed for the update of Gk (see and along iterations, either the
blocks are visited in turn or they are chosen randomly through a mechanism possibly
depending on the fluctuations of the current iterate. The efficiency of iEM is therefore
a trade-off between the size of the block which is related to the computational cost of
a full scan of the data, and the fewer number of total scans required for convergence
since iEM exploits information more quickly. Ng and McLachlan| (2003) provide a
numerical analysis of the role of B when iEM is applied to fitting a normal mixture
model with fixed number of components. |Gunawardana and Byrne| (2005) provides
sufficient conditions for the convergence to stationary points of F' in the case the data
set is processed through B blocks visited according to a deterministic cycling.

When ~y1 = 1 for any £ > 0 and the examples are chosen randomly at each
iteration, the sequence {§k,k: > 0} is the same as the one given by a Majorize-
Minorization algorithm based on the inequality, at iteration (k + 1)

PO < 230 (= (5649, 00)) + RO) + 0"}
=1

12



where g 4 T(S%) if i = I;1 and 6% Lf k=13 otherwise (see [subsection 2.2| and

Proposition (1| for the definition of C; and the properties of these surrogate functions).
This point of view and its link with Minimization by Incremental Surrogate Opti-
mization (MISO, introduced by Mairal| (2015])) is observed by Karimi et al.| (2019¢]).
Sufficient conditions for the asymptotic convergence of the functional and of the iter-
ates, in the non-convex case, can be deduced from the convergence analysis of MISO
(Mairal, 2015}, Proposition 2.5); it is also addressed in |[Karimi et al.| (2019a)). Karimi
et al. (2019c) provide non asymptotic convergence rates for iEM (case Y41 = 1).
Asymptotic convergence analysis of iEM (with v;41 = 1) is also addressed by [Srivas-
tava et al. (2019) in the case of a asynchronous distributed implementation of the
algorithm.

In [algorithm 3] the computational cost of each iteration is the draw of one example
#1111, the computation of the expectation EI,CH(SI“) and the update (and storage)
of an auxiliary quantity Spi1. € R?"; the initialization step also requires the com-
putation of a sum over the n examples. Observe that the K,.x integers I can be
sampled before running the algorithm, so the space cost for the storage of Sj,. can be
reduced to g(n A Kpax)-

2.3.3 The Fast Incremental EM algorithm

The Fast Incremental EM (FIEM), introduced by Karimi et al.| (2019c), is defined
by Each iteration selects two examples independently, say #I;.1 and

Data: K € N, S0 € RY, ~;, € (0,00) for k=1,..., Kmax
Result: The FIEM sequence: S* &k =0,..., Knax

Soi =S8;0 T(§0) foralli=1,...,n;

SO =n"1S" | So;

for k=0,..., Knax — 1 do

[k+1 NL{({l,...,n}) 3

Sk+1,i = Sk, for @ # IIEZH ;

§k+1,1k+1~: SIj41 © T(Sk>;

S = §F 4t (Sk+171k+1 - Ska+1) )

Jgr1 ~UH{DL, ... n})

§k+1 = §k + ’Yk+1(§]k+1 o T(§k) — §k + §k+1 — Sk+1,Jk+1)

Algorithm 4: The Fast Incremental EM (FIEM) algorithm

[uny

© 0w N & ok W N

#Jk11, and computes the expectations §1k+1(§k) and §Jk+l(§k); as in iEM, FIEM
computes the sum Sl = =13 S ., (see (II)) in a recursive way, avoiding a
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sum over n terms at each iteration (see [line 4 to [line 7| of jalgorithm 4)). Then this
auxiliary quantity is used in the update mechanism of the sequence (see [l . Here
again, the sequence {S¥,k > 0} is not a SA sequence, but {(5* Sk, ), k> 0} is. We

have Sp41. — Si,. = nilngJr)l and Sk+1 — Gk — 7k+1Hli+)1 where

1 510 T(S%) , ~
E {ngﬁl,;k} _ | =S, E ngjl\fkﬂ/z} = h(S") ;
Sp O T(Sk)

we set Fp def a(§0,ll, Jryooos 1, I, Ji) and Fipq )9 def o(Fr U{lps1}). Tt is easily
seen that if there exists (s*, 5*7.) such that limy,(S*, Sk,.) = (s*,S4,.), then it satisfies

n~t Zz 1 S«,i = 50T(s*) = s*. This observation shows that (i) the update mechanism
for {Sk k> 0} is of the form (©) with a random variable V, conditionally centered,
and correlated to I; (ii) if convergence holds, a convergence of {S*, k > 0} to a fixed
point of A is expected.

The introduction of such a variable V' can be seen as a variance reduction tech-
nique, inherited from the Stochastic Averaged Gradient (SAGA, by |[Defazio et al.
(2014)) which was proposed to improve convergence properties of incremental stochas-
tic gradient methods. A similar idea is developed in|Chen et al.| (2018)), a paper which
adapts Stochastic Variance Reduced Gradient (SVRG, Johnson and Zhang) (2013))
to incremental EM algorithms: their motivation is to improve on online EM (see
isubsubsection 2.3.1]) which surpasses EM in the burn-in phase but is penalized by the
large variance when approximating the E step in the convergence phase.

To our best knowledge, the convergence analyses of FIEM are only given in [Karimi
et al. (2019¢): non asymptotic convergence rates for FIEM are derived. The novel
theoretical contribution of our paper, detailed in is to complement and
improve on these results.

On the computational side, each iteration of FIEM requires two draws from {1,...,n}
and two computations of an expectation of the form s;(0); as for iEM, there is a space
complexity through the storage of the auxiliary quantity Si . - its size being propor-
tional to ¢(2Kmax/An) (in some specific situations, see the comment in (Schmidt et al.,
2017, Section 4.1), the size can be reduced). The initialization step also requires the
computation of a sum over the n examples.

2.3.4 An optimized FIEM algorithm, opt-FIEM

From (9)), [line 9] of [algorithm 4] and the control variate technique, we explore here the
idea to modify the original FIEM as follows (compare to [line 9|in [algorithm 4])

Sk+1 Sk + Vi+1 (SJk+l o T(Sk) S‘k + )‘k+1 (§k+1 - Sk+1,Jk+1>> (12)
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where A1 € R is chosen in order to minimize the conditional fluctuation

-2 Sk+1 _ Tk||2
T E (185 =S¥\ Figo] -
Upon noting that E [§k+1 - §k|fk+1/g] = fyk+1h(§k), it is easily seen that equiva-
lently, Agy1 is chosen as the minimum of the conditional variance

E Iy (854 = 85) = h(8") |1 Firapo] -

We will refer to this technique as the optimized FIEM (opt-FIEM) below. Observe
that Online EM corresponds to the choice A\p11 = 0 for any k > 0 (see ;
and FIEM corresponds to the choice A\;41 = 1 for any k£ > 0 (see |algorithm 4)).

Upon noting that, given two random variables U,V such that E[|V[|?)] > 0,

the function A — E [||[U + AV||?] reaches its minimum at a unique point given by

PUE, [UTV] /E [|[V||?], the optimal choice for Mg is given by (remember that

conditionally to 1/, Skt _ Sk+1,7,., is centered),

Tr Cov (EJ o T(§k), Sktl _ Sk+1,7 fk+1/2)

1 = 3 (13)
Tr Var (Sk’H — Sk+1,J‘]:k+1/2>

where J is a uniform random variable on {1, ..., n}, independent of 7}, 5, Tr denotes
the trace of a matrix, and Cov, Var are resp. the covariance and variance matrices.

With this optimal value, it holds from
it E (I8 = 51| i o
= Tr Var <§J o T(§k) - §k|]:k+1/2) e

X (1 — Corr? <§J o T(S), §h+1 — Sk+1,J|-7:k+1/2)> ; (14)

where Corr(U, V) e TrCov (U, V) /{TrVar(U) TrVar(V)}'/2. If the opt-FIEM algo-
rithm {(S*, Sk..),k > 0} converges to (s*,S,.), we have n ™1 > 'S, ; = s* = 50T (s*)
and S,; = 5; o T(s*) (see [subsubsection 2.3.2| and [subsubsection 2.3.3| for a similar
discussion) thus showing that asymptotically, A\} ~ 1 (which implies that the corre-
lation is 1 in ) This value is the value proposed in the original FIEM: therefore,
asymptotically opt-FIEM and FIEM should be equivalent and opt-FIEM should have
a better behavior in the transient phase. We will compare numerically Online EM,

FIEM and opt-FIEM in
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Upon noting that

. nt Y <5j o T(SF), k1 — 5k+1,j>

k+1 — n s ’
n-! Zj:l [SFF — Spy,4l12

=ty <§j o T(S%), k1 — Sk+1,j>

n=t 3 e ke

the computational cost of A; ; is proportional to n: it is therefore an intractable
quantity in the large scale learning setting considered in this paper. A numerical
approximation has to be designed: for example, a Monte Carlo approximation of the
numerator; and a recursive approximation (along the iterations k~) of the denominator,
miming the same idea as the recursive computation of the sum S*¥ = n~! o Skiin
online-EM and FIEM.

2 — H§k+1||2

3 Non asymptotic convergence bounds

3.1 A general result

In this non-convex setting, convergence is characterized by the behavior of the gradient
of the objective function along the path, or in the EM setting, by a ”distance” of the
path to the set of the roots of h. Under our assumptions, both quantities are related
as stated in [3l

The convergence bounds are obtained by strengthening with the following
assumptions

HS5. 1. There exist 0 < Vpin < Umazr < 00 such that for all s € RY, the spectrum

of B(s) s in [Umin, Vmax|; B(s) is defined in .
2. For anyi€ {l,...,n}, $;0T is globally Lipschitz on R? with constant L.

3. The function s — V(s) = —B(s)h(s) is globally Lipschitz on RY with constant
Ly.
Finding a point #¢ such that F () — minF < e is NP-hard in the non-convex

setting (see Murty and Kabadi (1987)). Hence, in non-convex deterministic opti-

mization of a smooth function F', convergence is often characterized by the quantity
inf1<p< ko ||VF(0%)|| along a path of length Kpax; in non-convex stochastic opti-
mization, the quantity infi<x<s,,.. E [|[VF(6)||?] is sometimes considered when the
expectation is w.r.t. the randomness introduced to replace intractable quantities with
oracles. Nevertheless, in many frameworks such as the finite-sum optimization one
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we are interested in, such a criterion can not be used to define a termination rule for
the algorithm since VF' is intractable. Given a maximal number of iterations Ki,ax,
and a random variable K taking values in {0,..., Kpax — 1}, define

£ B [IV(E)?] .

max

def
B < E [IA(S9))P]
E; = E IS5+ =50 T(S9)?]

where K is a random termination rule, chosen independently of the path: upper
bounds of these quantities provide insights on the behavior of FIEM when stopped at a
random time. Except in below K is the uniform r.v. on {0, ..., Kpax—
1}.

The quantities Eg and E; are classical in the literature: they stand for a way to
measure resp. a distance to a stationary point of the objective V = F o T, and a
distance to the fixed points of EM. E; is specific to FIEM: it quantifies how far the
control variate S¥1 is from the intractable mean 5 oT(Sk) (see (10]) for the definition
of Sk+1)

From Proposition we trivially have (the proof is omitted)

Proposition 3. Assume Hi, H3, H3, H{ and H3l{item 1 Then for any s € RY,
<h(s), V(s)> < —min]|A(s) ]| and Eq < Ey.
is a general result for the control of quantities of the form

Kmax Kmax

Z okE [|IA(S")?] + Z 6E[||Sk+1 50 T(SH)P]

k=0

where o € R and §; > 0. In [subsection 3.2] and [subsection 3.3 we discuss how
to choose the step sizes {vx,k > 1} such that for any k € {0,..., Knax — 1}, oy is

def
non-negative and such that Ag, = ZK‘“‘”‘ !

an upper bound for

ay is positive. We then deduce from

Kmax—1 Kmax—1
o Sk 112 5k Skl B Sy 12
E —E — T 1
D (LG R D e (Ca DGO T D

such that the larger Ak, . is, the better the bound is. is then used to obtain
upper bounds on E; and Es; which provides also an upper bound on Ey by Proposi-
tion [Bl
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Theorem 4. Assume F@ b@ and FH Define L2 % n-1 S L2

Let Kuax be a positive integer, {vi, k € N} be a sequence of positive step sizes
and S° € RY. Consider the FIEM sequence {S*, k € N} given by |algorithm J. Set

AV EE V(8] ~ E [V (§5m)|.
For any positive numbers B1, . .., Br,..—1, we have
Kmax—1 _ R Kmax—1 _ N
S B[RS + Y GE[ISH —soT(SY] < av
k=0 ) k=0

where for any k=0,..., Kpax — 1,

def

Ly def ApBri1L?\ Ly
Ok = Yk+1UYmin — ’Y}?_;rl (]. + AkLz) Vv = 2 <1 + B +1

T DkPR1Y ) v
2 k= e (14 Bry1)/) 2

)

with Ak,,..—1 =0 and for k=0,..., Kpax — 2,

€
Aw—<+ ) > o |1 O—n+m+ﬁﬁ>.

B =kl (=k12

Proof. The detailed proof is provided in Section|6.2] [6.2} let us give here a sketch of proof.
Define Hy1 such that Sh+1 — Gk Yi+1Hg11. V is regular enough so that

- N PN Ly
V(SM) = V(S*) — et <Hk+17 V(Sk)> < 713+17V||Hk+1||2 :
Then, the next step is to prove that
—~ . Ly,
E [V(SHI)} -E [V(Sk)} + V1 (Urnln '7k:+12> [Hh(Sk)H }

L
< 7k+1 E (| Hes1 — E [Hi1| Frga o) 17]

which, by summation from k =0 to k = Knyax — 1, yields

Kmax_]-

Ly, ~
> e (min =g ) B [IMEIF] < B [V ()] - B [VISL0)
k=
’ 7. Kmax—1
+7V > VB [ Hipr — B [Higa | Frga o) 17] -
k=0
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The most technical part is to prove that the last term on the RHS is upper bounded
by

. Kmax

7v Z Rarl? {AE |[1(5H)]?]

— (14 U+ BT BI85 50 TSP}

This concludes the proof. O

3.2 A uniform random stopping rule for a n?/3-complexity

The main result of this section establishes that by choosing a constant stepsize se-
quence and a termination rule K sampled uniformly on {0, -+, Kpax — 1}, an e

approximate stationary point can be reached before Kp.x = O(n2/ 36_1L%.// 512/ 3) iter-
ations. In the Stochastic Gradient Descent literature, complexity is evaluated in terms
of Incremental First-order Oracle introduced by |Agarwal and Bottou| (2015), that is,
roughly speaking, number of calls to an oracle which returns a pair (f;(z), V fi(z)).
In our case, the equivalent cost is the number of computations of an expectation 5;(6)
- see H@ Kax iterations of FIEM calls 2K ,,x computations of such expectations.
As a consequence, the complexity analyses consist in discussing how Ky« has to be
chosen as a function of n and e.
For XA € (0,1), C > 0 and n such that =3 < \/C, define

def 1 C 1 1
falCX) = <n2/3 N A—Cn—1/3 <n * 1—)\>> ' (16)

Proposition 5 (application of Theorem []). Let u € (0,1). Choose A € (0,1) and
C € (0,+00) such that

VEFa(C,A) = 2,wminLi . (17)
174

Let {gk,k: € N} be the FIEM sequence given by |algorithm 4| run with the constant

step size

. def \/5 . 2,U/Umin
L AR A (o) N (18)
For any n > (C/)\)? and Kpax > 1, we have
23 Ly fu(Co A
Ei + s " ol ) AV, (19)

= O 52 = Ko (1= o2

where the errors E; are defined with a random variable K sampled uniformly on

{0, Kax — 1}

mll’l
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The proof of Proposition [5] is given in [subsubsection 6.2.2] A first suggestion to
solve the equation is to choose A = C' and C € (0,1) such that vCf,(C,C) =
2/wminL/Ly,. This equation possesses an unique solution in (0,1) which is upper
bounded by CT given by

\/1 + 16002, L2L % — 1

min

ot
4omin LI

The consequence is that, given € € (0, 1), by setting

def Ly
E e RO,

we have

] Ly O
Kmax = M n?e™! = E; + %m

see [subsubsection 6.2.2] for a detailed proof of this comment.
Another suggestion is to exploit how behaves when n — +o00; we prove in
isubsubsection 6.2.2| again that, there exists N, depending only upon L, Ly, , vmin such

that for any n > N,,

L. \4/3 2/3 L. \1/3
E+4C<V) Ey< 8L<V> AV

1+ —— < et
3 n2/3 Lvmin Kax 3 Umin \ LUmin

Ex <AV

by choosing C' + 0.25 (vminL/Lv)Q/3 in the definition of the step size YyraMm-

The conclusions of Proposition [b| confirm and improve previous results in the
literature: (Karimi et al., 2019c, Theorem 2) proves that for FIEM run with the
constant size

K max(6, 1 + 4vymin) max(Ly,, L1, ..., Ly) n2/3"’
it holds )
2
E, < n?/3 (max(6, 1 + 4vpin)) 2maX(LV,Ll, ooy L) AV (21)
Kmax v

min

We improve on this result by first showing that the RHS in controls a larger
quantity than E;. In addition, numerical explorations (see e.g. show that
our step size yrgM is larger than the step size vk thus providing a more aggressive step
size which may have a beneficial effect on the numerical implementation. It also shows
that Proposition [p| provides a tighter control of convergence. In both contributions
however, the step size depends on n as O(1/n?/3) and, the explicit control increases
at the rate n?/3 and decreases at the rate 1 /Kmax. The rate of the step size is the
same as what is observed for Stochastic Gradient Descent (see e.g. |Allen-Zhu and
Hazan| (2016)).
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3.3 A uniform random stopping rule for a \/n-complexity

In [subsubsection 6.2.3] we prove the following control obtained, here again, along a
FIEM path run with a constant stepsize sequence and stopped at a random time K

sampled uniformly on {0, - -, Kjyax — 1}: an e-stationary point can be reached before
Kuax = O(v/ne=3/2) iterations.
Define . . )
1 def
CAN)=—+=+C — . 22
e o (pe ) (22)

Proposition 6 (application of Theorem [4). Let p € (0,1). Choose A € (0,1) and
C > 0 such that I
VO Fu(CoN) = 2u0min— -

Ly

Let {§k,k € N} be the FIEM sequence given by |algorithm 4| run with the constant

step size

(23)

- def \/6 24Umin
= TFGM = 7 '
WBKMEL Ly fu(C N nlBEY

(24)

Then for any n, Kmax > 1 such that nl/?’Kn_li)/(g < \/C, we have

M 1 _ n'/3 Ly fu(C, )\)
(1= 1) Fn(C,N) (MK ma) 732 = K23 201 — p)oly,

E; + AV,

where the errors E; are defined with a random variable K sampled uniformly on

{O Kmax — 1}

The proof of Proposition [6]is given in[subsubsection 6.2.3] From this upper bound,
it can be shown (see [subsubsection 6.2.3|) that for any 7 > 0, there exists M > 0
depending upon L, Ly, Umin, ¢ and 7 such that for any € > 0,

n'/3 Ly fn(OT, )\)
f(2/5 2#(1 - :U’) VUmin

g.

K= (V) v (M)
To our best knowledge, this is the first result in the literature which establishes a
non asymptotic control for FIEM at such a rate: the upper bound is an increasing
function of n at the rate n'/3 and a decreasing function of K.« at the rate ng/ 3,
As a corollary of Proposition [5] and Proposition [6, we have two upper bounds of
the errors Ej, Eo: the first one is O(n*3K and the second one is O(nl/?’Kr;z)/(?’).

max)
Given a tolerance € > 0, the first or second strategy will be chosen depending on how

Vne=3/2 and n?/3¢=1 compare: for any A > 0, /ne /2 < An?/3¢ 1 iff n=1/3 < A2
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When Kpax = Ayv/ne3/2, then 4ram = VC/e/(LAY3\/n). In the case \/ne 3/ <
An?/3¢=1 | we have pan > VO /(LAY An?/3) thus showing that the step size is lower
bounded by O(n*Q/ 3) (see yram in Proposition . We have 4pgm o 1/4/n when
Knax o< y/n: the result of Proposition |§| is obtained with a slower step size (seen as a
function of n) than what was required in Proposition

We now discuss a choice for the pair (C,\) which exploits how behaves
when n — +o00; we prove in [subsubsection 6.2.3| that for any 7 > 0, there exists N,
depending only upon L, Ly, Umin, 7 such that for any Ny, <n < K2

max?’

E1+ 24/3(} — )‘*)_1/3/L2 (Lvmin>2/3 1 Ez
T2, M) Ly, (nKmaX)1/3
nl/3 4 (2020, /3 -
—K2/33< v4'v> (1-X) V3 AV,

max

where ), is the unique solution of (vminL)* 73(1 — A\,)% = (2L )2 N3

3.4 A non-uniform random stopping rule

Given a distribution py, . .., pKk,...—1 for the r.v. K, we show how to fix the step sizes
Vis .oy VKmax 11 Order to deduce from a control of the errors E; and Ej.
For A € (0,1), C > 0 and n > (C/))3, define the function F, ¢

Ly oL
Fn,C,)\ M mx (UminLV - xfn(ca )‘)> )

where f,, is defined by . F,, ¢, is positive, increasing and continuous on (0, VminL/(Ly, fn(C, )\))] .

Proposition 7 (application of [Theorem 4). Let K be a {0,..., Kmax — 1}-valued
random variable with positive weights po, ..., PKy.—1- Choose A € (0,1) and C > 0

such that I
VC fu(C,N) = vmin— (25)
Ly,

For any n > (C/)\)? and Kpax > 1, we have

2 Kmaxfl
Ei+ —Cn* P maxppg fo(C,A) D 7iE {HSkH — 50 T(SM)|?
min k=0

AV,

2Ly fn(C, A
< n2/3 maxyp #

min
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where the FIEM sequence {S*,k € N} is obtained with

Tet+1 = 21 F_é,\ < o Vi : ) :
n /3L e maxypy 2Lan(C, /\) n2/3

The proof of Proposition [7] is in [subsubsection 6.2.4]

Since ), pr = 1, we have maxypr > 1/Kpax thus showing that among the dis-
tributions {p;,0 < j < Kpax — 1}, the term max;py, is minimal with the uniform
distribution. In that case, the results of Proposition [7] can be compared to the re-
sults of Proposition |5t both RHS are increasing functions of n at the rate n3; both
are decreasing functions of K. at the rate 1/Kpayx; the constants C, A solving the
equality in in the case u = 1/2 are the same as the constants C, A solving :
as a consequence,

QLan(C, )‘) o L\'/fn(c7 )‘)
Ur2nin 2/1(1 - :u)vr2nin
Finally, when k& — p; is constant, the step sizes given by Proposition |7| are constant
as in Proposition [5} and they are equal since

Frin (“fmn”_m ) /O = mink

, w=1/2.

2Ly, (C)N) T LyfalCON)

Hence Proposition (7| and Proposition |5 are the same when py = 1/Kyax for any k.

As already commented in [subsection 3.2} if we choose C' = A, then ([25]) gets into
1 1 1 1 UminL
vC -4 — = .
<n2/3+1n1/3 <n+1—0>> Ly

There exists an unique solution C*, which is upper bounded by a quantity which
only depends upon L, Ly, vmin; hence, so f,(C*,C*) is and the control of E; given in
Proposition |7 has the same behavior in n, Kmax as n2/® maxypg.

If we choose A = 1/2, the constant C' satisfies (see [subsubsection 6.2.4])

) 2/3
C< <Um1nL> ’
ALy

and the non asymptotic control given by Propositionlﬂis available for 8n > (vminL/Ly,)?.

4 A toy example

In this section, we consider a very simple optimization problem which does not require
the incremental EM machinery to be solved [

2The numerical applications are developed in MATLAB by the first author of the paper. They
will be publicly available from her webpage https://perso.math.univ-toulouse.fr/gfort/ by July 1st
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4.1 Description

n RY-valued observations are modeled as the realization of n vectors Y; € RY whose

distribution is described as follows: conditionally to (Z1,...,Z,), the r.v. are in-
dependent with distribution Y; ~ Ny(AZ;,1,) where A € RY*P is a deterministic
matrix and I, denotes the y x y identity matrix; (Zi,...,Z,) are ii.d. under the

distribution N,(X#0,1,), where 6 € © ©f Re and X € RPX is a deterministic ma-

trix. Here, X and A are known, and 6 is unknown; the objective is estimate 6,
as a solution of a (possibly) penalized maximum likelihood estimator, with penalty

term p(0) dﬁf v||6]]?/2 for some v > 0. If v = 0, it is assumed that the rank of X
and AX is resp. ¢ = g Ay and p = p Ay. In this model, the r.v. (Y1,...,Y,)

are i.i.d. with distribution N, (AX6;1, + AAT). The minimum of the function

0 — F(0) o —n"11og g(Y1.n;0) + p(6), where g(Y1.,;-) denotes the likelihood of
the vector (Y1,...,Y},), is unique and is given by
— -1 1 —
0. (vl + XTAT (1, + AAT) " AX)  XTAT (1, + 44T) 'Y,
def 1
Yn = - Y;
2

Nevertheless, using the above description of the distribution of Y;, this optimization
problem can be cast into the general framework described in Section [2.1} The loss
function (see (4))) is the normalized negative log-likelihood of the distribution of ¥;
and is of the form with

e of 1
o(0) 0, RO)Y SOTXTX +01)0,  si(z) X X7z

Under the stated assumptions on X, the function 6 — — (s, ¢(0)) + R(0) is defined
on R? and for any s € RY, it possesses an unique minimum given by

T(s) & (v1, + XTX) s

Define

1, ¢ XT(1, + ATA) AT € RO

T, & XT(1, + ATA) " X (vl + XTX)! € RI¥9

The a posteriori distribution p;(-, 8)du of the latent variable Z; given the observation
Y; is a Gaussian distribution

Ny (I, + ATA) N ATY; + X0), (1, + AT4) ) |

2020; and are also available upon request until this free access.
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so that for all i € {1,...,n},

5:(0) % XT(1, + ATA) Y (ATY; + X0) = TLY; + XT(I, + ATA)"1X0 € R,

5;0T(s) =11Y; + Igs.
Therefore, the assumptions and Hditem 1Jfitem 2] are satisfied. Since

$oT(s) = T(s) then B(s) = (vl,+ XTX)! for any s € R, EI-| item 3{and H5
hold with

G 1 o def 1 .
T 0+ max_eig(XTX)’ BT U 4 min_eig(XTX)'

here, max_eig and min_eig denotes resp. the maximum and the minimum of the
eigenvalues. §; 0 T(s) = I1;Y; 4 Ilss thus showing that holds with the same
constant L; = L for all 4. Finally, s — BT (s) (50 T(s) — s) is globally Lipschitz with
constant

Ly, © max |eig ((vIg + XTXx)"H(1,y — I))|;
here eig denotes the eigenvalues. This concludes the proof of Hp|

4.2 The algorithms

Given the current value §k, one iteration of EM, Online EM, FIEM and opt-FIEM are
given by lalgorithm 5| and [algorithm 6]

All the algorithms (except EM) require Kyax random draws from {1,...,n} per
run of length K, iterations; FIEM and opt-FIEM require 2 X K ax draws. For a fair
comparison of the algorithms along one run, one vector of integers is sampled prior
the runs and is common to all the algorithms. Such a protocol allows to compare the
strategies by ”freezing” the randomness due to the random choice of the examples, and
to really explain the different behaviors only by the values of the design parameters
(the step size, for example) or by the updating scheme specific to each algorithm.

All the paths, whatever the algorithms, are started at the same value S°.

Data: S* € RY, TI;, I and Y,
li{esult: Sﬁ{/{l R
1 SEFL =11LY, + 11,5*
Algorithm 5: Toy example: one iteration of EM.
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Data: S* € R?, S € RI", S € RY; a step size Yk+1 € (0,1] and a coefficient
Ak41; the matrices 11y, Ilo; the examples Y, -+, Y,

Result: §I]§TElM

Sample independently Iy 1, Jxr1 ~U{1, -+ ,n});

Store s =Sy, ;

Update Sy, ,, = I Y7, ,, + 1125 ;

Update S = S + n (S, —8) ;

Update §§‘?ElM = §k + Yr+1 (H1YJk+1 + H2§k — §k + Akt1 {§ — Sjk+1 })

N

(S}

Algorithm 6: Toy example: one iteration of Online EM (A\g41 = 0), FIEM
(Ak+1 =1) and opt-FIEM.

4.3 Numerical analysis

We choose Y; € R, Z; € R0 and 6yue € R?. The entries of the matrix A (resp.
X) are obtained as a stationary Gaussian auto-regressive process: the first column
is sampled from /1 — p2 N15(0;1) (resp. from /1 — p? N1o(0;1)) with p = 0.8 (resp.
p =0.9). Oy is sparse with 40% of the components set to zero; and the other ones
are sampled uniformly in [—5, 5].

The regularization parameter v is set to 0.1.

FIEM: the step sizes and the non asymptotic controls. The first analysis is to
compare the non asymptotic bounds and the constant step sizes provided by Propo-
sition [5], Proposition [6|and (Karimi et al., [2019¢, Theorem 2) (see also and (21))):

the bounds are of the form s
n

Kb

max

B AV,

the numerical results below correspond to AV = 1 and are obtained with a data set
of size n = le6. shows the value of the constant C' solving when A is
successively set to {0.25,0.5,0.75} and as a function of y € (0.01,0.9). [Figure 2|shows
the same analysis for the constant C solving . [Figure 3| and [Figure 4] display the
quantity B as a function of y and when (A, C) is fixed to A € {0.25,0.5,0.75} and C
solves resp. and . The role of A looks quite negligible; the bound B seems to
be optimal with p & 0.25. Note that the constants C' and B given by Proposition [6]
also depends on Ki,a: the results displayed here correspond to K. = n but we
observed that the plots are the same with K ax = 1e2n and Kyax = 1e3n (remember
that n = 1e6).

displays the step sizes as a function of p € (0.01,0.9), when A = 1/2
and for different strategies of Kpax: Kmax € {n,1le2n,le3n}. displays the
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Figure 1: For A € {0.25,0.5,0.75} and p € (0.01,0.9), evolution of the constant C
solving

quantity n® K2 B. Case 1 (resp. Case 2) corresponds to the definition given in
Proposition [f| (resp. Proposition [f]). For Case 1 and Karimi et al, (a,b) = (2/3,1)
and for Case 2, (a,b) = (1/3,2/3). The first conclusion is that our results improve
on those by Karimi et al.|(2019c¢): we provide a larger step size (improved by a factor
up to 55, with the strategy Case 1, u = 0.25, A = 0.5) and a tighter bound (reduced
by a factor up to 235, with the strategy Case 1, u = 0.25, A = 0.5). The second
conclusion is about the comparison of Proposition [f| and Proposition [6} as already

commented (see [subsection 3.3), the first strategy is preferable when the tolerance
—i/3

level € is small (w.r.t. n="/°).

Comparison of Online EM, FIEM and opt-FIEM. The algorithms are run with
the same constant step size given by when C solves with g = 0.25 and
A = 0.5. The size of the data set is n = 1e3 and the maximal number of iterations
is Kmax = 20n. Since the non asymptotic convergence bounds are essentially based
on the control of fyk__zlE [Hgkﬂ — §kH2} (see the sketch of proof of [Theorem 4| in
, we first compare the algorithms through this criterion: the expectation is
approximated by a Monte Carlo sum over 1e3 independent runs. The second criterion
for comparison is a distance of the iterates to the unique solution 6, via the expectation
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Figure 2: For A € {0.25,0.5,0.75} and p € (0.01,0.9), evolution of the constant C
solving

E [||6% — 6,]|] and the standard deviation std (||6* — 6,]|) again approximated by a
Monte Carlo sum over the same 1e3 independent runs.

displays the evolution of k — Af_,, the optimal coefficient given by
(13); in this toy example, it is computed explicitly. We have A} 41 = 1 for large
iteration index k: FIEM and opt-FIEM are expected to be equivalent in the con-

vergence phase. The ratio of the expectations E [\|9§ptFIEM - G*H] /E [Hegg - H*H}

and of the standard deviations std(HG’gptiFIEM — 0. /std(||9§1g — 0,]|) are displayed
on when alg is FIEM and Online EM. They are shown as a function of k£ €
{1e2,5¢e2,1e3,1.5€3, . ..,6e3,7e3,...,20e3}. The plot illustrates that if opt-FIEM and
FIEM are equivalent in expectation, opt-FIEM surpasses FIEM in the transient phase
by reducing the variance up to 22%. It also shows that Online EM has a really poor
behavior w.r.t. opt-FIEM (and therefore also with FIEM) in the convergence phase,
Online EM reduces the variability of opt-FIEM up to 18% in the transient phase, but
opt-FIEM provides a drastic variability reduction in the first iterations. Since we
advocate to stop FIEM at a random time K sampled in the range {0,..., Kyax — 1},
opt-FIEM gives insights on how to improve the behavior of incremental EM algo-

rithms in the transient phase. [Figure 9| shows k — 'yk_flE |5k — k12| for the
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Figure 3: For A € {0.25,0.5,0.75} and u € (0.01,0.9), evolution of the quantity B
given by Proposition

three algorithms, in the transient phase k € [1.5e3,5e3]. The plot illustrates again
that opt-FIEM improves on FIEM during this phase of the algorithm; and improves
drastically on Online EM.

5 Mixture of Gaussian distributions

In this section EL FIEM is applied to solve the Maximum Likelihood inference in a
mixture of L Gaussian distributions centered at py and sharing the same covari-
ance matrix ¥ (see Frithwirth-Schnatter et al. (2019) for a recent review on mix-
ture models): given n RP-valued observations y,...,y,, find a point M € @
satisfying F(OML) wf R(OMY) + n=t S £(6MY) < F() for any 6 € © where

def
0 é (Oél,---,CkL,,LLl,--.,,UzL,E>7

L
0% {a@ >0, a= 1} x RPE x (M) C REHPLHXD)
=1

3The numerical applications are developed in MATLAB by the first author of the paper. They
will be publicly available from her webpage https://perso.math.univ-toulouse.fr/gfort/ by July 1st
2020; and are also available upon request until this free access.
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Figure 4: For A € {0.25,0.5,0.75} and u € (0.01,0.9), evolution of the quantity B
given by Proposition [6]

M;{ denotes the invertible p X p covariance matrices. In addition,

gzw:—leogm pe D)l
i=1 i=1

where we set (the term plog(27)/2 is omitted)

1
R(O) % = logdet +—nyz yi = = (<2—1 Zy,y,>—1ogdet(z—1)).

In this example, we have £;(0) = logz _exp((si(2), ¢(9))) with

12:1

I
si(z) = Ay | o | e REPE Ayd:ef[uéy};
lz:L

® stands for the Kronecker product. We use the MNIST dataset EL The data are
pre-processed as in Nguyen et al.| (2020): the training set contains n = 6e4 images of

4available at http://yann.lecun.com/exdb/mnist/
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Figure 5: Value of the constant step size given by Karimi et al., Proposition [5| (Case
1) and Proposition [f] (Case 2). The step size is shown as a function of y € (0.01,0.9).
In Case 2, different strategies for Ky,.x are considered.
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Figure 6: Value of the control n? K2, B given by Proposition 5| (Case 1, with a circle),
Proposition [f] (Case 2, with a cross) and Karimi et al. (no markers). The control is
displayed as a function of p € (0.01,0.9) and for different values of Kpax: Kmax = n

(solid line), Kpax = le2n (dash-dot line) and Kax = 1le3n (dashed line).
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Figure 7: The coefficient A} (see (13)) as a function of the number of iterations k; it

is a random variable, and the solid line is the mean value (the dashed lines are resp.
the quantiles 0.25 and 0.75) over le3 independent paths.
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Figure 8: For k € {1e2,5¢2,1e3,1.5e3,...,6e3,7e3,...,20e3}, ratio of the expecta-
tions (Exp) E Hglgpt—FIEM — 04| /E ||91’§lg — 9*||} when Alg is FIEM (solid line with
circle) and then Online EM (solid line with cross); and the standard deviations (std)

std(H@lgptFIEM —0,||)/std(||0% g0 — O« ||) when Alg is FIEM (dashed line with circle) and
then Online EM (dashed line with cross). The expectations and standard deviations

are approximated by a Monte Carlo sum over le3 independent runs.
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Figure 9: Monte Carlo approximation (over le3 independent runs) of k —
Yol E [\|§k+1 — §%||2| for Online EM, FIEM and opt-FIEM.

size 28 x 28; among these 784 pixels, 67 are non informative since they are constant
over all the pictures so they are removed yielding to n observations of length 717;
each feature is centered and standardized (among the n observations) and a PCA
of the associated 717 x 717 covariance matrix is applied in order to summarize the
features by the first p = 20 principal components. In the numerical applications, we
fix L = 12 components in the mixture.

The maximization step 6 = T(s) is given by (see the supplementary material for
the detailed computations)

—~ def Sy

ap =
Zu:l Su

. def SL+(¢—1)p+1:tp
s iiad G/ An Uy S )

)

n
& def 1 T ~ T
S vl =D s

where s (81,--.,8L4pL)- Since we want 6 € ©, T is defined at least on S ¢ RL+PL
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(see the supplementary material):

n L
def _
S = {n ! ZAyiPz‘ 2pi = (Pits e PiL)s Pie > szm,e = 1}
i=1

(=1

This model is used to go beyond the theoretical framework adopted in this paper.
The first extension concerns the domain of T: HJ| assumes that T is defined on R¢?
(here, ¢ = L + pL) while the above description shows that it is not always true. This
gap between theory and application is classical for mixture of Gaussian distributions
(see the comments in ; while pg; may be a signed quantity or while
we may have Zé::l pie # 1 for the considered algorithms (see supplementary material
for a detailed derivation), numerically we always obtained input quantities S* which
were in S.

The second extension concerns the use of mini-batches at each iteration of in-
cremental EM algorithms: instead of sampling one example per iteration (see e.g.
line 2| [line 4] and [line 4} [line § resp. in jalgorithm 2} |algorithm 3| and jalgorithm 4J)
a mini-batch of size b is used - sampled at random from the n available examples,
possibly with replacement. While, as usual in the literature, the theoretical analyses
are derived in the case of a single example (b = 1), the numerical applications use
b > 1; we do the same here. The supplementary material provides a description of
iEM, Online EM and FIEM in the case b > 1, when applied to the current application
of inference in a mixture of Gaussian distributions.

EM, iEM, Online EM and FIEM are compared when used to solve the above Max-
imum Likelihood inference problem. All the paths of these algorithms are started
from the same point §° € © defined by the randomization scheme described in

(Kwedlo, 2015, section 4); we then set S° Lyt > 1 5i(09); the normalized log-
likelihood —F(6°) is equal to —58.3097 (equivalently, the unnormalized log-likelihood
is —3.4986 e+6). Note that, as mentioned below, the evaluation of the log-likelihood
does not include the constant +plog(2m)/2.

Each iteration of 1EM, Online EM (resp. FIEM) calls a mini-batch of b = 100 exam-
ples (resp. 2b = 200 examples) sampled uniformly from {1,...,n} with replacement;
for a fair comparison of the paths produced by these algorithms, the same seed is
used.

The paths are seen as cycles of epochs, an epoch being defined as the processing
of n examples: for EM, an epoch is one iteration; for iEM and Online EM, an epoch
is n/b iterations; for FIEM, an epoch is n/(2b) iterations. Below, the paths are run
until 100 n examples are processed, which means 100 iterations or epochs for EM,
and 100n/b iterations (or 100 epochs) for both iEM and Online EM. Instead of a
pure FIEM algorithm, we implement h-FIEM, an hybrid algorithm obtained by first
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running kswith epochs of Online EM and then switching to epochs of FIEM: we choose
kswitch = 6 so that h-FIEM processes 100n examples after 6n/b iterations (or 6
epochs) of Online EM and 94n/(2b) iterations (or 94 epochs) of FIEM. The use of
h-FIEM is to explicitly illustrate the variance reduction of the FIEM iterations when
compared to the Online EM ones.

iEM is run with the constant step size y411 = 1; Online EM and FIEM are run with
Vk+1 = He—3.

[Figure 10f and [Figure 11| display the normalized log-likelihood along a path of EM,
iEM, Online EM and h-FIEM, resp. for the first epochs (from 1 to 25) and by dis-
carding the first ones (from 15 to 100). The first conclusion is that the incremental
methods forget the initial value far more rapidly than EM, which is the consequence of
the incremental processing of the observations which allow many updates of the pa-
rameter 6 (or equivalently, of the statistic S¥) before the call to n examples (which
is equivalent to the learning cost of one iteration of EM). The second conclusion is
that the incremental EM-based methods perform a better maximization of the nor-
malized log-likelihood —F'. Finally, Online EM and h-FIEM are better than iEM: the
log-likelihood converges resp. to —1.9094e+6, —1.9080e+6 and —1.9100e+6 (the
plot displays the normalized log-likelihood); and it is clear that h-FIEM reduces the
variability of the Online EM path. The same conclusions are drawn from different
runs; the supplementary material provides a similar plots when the curves are the
average over 10 independent paths; reports the mean value and the standard
deviation of the log-likelihood over these 10 runs.

A fluctuation of 1% (resp. 1 %o) around the optimal normalized log-likelihood
corresponds to a lower bound of —32.1184 (resp. —31.8322): for EM such an accuracy
is reached after 12 iterations (resp. is never reached); for iEM, it is reached after 11
epochs (resp. is never reached); for Online EM, after 4 epochs (resp. 23 epochs); for
h-FIEM, after 4 epochs (resp. 34 epochs). An accuracy of 1 %oo is never reached by
Online EM and is reached after 36 epochs for h-FIEM.

[Figure 12|shows the estimation of the L = 12 weights «y along a path of length 100
epochs. The comparison of Online EM (bottom left) and h-FIEM (bottom right) shows
that h-FIEM acts as a variability reduction technique along the path, without slowing
down the convergence rate. displays the limiting value of these paths i.e.
the estimate of the weights aq,...,ar defined as the value of the parameter at the
end of 100 epochs; the weights are sorted in descending order. Online EM and h-FIEM
provide similar estimates.
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Figure 10: Evolution of the normalized log-likelihood along one path of length 100
epochs: only the epochs 1 to 25 are displayed. All the paths start from the same
value at time ¢t = 0, with a normalized log-likelihood equal to —58.31.

#1 #15 #25 #50 #100

EM —3.4102e+1 | —3.2033e+1 | —3.1896e+1 | —3.1890e+1 | —3.1889%+1

iEM —3.3672+1 | —3.1982c+1 | —3.1869¢+1 | —3.1843¢+1 | —3.1827c+1

(4.90e—3) | (5.33e—2) | (1.87e—2) | (1.87e—2) | (1.38e—2)

Online EM || -3.2999¢+1 | -3.1872e+1 | -3.1828e+1 | —3.1823¢+1 | —3.1823e+1
(2.67e—2) | (5.14e—2) | (4.67e—2) | (4.68¢—2) | (4.50e—2)

h-FIEM || —3.2999e+1 | —3.1900e+1 | —3.1853e+1 | -3.1806e+1 | -3.1804e+1
(2.67e—2) | (5.31e=2) | (6.94e—2) | (5.18e—2) | (5.25e—2)

Table 1: Normalized log-likelihood along a EM, iEM, Online EM and h-FIEM path,
at epoch #1,15,25,50,100. The value is the average over 10 independent runs (the
standard deviation is in parenthesis). The log-likelihood is obtained by multiplying

by n = 6e+4.
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Figure 11: Evolution of the normalized log-likelihood along one path of length 100
epochs: the first 14 epochs are discarded. All the paths start from the same value at
time ¢t = 0, with a normalized log-likelihood equal to —58.31.
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0

Figure 12: Evolution of the L = 12 weights along one path of length 100 epochs. All
the paths start from the same value at time ¢ = 0. EM (top left), iEM (top right),
Online EM (bottom left) and h-FIEM (bottom right).
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Figure 13: Estimation of the L = 12 weights of the mixture model. The estimator is
the value of the parameter obtained at the end of a single path of length 100 epochs.

6 Proof

6.1 Proof of [section 2|
6.1.1 Proof of Proposition

(proof of . From the Jensen’s inequality, it holds

Li(0) = Li(0') < - /Z (5i(2), 0(0) — 9(0")) pi(2;0") u(dz) = — (5:(6'), 6(0) — &(0)) ;
which concludes the proof. (proof of From and it holds
F(8) <~ (5(6),6(6)) + > Ci(#) +R(6) .
i=1

(proof of From and the definition of T, it holds
F(T o 5(0%)) < F(T 0 5(0%), 65) < F(6*,6%) = F(6") .
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6.1.2 Proof of Proposition

(Proof of. The statements are trivial and we only prove the first claim: if
s* = 50 T(s*) then by applying T (under the uniqueness assumption , we have
T(s*) = (T 05) o T(s*) and the proof follows.
) T
(Proof of litem 2). For 0 € OV, set D¢(0) e <¢(9)> . By item 2/and a chain

rule,

Vis) = (T(9)) {R(T(9) ~ Do(T(s)) 50 T(s)} .

Moreover, using and H4 the minimum T(s) is a critical point of 6
— (s,¢(0)) + R(8): we have for any s € R?, R(T(s)) — D¢p(T(s))s = 0. Hence,

Vis) = — (T(9)) Do(T() his) = — (BN h(s).

4] implies that BT = B and the zeros of h are the zeros of V.

6.1.3 Auxiliary results

Lemma 8. Assume that © and ¢(©) are open; and ¢ is continuously differentiable
on ©. Then for alli € {1,...,n}, L; is continuously differentiable on ©.

If in addition b@ h@ and hold, then F (resp. V ©po T) is

continuously differentiable on © (resp. on R%) and for any 0 € O,

B(0) =~ (3(0)) 5(0) + k(o)

Proof. and (Sundberg, 2019, Proposition 3.8) (see also (Brown, (1986, Theorem
2.2.)) imply that L; : 7 — [, hi(2) exp ((si(2),7)) p(dz) is continuously differen-
tiable on the interior of the set {7 € RY, [, hi(z) exp ((si(2),7)) u(dz) < oo} and its
derivative is

/Z si(2) hi(z) exp ((si(2),7) p(d2) -

This set contains ¢(©) under The equality £; = —log(L; o ¢) and the differen-
tiability of composition of functions conclude the proof of the first item. The second
one easily follows. O

Lemma 9. Assume and b@ Assume also that for any s € R, 7+ Q(s,T) 3

—(s,0(7)) + R(T) is twice continuously differentiable on OV where OV dof © if © is
open, or OV is a neighborhood of © otherwise. Then for any s € RY, ¢oT is a
symmetric q X q matriz satisfying

poT(s) = (T(s))T 02Q(s, T(s)) (T(s)) :
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Proof. The proof is adapted from the one of (Delyon et al 1999, Lemma 2). and
the regularity conditions on Q imply that for any s € R?:

. T .
0rQ(s,T(s) = — (9(T(5))) " 5 +R(T(5)) =0

. . T
and (from the uniqueness assumption) s +— 92Q(s, T(s)) T(s)— (QS(T(S))) is positive-
definite. This concludes the proof. O

Lemma 10. Assume HY and H3 Assume in addition that (i) there exists Ly,
such that for any 6,0 € ©

sup pi(2:0) — pi(2;0")| < Lip 16— 0'|];
zE

(i) T is globally Lipschitz on RY, and (i) [, |si||dp < oo. Then there exists a
constant 0 < L; < oo such that for all s,s" € RY, ||5;0T(s) =8 0T(s)|| < L; ||s— ¢

Proof. Let s,s" € R7. We have

5,0T(s) —5,0T(s) = / si(2) [pi(z; T(s)) — pi(z; T(s'))] wu(dz)

z

so that
[5:0T(s) = 5o T(s)|| < /Z I5i(2) [pi(z; T(s)) = pilz; T(s))| p(dz)

<L, [T(s) - T /Z lsi(2) a(dz)

O
6.2 Proofs of [section 3|
For any k> 0 and i € {1,...,n}, we define S<ki such that
~ 1 <& -
= Y soT(EH,
=1
it means S<07 % 0 for all i € {1,...,n} and for k > 0,
R ) R E - k lf Ik+]_ == i,
S<ktli— G0 0 1<t <k—1 if Lpy #i, Iy #4,..., D041 =1, (26)
£=0 otherwise.
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Define the filtrations, for k > 0,
def a0 def Qo0
Fr = o(S7, I, J, .o I, Ji), Figiyp = o(S5 I, 1y ooy Iy Jiy Iiy)

note that S* € Fr and Sgy1,. € Fryy/2. Set

n
def Sk Sk 1
Hyp1 = 84, 0 T(S) = 8%+ — 21 Skt1,i — Sk+1,7k 44 -
1=

6.2.1 Proof of [Theorem 4l
By Proposition [2| and I Vis Ly,-Lipschitz, and we have

V(S < V(5F) 4 <§k+1 _ §k’V(§k)> i L7V||§k+1 _ 5k
< V(S%) + 71 <Hk+1, V(§k)> + ’Y/%+1L7VHH14+1H2~
Taking the expectation yields, upon noting that Sk e Fi
E [V(§"’+1)} “E [V(§’f)}
< Y1 E [<E [Hy1|Fi] , V(S )>} + Yoy L2 E [|He+1?]
< eiE [((34), V(§9)] + 1 LR [ )
< e vin BV + 31 S [ B ]
et (tmin = ) B[] + s B [ — SO
where we used that E [Hy,1|F] = h(S*) and Proposition [3| Set
ACE (ISP B TR - 50 T(SY)2]
By [11] and [12] we have for any k£ > 0:

~ ~ Ly, Ly,
E [V(SkJrl)} —E [V(Sk)} < —Vk+1 (Umm Ye+1—5" B ) Ay — 7k+1 9 Bk+1

L ~
+ Vg-i-l?VE |:||§Jk+1 0 T(Sk) - Sk+17Jk+1 ”2:| < Tl,k: + T2,k:+1
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by setting

k—

def L. ~

Tk = —Vk+1 (Umin — Vk+1 2V> Ay + 713+ 7‘/ Z Aj1 kA
§=0

k-1
def Ly X —1\—
Ty i1 = ’YI%H?V Bg1 + Z Ajprp(1+ BjJrll) 'Bji s
j=0

by convention, Z}:o a; = 0. By summing from k = 0 to k = Kax — 1, we have

Kmax—1 L L L2 Kmax—2

Z Ve+1 <vmm - ’Yk+12v> A — 2 Z Yer1 Mk Ak
k=0
Kmax—1

L.
<AV — 7V kzo Yoy (L2 + 1) By,

where for 0 < k < Kpax — 2 and with the convention Ak, . 1 = Zx,..—1 =0,

J

def 1 Kmex=1 n—1 j—k
Ay = <1+ ) > vﬁl( - ) T (+8c+422%)

Br+1 =kt 1 (=k+2
1 Kmaxfl ] 1
2 272
() " e B ).
j=k+1 l=k+2
-1
_ def Ay Bri1
= = (14 Ak = —.
< 5k+1> 1+ Brt1
Hence,
Kmax—1
max L . L
Z {r+1 <Umm - 7k+12V> 7k+1Ak } A
k=0
KI’I]BX
+ > 7k+1{1+_kL2} VBk+1 <AV .
k=0

6.2.2 Proof of Proposition

It is a follow-up of the quantities ay, Ay, 6, introduced in the statement
of are used below without being defined again. We consider the case when
for 0 =1,..., Knax,

def 1 — A 9 def C

ST e T g
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for some A € (0,1), C > 0 and b,c,d to be defined in the proof in such a way that
(i) o > 0, (i3) ZK“““‘ Yy, is positive and as large as possible. Since there will be
a discussion on (n,C,\), we make more explicit the dependence of some constants
upon these quantities: ay will be denoted by ag(n,C, \).

With theses definitions, we have

Pn def 1 272 1 1—A C
1—n—1_n+5£+')/£.[/—1—n<1—nb1—n2c 1K§f'ax y
and choose (b, c,d, A, C) such that
1—X C
5T T oacijad <1 (27)

max
which ensures that p, € (0,1). Hence, for any 0 < k < Kpax — 2,

I{maxf1

1 1 C P\ k-1
b n
A< n <nb + )\> L2n2 K2 _ 2 (1 - Z)
j=kt1
< 1 n 1 C 1
“\nb  1-X) L2p, n2c-b-1[K2d

From this upper bound, we deduce for any 0 < k < Kjax — 11 ag(n,C,\) > o, (C, \)
where

oz(C)\)défixﬁc v~—LV ve
e Lnekd, \ ™" 2L neKd,
Ly C3/? 1 1
—-Y 1 st ) | - (28)
2L ppn3cblR3d \nb 1)

From ( and ., we choose b = 1, ¢ = 2/3, d = 0; which yields for n > 1, since
Pn = )\ C'n
n?Ba, (C,N) > L, (C,\) |

with

of Ly
Ln (C )\) def 2‘227 <Uminz‘l; - \FCfn(C’, )‘)> ’

def 1 C 1 1
faGA) = 22BN Cn 1P (n T —)\) '

Let p € (0,1). Fix A € (0,1) and C > 0 such that (see for the second condition)

L 1 <é
Ly’ nB=C

VC . (C, ) = 2u0min (29)
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This implies that n*/3ay(n, C,\) > n?/3a,, (C,\) > n*3a,(C) def VO — p)vmin /L.
We obtain an upper bound on E; by

Kmax—1
1 max e
El<— — ,C,/\E[hSk 2}.
S > an CNE [
k=0
For Es, since 0 > LV*y,%H/Q,
L,VC 1 Ly C I < a
v Ey < -V E |85 — 50 T(59)|7]
2L(1 — )n?3 v 2 = 202043 Koy ax(C) kgo | soT(SH)I
1 Knlax_l ~ N
< OE [|55+ — 50 T(SM)?] -
Kmax Oé*(C) kZ:O
We then conclude by
1 n?/3 L

_ 7 30
Kmax Oé*(C) Kmax \/5(1 - ,Uz)vmin ( )

and use \/afn(C’, A) = 2pUminL/ Ly, .

e The choice C' = A. Since n > 2, the second condition in is satisfied with
A=C. is a decreasing function of C' so that by the first condition in , C

solves ) ) . . I
_ T A =2 min 7
VO (cam+ T (5 + 10 ) = 2t

A solution exists in (0,1) and is unique (see Lemma [L4)); it is denoted by C*. Since
the LHS is lower bounded by C' ~ (1 — C)~! on (0,1), C* is upper bounded by
C* € (0,1) solving

VO = 2’lwminL£(1 -C).

v

This yields C = (V1 + 442—1)/(24) with A % 20,1 L/ L. Note that f,(C,C) <
f2(ca C) < f2(0+7 C+) for any Ce (07 1)

e Another choice, for any n large enough. We have when n — oo

. 3/2
£n<c,A)¢Loo<c,A>d=efw< . )

202 \"™L, T TN 1-A
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By Lemma [15| applied with A < vyin/L and B + 2LV/L2, we have Lo(C,\) <
Loo(Chy Ax) where

i\ défl C d:efl UminL 2/3 r (C A ) :§Umin Umin L 1/3
* 25 * 4 LV 9 o *y IV 8 L LV .

Set N, def (vmmL/LV)2/8; for any n > N, the second condition in is satisfied

and we have
lim n2/3ak(n, Cy, \y) > lim n2/3gn(C*, M) = Loo(Cry i) >0,

thus showing that for any n large enough (with a bound which only depends upon
L, Ly,, vmin), we have

1 n?/3 n?3 8 L ( Ly >1/3
)

< —
Kmax Zi(:méix_l ak(n, C*, )\*) o Kmax[/oo(c*a )\*) Kmax 3 Umin

Umin

6.2.3 Proof of Proposition [6]

It is a follow-up of the quantities ay, Ay, 6 introduced in the statement

of are used below without being defined again.
We consider the case when, for £ =1, ..., Kpax,

def 1 — A 9 def C
Be= =5 T fapeiad
n Len2eK2d
for some A € (0,1), C' > 0 and b, c,d to be defined in the proof in such a way that
(i) c > 0, (i7) ZkK:"‘é"‘_l oy is positive and as large as possible. Since there will be
a discussion on (n,C,\), we make more explicit the dependence of some constants
upon these quantities: oy will be denoted by ag(n, C, \).
With theses definitions, we have

1 1 1-A C
n n

2c—1 fr2d
n n Kz o

and choose (b, c,d, A, C) such that
1—A C <
b1 + n2c-1p2d = L,

max

which ensures that p € (0,1]. Hence, for any 0 < k < Kyax — 2,

AL, 1 c et o
FE\ R T TN ) Tene g > 7

< 1 1 C
- ﬁ T 1—X L2n2c—er2rfja;1 ’
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From this upper bound, we obtain the following lower bound for any 0 < k < Kpax—1:
ak(n,C, ) > a,,(C, \) where

2L | ncKd

max

C 1 1
et (b T T :

Based on this inequality and on , we choose b =1 and ¢ = d = 1/3; which yields
forn>1,

e L
(nchnax) Qn(cu )‘) d:f \/La <vmin - \/El { !

ot VOL; i
(nKmax) /3 @, (C,\) = L (C,N) % \/;LQV <vmmiL —VCfa(C, A)) ,
1%

; def 1 1 1

Let p € (0,1). Fix A € (0,1) and C > 0 such that (see for the second condition)

~ L nl/3 A
vV = s — < —
Cfn(ca /\) 20U min L\'/ , K2/3 =0

max

(32)
This implies that

(nKmax)l/gak (na 07 )‘) 2 (nKmaX)l/?)Qn(C’ >‘)
> (nKmax) /20 (C) € VO(1 — p)vmin /L -

We obtain the upper bound on E; by

Kmax—1
1 max -~
Ei<— ai(n, C,\) E | ||h(SF)|?] .
S @) 2 OOV E[INENI]
For E5 and since 65 > LV')/%H/Q
LV\@ 1 E
2(1—/_},)_[/7’11/3 Krln/angmin ’
L., C 1 Kuex=1 _
< 4 E [ 155+ — 506 T(5*)I2
- 2L2n2/3Kr2n/a?;< Kax ax(C) P [HS o T(SHI }
1 Knlax_l
< - Qk+1 _ 2 ky 12 ‘
S E—ae O OB (1545 = 50 T(8%) 2]

k=0
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We then conclude by

1 nl/3 L
Kmaxa*(c) B Kr2n/a3x \/5(1 - ,U)'Umin ’

and use VC f,,(C,\) = 20Vmin L/ Ly, .

(33)

Complexity. For 7 > 0, set C' = Ar. Then for any A € (0,1),

; VAT 3/2 3/2 (1 1
VAT fn (AT, A) = 7(nKmax)1/3 + N\ er <n + T A) ;

which is a continuous increasing function of A, which tends to zero when A — 0
and to +oo when A\ — 1. Hence, there exists an unique A\, € (0,1), depending
upon L, Ly,, Umin, T, ¢ and n, Kyax such that mfn(A*T, Ax) = 2pwmin L/ Ly,. Note
however that since VAT f,, (A1, A) > A3/273/2/(1—)) for any A € (0,1), then A, is upper
bounded by the unique solution A™ € (0, 1) satisfying Ly, A*273/2/(2L(1-))) = jvmin
(see Lemma [16). Such a solution AT only depends upon L, Ly, Uyin, 7, 1. Hence, for
any 7 > 0,
FORN € sup o3 (1) XF(7)
7, Kmax

and the RHS does not depend on n, Kp.x. There exists M > 0 depending upon
L, Ly,, viin, 7, pt such that for any € > 0,

1/3 7
n L fr,(A1,\) <.

2 —

Kinax > (7/23V) v (M) = e ims

Another choice of (\, C), for any n large enough. In this section, we consider

that there exists 7 > 0 such that SUD), Ko n1/3K;1§)/<3 < 7,and n — 00, nKpax — 0.
In this asymptotic, we have £,,(C,\) T Lo (C, X) where

L~ 3/2
Eoo(C> )‘) déf @ <Umin S 4 C ) .

L 201 — )\

For any (C,\) € Rt x (0,1) s.t. 7 < A/C, we have Lo(C,\) < Loo(Cy (), A) where

def ( UminL 2/3
C0 ™ () -
\%4

20



see Lemma The condition C7 < A implies that this inequality holds for any
A € [A, 1) where A, is the unique solution of (see Lemma

”m“{L (1— )2 =A3/73
(5e7)

. 3 ’U4 . 1/3 1 3 . . . . .
Since Loo(Cx(A),A) = ( i ) (1 — X\)'/3, this quantity is maximal by choosing
Vv

2L2L
A = \.. Therefore, we have for any (C,\) € RT x (0,1), s.t. 7 < \/C, we have

lim nBEYS o (Co(A), M) = Loo(Co(A), M) > 0.

max TL

For any n large enough (with a bound which only depends upon L, Ly, Uin, T), We

have 13

1 3 271 .

1 /3 4 (2L LV (1 _ )\*)_1/3 .
Kmaxa*<c*a /\*) 2/3 3 v

min

6.2.4 Proof of Proposition [7]

It is a follow-up of the quantities ay, Ay, 0 introduced in the statement
of [Theorem 4] are used below without being defined again.

Let po, ..., PKma—1 be positive real numbers such that ) ;"
consider the case when

Fmax=lyy = 1. We

5 def 1 — A 2 def Cy
¢ = b’ ¢ = T2 2cpc2d
Lén2cKzd

for A € (0,1), Cp > 0, and b, c,d to be defined in the proof.

The first step consists in the definition of a function F' and of a family C of vectors
C=(C1,....,Ck,..) € RK‘“‘”‘ such that o > F(Cgy1) > 0, and ZK‘“"”‘ VE(Cpyr) >
0. The second step proves that we can find C € C such that py, = F(Ciy1)/ Zf:"(‘)a"_l F(Cort1)
forany k=0,..., Knax — 1.

Such a pair (F,(C) is not unique, and among the possible ones, we indicate two
strategies, all motivated by making the sum ZK“““‘ 'F (Cpy1) as large as possible.

Step 1- Definition of the function F'. With the definition of the sequences vy
and B¢, we have

Png def 272 1 1= Ce
1— " 1—f+5£+’7eL _1_n<1_nb1_n2C 1K

max

and choose (b, c,d, A\, Cy) such that

1-A Chax
nb—1 T p2c—1f2d

max

< 1, where Chax def max,Cy , (34)
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which ensures that p,, ¢ € (0,1). Define

pdﬁfminp —1—17>\— Cmax
n tPn,t nb—1 — p2c1p2d

max

Hence, for any 0 < k < Kpax — 2,

K -1
1 1 1 e j—k-1
b
A <n (nb * A) L2n2cK2d Z Cis1 (1 - 7)
max k+1

1 1 Cruax 1
< (nb+1)\> L2p,, n2c—b-1[2d

max

From this upper bound, we obtain the following lower bound on ay, for any 0 < k <
Kmax - 17

v/ Cr41 < L~ m LV Chax\/Ci+1 <1+ 1 >>
nb

Lnekd \ "™ 7 2p " 2L pp e boTf3d DY

U= Ymin = 9T neKd

max

Based on this inequality and on , we choose b = 1, ¢ = 2/3, d = 0: this yields
Pn=A— Craxn /3 and ag > a;, with (see for the definition of f,)

def \/ Cr+1Ly
Qp = W < mm \/@fn max; ) ) (35)

the condition gets into n~1/3 < )\/Cmax.
Define the quadratic function z — F(x) o A:U(vmin — Bzx) where

def 1 def

M B RENTY (36)
we have o, = F(1/Ck41). By Lemma (13| F is increasing on (0, Umm/(2B)], reaches
its maximum at x, def Umin/(2B) and its maximal value is F Ao ?mn /(4B). In

addition, its inverse F'~! exists on (0, F}].
Step 2- Choice of C,...,Ck, . . We are now looking for C4,...,Ck,.. such

that px = F(\/Cky1)/ ZZZ’}‘)"‘X_l F(4/Cy41) or equivalently
pe _ F(V/Cria)
pI F(/Cr)
It remains to fix F(v/Cy) in such a way that F' is invertible on (0,+/Cj]. Since we
also want Y, F'(\/Cyt1) = F(v/Cr)/pr as large as possible, and F is increasing on

(0, ], we choose
V CI = \/ max Umln . (38)

2B

I € argmax;py, . (37)
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Therefore, Cpyax solves the equation v/Ciax = Ymin/(2B) or equivalently

minL
UL - =V Cmaxfn(cmaXa >\) ; (39)

\4

under the constraint that A € (0,1) and n= %3 < X\/Ciax. When Chay is fixed, we set

Vi ™ P (2 p (/O )

maxyp;

With these definitions, we have (see (37))

1 maxypy

Srmel P(/Cri1)  F(VCmax)

Remember that F'(v/Chax) = F(xs) = vmin\/C’max/(QLnQ/S).
Step 3. Lower bound on §; We write

L

V.2
Ok > 77k+1 )

so that
6k > Lan2/3manpg 2

— = y .
SR E(/Crn) — Vmin . VG

Case A = C. A simple strategy is to choose n > 2 and Cyax = A solution of
Vmin/2 = VC f,(C,C). This solution exists and is unique, and it is upper bounded
by a quantity C™ which depends only on L, Ly, Umin - the same discussion is proved

in l[subsubsection 6.2.2

Case A\ = 1/2. f,(C,\) controls the errors E; and we can choose A € (0,1) and
then C' > 0 such that this quantity is minimal; to make the computations easier, we
minimize w.r.t. A the function lim,, f,(C, \): it behaves like A™*(1 — A\)~! so that we
set A = 1/2. The equation v/C'f,(C,1/2) = vminL/L; possesses an unique solution
in (O,Anl/g).

Upon noting that @ — v/z f,,(z,1/2) is lower bounded by z — 42:%/2, the solution
to the equation v/C'f,(C,1/2) = vminL/ Ly, satisfies

C < (UminL>2/3
B 4LV
thus showing that the constraint n='/3 < X\/C' = 1/(2C) is satisfied for any n such
that 8n > (vminL/Lv)Q.
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6.2.5 Auxiliary results
Lemma 11. Assume H3 and H3. For any k > 0,

E (|| His1l?] = E [| Hipr — h(8)12] + B [IA(S")]
and
E [|[Hi — h(SM)2] +E [I55+! = 50 T(54))]
= E [[551 0 T(8") = St ] -
Proof. Since E [HkH’}"kH/Q] = h(§k), we have
E [I|Hy1]1%] = E [I1Hyi1 = B(S)2] + B [IR(S5))2] -
In addition, upon noting that Sg11; € Fj41/2 for any i,

Hyy1 = h(S¥) = 85,y 0 T(S¥) = Spy1g,,, — 50 T(S¥) + 54
= §Jk+1 0 T(gk) - Sk+17Jk+1 —E [ngH 0 T(gk) - Sk+17Jk+1

]:k+1/2] )
we have
E[IHgs1 = h(S)I?] +E 15! = 50 T(5%)|P]
= E |51 0 T() = Spsr ] -
O

Proposition 12. Assume Ij@ FH and fﬂitem 4 Set 12 n-t S L2. Then

E |55, 0 T(5%) = S1 2] =0

and for any k> 1 and By,...,0B >0,

)= Skt ]

e
i { [In& 1] - (+;j)1E[H§f—soT<§“>u2}},

E |:||‘§Jk+1
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where

k

T def o (n—1 ko 2 1 272
Ar S L - 1+ 5 T U+ B8 +2L%).
I

=j+1

By convention, HIZ:kH ap = 1.

Proof. For k=0,

—

E[lI5 0 T(8%) = S1 %] = i?E J5i o T(5%) = S1all?] =

Let k > 1. We write (see (L1)))
Sk+1,i = Skl i + 8i 0 T(‘/S’\k)]llk+1:i =35;0 T(§<k’i)llk+1¢i +50 T(§k)]llk+1:i,

where §<% is defined by (26)). This yields, by Hj
= f:E (I3 0 T(S%) = Spya,ll?] = 1 Zn:E 15 0 T(5%) = 5 o T(S<5) 21, ]
n 4 - i k+1,i n 4 i i Tpp1#4
1=

<Akd£f” ZLQE[|S’“ s<’“H (40)

=1

We have

E [Hgk _ g1y (§k—1 _ §<k—1,i> ]llk;«éiHQ}

where we used in the last inequality that G<ki — gkfl]l]k:i + §<k*1”']l[k¢i. Upon
noting that 2 <U, V> < B U248V |? for any 8 > 0, we have for any G-measurable
rv. V

E[lU+VIP] <E[IUIP] + 57 E[IE[UIG] 7] + (1 + AE V][] .

Applying this inequality with 8 < B, U + Gk _ gk=1 — YeHg and G < Fi_1/9
yields

2
2 2 T%en—1 o
E||Hg||“| + ==——L

(12l + 2

Ay < 7;3” — E [|IE [Hi|Fr1/2) 1]

(1 +5k ZLz [Hgk—l _ §<k—1,i||2]1[k7£i] .
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By Lemma |11]and , we have
E[I1Hxl?] < E [In(8*1)2] + At —E[IS* = 50 TS

for the second term, we use again E [Hk’fkfl/Q] = h(gkfl); for the third term, since
I, € fk,l/g, §k_1 € Fr_1, §<k_1’i € Fi_1, then

n
> L’E [||S’“‘1 — G<k-Li 2111,5@} =nlg_1.
i=1

Therefore, we established

1
B
— L

n—1 -
A < (1+ By +7iL?) TAkfl + 71+ E [Hh(S’H)HQ}

n—1

E[|IS* - 50 T(85 )2,
The proof is then concluded by standard algebra upon noting that Ag = 0. O

6.2.6 Technical lemmas

Lemma 13. Let A, B,v > 0 and define F(x) def Az(v— Bz) on R. Then the roots of
F are {0,v/B}; F is positive on (0,v/B); the mazimal value of F is Av?/(4B) and

it is reached at z, v/2B.

Lemma 14. Let a,b > 0 and define F on (0,1) by F(z) = /z(a + b/(1 — x)). For
any v > 0, there exists an unique x € (0,1) such that F(z) = v.

Proof. x — F(z) is continuous and increasing on (0, 1), tends to zero when x — 0
and to +o0o when x — 1; therefore for any v > 0, there exists an unique x € (0, 1)
such that F(z) = v. O

Lemma 15. Let A, B > 0. The function F : x — Ax— Bx* defined on (0,00) reaches
its unique maximum at T, CF QUBB=1/34-1/3 gnq F(x,) = 3A%3/(B4%)'/3,

Proof. F'(z) = A—4Bx3 and F"(x) = —12Bx? < 0; hence, F” is decreasing. F'(z) =
0 iff 23 = A/(4B), showing F' > 0 on (0,z,) with z, & AL/3/(4B)Y/3. Hence, F is
increasing on [0, z,] and then decreasing. O

Lemma 16. For any v > 0, the function x — (1 —x)?/23 is decreasing on (0,1) and
there exists an unique x € (0,1) solving (1 — x)?/z3 = v.

Proof. The derivative of 2 — (1 —x)?/2% is —z~%(x — 3)(x — 1) thus showing that the
function is decreasing on (0, 1); it tends to +00 when z — 0 and to 0 when = — 1.
This concludes the proof. O

o6



References

Agarwal A, Bottou L (2015) A lower bound for the optimization of finite sums. In:
Bach F, Blei D (eds) Proceedings of the 32nd International Conference on Machine
Learning, PMLR, Proceedings of Machine Learning Research, vol 37, pp 78-86

Allassonniére S, Kuhn E, Trouvé A (2010) Construction of bayesian deformable
models via a stochastic approximation algorithm: A convergence study. Bernoulli
16(3):641-678

Allen-Zhu Z, Hazan E (2016) Variance reduction for faster non-convex optimization.
In: Balcan M, Weinberger K (eds) Proceedings of The 33rd International Con-
ference on Machine Learning, PMLR, Proceedings of Machine Learning Research,
vol 48, pp 699-707

Benveniste A, Métivier M, Priouret P (1990) Adaptive Algorithms and Stochastic
Approximations. Springer Verlag

Borkar VS (2008) Stochastic approximation. Cambridge University Press, Cambridge;
Hindustan Book Agency, New Delhi, a dynamical systems viewpoint

Bottou L, Le Cun Y (2004) Large scale online learning. In: Thrun S, Saul LK,
Scholkopf B (eds) Advances in Neural Information Processing Systems 16, MIT
Press, pp 217224

Brown LD (1986) Fundamentals of statistical exponential families with applications
in statistical decision theory, Institute of Mathematical Statistics Lecture Notes—
Monograph Series, vol 9. Institute of Mathematical Statistics, Hayward, CA

Cappé O, Moulines E (2009) On-line Expectation Maximization algorithm for latent
data models. J Roy Stat Soc B Met 71(3):593-613

Celeux G, Diebolt J (1985) The SEM algorithm: a probabilistic teacher algorithm
derived from the EM algorithm for the mixture problem. Computational Statistics
Quarterly 2:73-82

Chen J, Zhu J, Teh Y, Zhang T (2018) Stochastic Expectation Maximization with
Variance Reduction. In: Bengio S, Wallach H, Larochelle H, Grauman K, Cesa-

Bianchi N, Garnett R (eds) Advances in Neural Information Processing Systems
31, Curran Associates, Inc., pp 7967-7977

Csiszar I, Tusnady G (1984) Information geometry and alternating minimization pro-
cedures. In: Recent results in estimation theory and related topics, suppl. 1, Statist.
Decisions, pp 205-237

o7



Defazio A, Bach F, Lacoste-Julien S (2014) SAGA: A Fast Incremental Gradient
Method With Support for Non-Strongly Convex Composite Objectives. In: Ghahra-
mani Z, Welling M, Cortes C, Lawrence ND, Weinberger KQ (eds) Advances in
Neural Information Processing Systems 27, Curran Associates, Inc., pp 16461654

Delyon B, Lavielle M, Moulines E (1999) Convergence of a Stochastic Approximation
version of the EM algorithm. Ann Statist 27(1):94-128

Dempster A, Laird N, Rubin D (1977) Maximum Likelihood from Incomplete Data
via the EM Algorithm. J Roy Stat Soc B Met 39(1):1-38

Donnet S, Samson A (2007) Estimation of parameters in incomplete data models
defined by dynamical systems. J Statist Plann Inference 137(9):2815 — 2831

Fang C, Li C, Lin Z, Zhang T (2018) SPIDER: Near-Optimal Non-Convex Optimiza-
tion via Stochastic Path-Integrated Differential Estimator. In: Bengio S, Wallach
H, Larochelle H, Grauman K, Cesa-Bianchi N, Garnett R (eds) Advances in Neural
Information Processing Systems 31, Curran Associates, Inc., pp 689-699

Fort G, Moulines E (2003) Convergence of the Monte Carlo Expectation Maximization
for curved exponential families. Ann Statist 31(4):1220-1259

Frithwirth-Schnatter S, Celeux G, Robert CP (eds) (2019) Handbook of mixture anal-
ysis. Chapman & Hall/CRC Handbooks of Modern Statistical Methods, CRC Press,
Boca Raton, FL

Ghadimi S, Lan G (2013) Stochastic First- and Zeroth-Order Methods for Nonconvex
Stochastic Programming. STAM J Optimiz 23(4):2341-2368

Glasserman P (2004) Monte Carlo methods in financial engineering. Springer, New
York

Gunawardana A, Byrne W (2005) Convergence theorems for generalized alternating
minimization procedures. J Mach Learn Res 6:2049-2073

Johnson R, Zhang T (2013) Accelerating Stochastic Gradient Descent using Predictive
Variance Reduction. In: Burges CJC, Bottou L, Welling M, Ghahramani Z, Wein-
berger KQ (eds) Advances in Neural Information Processing Systems 26, Curran
Associates, Inc., pp 315-323

Karimi B, Lavielle M, Moulines E (2019a) On the Convergence Properties of the
Mini-Batch EM and MCEM Algorithms. Tech. rep., hal-02334485

Karimi B, Miasojedow B, Moulines E, Wai HT (2019b) Non-asymptotic Analysis of
Biased Stochastic Approximation Scheme. In: COLT

o8



Karimi B, Wai HT, Moulines E, Lavielle M (2019¢) On the Global Convergence of
(Fast) Incremental Expectation Maximization Methods. In: Wallach H, Larochelle
H, Beygelzimer A, d’Alché Buc F, Fox E, Garnett R (eds) Advances in Neural
Information Processing Systems 32, Curran Associates, Inc., pp 2837-2847

Kuhn E, Lavielle M (2004) Coupling a stochastic approximation version of EM with
an MCMC procedure. ESAIM: Probability and Statistics 8:115-131

Kuhn E, Matias C, Rebafka T (2019) Properties of the Stochastic Approximation EM
Algorithmwith Mini-batch Sampling. Tech. rep., arXiv.1907.09164

Kwedlo W (2015) A new random approach for initialization of the multiple restart EM
algorithm for Gaussian model-based clustering. Pattern Anal Applic 18:757-770

Lange K (1995) A Gradient Algorithm Locally Equivalent to the EM Algorithm.
JRSS B 57(2):425 437

Le Corff S, Fort G (2013) Online Expectation Maximization based algorithms for
inference in Hidden Markov Models. Electron J Statist 7:763-792

Little RJA, Rubin D (2002) Statistical analysis with missing data, 2nd edn. Wiley
Series in Probability and Statistics, Wiley-Interscience [John Wiley & Sons], Hobo-
ken, NJ

Mairal J (2015) Incremental majorization-minimization optimization with application
to large-scale machine learning. SIAM J Optim 25(2):829-855

Murty K, Kabadi S (1987) Some NP-complete problems in quadratic and nonlinear
programming. Mathematical Programming 39:117-129

Neal RM, Hinton GE (1998) A View of the EM Algorithm that Justifies Incremental,
Sparse, and other Variants. In: Jordan MI (ed) Learning in Graphical Models,
Springer Netherlands, Dordrecht, pp 355-368

Ng SK, McLachlan GJ (2003) On the choice of the number of blocks with the incre-
mental EM algorithm for the fitting of normal mixtures. Stat Comput 13(1):45-55

Nguyen H, Forbes F, McLachlan G (2020) Mini-batch learning of exponential family
finite mixture models. Stat Comput

Nowlan S (1991) Soft Competitive Adaptation: Neural Network Learning Algorithms
based on Fitting Statistical Mixtures. PhD thesis, School of Computer Science,
Carnegie Mellon Univ., Pittsburgh

99



Parisi S, He K, Aghajani R, Sclaroff S, Felzenswalb P (2019) Generalized
Majorization-Minimization. Tech. rep., arXiv:1506.07613-v3

Reddi S, Sra S, Péczos B, Smola A (2016) Fast Incremental Method for Smooth
Nonconvex Optimization. In: 2016 IEEE 55th Conference on Decision and Control
(CDC), pp 1971-1977

Schmidt M, Le Roux N, Bach F (2017) Minimizing finite sums with the stochastic
average gradient. Mathematical Programming 162(1-2):83-112

Srivastava S, DePalma G, Liu C (2019) An Asynchronous Distributed Expectation
Maximization Algorithm for Massive Data: The DEM Algorithm. J Comput Graph
Stat 28(2):233-243

Sundberg R (2019) Statistical Modelling by Exponential Families. Cambridge Uni-
versity Press

Wei G, Tanner M (1990) A Monte Carlo Implementation of the EM Algorithm and
the Poor Man’s Data Augmentation Algorithms. J Am Stat Assoc 85(411):699-704

Wu C (1983) On the Convergence Properties of the EM Algorithm. Ann Statist
11(1):95-103

Zangwill WI (1967) Non-linear programming via penalty functions. Management Sci
13:344-358

Zhou D, Xu P, Gu Q (2018) Stochastic nested variance reduced gradient descent for
nonconvex optimization. In: Bengio S, Wallach H, Larochelle H, Grauman K, Cesa-
Bianchi N, Garnett R (eds) Advances in Neural Information Processing Systems
31, Curran Associates, Inc., pp 3921-3932

60



	Introduction
	Stochastic Approximation within EM algorithms for non-convex optimization
	A non-convex finite-sum optimization problem
	A Majorize-Minimization approach based on EM
	Stochastic Approximation within EM approaches
	Online EM
	The incremental EM algorithm
	The Fast Incremental EM algorithm
	An optimized FIEM algorithm, opt-FIEM


	Non asymptotic convergence bounds
	A general result
	A uniform random stopping rule for a n2/3-complexity
	A uniform random stopping rule for a n-complexity
	A non-uniform random stopping rule

	A toy example
	Description
	The algorithms
	Numerical analysis

	Mixture of Gaussian distributions
	Proof
	Proof of section 2
	Proof of Proposition 1
	Proof of Proposition 2
	Auxiliary results

	Proofs of section 3
	Proof of Theorem 4
	Proof of Proposition 5
	Proof of Proposition 6
	Proof of Proposition 7
	Auxiliary results
	Technical lemmas



